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Continuous and Discrete Deformation
Modes of Mechanical Metamaterials
With Ring-Like Unit Cells
Nan Yang*, Juncheng Zhuang, Shichuan Wei and Ying Yu*

Intelligent Manufacturing Key Laboratory of the Ministry of Education, Shantou University, Shantou, China

Structures with multiple deformation paths provide a promising platform for robotics and
reprogrammable mechanical and thermal deformation materials. Reconfigurations with a
multi-path can fulfill many tasks (e.g., walking and grasping) and possess multiple
properties (e.g., targeted Poisson’s ratio and thermal expansion coefficient). Here, we
proposed a new ring-like kirigami structure and theoretically and experimentally found that
for a basic unit, there are four discrete deformation patterns and a continuous shearing
deformation pattern; thus, there are a large number of discrete deformation patterns for a
multi-unit combination with geometrical compatibility coupled with a shearing deformation
mode. Moreover, targeted Poisson’s ratios (either + or -) in the x- and y-directions can be
realized by inversely designing the geometrical parameters for a certain deformation path.
Additionally, we showed the capability of constructing 2D and 3D cellular structures in
various patterns with the proposed ring-like units. The multiple deformation modes
demonstrated here open up avenues to design new reprogrammable materials and
robots across various scales.

Keywords: mechanical metamaterials, origami, kirigami, deformation paths, Poisson’s ratio

INTRODUCTION

Material deformation can provide motion, function, and power for diverse applications. For robotics,
the deformation of a material enables the realization of gripping motions, walking motions, sensing
capabilities, and muscle-like actuating forces [1–3]. Material deformation also provides a platform to
realize a negative Poisson’s ratio [4], negative thermal expansion [5], negative compressibility [6],
and negative stiffness [7–9]. The design of multiple deformation modes provides a flexible way to
create mechanical metamaterial switching between soft and stiff states [10], the mechanical
properties of which depend more on their own architectures but less on molecular or chemical
compositions [11]. These metamaterials have been studied for their potential applications in
vibration isolation [12–15], biomedical devices [16], protective systems [17], energy absorption
[18, 19], and wave attenuation [20]. Recently, origami has been used to create deployable mechanical
metamaterials with unusual “negative” properties coded in the inherent architecture [21–30]. For
example, negative Poisson’s ratio and negative stiffness are easily realized in a reentrant origami-
based structure [31] compared to traditional design methods.

Generally, materials with a positive Poisson’s ratio undergo a transverse contraction when
stretched, while materials with a negative Poisson’s ratio experience a transverse expansion when
stretched [32]. Although the deformation mechanism of mechanical metamaterials with either
positive and negative Poisson’s ratios has been investigated in previous studies [7, 10, 17, 20, 22,
31–33], critical aspects have been overlooked: 1) whether any combinations of Poisson’s ratio can be
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realized in different directions, 2) how the targeted Poisson’s
ratios are structurally realized, and 3) how the number of
deformation patterns of a cellular structure increases with the
configurations of unit cells in different deformation paths. This
mechanism may result in more applications. For example, in a
recent study, we found that there is a relation between Poisson’s
ratio and the thermal expansion coefficient in kirigami-based
materials [34]; thus if any combinations of Poisson’s ratio can be
realized, then that of the thermal expansion coefficient can be
realized in a designed material. Also, this auxetic design has some
merit for the biomedical application. When the structure is used
as implant in the intervertebral disc, the uniaxial compression
would not cause a cross-section expansion, and thus, it would not
squeeze the surrounding tissues and can avoid aching.

Here, our proposed ring-like kirigami structure can be easily
transformed into a concave shape in one direction for a negative
Poisson’s ratio and a convex shape in another direction for a
positive Poisson’s ratio. Compared to the origami-based designs
[35, 36], our kirigami-based design enables us to
straightforwardly generate a convex and concave pattern for
the same structural unit. In this way, we can obtain any
combinations of Poisson’s ratios along two orthometric
directions in the 2D Poisson’s ratio space due to the different
planar design angles and deformation modes in the two
directions. In this sense, the Poisson’s ratios can be
independently tuned and inversely designed [37]. Additionally,
in theory and experiment, we find that a basic ring-like unit has
four discrete deformation patterns and a continuous shearing
deformation pattern, and a structure with four basic units has 16
discrete deformation patterns. Furthermore, additional potential
deformation patterns can be realized by plenty of multi-unit
combinations (with 8, 16, or 32 . . . basic units). Finally, we
showed that a 3D cellular structure with multiple deformation
modes can be built by stacking 2D cellular structures layer
by layer.

MATERIALS AND METHODS

Unit Design
Here, we designed a ring-like unit cell with multiple deformation
modes. In Figure 1A, the ring-like unit cell comprises four “z”-
shaped structures (also in the gray frame in Figure 1C), which are
folded with mountain (solid line) and valley (dashed line) creases
and formed into 3D configurations from the 2D patterns by
taping the edges (see purple edges in Figure 1A and see also
Supplementary Figure S1), where the opposite “z”-shaped
structures are centrosymmetric. γ1 and γ2 are important
planar design angles on the facets of the opposite “z”-shaped
structures, as shown in Figure 1A. For a regular unit, the “z”-
shaped structure with γ1 is perpendicular to that with γ2, that is,
β � 90°. The length parameters m, n, and q are identical for the
four “z”-shaped structures (in this study, m � n � 2q), and only
the angle parameters γ1 and γ2 are different. Deformation angles
θ1 and θ2 are defined as the dihedral angles between two facets,
corresponding to the “z”-shaped structures with γ1 and γ2,
respectively (Figure 1B top, pink, and blue dihedrals). Based

on the requirement of geometrical compatibility (the same height
in z-direction), there is a relation between θ1 and θ2 (Figure 1B
bottom; see Eq. 11). The panels of the kirigami structure are
assumed to be rigid. The Miura origami is a specific case of our
kirigami design, which is shown in Section 8 of SI.

Sample Fabrication
The ring-like unit samples were fabricated using the Strathmore
500 Series 3-ply Bristol card stock that was laser cut based on a
design pattern generated using Mathematica 11.2. The edges of

FIGURE 1 | Ring-like unit design. (A) Ring-like unit comprising four “z”-
shaped structures with their 2D folding patterns and lengths (m, n, and q) and
their angle parameters (γ1 and γ2). (B) Definition of the deformation angles θ1
and θ2 and their relations (in deformation paths, ① → ② → ③ and
④ → ⑤ → ⑥) for γ1 < γ2 and γ1 � γ2. (C) Structural configurations ① ~ ⑥.
(D) Nominal strains Δx

x0
(blue lines) and Δy

y0
(red lines) as functions of the

deformation angle θ1 with γ1 � γ2 � 60° (nonsolid lines, including blue dashed
and red dot–dashed lines) and γ1 � 45° and γ2 � 60° (solid lines). Inset,
nominal strains Δz

z0
as a function of θ1. For all units here, β � 90°.
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the given panels were glued to be connected (Figure 1A) to build
3D units for flexible foldability. See SI Section 6 for details.

Calculation Methods
The calculation methods for the sizes of a ring-like unit and four-
unit combination comprising four ring-like units and the design
method for targeted Poisson’s ratios are given in SI Sections 1–4.

Sample Size Measurement
The top box, camera, and bottom box were connected and moved
together with the test head under the control of a universal testing
machine. The sample was put on a motionless substrate. When
the bottom box touched the sample, it was deformed and
captured using a camera. Then, the binary images of the
sample at different times were obtained, and the sample in
each image was enclosed within a minimum enclosed
rectangle, and then, the x- and y-sizes were obtained. Finally,
the real size of the sample was obtained by using a conversion
factor of 0.4167 mm/pixel. The experimental setup is shown in
Figure 3F.

RESULTS AND DISCUSSION

Here, we used Mathematica 11.2 software to simulate the
deformation using geometrical relation equations (see SI) to

obtain the vertex coordinates and then the facets of the
structures at different deformation angles.

Unit Cell Deformation
Once θ1 is fixed, the height in the z-direction of the whole ring-
like structure is determined, and then, θ2 is determined. With
different initial settings of θ1 � θ2 � 0 and θ1 � 360° − θ2 � 0,
there are two deformation paths, that is, ① → ② → ③ and
④ → ⑤ → ⑥, in the θ1 − θ2 space (see Figure 1B for the plot
and Figure 1C for the configurations of① ~ ⑥). For γ1 < γ2, the
two paths are disconnected. However, for γ1 � γ2, the two paths
are connected at point O, and points② and⑤ overlap, resulting
in the connected “X”-shaped paths (Figure 1B plot). Figure 1C
shows the discrete configuration examples① ~ ⑥ of a unit with
γ1 < γ2 and γ1 � γ2 and the convex (θ2 < 180°) and concave
(θ1 > 180°) parts in a unit cell. Figures 1B,C show that these
discrete configurations are realized by continuously changing θ1.
In fact, for γ1 < γ2, configuration ② can be switched to ⑤ with
panel bending, and vice versa. Here, we study only the case of
γ1 ≤ γ2, as the case of γ1 ≥ γ2 can be known by swapping the
current γ1 and γ2, which means that the unit is rotated by 90°. See
SI Sections 1 and 2 for the detailed geometric model.

Here, the ring-like units possess various deformation
behaviors in the x- and y-directions. Figure 1D shows the
isotropic deformations for γ1 � γ2 � 60° along paths ① → ②

and ⑤ → ⑥, where the nominal x- and y-strains are equal

FIGURE 2 | Shearing deformation modes of the ring-like unit. Configurations of the ring-like unit with (A) β � 70°, (B) 90°, and (C) 110°. (D) Overlapped
configurations of (A–C). The dimensionless size, (E) x/n and (F) y/n, as functions of the deformation angle θ1 with (A) β � 70°, (B) 90°, and (C) 110°. Here, γ1 �
45° andγ2 � 60°.
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(Δxx0 �
Δy
y0
, see the overlapped blue and red nonsolid lines, where

the nonsolid lines are pertaining to γ1 � γ2 � 60°, and the solid
lines are pertaining to γ1 � 45° and γ2 � 60°), and the
anisotropic deformations (Δxx0 ≠

Δy
y0
) for γ1 � γ2 � 60° along

paths ② → ③ and ④ → ⑤ and for γ1 � 45° and γ2 � 60°
along all paths. The nominal z-strain is always symmetrical
about θ1 � 180° (see Figure 1D inset). Here, the nominal strain
is defined as Δs

s0
� s

s0
− 1, where s � x, y, z denotes the dimension

and s0 � s|θ1�180° denotes the initial dimension. Figure 1D
implies that we may obtain arbitrary combinations of
different Poisson’s ratios along the x- and y-directions. The
relations between the nominal z-strain and the nominal x- and
y-strains are shown in Supplementary Figure S3, which is a
variant of Figure 1D.

There are two degrees of freedom (DOFs) of the ring-like unit,
that is, θ1 and β. To explain the two DOFs, Figures 2a and c show
that the ring-like unit can be skewed by β ≠ 90° with fixed θ1
compared to that with β � 90° (Figure 2B), with the opposite “z”-
shaped structures remain parallel. We defined the dimensions of
the units by aligning the AB side in the y-direction, as shown in
Figure 2A, and found that with the continuous change of β, the
ring-like unit shows a continuous shearing deformation mode.
The size changes in the x- and y-directions under different values
of β are shown in Figures 2E, F, respectively. This shows that θ1
controls the opening and closing mode of the structure, while β
controls the shearing mode.

To demonstrate the analytical geometrical model with
experimental data, we compressed a paper-made ring-like unit

FIGURE 3 | Experimental verification. Dimensions of a unit with γ1 � 45°, γ2 � 60°, and β � 90° under compression in the z-direction for four patterns: (A)①, (B)③,
(C) ④, and (D) ⑥ (curves, analytical model; points, measured data). (E) γ1 and γ2 in the binary image and structural model. (F) Experimental setup.
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(Figure 3) in the z-direction using a universal testing machine.
Here, the unit with γ1 � 45° and γ2 � 60° is programmed into
four discrete patterns (①, ③, ④, and⑥ corresponding to
Figure 1C; the sample cannot stay at θ1 � 180°,
i.e., transitional patterns ② and ⑤) and compressed in the
z-direction. From the top, a camera is used to obtain a video
of the unit deformation process to calculate the x- and
y-dimensions (see Figure 3F for the experimental setup and
Supplementary Videos S1–4). The measured x- and
y-dimensions are shown in Figures 3A–D and compared to
the analytical curves. When the unit is shrunk in a given
direction under compression, the scraping and friction
between the unit and substrate become apparent; thus, the
measured dimensions oscillate around the analytical values
(see Figures 3B–D). Figure 3E is used to show the sample
layout direction compared with the model. The results of the
model and experiment agree with each other well. The
experimental setup is shown in Figure 3F.

Inverse Design for the Desired Poisson’s
Ratio
After validating the analytical model, we focused on the inverse
design of a unit with β � 90° for targeted Poisson’s ratios as the x-
and y-dimensions can be clearly defined with β � 90° (see
Figure 2B). Poisson’s ratios in the x- and y-directions under
compression in the z-direction are calculated by ]zx � −dx/x

dz/z and
]zy � −dy/y

dz/z [31] based on the definition in Figure 1B. Even with
γ1 � γ2, the ring-like unit shows various Poisson’s ratios in
different paths. In Figure 4A, with γ1 � γ2 � 60° for
deformation path ① → ②, we have ]zx > 0 and ]zy > 0; for
② → ③, ]zx < 0 and ]zy > 0; for ④ → ⑤, ]zx > 0 and ]zy < 0;
and for ⑤ → ⑥, ]zx < 0 and ]zy < 0. Therefore, we can expect
more various Poisson’s ratios of a unit cell with γ1 ≠ γ2. Taking
γ2 � 60° as example, we plotted Poisson’s ratio curves (]zx − ]zy
relations) with γ1 � 60°, 59°, and 55° for paths ① → ②,
② → ③, ④ → ⑤, and ⑤ → ⑥ as shown in Figure 4B. If
we plot the ]zx − ]zy curves within γ1 ≤ γ2 � 60°, the curves

FIGURE 4 |Optimal design for the targeted Poisson’s ratios in the x- and y-directions. (A) Poisson’s ratios along different deformation paths with γ1 � γ2 � 60°. (B)
With γ1 < γ2 � 60°, the region in the 2D Poisson’s ratio space where the curve (]zx , ]zy ) can reach are plotted. Pink region, deformation from ① → ②; green region,
② → ③; blue region, ④ → ⑤; and yellow region, ⑤ → ⑥. (C) Optimal design for selected Poisson’s ratios (]x , ]y) � (0.2, 0.05), (0.05, 0.2), (0.2, −0.05),
(−0.2, −0.05), (−0.05, −0.2), and (−0.2, 0.05) at points I, I′, II, III, III′, and IV in the Poisson’s ratio space, respectively, and the corresponding optimal parameters
(red points) in the design space. (D) Searching for the optimal parameters in the design space with γ2 � 60°. Top: contour plots of δ; bottom, configurations. For I,
θ1 � 106.8°, θ2 � 84°, γ1 � 46.2°, and γ2 � 60°. For I′, θ2 � 106.8°, θ1 � 84°, γ2 � 46.2°, and γ1 � 60°. For II, θ1 � 109.3°, θ2 � 290.0°, γ1 � 37.5°, and γ2 � 60°. For
III, θ1 � 248.8°, θ2 � 290.2°, γ1 � 36.9°, and γ2 � 60°. For III′, θ2 � 248.8°, θ1 � 290.2°, γ2 � 36.9°, and γ1 � 60°. For IV, θ1 � 253.6°, θ2 � 83.7°, γ1 � 46.2°, and
γ2 � 60°.
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would fill the regions A (pink), B (blue), C (yellow), and D
(green), which are the half of ]zx − ]zy space (i.e., regions A, B, C,
and D and regions A′, B′, C′, and D′ are symmetric about
]zx � ]zy, see Figure 4B). Also, this does not limit to γ2 � 60°,
which implies that the curves would fill the other half of ]zx − ]zy
space (i.e., regions A’+B’+C’+D′) by swapping the x-size and
y-size (or swapping γ1 and γ2), which means that a unit cell is
rotated by 90°. For example, if the design parameters γ1 � τ and
γ2 � ω obtain the point (]zx, ]zy) � (]τ , ]ω) in the Poisson’s ratio
space, then the point (]zx, ]zy) � (]ω, ]τ) can be obtained by γ1 �
ω and γ2 � τ.

The optimization of the structures for given Poisson’s ratios
in the x- and y-directions can be achieved by minimizing the
error, δ � (]zx − ]x)2 + (]zy − ]y)2, subjected to 0< θ1,
θ2 < 360°, and 0< γ1 ≤ γ2 < 90° (see SI for details), where
(]x, ]y) are the targeted Poisson’s ratios. To test this
method, we chose six points, I, I′, II, III, III′, and IV, in the
Poisson’s ratio space to represent the six targeted pairs of
Poisson’s ratios, as shown in Figure 4C, where points I, II, III,
and IV are four vertices of a rectangle, and I′ and III′ are the
symmetrical points of I and III about ]zx � ]zy. As a result, we
obtainedθ1 � 106.8°, θ2 � 84°, γ1 � 46.2°, and γ2 � 60° for
point I with (]x, ]y) � (0.2, 0.05). At point I′ with
(]x, ]y) � (0.05, 0.2), we have the structure with θ2 � 106.8°,
θ1 � 84°, γ2 � 46.2°, and γ1 � 60°, which is shown as the
structure I′ in Figure 4D. Other optimal design results for
points II, III, III′, and IV are also shown in Figures 4C,D (with
the resulting parameters listed in the caption of Figure 4),
where Figure 4C shows the ]zx − ]zy curves passing through
the six targeted points (left) and the corresponding parameters
in the 3D design space (θ1, γ1, γ2) (right), and Figure 4D
presents the contour plots and minima of δ and the
corresponding structural configurations. Taking
configurations II and IV as examples, the convex and
concave parts result in positive and negative Poisson’s
ratios, respectively, but the specific values are determined
by the design angles γ1 and γ2. This optimization method
provides an effective tool to design a ring-like unit with
targeted Poisson’s ratios, and the minimum value of δ can
be less than 10−12 for each case.

Multiple Deformation Patterns of 2DCellular
Structures
After understanding the deformation mechanism of one ring-
like unit, here we focus on that with multiple units. Four
identical ring-like units can be combined to form a four-unit
combination, which can be periodically replicated to
construct a 2D cellular structure, as shown in Figure 5A
(in the gray shade, the four-unit combination is displayed
with a yellow–pink–yellow–pink pattern because the diagonal
ring-like units are with the same configuration). Although the
four ring-like units are identically designed with γ1 � 45°,

γ2 � 60°, and β � 90°, four deformation patterns of each
ring-like unit (see Figure 1C, ①, ③, ④, and ⑥) make 4 × 4 �
16 discrete patterns for the four-unit combination. Figure 5B
introduces one pattern of four-unit combinations in detail,
and the other 15 patterns are shown in Figure 5C. Figure 5B
shows the relation between the dimensionless sizes xc/n and
yc/n (where xc and yc are defined as the sizes of the four-unit
combination in the x- and y-directions, see also
Supplementary Figure S2 and Eq. (14)). The four-unit
combination is with two ring-like units in pattern ①

(yellow) and the other two in pattern ③ (pink) (see
Figure 5B). Here, the four ring-like units have the same
value of θ1 within 0≤ θ1 ≤ 180° to maintain the same height
in the z-direction, which is necessary given the geometrical
compatibility requirements for building 3D cellular
structures. In the plot of Figure 5B, there is a sharp corner
in the xc/n − yc/n curve since, before the corner (stage 1), the
yellow unit dominates the xc value, and then, the pink unit
dominates the xc value (stage 2). Similar sharp corners, as well
as smooth xc/n − yc/n curves, can be found in the other 15
patterns in Figure 5C. In fact, the 16 patterns can be divided
into four groups based on the pattern of the diagonal ring-like
units in yellow (groups #1, #2, #3, and #4 in Figure 5C, where
the symbol “#a, b” means No. b in group #a), and within each
group, the pattern of the yellow unit remains unchanged.
Some size ranges related to the x- and y-dimensions of the
four-unit combination are identical. For example, in group #2,
the first two plots and last two plots individually have the same
xc range, while the first and fourth plots and the second and
third plots individually have the same yc range. This implies
that different four-unit combinations may be again connected
through the side with identical sizes to create a new unit
(comprising 4n (n = 2, 3, 4, . . . ) basic ring-like units), then the
number of deformation patterns of the resulting structure is
greatly increased. This operation can be recursively
implemented within a group (see the combination of #3.1
and #3.4 in Figure 5D) or across groups (see the combination
of #3.1 and #2.1 in Figure 5D).

The shearing deformation of the 2D cellular structures with
β ≠ 90° compared to the non-shearing case with β � 90° is
shown in Figure 6. Three representatives of the 16 discrete
patterns are chosen, as shown in Figures 6A–C, and the top
edges of the upper-left-most yellow structures are aligned with
the y-direction (Figure 6A). This is to show a rotation-like
effect of the 2D cellular structures with shearing deformations,
although the directions of key sides are fixed. This figure shows
the potential ability to control mechanical waves in the
shearing directions (see the possible shearing forces in
Figure 6B), which is beyond the topic of this work but will
be an interesting further work. The structures in Figure 6
(column 1–3) are shown on the x–y plane, and they can be
stacked in the z-direction layer by layer to build 3D cellular
structures (see Figure 6, column 4).

Frontiers in Physics | www.frontiersin.org July 2022 | Volume 10 | Article 9095366

Yang et al. Mechanical Metamaterials

9

https://www.frontiersin.org/journals/physics
www.frontiersin.org
https://www.frontiersin.org/journals/physics#articles


FIGURE 5 |Multiple deformation patterns of 2D cellular structures. (A) 2D cellular structures comprising 5 × 5 four-unit combinations. (B) One deformation
pattern of a four-unit combination comprising four ring-like units. (C) Other 15 deformation patterns of the four-unit combination. Each deformation pattern is
represented by a xc/n − yc/n curve. For all units, the value of θ1 is the same, and 0≤ θ1 ≤180°. The 16 patterns can be divided into four groups, shown against
white (group #1), green (group #2), blue (group #3), and orange (group #4) backgrounds. (D) Combination within a group: #3.1 and #3.4; combination
across groups: #3.1 and #2.1.
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Another Method for Building 2D and 3D
Cellular Structures
Finally, we explore another design of cellular structures
consisting of multiple ring-like units with β � 90° (see
Figure 7). Different from the manner in Figure 6, the 2D
cellular structure is constructed by symmetrically connecting
the ring-like units with the same pattern in the x- and
y-direction, and the 3D cellular structure is also built by
stacking 2D structures. Similar to the units discussed
earlier, both the 2D and 3D structures are flat-foldable. By
taking advantage of our analysis of a unit cell, we can design
new 2D and 3D cellular structures exhibiting anisotropic and
isotropic deformation in the x–y plane under uniaxial
compression/tension in the z-direction. Similar to a ring-
like unit with γ1 � 45° and γ2 � 60° (Figure 1D, solid lines),
a 3D cellular structure comprising the same units shows two
anisotropic deformation behaviors: for ② → ①, we have
]zx > 0 and ]zy > 0 but ]zx ≠ ]zy; and for ② → ③, ]zx < 0
and ]zy > 0 (Figure 7A); likewise, the 3D cellular structure
shows two other anisotropic deformation behaviors: for
⑤ → ④, ]zx > 0, and ]zy < 0; and for ⑤ → ⑥, ]zx < 0 and
]zy < 0 but ]zx ≠ ]zy (Figure 7B). Although ]zx and ]zy have

the same sign, their values are different because of γ1 ≠ γ2 (see
also a ring-like unit in Figure 1D with γ1 � 45° and γ2 � 60°,
solid lines). Moreover, isotropic behaviors can be realized
with the same value of γ1 and γ2. Figure 7C shows two
isotropic deformation behaviors with γ1 � γ2 � 60°: for
② → ①, ]zx > 0 and ]zy > 0; for ② → ⑥, ]zx < 0, and ]zy < 0
(see also a ring-like unit in paths ② → ① and ⑤ → ⑥ in
Figure 1D with γ1 � γ2 � 60°, nonsolid lines, notice that
configurations ② and ⑤ are identical, as shown in Figures
1B,C). These cellular structures also have only one DOF with
β � 90° (folding and unfolding by manipulating one
parameter, i.e., the deformation angle θ1; see Figure 1B),
which can be easily controlled as an origami robot. Using
this construction method, we can realize the deformation
behavior of a 3D cellular structure only based on that of a
single unit.

The cellular structures in Figure 7 with 6 × 6 × 6 units look
like 2.5D because for each unit, the height is less than the
length or the width. But in essence, the structures are 3D since
the layers can be continuously stacked along the z-direction,
such as with 6 × 6 × 12 units. Here, we used 6 × 6 × 6 units for
clear visualization.

FIGURE 6 | Shearing deformation modes of the 2D cellular structure. Three of the 16 discrete patterns in Figure 5C, (A) #1.4 (B) #2.2 (C) #2.4; column 1–3, 2D
cellular structures with β � 70°, 90°, and 110°; column 4, 3D cellular structures with β � 90°.
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CONCLUSION

We have investigated the unique kinematics of kirigami-based
3D metamaterials with ring-like units. We foundd that the
various combinations of Poisson’s ratios (values and signs)
can be obtained with different combinations of the design
angles γ1 and γ2 and targeted Poisson’s ratios can be realized
by choosing the proper deformation paths. Additionally, we

numerically and experimentally verified the analytical
geometrical model of the ring-like unit cell. Interestingly,
we showed multiple continuous and discrete deformation
patterns for a ring-like unit and a multi-unit combination.
These 2D and 3D cellular structures, offering multiple
deformation patterns, show great potential for various
engineering applications, from robotics, and impact
absorbers to biomedical implants.

FIGURE 7 | Three patterns of 3D cellular structures. (A) Deformation paths ② → ① and② → ③ with γ1 � 45° and γ2 � 60°. (B) Deformation paths
⑤ → ④ and⑤ → ⑥ with γ1 � 45° and γ2 � 60°. (C) Deformation paths ② → ① and② → ⑥ with γ1 � γ2 � 60°. Anisotropic pattern: (A) and (B); isotropic pattern:
(C). Top: 2D metamaterials with 6 × 6 units. Bottom: 3D metamaterials with 6 × 6 × 6 units.
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Acoustic wavefront manipulation
via transmission-type labyrinth
structure

Rui Wang and Fengbao Yang*

School of Information and Communication Engineering, North University of China, Taiyuan, Shanxi,
China

In this work, a transmission-type labyrinth structure (LS) is proposed to

construct subwavelength acoustic functional metasurfaces, through which

various desirable acoustic wavefront manipulation can be achieved in a

broadband from 2,700 Hz to 3,900 Hz. By utilizing the excellent guiding

property of LS, an invisibility cloak is designed to shield the target scattering

body in the transmitted field. In addition, gradient metasurfaces composed of

several LSs with different phase responses are constructed to obtain broadband

beam deflection and focusing. Moreover, binary coding approach is adopted to

further simplify the design philosophy of the metasurfaces by taking advantage

of only two kinds of LS with opposite phase responses. Numerous wavefront

manipulations including acoustic splitting beam and self-bending beam can be

realized by using corresponding coding sequences. Our work provides a

solution for multifunctional acoustic wavefront manipulation in a broadband,

which may have potential applications in acoustic communication, detection

and holography.

KEYWORDS

acoustic focusing, acousticwaveguide, broadband response, periodic structure, binary
design

1 Introduction

Acoustic wavefront manipulation is desirable in numerous engineering applications

such as acoustic communication, detection, holography and bioimaging. Three wavefront

categories including reflection wave, absorption wave and transmission wave are essential

for target pattern of the acoustic field. It is easy to manipulate the reflection wave by

groove structures with different depths [1–4]). To achieve tunable and broadband

reflected wavefront modulation, Fan et al. [5] proposed a helical metasurface, through

which many interesting acoustic phenomena including anomalous reflection, arbitrary

focusing and self-bending beams were realized. They also designed a tunable lossy

metsurface to achieve multi-plane acoustic holograms [6]. Weng et al. [7] adopted

multiple resonant elements to construct an ultrathin planar metasurface with wavelength-

dependent manipulation. Meanwhile, porous materials are investigated to achieve perfect

absorption [8, 9]. For transmission wave, although using phased array transducers is an

effective approach to generate arbitrary transmission wavefront, it has disadvantages in

large scale, complex circuit and high cost.
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In past decade, the development of acoustic metamaterial

and metasurface provides another method to manipulate the

transmission wavefront by artificial passive structures

[10–17]. By utilizing the band characteristics of the

phononic crystals, some abnormal acoustic phenomena for

instance negative refraction [18], beam focusing [19] and

topological energy transport [20] have been widely

reported. Meanwhile, multiple fascinating acoustic

wavefront modulations including splitting beam [21],

vortex beam [22], Airy beam [23], focusing beam [24], and

acoustic illusion [25] have been realized by taking advantage

of the Helmholtz resonators [26], spiral cavities [27] and

coiling waveguides [28]. For example, Zhu et al. [29]

reported an investigation of multiplexed acoustic

holograms at both audio and ultrasonic frequencies via a

rationally designed transmission-type metamaterial. Wang

et al. [30] proposed a tunable flat acoustic metasurface

composed of fan-shaped annular resonator arrays.

However, both the phononic crystals and resonant cavities

are suffering from the limitation of bandwidth. In addition,

the structure designed by phononic crystals has a large size,

while that by resonant cavities needs a complicated

configuration. Therefore, a simple design method for the

realization of broadband acoustic wavefront manipulation

is needed to be sought.

In this work, we propose a transmission-type labyrinth

structure (LS) with sub-wavelength scale to achieve various

acoustic wavefront manipulations. By changing the interdigital

length of the LS, the phase response of the transmission wave can

cover a full range from 0 to 2π under a high transmittance.

Thanks to the excellent guiding property of LS to the transmission

acoustic waves, a stealth structure is constructed to shield target

scattering body. Meanwhile, a metasurface composed of several

LSs with gradient phase responses is designed to achieve

broadband beam deflection and beam focusing. Owing to the

linear relation between operating frequency and phase shift, the

metasurface showing a low dispersion feature for wavefront

manipulation. Moreover, by taking advantage of the binary

design, broadband splitting beam and self-bending beam are

realized as well, which further simplify the design philosophy

of the metasurface. Our work provides a solution for

multifunctional acoustic wavefront manipulation in a

broadband, which may have potential applications in acoustic

communication, detection and holography.

FIGURE 1
(A) The three-dimensional schematic of LS. (B) The acoustic pressure distributions of the LS with different interdigital length (H3 = 13.30 mm,
11.53 mm, 10.12 mm, 8.97 mm, 8.30 mm) at 3,430 Hz. (C) The relation between the interdigital length and transmission information (transmittance
and phase shift) for LS. (D) The relation between the operating frequency and transmission information (transmittance and phase shift) for LS. (E) The
relation between phase shift and incident frequency with the increase of parameter H3. (F) The relation between transmission coefficient and
incident frequency with the increase of parameter H3.
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2 Model design and analysis

As shown in Figure 1A, the LS designed in our work is a

rectangular cavity with several interdigital plates. The length, height,

and thickness of the LS are L = 55.5 mm, H = 15.5 mm, and T =

10 mm. The air gaps between two adjacent interdigital plates are

G1 = 6.4mm,G2 = 2 mm, andG3 = 1 mm. The thickness and heights

of interdigital plate at different positions are w = 0.5 mm and H1 =

8.6mm,H2 = 11.3mm,H3 = 12 mm, respectively. The LS is amirror

symmetrical structure, and the lengths of each composing cavity are

L1 = L3 = 14 mm, L2 = 27.5 mm. Here, we adopt finite element

software COMSOL Multiphysics to calculate the transmission

information of the LS. The acoustic velocity and density of the

air are c = 343 m/s and ρ = 1.29 kg/m3. Hard acoustic field

conditions are set along the upper and lower boundaries of the

LS, and plane wave radiation conditions are used in left and right

boundaries of the LS to avoid unwanted echo interference.When we

adjust the height of middle interdigital plate (H3), as shown in

Figure 1C, the transmission information including transmittance

and phase responses of the LS can be modulated correspondingly at

3,430 Hz. The phase shift can nearly cover a full range from 0 to 2π

under a high transmittance when H3 changes from 8.3 mm to

14 mm, exhibiting an excellent performance for wavefront

modulation by LS with subwavelength scale. The high

transmittance steams from resonance effect of the LS and the

phase shift originates from the change of equivalent acoustic

velocity (or propagation length) caused by different shield

heights. According to the acoustic pressure distributions shown

in Figures 1A,B gradient phase response (ϕ = 0.4π, 0.8π, 1.2π, 1.6π,

2.0π) is generated by five LSs with different parameters (H3 =

13.30mm, 11.53mm, 10.12mm, 8.97mm, 8.30 mm) for plane wave

incidence at 3,430 Hz, which verifies the ability of phase modulation

for transmission wave. In addition, as illustrated in Figure 1D, the

phase shift is linear with the operating frequency in a broadband of

2,700 Hz–3900 Hz, and the transmittance of the LS is relatively high

(near unity) within this band. Therefore, as shown in Figures 1E,F),

the gradient of the phase delay can be linear in a frequency range of

2,700 Hz–3900 Hz under a high transmission coefficient whenH3 >
7.6 mm, providing an opportunity to achieve broadband acoustic

wavefront manipulation.

3 Results and discussions

The LS proposed here is flexible, which can control the acoustic

propagation path of the transmission wavefront by rotating different

angles. As shown in Figure 2A, the LSs with rotation angles of 30°, 45°,

and 60° have identical transmission wavefront under the same

incident condition (normal incidence at 3,430 Hz). With the

increase of rotation angle, the acoustic propagation path moves up

gradually, making it is suitable for LS to construct invisibility cloak. As

shown in Figure 2B, when the plane acoustic wave normally incident

on the LS array, the shape of wavefront in the transmission field is the

same as that in the incident field. The result is applicable to both plane

wave incidence and spherical wave incidence, indicating a zero

refractive property of the LS array. Taking a circular scattering

FIGURE 2
Acoustic pressure distributions of (A) the waveguide designed by LS with different rotation angles, (B) the array of LS stimulated by plane and
cylindrical sources, and (C) the circular scattering body surrounded by LS array and without LS array at 3,430 Hz. (D) Acoustic pressure distributions
along Lines one and 2marked by yellow dashed lines in Panel 2C. (E) Acoustic intensity distributions of the circular scattering body surrounded by LS
array and without LS array at 3,430 Hz.
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body as an example, as shown in Figure 2C, the transmission

wavefront is damaged and disorderly when the scattering body is

placed in a free air space for normal incidence, making it is easy to be

detected under this circumstance. As a comparison, when the

scattering body is surrounded by LS array, the incident acoustic

waves propagate along the designed path and bypass the scattering

body. In this case, the shape of transmission wavefront remains

unchanged, and the scattering body is invisible. To further verify the

stealth performance of the LS array, as shown in Figure 2D, the

acoustic amplitude and pressure distribution along the cut-line

1 marked in Figure 1C is periodic and uniform. The target

scattering body is hardly to be detected since the waveform in the

transmission field is identical to that in the incident field. For acoustic

amplitude and pressure distributions along the cut-line 2 marked in

Figure 1C, it is uneven and visible owing to the strong scattering by

rigid body. Therefore, the acoustic cloak designed by LS array can

extremely improve the security of the acoustic target.

Next, we construct a gradient metasurface composed of periodic

LS arrays to achieve desirable acoustic beam shaping. Similar to the

generalized Snell’s law in optics [31], if the acoustic wave with a

frequency f is incident from onemedium to another, the generalized

Snell’s law in acoustics can be expressed as follows:

FIGURE 3
(A) Acoustic pressure distributions and (B) intensity distributions of the metasurface composed of LS with different interdigital length at
2,700 Hz, 3,100 Hz, 3,500 Hz and 3,900 Hz. Normalized acoustic intensities along (C) horizontal and (D) vertical cut-lines in Panel 3B.
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kt sin θt − ki sin θi � dϕ(x)/dx (1)
ki � 2πf/ci (2)
kt � 2πf/ct (3)

where θi and θt represent the incident angle and refraction angle;

ci and ct represent the acoustic velocities of the incident medium

and transmitted medium, respectively; dϕ(x)/dx represents the

phase gradient along the metasurface. To be simplified, we

consider the case of θi = 0, and Eq. 1 is rewritten as

kt sin θt � dϕ(x)/dx (4)

Following Eq. 4, the refraction property of the metasurface is

closely related to the phase gradient along themetasurface.As shown in

Figures 3A supercell composed of ten LSs is constructed as a periodic

unit. The rectangular blockswith different colors correspond to distinct

phase responses. The phase shifts from left to right are 0.4π, 0.4π, 0.8π,

0.8π, 1.2π, 1.2π, 1.6π, 1.6π, 2.0π, 2.0π. The design principle of the period

length should be longer than incidentwavelength, otherwise the surface

acoustic wave will appear [32]. In Figure 3A, the period length is set as

D = 155mm, and it can be adjusted by altering the number of LS.

When plane acoustic waves are normally incident on the metasurface,

the propagation direction of the transmission wavefront is changed.

The simulated acoustic pressure distributions verify that the desirable

acoustic beam deflection is generated by a gradient metasurface.

Meanwhile, the metasurface can work well in a broadband within

2,700 Hz–3900 Hz, showing an excellent wavelength tolerance.

The function of themetasurface can be changed if we adopt other

arrangements of LS. As shown in Figures 3A,B mirror symmetrical

structure composed of 20 LSs is constructed to serve as an acoustic

lens. From left to right, the phase responses of 20 LSs are 0.4π, 0.4π,

0.8π, 0.8π, 1.2π, 1.2π, 1.6π, 1.6π, 2.0π, 2.0π, 2.0π, 2.0π, 1.6π, 1.6π, 1.2π,

1.2π, 0.8π, 0.8π, 0.4π, 0.4π. Owing to the symmetrical distributions of

the phase response, interference superposition of acoustic intensity is

generated in the transmitted field. The acoustic intensity distributions

of the metasurface shown in Figure 3B confirms that the incident

plane acoustic waves are converted into focusing beams after passing

through the designed lens, and the metasurface can work in a

broadband from 2,700 Hz to 3900Hz. Figure 3B also illustrates

the acoustic intensity distribution of the metasurface with thermal

viscosity loss, it can be seen that although the intensity of the focus is

reduced compared with that in lossless case, the ability of beam

focusing exists. In addition, note that the refraction angle of the

transmission wave shown in Figure 3A and the focal length of the

focus shown in Figure 3B are independent of incident frequencies.

FIGURE 4
(A) Acoustic pressure distributions and (B), (C) intensity distributions of the binary metasurfaces at 2,700 Hz, 3,100 Hz, 3,500 Hz and 3,900 Hz.
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Following the linear relation between transmitted phase response and

incident frequency shown in Figure 1D, the change of incident

wavelength and gradient phase response along the metasurface can

be offset, exhibiting a low dispersion feature for gradient metasurface.

Figure 3C shows the normalized acoustic intensity distributions along

the cut-line of y= 0.15mmarked in Figure 3B, apparent acousticwave

convergence can be observed at this position. The peak intensity value

of the focus is at 3,500 Hz, which near the center frequency (3,430 Hz)

of the LS.Moreover, the performance of the beam focusing can also be

verified by plotting the normalized acoustic intensity distributions

along the cut-line of x = 0mmarked in Figure 3B. From Figure 3D it

can be seen that the beam focusing for different incident frequencies

from 2,700 Hz to 3,900 Hz is generated at the position of y = 0.15 m,

and the high intensity value of the focus is at 3,500 Hz, which agrees

well with the results shown in Figure 3C. Therefore, the gradient

metasurfaces designed by LSs not only can work in a broadband, but

also have a low dispersion feature for acoustic wavefront

manipulation [33].

As another feasible approach to realize broadband acoustic

wavefront manipulation, binary design for functional metasurface

can further simplify the design philosophy since only two kinds of

coding units with high transmittance and opposite phase responses

are needed [34–39]. We define LS with parameters of H3 = 10mm

andH3 = 14 mm as coding bits ‘0’ and ‘1’, respectively. Following the

relation between phase shift of the LS and parameter H3 shown in

Figure 1C, coding bit ‘0’ has a phase response of 1.2π and coding bit

‘1’ has a phase response of 0.2π, which meets the requirement of

opposite phase response for the design of binary metasurface. As

shown in Figure 4A, an acoustic beam splitter is composed of two

coding bits ‘0’ and ‘1’with a periodic coding sequence of 01/01/01 . . .

01/01/01, and the cycle length is set asD = 160mm.According to the

generalized Snell’s law, the diffraction orders of n = 0, 1, -1 are all

open for normal incidence when the reciprocal lattice vector (G = 2π/

D) is smaller than the wavenumber in air background. However, the

diffraction orders of n= 1, -1 is preferential to the n= 0 order, leading

to a beam splitting stemming from the transmission channel of the

n = 1, -1 orders for normal incidence. The simulated acoustic

pressure distributions display apparent beam splitting at four

different frequencies (2,700 Hz, 3,100 Hz, 3,500 Hz and 3,900 Hz),

verifying the broadband performance of the beam splitter.

Meanwhile, the function of themetasurface can be customized by

adopting different coding sequences. Taking acoustic self-bending

beam as an example, as shown in Figure 4B, the coding sequence of

the metasurface is a staggered arrangement composed of coding bits

‘0’ (orange blocks) and ‘1’ (grey blocks). From left to right, the

numbers of the coding bit are 4, 4, 4, 4,4,4,4,4,4,5,5,5,5,5,6,6,7,9,12.

The incident plane acoustic wave can be converted into self-bending

beam at this time. The intensity of the transmitted wave is localized in

the main lobe, and the trajectory of transmission wave is curved.

Similar to the beam splitter, the acoustic self-bending beam generator

can work in a broadband of 2,700 Hz–3900 Hz as well. Moreover, if

we place two self-bending beam generators in a mirror symmetrical

manner, as shown in Figure 4C, acoustic beam focusing can be

obtained owing to the interference superposition from two identical

self-bending beams with opposite radiation directions, which further

expends the function of binary metasurface designed by LSs.

4 Conclusion

In summary, a labyrinth structure (LS) is proposed in this work

for transmitted acoustic wavefront manipulation. Owing to the

excellent guiding property of LS, an invisibility cloak is designed to

achieve acoustic stealth for scattering body. The transmission

information including phase response and transmittance of the LS

can be modulated by the height of interdigital plate, and there exists a

linear relation between phase shift and incidentwavelength, which can

be adopted to construct gradient acoustic metasurfaces to achieve

beam deflection and focusing in a broadband from 2,700 Hz to

3,900 Hz. Moreover, a binary design for acoustic metasurface is

utilized to further simplify the design philosophy by using only

two kinds of LS with opposite phase responses. Two binary

metasurfaces with different coding sequences are constructed to

play the roles of acoustic beam splitter and self-bending beam

generator, through which the broadband wavefront manipulation

has been obtained. The acousticmetasurface constructed by LShas the

advantages of simple design, subwavelength scale and broadband

response, which may have potential applications in acoustic

communication, detection and holography.
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Polynomial eigenvalue solution
for elastic wave prediction of
piezoelectric shunting arrays

Huisong Yang and Gang Wang*

School of Mechanical Engineering, Hebei University of Technology, Tianjin, China

This paper presents a polynomial eigenvalue solution to predict the propagation

behaviors of elastic wave in piezoelectric shunting arrays. Based on the Bloch

theorem, one independent unit cell is selected to conduct the dynamic

characteristic analysis instead of infinity. The reduced form of the discretized

governing equations is first derived by the standard finite element procedures.

To facilitate the subsequent acquisition of dispersion relationship, the dynamic

stiffness matrix is then partitioned into a block matrix. Through applying the

periodic boundary conditions, a polynomial eigenvalue equation concerning

complex propagation constant is finally obtained. The wave propagation and

attenuation characteristics in arbitrary directions are investigated using the

above methodology. The results demonstrate that the present method can

provide very accurate and reliable solutions for wave propagation prediction of

piezoelectric shunting arrays.

KEYWORDS

polynomial eigenvalue solution, complex propagation constants, wave propagation
and attenuation, arbitrary directions, piezoelectric shunting arrays

1 Introduction

Over the past several decades, the propagation of elastic waves including bulk waves

[1] and surface waves [2] in phononic crystals (PCs) has attracted a great deal of interest

[3, 4]. Due to the existence of band gaps, PCs have many potential applications, such as

elastic wave filters and vibration isolation. There are two main mechanisms for the

formation of band gaps, namely, Bragg scattering (BS) [5] and locally resonant (LR) [6].

Compared with the BS mechanism, the LR one allows the acquisition of low-frequency

band gaps with the structure of small dimensions. Hence, researchers prefer to use the LR

PCs for the reduction of vibration noise in practical engineering [7]. However, for the

traditional PCs, the non-adjustable characteristics of band gaps restrict their practical

application, especially for structures with variable working conditions. By combining the

piezoelectric shunt damping technology [8, 9] with PCs theory, piezoelectric shunt arrays

(PSA) which belong to a new type of PCs emerged. The tunable characteristics of shunt

circuits allow the band gaps to be adjusted over desired frequency range. However, due to

the existence of complex wave vectors caused by the piezoelectric shunt damping, it is not

an easy work to predict the band structures of PSA using the traditional numerical

approaches.
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The transfer matrix method [10, 11] is the first numerical

algorithm used in band structures simulation of PSA. Based on

this approach, Thorp [12] et al. studied the attenuation and

localization of elastic wave propagation in a piezoelectric

resistive-inductive-shunted rod. Airoldi and Ruzzene [13]

investigated the wave propagation characteristics of a periodic

beam with shunted piezoelectric patches. Wang [14] et al.

analyzed the vibration attenuation effects of piezoelectric

beams connected by an enhanced resonant shunting circuit.

However, this algorithm is restricted to one-dimensional

system, which is not suitable for practical engineering

applications. In order to obtain the two-dimensional band

structures of PSA, the enhanced plane wave expansion (PWE)

method [15] emerged. Lian [16] et al. analyzed the effect of circuit

parameters on the LR band gaps in a piezoelectric PC plate with

resonant shunting circuits. Chen [17] et al. studied the band gap

characteristics of piezoelectric metamaterial plate with interface

circuits. Compared with the conventional PWE, the enhanced

PWE can provide more accurate results and has a good

convergence. But it is difficult to predict the attenuation

degree of elastic waves due to the neglect of information on

amplitude attenuation in the wave vectors. With the rapid

development of computational mechanics, researchers have

gradually applied the finite element method for the prediction

of wave propagation and attenuation in PSA. Spadoni [18] et al.

analyzed the wave propagation and subsequent vibrations in

plates with periodic shunted piezoelectric patches. Gardonio [19]

et al. realized the effective control of bending vibration in thin

plate by self-tuning PSA. Although the propagation properties

can be obtained in some specific directions, these studies rarely

concern the arbitrarily oriented ones. By using the ‘fsolve’

function in Matlab, Chen [20] et al. predicted the propagation

behaviors of elastic wave in arbitrary directions in PSA. However,

several numerical defects still exist, for example, initial value

sensitivity and tendency to converge to wrong results. Later, Wen

[21] et al. proposed a wave field transformation method to

analyze the directionality of dispersion relationships when

elastic waves propagate in PSA. But this method suffers from

the complication formulations and the low computational

efficiency, which limits its practical application.

In order to facilitate the prediction of propagation

characteristics in arbitrary directions, developing a new

algorithm which can cure the above mentioned drawbacks

seems more feasible. In this work, we further present a

polynomial eigenvalue solution (PES) to predict the

propagation behaviors of elastic wave in PSA. As the structure

is periodic in the x-y plane, one independent unit cell is selected

for the dynamic characteristic analysis instead of infinity. Based

on the classic Kirchhoff hypothesis and standard finite element

procedures, rectangular element with corner nodes is first

employed to obtain the discretized system equations [22]. To

acquire the dispersion relationship conveniently, the dynamic

stiffness matrix is then partitioned into a block matrix. By

implementing the Bloch theorem, a polynomial eigenvalue

equation concerning complex propagation constants is further

obtained. Through a simple transformation, a linear eigenvalue

equation is finally derived, from which the dispersion

relationships of PSA can be easily derived. In order to

examine the performance of the proposed algorithm, the wave

propagation behaviors of a semi-covered piezoelectric periodic

plate connecting with a inductance-resistance circuit are in detail

studied. The results reveal that the present PES can provide very

accurate and reliable numerical predictions for the wave

propagation characteristics in arbitrary directions in PSA.

2 Methods

2.1 Theoretical basis

Consider a piezoelectric shunt system consisting of a host

plate and arrays of shunted piezoelectric patches, the periodic

plate behaves as a two-dimensional infinite waveguide

propagating transverse waves. Based on the Bloch theorem,

one independent unit cell is selected to conduct the dynamic

characteristic analysis, as illustrated in Figure 1A. The divided

regions of the unit cell contain two different structural types,

i.e., one is the single-layer plate without piezoelectric patches

attached, the other is a composite plate consisting of a host plate

and piezoelectric patches connecting with a circuit. Noteworthy,

the polarization directions of the piezoelectric patches are same.

As the existence of piezoelectric patches, the

electromechanical coupling effect needs to be considered for

the dynamic analysis of the unit cell. The stress-charge form of

the constitutive equations for a piezoelectric material can be

written as [23].

[
σp
De
] � [ c

E −e
eT εs

][
εp
E
] (1)

where, σp and εp are the mechanical stress vector and the

mechanical strain vector, respectively; De and E represent the

electric displacement vector and the electric field vector on the

piezoelectric patches electrode, separately; εs is the permittivity

matrix; e denotes the matrix of piezoelectric stress constants; cE is

the stiffness matrix of piezoelectric material.

In order to obtain the subsequent discretized governing

equations, the energy functional of the whole unit cell is

presented. Here, only the energy functional of the composite

plate with piezoelectric patches attached is discussed. According

to the Lagrange’s equations, the energy functional L of the

composite plate can be described as

L � T − U + Ue (2)

where, T is the kinetic energy, U is the potential energy and Ue is

the electric energy, which can be expressed as
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T � 1
2
∫

Ωb

ρb _w
2dΩb + 1

2
∫

Ωp

ρp _w2dΩp (3)

U � 1
2
∫

Ωb

εTbσbdΩb + 1
2
∫

Ωp

εTpσpdΩp (4)

Ue � 1
2
∫

Ωp

ETDedΩp (5)

where, ρ is the density;w denotes the element displacement. Note

that, the subscript ‘b’ and ‘p’ represent the quantities

corresponding to host plate and piezoelectric shunting,

respectively.

To gain the wave propagation characteristics in the whole

PSA, the periodic boundary conditions need to be imposed. The

Bloch theorem explains this behavior, which can be described in

what follows. According to the lattice theory, the whole two-

dimensional lattice structure can be seen as the result of

translating the unit cell along the basis vectors α1 and α2 [24].

Let R(r) represent the displacement of a lattice point located at

the position r(x, y), which can be expressed as

R(r) � Re(iωt−k·r) (6)

in which, R is the amplitude of displacement vector and k is the

wave vector. The position of other ones based on this lattice point

can be given by

rn1 ,n2 � r + n1α1 + n2α2 (7)

where, the n1 and n2 are integers related to periodicity. Putting

μx � −k · α1 and μy � −k · α2, the displacement of lattice points

located at the position rn1 ,n2 can be given by

R(rn1 ,n2 ) � R(r)en1μx+n2μy (8)

2.2 Basic formulations of the PES

This section presents the basic formulations of PES for wave

propagation prediction of PSA in detail. To perform the

numerical investigation, both the finite element discretization

and the Bloch theorem are utilized, which will be detailedly

discussed in the following.

2.2.1 Finite element discretization
Based on the Bloch theorem, only one unit cell is selected for

the dynamic analysis. The composite plate structure, which is

used to represent the wave propagation characteristics, is shown

in Figure 1B. In order to implement the investigation, a set of

four-node rectangular elements with corner nodes [22] are first

adopted to discrete the problem domain. According to the

Kirchhoff hypothesis, the relationship between the vertical

deflection w and the rotation θx about x-axis, as well as the

rotation θy about y-axis, can be defined as

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

θx � zw

zy

θy � −zw
zx

(9)

Using the standard finite element procedure, the generalized

deflection w within an element can be interpolated using

w � Nue (10)

where, N is the element shape function; ue is the element

displacement vector that can be written as

ue � [ u1 u2 u3 u4 ]
T (11)

in which, ui � {wi, θxi, θyi}(i � 1, 2, 3, 4) is the nodal

displacement vector.

To clearly illustrate Eq.10,N can be explicitly expressed using

N � [N1 N2 N3 N4 ] (12)
in which

Ni � 1
8
(1 + ξ0)(1 + η0)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 + ξ0 + η0 − ξ2 − η2

bηi(1 − η2)

−aξ i(1 − ξ2)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

T

(i � 1, 2, 3, 4)

(13)
with

FIGURE 1
(A) The square unit cell; (B) Composite plate structure and rectangular element in x-y plane; (C) A typical mesh arrangement for the domain
discretization.
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{
ξ0 � ξξi,
η0 � ηηi,

ξ � (x − xc)/a
η � (y − yc)/b

(14)

where, ξ and η are the normalized coordinates; xc and yc are the

coordinates of the centroid O; a and b are the half lengths of side;

the values of ξi and ηi can be found in Ref. [22].

Based on the relationship between stain and displacement,

the relevant strain vector related to the host plate and the

piezoelectric patches can be written as

ε � { εx εy γxy }
T � zLw (15)

in which, L denotes the differential operator with the form of

L � { − z2

zx2
,− z2

zy2
,−2 z2

zxzy
}

T

(16)

The stress-strain relationship for the host plate of PSA can be

written as

σb � Dεb (17)

where, the matrix D is the constitutive coefficient that can be

found in Ref. [22].

In order to represent the electromechanical coupling effect of

the piezoelectric shunt system, the potential degree of freedom

(DOF) should also be included in the kinetic analysis. Consider

the fact that the potential on the electrode of piezoelectric patch is

equal everywhere, a potential DOF φ namely the electric potential

difference is introduced for the whole unit cell, which can be

expressed as

φ � Ehp (18)

in which, E is the electric field intensity in z-axis direction; hp
denotes the thickness of piezoelectric patch.

According to the Hamilton principle, the energy functional L

in Eq. 2 should be at a minimum to reach equilibrium-stability

state. Substituting Eqs 1 and 10, 15, 17 and 18 into Eq. 2, the

discretized system equations for the dynamic characteristics of

unit cell corresponding to the PSA can then be derived as follows

[15, 25]

Muu€u + Kuuu + Kuφ φ � f (19)

Kφuu + Kφφ φ � q (20)

in which, u is the nodal displacements vector of the whole unit

cell; f is the system forces vector; q is the total charge; Muu, Kuu

and Kuφ are the assembled mass, stiffness and coupling matrices,

respectively. Kφu is the transpose matrix of Kuφ. Note that, Kφφ is

a scalar, which is opposite to the total capacitance of the

piezoelectric patches at constant strain.

Assuming that the displacement u is a small harmonic

perturbation which satisfies

u � ueiωt (21)

where, ω denotes the angular frequency; u represents the

amplitude of the displacement. Under the same hypothesis,

the relationship between the total charge q(ω) and the electric

potential difference φ(ω) can then be written as

q(ω) � φ(ω)
iωZ(ω) (22)

in which, Z(ω) is the complex impedance and i � ���−1√
. On its

substitution into Eq. 20, φ(ω) can be rewritten as

φ(ω) � [ 1
iωZ(ω) −Kφφ]

−1
Kφuu (23)

Substituting Eqs 21, 23 into Eq. 19, we can finally obtain

KD(ω) u � f (24)

where, KD(ω) is the dynamic stiffness matrix with the form of

KD(ω) � Kuu − ω2Muu + Kuφ[
1

iωZ(ω) − Kφφ]
−1
Kφu (25)

2.2.2 Bloch analysis
To study the wave propagation behaviors of the whole PSA,

the periodic boundary conditions are introduced in this

subsection. As shown in Figure 1C, the nodal displacements u

and forces f have been divided according to their relative

positions in the unit cell, which can be expressed using

u � [ uI uB uT uL uR uLB uRB uLT u RT ]
T (26)

f � [ 0 fB fT fL fR fLB fRB fLT f RT ]
T (27)

Based on the periodic conditions and equilibrium conditions

[24], the Bloch boundary conditions can be written as

{
uT � eμyuB,uR � eμxuL

uLT � eμyuLB,uRB � eμxuLB, uRT � eμx+μyuLB
(28)

{
fB + e−μy fT � 0, fL + e−μx fR � 0

fLB + e−μx fRB + e−μy fLT + e−μx−μy fRT � 0
(29)

in which, (μx, μy) are propagation constants that are normally

complex numbers, i.e., μj � αj + iβj(j � x, y). The real part αj is
attenuation constant which indicates the amplitude decay of

elastic wave propagating from one unit cell to the next. The

imaginary part βj is phase constant which denotes the phase

change of elastic waves propagation.

Putting eμx � λx and eμy � λy, the matrix form of Eqs 28, 29

can be further expressed by

⎧⎨
⎩

u � T(λx, λy) û

TT(1/λx, 1/λy) f � 0
(30)

in which

û � [ uI uB uL uLB ]
T (31)
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T(λx, λy) �
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

I 0 0 0 0 0 0 0 0
0 I Iλy 0 0 0 0 0 0
0 0 0 I Iλx 0 0 0 0
0 0 0 0 0 I Iλx Iλy Iλxλy

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

T

(32)

2.2.3 The acquirement of propagation constant
This subsection formulates a polynomial eigenvalue equation

to obtain the propagation constant on the basis of periodic

boundary conditions and dynamic equilibrium equation. To

facilitate the subsequent acquisition of propagation constant,

KD(ω) can be rewritten in the form of block matrix

KD(ω) �

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

KII KIB KIT KIL KIR KILB KIRB KILT KIRT

KBI KBB KBT KBL KBR KBLB KBRB KBLT KBRT

KTI KTB KTT KTL KTR KTLB KTRB KTLT KTRT

KLI KLB KLT KLL KLR KLLB KLRB KLLT KLRT

KRI KRB KRT KRL KRR KRLB KRRB KRLT KRRT

KLBI KLBB KLBT KLBL KLBR KLBLB KLBRB KLBLT KLBRT

KRBI KRBB KRBT KRBL KRBR KRBLB KRBRB KRBLT KRBRT

KLTI KLTB KLTT KLTL KLTR KLTLB KLTRB KLTLT KLTRT

KRTI KRTB KRTT KRTL KRTR KRTLB KRTRB KRTLT KRTRT

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(33)

Substituting Eqs. 30, 33 into Eq.24, a polynomial eigenvalue

equation, depending on ω, λx and λy, can be obtained and

expressed in the following form

[KD0 + KD1λx + KD2λy + KD3λ
2
x + KD4λ

2
y + KD5λxλy + KD6λ

2
xλy

+ KD7λxλ
2
y + KD8λ

2
xλ

2
y] û � 0

(34)
in which, the coefficient matrices are shown in Appendix A. It is

difficult to directly obtain λx and λy through a given ω as the

solution conditions of polynomial eigenvalue equation are not

satisfied [26]. Consider the fact that μx and μy can be represented

by wave vector k in x and y directions [27, 28], then we can get

μy
μx

� tan(θ) (35)

in which, θ is the wave propagation angle.

To make Eq. 34 solvable, the following two requirements

need to be satisfied: 1) the ratio μy/μx � m2/m1 is rational; 2) m2

and m1 are integers with no common divisor. Hence, the

propagation constants can be further expressed using μx �
m1δ and μy � m2δ where δ is the quantity without practical

meaning. By introducing τ � eδ , Eq. 34 can be rewritten as

[KD0 + KD1τ
m1 + KD2τ

m2 + KD3τ
2m1 + KD4τ

2m2 + KD5τ
m1+m2

+ KD6τ
2m1+m2 + KD7τ

m1+2m2 + KD8τ
2m1+2m2]u

∧ � 0

(36)
Through a simple transformation process, Eq. 36 can be

further expressed using

[Q − τI]Û � 0 (37)
with

Q �
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−K−1
DmKD(m−1) / −K−1

DmKD1 −K−1
DmKD0

I ..
.

1
I 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(38)

Û �
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

τm−1û
..
.

τû
û

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

(39)

in which, KDm ≠ 0 and m � 2m1 + 2m2

Obviously, Eq. 37 is a linear eigenvalue problem which is

easier to solve. When the propagation angular frequency ω and

the tangent value tan(θ) are given, δ can be easily derived. The

propagation constant μθ in arbitrary direction θ can be finally

calculated using

μθ � δ
�������
m2

1 +m2
2

√
(40)

It can be seen from Eq. 40 that μθ varies with the changes of δ,

m1 and m2. Therefore, when θ is determined, the relationship

between μθ and ω can be easily obtained to represent the

propagation behaviors of elastic wave.

3 Results

The present formulation has been coded using MATLAB

program. In what follows, a typical numerical example is

carefully studied to illustrate the accuracy and reliability of our

PES. In addition, thewave propagation and attenuation in arbitrary

directions are also investigated using the above methodology.

The host plate is epoxy with Young’s modulus E � 4.35GPa,

Poisson’s ratio υ � 0.37 and mass density ρb � 1180kg/m3. The

piezoelectric patch is PZT-5H. Table 1 and Table 2 list the related

material and geometric parameters used in this study.

Moreover, the shunt circuit is a serial resistive-inductive

network, hence the complex impedance Z becomes

Z(ω) � R + iωL (41)

where, the shunt resistance and inductance value are selected to

be 100Ω and 0.2H [20], respectively.

3.1 Accuracy of the PES

To implement this investigation, the problem domain is first

discretized using 16 four-node rectangular elements. As the

elastic wave can propagate in arbitrary directions, two

representative wave propagation angle, namely θ = 0 and θ =

π/4, are selected to study the wave propagation and attenuation

characteristics. Because the exact solutions are unknown for this

case, the numerical results verified by commercial software

ANSYS and experiment [20] are taken as the reference.
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The attenuation constant a and phase constant ß obtained

using both algorithms by varying the frequency from 0 Hz to

1,500 Hz are plotted in Figure 2. It can be observed that 1) For θ =

0, there are two band gaps in the considered frequency range. The

first band gap named the locally resonant gap is about

525 Hz–580 Hz, while the second one called the Bragg gap is

about 750 Hz–985 Hz. 2) For θ = π/4, only one band gap exists

which is about 527 Hz–582 Hz. 3) Whatever the wave

propagation angle is, the attenuation constant in the band gap

increases with the growth of frequency. However, it decreases

gradually after reaching the maximum at the center of frequency

range. 4) The maximum value of phase constant can only be π in

the considered frequency range. The Bloch theorem contributes

to this phenomenon. 5) For the ranges and widths of the band

gaps, together with the amplitude of the central band structures,

the PES can always give very accurate numerical predictions

compared with the reference. Therefore, the effectiveness and

accuracy of the present method is confirmed.

3.2 Convergence study

In order to further verify the reliability of our PES, the

convergence property of the present method is investigated in

this package. Differ from the previous subsection, two

representative directions, namely tan(θ) = 0.2 and tan(θ) = 1,

are studied in this part. The attenuation constants and phase

constants versus the increase of element number N are plotted in

Figure 3. It can be observed from these figures that 1) With the

increase of element number, the range and width of the band

gaps change very little. However, the attenuation constant near

the center of band gaps decreases continuously. 2) In the

direction of tan(θ) = 0.2, the phase constants obtained using

16, 64 and 144 elements are almost the same. Hence, very

accurate results can be obtained with few number of elements.

3) In the direction of tan(θ) = 1, the phase constants obtained

using 64 and 144 elements are slightly smaller than that obtained

using 16 elements. 4) The numerical results calculated using

64 and 144 elements are almost overlapped, whichmeans that the

present model could give very stable numerical predictions with a

coarse mesh discretization. Therefore, the convergence of the

present method is confirmed.

TABLE 1 Material parameters of the PZT-5H.

Density ρp(kg/m3)
sE11(m2/N) sE12(m2/N) d31(C/N) εT33(F/m)

7500 16.5 × 10−12 −4.78 × 10−12 −2.74 × 10−10 3.01 × 10−8

TABLE 2 Geometric parameters of the unit cell.

Length of
sidelb(mm)

Thickness
h(mm)

Lenth of
sidelp(mm)

Thicknesshp
(mm)

80 5 40 0.2

FIGURE 2
Variations in propagation constant with frequency at: (A) θ =
0; (B) θ = π/4.
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3.3 Directionality of the wave propagation
and attenuation

Based on the previous findings and discussion, it can be

found that the Bragg gap and the locally resonant gap differ from

each other greatly with the change of direction. In order to clearly

reveal the evolution of band gaps, the directionality of the wave

propagation and attenuation are further studied in this part.

According to the symmetry of square unit cell as shown in

Figure 1A, the propagation constant in arbitrary direction can be

obtained by sweeping θ from 0 to π/4, i. e

μθ � {
μθ

μπ/2−θ
0≤ θ ≤ π/4
π/4< θ ≤ π/2

(42)

Therefore, the tangent value is taken from 0 to 1.

Figure 4A depicts the band gaps vary with tangent values, in

which the color spectra represents the magnitude of attenuation

constant. It can be seen from the figure that (1) A complete band gap

is first observed in the frequency range of 525–580 Hz. As locally

resonant gap is strongly related to the resonance of shunting circuits,

the bandwidth changes very little with direction. In other words, it is

a typically full band gap in all directions. 2) The frequency range of

Bragg gap increases with the growth of tangent value. However, due

to the frequency of lower boundary increases faster than that of

upper boundary, the band width decreases until it vanishes. The

Bragg gap is mainly induced by the impedance mismatch between

the piezoelectric patches and the substrate plate. With the wave

propagation angle θ increases, it gradually reaches impedance

matching. Hence, the Bragg gap is distinctly directional.

To further investigate the attenuation degree of elastic waves

in different directions, the attenuation constant obtained using

the present algorithm is also outlined in Figure 4B. Here, nine

different tangent values are considered, namely tan(θ) = 0, 0.125,

0.25, 0.375, 0.5, 0.625, 0.75, 0.875 and 1.0. It can be found that 1)

The amplitude of attenuation constant near the center of locally

FIGURE 3
Convergence of propagation constants with different amount of elements: (A) tan(θ) = 0.2; (B) tan(θ) = 1.
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resonant gap increases with the growth of tangent value.

However, it decreases quickly after reaching the maximum

when the tangent value is about 0.5. 2) The maximum of

attenuation constant within Bragg gap decreases with the

increase of tangent value. Combing with Figure 4A, when the

tangent value is about 0.9, it eventually equals zero.

Based on these preliminary findings, we can further conclude

that the PES can be seen a good choice for the prediction of wave

propagation and attenuation in arbitrary direction.

4 Conclusion

In this work, a polynomial eigenvalue solution is formulated for

predicting the propagation behaviors of elastic wave in arbitrary

directions in piezoelectric shunting arrays. Based on the Bloch

theorem, the wave propagation in PSA is evaluated through the

dynamic analysis of one unit cell. A typical square plate with

shunted piezoelectric patches is investigated in detail to study the

accuracy, convergence and effectiveness of PES. The results show

that the present method can provide very accurate numerical

solutions compared with the reference. Besides, the proposed

formulation can give very stable and convergent numerical

predictions with a coarse mesh discretization. The variations of

band gaps and attenuation constant with the wave propagation

angle are finally investigated, which can verify the effectiveness of

PES. Through the obtained results, the present algorithm is thus a

strong competitor to other solutions in the analysis of wave

propagation and attenuation in arbitrary directions in PSA.
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FIGURE 4
(A) Variation in band gaps with different tangent values; (B) Variations in attenuation constant with different tangent values.
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Appendix A

The coefficient matrices for any combination of λx and λy in

Eq. 34 are elaborated below.

KD0 �
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0
0 0 0 0
0 0 0 0

KRTI KRTB KRTL KRTLB

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(A.1)

KD1 �
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0
KTI KTB KTL KTLB

0 0 0 0
KLTI KLTB KRTR + KLTL KLTLB + KRTRB

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(A.2)

KD2 �
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0
0 0 0 0
KRI KRB KRL KRLB

KRBI KRBB + KRTT KRBL KRBLB + KRTLT

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(A.3)

KD3 �
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0
0 0 KTR KTRB

0 0 0 0
0 0 KLTR KLTRB

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(A.4)

KD4 �
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0
0 0 0 0
0 KRT 0 KRLT

0 KRBT 0 KRBLT

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(A.5)

KD5 �
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

KII KIB KIL KILB

KBI KBB + KTT KBL KBLB + KTLT

KLI KLB KLL + KRR KLLB + KRRB

KLBI KLBB + KLTT KLBL + KRBR KLBLB + KRBRB + KLTLT + KRTRT

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(A.6)

KD6 �
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 KIR KIRB

0 0 KBR KTRT + KBRB

0 0 KLR KLRB

0 0 KLBR KLBRB + KLTRT

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(A.7)

KD7 �
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 KIT 0 KILT

0 KBT 0 KBLT

0 KLT 0 KLLT + KRRT

0 KLBT 0 KLBLT + KRBRT

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(A.8)

KD8 �
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 KIRT

0 0 0 KBRT

0 0 0 KLRT

0 0 0 KLBRT

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ (A.9)
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Review and prospects of
metamaterials used to control
elastic waves and vibrations
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Rougang Zhou1*, Rong Liu and Youping Gong1*
1School of Mechanical Engineering, Hangzhou Dianzi University, Hangzhou, China, 2School of
Aerospace Engineering and Applied Mechanics, Tongji University, Shanghai, China

Acoustic metamaterials, artificial composite structures with exotic material

properties used to control elastic waves, have become a new frontier in

physics, materials science, engineering and chemistry. In this paper, the

research progress and development prospect of acoustic metamaterials are

reviewed. Related studies on passive acousticmetamaterials and active acoustic

metamaterials are introduced and compared. Additionally, we discuss

approaches to material structure design, including topology optimization

approaches, as well as bio-inspired and fractal geometry-based approaches

to structure design. Finally, we summarize and look forward to the prospects

and directions of acoustic metamaterial research. With the development of

additive manufacturing technology, the research potential of acoustic

metamaterials is huge.

KEYWORDS

acoustic metamaterial, elastic wave control, material structure design, fractal
geometry-based approaches, bio-inspired approaches

1 Introduction

Metamaterial is a material that obtains extraordinary physical properties that

conventional materials do not possess by designing special artificial structures.

Veselago, a Soviet physicist, demonstrated the feasibility of negative refractive index

materials and named them in 1967 [1]. After that, the concept of electromagnetic

metamaterials began to formally enter people’s sight. The researchs related to the

application of electromagnetic metamaterials in various fields quickly attracted the

interest of researchers [2, 3]. With the continuous deepening of research, it has been

found that elastic waves will have elastic wave band gaps similar to the photonic band gaps

of electromagnetic metamaterials when they propagate in periodic elastic composite

media. As a result, the concept of acoustic metamaterials was proposed, and related

researches continued [4–6]. Different crystal compositions and periodic structures lead to

different band gap properties of elastic waves. This makes it adaptable to different

situations and makes it applicable to various fields [7–10]. In particular, it provides a

simple, low-cost, and easy-to-apply solution to engineering problems for the solution of

vibration and noise [11–13].
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One of the earliest and more popular acoustic metamaterials

is phononic crystals, which is a new type of functional material

formed by the periodic arrangement of elastic solids in another

solid or fluid medium. The Bragg type of phononic crystals was

proposed earlier and is relatively mature. But the lattice constant

of Bragg diffraction-based phononic crystals is of the same order

of magnitude as the band gap frequency. As a result, it cannot be

used to control low frequency problems. Liu et al. [14] first

proposed the concept of locally resonant phononic crystals

(LRPCs). the band gap frequency of LRPCs with the same

lattice size is much lower than the Bragg’s, which can be used

to solve low-frequency problems. With the deepening of

research, the potential of phononic crystals in various fields

has gradually emerged, and related research has become more

abundant [15–20]. Topology optimization is the most commonly

used optimization design of phononic crystals. Among them,

Ranjbar and Hosseinkhani [21–23] have made remarkable

research achievements in this regard.

It is worth noting that metamaterials that combine

mechanics and biology have emerged in recent years and have

begun to attract the attention of researchers [24, 25], such as

DNA-inspired chiral metamaterials [26], microtubules

composed of Biological nanonetworks [27], layered cellular

materials [28]. These biological systems-inspired materials

offer a completely new approach to the structural design of

acoustic metamaterials. In addition, many researchers have

introduced fractal geometry into phononic crystals to obtain

better dynamic properties, such as Hilbert fractal [29, 30], Koch

fractal [31, 32]. However, the related acoustic metamaterials

mentioned above are all passive metamaterials, and the

structural invariance of passive metamaterials limits their

performance, function, and tunability. An increasing number

of researchers are beginning to incorporate active elements,

tunable and/or programmable devices into metamaterial

designs, enabling active control of materials [30–32].

However, there are few studies reported in related fields,

mainly not showing the characteristics of active feedback

control. It is expected that there will be more related studies

in the future.

In this paper, the related researches on acoustic

metamaterials in recent years are collected and analyzed.

And the future prospects of acoustic metamaterials are

prospected. The rest of this paper is organized as follows.

In Section 2, the current related research on passive acoustic

metamaterials is mainly introduced, and it is divided into

three parts for comparative analysis of phononic crystals

topology optimization, bioinspired acoustic metamaterials

and acoustic metamaterials based on fractal geometry. In

Section 3, the related research on active acoustic

metamaterials is mainly introduced. Finally, the research

progress of acoustic metamaterials is summarized and its

prospects are prospected. It can be seen that with the

promotion of additive manufacturing methods, acoustic

metamaterials have great application prospects in the fields

of vibration and noise control.

2 Passive metamaterials

2.1 Phononic crystals

Bragg scattering crystals [33–35] is an earlier phononic

crystal type. In order to generate the Bragg band gap in the

phononic crystal, the size of the lattice should be at least equal to

1/2 of the wavelength of the elastic wave. It can be seen that the

center frequency of the band gap is limited by the lattice constant,

and the elastic wave at low frequencies cannot be controlled. Liu

et al. [14] proposed the local resonance theory. By using this

theory, they made acoustic crystals based on local resonance

structures. Its lattice constant is two orders of magnitude smaller

than the spectral gap of the relevant wavelength, breaking

through the predicament of Bragg scattering crystals at low

frequencies.

Figure 1 shows the local resonance structure and its

frequency characteristics of a kind of phononic crystal. The

materials have a simple microstructural unit consisting of a

relatively high-density solid material and a coating of

elastically soft material. And using a centimeter-sized lead ball

as the core material, a 2.5 mm thick layer of silicone rubber was

applied (Figure 1A). The coated spheres are arranged in an 8 ×

8 × 8 simple cubic crystal with a lattice constant of 1.55 cm

(Figure 1B) and the hard matrix is epoxy resin. Disordered

composites made from such locally resonant structures

possess effective negative elastic constants and full-wave

reflectors over a certain tunable range of acoustic frequencies.

The local resonance mechanism is different from the Bragg

scattering mechanism, which emphasizes the influence of the

periodic structure on the wave propagation [36–38]. It

emphasizes the interaction between the resonance

characteristics of a single scatterer and the long-wave traveling

waves in the matrix. For the phononic crystal of the single-sided

column type, the band gap of the phononic crystal can be

transformed from Bragg scattering type to local resonance

type by adjusting the quality of the additional column, which

belongs to the composite phononic crystal. Zhang et al. [39]

designed a novel hybrid phononic crystal composed of a rubber

plate with periodic holes and lead pillars to obtain a wide low

frequency band gap, as shown in Figure 2. Compared with the

phononic crystals without periodic holes, the newly designed

phononic crystals have wider band gaps and better vibration

damping properties. The wider band gap can be attributed to the

interaction of local resonance and Bragg scattering.

Nowadays, the three more traditional and mature types of

phononic crystals are Bragg type, local scattering type and

composite type. The three types of levels are progressive. A

common problem in all three types of phononic crystals is the

Frontiers in Physics frontiersin.org02

Dai et al. 10.3389/fphy.2022.1069454

33

https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://doi.org/10.3389/fphy.2022.1069454


optimal design of the crystal structure. The most commonly used

for the optimal design of phononic crystals is topology

optimization, a method for calculating material distributions

that creates structural layouts without prior shape information

[40]. It is used to iteratively search for innovative material

distributions within a prescribed design domain for optimal

structural performance [41, 42]. Over the past decade,

topology optimization methods have made great strides. These

methods include density-based [43], level sets [44], phase fields

[45, 46], topological derivatives [47], evolutionary methods [48],

topology and geometry optimization [21–23, 49], etc. However,

due to the high dimensionality of the engineering design space,

topology optimization cannot solve the problem of precise

manipulation of acoustic waves [50].

Hosseinkhani, Younesian, Krushynska, et. al [21]. studied the

structural noise and vibration response of concave hexagonal

honeycomb core plates by using topological optimization

method and full gradient two-dimensional geometric

optimization method. The results shown in Figure 3 indicate

that the interaction between structural vibration and induced

noise is more complex in the low frequency range, and the best

noise reduction effect can be obtained by properly combining the

enhanced and non-enhanced characteristics of a single structure.

Under various random loads, the sound power level can be

reduced by about 20%, but the total mass increases slightly

(<5%). In addition, the structural eigenfrequency is

transferred to a lower value, which is ideal for applications in

the aerospace industry.

Mazloomi, Ranjbar and Hosseinkhani [22, 23] optimized the

parameters of the distribution by identifying local internal

resonators to enhance the vibration-acoustic performance of

the sandwich panels with four-chiral resistance. The sandwich

panel and its reinforced core were simulated using the full-scale

finite element method. The equivalent homogenization model is

FIGURE 1
(A) The cross-section of the coated lead ball of the basic structural unit; (B) is an 8 × 8 × 8 sonic crystal; (C) Calculated (solid line) andmeasured
(circle) amplitude transfer coefficients as a function of frequency; (D) Comparison of the observed transmission properties with the calculated band
structure. Reprinted from [14] with permission.
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used to reduce the calculation time of the optimization problem.

The results shown in Figure 4 indicate compared with the

calculated results of the accurate full size sandwich structure

finite element model, and the radiated sound power levels of

different geometric parameters of the sandwich structure and the

minimized sandwich structure in the 0–200 Hz band are

calculated. A hybrid optimization design method combining

moving asymptote method and genetic algorithm is adopted.

Compared with the baseline sandwich panel configuration, the

optimized 2D gradient configuration significantly reduces the

standardized radiated sound power level by 78% and increases

the fundamental frequency by 15%.

Aided by image-based finite element analysis and deep

learning, Li et al. [51] proposed a data-driven phononic

crystal design method in this study, and the workflow is

shown in Figure 5. Train an autoencoder to extract

topological features from sample images. The band gap of the

samples was studied by finite element analysis. A multilayer

perceptron is trained to establish the intrinsic relationship

between the band gap and topological features. The trained

FIGURE 2
Unit cell of phononic crystal: (A) Novel PC plate; (B) Section of new PC plate; (C) Single short plate; (D) Thick plate with double short piles; (E)
Incident situation of PCS. Reprinted from [39] with permission.

FIGURE 3
(A) Structure of the optimum core for the Violet noise excitation; (B) The RSPL of the optimized configuration in comparison with the base
model. Reprinted from [21] with permission.
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model was finally used to design phononic crystals with the

expected band gaps.

In contrast to topology optimization methods, this method

does not require real-time computations for specific optimization

applications. The deep learning model in this method learns the

implicit relationship between the input and output data. To a

certain extent, the learned knowledge can accurately handle data

outside the training set. In addition, deep learning models are

able to self-evolve in the background by continuously providing

training data. The method is not only applicable to this material,

but can be further applied to design various structured

mechanical materials with specific functions.

2.2 Bioinspired acoustic metamaterials

In addition to the design methods mentioned above, it is

worth noting recently that many studies have begun to combine

biology with mechanics, taking inspiration from biological

systems to create new knots [24–28]. These new structural

metamaterials have superior mechanical properties, better

designability and tunability, and are new ideas for future

structural design of acoustic metamaterials.

Microtubules are biopolymer hollow tubes that form an

entangled radial network from the nucleus to the cell

membrane. They are a major component of the

cytoskeleton, providing mechanical stiffness, organization,

and shape to the cytoplasm of eukaryotic cells. It plays an

important role in the processes of division, intercellular

transport, and internal organization of cellular components.

Jafari et al. [27] investigated the propagation of elastic waves in

periodic networks of various 2D microtubule bio-

nanostructures, and analyzed their dynamic properties,

providing the possibility for further applications. Figure 6

depicts a single microtubule and the method by which it

builds its architectural structure. Microtubules themselves

FIGURE 4
(A) Schematic of localized resonators in the auxetic core structure. Reprinted from [23] with permission. (B) RSPL vs. frequency, different anti-
tetrachiral configurations. Reprinted from [22] with permission.
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are composed of α-tubulin and β-tubulin (a), and a square unit

cell composed of two vertical microtubules is shown in (b, c).

By repeating cells in the x and y directions, two-dimensional

periodic architectures can be formed (d).

The research starts with the selection of a suitable single-

microtubule beam model and experimentally demonstrates that

ten widely used periodic structures are established. The finite

element models of individual microtubules and network

microtubules are established respectively, and the phonon

band structure is calculated according to Bloch’s theorem. The

results show that depending on the chosen topology of the unit

cell and the periodicity considered, the low and high frequency

band gaps of the biological filter can be designed within a specific

range. This application could help researchers use architectural

periodic structures to control some unwanted or harmful

vibrations, and the network could be applied to next-

generation nanobiomechanical instruments due to its higher

biocompatibility due to its biomaterial origin, such as

implantable biosensors.

Panahi, Hosseinkhani, Khansanami et al. [49] carried out

numerical and experimental studies on the dispersion

characteristics of elastic waves of a new Maltese cross shaped

FIGURE 5
Workflow for designing a prospective bandgap phononic crystal. Reprinted from [51] with permission. (A) phononic crystal training, (B)
Phononic crystal design.

FIGURE 6
From single microtubule to periodic architected structure. Reprinted from [27] with permission. (A) Microtubule structure, (B) Two
perpendicular microtubule structure, (C) Square unit cell microtubule, (D) 2-D periodic architected structure.
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element and a triangular element instead of a lateral ligament

element. Based on Bloch theorem of infinite element structure,

the eigenfrequency problem of element is solved by finite element

method. The results as shown in Figure 7 indicate that these new

cells can provide more than 200% phonon band gap coverage

factor (BGCF) in the low frequency range of 0–12 kHz. The

results are compared with the band gap obtained from the

periodic Bloch theorem. This study provides a practical

application of a new phononic crystal as a frequency tool to

prevent the propagation of elastic waves and adjust the position

of the band gap according to the topology of the unit cell.

2.3 Acoustic metamaterials based on
fractal geometry

There are also many researchers using fractal structures to

realize elastic wave band gaps. It has been demonstrated that

optimized fractal techniques can be used to create wider band

gaps and that fractal geometries have significant advantages in

band gap generation [51–53]. The most commonly used fractal

technique is the Hilbert fractal. Man et al. [29, 30] designed the

topology of Hilbert fractal acoustic metamaterials (HFAMs) with

negative mass density and bulk modulus at the subwavelength

scale by introducing the Hilbert curve channel. As shown in

Figure 6. HFAM can enable applications ranging from acoustic

blocking, quarter-bending, acoustic stealth to acoustic tunneling,

and may further offer the possibility of engineering guidance for

exotic properties at subwavelength scales.

Figure 8 shows the first-order, second-order, and third-order

two-dimensional cells of HFAM, respectively. In the design of

HFAM, a square with side length a/2 is divided into 21-by-21

sections. The centers of the 21-by-21 sections are connected in a

clockwise direction from the lower left and lower right to form

the K-Hilbert curve channel width, as shown in Figure 6A. As the

fractal order increases, the square of a/2 is divided into sections of

22-by-22 and 23-by-23, respectively, as shown in Figures 8B,C.

Figures 8D–F represent the first to third order cells of HFAM.

FIGURE 7
The dispersion curves along the borderline of the first irreducible Brillouin zone and vibration mode shapes. Reprinted from [49] with
permission.
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The proposed structure consists of a square frame and is

divided into four sectors with independent curved channels

connected in the center. The total Euclidean length of a fractal

waveguide can be simply calculated as

L � 2N−1a − 1(N � 1, 2, 3). In addition, the propagation

length of sound waves within a unit cell is related to the

Hilbert curve. From the above discussion, we can conclude

that the low frequency acoustic wave propagation between

monopole and dipole resonances can be effectively blocked by

simply arranging HFAM units in an array. Furthermore, the

resonant frequencies of monopoles and dipoles can vary with

the width K, so the elastic wave bandgap of HFAM is easy to

tune in the subwavelength range. Furthermore, the third-

order HFAM can effectively block sound waves with longer

wavelengths compared to the first two. Therefore, arranging

subwavelength-thick, lightweight high-order HFMs in a

sparse array provides an efficient method for designing

acoustic impedance.

What’s more, Zhao et al. [32] found that there are multiple

low energy band gaps in lattice materials with different Koch

fractal geometric parameters, and the position of the lowest

energy band gap decreases with the increase of the number of

iterations. Lattice metamaterials with Koch fractals have

potential applications in vibration isolation and

multifunctional design.

3 Active metamaterials and
metadevices

The mechanism of active control is the introduction of loads

from electrical and/or mechanical devices. It reduces vibration

amplitudes and absorbs energy associated with dynamic

structures. Active control actions have superior characteristics

and engineering applications due to the ability to receive

external information and respond in a timely manner. Huang

et al. [54] changed the effective stiffness of metamaterials by

applying normal initial stress and bias electric field, so that the

position of the band gap was shifted. And they calculated the band

structure under the initial shear normal stress and the initial

electric field by using the theory of the small field

superimposed on the bias field and the plane wave expansion

method. But the application of this method is difficult because

large values are required to show its impact. Malinovsky and

Donskoy [35] proposed and discussed the design of an actively

controlled metamaterial consisting of layers of charged nano- or

micro-particles exposed to an external magnetic field. As shown in

Figure 9, the particles are attached to the mechanically compliant

layer. These particles are in a magnetic field created by a

permanent magnet. Such structures can be used to reduce

acoustic radiation from structures (due to structural support

vibrations) or to protect structures from incident acoustic waves.

FIGURE 8
Schematic cross-sectional illustrations of three types of unit cells of HFAM: (A–C) The Hilbert curve channel of the first to third order HFAM with
fluid. (D–F) The oblique drawing of unit cells of the first to third order HFAM. The material of HFAM applied is epoxy resin. The geometric and property
parametersofHFAMare listed:a=105 mm,K=5 mm;H’=10.625 mm,H" =4.0625mm,H" =0.7812 mm:W’=21.25 mm,W" =8.125 mm,W"’=1.5625 mm:
p = 1,050 kg/m, c = 2,500 m/s and po = 1.25 kg/m, co = 343 m/s. Reprinted from [29] with permission.
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This study highlights that the proposed method of combining

electromagnetic cyclotron resonance with mechanical resonance

offers many opportunities for innovative design of acoustic

metamaterials. It acts as a superior sound and vibration

suppressor over a very wide frequency range. Applied voltages

and magnetic fields may enable more advanced capabilities such

as reprogrammable material acoustic properties, metalens and

stealth. In addition, Wang [55] et al. proposed a novel elastic

wave metamaterial and its automatic control system, as shown in

Figure 10. The propagation properties of elastic waves are discussed.

To verify the effectiveness of active feedback control, the stop-band

characteristics of the system, the tunability of negative effective mass

and the stability of the control system are considered.

Numerical results in the study show that positive acceleration

and velocity feedback control actions can reduce the stopping

bandwidth. The frequency region of the negative effective mass

FIGURE 9
Schematic diagram of the implementation example. Reprinted from [35] with permission.

FIGURE 10
Elastic wave metamaterials with active feedback control system. Reprinted from [55] with permission.
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increases as the negative acceleration control effect increases, which

is the opposite of the positive case. In addition, stable characteristics

can be achieved by both positive and negative feedback control

actions. This will provide a possible approach for the application of

elastic wave metamaterials.

4 Conclusion and research prospect

In this paper, the related literatures on acoustic metamaterials are

sorted and analyzed, and the acoustic metamaterials are divided into

passive acoustic metamaterials and active acoustic metamaterials

according to the response mode and compared and analyzed.

Passive acoustic metamaterial is an early and relatively mature

metamaterial, which can achieve the required elastic wave gap

through a specially designed material structure. The most well-

known passive acoustic metamaterials are phononic crystals, which

are a new type of functional material formed by periodic

arrangement of elastic solids in another solid or fluid medium.

In this paper, Bragg scattering and local resonance phononic crystals

are introduced. The former is mainly because the periodicity of the

structure plays a leading role, so the central frequency of the band

gap is limited by the lattice constant, and the low-frequency elastic

wave cannot be controlled. The latter is mainly dominated by the

resonance characteristics of a single scatterer, whose lattice constant

is several orders of magnitude smaller than the spectral gap of the

relevant wavelength, which can effectively solve the predicament of

Bragg scattering crystals at low frequencies. The structural design of

phononic crystals mainly adopts topological structure. Mazloomi,

Ranjbar and Hosseinkhani et. al. have solved the problem of precise

control of sound waves in topological optimization design. The

research on crystal structure design based on machine learning can

also effectively solve these problems. Also noteworthy for structural

design methods of passive acoustic metamaterials are bio-inspired

and fractal geometry-based structural design methods. Acoustic

metamaterials based on bio-inspired designs combine biology

and mechanics to create new structures inspired by biological

systems. The designed metamaterials have better mechanical

properties, better designability and tunability. There are multiple

low-energy band gaps in the acoustic metamaterial based on fractal

geometry design, and the position of the lowest energy band gap

decreases with the increase of fractal iterations, which has potential

applications in vibration isolation and multi-functional design. Both

of these design methods have great research potential.

However, the structural immutability of passive

metamaterials limits their performance, functionality, and

tunability. To address this conundrum, researchers have

begun to incorporate active elements, tunable and/or

programmable devices into metamaterial designs, making

it possible to control the function of active acoustic

metamaterials by external stimuli. Compared with passive

acoustic metamaterials, active acoustic metamaterials can

control external stimuli more freely and conveniently, and

there are fewer related studies, so they have great research

potential. The method of applying initial stress and bias

electric field to change the material properties is feasible, but

it is less practical due to the large value of the applied field.

Other methods, such as magnetic field-based control, are

also enumerated in this paper. Some researchers have also

established automatic control systems to analyze actively

controlled metamaterials more comprehensively and

systematically. Active metamaterials are still less

researched so far and more research is needed.

In addition, with the continuous development of additive

manufacturing technology, the development process of

metamaterials has been accelerated. Additive manufacturing

techniques can create custom polymer, metal, ceramic and

composite structures. Therefore, designing and fabricating

programmable metamaterials with additive manufacturing

techniques could enable a large number of metamaterial

devices for practical applications. It can be seen that the

manufacturing potential and application prospects of acoustic

metamaterials in the future are huge.
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The development of smart metamaterials has brought changes to human

society, and various new products based on smart metamaterials are

emerging endlessly. In recent years, smart electromagnetic metamaterials,

smart acoustic metamaterials, smart mechanical metamaterials, smart

thermal metamaterials and machine learning have attracted much attention

in metamaterials. These fields share similar theories, such as multiphysics

coupling fields, novel artificial cells and programmability. Through theoretical

and technical research, smart metamaterials will show exquisite applications in

many fields, such as antenna and optical communication systems, microwave

imaging, acoustic stealth, thermal camouflage, etc. In particular, the

characteristics of the personalized microstructure design of smart

metamaterials perfectly match the characteristics of 3D printing. The

combination of them leads the development of metamaterials, which are

undoubtedly of great value. In this paper, focusing on the representative key

technologies, we review the development history, main research directions and

latest applications of smart metamaterials. Finally, the possible development

direction of metamaterials is predicted.

KEYWORDS

smart metamaterials, electromagnetic metamaterials, acoustic metamaterials,
mechanical metamaterials, thermal metamaterials, machine learning

Introduction

Changing the properties of materials by changing their composition is the way in

which materials science has been developed in the past. The physical properties of natural

materials depend on the basic units and structures which make them up, such as atoms,

molecules, lattices, etc. These basic units and structures are interrelated, and many

complex factors need to be considered when designing materials. Unfortunately, these

factors influence and restrict each other, and limit the upper limit of material properties.

In 1968, Veselago first proposed the concept of “medium with negative refractive index”

[1], which refers to the medium with negative permittivity and permeability. He also

theoretically proved some physical phenomena that contradict common sense, such as the
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inverse propagation of electromagnetic waves, inverse Doppler

effect and inverse Cherenkov radiation in negative refractive

index media. However, as there is no medium with negative

permittivity and permeability in nature, Veselago’s theory cannot

be verified experimentally, so people do not pay enough attention

to his discovery. It was not until 2001 that Smith et al. [2] from

the University of California, San Diego, made media with

negative permittivity and permeability in the microwave band

with copper composite materials. They used the brilliant design

method which id proposed by Professor John Pendry [3–5] from

Imperial College London, United Kingdom. Thus, the

phenomenon of negative refraction was experimentally

confirmed for the first time. The result of this research has

stimulated the research enthusiasm for metamaterials.

Smart materials are materials that respond to stimuli in

the environment. Differing from traditional functional

materials, smart metamaterials can not only possess the

above characteristics but also control electromagnetic and

elastic waves through special microstructure design, which

enables the materials to display novel force, thermal, acoustic

and optical properties. In the early days, the design of

metamaterials was mainly based on the equivalent medium

theory. The core idea is to break through the limitations of

natural laws through the well-designed microstructures, so as

to obtain extraordinary physical properties that natural

materials do not have [6], such as negative refractive index,

negative mass density, negative Poisson ratio, negative

dielectric constant, negative permeability, negative bulk

modulus, anti-sign thermal expansion coefficient, etc. [7,

8]. Compared with the physical properties of the

constituent materials, these features are mainly determined

by the topology and deformation of the artificial

microstructures [9–11]. Although this concept has appeared

in the electromagnetic field as early as the last century, it is

only in the last decade that the research and development of

electromagnetic wave control has been started to achieve

novel functions. A Fiber-Metamaterials solution addresses

the light in- and out-coupling issues and can provide

fundamentally new solutions for photonic-on-a-chip

systems for sensing, subwavelength imaging, image

processing, and biomedical applications (Figure 1A). As

shown in Figure 1B, the structure of a fishnet metamaterial

is demonstrated. To be able to precise its effective parameters,

an alternative optical vortex based interferometric approach

for the characterization of the effective parameters of optical

metamaterials (OMMs) is reported by directly measuring the

transmission and reflection phase shifts from metamaterials

according to the rotation of vortex spiral interference pattern.

The results will pave the way for the advancement of new

spectroscopic and interferometric techniques to characterize

OMMs, metasurfaces, and nanostructured thin films in

general. Electromagnetic stealth is also one of the hot

research directions in recent years. By adjusting the

physical parameters of the stealth material or changing the

FIGURE 1
(A) A fiber-coupled magnetic metamaterial structure schematically [12]. (B) Schematic diagram of a fishnet metamaterial made of metal-
dielectric multilayer stack and top scanning electron microscope image of its structure. The scale bars are 1 µm and 500 nm, respectively [13]. (C)
Schematic diagram and surface plasmon polariton excitation of the dual-band perfect absorber. The Metal–insulator–metal structure is composed
of Ag and polyimide (PI) layers having thicknesses of t1, t2, and d, and a unit cell period of a0. Unit cell of the circular ring-disk structure, where the
disk radius is r1 and the inner and outer radii of the ring are r2 and r3, respectively. Incident light (red line) with polar angle θ encounters a 2D array
consisting of circularmetal disks and rings. The first Brillouin zone is defined by connecting the perpendicular bisectors of the reciprocal lattice, and a
portion of the incident light propagates in the plane containing the periodic pattern with azimuthal angle φ [14].
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structure, the resonance can be achieved and the frequency of

the signal response can be changed, so as to reduce the signal

detection and achieve low observability (Figure 1C).

With the advancement of advanced manufacturing

technology, Metamaterials have also been extended to other

control fields. Acoustic metamaterials have the ability to

control the acoustic energy flow. With this unique ability,

acoustic metamaterials have been used in many applications,

such as acoustical absorption [15], acoustical holography [16],

acoustical switching [17], energy harvesting [18], and hyperlens

[19]. The basic concepts for these applications often rely on

subwavelength resonance structures in the form of spatial helices,

Helmholtz resonators, membrane resonators, and porous

metamaterials. Although these common design methods have

great acoustic manipulation capabilities, these methods are

mainly passive, resulting in fixed spatial structures that can

only yield limited performance and cannot adapt to changing

environmental conditions. Therefore, tunable acoustic smart

structures are desirable because their acoustic response can be

actively controlled according to requirements. The block of

mechanical metamaterial is a superatom, which deforms,

bends, rotates and breaks under the action of external force,

and its design enables the adjacent block to produce the desired

collective behavior [7]. In recent years, with the continuous

development of advanced manufacturing technologies such as

3D printing and laser selective melting, the research scope of

mechanical metamaterials has expanded from dynamic

properties to static elastic mechanical properties, such as

elastic modulus, Poisson’s ratio, stiffness, strength and other

mechanical parameters. It is possible to prepare mechanical

metamaterials with more complex microstructures [20]. Based

on the microstructure design, mechanical metamaterials can

achieve abnormal and singular mechanical properties such as

negative Poisson’s ratio [20], lightweight [21], and negative

stiffness [22]. The invention of locally resonant acoustic

materials has created the field of acoustic metamaterials [23].

Their work has directly inspired metamaterial research beyond

electromagnetic wave systems, including acoustic, elastic, or

mechanical studies. In 2008, Fan et al. extended the concept

of transform optics from wave systems to diffusion systems [24].

In the past decade, thermal metamaterials have been rapidly

developed and applied in human daily life, such as thermal

stealth [25], thermal camouflage [26] and thermal

concentration [27].

This review investigates applications of smart metamaterials

in different fields with similar theoretical foundations, such as

multiphysics coupling mechanisms, novel artificial cell design,

and programmability research. We summarize the fields of

technology that have received priority attention from scientists

and scholars to achieve smart metamaterials. These fields are

smart electromagnetic metamaterials (SEMs), smart acoustic

metamaterials (SAMs), smart mechanical metamaterials

(SMMs), smart thermal metamaterials (STMs) and smart

metamaterials and machine learning (SMML). After

summarizing the key technologies and development of these

smart metamaterials, we briefly discuss the development trend of

smart metamaterials in recent years. Due to limited space, this

review cannot cover all aspects, and relevant excellent work can

be read from other reviews in recent years.

Development and research of smart
metamaterials

Smart electromagnetic metamaterialss

SEMs, also known as information metamaterials, can be

classified into digitally programmable metamaterials [28],

computing metamaterials [29], and optically switchable

metamaterials [30]. Among many research directions, digital

coding and programmable metamaterials have become an

important research direction. In 2014, Giovampaola and

Engheta proposed a method to construct “metamaterial bytes”

by spatially mixing “metamaterial bits” [31]. The “metamaterial

bits” that they used are made up of particles of materials with

different electromagnetic properties, such as silicon with positive

permittivity and silver with negative permittivity. However, these

metamaterial bytes are still constructed from the equivalent

medium. As shown in Figure 2, the concepts of digital

metamaterials, programmable metamaterials and metasurfaces

were first proposed by Cui et al. in 2014 [28]. The programmable

properties of metamaterials mean that they can achieve different

functions through digital control and realize real-time regulation

of electromagnetic waves. Inspired by the binary representation

of digital circuits, digital metamaterials first found a way to

design metamaterials from binary. By encoding the phase

response of the meta-atom as “0” and “1,” the electromagnetic

parameters are simply related to the digital expression [32]. In

fact, the method of constructing digital expressions using

opposed phase before coding digital metamaterials has been

widely used in antenna and optical communication fields. For

example, combine a thin artificial magnetic conductor with

perfect electric conductor cells into a chessboard like

configuration. Around the operational frequency of the

artificial magnetic conductor elements, the reflection of the

artificial magnetic conductor and perfect electric conductor

have opposite phase, so for any normal incident plane wave

the reflections cancel out, thus reducing the radar cross-section.

The same applies to specular reflections for off-normal incidence

angles [33]. Similarly, by designing metamaterial resonant cells,

spatial light modulators based on metamaterial absorbers can

also be realized in the terahertz-band [34–36].

Traditional metasurface patterns have been completely

replaced by digital coded patterns. Digital metamaterials

introduce ideas from information science to simplify the

design process and create more functionality. At present,
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digital metamaterials and programmable metasurfaces have been

widely used in microwave imaging [37], information processing

[38], and wireless communication [39]. More importantly,

programmable metasurfaces build a bridge between the

physical and digital world, which enables researchers to

explore metasurfaces from the perspective of information

science, forming a research system for information

metasurfaces [40].

Smart acoustic metamaterials

Since both electromagnetic wave and acoustic wave meet the

wave equation and have common parameters, such as wave

vector, wave impedance and energy flow density, researchers

have extended the design idea of electromagnetic metamaterials

to the acoustic field and designed acoustic metamaterials that can

have various strange effects on acoustic waves [41]. In 2000, Liu

first proposed the construction of acoustic metamaterials by

using structural cells of the locally resonant type [23], which

opened a new way for the research of acoustic metamaterials.

Similar to electromagnetic metamaterials, acoustic metamaterials

are constructed by artificial design of two or more materials to

form periodic/aperiodic geometric structures. The cell size of the

structure is much smaller than the wavelength. Corresponding

effective elastic parameters of the artificial structural functional

materials can be obtained through the long-wave limit. As shown

in Figure 3, in addition to local resonance acoustic metamaterials,

there are tunable acoustic hypersurfaces [42], labyrinth or space

coiled acoustic metamaterials [43] based on the generalized

Snell’s law, and porous acoustic metamaterials [44] that use

different apertures and subwavelength holes of arbitrary shape

to obtain high refractive index.

Over the past decade, various acoustic structures have

been successfully developed to control acoustic waves,

bringing new strategies for noise reduction and energy

harvesting. Although these common design methods have

great acoustic manipulation capability, they are mainly

passive. Most acoustic metamaterials with subwavelength

scale show good performance around certain frequency

bands. Once the structure is established, it cannot adapt to

changing circumstances. Using smart materials to design

FIGURE 2
The 1-bit digital metasurface and coding metasurface. (A) The 1-bit digital metasurface is composed of only two types of elements: “0”and “1.”
(B) A square metallic patch unit structure (inset) to realize the “0” and “1” elements and the corresponding phase responses in a range of frequencies.
(C,D) Two 1-bit periodic coding metasurfaces to control the scattering of beams by designing the coding sequences of “0” and “1” elements: (C) the
010101 . . . /010101... code and (D) 010101 . . . /101010... code.
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structures has proved to be an effective and promising

approach. Smart materials are materials that change shape

or properties when exposed to changes in external physical

fields, such as light, electric, magnetic, and pressure. Smart

materials include electroactive polymers, piezoelectric

materials, shape memory materials and magnetic sensitive

materials. Due to their inherent advantages such as sensitivity

and biocompatibility, smart materials have been widely used

in soft robots, actuators, sensors and biomedicine. Modulating

external stimuli to manipulate physical properties has

attracted increasing interest in the study of smart materials

in tunable acoustic structures. Among the currently available

works, electrically tuned [45] and magnetically tuned [46]

acoustic absorbing smart metamaterials have attractive

properties and good design potential.

The fusion of smart materials with acoustic metamaterials

offers the opportunity for anomalously effective material

properties at tunable frequencies and has great potential.

Potential applications that have been identified include

acoustic manipulation [47], acoustic absorption [48], acoustic

focusing [49], and acoustic stealth [50], which are well beyond

traditional materials. A SAM consisting of a mechanical

resonator and a piezoelectric element can generate a local

resonant band gap near a mechanical or electrical resonance

[51]. The main advantage of these electromechanical hybrid

resonators over ordinary acoustic metamaterials is that they

allow tunable effective mass and stiffness characteristics. Akl

has carried out pioneering research on piezoelectric SAMs,

especially the analysis and experiments on the composite

acoustic resonator with piezoelectric membrane as sensor and

actuator [52–55].

Smart mechanical metamaterials

The research of mechanical metamaterials includes design

and manufacturing. And structural design is the core of

mechanical metamaterials. In recent years, machine learning

has developed rapidly. It provides a powerful tool for the

automated design of mechanical metamaterials, especially with

diverse objective functions [56]. Increasingly complex geometries

of mechanical metamaterials pose serious challenges to the

material manufacturing technology. And the traditional

material reduction manufacturing method is no longer

applicable, especially for the structures at the micro or nano

scale. So the researchers used additive manufacturing to achieve

special complex geometries. Recent developments in additive

manufacturing also allow for the manufacture of stimuli-

responsive materials, creating structures that can change their

geometry, properties, or function. This is often referred to as 4D

printing, and the fourth dimension is time.

4D printing is based on 3D printing, but the object is no

longer static. Under the external stimulus, the shape, property or

function of the object will change with time. Stimulus-responsive

shape memory materials based on 4D printing have the

advantages of simple manufacturing process, large

FIGURE 3
(A) Acoustic wave impinges a surface with nonzero phase gradient [42]. (B) Horn-like space-coiling metamaterial unit cell and its equivalent
model [43]. (C) Composition of three-dimensional honeycomb porous frequency modulation acoustic metamaterial [44].
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deformation capacity and various stimulus forms. Common 4D

printing stimulus-responsive shape memory materials include

shape memory alloys [57], shape memory polymers [58] and

shape memory hydrogels [59]. SMMs is an emerging discipline

with the continuous development of mechanical design and

materials science, and has great application prospects in the

fields of engineering and science. 4D printing technology is an

optimized rapid prototyping technology. Its integration with

SMMs provides new vitality for the development of SMMs. If

mechanical metamaterials are reconfigured by replacing

traditional materials with stimuli-responsive materials, they

will be able to automatically deform, move and change their

structural properties or functions in response to external

stimulus, such as photothermal effect [60], thermal effect

[61], electro mechanical effect [62] and compressive

response [63]. To take full advantage of the unique

advantages of different material systems, researchers will

select appropriate stimuli-responsive materials according to

different and application needs. Therefore, SMMs can also be

called active mechanical metamaterials. The metamaterial

shown in Figure 4 can adaptively switch mechanical

properties and shapes without continuous external

excitation of the physical field [64].

SMMs have gradually become a new protagonist in the

field of materials and have been endowed with richer

functional properties, including reconfigurable [65, 66],

programmable [67], elastic wave propagation control [68,

69] and mechanical computing [70, 71]. et al. In the future,

the functional properties of natural materials will gradually

diminish. In more cases, they will be used as components of

functional metamaterials in the form of raw materials.

Combined with machine learning and advanced

manufacturing processes of 4D printing, SMMs can take

full advantage of their flexible design.

Smart thermal metamaterials

Thermal metamaterials are thermal materials with

artificial structures, and their novel structures enable them

to possess thermal properties or functions that natural

materials do not have. It belongs to the emerging Frontier

cross-research direction of thermodynamics and statistical

physics, thermophysical properties and heat transfer [72].

Since the 21st century, metamaterials have made vigorous

progress in the fields of acoustics, optics, elastic wave control

and mechanics, which is mainly caused by the huge

application demand in these fields. Metamaterials did not

make great progress in thermal field until the Fan et al. first

introduced the concept of electromagnetic invisibility cloak

into thermal field in 2008 [24]. Drawing on the theory of

transformation optics, they put forward the theory of

transformation heat and predicted the cloak of thermal

stealth. At the same time, the phenomenon of heat flow

FIGURE 4
(A) 3D printer principle. (B) Dynamic mechanical analysis result of shape memory polymer. (C) Schematic of shape memory effect [64].
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inversion in the system is predicted, which is completely

different from the traditional view of “heat flowing to low

temperature,” and the concept of negative thermal

conductivity is proposed. After more than 10 years of

development, thermal metamaterials have achieved various

functions, such as thermal stealth [73], thermal transparency

[74, 75], thermal camouflage [26], and macroscopic diodes

and temperature capture [76], etc.

STMs are artificial composite materials that can sense

external heat sources and respond actively, and have the

potential to be applied to thermoelectric conversion of micro-

nano structures. So far, the basic theories of STMs can be

classified into two categories [72]: macroscopic

phenomenology theory and microscopic phonon/thermal

photon theory. The former controls heat flow and utilizes

thermal energy, while the latter utilizes thermal photons for

information transmission. Therefore, the application of thermal

metamaterials has been developed in a macroscopic and

microscopic manner, respectively. The emergence of nonlinear

transform thermology makes thermal metamaterials develop

towards smart. In addition to linear devices, the effect of this

STM is dynamic and changes with the environment. Therefore,

following this philosophy, it is crucial to find materials that can

change their properties when the external environment changes.

Park et al. introduced tunable thermal metamaterials that use the

assembly of unit-cell thermal shifters for a remarkable

enhancement in multifunctionality as well as

manufacturability as show in Figure 5 [77]. In addition, Shen

et al. designed and manufactured a thermal cloak concentrator

device [78] and a non-energy thermostat [76]. Some of the

attractive operations can be achieved by combining nonlinear

transformation theory with multi-physical function design. Yang

et al. researched the nonlinear responses of thermal

metamaterials with 2D or 3D core-shell structures. By

calculating the effective thermal conductivity, the nonlinear

modulation of the nonlinear magnetic core is derived.

Using this theory, a smart thermo-transparent device that

can respond to the direction of the thermal field is designed

[79]. Wang et al. designed a thermoelectric thermostat cloak

with double-layer structure, confirmed the effect predicted by

theory with finite element method, and discussed the

possibility of experimental demonstration with natural

materials [80].

Thermal camouflage or illusion is another important

application that has direct military applications. Yang et al

proposed simulation and experimental results of thermal

invisibility and illusion in single-particle structured materials.

By appropriately adjusting the shape factors of individual

particles, thermal invisibility and illusion can be achieved

simultaneously with a single device. This work not only opens

a way for the design of thermal materials based on single-particle

structures, but also applies to other physical fields such as

FIGURE 5
Scheme of tunable multifunctional thermal metamaterials [77].
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electrostatics, magnetostatics and particle dynamics [81].

Compared with static thermal camouflage, dynamic thermal

camouflage has greater practicability and prospect in future

military applications. For this purpose, the required dynamic

thermal camouflage requires an adaptive material that can be

initiated in response to external stimuli such as electricity, light,

temperature, moisture, machinery, steam, etc. [82].

Smart metamaterials and machine
learning

With the development of computer science, computer-aided

design and computer-aided engineering are playing an important

role in the development ofmetamaterials [83]. Machine learning has

debuted in material and structure studies as the symbol method

since the 1990s, such as high-throughput screening approaches

enable both simulation and experimental databases to be

compiled, with the data used to build models that enable

property prediction, determine feature importance, and guide

experimental design between the material and structure

parameters and the mechanical performance for the fibre/matrix

interfaces in ceramic-matrix composites [84]. In order to capture

subtle knowledge among the existing data, machine learning

performs superior to the traditional statistical methods in terms

of the computational efficiency for a significant class of

computationally hard problems in materials science, which,

therefore, has been extensively used to address different problems

in new materials discovery and material property prediction.

When designing metamaterials, numerical simulation can

effectively predict the feasibility of the scheme. The design of

materials can use data-driven artificial intelligence and other

methods to shorten the development cycle and improve the

efficiency by training the computational model through

experimental data. Both genetic algorithm and neural networks

model are adopted to execute the designing process. The method

starts from selection of the structural bases based on the existing

studies and then combines performance evaluation together with

structural evolution to construct meta-atoms with specified

properties [85]. Data-driven design of the metamaterial concept is

then summarized in Figure 6. A computational data-driven approach

is followed for exploring a newmetamaterial concept and adapting it

to different target properties, choice of base materials, length scales,

and manufacturing processes [86]. Training convolutional neural

networks to predict the electromagnetic response of metal-dielectric-

metal metamaterials, including complex freeform designs, can be

explained to reveal deeper insights into the underlying physics of

nanophotonic structures [87].

Machine learning uses computers to mine potential value

from data, and learns patterns and characteristics of targets. But

it is important to note that whether a machine learned model

remains accurate outside of the dataset is always known after

validation. Therefore, the independent variables should be kept

in the training data space to ensure the correctness of the model.

Summary and prospect

To sum up, this review briefly makes a systematic

classification and scientific review of smart metamaterials, but

there are many kinds of smart metamaterials and many excellent

works that cannot be mentioned. Possible directions for smart

metamaterials are listed below. This discussion is intended to be

the beginning of a conversation, not the final word.

(1) SEMs can realize real-time regulation of electromagnetic

waves, opening up a new way for beam scanning, and can

be applied to new field programmable radars in the future.

FIGURE 6
Data-driven design of supercompressible metamaterial building block using seven design variables [86].
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Compared with traditional phased array antennas, it has the

advantages of simplicity, efficiency and low cost. We believe

that SEMs will have broad development prospects and huge

application potential in signal processing, digital

communication, information theory, electromagnetic

imaging and other fields in the future.

(2) SAMs possess extraordinary physical properties not found in

natural materials. Lightweight, low frequency, broadband,

small size and strong attenuation are still the goals which are

constantly pursued in the research of SAMs.

(3) SMMs regulate elastic waves based on complex topologies. A lot

of basic research work remains to be carried out, especially

how to transform the traditional theory in the field of

condensed matter physical crystallography into the design

and characterization of artificial microstructure.

(4) Most of the existing device functions are presented at the

macroscopic scale. In order to improve the application value

of STMs, nanoscale-based thermal metamaterials need to be

designed. Thus, the existing functions of thermal

metamaterials will be realized at the micro-nano scale.

(5) One of the most important problems in predicting

metamaterial responses. The next step in smart

metamaterials and machine learning is to obtain the ideal

structures by directly considering the desired response.
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As an important tool for monitoring the marine environment, safeguarding

maritime rights and interests and building a smart ocean, underwater

equipment has developed rapidly in recent years. Due to the problems of

seawater corrosion, excessive deep-sea static pressure and noise interference

in the marine environment and economy, the applicability of manufacturing

materials must be considered at the beginning of the design of underwater

equipment. Piezoelectric metamaterial is widely used in underwater equipment

instead of traditional materials because the traditional materials can not meet

the application requirements. In this paper, according to the application range

of piezoelectric metamaterials in underwater equipment, the current

application of piezoelectric metamaterials is reviewed from the aspects of

sound insulation and energy conversion. On this basis, the future

development prospect of piezoelectric metamaterials in underwater

equipment is introduced.

KEYWORDS

piezoelectric metamaterials, underwater equipment, band gap, sound insulation,
piezoelectric conversion

1 Introduction

In recent years, with the rapid development of the world economy, land resources are

becoming more and more scarce. Researchers have turned their attention to the ocean for

resource exploitation. The development of marine resource exploration has become more

and more rapid. Many marine technologies and underwater equipment (UE) have been

rapidly developed. As UE continues to operate in the ocean for longer periods, researchers

have found that a large number of equipment cannot meet the requirements because the

equipment is made of traditional materials. The emergence of piezoelectric metamaterials

(PMs) has solved many problems with their unique properties, so it has been rapidly

applied to UE.

Metamaterial is a kind of artificially designed material with special structure, which

can achieve singular or anomalous properties that ordinary materials do not have through
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a certain spatial arrangement. Metamaterials generally have such

characteristics as band gap, waveguide, negative refraction,

negative modulus, negative density, hyperlens, acoustic

focusing, acoustic stealth and topological states [1, 2]. In the

past few decades, left-handed materials [3], photonic crystals,

phononic crystals [4], time crystals and evenmetasurfaces [5] can

be classified as metamaterials. They have a very promising future

in many fields such as communication, medicine, defense and

military, aerospace and remote sensing. Metamaterials generally

select existing materials and design new microstructures to

achieve superior and anomalous functions. The selection of

materials should follow the following rules. High modulus

generally corresponds to high operating frequency, low

modulus generally corresponds to low operating frequency

and the large impedance difference between different

component phases generally corresponds to a wider

bandwidth gap. In order to carry out active control, intelligent

materials such as piezoelectric material and shape memory alloy

are generally selected. Compared with other smart materials,

piezoelectric materials have outstanding advantages such as fast

response speed, high control precision, small size and large

market. The excellent electro-mechanical coupling effect of

piezoelectric materials makes it possible to use different

external circuits to change the mechanical properties of

piezoelectric materials and then regulate and control various

aspects of metamaterials [6].

The structure of PM is a kind of intelligent structure and

its local resonance band gap has the characteristics of active

tunability, which can meet the requirements of structural

vibration frequency changing with the environment. The

structure of PM has the characteristics of small additional

mass and intelligently tunable band gap, which makes it have

obvious advantages compared with other types of materials

[7]. PM is a kind of acoustic metamaterial, and acoustic

metamaterial is a medium composed of multiple materials

with negative mass density, negative bulk modulus and other

properties designed based on the principle of local resonance

[8]. When the elastic wave in a specific frequency range

propagates in the structure, it will cause the resonance

phenomenon in the local resonance unit [9], which hinders

the propagation of the elastic wave and generates a band

gap. The band gap properties of PMs can be used to make

sound insulation materials for UE. At the same time, the band

gap characteristic is used to collect the vibration energy of

elastic waves within a specific frequency range, and the

vibration energy is confined to the local resonance unit and

converted into electric energy by piezoelectric materials. The

piezoelectric conversion properties of this PM can be used for

piezoelectric sensors, underwater transducers, hydrophones

and other equipment.

This paper is organized as follows. Section 2 introduces the

band gap properties and piezoelectric conversion properties of

PMs; Section 3 presents the research on the use of PMs as

sound insulation and energy conversion functions in UE;

Section 4 concludes and discusses the future directions of

PMs in UE.

2 Piezoelectric metamaterials

Acoustic metamaterial is a kind of artificial composite

structure material, which is obtained by combining a variety

of materials with different elastic modulus. It is a new functional

material. When the elastic wave in a specific frequency range

propagates in the structure, the elastic wave band gap will be

generated as shown in Figure 1 [10]. The band gap can inhibit

and absorb the elastic wave propagation in the relevant frequency

range. The elastic band gap of acoustic metamaterial is generated

by two main mechanisms, Bragg scattering mechanism and local

resonance mechanism respectively. According to the different

principles of band gap generation, acoustic metamaterial can be

divided into Bragg scattering phononic crystals and local

resonance acoustic metamaterial. Bragg scattering phononic

crystals due to the Bragg reflection of the structure. When the

wavelength of the propagating elastic wave is close to the lattice

coefficient of the structure, the band gap will be generated, which

has a strong inhibition and absorption effect on the elastic wave.

For the local resonance metamaterial, the band gap is mainly

generated by the local resonance element inside it. When the

frequency of the elastic wave propagating in the local resonance

element is close to its resonance frequency, the local resonance

element will resonate under the action of the vibration energy of

the elastic wave. Resonance will absorb vibration energy, so that

elastic waves cannot continue to propagate forward and form

band gap [11–15].

2.1 Band gap properties of PMs

The PM is a type of acoustic metamaterial, so it has the

properties of an acoustic metamaterial. This will cause resonance

phenomenon in its local resonance unit, resulting in band gap

that hinder the propagation of elastic waves. PMs are smart

materials with excellent electro-mechanical coupling effect that

allow the band gap of PMs to be regulated by changing the

mechanical properties of the PM with different external

circuits [6].

The tunable band gap of PMs allows them to better adapt

to environmental changes, broaden the operating frequency

range and overcome the serious drawbacks of passive

metamaterials working at a single frequency or narrow

band [16]. According to the material and structural

characteristics, the bandgap performance of metamaterial

structures can be generally classified into fixed bandgap

characteristics and tunable bandgap characteristics [17].

Fixed bandgap metamaterial structures have been studied
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for many years [18–22]. The materials and structures

required are some common ones, such as beam-plate

composite metamaterial structures [23] and rod-beam

composite metamaterial structures [24]. However, once the

structure and model parameters of the metamaterial are

determined, the position and width of the band gap are

determined, which greatly limits its application in UE.

Therefore, the metamaterial structure must have band gap

tunability and this property is also very useful in practice.

Tunable band gap of metamaterial structures has been

studied. Generally, the stiffness or inertia of the metamaterial

structure is adjusted by special technical means and thus the

position and width of the band gap can be adjusted. The first

studies on tunable metamaterials started by Goffaux and

FIGURE 1
(A) phononic crystal (B) The contour of the phononic crystal is composed of Helmholtz resonator (C) Low resonant frequency band gap
showing negative stiffness (D) Frequency position corresponding to band gap.

FIGURE 2
Schematic of the basic folding mechanisms in a rigid kagome network. The basic unit cell for each folding mechanism is outlined in black. The
color of the triangles corresponds to their rotation. (A)Modewith a basic cell of size 1 × 1; (B)Modewith a basic cell of size 2 × 1; (C)Modewith a basic
cell of size 4 × 1; (D) Mode with a basic cell of size 2 × 2; (E) Mode with a basic cell of size 2 × 2 [36].
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Vigneron [25], who proposed to rotate a non-axisymmetric

solid scatterer by a certain angle to change the band gap width

for fluid-solid phonon crystals. In addition to adjusting the

mechanical properties of metamaterials by rotating scatterers

[26–28], changing the stiffness or shape of structures by

applying external loads is also an effective method [29–32].

For example, Wang et al. [33] used post-buckling deformation

to realize the regulation of the local resonance type band

gap. Bertoldi et al. [34, 35] increased the bandgap width by

compression of porous soft material structures with negative

Poisson’s ratio. As shown in Figure 2, Shan et al. [36] studied

the porous structure of triangular circular hole array and

effectively tuned the elastic wave propagation in the

structure by controlling the loading direction to enhance

the tunability of the system’s dynamic response. Meaud

[37] studied the propagation of elastic waves in a lattice

with alternating linear and nonlinear springs.

The band gap can also be controlled indirectly through the

properties of the piezoelectric material. Active control of the

band gap of a nonlinear piezoelectric spring model using

positive and negative proportional control strategies is

proposed. Nimmagadda proposed a composite structure

composed of periodic lattice and local resonators. The two

element structures have different dependence on temperature.

The opening and closing of the band gap can be controlled by

controlling the temperature, because the elastic modulus of

the two element structures will change with temperature. Xia

et al. [38] studied the effect of water temperature on the local

resonance band gap and negative bulk modulus of acoustic

metamaterials, and the local resonance band gap and negative

bulk modulus were regulated by adjusting the water

temperature.

PMs are metamaterials that use piezoelectric materials to

design metamaterial structures. Metamaterials with the desired

bandgap position and width can be obtained by an active control

strategy. Piezoelectric materials not only give metamaterials

intelligence but also expand the functional scope of

metamaterials, so that related equipment has a variety of

superior properties at the same time, which can effectively

promote the multi-functionalization of equipment.

2.2 Piezoelectric regulation of PMs

Among many intelligent materials, piezoelectric materials

have a special electro-mechanical coupling effect and the

equivalent circuit of piezoelectric materials is shown in

Figure 3. They can be found in alloys or piezoelectric

ceramics, soft polymers and conductors or semiconductors.

There is no doubt that it is the most well-researched, the

most mature and the most widely used intelligent material

[39]. Common piezoelectric materials can be divided into

three categories: piezoelectric crystals (such as quartz crystals),

piezoelectric ceramics and piezoelectric polymers. They are used

in different fields and play different values according to their

different properties and states. The electro-mechanical coupling

effect of piezoelectric materials is that under the action of

mechanical pressure, surface charges will appear and form an

electric field in the body, which is called the positive piezoelectric

effect. Piezoelectric materials can also deform in response to an

electric field, which is called the inverse piezoelectric effect. The

electro-mechanical coupling effect of piezoelectric materials is

that surface charges will appear under the action of mechanical

pressure and an electric field will be formed in the body, which is

called the positive piezoelectric effect and it can also deform

under the action of the electric field, which is called the inverse

piezoelectric effect. The mechano-electric coupling

characteristics give piezoelectric materials the ability to

convert electrical energy and mechanical energy, which can be

used in applications such as transducers, sensors and

actuators [6].

The excellent electro-mechanical coupling effect of

piezoelectric materials makes it possible to use different

external circuits to modify the mechanical properties of the

piezoelectric material and thus modulate various aspects of

the metamaterial. The key is to find a way to control the

vibration of the structure. Piezoelectric shunt technology is an

important means of vibration suppression, especially in the

vibration control of smart structures. Because of the

advantages of relatively low added mass, it is widely used in

the field of vibration and noise control. According to the

operating characteristics, piezoelectric shunt circuits can be

divided into linear circuits and nonlinear circuits [7].

For linear circuits, the piezoelectric shunt damping technique

was first proposed in 1979 and this technique [40] uses a

resistive-inductive (RL) shunt circuit for vibration damping. If

the resonance of the circuit is equal to the resonance of the

mechanical system, the circuit is in the resonant state and will

generate a considerable control force against the vibration of the

mechanical system. The simplicity and ease of implementation of

RL-based piezoelectric shunt damping techniques have attracted

more and more attention [41–43]. The circuit control effect

mainly depends on RL resonance. The traditional RL resonant

shunt circuit has the following problems. For example, the

vibration attenuation capability of the circuit under the

FIGURE 3
Equivalent circuit model of piezoelectric material.
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condition of multi-modal vibration is not ideal [44], the

realization of low-frequency vibration requires a hundred

Henry-level inductance [45] and the circuit control effect is

very sensitive to the change of circuit parameters [46]. In

addition to the RL piezoelectric shunt damping circuit, the

negative capacitive damping technology can also effectively

avoid the narrow band gap and achieve the effect of

broadband vibration control. On the one hand, the negative

capacitance shunt circuit can effectively change the equivalent

stiffness of piezoelectric materials [47], and on the other hand, it

can produce a good damping effect [48, 49]. In particular,

changes in the environment may cause dramatic changes in

the structural resonance frequency. At the same time, the

temperature will also change the capacitance in the control

circuit, which will affect the performance of the shunt circuit.

Based on the proposal of an accurate model for constructing

piezoelectric materials, the problem of how to reduce or avoid the

instability of the negative capacitance piezoelectric shunt

damping circuit is solved [50].

In terms of nonlinear circuits, the most representative one is the

synchronous switch damping (SSD) shunt circuit [51–54]. The

synchronous switch damping shunt circuit is a semi-active

control method, which is equivalent to providing a nonlinear

impact load. The voltage of the piezoelectric material will

continuously flip with the change of the structural displacement

under the action of the nonlinear switch of the SSD circuit. Among

SSD circuits, synchronous switched inductive damping circuit

(SSDI) has attracted wide attention because of its excellent

stability and good low-frequency vibration suppression effect

without very large inductors [55, 56]. However, the

manufacturing process and other factors will affect the quality

factor of the inductor, which will affect the vibration suppression

effect of SSDI circuit. To reduce this detrimental effect, Xu et al. [57]

improved the vibration suppression effect of the circuit by adding

negative capacitance to the circuit to improve the electromechanical

coupling coefficient of the piezoelectric element. In addition, a

voltage source is connected in series in the SSDI circuit to form

the enhanced SSDV, which can also effectively improve the vibration

suppression of the circuit. However, this method tends to cause

circuit instability and a synchronous switching damping circuit

based on a negative capacitance (SSDNC) structure has also been

developed. This circuit can counteract the equivalent capacitance

value of piezoelectric material by adjusting the value of negative

capacitance, so as to improve the electromechanical coupling

coefficient of piezoelectric material, increase the flipping voltage

of piezoelectric material, and achieve better vibration suppression

effect. This shunt circuit does not require precise system

identification of the controlled structure. The vibration control

effect is better and more stable. Changes in the external

environment have a low impact on the control system. Most

importantly, the control system is simple and can be

implemented with only a few electronic components [58].

3 Research progress of PMs used
in UE

At present, PMs has been widely used in UE, including

underwater gliders, hydrophones, underwater robots, offshore

drilling platforms, submarines and underwater communication

equipment [59–61]. It is also used to improve ultrasonic sensors

and special equipment for detecting underwater explosives and

underwater pollution [62, 63]. PMs has a very broad application

prospect. For underwater equipment, the most prominent feature

is that the hard boundary of sound field meets the need for

hydrostatic pressure. The sound wave in the underwater

equipment flows from the seawater environment to the

underwater equipment. The water to equipment here is the

hard boundary. The hard boundary condition is that the

normal sound pressure is zero. Hydrostatic pressure refers to

the pressure exerted by static liquid on adjacent contact. The

band gap characteristics of PMs can be used for sound insulation

of UE. To sum up, the application of piezoelectric metamaterial

in underwater equipment can be developed in two directions.

First, the band gap characteristics are used for sound insulation of

underwater equipment. Second, piezoelectric conversion

characteristics are used for energy harvesting in underwater

devices. The application prospect of PMs in UE will be very

broad.

The following describes the research content and research

progress of PMs in terms of sound insulation and piezoelectric

conversion of UE.

3.1 Sound insulation

PM structures have good applications in the field of sound

insulation and vibration damping due to their unique elastic

wave band gap properties, i.e., elastic waves cannot propagate in

their band gap frequency range [64, 65].

FIGURE 4
(A) Structure of PM (B) Side view of the cell.
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Zhou et al. [66] used a new method to verify and deduce a

new type of piezoelectric composite metamaterial, which has

both viscoelastic and piezoelectric properties. The viscosity of the

viscoelastic material dissipates the mechanical energy of

vibration and absorbs the sound waves to achieve passive

noise reduction. The properties of piezoelectric materials can

achieve the effect of active noise cancellation, by emitting the

opposite phase of the sound wave to a known sound source to

cancel out the sound wave. This material is applied to the coating

of submarines. The reflection is eliminated by applying a

controlled periodic voltage to the piezoelectric material layer

to create a corresponding stress, which in turn emits sound waves

that are in the opposite phase of the vibration. The concealment

of submarine is improved, and the feasibility of using this new

material for UE sound insulation is discussed theoretically. Yi

et al. [67] proposed a general method for designing multi-

resonant PMs, as shown in Figure 4. This metamaterial

contains periodically distributed piezoelectric patches bonded

to the surface of the main structure, the shunt circuit works with

the patches in a self-inductive mode. By studying the effective

bending stiffness of the multi-resonance metamaterial plate, the

mechanism of multi-band gap generated by the transfer function

is explained. When the effective bending stiffness becomes

negative, the transfer function induces multiple frequency

ranges, resulting in multiple band gaps The characteristics of

these bandgaps can be studied, and their coupling and merging

phenomena can be observed and analyzed. The elastic wave

isolation effect of the material in multiple frequency bands is

verified by numerical results in the frequency domain, which

proves the functionality of the material and provides a new

choice for sound insulation and vibration reduction of

underwater equipment.

He et al. [68] designed a tunable thin-film metamaterial

based on piezoelectric materials for the isolation of low-

frequency noise. The material is made of a piezoelectric mass

embedded in an elastic film, and it is verified by experiments that

the material has good sound insulation performance in the

frequency range of 20–1,200 Hz. Moreover, the external

circuit of the piezoelectric mass block is explored to form an

LC oscillating circuit, and the resonant frequency of the circuit

can be adjusted by changing the parameters of the external circuit

to realize the adjustability of the sound insulation performance.

The results of this study provide a reference for the design of

sound-insulating tunable PMs and support for the material to be

used in UE.

To realize the sound insulation and vibration reduction of

UE, Wang et al. [7] overcome the shortcoming of the relatively

narrow band gap of PM structures by externally connecting

different shunt circuits, and realized the adjustment of the

band gap of metamaterials. The synthetic impedance

technology is proposed, and the synthetic impedance

equivalent control loop is designed. Through simulation

research, it is shown that the method can flexibly adjust the

band gap range of PMs using software programming, which

provides a new way for the vibration and sound insulation of

PMs in UE. With its unique piezoelectric properties, the PM is

used in the sound insulation of UE, overcoming the problem of

poor isolation of low-frequency sound by traditional materials,

reducing the impact of underwater noise on UE and improving

the data accuracy of the equipment.

3.2 Piezoelectric conversion

Vibration energy in water mostly exists in the form of low

frequency and broadband sound waves, and the vibration energy

in water can be converted into electric energy through

piezoelectric conversion characteristics.

The PM structure is designed to capture the underwater

vibration energy of broadband and low frequency. The model of

elastic wave propagation in PM structure is established, and then

the characteristics of elastic wave propagation are solved by

simulation. The band gap of the PM structure is solved and

analyzed, and the energy output of PMs using different

piezoelectric materials is simulated and experimentally

analyzed to demonstrate the effectiveness of the material

structure [8]. Experiments show that the PM structure can

effectively absorb elastic wave vibration energy in a specific

frequency range and convert it into electrical energy, which

can realize energy storage and power supply for underwater

robots and other equipment. Khan et al. [69] studied and

FIGURE 5
(A) Schematic diagram of the structural plane of the local
resonance type PM sheet (B) Schematic diagramof the structure of
the local resonance type PM resonant subunit.
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proposed a modeling framework based on micromechanical

finite element, which was used to calculate the

electromechanical characteristics of 3–3 PMs based on

honeycomb structural variants. The hydrostatic quality factor

of the longitudinal polarization network is increased by four

orders of magnitude and the acoustic impedance is reduced by

one order of magnitude, which is very suitable for the design of

hydrophones. Hydrophones are made of new PMs with higher

hydrostatic quality factors. An active gradient metamaterial

based on the composite structure of conventional piezoelectric

materials was proposed to achieve acoustic impedance matching

and underwater acoustic focusing [70]. The active focusing and

broadband focusing behaviors of this PM are demonstrated by

simulation and experiments, which can replace acoustic

metamaterials used in UE.

To solve the power problem of underwater low-power

wireless sensors, Zhang et al. [71] organically combined

elastic wave fluctuation characteristics with piezoelectric

energy-harvesting structures to improve the vibration energy

capture efficiency of broadband low-frequency environments.

As shown in Figure 5, a local resonant piezoelectric

metamaterial thin sheet is designed and manufactured for

test verification. The test results show that the optimized

circuit can effectively improve the energy harvesting

efficiency and provide a choice for long-term uninterrupted

power supply of underwater low-power equipment. Sayed Saad

Afzal et al. [72] proposed to create a completely battery-free and

scalable underwater sensor network. By developing a

backscattering underwater sensor using PMs, backscattering

sensors can simply collect energy from environmental signals in

the environment and then reflect them to communicate with

near-zero power consumption, which is called piezoelectric

acoustic backscattering. It is an underwater backscatter

network system that uses underwater transducers to provide

energy for communication and has made great progress in

power-free underwater communication.

Figure 6 is a structural diagram of a PM, which is used to

fabricate a mechanical antenna that can be used for UE

communication. The antenna has high radiation efficiency,

multiple frequency bands and small size [73]. Through the

structural parameters and materials of the piezoelectric

radiation unit, the three operating frequency bands of 22, 24,

and 26 kHz can be independently adjusted and the modulation

range exceeds 15 kHz. The experimental results show that the

proposed piezoelectric metamaterial antenna has great

application potential in underwater communication equipment.

Xiao et al. proposed a two-dimensional local resonance

metamaterial acoustic energy collector for the problem of

sound energy harvesting. The acoustic energy density and

conversion efficiency are improved by studying and utilizing

piezoelectric energy harvesting technology of acoustic

metamaterials. The sound energy conversion and sound

insulation performance of the plate are studied from the

acoustic point of view, so that the utilization rate of sound

energy into electric energy can reach the highest [74]. Ma

et al. designed a single cavity underwater acoustic metasurface

unit with subwavelength thickness that simultaneously achieves

high refractive index in underwater environment. By arranging

several metasurface elements with gradient refractive index

distribution along the radial direction, a 3D planar

underwater acoustic lens with gradient refractive index is

constructed. In addition, a lens-based acoustic concentrator is

proposed to greatly increase the acoustic energy gain over a wide

frequency range. It has potential application value in acoustic

energy harvesting [75]. Kim et al. designed spherical and

ellipsoidal metamaterial lenses based on Luneburg lenses and

transform optics for underwater ultrasound imaging. It can

enhance the signal over a wide frequency range and detect

objects at wide angles. The lens has a wide frequency

characteristic and can achieve the half maximum of focal

length and full width in the frequency range of

60–160 kHz.These lenses can be used in sound-guided

ranging, offering the possibility of detecting underwater at

higher resolution at broadband and wide angles [15].

The emergence of PMs improves the efficiency of underwater

elastic wave vibration energy harvesting, so they are mostly used

to improve the traditional underwater energy harvesting

equipment. The emergence of PMs provides a new option for

the fabrication of UE, thus improving the performance of UE. In

conclusion, the emergence of PMs has greatly promoted the

development of UEs.

4 Summary and outlook

PMs can be widely used in UE due to their bandgap

characteristics and piezoelectric conversion characteristics. The

band gap characteristics are mainly related to the absorption of

elastic waves. Under water, PMs are mainly used to absorb sound

FIGURE 6
Material structure of PM mechanical antenna.
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waves, play the role of sound insulation, noise reduction, vibration

reduction and so on. The vibrational energy of elastic waves can be

converted into electric energy by piezoelectric conversion. Under

water, PMs can convert the vibrational energy to electricity to power

UE. In addition, PM has excellent electro-mechanical coupling

effect. The external shunt circuit is easy to be adjusted and

designed in various ways, so that the PM has controllable

characteristics, which can meet the different requirements of the

functional design and application of acoustic equipment. In practical

engineering, the application of PM can reduce noise and vibration of

UE, which is helpful to improve the accuracy of hydrophones. The

energy conversion efficiency of PM can be improved by changing its

piezoelectric structure through the design of external shunt circuit.

In general, the application of PM in UE extends the application

range of UE.

So far, few piezoelectric metamaterial have been used

underwater, or even acoustic metamaterial for underwater

equipment. In recent years, the research of piezoelectric

metamaterials has attracted great interest and attention of many

researchers. At the same time, a lot of scientific research

achievements have been made, but there is still a big gap with

the actual demand and application. In the future, researchers still

need to strengthen the corresponding theoretical, numerical and

experimental research. Most of the existing related research is still

based on basic research, and there is still a great lack of

corresponding applied research. The research results of

piezoelectric metamaterial are transformed into practical

technology to make structures, components and equipment

suitable for practical application. This requires the cooperation

and efforts of theoretical researchers and technicians engaged in

the field of applied research and technology development.

Based on the current research status, there is still room for

future development as follows: 1) The mature application of PMs

in UE is relatively small, and most of them are still in the

theoretical and simulation stage. Experimental research on

PMs should be accelerated, and more applications should be

applied to UE. 2) Piezoelectric materials with better performance

should be developed to power energy storage for larger UEs. 3)

With the rapid development of artificial intelligence, the

structure of PM can be designed by artificial intelligence

algorithm. For example, it can be intelligently designed

according to the range and function of use. 4) The properties

of piezoelectric materials are fully exploited by UE, and

researchers also need to develop equipment that can

accurately process mechanical signals and design better

external control circuits.
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Experimental study of a tunable
perfect flexural wave absorber
with a piezoelectric shunted
resonator

Xiaopeng Li*, Ziqi Yu and Taehwa Lee
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Metamaterials and metasurfaces have been widely developed recently for

extraordinary acoustic and elastic wave control at a deep subwavelength

scale. Perfect wave absorption as an extreme case to totally absorb the

impinged waves has gained great attention, whereas most existing designs

based on local resonance lack tunabilities, making perfect absorption be

observed at a single frequency. To overcome this drawback, in this work, we

design and fabricate a tunable inductance-resistance (LR) shunted mechanical

resonator via a bonded piezoelectric patch for perfect flexural wave absorption

at low frequency. The LR shunted absorber could be reconfigured to a broad

frequency range for perfect flexural wave absorption. The tunable perfect

absorption performances are validated through experiments and unit

absorption is achieved in experiments. In the end, to further highlight the

advantages of shunted damping we numerically demonstrate that the

absorption spectrum could be enhanced to broadband absorption with a

negative capacitance and an inductance-resistance circuit (NC-LR)

connected in parallel. The approach proposed provides an alternative

solution to achieve perfect wave absorption in the low-frequency range and

enables practical application in complex engineering structures.

KEYWORDS

perfect absorber, metasurface, metamaterial, tunable absorber, programmable
absorber, flexural wave absorber, piezoelectric

1 Introduction

Recently, elastic metamaterials have gained lots of attention thanks to their

extraordinary dynamic properties [1–3], such as effective negative mass density and/

or stiffness [4–7], that are not directly available in natural materials. By artificially

designing the microstructures at the deep subwavelength scale, elastic metamaterials have

been proven to be good candidates for remarkable wave manipulation [7–12], wave

attenuation [1, 13], etc. Most recently, efforts are more paid to the design of elastic

metasurfaces [14–19], which are a new kind of planar metamaterials, to manipulate

wavefronts via a suitable arrangement of discontinuities on a material interface or

boundary. Perfect wave absorption, an exceptional wave control ability to totally
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absorb incoming waves, has been demonstrated in 1-dimensional

(1D) or 2-dimensional (2D) acoustic and elastic metamaterials/

metasurfaces using passive [20–28] or active [18, 29] approaches.

Examples of the perfect absorption demonstrated in optics,

acoustics, as well as elastic waves, were achieved by satisfying

the critical coupling condition [23–27, 30, 31], in which the

balance between the energy leakage and the inherent losses of the

resonator was fulfilled. Similar to optics [31], by placing a

scatterer at or near a waveguide boundary, i.e., a perfect

reflecting mirror, in a one-port system, the perfect absorption

is observed, through the tuning of loss. The one-port and two-

port near perfect flexural wave absorbers on 1D structures have

also been reported using acoustic black hole (ABH) [30], Willis

coupling [27, 29, 32], coated strip-like beam [26, 28], etc.

However, most of the existing passive perfect absorbers

achieve perfect absorption only at a single frequency point,

which hinders their practical applications. Precisely

controlling the amount of damping in the scatterers also

makes it difficult to design and fabricate the absorbers in

experiments. To tune or broaden the absorption frequency,

actively shunted piezoelectric patches [18, 29] and thermally

controlled shape memory polymer resonators [33] have made it

possible, whereas there are still limitations in the existing designs,

such as degraded low-frequency performance and inconvenient

control strategies.

Using a shunted damping concept proposed by Forward [34],

one can not only accurately control the added damping but also

tune the system parameters. In this work, we design and fabricate

a tunable inductance-resistance (LR) shunted mechanical

resonator via a bonded piezoelectric patch for the

demonstration of perfect flexural wave absorption at the low-

frequency range. By changing the electrical resonance, perfect

absorption can be tuned to various frequencies for perfect

absorption. The tunable perfect absorption performances are

further validated through experiments. In the end, we further

numerically demonstrate that the absorption spectrum could be

enhanced to broadband absorption with an additional negative

capacitance connected in parallel. The approach proposed sheds

light on designs of reconfigurable dynamic control devices and

enables alternative solutions for ultrasonic sensing of complex

engineering structures.

2 Materials and methods

2.1 Design

The concept and a schematic of our designed LR shunted

absorber are shown in Figures 1A, B, respectively. The shunted

resonator is designed with a cantilever-like beam bonded with a

piezoelectric patch (PZT-5H) on its top surface. The piezoelectric

patch with dimensions (Lp ×wp × hp = 10 mm× 5 mm× 1 mm) is

connected to an LR-shunted circuit. For low-frequency wave

absorption, a large value of inductance is required, which will

largely increase the added weight and size to the overall system.

To avoid this bulky design, we implement a synthetic inductor

described in more detail in the next. The LR-shunted resonator is

attached near a free end of a semi-infinite beam with a cross-

section area (w × h = 12.7 mm × 3.1 mm) and material properties

being Young’s modulus (E = 70 GPa), mass density (ρ = 2700 kg/

m3), and Poisson’s ratio (] = 0.33). A cube-shape tip mass made

of stainless steel with Young’s modulus (E = 205 GPa), mass

density (ρ = 7850 kg/m3), and Poisson’s ratio (] = 0.28), is

attached at the end of an aluminum strip. Another identical

cube functions as a support connected to the other end but on the

bottom surface of this beam strip. In our previously investigated

coupled mechanical resonators on a two-port system [27], we

demonstrated that the coupling distance and the mechanical

damping played essential roles in achieving perfect absorption

due to the scattering toward the two ports as well as the

neighboring resonators. Here, in the one port system as

shown in Figure 1, we consider a general case where the

scatterer is placed at x = d away from the free end. The

scattered waves from the resonator will interfere with the

waves reflected from the free boundary and the incident

waves [18]. The effect of the location of the resonator on the

absorption performance is analyzed through a systematic study.

In this analysis, we evaluate the absorption performance as a

FIGURE 1
Design of an LR-shunted tunable perfect flexural wave absorber. (A) Concept of a shunted scatterer for perfect flexural wave absorption. (B)
Schematic of an LR-shunted tunable perfect flexural wave absorber.
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function of resonator location and resonator damping by

considering the mechanical resonator as a damped resonator.

We find that for the current chosen design the optimized location

of the resonator is at d = 17 mm away from the free end of the

beam, which is in the deep subwavelength of the working

frequency. Other geometric parameters can be found in the

Supplementary Material, and the material properties of the

piezoelectric patch can be found in [19]. We use a

commercially available Finite Element Method (FEM)

package, COMSOL MultiPhysics, to validate our design. Both

frequency domain and time domain simulations are performed

and the simulation results are given in the next section.

2.2 Sample fabrication and experimental
setup

In what follows we fabricate our LR-shunted resonator and

characterize its absorption performance through experiments.

The fabricated samples and the experimental setup are illustrated

in Figure 2. To fabricate the mechanical resonator, a aluminum

strip (L1 × w1 × h1 = 21 mm × 5 mm × 1 mm) is bonded with two

identical stainless-steel cubes with side length (wc = 5 mm) on

each side of the beam strip facing each other. One of the cubes

functions as a tip mass, and the other one as a support to interact

with the host beam. A piezoelectric patch is glued on the top

surface of the beam strip with a 1 mm gap to the tip mass. A

photo of the fabricated absorber is shown in Figure 2A. The

bottom electrode of the piezoelectric patch is grounded and the

top one is connected to the external LR circuit. To realize a large

value of inductance without adding too much weight to the

system, we implement a synthetic inductor, Antoniou’s Circuit.

A photo of the fabricated circuit and a schematic of the

Antoniou’s circuit are shown in Figures 2C, D, respectively.

The synthetic inductor consists of two operational amplifiers

(OPA445), four resistors (R1−R4), and a capacitor (C). The

inductance of the synthetic inductor is calculated as, L =

R1R3R4C/R2. One can see that by simply adjusting one of the

circuit parameters the inductance can be tuned. In the

experiment, we use a trimmer to tune the resistor, R1, while

keeping other parameters fixed. In practical application, this

trimmer could be replaced with a digital resistor programmed

by a control system to realize perfect absorption at the required

frequency.

To test the absorption performance of the fabricated LR-

shunted absorber, we carry out the experiments with the setup

as demonstrated in Figure 2B. An additional piezoelectric patch

attached at 0.5 m away from the right free end of the host beam

functions as an actuator to generate incident waves. This

distance could effectively reduce the evanescent waves

generated by the actuator without affecting the measurement

results. A sine-signal sweeping from 1.0 kHz to 2.5 kHz

generated from a function generator is fed to the actuator

via a power amplifier. An artificial absorbing layer made

with high damping materials is carefully placed on the

surface of the left end of the host beam to suppress the

reflected waves from that boundary. A laser vibrometer is

used to scan the pointwise velocity responses of the host

beam in the highlighted orange region with 21 points and a

point distance of 5 mm [27]. The measured responses are

processed to calculate the wave reflection (r) and absorption

(α = 1 − r) coefficients.

FIGURE 2
Fabricated samples and experimental setup. (A) A photo of the fabricated LR-shunted resonator attached near a free end of a beam end. (B) A
schematic of the experimental setup. (C) A photo of the fabricated LR circuit. (D) Schematic of the synthetic inductor.
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3 Results

3.1 Simulation results

3.1.1 Frequency domain simulation
To demonstrate the robustness of our tunable absorber to

achieve perfect absorption at multiple frequencies, we optimize

the circuit parameters, L and R, at each interested frequency. In

the optimization, the Nelder-Mead method [35] is used by

minimizing the wave reflection coefficient, r, as the objective

function with two optimization variables, L and R. Perfect

absorption peaks could be achieved from 1.5 kHz to 2.5 kHz.

Here, we only plot the absorption spectra optimized at

1.5 kHz–2.5 kHz with an increment of 0.25 kHz, as illustrated

in Figure 3A. Still, one could understand that perfect absorption

could be achieved at other frequencies in this range, as well, by

optimizing the circuit parameters. Optimized circuit parameters

are listed in Supplementary Table S1. One can see that as the

electrical resonances increase by decreasing the inductor values

the peaks of the absorption spectra are shifted to higher

frequencies.

The simulated absorption spectra clearly show that perfect

absorption could be achieved from a broadband frequency range.

Note that in the simulation no damping is added to the

mechanical resonator and the perfect absorption is mainly due

to the strong interaction between the mechanical and electrical

resonances as well as the destructive interference due to the

terminal end of the host beam. Also, we notice that when the

electrical and mechanical resonances are strongly coupled the

absorption spectra (purple and green lines) are wider, whereas as

the electric resonance is shifted away from the mechanical

resonance the absorption spectra (blue and red lines) are

much narrower. Here, the mechanical resonance is at about

2.0 kHz. Nevertheless, perfect absorption can be achieved at

various frequencies by tuning the circuit parameters along,

which demonstrates the robustness of our proposed tunable

perfect absorber.

3.1.2 Transient simulation
To further show the effectiveness of our proposed absorber in

flexural wave mitigation, transient analysis is performed. In the

simulation, we choose the target frequency at 1.75 kHz for perfect

absorption by adopting the circuit parameters listed in

Supplementary Table S2. A 5-peak tone-burst signal centered

at fc = 1.75 kHz is excited at the host beam. A displacement probe

is placed on the host beam to capture the out-of-plane response.

The position of the probe is chosen at 1 m away from the shunted

resonator so that the incident and reflected signals can be

separated from each other in the time domain. The recorded

signal is shown in the top panel of Figure 3B, which contains two

main wave packets, the incident response from the incident

waves (middle panel of Figure 3B) and the reflected response

corresponding to the reflected waves (bottom panel of Figure 3B).

The overall amplitude of the reflected signal is largely reduced

and the largest amplitude reduction is observed near the center of

the reflected wave packet, which is corresponding to the perfect

absorption frequency. To further verify this, we calculate the

reflected and incident powers normalized to the maximum

power of the incident wave, as illustrated in Figure 3C. We

can see that almost zero reflected energy is found located near the

optimized frequency, f = 1.75 kHz, in the power spectra, thanks to

the perfect absorption from the LR-shunted resonator.

3.2 Experimental results

Next, we carry out our experiment to characterize the

absorption performance of this proposed tunable absorber.

Before we evaluate the shunting circuit performance, we first

test the absorption performance with an open circuit.

FIGURE 3
Numerical simulation results for the tunable perfect flexural wave absorber. (A) Illustration of perfect flexural wave absorption tuned to different
frequencies. (B) Time domain simulation for perfect absorption at 1.75 kHz. (C) Normalized powers of the incident and reflected signals.
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3.2.1 Open circuit performance
Due to the intrinsic loss in the fabricated resonator, the

mechanical resonator with an open circuit might be able to

dissipate part of the incident energy. Therefore, before

evaluating the absorption performance, we perform a

vibration test from Frequency Response Function (FRF) by

exciting the fabricated mechanical resonator alone on a shaker.

The loss factor is characterized as η = 0.057 from a half-power

bandwidth method [27]. To quantify the absorption due to this

passive damping from the resonator, the measured absorption

coefficient is illustrated by red plus symbols in Figure 4A. Peak

absorption of about 50% can be observed in the experiment at

around 1.5 kHz. To further validate our experimental results, a

3-D numerical model is built by adopting the same loss factor

measured from the experiment for the resonator. In this

simulation, a 0.1 mm thin layer is also added between the

supporting cube and the beam strip to consider the effect of

the supper glue with material properties being Young’s

modulus E = 1.1 GPa, Poisson’s ratio ] = 0.35, and mass

density ρ = 1050 kg/m3. A solid blue line denotes the

simulated absorption spectrum shown in Figure 4A. The

experimentally measured absorption spectrum matches well

with the simulated spectrum.

3.2.2 LR-shunted circuit performance
Our proposed tunable flexural wave perfect absorber is

experimentally tested for its performance. For illustration

purposes, we show two perfect absorption spectra in Figures

4B, C, respectively. Two absorption peaks can be observed in

both of the absorption spectra. The peak at around 1.5 kHz

with a wider bandwidth but a lower absorption coefficient is

due to the intrinsic mechanical damping, which has a similar

shape as the open circuit case. However, the second peak at

about 1.8 kHz (1.32 kHz for Figure 4C) induced by the

coupling between the mechanical and electrical resonances

can almost reach to unit absorption. Interestingly, by varying

the electrical resonance, i.e., re-programming the circuit

inductance and resistance, the unit absorption peaks can be

tuned to different frequencies, which can make our proposed

absorber much more robust for overcoming some

uncertainties in a time-varying environment. For example,

by adjusting the inductance from L = 5.8 H to L = 9.7 H,

and the resistance from R = 1 kΩ to R = 2.9 kΩ, the absorption

peak is tuned from 1.8 kHz to 1.32 kHz. The absorption

performance of the tunable absorber is compared with

numerical simulations. A very good agreement can be

found, as well. The tunable perfect absorber can achieve

almost perfect absorption in a broad frequency range, from

1.5 kHz to 2.5 kHz, and more than 99.8% absorption is

experimentally obtained at various frequencies.

4 Discussion

Negative capacitance shunting circuits have been

demonstrated in acoustic and elastic metamaterials for

broadband damping performance [36–38]. Here, we use a

simple negative capacitor (CNC = −C) connected with a

resistor (R′) in series hybrid with an LR-shunted (NC-LR)

circuit to investigate broadband absorption performance

through numerical simulation. Figure 5A shows the schematic

of the design of enhanced absorption with the hybrid shunting

circuit. In the simulation, we optimize the inductor value (L) and

two resistor values (R and R′), while keeping the value of the

negative capacitor as β = CNC/Cp = −0.8, where Cp is the

capacitance of the piezoelectric patch. A color map of the

absorption spectra optimized from 1.5 kHz to 2.5 kHz with a

step of 0.1 kHz is shown in Figure 5B. Due to the presence of the

negative capacitor, broadband absorption can be observed. The

negative capacitor functions as broadband shunted damping to

FIGURE 4
Experimentally measured absorption spectra (read plus symbols) compared to numerical simulations (blue solid lines). The absorption spectra
with (A) an open circuit and an LR-shunted circuit with (B) L =5.8 H and R =1.0 kΩ (C) L =9.7 H and R =2.9 kΩ.
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the mechanical resonator. Due to the compensation of the

damping from the negative capacitor to the mechanical

resonator, the absorption spectrum originating from the

mechanical resonator starts to approach to the unit

absorption. Note that by using a negative capacitor one can

achieve perfect absorption as well, but the absorption spectrum is

equivalent to a damped mechanical resonator showing a single

absorption peak. Here, in order to show the advantage of the NC-

LR shunted circuit, we combine the NC circuit with the LR-

shunted circuit so that the absorption peaks are merged

together to form a broadband absorption spectrum as the

electrical resonance is close to the mechanical resonance. To

better illustrate the effect of the hybrid circuit, two of the

optimization results optimized at 1.5 kHz (blue solid line)

and 1.7 kHz (red dotted line), respectively, are shown in

Figure 5C compared with the absorption spectrum from an

LR-shunted circuit alone (green solid line). The absorption

spectrum is largely enhanced to a broad frequency range. Two

absorption peaks can be seen in the case with NC-LR1,

whereas the two peaks are merged into a single broadband

peak by properly choosing the optimization parameters. The

circuit parameters for the NC-LR1 and NC-LR2 circuits used

in the simulations are provided in the Supplementary

Material.

5 Conclusion

We have designed and experimentally demonstrated a

tunable absorber for perfect flexural wave absorption at a

broad frequency range. The tunable absorber is composed of

a mechanical resonator with a bonded piezoelectric patch and a

shunted circuit. The critical coupling conditions are fulfilled

through the shunted circuit damping at various frequencies by

varying the circuit parameters. Therefore, unit absorption

peaks are achieved at a broad frequency range, which is

validated through numerical simulations and experiments. In

the end, we numerically demonstrate an enhanced absorption

spectrum with a hybrid NC-LR circuit for broadband

absorption. Thanks to the flexible tunability and enhanced

low-frequency performance, the proposed tunable absorber

could set forth the basis of a markedly distinct approach

toward perfect absorbers of subwavelength wave and elastic

wave cloaking.
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Researchers use underwater acoustic equipment to explore the unknown

ocean environment, which is one of the important means to understand and

utilize the ocean. For underwater acoustic equipment, the application of

underwater acoustic metamaterials is the premise to ensure and improve

the performance of underwater acoustic communication, acoustic stealth,

and sonar detection. Due to the limitations of mass density law and high

hydrostatic pressure, traditional underwater acoustic materials cannot

effectively absorb low-frequency sound waves and have low efficiency of

elastic energy conversion. The sound absorption effect is poor under low

frequency and high hydrostatic pressure. In recent years, with the

development of acoustic metamaterials technology, all kinds of underwater

acoustic metamaterials have also been proposed. Compared with sound waves

propagating in the air, underwater sound is more difficult to control than air

sound with the same frequency, so the design of underwater acoustic

metamaterials is more complicated. This paper reviews the basic

characteristics, development history of sound absorption, sound insulation

decoupling, and underwater acoustic guided metamaterials, then the

existing problems and the future development direction of underwater

acoustic metamaterials are discussed.

KEYWORDS

absorption materials, metamaterials, underwater acoustic equipment, sound
absorption, sound isolation

1 Introduction

For human beings, the ocean is a natural treasure house, which contains abundant

natural resources. The marine ecosystem is closely related to human daily life [1, 2]. At

present, human knowledge of the ocean is far less than that of the land. With the rapid

development of underwater acoustic equipment (UAE) and underwater detection

technology, higher requirements are put forward for acoustic performance of

underwater target detection equipment, sea area information collection equipment
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and underwater military equipment (UME) [3]. Therefore, the

application of underwater acoustic metamaterials is the key to

improve the performance index of UAE.

The performance indexes of UAEmainly include underwater

acoustic detection and acoustic stealth. As UAE is often used in

various sea conditions, it will inevitably produce some subtle

irregular vibrations, which will lead to near field self noise [4],

resulting in the degradation of underwater acoustic detection

performance of the equipment. In addition, more andmore UME

began to pursue “stealth” characteristics to reduce the probability

of being discovered by enemy sonar. To solve these problems, in

recent years, scholars have been studying underwater acoustic

materials [5–8], aiming at reducing self-noise interference,

improving their underwater acoustic communication and

sonar detection performance, and countering active and

passive sonar detection.

There are many classification methods of underwater

acoustic materials, which can be divided into coating type and

structural underwater acoustic materials according to the

different molding process and bearing capacity. According to

the frequency characteristics of the incident wave or its special

structure, it can be divided into low, medium and high frequency

underwater acoustic materials and porous and resonant

underwater acoustic materials. According to the specific

functions to be realized, underwater acoustic materials can be

divided into sound absorption type, sound insulation type,

decoupling type and reflect sound type.

Underwater acoustic materials include a wide range, which

can be natural materials in nature, or metamaterials designed

artificially according to task requirements or working frequency

band. Among them, traditional underwater acoustic materials

mainly include polymer materials, porous materials, filler

materials, cavity resonant materials and impedance gradient

materials [9, 10].

In 1990s, Sigalas and Economou proposed the concept of an

artificial material/structure with elastic band gap mass density

and periodic distribution of elastic constant, that is, phononic

crystal. In the early stage when the concept of phononic crystal

was put forward, scholars focused on the generation and

modulation mechanism of band gap. The formation of

phononic crystal band gap is mainly based on Bragg

scattering mechanism. To control low-frequency waves, a

large cell size is needed, which limits the engineering

application of phononic crystals to a certain extent. In 2000,

Liu et al. of Hong Kong University of Science and Technology

found that the material had a low frequency band gap far lower

than the Bragg band gap frequency by periodically arranging the

local resonance unit composed of rubber coated shot in the

elastic medium, and attributed the reason of this band gap to the

resonance effect, so the concept of local resonance phononic

crystal was put forward. At the same time, in the field of

electromagnetism, researchers have designed “double negative

materials” whose dielectric constant and permeability are

negative at the same time, and called this kind of materials

metamaterials. In 2004, Li and Chan of Hong Kong University of

Science and Technology discovered that their designed

composite artificial structure also showed “double negative”

acoustic characteristics, so they proposed the concept of

acoustic metamaterial by analogy with electromagnetic

metamaterial. The development of acoustic metamaterials is

shown in Figure 1.

Underwater acoustic metamaterial is also an artificial

periodic structure [11] with microstructure as its basic

building unit. This kind of structure can suppress waves in

certain frequency ranges, which is called the so-called

propagation “band gap” phenomenon. The frequency range of

band gap can be adjusted by changing the configuration and

spatial distribution of metamaterial microstructure units. This

feature can be used to improve the signal to noise ratio of sonar

system and reduce the near field self noise [12].

On the basis of acoustic metamaterials, underwater acoustic

metamaterials transfer the research object from air to

underwater, and the sound wave changes from air sound to

underwater sound. Underwater acoustic metamaterials for

underwater acoustic equipment are mainly divided into three

categories according to different functions: (1) Sound absorption

metamaterials (SAM): The absorption of sound waves is achieved

by small surface reflection and high loss factor. It is mainly used

to absorb near field self noise generated by the equipment body

and active sonar detection sound waves. (2) Sound insulation

decoupling metamaterials (SIDM): Through the impedance

mismatch between the structure and the water, the self-noise

caused by the vibration of the internal structure is blocked from

transmitting into the water. (3) Underwater acoustic guided

metamaterials (UAGM): Stealth is achieved by directing sound

waves to travel along a specific path and thus changing their

reflection path. The functional schematic diagram of three

different types of underwater acoustic metamaterials is shown

in Figure 2. In this paper, the basic characteristics, development

history and future development direction of these three kinds of

metamaterials are summarized, in order to point out the

direction for the follow up researchers.

This paper is organized as follows. Introduction introduces

the SAM. Introduction introduces the SIDM. Introduction

introduces the UAGM. Introduction summarizes and discusses

the future development direction of underwater sound

absorption metamaterials.

2 Sound absorption metamaterials

Rubber polymer is usually used as the traditional acoustic

absorbing material (TSAM), which is designed according to the

two basic principles of impedance matching and damping

dissipation [13, 14]. However, for the traditional sound

absorbing materials, the reflection coefficient of the material
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surface is proportional to its loss factor, that is, there is a

contradiction between the impedance matching requirement

of the material and the high loss. Therefore, in order to

promote acoustic damping dissipation, the internal acoustic

structure of traditional materials needs to be changed. At

present, the commonly used methods to change the acoustic

structure of materials are the pore cavity resonance method,

particle filling method, sandwich composite method, etc. At the

same time, the TSAM also faces the two major problems of poor

low frequency sound absorption capacity and poor sound

absorption capacity under hydrostatic pressure.

Therefore, the development and design of low frequency

(below 2 kHz), broadband, water pressure resistant SAM are the

main challenges currently faced.

According to different sound absorption mechanisms, SAM

can be divided into local resonance metamaterials (LRM) and

non-resonance metamaterials (NRM).

In 2006, Zhao [15, 16] et al. introduced the local resonance

theory into the design of sound-absorbing metamaterials for the

first time, and systematically studied the absorption

characteristics caused by local resonance. By filling the metal

core covered by soft rubber layer in viscoelastic polymer as the

local resonator, the underwater acoustic absorption effect at the

local resonance frequency was verified. The cross section of metal

steel ball array coated in viscoelastic polymer matrix is shown in

Figure 3.

The experimental results show that the designed local

resonance metamaterial has low-frequency underwater sound

FIGURE 1
Sketch of development history of acoustic metamaterials.

FIGURE 2
Schematic diagram of regulation function of three kinds of underwater acoustic metamaterials.
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absorption characteristics, and the underwater sound absorption

effect at the local resonance frequency is obvious. Although the

LRM has good sound absorption effect in low frequency band,

the effective frequency range of sound absorption performance is

relatively narrow. Therefore, Zhao, Wen et al. [17–20] further

investigated the problem that the band gap width of LRM is too

narrow by using finite element method and multiple scattering

method. The results show that metamaterials with different local

resonance frequencies can be superimposed to improve the

sound absorption effect of metamaterials at low frequencies.

Shi et al. [21] similarly designed a multilayer composite local

resonance metamaterial, which widened or generated multiple

band gaps by embedding multilayer local resonance couplings

inside the matrix.

As shown in Figure 4, in order to explore the influence of

coupling of multiple resonance units on sound absorption, Gu

[22] et al. designed a sound-absorbing metamaterial with

12 resonance units in each basic unit. Under the action of this

specific structure and multiple scattering, this material can

absorb broadband low-frequency underwater sound in the

frequency range of 600–2000 Hz and the high hydrostatic

pressure of 0.5Mpa.

Zhong et al. [23] develops an underwater acoustic

metamaterial plate with potential advantages of low-

frequency broadband sound absorption and high

hydrostatic pressure resistance. The proposed metamaterial

is composed of particle-filled polyurethane damping materials

and a square lattice of spiral resonators. The formation

mechanisms of the locally resonant band gaps are

investigated based on the modal analysis of plate modes

and local resonances. Results show that In the frequency

domain (0.8 kHz, 6 kHz), the average sound absorption

coefficient of the proposed metamaterial plate under

normal atmospheric pressure is 0.54. Furthermore, the

sound absorption coefficient of the proposed structure is

experimentally studied under different hydrostatic pressure

conditions. Specifically, the proposed metamaterial structure

achieves average sound absorption coefficient of 0.51 in the

frequency range (1.5 kHz, 6 kHz) under 0.5 MPa.

At present, due to the limitation of the inherent

characteristics of the local resonance theory, the sound

absorption frequency band is narrow, and the sound

absorption capacity needs to be improved in underwater use

scenes. How to enhance the sound absorption band of

metamaterials by using the multiple scattering effect generated

by resonant coupling elements is a key issue in this field in the

future.

NRM mainly includes porous foam metamaterials, gradient

index metamaterials and other new sound absorption

metamaterials.

A recent publication on broadband underwater

metamaterial, Qu et al [24]. Present a novel metamaterial

absorber with structured impedance-matched composite,

which can realized an underwater acoustic absorber exhibiting

high absorption from 4 to 20 kHz. And the structured composite

represents a new type of acoustic metamaterials that has high

acoustic energy density and promises broad underwater

applications.

Xu et al. [25, 26] designed an open-cell SiC foam to solve the

impedance mismatch problem of the existing underwater porous

foam at low frequency. The experiment shows that the

underwater sound absorption performance of the material can

be improved by filling the holes with silicone oil, and the sound

absorption coefficient is close to one in 750–4000 Hz. When the

holes are filled with water, the sound absorption performance of

the material can also be enhanced. However, it is worth noting

that this material needs to rely on the rigid backing behind it.

Wang et al. [27] developed a kind of gradient exponential

metamaterial with acoustic black hole effect based on multiple

scattering theory. The simulation results show that the

metamaterial has an omnidirectional sound absorption effect

in underwater broadband, which provides a new idea for the

design of underwater acoustic coating.

FIGURE 3
Cross sections of the array of coated steel spheres embedded
in a viscoelastic polymer matrix.

FIGURE 4
Schematic diagram of SAM with multiple resonance units.
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In addition, Yuan et al. [14] proposed a kind of NRM based

on the composite of graphene microchip and rubber material.

The experimental results show that this material can enhance the

absorption effect of 2–30 Hz underwater sound. Gao and Zhang

et al. [28] put forward a kind of NRM with a spiral metal ring

embedded in the viscoelastic layer. Results show that this

metastructure can achieve the low frequency and broadband

acoustic absorption below 1,000 Hz.

3 Sound insulation decoupling
metamaterials

SIMD are mainly used to reduce the near-field self-noise

caused by flow-induced vibration, so as to improve the sound

detection and stealth performance of equipment.

At present, SIDM is mainly faced with two problems. First, if

the soft rubber material is applied directly to the surface of the

underwater acoustic equipment, the impedance mismatch can be

formed. In this case, the structure of the device will become heavy

and not conducive to use. Second, most of SIDMs are structural

forms with embedded cavities, and the cavity volume is directly

proportional to the impedance mismatch effect [3] and inversely

proportional to the material pressure resistance [29]. The

relationship between the two is difficult to balance. Therefore,

how to improve the sound absorption performance while

ensuring the pressure resistance of materials is the research

focus of SIDM at present.

Previously, some researchers [30, 31] have studied the

decoupling mechanism of traditional porous metamaterials

and pointed out that its sound absorption mainly comes from

the vibration isolation of the decoupling layer. Porous

metamaterials has light weight and effective medium and high

frequency decoupling ability, but its low frequency vibration

suppression and isolation ability is still very weak, so it is difficult

to play a decoupling role. Huang et al. [32] designed a complex

axisymmetric pass based on the traditional cylindrical and

conical pass and established an equivalent fluid model for

simulation analysis. The simulation results show that the

complex axisymmetric pass has better decoupling performance

than the traditional pass.

Due to the design characteristics of a single local

resonance unit, the sound insulation metamaterial also has

the problem of the narrow sound insulation frequency band.

However, the researchers found that the local resonators are

also suitable for SIDM. In 2016, Huang et al. [33] introduced

single-degree-of-freedom periodic local resonators into SIDM

for the first time and established a computational model for

local resonant scatterers based on effective medium theory

and elastic dynamics theory. It is demonstrated that the

effective density of the acoustic metamaterial decoupling

layer has a great influence on the mechanical impedance of

the system, and the low frequency noise reduction near the

local resonance frequency is more obvious. Yang et al. [8]

designed a kind of SIDM for UAE, which broadened the sound

absorption band of metamaterials by coupling the local

resonance and Bragg sound insulation band.

Zhong et al. [34] proposes a new type of composite

underwater honeycomb-type acoustic metamaterial (AM) plate

with the advantages of low-frequency broadband sound

insulation and high hydrostatic pressure resistance. The

underwater sound insulation performance and mechanisms of

the new type of AM were investigated numerically and

experimentally. The results show that the honeycomb-type

AM has good underwater sound insulation performance at

low frequencies and the proposed AM structure can still

achieve an average sound transmission loss of 10 dB in the

frequency range (2kHz, 10 kHz) under the hydrostatic

pressure of 3 Mpa.

The chiral structure is a kind of porous structure with high

shear stiffness, negative Poisson’s ratio and negative equivalent

mass density. Wang et al. [35] studied the suppression effect of

different frequency regions on acoustic radiation noise by adding

a metal core local harmonic oscillator to chiral structural

materials. The results show that not only chiral materials can

also be used in SIDM, but also the coupling relationship between

the local harmonic oscillator and chiral structure can inhibit the

vibration of materials. Spadoni and Ruzzene et al. [36, 37] have

analyzed the sound radiation characteristics of chiral beams, and

the results show that chiral structures have an important

influence on the vibration and sound isolation of beams. Zhu

et al. [38] designed three groups of control tests (solid coating,

chiral metamaterial coating and chiral coating filled with

polystyrene foam) to verify the influence of different materials

on the sound insulation effect of chiral metamaterials. The

FIGURE 5
Schematic diagram of negative Poisson’s ratio metamaterial.
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experimental results show that polystyrene foam is helpful to

enhance the sound insulation effect of chiral metamaterials.

In addition, mechanical metamaterials with negative

Poisson’s ratio are also widely used in the field of sound

insulation and decoupling. The negative Poisson’s ratio

property means that when a material is axially compressed, it

will contract longitudinally, and when it is axially stretched, it will

expand longitudinally. When the transverse strain of the material

is equal to the longitudinal strain, the Poisson’s ratio is -1. Its

basic unit body, tension and compression schematic are shown in

Figure 5. Zhang et al. [39] designed a honeycomb vibration

isolator for ships by using the characteristic of negative Poisson’s

ratio. The metamaterial has a good vibration isolation effect

below 50 Hz.

4 Underwater acoustic guided
metamaterials

In recent years, with the increasingly wide application of

UAE, not only the requirements for detection and

communication accuracy are getting higher and higher, but

also how to realize “stealth” detection has gradually become a

research hotspot. Underwater acoustic control based on the

principle of sound absorption and sound insulation will

inevitably leave a “sound shadow area”, which is difficult to

resist multi-directional stereo detection technologies such as

multi-base sonar detection. Through the structural design of

metamaterials, guiding sound waves to propagate along a specific

path is the basic idea to realize stealth function.

In 2006, based on the theory of electromagnetic wave regulation,

Pendry et al. [40] predicted the wave’s propagation trajectory to

deduce the required material structure and designed an invisibility

cloak that could control the wave to bypass the target without

scattering, and provides a general theory for the design of uniform

materials to guide sound waves to propagate along a specific curved

path. As shown in Figure 6, the acoustic guidance control model and

stealth effect diagram of stealth cloak can control acoustic waves to

bypass the target object without scattering. Based on this idea,

Cummer and Schuring et al. [41] developed the theory of

transformation acoustics. In 2007, Chen et al. [42] demonstrated

the possibility of transforming acoustic theory and designed a

theoretical model of an invisibility cloak, which achieved the

ideal invisibility effect. In 2018, Bi et al. [43] designed a three-

dimensional underwater acoustic stealth cloak based on the theory

of transformation acoustics. Its structural shape is an octahedral

pyramid. When used, it is placed above the target, and the scattered

wave is manipulated to imitate the plane scattered wave, so as to

achieve the effect of hiding the target. However, these metamaterials

are made up of anisotropic and heterogeneous media, and there are

still great challenges in physical realization and engineering

application.

In 2008, Norris et al. [12] Based on the transformation

acoustic theory of anisotropic elastic modulus, the design idea

of acoustic invisibility cloak using Pentamode metamaterials is

proposed. Pentamode metamaterials have the characteristics of

shear modulus far less than compression modulus, all-solid

medium, and wide frequency band [44], so it has more

application value in engineering. In 2013, On the basis of

previous studies, Norris et al. [45] conducted experiments on

the underwater acoustic refraction principle of pentamode

metamaterials, and verified the feasibility of pentamode

metamaterials in the field of underwater acoustic control. The

variable model, solid characteristics, and anisotropic

heterogeneous media make the pentamode metamaterials

supplement the deficiency of UAGM, so it shows Pentamode

metamaterials have gradually become the main way to realize

underwater acoustic guided metamaterials.

Sun et al. [46] obtained the parameters needed for cloaks in

impedance matching by inverse Laplace equation and designed

cloaks based on pentamode metamaterials. The simulation

results show that the cloak has a good broadband stealth

effect. Chen et al. [47] designed a practical pentamode

metamaterials cloak. The proposed cloak is assembled by

FIGURE 6
Acoustic guidance model of invisibility cloak.
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pentamode lattice made of a single-phase solid material. During

the simulation process, it was found that the pentamode

metamaterials cloak could not achieve the ideal broadband

characteristics because of its low shear modulus. Therefore,

the pentamode metamaterials cloak could only hide the target

within the segmented frequency range. Chen et al. found that the

shear resonance can be improved by introducing material

damping, and then the broadband performance can be improved.

Zhao et al. [48] prepared a two-dimensional pentamode

metamaterials sample using a single metal material and

verified its acoustic characteristics. The experimental results

prove the correctness of the design idea. The above work

shows that the pentamode metamaterials have gradually

become the main way to realize UAGM.

Due to the limitation of material characteristics, at the

beginning of the design of UAGM, its operating frequency

band is set to a fixed value, which can only play the effect of

diffraction regulation on the incident wave of a specific

frequency. In the future, how to flexibly adjust the working

frequency band of UAGM with the change of incident wave

frequency and realize adaptive control is the main challenge

before it is applied to underwater engineering.

5 Summary and prospect

This paper reviews the sound absorption mechanism and

structural design process of SAM, SIDM, and UAGM from

three perspectives: basic properties of metamaterials,

development history, and future development directions.

This paper also summarizes the sound absorption effect

and underwater sound absorption performance of

underwater acoustic metamaterials to provide a reference

for subsequent researchers. The conclusions of this paper are

as follows:

(1) Due to the limitation of the inherent characteristics of

the local resonance theory, the sound absorption band of

SAM is narrow and the sound absorption capacity for

underwater use scenarios still needs to be improved.

How to use the multiple scattering effects generated

by the resonant coupling unit to enhance the sound

absorption band of metamaterials is a key issue in this

field in the future.

(2) In the environment of high hydrostatic pressure, SIDM is

usually designed to be thicker and heavier. How to apply it

in UAE under the premise of light weight is amajor engineering

problem for future sound insulation decoupling metamaterials.

(3) How to adjust the working frequency band of UAGM

flexibly with the change of incident wave frequency and

realize the active guidance of incident sound waves is a

difficult problem to be solved in UAGM.

Generally speaking, compared with the traditional

underwater acoustic materials, the performance of

underwater acoustic metamaterials has great advantages,

but the practical engineering application effect needs

further demonstration. In the future, underwater acoustic

metamaterials will develop in the direction of broadband,

low frequency, and pressure resistance.
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The tunable manipulation of guided waves in plates brings out great potential

applications in engineering practices, and the electromechanical coupling

effects of piezoelectric material with shunting circuits have exhibited

powerful tunability and flexibility for guided wave propagation. In this paper,

a theoretical model is established to analyze the guided wave propagation in

one-dimensional periodic piezoelectric plate constructed from a periodic array

of anisotropic piezoelectric materials under periodic electrical boundary

conditions. The extended Stroh formalism incorporating with the plane wave

expansion method is developed to transform the wave motion equations of the

periodic piezoelectric plate into a linear eigenvalue system, and a more concise

and elegant solution of generalized displacement and generalized stress can be

derived. There are various dispersion relations in terms of the altering electrical

boundary conditions to be acquired, if the thin electrodes with shunting circuits

are attached periodically to both surfaces of the piezoelectric plate. Analytical

results show that the coupling of the local electric resonant mode and

propagating elastic wave modes can induce hybridization bandgaps, and the

bandgaps of Lamb waves and SH waves in the piezoelectric plate can be tuned

by designing appropriate material polarization orientations and shunting

circuits. In addition, the Bragg bandgaps can also be influenced by the

external circuits. Results indicate that the proposed theoretical model can

effectively analyze the performances of guided waves in periodic

piezoelectric plate and provide useful theoretical guidance for designing

smart wave control devices.
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metamaterials, phononic crystals, guided waves, piezoelectricity, electromechanical
coupling, Stroh formalism
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1 Introduction

Phononic crystals/metamaterials as kinds of artificial

composite materials can achieve various fantastic

performances [1–5] and have been attracting more and more

attention for a wide variety of potential applications [6–11].

Especially, phononic crystals/metamaterials with anomalous

dynamic characteristics can fulfill special functions, like wave

resistance [12], vibration reduction [13, 14], vibration and wave

motion control [15–17], which are significant for maintaining

safety and stability of engineering structures. Phononic crystals

are based on the Bragg scattering in periodic structures to reduce

vibration and manipulate wave propagation by adjusting their

band structures [18, 19], and the most concern is the Bragg

bandgaps. The wavelength corresponding to the Bragg bandgap

is of the same order as the lattice constant. However,

metamaterials mainly focus on the locally resonant bandgaps

at lower frequency range by changing the local mechanical

properties, and the vibration reduction and wave propagation

can be controlled at a deeply subwavelength scale [20].

Nowadays, many bandgap-based dynamic behavior altering

design combine the characteristics of both phononic crystals

and metamaterials [21], so there is no rigorous distinction

between them.

The Bragg bandgaps of phononic crystals depend on the

periodicity of the structure and are normally fixed and invariable.

However, it is meaningful to design phononic crystals with

tunable and controllable band structures in practical

applications [22]. Consequently, multi-physics coupling

phononic crystals have been introduced to manipulate the

performances of guided waves propagation by adjusting the

multi-physics coupling effects. For one-dimensional

piezoelectric or piezomagnetic phononic crystals, Guo et al.

investigated the influences of initial stresses [23], mechanically

and dielectrically imperfect interfaces [24], and functionally

graded interlayers [25] on the dispersion relations of elastic

waves. For nanoscale periodic layered piezoelectric composites

[26, 27] or piezoelectric/piezomagnetic laminates [28], the

influences of nanoscale size and multi-physics coupling on

elastic waves were discussed based on the non-local theory.

For the piezoelectric plate with a periodic arrangement of

electrodes on both surfaces, its electrical Bragg bandgaps can

be optimized by changing the crystallographic orientation of the

piezoelectric plate [29], and the Bragg gaps of guided wave modes

can be controlled by the electrical boundary conditions via either

floating potential or short circuit [30, 31]. However, most

researches lack discussion on how to control the dynamic

behaviors of the piezoelectric plate by using the

electromechanical coupling effect, but it is vital for designing

phononic crystals with the tunability of band structures.

Since 1979 Forward [32] introduced electric damping to

control the vibration of the structure, the design of

piezoelectric transducers with shunting circuits has been

applied to actively attenuate noise and vibration in structures

[33, 34]. In most cases, the periodic piezoelectric patches with

shunting circuits are attached to the surfaces of elastic structures

as metamaterials to change the equivalent properties of elastic

materials, and the band structures of guided waves can be

relatively manipulated by external circuits. For an elastic beam

with periodic piezoelectric patches, its band structures can be

altered by different external circuits to induce local resonances,

such as inductance circuits [35], an inductor in series with a

positive or negative resistor [36], in series or in parallel negative

capacitance and negative inductance circuits [37] or digital

circuits with feedback control loops [38]. Sugino et al. [39]

proposed a piezoelectric bimorph beam with mechanical and

electromechanical resonators, and two resonant bandgaps could

bemerged to form a broaden bandgap of flexural wave by altering

the mechanical resonator and shunting circuit. For an elastic

plate with periodic piezoelectric patches, different external

circuits such as inductance-capacitance circuits [40] or

negative capacitance circuits [41, 42] have also been used to

design the tunable band structures of Lamb waves and SH waves.

However, for the multi-mode guided waves in piezoelectric plate,

the interactions between mechanical and electric resonant modes

are too difficult to analyze, so that the researches on the

mechanism of manipulating guided wave propagation in

piezoelectric plate with shunting circuits are relatively limited.

For a homogeneous piezoelectric plate periodically covered

electrodes with external circuits, spectral element method was

applied to reveal the electromechanical coupling effect on the

resonance bandgaps of symmetric mode Lambwaves by shunting

inductance-capacitance circuits [43]. Kherraz et al. found the

external inductance circuits could cause an electric resonant

mode to form a hybridization bandgap by coupling with both

symmetric and antisymmetric mode Lamb waves [44–46].

Nevertheless, there is no theoretical analysis of all guided

wave modes in composite plates with alternative arrangements

of different piezoelectric materials for a broad tunability range of

guided waves, because it is too complicated to describe the

electromechanical coupling effect on bandgaps induced by the

coupling of shunting circuits and all guided wave modes. The

very challenging task is how to study the wave motion in periodic

piezoelectric plate by considering the anisotropic property of

piezoelectric material and the electromechanical coupling effect

of external circuits simultaneously.

As a representative theory of anisotropic elasticity, the Stroh

formalism was established by Stroh [47, 48] in 1958 and

systematically reconstructed by Ting [49] and Tanuma [50],

and it has been developed to solve the static problems about

piezoelectric and magneto-electro-elastic solids [51], magneto-

electro-elastic composite laminates [52, 53] and homogenized

piezoelectric plates [54]. For dynamic problems, the pseudo-

Stroh formalism was proposed by solving the eigenvalue problem

to conduct forced vibrations analysis [55, 56] and study the

dynamic responses of piezoelectric plates [57] and magneto-
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electro-elastic plates [58]. Furthermore, based on the elegant

mathematical form of Stroh formalism, the wave motion and

dispersion relations of plates have been studied, such as SH waves

in multilayered piezoelectric semiconductor plates [59], Lamb

waves in piezoelectric and elastic multilayered plates [60], both

Lamb waves and SH wave in a magneto-electro-elastic laminate

[61] or in a single piezoelectric semiconductor plate [62]. Due to

the unique piezoelectric effects of piezoelectric materials which

can achieve energy conversion between electric fields and

mechanical deformations, there are many smart devices to be

made of piezoelectric materials. Although Stroh Formalism has

been developed to be an efficient way for theoretically solving

multi-physics coupling problems, it still needs to be improved to

solve the wave propagation problems in anisotropic periodic

piezoelectric plates, especially with external circuits. In fact, the

periodic piezoelectric plate with shunting circuits can be treated

as a perfect combination of phononic crystal with periodic

structure and metamaterial with varying external circuits, and

it can reveal more fascinating performances by periodic

arrangement of piezoelectric materials and altering electrical

boundary conditions.

In this paper, for a one-dimensional periodic piezoelectric

plate, which consists of periodically alternating two piezoelectric

materials with thin electrodes shunted electric circuits to be

attached on both surfaces, a novel theoretical model based on

Stroh formalism is proposed for investigating the propagation

features of elastic waves in the periodic piezoelectric plate. The

rest of the paper is organized as follows. In Section 2, the

extended Stroh formalism is derived for the theoretical model

of wave motion in a periodic piezoelectric plate, and the solutions

of generalized displacement and generalized stress are provided

based on the plane wave expansion method for calculating the

dispersion relations by a linear superposition of the

corresponding eigenvalues and eigenvectors. After that, the

effects of electrical boundary conditions on the dispersion

relations are discussed in Section 3, and the corresponding

dispersion relations of guided waves are derived for revealing

the electromechanical effects. There are some typical examples to

discuss the electromechanical coupling effects on guided waves

by changing the polarizations of piezoelectric materials and the

external circuits in Section 4. Finally, the conclusions of this

paper are addressed in Section 5.

2 Theoretical model of wave motion
in periodic piezoelectric plate

2.1 Wave equations of piezoelectric
medium

For an anisotropic piezoelectric plate, if the 3D Cartesian

coordinate system is coincident with its three material principal

axes, the mechanical stress tensor σ and the electric displacement

vector D are related to the strain tensor ε and electric field vector

E by the following constitutive equations,

σ ij � ∑
3

k,l�1
Cijklεkl −∑

3

k�1
ekijEk,

Dj � ∑
3

k,l�1
ejklεkl +∑

3

k�1
ϵjkEk,

i, j � 1, 2, 3, (1)

where Ek � − zϕ
zxk

, εkl � 1
2 (zukzxl

+ zul
zxk

), u and ϕ are the displacement

vector and electric potential, and C, e,  are the elasticity tensor,

piezoelectric tensor and dielectric tensor, respectively.

Because of the symmetry of piezoelectric material, there are

Cijkl = Cjikl = Cijlk = Cklij, elij = elji, εjk = εkj, and then Eq. 1 can be

rewritten as

σ ij � ∑
3

k,l�1
Cijkl

zuk

zxl
+∑

3

k�1
ekij

zϕ

zxk
,

Dj � ∑
3

k,l�1
ejkl

zuk

zxl
−∑

3

k�1
ϵjk

zϕ

zxk
,

i, j � 1, 2, 3. (2)

In order to unify the variables in Eq. 2, the generalized

displacement vector and generalized stress tensor are defined by

~uK � uK, K � 1, 2, 3,
ϕ, K � 4,

{

~σIj � σIj, I, j � 1, 2, 3,
Dj, I � 4, j � 1, 2, 3,{

and a new material parameter tensor B is introduced as

BIjKl �
CIjKl, I, j, K, l � 1, 2, 3,
elIj, I, j, l � 1, 2, 3, K � 4,
ejKl, j, K, l � 1, 2, 3, I � 4,
−ϵjl, j, l � 1, 2, 3, I � K � 4,

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

so that Eq. 2 can be written equivalently by

~σIj � ∑
4

K�1
∑
3

l�1
BIjKl

z~uK

zxl
, I � 1, 2, 3, 4, j � 1, 2, 3. (3)

For the piezoelectric plate without body force and free

charge, the dynamic governing equation and the electric

equilibrium equation are given by

∑
3

j�1

zσ ij
zxj

� ρ
z2uI

zt2
, i � 1, 2, 3,

∑
3

j�1

zDj

zxj
� 0.

(4)

Based on the notations of generalized displacement vector and

generalized stress tensor, Eq. 4 can be simplified as

∑
3

j�1

z~σIj

zxj
� ρ

z2~uI

zt2
∑
3

α�1
δIα⎛⎝ ⎞⎠ , I � 1, 2, 3, 4. (5)

Combining Eqs 3, 5, the wave equation of anisotropic

piezoelectric plate can be derived as
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∑
3

j�1
∑
4

K�1
∑
3

l�1

z

zxj
BIjKl

z~uK

zxl
( ) � ρ

z2~uI

zt2
∑
3

α�1
δIα⎛⎝ ⎞⎠, I � 1, 2, 3, 4.

(6)
Therefore, the wave motion in piezoelectric plate can be obtained

by solving Eq. 6 under initial and boundary conditions.

2.2 Periodic piezoelectric plate

Considering a piezoelectric composite plate with periodically

alternating two piezoelectric materials in one dimensional series as

shown in Figure 1A, the Cartesian coordinate system with the

original point lying at the center is used, and the plate has a finite

thickness h along x3 axis and infinite size in x2 axis. The unit cell as

shown in Figure 1B consists of two piezoelectric materials marked

as part I (blue) and part II (gray) with segment lengths l1 and 2 × l2
2

to form a symmetric structure along x1 axis with the lattice

constant l = l1+l2. Their material parameter tensors are BI and

BII, and densities are ρI and ρII. It needs to emphasize that the

material parameter tensors BI andBII have to be transformed from

their material coordinate system to Cartesian coordinate system

before substituting into Eq. 6. Set the center of each unit cell as its

location, the unit cells along the positive direction of x1 axis are

listed as the 1st, 2nd,/ , Jth unit cell in sequence, and the Jth unit cell

is located along the x1 coordinate axis in the range O � [Jl − l
2, Jl +

l
2] with the corresponding ranges of part I OI � [Jl − l1

2 , Jl + l1
2] and

part II OII � [Jl − l
2, Jl − l1

2] ∪ [Jl + l1
2 , Jl + l

2], separately.

Due to the spatial periodicity of piezoelectric plate, the

material parameter tensor B can be expanded into Fourier

series in the x1 direction as

B x1( ) � ∑
m�+∞

m�−∞
Bm ei

2πm
l x1 , (7)

where i � ���−1√
is the unit imaginary number, and m is integer.

Bm is the Fourier expansion coefficient matrix for each unit cell,

and it can be calculated for the Jth unit cell by

Bm � 1
l
∫

Jl+ l
2

Jl− l
2

B x1( )e−i2πml x1dx1,

so,

Bm �
BI
l1
l
+ BII

l2
l
, m � 0,

1
mπ

BI − BII( )sin mπ
l1
l

( ), m ≠ 0.

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

In addition, the density of the periodic plate can be silimlarly

expanded into Fourier series as the material parameter tensor.

For the spatial periodicity of piezoelectric plate along x1 axis, the

Fourier expansion coefficient matrix is the same for all the unit

cells.

Here, we only consider the wave propagation along x1
direction, and the plane strain condition is adopted [63] to

simplify Eq. 6, i.e., z/zx2 = 0. Therefore, the basic form of

generalized displacement vector is

~u x1, x3, t( ) � aeik3x3 eik1x1 e−iωt, (8)

where k1 and k3 are the wave vector components along x1 and x3
axes, respectively, ω is the angular frequency, a is the unknown

coefficient vector. The periodicity along x1 indicates that the

solution of the generalized displacement vector can be expanded

by the form of Fourier series based on the Bloch theorem as

a � ∑
+∞

n�−∞
ane

i2πnl x1 . (9)

Substituting Eq. 9 into Eq. 8, we obtain the generalized

displacement vector in one-dimensional periodic structure as

~u x1, x3, t( ) � e−iωteik3x3 ∑
+∞

n�−∞
ane

i k1+2πn
l( )x1 . (10)

In order to get the solution of generalized displacement, the main

attention is focused on solving the wave vector component k3 and

coefficient vectors an.

2.3 The extended Stroh formalism for
elastic dynamics

For simplicity, several matrices related to are introduced as

FIGURE 1
(A) Schematic of the periodic piezoelectric plate covered by
periodic electrodes on both sides, (B) its corresponding unit cell,
and (C) the considering electrical boundary conditions.
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QIK � BI1K1, RIK � BI1K3, TIK � BI3K3, I, K � 1, 2, 3, 4. (11)
Because the material parameters are functions of x1, then, Eq. 6 is

rewritten as

zQ
zx1

z~u
zx1

+ zR
zx1

z~u
zx3

+ Q
z2~u
zx2

1

+ R + RT( )
z2~u

zx1zx3
+ T

z2~u
zx2

3

� ρY
z2~u
zt2

, (12)

where Y = diag(1, 1, 1, 0). Substituting Eqs 7, 10 into Eq. 12, and

set p = m + n, we obtain

∑
+∞

p�−∞
∑
+∞

n�−∞
Fn
p−nane

i k1+2πp
l( )x1 ei k3x3−ωt( ) � 0, (13)

where

Fn
p−n � Qp−n k1 + 2πn

l
( ) k1 + 2πp

l
( ) + Rp−nk3 k1 + 2πp

l
( )

+ RT
p−nk3 k1 + 2πn

l
( ) + Tp−nk

2
3 − ρp−nYω

2. (14)

If the elementary solution is set by

H k1, p, x1( ) � ei k1+2πp
l( )x1 ,

the orthogonality condition can be satisfied, i.e.

∫
a+l

a
H k1, p, x1( )H −k1,−q, x1( )dx1 � lδpq, (15)

where a is an arbitrary real number. In practice, the infinite sums

in Eq. 13 are truncated by a finite value N, and only 2N + 1 terms

are considered. Taking advantage of the orthogonality relation in

Eq. 15, the finite expansion of Eq. 13 can be equivalently

expressed into a system of 2N + 1 linear equations, and it is

∑
N

n�−N
Fn
q−nan � 0 (16)

for any integer q ∈ [−N, N].

The generalized stress on the plane perpendicular to x3 axis is

~t � ~σI3 � RT z~u
zx1

+ T
z~u
zx3

. (17)

Substituting Eqs 7, 10 into Eq. 17, and defining

bp � ∑
N

n�−N
Gn

p−nan, (18)

where

Gn
p−n � RT

p−n k1 + 2πn
l

( ) + k3Tp−n. (19)

It derives

~t � ∑
p�N

p�−N
ibpe

i k1+2πp
l( )x1 ei k3x3−ωt( ).

Setting all the 2N + 1 vectors of an as a new column vector ~a

and the 2N + 1 vectors of bp as a new column vector ~b in Eq. 18,

they have the relation as

~b � ~S~a + k3~T~a, (20)

where the matrices of ~S and ~T are

~S �

RT
0 k1 + 2π −N( )

l
( ) / RT

−N k1 + 2π0
l

( ) / RT
−2N k1 + 2πN

l
( )

..

. ..
. ..

.

RT
N k1 + 2π −N( )

l
( ) / RT

0 k1 + 2π0
l

( ) / RT
−N k1 + 2πN

l
( )

..

. ..
. ..

.

RT
2N k1 + 2π −N( )

l
( ) / RT

N k1 + 2π0
l

( ) / RT
0 k1 + 2πN

l
( )

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

~T �

T0 / T−N / T−2N
..
. ..

. ..
.

TN / T0 / T−N
..
. ..

. ..
.

T2N / TN / T0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

Because the matrix ~T is symmetric and invertible, ~T
−1

exists [50].

Hence, from Eq. 20, we get

k3~a � −~T−1~S~a + ~T
−1~b. (21)

From Eqs. 14, 19, the matrix F can be expressed by G as

Fn
p−n � Qp−n k1 + 2πn

l
( ) k1 + 2πp

l
( ) + Rp−nk3 k1 + 2πp

l
( )

+ k3G
n
p−n − ρp−nYω

2. (22)

Combining Eq. 22 and the qth linear equation in Eq. 16, when q

takes all the integers from −N to N, the linear system of 2N + 1

equations can be rearranged as

~Q~a + k3~R~a + k3~b − ~ρω2~a � 0, (23)
where ~Q, ~R and ~ρ are

~Q �

Q0 k1 + 2π −N( )
l

( ) k1 + 2π −N( )
l

( ) / Q−N k1 + 2π −N( )
l

( ) k1 + 2π0
l

( ) / Q−2N k1 + 2π −N( )
l

( ) k1 + 2πN
l

( )

..

. ..
. ..

.

QN k1 + 2π0
l

( ) k1 + 2π −N( )
l

( ) / Q0 k1 + 2π0
l

( ) k1 + 2π0
l

( ) / Q−N k1 + 2π0
l

( ) k1 + 2πN
l

( )

..

. ..
. ..

.

Q2N k1 + 2πN
l

( ) k1 + 2π −N( )
l

( ) / QN k1 + 2πN
l

( ) k1 + 2π0
l

( ) / Q0 k1 + 2πN
l

( ) k1 + 2πN
l

( )

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

~R �

R0 k1 + 2π −N( )
l

( ) / R−N k1 + 2π −N( )
l

( ) / R−2N k1 + 2π −N( )
l

( )

..

. ..
. ..

.

RN k1 + 2π0
l

( ) / R0 k1 + 2π0
l

( ) / R−N k1 + 2π0
l

( )

..

. ..
. ..

.

R2N k1 + 2πN
l

( ) / RN k1 + 2πN
l

( ) / R0 k1 + 2πN
l

( )

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,
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~ρ �

ρ0Y / ρ−NY / ρ−2NY
..
. ..

. ..
.

ρNY / ρ0Y / ρ−NY
..
. ..

. ..
.

ρ2NY / ρNY / ρ0Y

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

Therefore, from Eqs. 21, 23, we obtain the following eigen

relation as

Nξ � k3ξ,

where

N � −~T−1~S ~T
−1

−~Q + ~ρω2 + ~R~T
−1~S −~R~T−1[ ] , ξ � ~a

~b
[ ] .

The solution ξ is called Stroh eigenvector, where ~a and ~b

represent generalized displacement vector part and generalized

stress vector part, respectively. Because the size of the matrixN is

8(2N + 1) × 8(2N + 1), there are 8(2N + 1) eigenvalues k3 of

complex conjugate pairs and corresponding eigenvectors ξ, and

the solutions of generalized displacement and stress vectors are

(omitting the ranges of p ∈ [−N, N] and r ∈ [1, 8(2N + 1)] for

notation simplicity below)

~u x1, x3, t( ) � e−iωt ∑
p

∑
r

creik
r
3x3arp⎛⎝ ⎞⎠ei k1+2πp

l( )x1 , (24)

and

~t x1, x3, t( ) � ie−iωt ∑
p

∑
r

creik
r
3x3brp⎛⎝ ⎞⎠ei k1+2πp

l( )x1 . (25)

where the unknown coefficients cr can be determined by different

given boundary conditions on the surfaces of plate.

In order to study the propagations of elastic waves in periodic

piezoelectric plate, the electromechanical coupling effect needs to

be considered by the mechanical and electrical boundary

conditions on the surfaces. The dispersion properties can be

changed by various electrical boundary conditions, so that the

tunable band structures can be achieved.

The traction free boundary conditions on the surfaces of

periodic piezoelectric plate can be expressed by

σ31 � 0, σ32 � 0, σ33 � 0, x3 � ± h/2. (26)

No matter what kinds of external circuits are shunted via the

electrodes whose thickness is negligible, the electrical boundary

conditions can be expressed as functions of electric potential ϕ

and normal component of electric displacement vector D3 on

surfaces, that is

f±
e ϕ, D3( ) � 0, x3 � ± h/2. (27)

By considering the orthogonality condition in Eqs. 15, a

combination of the mechanical and electrical boundary

conditions in Eqs. 26, 27 can be conducted by multiplying

H(−k1, − q, x1) and integrating them along x1 axis from Jl − l
2

to Jl + l
2 for each unit cell, and the boundary conditions can be

equivalently transformed into a system of 8 × (2N + 1) linear

equations as

M k1,ω( )c � 0, (28)

where c is a column vector consisting of unknown coefficients cr.

In order to get the non-trivial solution, the determinant of

coefficient matrix must be equal to zero. Then, the dispersion

relation between wave number k1 and angular frequency ω can be

obtained by

det M k1,ω( ) � 0. (29)
Therefore, the dispersion relations of periodic piezoelectric plate

can be obtained by solving Eq. 29 to explore the characteristics of

guided wave motion.

3 Piezoelectric plate with periodic
shunting circuit

3.1 Electrical boundary conditions

When the periodic piezoelectric plate is located in a vacuum,

the normal components of electric displacement in the vacuum

are D+
3(x3 ≥ h

2), D−
3(x3 ≤ − h

2), respectively. For the unit cell with
shunting circuits as shown in Figure 1C, the thin electrodes cover

the entire surfaces of part I and connect external circuits. If φ±
JI

indicates the external electric potentials on electrodes of the Jth

unit cell, the electrical boundary conditions can be written as

ϕ|x3�±h
2
� φ±

JI, x1 ∈ OI,

D3 −D±
3( )|x3�±h

2
� 0, x1 ∈ OII.

{ (30)

The electric potentials in the vacuum are ϕ± and satisfy the

Laplace equation, i.e. ▽2ϕ± = 0. Because the electric potentials

gradually decrease in the vacuum and vanish at infinite, they can

be expressed as

ϕ+ � ∑
p

C+
pe

i k1+2πp
l( ) x1+ispx3( )e−iωt, x3 ≥

h

2
,

ϕ− � ∑
p

C−
pe

i k1+2πp
l( ) x1−ispx3( )e−iωt, x3 ≤ − h

2
,

(31)

where

sp �
1, Re k1 + 2πp

l
( )≥ 0,

−1, Re k1 + 2πp
l

( )< 0.

⎧⎪⎪⎨
⎪⎪⎩

From Eq. 24, the electric potential in the plate is

ϕ � e−iωt ∑
p

∑
r

creik
r
3x3vrp⎡⎣ ⎤⎦ei k1+2πp

l( )x1 , (32)

where vrp is the corresponding component ϕ in arp. Using the

continuity of electric potential on surfaces, ϕ±|x3�±h
2
� ϕ|x3�±h

2
, the
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normal components of electric displacement in the vacuum D±
3

can be expressed by the electric potential in plate ϕ as

D+
3 � −ϵ0ϕ+

,3 � ϵ0k1ϕ + ϵ0 ∑
p

∑
r

crvrpe
ikr3

h
2 ei k1+2πp

l( )x1

k1 sp − 1( ) + 2πp
l
sp( )e−iωt, x3 � h

2
,

D−
3 � −ϵ0ϕ−

,3 � −ϵ0k1ϕ − ϵ0 ∑
p

∑
r

crvrpe
−ikr3h2 ei k1+2πp

l( )x1

k1 sp − 1( ) + 2πp
l
sp( )e−iωt, x3 � −h

2
. (33)

where ϵ0 = 8.854 × 10–12 F/m is the dielectric constant in the

vacuum.

Using Eq. 25, the normal component of electric displacement

of the plate can be expressed as

D3 � i∑
p

∑
r

creik
r
3x3wr

p
⎡⎣ ⎤⎦ei k1+2πp

l( )x1 e−iωt, (34)

where wr
p is the corresponding component D3 in brp. Moreover,

by Eqs. 33, 34, we can get

D3 −D+
3( ) � −ϵ0k1ϕ +∑

p

∑
r

fr
p( )

+
creik

r
3
h
2 ei k1+2πp

l( )x1 e−iωt, x3 � h

2
,

D3 −D−
3( ) � ϵ0k1ϕ +∑

p

∑
r

fr
p( )

−
cre−ik

r
3
h
2 ei k1+2πp

l( )x1 e−iωt, x3 � −h
2
,

(35)

where (fr
p)± � iwr

p ∓ ϵ0vrp(k1(sp − 1) + 2πp
l sp). As a

consequence, the electrical boundary conditions in Eq. 30 can

be rewritten by electric potentials as

ϕ|x3�±h
2
� φ±

JI, x1 ∈ OI,
φ±
JII, x1 ∈ OII,

{ (36)

where the electric potential φ±
JII on the surfaces of part II is the

same for each unit cell and can be calculated by Eq. 35 as

φ±
II � φ±

JII � ±
1

ϵ0k1
∑
p

∑
r

fr
p( )

±
cre±ik

r
3
h
2 ei k1+2πp

l( )x1 e−iωt.

In addition, the charge densities on surfaces are θ± �
± (D3 −D±

3 ) and combining them with Eqs. 30, 35, the total

charges on the electrodes of the Jth unit cell per unit length in x2
direction can be calculated by

Q+
J � −ϵ0k1l1φ+

JI +∑
p

∑
r

fr
p( )

+
creik

r
3
h
2g k1, p, J( )e−iωt,

Q−
J � −ϵ0k1l1φ−

JI −∑
p

∑
r

fr
p( )

−
cre−ik

r
3
h
2g k1, p, J( )e−iωt,

(37)

where

g k1, p, J( ) � ∫
Jl+ l1

2

Jl− l1
2

H k1, p, x1( )dx1

� 2l
k1l + 2πp

eik1Jl sin k1 + 2πp
l

( )
l1
2

[ ].

Therefore the electric potential φ±
JI on the electrodes of part I can

be obtained from Eq. 37 by the electric charge Q±
J determined

under different external circuits on the Jth unit cell. Substituting

φ±
JI and φ

±
II into Eq. 36 and performing the orthogonal integration

in the range of O, the electrical boundary conditions of Eq. 27 can

be provided by a system made of 2(2N + 1) linear equations as

Fe(q)
± = 0, q = 0, ±1, / ± N, with

Fe q( )
+ � ∑

p

∑
r

creik
r
3
h
2 e−iωt vrplδpq −

1
ϵ0k1

fr
p( )

+
lδpq − g 0, p − q, J( )( )[ ]

− g −k1,−q, J( )φ+
JI,

Fe q( )
− � ∑

p

∑
r

cre−ik
r
3
h
2 e−iωt vrplδpq +

1
ϵ0k1

fr
p( )

−
lδpq − g 0, p − q, J( )( )[ ]

− g −k1,−q, J( )φ−
JI .

(38)

Correspondingly, the influences of electrical boundary

conditions on dispersion relations of periodic piezoelectric

plate can be analyzed to investigate the manipulating mechanism.

3.2 Loaded with shunting circuit

3.2.1 Electrically open circuit
When the Jth unit cell is electrically isolated, each electrode is

recognized as an equipotential body and satisfies the condition of

charge conservation to make the total charge of Eq. 37 equal to

zero, so that the electric potentials φ±
JI on the electrodes of part I

can be derived as

φ+
JI �

1
ϵ0k1l1

∑
p

∑
r

fr
p( )

+
creik

r
3
h
2g k1, p, J( )e−iωt,

φ−
JI � − 1

ϵ0k1l1
∑
p

∑
r

fr
p( )

−
cre−ik

r
3
h
2g k1, p, J( )e−iωt.

(39)

Substituting Eq. 39 into Eq. 38, the electrical boundary

conditions of electrically open circuit on both surfaces can

be expressed by

Fe q( )
+ � ∑

p

∑
r

creik
r
3
h
2 e−iωt

vrplδpq −
1

ϵ0k1
fr
p( )

+
lδpq − g 0, p − q, J( )( ) − 1

l1
g k1 , p, J( )g −k1 ,−q, J( )( )[ ],

Fe q( )
− � ∑

p

∑
r

cre−ik
r
3
h
2 e−iωt

vrplδpq +
1

ϵ0k1
fr
p( )

−
lδpq − g 0, p − q, J( )( ) − 1

l1
g k1 , p, J( )g −k1 ,−q, J( )( )[ ].

(40)

3.2.2 Electrically short circuit
If the electrodes of the Jth unit cell are connected to the

ground, their electrical potentials are forced to zero, that

is φ±
JI � 0. Taking advantage of Eq. 38, the electrical boundary

conditions of electrically short circuits on both surfaces are
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Fe q( )
+ � ∑

p

∑
r

creik
r
3
h
2 e−iωt vrplδpq −

1
ϵ0k1

fr
p( )

+
lδpq − g 0, p − q, J( )( )[ ],

Fe q( )
− � ∑

p

∑
r

cre−ik
r
3
h
2 e−iωt vrplδpq +

1
ϵ0k1

fr
p( )

−
lδpq − g 0, p − q, J( )( )[ ].

(41)

3.2.3 Loaded external circuit
If the impedances on the upper and lower electrodes of the Jth

unit cell are Zu, Zd, separately, as shown in Figure 1C, the charges

on the electrodes of the Jth unit cell can be derived as

Q+
J � 1

iωZu
φ+
JI, Q−

J � 1
iωZd

φ−
JI. (42)

Combining Eqs. 42, 37, the electric potentials on the electrodes of

the Jth unit cell can be expressed as

φ+
JI �

1
iωZu

+ ϵ0k1l1( )
−1
∑
p

∑
r

fr
p( )

+
creik

r
3
h
2g k1, p, J( )e−iωt,

φ−
JI � − 1

iωZd
+ ϵ0k1l1( )

−1
∑
p

∑
r

fr
p( )

−
cre−ik

r
3
h
2g k1, p, J( )e−iωt.

(43)
Substituting Eq. 43 into Eq. 38, it leads to

F q( )
+ � ∑

p

∑
r

creik
r
3
h
2 e−iωt vrplδpq −

1
ϵ0k1

fr
p( )

+
lδpq − g 0, p − q, J( )( )[

− 1
iωZu

+ ϵ0k1l1( )
−1

fr
p( )

+
g k1 , p, J( )g −k1 ,−q, J( )],

F q( )
− � ∑

p

∑
r

cre−ik
r
3
h
2 e−iωt vrplδpq +

1
ϵ0k1

fr
p( )

−
lδpq − g 0, p − q, J( )( )[

+ 1
iωZd

+ ϵ0k1l1( )
−1

fr
p( )

−
g k1 , p, J( )g −k1 ,−q, J( )].

(44)

Obviously, when the impedances Zu or Zd → ∞, the circuit

becomes electrically open case, and Eq. 44 can be degenerated to

Eq. 40. When the impedances Zu or Zd = 0, the circuit can also be

equivalently transformed into electrically short case with Eq. 44

degenerated to Eq. 41. Otherwise, for different values of

impedances Zu or Zd, there are various electrical boundary

conditions to be provided.

The different kinds of electrical boundary conditions are

converted into a set of linear homogeneous equations.

Combining the wave motion equation in Eq. 6 and boundary

conditions in Eqs. 26, 27, the eigenvalues and eigenvectors in Eqs.

28, 29 can be determined, and the generalized solutions Eqs. 24,

25 can be obtained in an accurate form with infinite N or an

approximate form with the truncating finite terms of N.

4 Electromechanical coupling effects
on guided waves

In order to discuss the electromechanical coupling effects on

the guided wave propagation in the periodic structure, a periodic

piezoelectric plate made of PZT-5H is considered and the

material parameters based on its three material principal axes

are listed in Table 1 with the Voigt notation. Each unit cell of the

periodic piezoelectric plate is constructed by two PZT segments

with separately polarized directions and shunted external

circuits. Based on the theoretical model, the dispersion curves

of both Lamb waves and SH waves in the periodic piezoelectric

plate can be calculated under different electrical boundary

conditions. By changing the polarization directions of PZT

segments in a unit cell or shunting different types of external

circuits, the dispersion properties of periodic piezoelectric plates

can be easily altered to control the performances of guided waves

propagations.

If the sizes of unit cell in Figure 1B are set l = 5 mm, h = 3 mm

the dimensionless wave number k1l and dimensionless frequency

Ω � ωl����
C44/ρ

√ are introduced, and the dispersion curves are

calculated in the range k1l = [0, π] for the symmetry of the

periodic piezoelectric plate. Finite element method is also

conducted by COMSOL Multiphysics for comparison. In

COMSOL Multiphysics calculations, the Floquet periodicity is

applied to unit cell boundaries perpendicular to x1 direction.

Providing the wave number k1 by parametric sweep, the

corresponding eigenfrequencies can be obtained.

4.1 Polarized along the x2 axis

If the unit cell in Figure 1B is designed by a combination of part I

with l1 = 0.8 L and part II with l2 = 0.2 L, both parts are made of

PZT-5H with the polarization directions along x2 axis as illustrated

in Figure 2 with red crosses, and only the surfaces of part I are fully

covered with thin electrodes. It means that there is no difference

between the piezoelectric materials in part I and part II except part I

can connect external circuits. For discussing the influences of

external circuits on the dispersion properties of the periodic

piezoelectric plate, the shunting inductance circuit is considered.

Compared to the electrically open case in Figure 2A, the external

inductance circuit is set by connecting inductance L on the upper

electrode, and the lower electrode is connected to the ground as

shown in Figure 2B, i.e. Zu = iωL, Zd = 0. If the inductor in Figure 2B

is chosen by L = 50 μHand L = 30 μH, separately, the corresponding

dispersion curves of Figures 2A,B can be calculated by Eq. 29 and

results are shown in Figure 3. For the case without external circuits

in Figure 2A, the dispersion curves of Lamb waves and SH wave are

the same as homogeneous plate as shown in Figure 3A, and the

corresponding finite element results are obtained by the commercial

software COMSOL Multiphysics and illustrated by gray rhombus

marks. In Figure 3A, these two results are in complete agreement, so

that the effectiveness and reliability of Eq. 29 is verified.

If the external circuits are involved, the dispersion curves of

Lamb waves and SH wave are also calculated by Eq. 29 and

shown in Figures 3B,C, and there is an extra electric mode (red

lines) to couple with the guided waves compared to Figure 3A.
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The corresponding finite element results calculated by

COMMOL Multiphysics are not presented here because the

“Electrical Circuit” interface of COMSOL is unstably

supported for eigenvalue problem. Therefore, the reliability of

Eq. 29 when the shunting circuits are involved is verified by the

dispersion relation of the electric mode before coupling with

guided waves, which can be derived from the equivalent-circuit

model [44] as

ω � 2CII 1 − cos kl( ) + CI( )L[ ]−1
2, (45)

and illustrated by rose dashed curves in Figures 3B,C.

In this model, the unit cell in Figure 2B can be equivalent

represented by a capacitor CI whose surfaces are

perpendicular to x3 axis, and form a inductance-

capacitance resonant circuit with the shunting inductance.

In addition, the electrodes on the upper surfaces of adjacent

unit cells are connected by an equivalent capacitor CII whose

surfaces are perpendicular to x1 due to the electrical potential

differences on these two electrodes. The values of CI and CII

can be determined by the cutoff frequency ω0 and ωπ denoted

as the dimensionless Ω0 and Ωπ in Figures 3B,C at the edges of

Brillouin zone k1l = 0 and k1l → π.

In Figures 3B,C, the shunted inductance circuit has no effect

on Lamb waves due to their displacement vectors are

perpendicular to the polarization orientation of piezoelectric

material. By contrast, there is a strong interaction between the

electric mode and SH0 wave for the same directions of

displacement vector and polarization orientation, and opening

up the hybridization bandgaps as shown by gray shadow areas.

According to Eq. 45, the lower inductance L can induce the

electric mode at higher frequency range, and can result in the

hybridization bandgaps at higher frequency range too, as shown

in Figures 3B,C. The width of the hybridization bandgap

increases to 1.3 times when the inductances decrease from

50 μH to 30 μH. Compared to Figure 3A, besides the

hybridization bandgaps caused by electric mode, there is an

extra narrow Bragg scattering bandgap (green shadow region)

to be generated in Figures 3B,C for the periodicity of piezoelectric

plate.

4.2 Polarized along the x3 axis

The design of unit cell in Figure 4 is the same as that in

Figure 2, except the polarization directions are all along x3 axis as

shown in Figure 4 with red arrows, and for Figure 4B the same

electrical boundary conditions are considered as described in

Section 4.1. The corresponding dispersion curves are calculated

by Eq. 29 and results are illustrated in Figure 5. For the case of

TABLE 1 Material parameters of PZT-5H [31].

Elastic constants (GPa)
C11 = C22 C12 C13 = C23 C33 C44 = C55 C66

127.21 80.21 84.67 117.44 22.99 23.47

Piezoelectric constants (C/m2) Relative dielectric constants Density (kg/m3)

e15 = e24 e31 = e32 e33 ϵ11/ϵ0 = ϵ22/ϵ0 ϵ33/ϵ0 ρ

17.03 −6.62 23.24 1704.4 1433.6 7500

FIGURE 2
The periodic unit cell made of x2 direction polarized PZT with
different electrical boundary conditions: (A) electrically open, (B)
shunting inductance.

FIGURE 3
Dispersion curves of periodic plates with unit cells of (A)
Figure 2A, (B) Figure 2B with L = 50 μH and (C) Figure 2B with L =
30 μH.
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electrically open in Figure 4A, the finite element results are

provided by the commercial software COMSOL Multiphysics

and plotted in Figure 5A by gray rhombus symbols to show the

good consistence with the theoretical model.

Compared to the dispersion curves in Figure 3, the big

difference is that the shunting inductance circuit of Figure 4B

has no influence on SH wave and the hybridization bandgaps

emerge only from the coupling of the electric mode with the

Lamb waves as gray shadow regions in Figures 5B,C. In

Figures 5B,C, there is a stronger interaction with S0-like

mode to form a broader hybridization bandgap than that

with A0-like mode. It indicates that the electromechanical

coupling effect on the guided waves can be effectively selected

by the polarization direction of piezoelectric material. For the

same shunting inductor with L = 50 μH, the electric mode

calculated by Eq. 45 can cover a wider frequency range with

lower Ωπ and higher Ω0 in Figure 5B than that in Figure 3B,

and leads to a nearly three times wider hybridization bandgap

of S0-like mode than that of SH0 mode in Figure 3B. Similarly,

the difference of the dispersion relations between Figure 5C

and Figure 3C can be observed when the shunting inductor is

L = 30 μH. Besides, there is another hybridization bandgap by

the interaction between S0-like mode and the folded negative-

slope A0-like mode denoted as the pink shadow regions in

Figures 5B,C. The Bragg scattering bandgaps emerge when A0-

like and S0-like waves are folded at the edge of the Brillouin

zone, as denoted the green shadow areas in Figures 5B,C, and

they are only related to the periodicity of piezoelectric plate

but little influence by the shunting inductance circuit.

4.3 Polarized along the x1 axis in part I and
x3 axis in part II

If two parts of unit cell are designed by the same PZT with

different polarization directions, which are along x1 axis in part I

and x3 axis in part II as illustrated in Figure 6, the dispersion

curves of guided waves under the electrical boundary conditions

of electrically open, shunting inductance with L = 50 μH and L =

FIGURE 4
The periodic unit cell made of x3 direction polarized PZT with
different electrical boundary conditions: (A) electrically open, (B)
shunting inductance.

FIGURE 5
Dispersion curves of periodic plates with unit cells of (A)
Figure 4A, (B) Figure 4B with L = 50 μH and (C) Figure 4B with L =
30 μH.

FIGURE 6
The periodic unit cell made of x1 direction and x3 direction
polarized PZT with different electrical boundary conditions: (A)
electrically open, (B) shunting inductance.

FIGURE 7
Dispersion curves of periodic plates with unit cells of (A)
Figure 6A, (B) Figure 6B with L = 50 μH and (C) Figure 6B with L =
30 μH.
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30 μH, separately, can be calculated by Eq. 29 and shown in

Figure 7. The differences of electromechanical coupling effects

caused by the polarization directions and the shunting

inductance circuits can be figured out in the dispersion curves

of guided waves in Figure 7.

Similar to the dispersion curves in Figure 5, the external

circuits have no influence on the propagation of SH waves in

Figure 7, because the unit cell has no PZT part with the

polarization direction along x2 axis, i.e. the direction of SH

wave motion, and the hybridization bandgaps shaded in gray

in Figures 7B,C are only generated by the coupling of electric

mode with A0-like and S0-like modes. However, there are some

differences to be observed between Figures 5, 7. First, the Bragg

bandgaps appear in Figure 7 when the guided waves fold at the

edges of Brillouin zones for the periodicity of plate, but Bragg

bandgaps of SH0 branch cannot be observed in Figure 5 for the

homogeneity of plate. In Figure 7, the bandgap of SH0 branch is

very narrow, and the bandgaps of A0-like branch in Figures 7B,C

are wider than that in Figures 5B,C while the bandgaps of S0-like

branch are thinner. Second, because the normal component of

the dielectric tensor of PZT-5H after coordinate transformation

increases when the polarization direction changes from x3 to x1
axis, and correspondingly the equivalent capacitance CI

increases, in consequence, the corresponding electric modes

can cover a narrower frequency range in Figures 7B,C than

that in Figures 5B,C. This is because the upper limits of electric

modes decrease for the higher CI based on Eq. 45, while the lower

limits almost remain the same, so that the hybridization

bandgaps open up at lower frequencies. Furthermore, the

hybridization bandgaps are also influenced by the polarization

directions, especially when the electric mode couples with S0-like

mode, the hybridization bandgaps in Figures 7B,C are narrower

to be about 20% of that in Figures 5B,C.

4.4 Polarized along the x2 axis in part I and
x3 axis in part II

The two parts of unit cell are designed in series with the same

length l1 = l2 = 0.5 l, and the electrodes are centered on both surfaces

of these two parts with the length of a1 = 0.8 l1, a2 = 0.8 l2,

respectively. The polarization directions of PZT are along x2 axis in

part I and x3 axis in part II, as illustrated in Figure 8 with red crosses

and arrows. The unit cell in Figure 8 is a combination of that in

Figures 2, 4 with a half length. There are three different electrical

boundary conditions to be considered as shown in Figure 8, the

electrically open condition in Figure 8A, inductance shunting circuit

loaded on the upper electrodes of part I in Figure 8B or part II in

Figure 8C with the opposite lower electrodes connected to the

ground. The dispersion curves of these three cases are calculated

and shown in Figure 9, and the finite element results are obtained

and drawn with gray rhombus marks to illustrate the good

consistence in Figure 9A.

The big difference between Figure 7A and Figure 9A is

the much wider Bragg bandgap (shaded in green) of SH0

wave in Figure 9A for the part I polarized along the direction

of SH0 wave, and the broader length of part II polarized along

axis in Figure 9A than the part II with the same polarization

direction in Figure 7A cause a lower Bragg bandgap of S0-like

mode and a higher Bragg bandgap of A0-like mode.

Compared to Figure 3B with the same polarized PZT part

shunted inductance circuit, the electric mode is located at a

higher frequency range as rose dashed line in Figure 9B, and

the electromechanical effect not only induces the

FIGURE 8
The periodic unit cell made of x2 direction and x3 direction
polarized PZT with different electrical boundary conditions: (A)
electrically open, (B) inductance shunting on part I and (C)
inductance shunting on part II.

FIGURE 9
Dispersion curves of periodic plates with unit cells of (A)
Figure 8A, (B) Figure 8B with L = 50 μH and (C) Figure 8C with L =
50 μH.
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hybridization bandgap (shaded in gray) of SH0 mode, but

also causes the hybridization bandgaps for both A0-like and

S0-like modes. The similar conclusion can be addressed from

the comparison of Figure 5B and Figure 9C for the same

polarized PZT part shunted inductance circuit, but the

frequency range of electric mode is narrower in

Figure 9C. It indicates that the hybridization bandgap

caused by electromechanical effect strongly depends on

the polarization direction of PZT, but the external circuit

can influence the frequency range of electric mode. For a

comparison of three Bragg bandgaps in Figure 9, the

shunting inductance circuit can strongly decrease the

frequency range of SH0 mode no matter which part is

shunted, but only slightly influences on both A0-like and

S0-like modes. However, if the shunting inductance circuit is

connected to the upper electrode of part I as shown in

Figure 9B, the interactions between different wave modes

are slight and hard to observe, while for the shunting

inductance circuit connected to the upper electrode of

part II as shown in Figure 9C, the S0-like mode is strongly

interacted with the folded negative-slope SH0 mode and A0-

like mode to result in the opening up locally resonant

bandgaps shaded in pink.

From Figures 3, 5, 7, 9, it is noteworthy that the obvious

Bragg bandgaps can be observed for the heterogeneous plate

with periodicity, and the heterogeneity can be induced by

locally shunting circuits for homogeneous plate or by

different polarization directions of two PZT segments. The

external inductance circuits can introduce the electric mode

to form the hybridization bandgaps after its interaction with

guided waves. In addition, the coupling effect of electric mode

only acts on the specific mode guided waves that have non-

zero motion component along the polarization direction of

PZT. It should be noticed in Figures 9B,C that the

hybridization bandgap depends on the polarization

direction of PZT even though the external circuit is

connected to other PZT segments with different

polarization directions.

5 Conslusion

Based on the extended Stroh formalism, a theoretical

model is proposed for solving the guided wave propagation

in periodic piezoelectric plate, and the dispersion relations of

multi-modes guided waves in the periodic piezoelectric plate

shunted with external circuits are theoretically investigated

in this paper. Based on the theoretical analysis, the

dispersion properties of the periodic piezoelectric plate

can be manipulated by altering the polarization direction

of piezoelectric material in a unit cell and the impedance

parameters of shunting circuit, and the main points can be

addressed as follows.

1. The periodic piezoelectric structure behaves as a

combination of phononic crystal plate and metamaterial

with shunting circuits. Consequently, both the Bragg

bandgaps and the hybridization bandgaps emerge in

different frequency ranges due to the electromechanical

coupling effects. Compared to the Bragg bandgaps, the

hybridization bandgaps locate at lower frequencies, hence,

the manipulation of wave propagation can be achieved at

subwavelength scale.

2. The shunting circuits connected to homogeneous unit cell

can induce obvious bandgaps of guided wave when its

motion direction is not perpendicular to the polarization

direction of piezoelectric material. For the unit cell

composed of piezoelectric materials with different

polarization directions, the Bragg bandgap will appear

no matter whether the shunting circuits exist or not.

3. The hybridization bandgaps originate from the coupling

between electric mode and guided wave modes whose

motion direction is the same as the polarization direction

of the piezoelectric material in a unit cell. Hence, the

manipulation of specific wave propagation can be achieved

via the requested arrangement of polarization directions in a

unit cell with shunting circuits.

4. The frequency range of the electric mode in the dispersion

curves is modulated with the various inductance values and

polarization orientations of the piezoelectric material in a

unit cell, leading to the hybridization bandgaps opening at

variable frequencies. Therefore, a tunable band structure of

the periodic piezoelectric plate can be realized with the help

of various electrical boundary conditions and different

polarization orientation permutations of the segments in

a unit cell.

In summary, the proposed theoretical model in this paper

can be successfully applied to the wave motion problem of

periodic piezoelectric plate with shunting circuits. Results

predict that the periodic plate has a good ability to

manipulate guided wave propagation and provide broad

applications in wave guiding and controlling, non-destructive

testing, and other engineering fields. Furthermore, the

theoretical model can be developed to investigate the

dispersion characters of guided waves in the periodic plate

made of various materials with more multi-physics properties,

such as piezomagnetic effect, and plate with more complex

structures, such as multiple-layers, can also be studied by the

modification of the theoretical approach.
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A metamaterial cylindrical shell
with multiple graded resonators
for broadband longitudinal wave
attenuation

Jingyi Yao, Ke Xu, Dunhui Yao and Lingyun Yao*

College of Engineering and Technology, Southwest University, Chongqing, China

This paper investigates a metamaterial cylindrical shell with local resonators for
broadband longitudinal wave attenuation. A three-component phononic crystal
metamaterial cylindrical shell that opens local resonant bandgaps at low
frequencies is formed by periodically inserting a lead column coated with soft
rubber into an ordinary cylindrical shell. First, the governing equations of elastic
wave propagation in cylindrical shell structures are derived through coordinate
transformation. Subsequently, numerical models of the metamaterial cylindrical
shell are established, and the dispersion relation and vibration transmission
characteristics of this structure are calculated using the Finite Element Method
(FEM). Finally, in order to further broaden the bandgaps and the strong suppression
range of the structure, a multiple-graded-resonator metamaterial cylindrical shell
with three different local resonators is also proposed. These local resonators have
different start frequencies and locations of their longitudinal wave bandgaps, so
they can be combined to produce a wider overall bandgap. Numerical results
show that this kind of multiple-graded-resonator metamaterial cylindrical shell
has a good vibration suppression effect on longitudinal waves in the range of
approximately 180–710 Hz and the vibration suppression effect can reach −40 dB
at best. In addition, experimental results on vibration transmission characteristics
show good agreement with the numerical results. This work provides a new idea
and method for the development of acoustic metamaterials to obtain broadband
and low-frequency bandgaps for cylindrical shell structures.

KEYWORDS

longitudinal wave mitigation, vibration suppression, multiple-graded-resonators,
vibration transmission, metamaterial cylindrical shell

1 Introduction

In recent years, the issue of mechanical system noise control has attracted an increasing
amount of attention in a bid to improve the quality of the environment for people due to
stringent legal regulations on noise. Vibration and noise control devices may affect the
performance of mechanical systems. Therefore, novel solutions that are simple and easy to
apply in engineering problems are needed in order to achieve excellent performance while
meeting low noise requirements [1]. Phononic crystal (PC) structures are becoming
increasingly interesting as an innovative and efficient noise control solution.

A phononic crystal is an artificial periodic elastic composite structure consisting of two
or more materials with elastic wave bandgaps [2]. A periodic arrangement of scatters can
prevent the propagation of elastic waves in certain frequency ranges, thus forming
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directional or complete bandgaps. The bandgaps in PCs can be used
for sound insulation and environmental noise control [3–5]. The
propagation of acoustic and elastic waves in PCs has attracted
considerable attention over the past two decades [6–8]. Wu et al.
[9] validated the existence of complete bandgaps and resonance in
PC plates with periodic stubbed surfaces using numerical and
experimental methods. Badreddine et al. [10] presented hybrid
PCs composed of periodic stepped pillars and holes in order to
obtain lower and wider bandgaps.

An original and impressive piece of work demonstrated the fact
of spectral gaps with a lattice constant two orders of magnitude
smaller than the relevant wavelength and presented the concept of a
local resonance phononic crystal (LRPC) [11]. LRPC structures have
shown particularly great potential in efficiently insulating noise and
vibration [12, 13]. In LRPC structures, the existence of the stopband
phenomenon is due to the distribution of resonance cells in the host
structure at the sub-wavelength scale (i.e., the size is smaller than the
wavelength of host structure at the frequency of interest) [14]. The
stopbands of LRPCs are almost fully independent of the spatial
arrangement of scatters, and the widths of the stopbands are closely
related to the filling ratio [15].

In acoustic metamaterial design, a flat host structure is a
common type of structure in engineering applications. Many

researchers focus on metamaterials with a flat host structure,
such as acoustic metamaterial beams [16–18] and plates [19, 20].
However, the range of applications of complete beams and plates in
engineering is narrower than that of cylindrical shell structures.
Cylindrical shells form the basic structure used in various aircrafts,
ships, rockets, and precision instruments, and are widely used in the
chemical industry, aerospace, and national defense, among other
domains. Therefore, researchers have extensively studied wave
propagation in cylindrical shells using analytical and numerical
methods. The propagation of axis waves in cylindrically curved
panels of infinite length was studied by Pany et al., and their natural
frequencies of bending vibration were determined [21]. Recently, the
Wave Finite Element Method was utilized by Manconi et al. to
analyze wave dispersion in isotropic and orthotropic cylindrical
panels and closed cylindrical shells [22]. The stopband behavior of
cylindrically curved metamaterial panels in different directions was
studied by Nateghi et al., who also discuss the influence of the radius
of the cylindrical shell on the bandgaps [23].

The studies mentioned above have mainly focused on the
fundamental mechanism of wave propagation in acoustic
metamaterials, while other researchers have attempted to adjust
the width and location of the bandgaps of acoustic metamaterials by
theoretical and experimental methods. In many engineering

FIGURE 1
Metamaterial cylindrical shell: (A) unit cell; (B) 5 × 5 metamaterial cylindrical shell.

FIGURE 2
Dispersion curves of the unit cell with r1 = 10 mm.
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applications, a broadband resonant metamaterial is more appealing
than conventional linear narrow-band metamaterials. Banerjee et al.
[24] studied the graded parametrical arrangements of resonating
units to modify the ranges of the stopband and transmission band.
In addition, Ding et al. [25] proposed a broadband acoustic
metamaterial with a space-coiling structure including an
impedance-matching layer introduced between the air and the
metamaterial. The impedance-matching layer was achieved by
specifically designing the parameters of the space-coiling
structure to form a gradient index. A hierarchical structure was
also constructed to work in broadband, in which the shock wave was
resisted in multiple bands, and the relationship between these bands
and the hierarchy was thoroughly demonstrated. There is also
another way to design multi-resonator metamaterials [26],
namely by increasing the number of internal masses arranged in
parallel in each metamaterial unit. An acoustic metamaterial plate
was designed by integrating mass–spring subsystems with two
degrees of freedom with an isotropic plate to act as vibration
absorbers. A theoretical model of one-dimensional (1D) periodic
graded metacomposites has been studied to investigate and enlarge
the bandgaps in which wave propagation is prevented [27].

To the authors’ knowledge, the propagation of longitudinal
waves in three-component PC metamaterial cylindrical shells has
never been studied in previous work. Motivated by the objective
of understanding stopband behavior in PCs for wave
propagation, this paper presents a study of the propagation of
longitudinal waves in three-component PC metamaterial
cylindrical shells based on the local resonance mechanism.
First, the finite periodic condition along the circumferential
direction of the cylindrical shell is transformed into an infinite
periodic condition by coordinate transformation. Subsequently,
numerical models for cylindrical shells are established by

deriving the dynamic equation and the Bloch periodic
condition, the dispersion relation of the unit cell is calculated
using the Finite Element Method, and the effects of scatterer
radius on stopband behavior are studied. Finally, the suppression
of longitudinal waves in a finite periodic metamaterial cylindrical
shell structure is further studied to verify the stopband behavior
through numerical simulation and experimentation investigating
the vibration transmission characteristics.

The paper is structured as follows. Section 2 briefly introduces
the cylindrical shell model and presents a derivation of the
governing equations of elastic waves. Section 3 presents a
calculation of the dispersion relation of the unit cell and the
vibration transmission characteristics of the finite structure using
the FEM. The multiple-graded-resonator structure is presented and
its vibration transmission characteristics are studied via
experimentation and simulation in Section 4. Several conclusion
are presented in the final section.

2 Theoretical foundation

This section briefly introduces the unit cell for metamaterial
cylindrical shells and illustrates the rule of coordinate
transformation. Subsequently, the numerical model for the unit
cell is established through derivation of the governing equations of
elastic waves.

2.1 Coordinate transformation

The unit cell of the metamaterial cylindrical shell investigated is
as shown in Figure 1A. The lattice constant is a, and the shell

FIGURE 3
Longitudinal transmission coefficient of the cylindrical shell model with r1 = 10 mm.
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thickness is h = 0.1 × a. The radii of the cylindrical shell, the scatterer
A, and the connector B are R, r1, and r2, respectively. The unit cell is
composed of a lead cylinder coated with a silicone rubber layer,
arranged periodically in the epoxy resin matrix C. Figure 1B shows
the 5 × 5 metamaterial cylindrical shell.

To better describe the unit cell of the metamaterial cylindrical
shell, it is necessary to convert from the Cartesian coordinate
system to the cylindrical coordinate system, in which points are
represented by ring coordinate s, axis coordinate y, and
transverse coordinate z representing distance from the
cylinder center.

The transformation equation is as follows:

Rθ → s, z → y, r → z (1)
and the corresponding displacement is given by:

uθ → u, uz → v, ur → w (2)
At a given moment, the non-zero strains are therefore:

εss � −w
R
+ zu

zs
− z

z2w

zs2
+ 1
R

zu

zs
( )εyy � zv

zy
− z

z2w

zy2

εsy � 1
2

zv

zs
+ zu

zy
− z 2

z2w

zszy
+ 1
R

zu

zy
( )[ ]

(3)

2.2 Derivation of governing equations

In order to obtain the governing equation for the time-
harmonic vibration of the cylindrical shell with multiple
graded resonators shown in Figure 1B, it is assumed that the
shell is very thin. Given this assumption, we can obtain the
kinetic energy δT, elastic energy δU, and non-conservative work
done δW by the external loads:

δT � −∫
s
∫

y
ρh€uδudsdy − ∫

s
∫

y
ρh€vδvdsdy − ∫

s
∫

y
ρh €wδwdsdy

(4)
δW � 0 (5)

δU � ∫
+s0/2

−s0/2
∫

+y0

−y0
∫

+h/2

−h/2
εss · δεss + εyy · δεyy + 2εss · δεyy( ) · E* + Gεsy · δεsy[ ]dsdydh

(6)

where Poisson’s ratio is denoted by v, Young’s modulus is denoted
by E, E* ≡ E

(1−v2), and G � E
2(1+v). By substituting Eq. 3 into Eq. 6 and

integrating along the thickness direction, the total strain energy is
obtained:

δU � ∫
+s0/2

−s0/2
∫

+y0

−y0
ÊU1 +DU2( )dsdy (7)

where D ≡ Eh3

12(1−v2), Ê ≡ Eh
1−v2.

U1 � zu

zs
+ zv

zy
− w

R
( )

2

+ 1
2

1 − v( ) −4 zu

zs
− w

R
( )

zv

zy
+ zu

zy
+ zv

zs
( )

2

[ ]

(8)

U2 � z2w

zs2
+ z2w

zy2
+ 1
R

zu

zs
( )

2

− 2 1 − v( ) z
2w

zy2

z2w

zs2
+ 1
R

zu

zs
( )

+ 1
2

1 − v( ) 2
z2w

zszy
+ 1
R

zu

zy
( )

2
(9)

Using Hamilton’s principle, we obtain:

∫
t

0
δT − δU + δW( )( )dt � 0 (10)

Setting δw, δu, and δv to zero yields the governing equations of
an infinitely long cylindrical shell with multiple graded resonators:
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3 Numerical simulation

In this section, the dispersion relation of the unit cell is
calculated using the FEM and the effects of scatterer radius on
longitudinal wave stopband are discussed. In order to verify the
attenuation effect on longitudinal vibration in the finite structure of
metamaterial cylindrical shells, we also study the vibration
transmission characteristics.

3.1 Calculation and discussion of dispersion
relation

In the present work, the COMSOL Multiphysics software package
was used to calculate the dispersion relation of metamaterial cylindrical
shells by eigenvalue analysis in solid mechanics. The details of the FEM
model are as follows: the unit cell is divided into 1,855 nodes, and the
number of degrees of freedom is 37,449. In addition, the geometrical
andmaterial parameters identified in Figure 1 are given: a = 30 mm, h =
3mm, r1 = 10 mm, r2 = 12 mm, R = 50 mm. The density(ρ) of the
scatterer A (made of lead) is 11,600 kg m−3, Poisson’s ratio (]) is 0.369,
and Young’s modulus (E) is 40.8 GP. The connector B is made of
silicone rubber, ρ = 1,300 kg m−3, ] = 0.469, E = 1.175e−4GP. The
cylindrical shell C is made of epoxy resin, ρ = 1,180 kg m−3, ] = 0.368,
E = 4.35 GP.

Figure 2 shows the numerical simulation results for the dispersion
curves. The dispersion curves exhibit several different propagation waves.
The bandgap for longitudinal waves ranges from 188 to 635 Hz because
there are no freely propagating solutions in the longitudinal mode.
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3.2 Effect of the scatterer radius

In order to obtain a wider longitudinal wave bandgap, we also
studied the effect of scatterer radius on stopband behavior. For this
purpose, we calculated the dispersion relation for unit cells with
scatterer radii of 9, 10, and 11 mm. The bandgaps in the 9, 10, and
11 mm cases fell within the intervals (199,589), (188,635), and
(178,711), respectively. It can be seen that with the increase in
scatterer radius, the start frequency of the bandgap decreases
slightly, while the stop frequency increases greatly. These shifts are
caused by the increase in scatterer mass and filling rate, respectively.

3.3 Vibration transmission analysis for the
finite periodic structure

The dispersion curves illustrate the frequency location and
width of the bandgap. However, the dispersion curves cannot
provide a full explanation of the vibration characteristics of the
finite periodic structure. To further illustrate the vibration

transmission characteristics and validate the accuracy of the
bandgap, an analysis of vibration transmission for the finite
periodic structure is presented in this section.

The finite periodic metamaterial cylindrical shell consists of
25 unit cells arranged periodically in a 5 × 5 layout along the s and
y directions. To determine the transmission coefficient along the
ΓX direction, incident longitudinal waves along this axis
direction are modeled by applying harmonic displacements
Qinc � qinceiwt in the axis direction. The homogeneous parts
are the transitional material connecting the periodic structure
and the perfectly matched layers (PMLs). The PMLs are applied
at both ends of the homogeneous part to prevent reflections by
the scattering waves from the domain boundaries. Both the
homogeneous parts and the PMLs have the same material
parameters as the matrix. In addition, periodic boundary
conditions are applied in the plane of the s direction.

The harmonic displacement response occurring along the
interface between the homogeneous part and the periodic
structure on the right side is represented by Qres � qreseiwt.
The transmission coefficient should be defined as:

FIGURE 4
Cylindrical shell with multiple graded resonators: (A) the numerical model; (B) longitudinal transmission coefficient.
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T � 20lg
Qres

Qinc
(14)

A frequency domain analysis sweeping from 0 to 800 Hz at intervals
of 3 Hz was performed, and the simulated transmission coefficient as a
function of frequency is plotted in Figure 3. The transmission coefficient
agrees well with the corresponding dispersion curves of the unit cell, but
the longitudinal wave transmission coefficient exhibits strong attenuation
only at the start frequency of the bandgap, due to Fano-like interference
phenomena. This shows that the metamaterial cylindrical shell structure
has good vibration absorption characteristics.

4 The multiple-graded-resonator
cylindrical shell

In this section, a cylindrical shell structure with multiple graded
resonators, composed of scatterers with three different radii, is proposed
in order to widen the longitudinal wave bandgaps. Additionally, the
vibration transmission characteristics of this structure without a PML
are verified via experiments.

As stated in the previous section, due to the presence of Fano-like
interference in themetamaterial based on the local resonancemechanism,
the longitudinal vibration transmission of the metamaterial only exhibits
strong attenuation at the start frequency of the bandgaps. Therefore, we
propose a multiple-graded-resonator cylindrical shell structure with a
wider range of strong vibration attenuation, developed by combining
three kind of metamaterial cylindrical shells with different start
frequencies and locations, as shown in Figure 4A.

In order to verify the practical attenuation effect of the longitudinal
vibration of this structure, we carried out a vibration attenuation
experiment using a Siemens data acquisition instrument (type: LMS
SCADAS Mobile). Two accelerometers (type: 356A16 SNLW180872;
sensitivity: 98.3 mv/g) were used, with one placed at each end of the
model. A hammer (type: PCB 086C01; sensitivity: 11.2 mv/N) was used
to strike the model on one side.

The materials of the subject were consistent with those described in
Section 3.1, and the components were connected to each other by
adhesive bonding. In the experiment, vertical excitation was induced
by the hammer hitting the outer surface of one end of the subject, which
was freely positioned on a sponge, and the acceleration sensor was used
to collect the stable response of the target point in the range 0–800 Hz.
Subsequently, the transmission coefficient was obtained using Eq. 14.

Figure 4B shows the comparison between the experimental
results and the simulation results on the vibration transmission
characteristics of the multiple-graded-resonator structure.

As can be seen, the experimental results on the vibration
transmission characteristics exhibit the same trend as the
numerical results. In general, although the longitudinal vibration
attenuation effect of the actual structure was slightly smaller than the
effect in the simulation results, the bandwidth of the actual
attenuation was wider. For the actual structure, there were three
attenuation peaks at 162, 192, and 216 Hz. The first and third
attenuation peaks differed by approximately 15 Hz from the
simulation results, in which the corresponding peaks occurred at
178 and 201 Hz. Deviations in the material parameters and
manufacturing process may be the main reason for the offset
between experimental results and numerical results. In addition,

the range of bandgaps of the multiple-graded-resonator cylindrical
shell is the superposition of three single-resonator structures, and
the strong attenuation range of this multiple-graded-resonator
cylindrical shell (180–255 Hz) is approximately triple that of the
single-resonator structure (178–199 Hz).

5 Conclusion

The present work investigated the property of longitudinal wave
propagation in a metamaterial cylindrical shell. The dispersion curves
of the proposed structure were used to analyze stopband behavior.
Several numerical and experimental tests were also conducted and the
results investigated in detail to study the effectiveness of the proposed
structure. The following conclusions resulted from the work:

(1) The metamaterial cylindrical shell structure creates a
longitudinal wave bandgap at 188–635 Hz, in which the
propagation of longitudinal waves is impossible.

(2) As the scatterer radius is increased, the start frequency of the
bandgap decreases slightly, while the stop frequency increases
greatly; these shifts are caused by the increase in scatterer mass
and filling rate, respectively.

(3) The bandgap range of the multiple-graded-resonator cylindrical
shell is the superposition of that of three single-resonator
structures, and the strong attenuation range of the multiple-
graded-resonator cylindrical shell is triple that of the single-
resonator structure. The development of this metamaterial
cylindrical shell structure and the use of multiple graded
resonators pave the way toward vibration reduction and
noise control in the cylindrical shell structure.

Data availability statement

The raw data supporting the conclusion of this article will be
made available by the authors, without undue reservation.

Author contributions

JY: Conceptualization, methodology, and writing; KX: Modeling
and writing; DY: Modeling, methodology, and writing; LY:
Conceptualization, discussions, and editing. All authors contributed
to the article and approved the submitted version.

Funding

This work was supported by the National Natural Science
Foundation of China (No. 52175121).

Conflict of interest

The authors declare that the research was conducted in the
absence of any commercial or financial relationships that could be
construed as a potential conflict of interest.

Frontiers in Physics frontiersin.org06

Yao et al. 10.3389/fphy.2023.1133586

99

https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://doi.org/10.3389/fphy.2023.1133586


Publisher’s note

All claims expressed in this article are solely those of the authors
and do not necessarily represent those of their affiliated

organizations, or those of the publisher, the editors and the
reviewers. Any product that may be evaluated in this article, or
claim that may be made by its manufacturer, is not guaranteed or
endorsed by the publisher.

References

1. Panza MA. A review of experimental techniques for NVH analysis on a commercial
vehicle. Energ Proced (2015) 82:1017–23. doi:10.1016/j.egypro.2015.11.861

2. Deymier PA. Acoustic Metamaterials and phononic crystals. Berlin Heidelberg:
Springer-Verlag (2013).

3. Li L, Gang X, Sun Z, Zhang X, Zhang F. Design of phononic crystals plate and
application in vehicle sound insulation. Adv Eng Softw (2018) 1(125):19–26. doi:10.
1016/j.advengsoft.2018.08.002

4. Charles C, Bonello B, Ganot F. Propagation of guided elastic waves in 2D
phononic crystals. Ultrasonics (2006) 44(4):e1209–13. doi:10.1016/j.ultras.2006.
05.096

5. Song Y, Wen J, Yu D, Liu Y, Wen X. Reduction of vibration and noise radiation
of an underwater vehicle due to propeller forces using periodically
layered isolators. J Sound vibration (2014) 333(14):3031–43. doi:10.1016/j.jsv.
2014.02.002

6. Yao L, Huang G, Chen H, Barnhart MV. A modified smoothed finite element
method (M-SFEM) for analyzing the band gap in phononic crystals. Acta Mech (2019)
230(6):2279–93. doi:10.1007/s00707-019-02396-w

7. Yao L, Jiang G, Wu F, Luo J. Band structure computation of two-dimensional and
three-dimensional phononic crystals using a finite element-least square point
interpolation method. Appl Math Model (2019) 76:591–606. doi:10.1016/j.apm.2019.
05.052

8. Yao LY, Wu F, Wu G. Numerical study of exterior acoustic problems using a novel
finite element-least square point interpolation method with perfectly matched
layerfinite element-least square point interpolation method with perfectly matched
layer. Eng Anal Boundary Elem (2019) 102:87–96. doi:10.1016/j.enganabound.2019.
01.021

9. Wu TT, Huang ZG, Tsai TC, Wu TC. Evidence of complete band gap and
resonances in a plate with periodic stubbed surface. Appl Phys Lett (2008) 93(11):
111902. doi:10.1063/1.2970992

10. Badreddine AssouarM, Sun JH, Lin FS, Hsu JC. Hybrid phononic crystal plates for
lowering and widening acoustic band gaps. Ultrasonics (2014) 54(8):2159–64. doi:10.
1016/j.ultras.2014.06.008

11. Liu Z, Zhang X, Mao Y, Zhu YY, Yang Z, Chan CT, et al. Locally resonant
sonic materials. science (2000) 289(5485):1734–6. doi:10.1126/science.289.5485.
1734

12. Liu Z, Chan CT, Sheng P. Analytic model of phononic crystals with local
resonances. Phys Rev B (2005) 71(1):014103. doi:10.1103/physrevb.71.014103

13. Goffaux C, Sánchez-Dehesa J. Two-dimensional phononic crystals studied using a
variational method: Application to lattices of locally resonant materials. Phys Rev B
(2003) 67(14):144301. doi:10.1103/physrevb.67.144301

14. Claeys CC, Sas P, Desmet W. On the acoustic radiation efficiency of local
resonance based stop band materials. J Sound Vibration (2014) 333(14):3203–13.
doi:10.1016/j.jsv.2014.03.019

15. Zhang X, Liu Y, Wu F, Liu Z. Large two-dimensional band gaps in three-
component phononic crystals. Phys Lett A (2003) 317(1-2):144–9. doi:10.1016/j.
physleta.2003.08.032

16. Chen H, Li XP, Chen YY, Huang G. Wave propagation and absorption of
sandwich beams containing interior dissipative multi-resonators. Ultrasonics (2017) 76:
99–108. doi:10.1016/j.ultras.2016.12.014

17. Sharma B, Sun CT. Impact load mitigation in sandwich beams using local
resonators. J sandwich structures Mater (2016) 18:50–64. doi:10.1177/
1099636215583171

18. Yao DH, Xiong MK, Luo JY, Yao L. Flexural wave mitigation in metamaterial
cylindrical curved shells with periodic graded arrays of multi-resonator. Mech Syst
Signal Process (2022) 168:108721. doi:10.1016/j.ymssp.2021.108721

19. Oudich M, Li Y. Tunable sub-wavelength acoustic energy harvesting with a
metamaterial plate. J Phys D: Appl Phys (2017) 50(31):315104. doi:10.1088/1361-6463/
aa779d

20. He ZC, Xiao X, Li E. Design for structural vibration suppression in laminate
acoustic metamaterials. Composites B: Eng (2017) 131:237–52. doi:10.1016/j.
compositesb.2017.07.076

21. Pany C, Parthan S. Axial wave propagation in infinitely long periodic curved
panels. J Vibration Acoust (2003) 125(1):24–30. doi:10.1115/1.1526510

22. Manconi E, Mace B. Wave characterization of cylindrical and curved panels using
a finite element method. The J Acoust Soc America (2009) 125(1):154–63. doi:10.1121/1.
3021418

23. Nateghi A, Belle LV, Claeys C, Deckers E, Pluymers B, Desmet W. Wave
propagation in locally resonant cylindrically curved metamaterial panels. Int J Mech
Sci (2017) 127:73–90. doi:10.1016/j.ijmecsci.2016.07.003

24. Banerjee A, Das R, Calius EP. Frequency graded 1Dmetamaterials: A study on the
attenuation bands. J Appl Phys (2017) 122(7):075101. doi:10.1063/1.4998446

25. Ding YH, Yi H, Statharas EC, Hong M. A broadband acoustic metamaterial with
impedance matching layer of gradient index. Appl Phys Lett (2017) 110(24):241903.
doi:10.1063/1.4986472

26. Yu X, Lu ZB, Cui FS, Cheng L, Cui Y. Tunable acoustic metamaterial with an array
of resonators actuated by dielectric elastomer. Extreme Mech Lett (2017) 12:37–40.
doi:10.1016/j.eml.2016.07.003

27. An X, Fan H, Zhang C. Wave dispersion in one-dimensional periodic graded
metacomposites. J Sound Vibration (2017) 409:217–26. doi:10.1016/j.jsv.2017.08.002

Frontiers in Physics frontiersin.org07

Yao et al. 10.3389/fphy.2023.1133586

100

https://doi.org/10.1016/j.egypro.2015.11.861
https://doi.org/10.1016/j.advengsoft.2018.08.002
https://doi.org/10.1016/j.advengsoft.2018.08.002
https://doi.org/10.1016/j.ultras.2006.05.096
https://doi.org/10.1016/j.ultras.2006.05.096
https://doi.org/10.1016/j.jsv.2014.02.002
https://doi.org/10.1016/j.jsv.2014.02.002
https://doi.org/10.1007/s00707-019-02396-w
https://doi.org/10.1016/j.apm.2019.05.052
https://doi.org/10.1016/j.apm.2019.05.052
https://doi.org/10.1016/j.enganabound.2019.01.021
https://doi.org/10.1016/j.enganabound.2019.01.021
https://doi.org/10.1063/1.2970992
https://doi.org/10.1016/j.ultras.2014.06.008
https://doi.org/10.1016/j.ultras.2014.06.008
https://doi.org/10.1126/science.289.5485.1734
https://doi.org/10.1126/science.289.5485.1734
https://doi.org/10.1103/physrevb.71.014103
https://doi.org/10.1103/physrevb.67.144301
https://doi.org/10.1016/j.jsv.2014.03.019
https://doi.org/10.1016/j.physleta.2003.08.032
https://doi.org/10.1016/j.physleta.2003.08.032
https://doi.org/10.1016/j.ultras.2016.12.014
https://doi.org/10.1177/1099636215583171
https://doi.org/10.1177/1099636215583171
https://doi.org/10.1016/j.ymssp.2021.108721
https://doi.org/10.1088/1361-6463/aa779d
https://doi.org/10.1088/1361-6463/aa779d
https://doi.org/10.1016/j.compositesb.2017.07.076
https://doi.org/10.1016/j.compositesb.2017.07.076
https://doi.org/10.1115/1.1526510
https://doi.org/10.1121/1.3021418
https://doi.org/10.1121/1.3021418
https://doi.org/10.1016/j.ijmecsci.2016.07.003
https://doi.org/10.1063/1.4998446
https://doi.org/10.1063/1.4986472
https://doi.org/10.1016/j.eml.2016.07.003
https://doi.org/10.1016/j.jsv.2017.08.002
https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://doi.org/10.3389/fphy.2023.1133586


Switchable acoustic projection
displays based on coding
composite structures

Jianning Han and Rui Wang*

School of Information and Communication Engineering, North University of China, Taiyuan, Shanxi, China

Projection display is of relevance for various applications, for example, information
communication, encryption and storage. Although numerous optical projection
devices have been reported in past years, the realization of switchable acoustic
projection display without built-in circuits is a challenge. In this work, we propose
a coding composite structure composed of a perforated plate and a coiling-up
cavity with six interdigital rigid walls to achieve switchable acoustic projection
displays. The configuration can be served as bits ‘0’ and ‘1’ by using forward and
backward placements, respectively. The required projection can be displayed as
long as the expected image regions are filled with bit ‘1’ and other regions are filled
with bit ‘0’. By switching control wave Pc, the projected image is able to be
switched from ‘Off state’ to ‘On state’ accordingly. The underlying physical
mechanism is the different scattering responses between two coding bits
induced by coherent superposition. Our design provides an effective solution
for the construction of acoustic projection displays with switchable feature, which
may have potential applications in information encryption and storage.

KEYWORDS

composite structure, coiling-up cavity, switchable projection, coherent superposition,
artificial structure

1 Introduction

As an effective approach to display required images or information, projection device plays
important roles in many applications including light-emitting diode screens, electronic billboard
signage and traffic light. Despite numerous achievements in optical projection displays [1–10],
the similar devices in acoustic category have not been widely reported so far, especially for
switchable fashion without built-in circuits. The realization of acoustic projection display is of
great significant in information storage and communication. Given the advantages of
subwavelength scale, flexibility and planer feature, the development of acoustic metasurface
provides a possible solution for the design of acoustic projection device.

In past several years, acoustic metasurface (a composite structure with planer
configuration) has been demonstrated to be good candidates to achieve various
fascinating phenomena, such as beam deflection [11–13], beam focusing [14–19], vortex
beam [20], splitting beam [21] and Airy beam [22] by utilizing Helmholtz resonators [23,
24], coiling-up cavities [25], or spiral particles [26]. Owing to the shifts of equivalent
refractive index induced by resonance effect, arbitrary phase or amplitude response can be
obtained by adopting ultrathin structural design, making it is suitable to be integrated in
acoustic devices. To accurately fit the phase or amplitude profile, however, multiple discrete
orders are required for designed units, which increases the complexity of the structure. In
addition, some harsh parameters may be involved in discrete process, which are hardly to be
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fabricated by 3D printing technology, and the thermal viscosity loss
is non-negligible. Recently, the emergence of coding metasurface
offers a simplified method for the realization of wavefront
modulation [27–30]. Only two kinds of units with opposite phase
responses (0 and π) are needed to serve as coding bit ‘0’ and ‘1’, and
numerous beam-shaping behaviors can be achieved as well without
complicated design philosophy. Hence, the combination between
coding metasurface and acoustic projection displays is expected to
be a valuable tool for advanced acoustic devices.

In this work, a composite structure composed of a phase regulator
(PR) and an amplitude regulator (AR) is proposed to build switchable
acoustic projection devices, through which arbitrary image can be
projected by adopting corresponding coding sequences, and the ‘On/
Off states’ are capable of switching by additional control wave Pc. To
achieve desirable scattering responses for AR and PR, a perforated plate
and a coiling-up cavity with six interdigital rigid walls are constructed to
modulate the amplitudes and phases of scattering waves continuously.
The composite structure can play the roles of bits ‘0’ and ‘1’ by using

FIGURE 1
(A) Schematic diagrams of bits ‘0’ and ‘1’, where light blue region, green region and orange region are air background, AR and PR, respectively. The
black and red arrows present the input wave Pi and control wave Pc. (B) The normalized incident and scattering fields of bits ‘0’ and ‘1’ for one side
incidence and both sides incidence. The white arrows indicate the incident directions, and the operating frequency is 3,430 Hz.

FIGURE 2
Schematic diagrams of (A) AR and (C) PR. AR is a perforated plate and PR is a coiling-up cavity with six interdigital rigid walls. The amplitude and phase
responses of (B) AR and (D) PR with the change ofw and l. The operating frequency is f = 3,430 Hz. The characters of ‘T’ and ‘R’ in legends of (B) and (D)
present the transmission wave and reflection wave, respectively.
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forward and backward placements, respectively, due to their extremely
asymmetric scattering responses induced by coherent superposition,
greatly simplifying the design philosophy by using coding acoustic
metasurface. The acoustic projection display illustrated in ourworkmay
have profound impact on exploring various acoustic information
related devices.

2 Theory

To achieve switchable acoustic projection displays, we propose
two kinds of unit and encode them as bits ‘0’ and ‘1’. The
transmission and reflection coefficients of bit ‘0’ are assumed to
be T0 � 1/

�
2

√
and R0 �-1/

�
2

√
, respectively, while those of bit ‘1’ are

both desired to be T1 � R1 � 1/
�
2

√
. In other words, bit ‘0’ has the

same transmission coefficient as bit ‘1’, and the reflection coefficients
between them have a phase difference of π. If two acoustic beams
with opposite directions are incident on bits ‘0’ and ‘1’
simultaneously, the scattered acoustic pressures of 2 bits (S0 and
S1) can be expressed as a matrix:

S0
S1

[ ] � T0 R0

T1 R1
[ ]

Pi

Pc
[ ] � 1

�
2

√ Pi − Pc

Pi + Pc
[ ] (1)

where Pi and Pc represent input wave and control wave, respectively.
Following Eq. 1, it can be deduced that the normalized amplitude of
S0 and S1 are 0.5 in the case of only Pi incidence owing to the
identical transmission response for bits ‘0’ and ‘1’. When input wave
and control wave are incident on them simultaneously, however, the
normalized amplitude of S0 and S1 are 0 and 1 owing to the existence
of destructive interference in bit ‘0’ and constructive interference in
bit ‘1’. Therefore, switchable acoustic projection displays are
expected to be obtained by utilizing coherent incident waves with
opposite propagating directions.

Here, we intend to construct a model with an asymmetric
configuration to act as bits ‘0’ and ‘1’ by using forward and
backward placements, respectively, which needs the scattered
pressures on both sides of the model agree with those on right

side of bits ‘0’ and ‘1’. To achieve this goal, as shown in Figure 1A, we
consider a composite structure composed of an AR and a PR. AR is
placed on left and right sides of the PR for bits ‘0’ and ‘1’,
respectively. Note that the phase (amplitude) response for AR
(PR) is fixed when modulating the amplitude (phase) response
continuously. For bit ‘0’, the input wave Pi becomes Pi*tA*tP after
passing through AR and PR, and the control wave Pc becomes
Pc*tP*rA*tP because it first passes through PR, then is reflected by
AR, and finally passes through PR again. tP and tA represent the
transmittance of PR and AR, and rA represent the reflection of AR.
Therefore, the transmission and reflection coefficients of bits ‘0’ and
‘1’ can be expressed as follows:

T0 R0

T1 R1
[ ] � tAtP tPrAtP

tPtA tA
[ ] (2)

From Eq. 2 it can be deduced that the phase difference between
R0 and R1 is related to tP, so the asymmetric phase response can be
controlled by PR, and the exact values of scattering coefficients (T0,
T1, R0, R1) are capable of modulating by AR accordingly. When
input wave and control wave are incident on composite structure
simultaneously, the scattered pressures on left side of the bits ‘0’ and
‘1’ can be expressed as:

S00
S11

[ ] � tAtPPi + tPrAtPPC

tPtAPi + rAPC
[ ] (3)

According to Eq. 1, Eq. 3, the relation of S00 = S0 and S11 = S1 can
be obtained when the requirements of tP � exp(iπ/2), tA �
1/

�
2

√
exp(−iπ/2) and rA � 1/

�
2

√
are satisfied, which indicates that

the composite structure can serve as bits ‘0’ and ‘1’ simultaneously
once the AR and PR with proper scattering coefficients are designed.

To verify above deductions, as shown in Figure 1B, an equivalent
medium meeting the conditions of tP � exp(iπ/2), tA �
1/

�
2

√
exp(−iπ/2) and rA � 1/

�
2

√
is proposed to numerically

simulate the incident and scattering fields of bits ‘0’ and ‘1’. The
module of pressure acoustic is adopted in COMSOL Multiphysics
software. The condition of plane wave radiation is applied to the left
and right boundaries of waveguide to suppress the unwanted

FIGURE 3
(A) Schematic diagram of the composite structure, which can be acted as bits ‘0’ and ‘1’ by using forward and backward placements, respectively.
The black and red arrows present the input wave Pi and control wave Pc. (B) The incident and scattering fields of bits ‘0’ and ‘1’ for one side incidence and
both sides incidence. The white arrows indicate the incident directions, and the operating frequency is 3,430 Hz.
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reflection waves. The radiated acoustic pressure of the incident
source is 1 Pa. Hard boundary condition is applied to the upper
and lower boundaries of the waveguide to act as rigid material whose
acoustic impedance is much larger than that of fluid background. In
our simulations, the background medium is air (ca = 343 m/s and
ρa = 1.21 kg/m3). To ensure the desirable phase delay and perfect
transmittance, the equivalent acoustic velocity and density of the PR
is set as ce = 91.85 m/s and ρe = 4.8173 kg/m3. The required
amplitude response is achieved by adjusting the length of hard
boundary between AR and scattering field. Three different incident
cases, left side of bit ‘0’ incidence, left side of bit ‘1’ incidence, and
both sides of composite structure incidence, are required to be
considered. From the scattering fields of three incident cases, it can
be observed that the intensity distributions in both sides of
composite structure is almost identical for left side incident from
bits ‘0’ and ‘1’, which shows that the normalized amplitude of S0 and
S1 are 0.5 under this circumstance. For both sides of composite
structure incidence, the intensity field in right side of bit ‘1’ is strong,
while that in left side of bit ‘1’ is weak, illustrates an extremely
asymmetric intensity response due to the coherent interference, and

the normalized amplitude of S0 and S1 are 0 and 1 in this situation.
The simulation results fully confirms that the amplitude of scattering
wave for bit ‘0’ is the same as that for bit ‘1’ with only input wave Pi
incidence, but the amplitude of scattering wave for bit ‘1’ is larger
than that for bit ‘0’ with input wave Pi and control wave Pc incidence
simultaneously, which agrees well with our theoretical prediction.
Thus, the required projection can be displayed as long as the
expected image regions are filled with bit ‘1’ and other regions
are filled with bit ‘0’. By switching control wave Pc, the projected
image is able to be switched from dark state to bright state
accordingly.

3 Structural design

To construct desirable composite structure, a practical
configuration with phase and amplitude modulation capability is
required. Note that the phase (amplitude) response needs to be fixed
when the amplitude (phase) response is modulated continuously by AR
(PR), and the transmittance of PR should be as high as possible to

FIGURE 4
(A) Schematic diagrams of coding sequences adopted in projection acoustic devices for ‘N’, ‘U’, ‘C’. The dark green region and dark yellow region
represent bit ‘0’ and bit ‘1’, respectively. Acoustic scattering intensity fields of the projection devices with (B) input wave Pi incidence and (C) input wave Pi
and control wave Pc incidence simultaneously.
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guarantee the projection quality. As shown in Figures 2A,C, we propose
a perforated plate and a coiling-up cavity with six interdigital rigid walls
to serve as AR and PR, respectively. The length andwidth of AR and PR
are L = 25 mm and W = 28 mm, which are much smaller than the
operating wavelength λ0 (L = 0.25λ0, W = 0.28λ0), and have the
advantage of subwavelength scale. To obtain amplitude modulation,
the opening size of the perforated plate is a variable from w = 5mm to
w = 25 mm. With the reduction of w, as shown in Figure 2B, the
transmitted (reflected) amplitude decreases (increases) gradually owing
to the impedance mismatch induced by small opening size, while the
transmitted and reflected phase responses are nearly fixed, exhibiting an
excellent ability for amplitude modulation independently. As a special
case, when w = 10.8 mm the transmitted amplitude is the same as
reflected amplitude (T � R � 1/

�
2

√
), and the phase difference between

transmission wave and reflection wave is π/2, which meets the
requirement of scattering coefficients for AR.

On the other hand, to achieve phase modulation by PR, the length of
interdigital rigid wall in a coiling-up cavity is set to a variable from l =
5mm to l= 25mm.The thickness of interdigital rigidwall is a constant of
d = 2mm. It can be seen from Figure 2D that the transmitted phase shifts
cover a wide range of 0-2π with the change of parameter l, and the
transmitted amplitude of PR is over 0.9 when l < 12mm. The desirable
phase delay is attributed to the length change of propagation path in PR
induced by labyrinth configuration, and the high amplitude is owing to
the impedancematching induced by resonance effect in PR.Note that the
transmitted phase and amplitude is π/2 and 0.95, respectively, in the case
of l = 8.6 mm, satisfying the requirement of scattering coefficients for PR.

Next, we splice the AR and PR to integrate an asymmetric
composite structure. As shown in Figure 3A, the configuration can
be served as bits ‘0’ and ‘1’ by using forward and backward placements,
respectively. To obtain expected scattering feature, the parameters of w
and l are selected as w = 10.8 mm and l = 8.6 mm. Figure 3B illustrates
the incident fields and corresponding scattering fields for left side of bits
‘0’ incidence, left side of bits ‘1’ incidence, and both sides of bits ‘0’ and
‘1’ incidence. Compared with Figure 1B, Figure 3B, the results of
intensity field (the square of acoustic pressure) for composite
structure designed by a practical configuration are identical with
those for composite structure designed by equivalent medium. For
input acoustic wave Pi incidence, the transmitted amplitudes of bits ‘0’
and ‘1’ are 0.5, while those are 0 and 1, respectively, for input wave Pi
and control wave Pc incidence simultaneously, fully confirming the
feasibility of our approach to achieve switchable control of scattering
field via two coherent incident acoustic waves.

4 Switchable projection displays

Given the scattering feature of the composite structure, as shown in
Figure 4A, we construct three acoustic projection devices with different
coding sequences. The metasurface is composed of 24 × 32 coding bits,
where the expected image regions are filled with bit ‘1’ and other regions
are filled with bit ‘0’. To avoid the coupling actions between two coding
bits, the distance between two adjacent coding bits is set as 2W. In
addition, to observe the scattering fields conveniently, background
pressure field is adopted in the incident field, and the plane acoustic
waves are generated with a working frequency of 3,430 Hz. We define
input wave Pi incidence as ‘Off state’ and input wave Pi and control
wave Pc incidence simultaneously as ‘On state’. For ‘On state’, as

illustrated in Figure 4B, three different characters (‘N’, ‘U’, ‘C’) are
projected clearly in the scattering fields of three proposed devices owing
to the extremely asymmetric intensity responses between bits ‘0’ and ‘1’
in this case. For ‘Off state’, as shown in Figure 4C, the scattering field is a
uniform field, and no obvious projection images are able to be observed
in this case due to the identical intensity responses between bits ‘0’ and
‘1’. Therefore, arbitrary image can be projected by adopting
corresponding coding sequences, and the ‘On/Off states’ are capable
of switching by control wave Pc.

5 Conclusion

An approach is exhibited in this work for switchable acoustic
projection displays by using two identical coding units (bits ‘0’ and
‘1’) with different placements. To obtain desirable scattering coefficients
for acoustic waves, an AR (a perforated plate) and a PR (a coiling-up
cavity with six interdigital rigid walls) are constructed to decouple the
phase and amplitude modulations. The composite structure composed
of AR and PR shows an extremely asymmetric scattering feature when
two coherent acoustic waves incident simultaneously. The required
projection can be displayed as long as the expected image regions are
filled with bit ‘1’ and other regions are filled with bit ‘0’ due to the
coherent superposition. As examples, three distinct characters (‘N’, ‘U’,
‘C’) are projected clearly by adopting three different coding sequences,
and the projected images are able to be switched from ‘Off state’ to ‘On
state’ accordingly by switching control wave Pc, confirming the
feasibility of our approach. Given the advantages of simplified and
passive design, the acoustic projection device proposed in our workmay
have numerous acoustic related engineering applications.
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