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The significance of thermal conductivity, convection, and heat transportation of hybrid nanofluids (HNFs) based on different nanoparticles has enhanced an integral part in numerous industrial and natural processes. In this article, a fractionalized Oldroyd-B HNF along with other significant effects, such as Newtonian heating, constant concentration, and the wall slip condition on temperature close to an infinitely vertical flat plate, is examined. Aluminum oxide (Al2O3) and ferro-ferric oxide (Fe3O4) are the supposed nanoparticles, and water (H2O) and sodium alginate (C6H9NaO7) serve as the base fluids. For generalized memory effects, an innovative fractional model is developed based on the recently proposed Atangana–Baleanu time-fractional (AB) derivative through generalized Fourier and Fick’s law. This Laplace transform technique is used to solve the fractional governing equations of dimensionless temperature, velocity, and concentration profiles. The physical effects of diverse flow parameters are discussed and exhibited graphically by Mathcad software. We have considered [image: image], [image: image] Sc [image: image] and [image: image] Moreover, for validation of our present results, some limiting models, such as classical Maxwell and Newtonian fluid models, are recovered from the fractional Oldroyd-B fluid model. Furthermore, comparing the results between Oldroyd-B, Maxwell, and viscous fluid models for both classical and fractional cases, Stehfest and Tzou numerical methods are also employed to secure the validity of our solutions. Moreover, it is visualized that for a short time, temperature and momentum profiles are decayed for larger values of [image: image], and this effect is reversed for a long time. Furthermore, the energy and velocity profiles are higher for water-based HNFs than those for the sodium alginate-based HNF.
Keywords: fractionalized hybrid Oldroyd-B fluid, AB time-fractional derivative, Newtonian heating, Laplace transform method, hybrid nanofluid
1 INTRODUCTION
With the addition of nanometer-sized particles in various base fluids, thermophysical characteristics may improve in energy transfer schemes. This process signals an expansion in the thermal conductivity for base fluids, making it more reliable and ongoing. These significant fluids define nanofluids (NFs) with an extensive series of suggestions in several areas of science, as well as technology, with nuclear devices, heat exchangers, solar plates, vehicle heaters, and biotic and organic devices (Usman et al., 2018; Khan et al., 2022a; Khan et al., 2022b; Ahmed et al., 2022; Hassan et al., 2022; Khan et al., 2022c). First, Lee and Eastman presented the idea of NFs in 1995 (Lee et al., 1999). Numerous applications of NFs are discoursed by Kaufui et al. (Wong and Omar De Leon., 2010). Mahian et al. (2019) proposed important ideas and reflected novel innovations to completely explain the NFs. They were obsessed with innovative expansions in this field, comprehensive explanations of the thermophysical characteristics, and imitation of thermal transmission in NF flow. Waini et al. (2019) used a numerical scheme to discuss an unsteady thermal transmission flow past a shrinking sheet in an HNF. They presented different applications of NFs in numerous branches of science along with appreciated recommendations. NFs have achieved significant consideration from researchers due to their improved heat conversion characteristics. The rheological presentation of an NF using a revolving rheometer was proposed by Vallejo et al. (2019a). Different rheological characteristics of NFs are discussed in Vallejo et al. (2019b). Currently, NFs have been characterized as HNFs in several mechanisms (Rashad et al., 2018). HNFs are developed by mixing two dissimilar nanoparticles in the base liquid. Its main inspiration is to increase the thermal features of NFs. The variable thermal transmission of HNFs through magnetic influence was examined in Mohebbi et al. (2019). The heat transmission in the non-Newtonian HNF composed with entropy generation was discussed in Shahsavar et al., 2018). Furthermore, Farooq et al. (2018) deliberated on the entropy in the HNF flow in a stretching sheet.
Asogwa et al. (2021) discussed chemical reactions and heat sinks over a ramped temperature. The analytical solution of governing equations was found with the Laplace transform. Asogwa et al. (2022a) used the Laplace approach to discuss a water-based NF containing aluminum oxide and copper in a moving plate and proved that thermal absorption causes a decline in aluminum oxide NF’s thermal and momentum profiles with a copper NF. Shankar Goud et al. (2022) used the Keller–box scheme for the numerical solution along with thermal effects, momentum, and solutal slip on the thermal transmission with a description of the magnetohydrodynamic (MHD) flow of Casson fluid and an exponential porous surface with Dufour, chemical reaction, and Soret impacts. Khan et al. (2022d) studied a fractionalized electro-osmotic flow based on the Caputo operator of a Casson NF containing sodium alginate nanoparticles over a vertical microchannel with MHD effects. They proved that the inclination angle boosts the velocity. Asogwa et al. (2022b) and Asogwa et al. (2022c) considered the stimulation significance of the thermal transmission with the MHD flow of a NF through an extending sheet with MATLAB bvp4c. Furthermore, they investigated the radiative features of the MHD flow with collective heat transportation characteristics on a reactive stretching surface with the Casson NF numerically using MATLAB bvp4c. Goud et al. (2022) applied the bvp4c scheme to study the convection flow via an infinite porous plate on thermal transmission, as well as mass transmission. Asogwa et al. (2022d) discussed the influences of the movement of nanoparticles in NFs by an exponentially enhanced Riga plate. Reddy et al. (2022) calculated the effect of activation energy on a second-grade MHD NF flow over a convectively curved heated stretched surface by considering the Brownian motion and generation/absorption, and thermophoresis. They have shown that velocity and thermal profiles suggestively increase with the concurrent increasing estimation of the fluid parameter.
The fractional calculus (FC) has obtained substantial consideration from experts in previous decades. The important inventions have newly been presented in the application of the FC, where new derivatives, as well as integral operators, are hired (Awan et al., 2019). The new anticipated operators contain the generalized Mittag–Leffler function (MLF), and these features intensify the innovative constructions to achieve numerous attractive properties that are recognized in important outcomes. Subsequently, Atangana and Dumitru (2016) anticipated, the innovative and applicable time-fractional operator, which is expansively hired in numerous branches of science and engineering. It is exposed that the MLF is a more operative and vigorous screening apparatus than the exponential and power laws, constructing the AB-fractional operator, in terms of Caputo, an effective arithmetic procedure to simulate progressively perilous complex tasks. Due to their extensive implications, such fractional models are extensively identified for deriving fractional differential equations (FDEs) with no manufactured irregularities, as for Caputo, Riemann–Liouville (RL), and Caputo–Fabrizio (CF) derivatives, because of their characteristic non-orientation (Ali et al., 2021; Ali et al., 2022a; Raza et al., 2022; Zhang et al., 2022). We also perceived interest in these fractional derivatives on the topic of mathematical approaches, although scientifically approximating these operators' outcomes to compute different problems (Martyushev and Sheremet, 2012; Ali et al., 2022b).
Batool et al. (2022) discussed the thermal and mass transmission processes of a micropolar NF under magnetic and buoyancy effects across an inclusion. Rasool et al. (2022a) examined the significance of the MHD Maxwell NF flow and obtained the solution to this problem by employing the homotopy analysis technique for diverse physical parameters. Moreover, they studied an electro-magneto-hydrodynamic NF flow in a permeable medium with heating boundary conditions. Furthermore, they applied Buongiorno’s method for the flow of radiating thixotropic NFs over a horizontal surface by considering the retardational effects of Lorentz forces and using the influence of Brownian and thermophoresis diffusions (Rasool et al., 2022b; Rasool et al., 2023).
In this paper, a fractionalized Oldroyd-B HNF flow is examined by the recent definitions of the AB time-fractional derivative having a Mittage–Leffler kernel along with Newtonian heating, constant concentration, and the wall slip condition on temperature close to an infinite vertical flat plate. The AB fractional operator is introduced in the governing equations of temperature and diffusion by employing the generalized types of Fourier and Fick’s law. The developed non-dimensional fractional model is solved using the Laplace transform method. Graphical illustrations are used to depict the physical behavior of fractional derivatives and the consequence of diverse flow parameters on velocity, thermal, and concentration fields. Furthermore, for validation of our attained results, some limiting cases are considered to recover fractional derivatives, as well as classical models of Maxwell and Newtonian fluids. The impacts of diverse flow parameters on variable profiles are achieved and presented graphically with significant conclusions.
2 MATHEMATICAL FORMULATION BASED ON A HYBRID NANOFLUID
Consider an unsteady and an incompressible Oldroyd-B HNF flow close to an infinite vertical flat plate. Initially, consider that the fluid and plate are at a relaxation position, with constant temperature [image: image] and concentration [image: image]. After some time, the plate is kept constant and the fluid begins to move with a temperature value [image: image], where [image: image] is a constant that signifies the dimension of velocity. At that time, the plate obtains a temperature [image: image] and concentration [image: image], which persist constantly. We supposed that velocity, temperature, and concentration profiles are the only functions of ξ and [image: image]. The configuration of the problem is shown in Figure 1.
[image: Figure 1]FIGURE 1 | Physical flow.
By Boussinesq’s estimation (Ali et al., 2021), the governing equations for an Oldroyd-B HNF are discussed by Martyushev and Sheremet (2012). The equation of motion is as follows:
[image: image]
The energy balance equation is as follows (Awan et al., 2019):
[image: image]
The Fourier law (Zhang et al., 2022) for thermal conduction is as follows:
[image: image]
The diffusion equation (Awan et al., 2019) for
[image: image]
The Fick law is as follows (Awan et al., 2019):
[image: image]
The appropriate initial and boundary conditions are as follows:
[image: image]
[image: image]
[image: image]
Table 1 shows the properties of thermal and under-conversation fluids and nanoparticles.
[image: image]
TABLE 1 | Thermal characteristics of base fluids and nanoparticles (Raza et al., 2022; Zhang et al., 2022).
[image: Table 1]The following are a set of non-dimensional parameters:
[image: image]
By utilizing the aforementioned variables in Eqs. 1–8 and after dropping the [image: image] notation, we obtain
[image: image]
[image: image]
[image: image]
[image: image]
[image: image]
[image: image]
[image: image]
[image: image]
where
[image: image]
2.1 Fractional model based on a non-local kernel
Now, we develop a fractional Oldroyd-B HNF using Fourier and Fick’s law based on the AB-fractional operator (Atangana and Dumitru, 2016), which is explained as the following expression for a function [image: image]
[image: image]
and the kernel Mittage–Leffler function [image: image] is defined by
[image: image]
The Laplace transform is
[image: image]
with
[image: image]
The governing equations for the AB-fractional derivative are obtained by substituting the ordinary derivative with the AB derivative operator [image: image] in Eqs. 11–15 as
[image: image]
[image: image]
[image: image]
[image: image]
[image: image]
3 SOLUTION OF THE PROBLEM
3.1 Energy profile
Using the Laplace transform on Eqs. 25, 26 and corresponding conditions (15)2-(17)2, we have
[image: image]
[image: image]
[image: image]
where [image: image] is the Laplace transform for [image: image] and [image: image] is the Laplace transform parameter (Ali et al., 2021).
The solution of Eq. (29) by using Eq. (30) and with conditions in Eq. (31) is
[image: image]
Eq. (32) can be written as
[image: image]
where [image: image] and [image: image]
The Laplace inverse of Eq. (33) is shown numerically in Table 2.
TABLE 2 | Numerical comparison of energy, concentration, and velocity profiles by different numerical methods.
[image: Table 2]3.2 Concentration field
By employing the Laplace transform on Eqs. 27, 28 with associated conditions defined in Eqs. (15)3– (17)3, we have
[image: image]
[image: image]
[image: image]
The solution of Eq. (34) by using Eq. (35) and conditions in Eq. (36) is
[image: image]
Eq. (37) may be written as
[image: image]
where [image: image]
The Laplace inverse of Eq. (38) is computed numerically in Table 2 by invoking diverse numerical methods.
3.3 Momentum profile
Taking the Laplace transform on Eq. (24) with related conditions in Eqs. (15)1– (17)1, we have
[image: image]
[image: image]
By using temperature values from Eq. (37) and concentration from Eq. (38) and with conditions of Eq. (40), we obtain the solution of the velocity field for Eq. (40) as
[image: image]
where [image: image]
Our achieved solutions of variable profiles are complex to find analytically. Different researchers employed varied numerical approaches; so to compute Laplace inversion, we also employed numerical techniques, i.e., Stehfest and Tzou numerical methods. These algorithms are defined as follows (Stehfest, 1970; Tzou, 2014):
[image: image]
where [image: image]
and
[image: image]
Case I. Classical Oldroyd-B fluidBy substituting [image: image] in Eq. (41), the velocity solution takes the form as
[image: image]
Case II. Fractionalized Maxwell fluidBy substituting [image: image] in Eq. (41), the velocity solution converts as follows:
[image: image]
Case III. Ordinary Maxwell fluidBy substituting [image: image] and [image: image] in Eq. (41), the velocity solution converts
[image: image]
Case IV. Fractionalized Newtonian fluidBy substituting [image: image] in Eq. (45), the velocity solution converts
[image: image]
Case V. Ordinary Newtonian fluidBy substituting [image: image] in Eq. (47), the velocity solution converts
[image: image]
4 DISCUSSION OF RESULTS
In this article, the natural convection flow of the Oldroyd-B HNF flowing close to an infinite vertical flat plate is examined. Aluminum oxide–magnetite–water (Al2O3–Fe3O4–H2O) and aluminum oxide–magnetite–sodium alginate (Al2O3–Fe3O4–[image: image])-based HNFs are considered with an AB-fractional approach. The solution of dimensionless fractional equations of energy, concentration, and momentum is obtained with the Laplace method. To observe from the physical perception, the impacts of fractional derivatives and different flow parameters on concentration, velocity, and temperature are measured and shown in Figures 2–15 graphically.
[image: Figure 2]FIGURE 2 | Simulation to explain the temperature for changing [image: image] when [image: image].
[image: Figure 3]FIGURE 3 | Simulation to explain the temperature for [image: image] when [image: image].
[image: Figure 4]FIGURE 4 | Simulation to explain the temperature for fluctuating [image: image] when [image: image].
[image: Figure 5]FIGURE 5 | Simulation to explain the temperature for changing [image: image] when [image: image]
[image: Figure 6]FIGURE 6 | Simulation to explain the velocity for fluctuating α when [image: image]
[image: Figure 7]FIGURE 7 | Simulation to explain the velocity for changing [image: image] when [image: image]
[image: Figure 8]FIGURE 8 | Simulation to explain the velocity for changing [image: image] when [image: image]
[image: Figure 9]FIGURE 9 | Simulation to explain the velocity for changing [image: image] when [image: image]
[image: Figure 10]FIGURE 10 | Simulation to explain the velocity for fluctuating [image: image] when [image: image]
[image: Figure 11]FIGURE 11 | Simulation to explain the velocity for fluctuating [image: image] when [image: image].
[image: Figure 12]FIGURE 12 | Simulation to explain the velocity for the different fluid models when [image: image]
[image: Figure 13]FIGURE 13 | Simulation to clarify the velocity for the slip and no-slip condition when [image: image]
[image: Figure 14]FIGURE 14 | Simulation to explain the concentration, temperature, and velocity for the comparison of different inversion numerical algorithms.
[image: Figure 15]FIGURE 15 | Comparison of our results with the results by Chen et al. (2022) for validation.
Figure 2 shows the influence of [image: image] on the temperature field. By setting other parameters constant and fluctuating the value of [image: image], it is seen that for a small time, the temperature profile declined for larger values [image: image] and this effect is reversed for a greater time. We see that fluid characteristics can be measured by fractional parameters. For a different value of [image: image], the temperature close to the plate is extreme. The temperature declines away from the plate and is asymptotic in the growing [image: image] direction, which satisfies our boundary conditions. Figure 3 shows the thermal behavior for [image: image]. For large estimations of [image: image], the temperature declines. Substantially, the heat conductivity increasing the estimations of [image: image], manufacturing the fluid thicker, sources the least thickness of the heat boundary layer. Figures 4, 5 show the temperature behavior with [image: image] and [image: image]. The temperature field represents an increasing function of [image: image] and [image: image]. As expected, with greater values of [image: image] and [image: image] the capacity of the HNF expands to hold additional heat. Therefore, the heat conductivity of the NF increases and temperature increases at different times.
The fluid velocity declines as we increase [image: image], as shown in Figure 6, when there is less time. For a long time, the velocity is enhanced. Physically, when [image: image] increases, the velocity and thermal boundary layer decline, and as a consequence, the velocity declines for a short time. Figure 7 shows the behavior of the velocity with [image: image]. The velocity field also decreases with increasing [image: image]. Enhancement in [image: image] decreases the thermal conductivity and increases the viscosity of the fluid because of which the momentum profile declines with [image: image].
Figure 8 shows the influence of [image: image] on the momentum profile. By increasing [image: image], the velocity profile is enhanced. Since [image: image] exhibits the buoyancy force that increases the natural convection, therefore the velocity grows. Figure 9 shows the impact of [image: image] on the velocity by considering the changing [image: image] with time. The ratio of the buoyant force and viscous force is named the mass Grashof number that sources unrestricted convection. Figure 9 shows that velocity is enhanced for enhancing [image: image]. Figures 10, 11 show the effect of [image: image] and [image: image] on velocity. The velocity decreases with increase in [image: image] and [image: image]. This means that with the addition of nanoparticles to the base liquids, the resulting HNF becomes denser, so they become more viscous than the regular fluid. Also, the boundary layer of regular fluids is thinner than that of the HNF, and as a result, the velocity shows a declining behavior with increasing values of [image: image] and [image: image]. Moreover, the impact of a water-based HNF has more progressive values as compared to that of the sodium alginate-based HNF on the profiles of energy and velocity.
Figure 12 shows a comparison of different fluid models. It is observed that the solutions of Maxwell nanofluids for both ordinary and fractional cases have developed curves as compared to Oldroyd-B and viscous nanofluids. Figure 13 shows the velocity for the slip and no-slip conditions. It can be seen that the slip condition shows a lesser profile for velocity than the no-slip conditions. Figure 14 shows the temperature and velocity behaviors for the comparison of diverse numerical techniques (Stehfest and Tzou’s algorithm). The overlapping of profiles shows that these algorithms are strongly validated with each other. Figure 15 shows the validation of our results with Chen et al. (2022). By overlapping both curves, it is observed from these graphs that our achieved results match those developed by Chen et al. (2022). The numerical comparison of energy, concentration, and velocity profiles by different numerical methods is shown in Table 2. Table 3 shows the numerical results of the Nusselt number, Sherwood number, and skin friction. The comparison of the momentum profile with the work of Chen et al. (2022) is shown in Table 4.
TABLE 3 | Numerical results of the Nusselt number, Sherwood number, and skin friction.
[image: Table 3]TABLE 4 | Numerical results of comparisons of the velocity field.
[image: Table 4]5 CONCLUSION
This article examines the investigations of the unsteady, convective flow of the Oldroyd-B HNF flowing over a flat plate with wall slip conditions on temperature and constant concentration. The model is developed using the AB-fractional operator and solved with the Laplace transform method. The Laplace inversion is computed with the well-known Stehfest and Tzou numerical schemes. Finally, the effect of diverse flow parameters is planned to estimate the physical clarification of the achieved results of governed equations. The main results from the previous section are summarized in the following:
❖ For a short time, the temperature and momentum profile decayed for a larger value of [image: image], and this effect for both profiles is reversed for a longer time.
❖ By increasing [image: image], the temperature and velocity show a decreasing behavior.
❖ By increasing [image: image] and [image: image], the velocity profile is improved.
❖ The velocity decreases with increasing [image: image] and [image: image].
❖ The energy and velocity profiles are larger for a water-based HNF than those of the sodium alginate-based HNF.
❖ The graphs of Maxwell nanofluids for both classical and fractional models have more advanced curves than Oldroyd-B and viscous nanofluids.
❖ The slip condition shows a lower profile for velocity than the no-slip condition.
❖ The comparison of diverse numerical algorithms (Stehfest and Tzou) strongly validated our study’s solutions.
❖ Chen et al. (2022), the overlapping of both curves validate the achieved results of our study.
6 FUTURE RECOMMENDATION
For extension of this fractional problem examined in this article, we idolized the following proposal based on investigation, approaches, extensions, and geometries, as demarcated in the following:
• The same problem can also be considered over a horizontal plate by using Prabhakar’s time-fractional approach with an MHD effect in a porous medium.
• A comparative study of this study can be solved by the natural and Laplace transform methods.
• The same problem may be discussed by the Keller–box scheme.
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The suspension of nanoparticles in base liquids has found extensive applications in various industrial processes like nanomedicines, microsystem cooling, and energy conversion. Owing to its important applications, this article investigates the hybrid nanofluid flow over a three-dimensional stretching surface. The fluid is influenced by thermal radiation, chemical reaction, and a variable thermal source/sink. The set of equations that administer the fluid behavior has been transformed to dimensionless form by a suitable set of similarity transformations that are further solved by the homotopy analysis method. It was found that as the ratio parameter increased, the velocity of hybrid nanofluid velocity decreased along the primary direction and increased along the secondary direction. The temperature characteristic was augmented with greater values of nonlinear thermal radiation and source/sink factors. Growth in the chemically reactive factor and Schmidt number has an adverse effect on the concentration profile of the hybrid nanofluid flow. A comparative analysis of the current results and those established in the literature was conducted. A close agreement with those published results was found. It was noted that temperature and concentration increase more quickly for the [image: image] hybrid nanofluid than the [image: image] nanofluids.
Keywords: nanofluid, hybrid nanofluid, Riga plate, thermal radiation, chemical reaction, variable heat source
1 INTRODUCTION
The heating and cooling of fluids is quite useful in industrial applications like power manufacturing and power transportation processes. Typical fluids have lower thermal conductivities because of their lower thermal flow characteristics. In contrast, the thermal conductivity of metals is higher. So, to create fluids with a desired level of thermal conductivity, solid nanoparticles are mixed with conventional fluids, as proposed by Choi (Choi and Eastman, 1995). Shah et al. (2020) mixed gold nanoparticles in blood, discussed the behavior of that fluid, and concluded that the thermal characteristics were enhanced with improvements in the radiation factor and number of solid nanoparticles. Bhatti et al. (2022) studied the swimming behavior of microorganisms in a Williamson MHD nanofluid flow over rotating plates embedded in a permeable region and concluded that an increase in magnetic factor and nanoparticle volume fraction increased the temperature characteristics and decreased fluid velocity. Acharya et al. (2022) inspected the variations in hydrothermal nanofluid flow influenced by the diameters of nanoparticles and a nanolayer and showed that the nanolayer enhanced the thermal flow by 84.61%. Shahid et al. (2022) presented a numerical examination of nanofluid flow over a permeable surface using the influences of activation energy and bioconvection.
Mixing two different types of nanoparticles in a base fluid will enhance its thermal conductivities. This is called a hybrid nanofluid. Manzoor et al. (2021) studied the improvement of thermal transmission of a magnetized hybrid nanofluid flow over a stretching sheet and concluded that the temperature distributions were augmented with enhancements in volume fractions and magnetic factors. Khan et al. (2022a) examined the flow of a hybrid nanoliquid on a moving heated needle placed horizontally in the fluid and found that the thermal transmission was enlarged with an increase in Brownian motion, Eckert number, and volume fractions of nanoparticles. Waseem et al. (2021) examined the couple stress hybrid nanofluid flow over a vertically placed heated plate using heterogeneous and homogeneous reactions. They concluded that the skin friction increased with the increase in buoyance forces. Eid and Nafe (2022) examined the thermal conductivity and heat generation influences on MHD hybrid nanoliquid flow over a stretching surface with slip conditions. Zhang et al. (2022) analyzed the flow of hybrid nanoliquid past a stretching surface and concluded that the fluid moved faster with higher values of the Darcy number, while the motion of fluid was retarded with an increase in the magnetic factor. Ojjela (2022) investigated the thermal transportation of hybrid nanofluid using alumina and silica nanoparticles and compared the results with established studies. The related analyses can be seen in Zabihi et al. (2020a), Zabihi et al. (2020b), Wahid et al. (2020), Alhowaity et al. (2022), Khan et al. (2022b), and Zabihi et al. (2022).
Fluids that conduct electrically, like liquid metals, plasmas, and electrolytes, can be organized using magnetic fields. These flows have many applications in earthquakes, astrophysics, geophysics, and sensors. In such phenomena, magnetic and electric fields are used to control and direct the flow of fluids; these are called EMHD flow. Fluids flowing in electrically weak conducted fluids can be organized and controlled by applying an external electric field using a Riga plate, which is an electromagnetic surface with alternatively assembled electrodes. Such an arrangement produces hydrodynamic and electromagnetic behavior within the fluid flow on a surface. Lielausis (1961) constructed a Riga plate to control the fluid flow by producing a Lorentz effect along a wall. Shafiq et al. (2021) studied double stratification at the stagnant point in a Walters-B nanofluid past a radiative Riga plate. They observed that intensive retardation in thermal flow and concentration was found for double stratification, while stronger radiation values corresponded to a significant rise in temperature. Asogwa et al. (2022) compared two different nanofluid characteristics regarding the thermal, skin friction, and concentration past an exponentially accelerated Riga plate. They found that in the case of increased radiation, a CuO-based nanofluid behaved much better than a [image: image]-based nanofluid. Gangadhar et al. (2021) investigated the flow of a radiative EMHD fluid on a Riga plate due to heat convection using the modified Buongiorno model. Rahman et al. (2022) examined the effects of suction and magnetic factors on a nanofluid flow containing copper oxide, metal, alumina, and titanium dioxide nanoparticles over a spinning disc. Anuar et al. (2020) analyzed the magnetohydrodynamic effect on a nanofluid flow over a nonlinear extending surface. Kumar et al. (2017) investigated the influence of chemical reactions on the MHD three-dimensional nanofluid flow over a Riga plate.
Thermal radiation plays a fundamental role in the heat transport phenomenon. Many investigations have been made on the nanofluid flow with thermal radiation effects. Hayat et al. (2013) investigated the Jeffery liquid flow past a stretching sheet with the impact of thermal radiation and found that the skin friction and Sherwood number were amplified due to the higher radiation factor. Sabir et al. (2021) examined the Sutterby fluid flow with the influence of thermal radiation and concluded that higher strength of magnetic and radiation factors augmented the thermal characteristic and skin friction. Ijaz et al. (2021) simulated the effects of a thermal radiation magnetic field on a nanofluid flow containing gyrotactic microorganisms and concluded that the temperature- and space-based heat absorptions were more appropriate for cooling. Ali et al. (2021) inspected the influences of thermal radiation and magnetic field effects on the Darcy flow and observed that with an increase in the diameter of copper nanoparticles, the temperature distribution was increased. Saeed et al. (2021) investigated the Darcy–Forchheimer nanoliquid flow with thermal radiation and determined that the velocity profile reduced with the higher Darcy number, and temperature was increased with growth in the radiation factor. The impacts of thermal radiation, chemical reaction, and heat absorption/generation on MHD Maxwell nanofluid flow were examined by Tlili et al. (2020).
In many investigations, there may be reasonable thermal differences between the ambient fluid and the surface on which the fluid flows. This idea necessitates deliberation in the presence of thermal heat or a thermal sink that strongly affects the thermal flow rate of a fluid flow system. This idea is gaining more attention because of its expanding uses in production engineering problems where the heat transportation is substantial to enhance the quality of the final product. Khader and Sharma (2021) evaluated the time-based MHD liquid flow over a shrinking/stretching sheet using thermal radiation and a heat source and found that temperature declined with an expansion in the steadiness factor and the thermal buoyancy parameter, whereas it increased with higher values of the heat source. Tarakaramu et al. (2022) discussed the three-dimensional couple stress fluid flow past a stretching surface with nonlinear thermal radiation and heat source impacts. Ram et al. (2022) examined the mixed convection thermal and mass transportations in a magnetized fluid flow at a stagnant point of a stretching surface with a heat source. Haq et al. (2022) examined the mixed convective nanofluid flow past an irregular inclined sheet with a chemical reaction and heat source impact and found that velocity rises with the increases in the angle of inclination. Sharma et al. (2022) explored the effect of a thermal source on EMHD nanofluid flow over an extending surface. Saleh et al. (2022) analyzed the influence of the heat source on nanoliquid flow past a stretching surface and found that thermal distribution increased as the temperature-based heat source and space factors increased. Li et al. (2022) discussed the double diffusion nanofluid flow with the influence of activation energy, a nonlinear heat source/sink, and convective conditions. Many similar studies can be seen in Alharbi et al. (2018), Alwawi et al. (2020), Hamarsheh et al. (2020), Sravanthi (2020), El-Zahar et al. (2021), Khan et al. (2021), Shamshuddin et al. (2021), El-Zahar et al. (2022), Thumma et al. (2022), Ullah et al. (2022), and Waini et al. (2022).
Apart from the aforementioned analyses, there is less work on the hybrid nanoliquid flow over a stretching surface. The surface of the plate is kept at a constant temperature and concentration. The nonlinear thermal radiation, variable heat source/sink, thermophoresis, Brownian motion, and chemical reaction impacts are considered to make this model novel. The mathematical formulation of the flow is presented in Section 2. Section 3 provides a semi-analytical solution to the flow problem. The validation of current results with published results is presented in Section 4. The discussion of the present results is presented in Section 5. Concluding remarks are presented in Section 6.
2 PROBLEM FORMULATION
Consider the flow of a hybrid nanofluid on a three-dimensional extending surface. The surface stretches along the [image: image] axis with a velocity [image: image] and along the [image: image] axis with velocity [image: image], where [image: image] and [image: image] are positive fixed values. The flow in the system is induced by a Riga plate with [image: image] along the [image: image] direction. At the surface of the Riga plate, [image: image] is temperature and [image: image] is concentration, whereas, at the free surface, these quantities are given as [image: image] and [image: image]. Nonlinear thermal radiation, the variable heat source/sink, thermophoresis, and chemical reaction effects are also considered. Using these assumptions, the leading equations can be written as follows (Ahmad et al., 2016; Muhammad et al., 2021; Alqarni, 2022; Shah et al., 2022):
[image: image]
[image: image]
[image: image]
[image: image]
[image: image]
with boundary conditions:
[image: image]
As mentioned previously, [image: image] are the velocity components along the coordinate axes, [image: image] is the magnetic property of the plate surface due to the permanent magnet, and [image: image] is the electrode current density.
The [image: image] (radiative heat flux) is defined as follows (Alqarni, 2022):
[image: image]
The variable heat source/sink term [image: image] is defined as follows (Khan et al., 2022c; Rawia et al., 2022):
[image: image]
In the aforementioned equation, [image: image] is the space factor and [image: image] is the heat sink/source factor.
Substituting Eqs 7, 8 in Eq. 4, we have
[image: image]
The thermophoresis models for a nanofluid and hybrid nanofluid are appended as follows (Acharya et al., 2020), while their numerical values are assumed in Table 1.
[image: image]
[image: image]
TABLE 1 | Thermophysical characteristics of base fluid and nanoparticles (Mishra and Upreti, 2022).
[image: Table 1]The similarity variables are given as follows:
[image: image]
Employing Eq. 12, the governing equations are reduced as follows:
[image: image]
[image: image]
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with boundary conditions
[image: image]
In the aforementioned equations, [image: image] is the EMHD material parameter, [image: image] is the modified Hartmann number, [image: image] is the ratio parameter, [image: image] is the Schmidt number, [image: image] is the Prandtl number, [image: image] is the thermal radiation factor, [image: image] is the temperature ratio factor, and [image: image] is the chemical reaction factor.
2.1 Quantities of interest
The main engineering quantities of interest, skin friction ([image: image]; [image: image]), Nusselt number ([image: image]), and Sherwood number ([image: image]), are specified as follows:
[image: image]
such that
[image: image]
Using Eq. 12, we have
[image: image]
where [image: image] and [image: image] are the local Reynolds numbers.
3 METHOD OF SOLUTION
To solve Eqs 13–16 with Eq. 17, we use the homotopy analysis approach (HAM) presented by Liao (1999) and Liao (2010). It is a semi-analytical approach used to find the solution of extremely nonlinear differential equations in the form of series solutions. It is a fast convergent approach for the solution of fluid problems. The initial guesses for this approach are given as follows:
[image: image]
The linear operators are specified as follows:
[image: image]
with properties
[image: image]
where [image: image] are the constants in general solution.
These are zeroth-order problems:
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where [image: image] is the embedding parameter and [image: image] is the non-zero auxiliary factor. The nonlinear operators can be written as follows:
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For [image: image] and [image: image], we have
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Using a Taylor series expansion with respect to [image: image], we have
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These are mth-order deformation problems:
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where
[image: image]
3.1 HAM convergence
HAM ensures the convergence of our series solution of the modeled equations. The auxiliary factor [image: image] plays a key role in adjusting and controlling the convergence region of the flow problem. To examine the convergence of our present model, we have plotted Figure 1. The convergence region of [image: image] is [image: image], [image: image] is [image: image], [image: image] is [image: image] and [image: image] is [image: image].
[image: Figure 1]FIGURE 1 | [image: image] curves for [image: image], [image: image], [image: image] and [image: image].
4 VALIDATION
A comparative analysis was carried out, as shown in in Table 2, between the current results and the results given in Kumar et al. (2017), Anuar et al. (2020), and Shah et al. (2022). The current results have a close relationship with results previously published in the literature.
TABLE 2 | Comparative analysis of common factors among current and previous results for [image: image].
[image: Table 2]5 RESULTS AND DISCUSSION
This article investigates the EMHD flow of a hybrid nanofluid past a bi-directional extending surface. The fluid is influenced by nonlinear thermal radiation, chemical reactions, and a variable heat source. The set of equations that administered the fluid behavior has been transformed to dimensionless form by applying appropriate similarity variables. The impacts of various substantial parameters on the flow profiles are discussed in the following paragraphs.
Figure 2 depicts the influences of the Hartmann number on fluid velocity. It is observed that the higher values of [image: image] increase the velocity profile. The higher [image: image] intensity of the electric field enhances the parallel Lorentz force, and, as a result, the velocity of the hybrid nanofluid flow enhances. This shows that along the x-direction, the velocity gets support from the parallel Lorentz force. Therefore, the velocity profile of the hybrid nanofluid flow enhances with the greater [image: image].
[image: Figure 2]FIGURE 2 | Impact of [image: image] on [image: image].
Figures 3, 4 show the impact of [image: image] on [image: image] and [image: image]. It is observed that [image: image] is a retarding function of [image: image] and an augmenting function of [image: image]. Physically, the increasing values of [image: image] support the skin friction at the surface of the Riga plate by extending more friction to the fluid motion in its opposite direction at the surface. The reason for this is that the ratio parameter [image: image] is in a direct relationship with the fluid velocity in the y-direction and in a reverse relationship in the x-direction. Hence, a retarding impact was noted in [image: image] and an augmenting effect was observed in [image: image].
[image: Figure 3]FIGURE 3 | Impact of [image: image] on [image: image].
[image: Figure 4]FIGURE 4 | Impact of [image: image] on [image: image].
The behavior of temperature flow due to the increase in the nonlinear thermal radiation factor [image: image] is depicted in Figure 5. We see that with the increase in [image: image], the thermal profile increases. With growing values of [image: image], maximum thermal diffusions occur at the surface of the Riga plate due to the electrical and magnetic characteristics at the surface. Hence, an increase in [image: image] results in an expansion in the thermal distribution, as depicted in Figure 5.
[image: Figure 5]FIGURE 5 | Impact of [image: image] on [image: image].
The influence of the space factor [image: image] and the heat source/sink factor [image: image] on temperature distribution is depicted in Figures 6, 7. Note that for the positive values of [image: image] and [image: image], both behave as a heat generation source. Furthermore, the presence of a heat source factor discharges the energy to the fluid flow system. This released energy augments the temperature boundary layer, and consequently, the temperature distribution increases.
[image: Figure 6]FIGURE 6 | Impact of [image: image] on [image: image].
[image: Figure 7]FIGURE 7 | Impact of [image: image] on [image: image].
The effect of the chemical reactant factor [image: image] on the concentration profile is shown in Figure 8. The higher chemical reaction factor reduces the concentration profile of the hybrid nanofluid flow.
[image: Figure 8]FIGURE 8 | Impact of [image: image] on [image: image].
The behavior of concentration characteristic in response to the variation in Schmidt number [image: image] is shown in Figure 9, which shows that the concentration profile reduces with the higher values of [image: image]. Note that [image: image] has an adverse impact upon the concentration characteristics. Physically, with higher values of [image: image], the mass diffusivity reduces, while the kinetic viscosity of fluid enhances, causing the declination in the mass profile. The fluid particles at the surface of the Riga plate with greater values of [image: image] defuse less, due to which less mass transmission occurs. As a result, the concentration characteristic diminishes gradually, as portrayed in Figure 9.
[image: Figure 9]FIGURE 9 | Impact of [image: image] on [image: image].
Figures 10, 11 depict the behavior of velocity profiles of the [image: image] nanofluid, the [image: image] nanofluid, and the [image: image] hybrid nanofluid. In the case of the [image: image] and [image: image] nanofluids, there are the same variations in velocity characteristics at the surface of the Riga plate. However, in the case of the [image: image] hybrid nanofluid, the behavior is different. Fluid motion is higher for the [image: image] hybrid nanofluid flow than the [image: image] and [image: image] nanofluid flows, as depicted in Figures 10, 11.
[image: Figure 10]FIGURE 10 | Velocity profile ([image: image]) for the comparison of [image: image], [image: image], and [image: image].
[image: Figure 11]FIGURE 11 | Velocity profile ([image: image]) for the comparison of [image: image], [image: image], and [image: image].
Similarly, from Figures 12, 13, we see that the behavior of temperature and concentration profiles for the [image: image], [image: image],and [image: image] hybrid nanofluids are quite different. For the [image: image] and the [image: image] nanofluids, there are some variations in temperature and concentration characteristics at the surface of the Riga plate. However, in the case of the [image: image] hybrid nanofluid flow, more heat transfer is offered to flow particles. Hence, the temperature is increased more in the case of the [image: image] hybrid nanofluid flow, as depicted in Figure 12. The reason is that the hybrid nanofluid flow has greater thermal conductivity than the two other nanofluids. Similarly, the concentration boundary layer thickness is largest in the case of the [image: image] hybrid nanofluid flow when compared to the [image: image] and [image: image] nanofluids. Hence, the concentration profile is higher in the case of the [image: image] hybrid nanofluid flow. The reason is that the hybrid nanofluid flow has more mass transfer rate than the other two nanofluids, as shown in Figure 13.
[image: Figure 12]FIGURE 12 | Temperature profile ([image: image]) for the comparison of [image: image], [image: image], and [image: image].
[image: Figure 13]FIGURE 13 | Concentration profile ([image: image]) for the comparison of [image: image], [image: image], and [image: image].
Table 1 portrays the numerical values of different thermophysical characteristics. Table 3 depicts the influences of nonlinear thermal radiation [image: image], space factor [image: image] and a heat source/sink factor [image: image] on the Nusselt number in the case of the [image: image] nanofluid, the [image: image] nanofluid, and the [image: image] hybrid nanofluid. With growing values of [image: image], the maximum thermal diffusions occur at the surface of the Riga plate due to the electric and magnetic characteristics at the surface. Hence, amplification in the values of [image: image] results in an increase in the Nusselt number. Similarly, an increase in the space factor [image: image] and heat source/sink factor [image: image] causes an increase in the Nusselt number. Growth in the Nusselt number in the case of the [image: image] hybrid nanofluid is greater than in the [image: image] and [image: image] nanofluids. In Table 4, the impacts of the chemical reactant factor [image: image] and the Schmidt number [image: image] are shown on the Sherwood number. With the increase in [image: image], the solutal molecules grow and cause mass diffusions. Hence, growth in [image: image] causes a decline in the values of the Sherwood number. Similarly, with higher values of [image: image], less mass transmission occurs; as a result, the Sherwood number decreases gradually.
TABLE 3 | Impacts of different physical factors on the Nusselt number.
[image: Table 3]TABLE 4 | Influence of [image: image] and [image: image] on the Sherwood number.
[image: Table 4]6 CONCLUSION
This work investigates hybrid nanofluid flow past a bi-directional stretching surface. The hybrid nanofluid flow is affected by thermal radiation, chemical reactions, and a variable thermal source/sink. The set of equations that administer the hybrid nanofluid flow behavior was transformed to a dimensionless form by suitable similarity transformations. After a comprehensive analysis, the following points are noted.
a) Because the increase in the Hartmann number augments the strength of the electrical field externally, the behavior of the wall Lorentz force increases the decrease in the velocity of the fluid.
b) The ratio parameter has a direct relationship with the hybrid nanofluid flow velocity in the y-direction and a reverse relationship in the x-direction. Hence, a retarding impact was noted on the primary velocity, and an augmenting effect was observed on the secondary velocity.
c) With growing values of the nonlinear thermal radiation factor, the maximum thermal diffusions occur at the surface of the Riga plate. Hence, augmentation of the radiation factor results in an increase in the thermal distribution.
d) The space factor and heat source/sink factor behave as a heat generator and a heat absorption point, respectively, in the flow system; hence, an increase in these factors increases the temperature of hybrid nanofluid flow.
e) Increases in the chemical reaction factor and the Schmidt number have an opposing effect on the concentration distribution of the hybrid nanofluid flow.
f) Temperature and concentration increase more rapidly for the hybrid nanofluid than the other two nanofluids.
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NOMENCLATURE
[image: image] surface temperature
[image: image] stretching velocity
M magnetic factor
[image: image] radiative heat flux
[image: image] variable heat source/sink
[image: image] space and heat factors
[image: image] Stefan–Boltzmann constant
Sc Schmidt number
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Fluid flow through a porous media has many industrial applications such as water flowing through rocks and soil and purification of gas and oil mixed in rocks. Also, heat transfer enhancement has been introduced in various thermal and mechanical systems by improving the thermal conductance of base fluids. In this article, the flow of an electrically conducting water-based hybrid nanofluid comprising GO and Fe3O4 nanoparticles over an extending sheet using a porous medium has been investigated. The space-dependent heat source, Joule heating, Brownian motion, thermophoresis, thermal radiation, chemical reaction, and activation energy impacts are taken into account. For the solution of the modeled equations, the homotopy analysis method is considered. The homotopic convergence is shown with the help of a figure. This analysis is contrasted with previous outcomes and has found a great agreement. The impacts of embedded factors on different flow characteristics, skin friction coefficient, and Nusselt and Sherwood numbers are displayed using figures and tables. The outcomes of the present analysis show that the increasing magnetic and suction factors have reduced the fluid motion while amplifying the thermal profiles. Additionally, the suction factor has a reducing impact on both temperature and concentration profiles. The thermal profiles have increased with the increasing thermal Biot number, Eckert number, thermophoresis, and Brownian motion factors. The Nusselt numbers have increased with the increasing thermal Biot number and stretching factor but reduced with the increasing thermal radiation and temperature difference factors.
Keywords: hybrid nanofluid, inclined magnetic field, Brownian motion and thermophoresis, space-dependent heat source, thermal radiation
1 INTRODUCTION
The selection of the coolant of different devices/equipment at the industrial level and for various engineering applications is one of the most challenging tasks. Recently, thermal flow enhancement has been introduced in various thermal and mechanical systems by improving the thermal conductance of base fluids. Different fluids which are considered as pure base fluids are engine/kerosene oil, water, ethylene glycol, etc. The suspension of non-size particles in a pure fluid has been familiarized by Choi and Eastman (1995) first to expand the thermal flow characteristics of the base fluid. Acharya et al. (2022) discussed the fluid flow and thermal phenomenon for a time-based MHD nanoliquid on a spinning surface and explored that the thermal properties of the nanofluid were enhanced by 84.61% in comparison to the normal fluid. Shah et al. (2020) mixed gold particles in blood to enhance its thermal properties by incorporating radiation and rotational effects in the flow system. Khan et al. (2021) introduced radiative effects in the revolving motion of an MHD nanofluid on a spinning cylinder and noticed a difference in temperature growth at the wall as well as on the surface of the cylinder. Bhatti et al. (2022) explored a bioconvective MHD Williamson nanofluid flowing amid two spinning circular surfaces placed in a penetrable medium. Hussain et al. (2022) solved numerically the radiative EMHD Williamson fluid flow on a stretching surface. Rasheed et al. (2022) discussed the Brownian three-dimensional motion of a thin-film nanofluid past a stretched and rotary sheet and found that the Nusselt number augmented with growth in magnetic and Brownian factors and the concentration of nanoparticles. Akbar et al. (2022) scrutinized the exact solution of an unsteady thermal conductive pressure on peristaltic transport with temperature nanofluid viscosity. Carbon nanotubes (CNTs) are grasped as nanoparticles in an irregular channel. Akram et al. (2022) investigated the electroosmotic flow of peristaltic transport of a nanofluid over a curved microchannel.
It has further been noticed experimentally that the thermal conductance of a base fluid can be additionally enhanced by suspending two unlike natures of nanoparticles in it and is characterized as a hybrid nanofluid. Chu et al. (2022) examined the impact of different nanoparticle shapes for unsteady hybrid nanofluid flow amid two plates of infinite length and determined that velocity weakened whereas the temperature of the fluid upsurged with augmentation in the number of hybrid nanoparticles. Zhang et al. (2022) examined the effects of magnetic field on hybrid nanoparticle flow over an elastic sheet and noticed that motion of the fluid propagated faster with progression in tantalum nanoparticles and the Darcy number while the temperature of the fluid declined with an upsurge in nickel and tantalum nanoparticle concentration. Guedri et al. (2022) discussed the trihybrid radiative nanofluid motion over a non-linear extended sheet using the impression of the Darcy–Forchheimer model and noticed that the heat of the fluid amplified with growth in Brownian, temperature ratio, and thermophoretic parameters. Salahuddin et al. (2022) examined flow and thermal behavior for a highly magnetized wavy heated cylinder on which hybrid nanofluids flow. Alrabaiah et al. (2022) estimated the bioconvective hybrid nanoparticles’ flow in the cavity of a cone/disk using the influences of dissipation and microorganisms. Lone et al. (2022) explored MHD micro-rotational hybrid nanoparticles’ flow past a flat plate using thermally radiated effects and mixed convection. Khan et al. (2022a) examined hybrid dissipative nanofluid flow on a heated revolving needle using microorganisms and Hall current effects. Maraj et al. (2017) studied the closed-form solution of mixed convective MHD carbon nanotube nanofluid flow in a rotating channel. In this study, one can see that temperature is the enhancing function against the improving estimations of the volume fraction parameter. Habib and Akbar (2021) proposed the incorporation of novel nanofluids in clinical isolates to battle Staphylococcus aureus. Akram et al. (2021) reported water-based hybrid (Ag–Au) nanofluids electroosmotically pumped through an inclined asymmetric microfluidic channel in a porous setting. With the help of the Debye–Hückel and lubrication linearization principles, the governing equations of the current model are linearized.
The study of electrically conducted fluids associated with magnetic effects such as salty water and plasma is called magnetohydrodynamics (MHD). Such fluids are crucial in many engineering and industrial applications, for instance, design of nuclear reactors, MHD generators, and flow meters. Asjad et al. (2022) explored the impact of activated energy and magnetic effects on a Williamson fluid using bioconvective effects on an exponentially stretched surface. Bejawada et al. (2022) inspected radiated MHD fluid motion on a non-linear inclined sheet using a permeable Forchheimer surface and concluded that the motion of liquid degenerated while temperature expanded with progression in the magnetic factor. Kodi and Mopuri (2022) discussed MHD time-based oscillatory fluid flow on an inclined surface using chemically reactive effects and thermal absorption. Usman et al. (2021) explored the impact of EMHD couple stress on a thin film hybrid nanoliquid flow on a gyratory surface and established that thermal conductance is better in case of hybrid nanoparticles. Venkata Ramudu et al. (2022) explored the impact of convective diffusion conditions on Casson MHD fluid motion on a stretched sheet and noticed that the Sherwood number upsurged while the Nusselt number declined with an escalation in the non-linear radiative factor. Sharma et al. (2022) deliberated theoretically on convection MHD liquid flow past a rotary extended disk and recognized that the Nusselt number augmented with progression in the magnetic factor at the lower disk. Same ideas can be seen in Waseem et al. (2021); Mahabaleshwar et al. (2022); Nagendramma et al. (2022); and Nazeer et al. (2022).
The experimental and theoretical investigations of fluid flow under the impact of Joule heating have been handled frequently in the literature. It plays a pivotal role in controlling the thermal flow effects. Shamshuddin and Eid (2022) discussed a higher-order reactive nanofluid in a convective extending sheet under the impact of Joule heating and mixed convection and proved that the Eckert number supported the fluid motion and thermal characteristics, whereas growth in the magnetic factor declined the velocity and upsurged the Nusselt number. Wahid et al. (2022) examined an MHD nanofluid at the stagnant point of a shrinking surface with viscously dissipative Joule heating effects and noticed that 25% growth in melting effects augmented skin friction by 5%, whereas the flow phenomenon can be sustained as laminar by taking alumina nanoparticles as 2% instead of 1%. Xuan (2022) reviewed non-linear electro-kinetic fluid flow taking the effects of induced charge to Joule heating. Abbas et al. (2022) debated on the influence of the Darcy–Forchheimer model on dissipative MHD fluid flow using Joule heating effects on a porous sheet and explored that with progression in the thermal diffusion factor, the temperature, concentration, and velocity characteristics augmented. Khan et al. (2022b) examined the production of irreversibility for hydro-magnetic fluid flow using the Darcy–Forchheimer model and Joule heating effects and explained the thermal flow phenomenon both for prescribed thermal flux and surface temperatures. Waqas et al. (2022) deliberated on MHD nanoliquid flow on a radiated stretched surface using Joule heating as well as dissipative effects and noticed that the density of microbes degenerated with growth in the Peclet number. Saleem et al. (2022) discussed the bio-mathematical model for the flow of blood through an artery using Joule heating. Kumar et al. (2022) discussed numerically the chemically reactive MHD fluid slip flow with Joule heating on an exponentially extended sheet and explored that fluid motion weakened while the Nusselt number, as well as skin friction, amplified with an upsurge in magnetic effects. Xie et al. (2023a) designed experimental and numerical evaluations of a novel bearing’s fluid–structure interaction lubricating abilities. Xie et al. (2023b) demonstrated the fluid–structure–acoustic coupling dynamics of a new water-lubricated bearing being studied theoretically and experimentally.
Thermal radiation is another main factor that plays a significant role in thermal flow analysis. Rehman et al. (2022) thermally inspected the radiated MHD Jeffery fluid flow with a comparative analysis upon plan/cylindrical surfaces and deduced that fluid flow on cylindrical surfaces has better thermal flow properties than on plain surfaces. For instance, the Nusselt number has greater values in case of cylindrical surfaces. Shaw et al. (2022) inspected MHD cross-liquid motion with effects of linear as well as non-linear heat radiations using an arbitrary Prandtl number and highlighted the thermal flow characteristics for Prandtl numbers within the interval [image: image] in case of the linear as well as non-linear thermal radiation factor. Bilal et al. (2022) explored the impact of heat radiation on liquid motion over a linear stretched surface and explained that with elevation in porosity and radiation factors, there is a growth in skin friction. Adnan (2022) discussed numerically the effects of radiative and convective thermal conduction on nanoliquid flow on a non-linear extended sheet and determined that fluid motion weakened with growth in the radiation factor, which, on the other hand, augmented both the Nusselt number and skin friction. Yaseen et al. (2022) discussed motion of hybrid nanoparticles amid two plates placed in parallel direction with the influence of the Darcy permeable medium and heat radiations effects and concluded that the Nusselt number augmented with progression in radiation and porosity factors. Ibrahim et al. (2022) debated on time-based viscously affected fluid flow using thermal radiations on a stretched plate. Ramesh et al. (2022) discussed CNT nanofluid flow on a gyratory sphere by employing the thermal radiation and thermophoretic effects.
Recently, thermal flow enhancement has been introduced in various thermal and mechanical systems by improving the thermal conductance of base fluids. Different fluids which are considered as base fluids are pure engine/kerosene oil, water, ethylene glycol, etc. This work investigates the flow of an electrically conducting hybrid nanofluid over an extending surface using a porous medium. The space-dependent heat source, Joule heating, Brownian motion, thermophoresis, thermal radiation, and chemically reactive activation energy impacts are taken into consideration. Section 2 comprises the main body of the study. Section 3 shows the homotopic solution of the model. The homotopic convergence is shown in Section 4. Section 5 shows the results and discussion part of the work. The final remarks are listed in Section 6.
2 FORMULATION OF THE PROBLEM
We consider the two-dimensional flow of an MHD hybrid nanofluid containing [image: image] and [image: image] nanoparticles past a stretching sheet using porous media. A magnetic field of strength [image: image] with an acute angle [image: image] is employed for the hybrid nanofluid flow. The stretching velocity of the sheet is depicted by [image: image]. The surface of the sheet is kept with a constant temperature and concentration, [image: image] and [image: image], respectively, while the corresponding ambient temperature and concentration are [image: image] and [image: image], respectively. Here, [image: image] is the reference temperature. A geometrical representation of the flow problem is shown in Figure 1. Additionally, the space-dependent heat source, Joule heating, Brownian motion, thermal radiation, thermophoresis, chemical reaction, and activation energy impacts are taken into consideration. The leading equations are (Reddy et al., 2020; Dawar et al., 2022a)
[image: image]
[image: image]
[image: image]
[image: image]
subject to the following boundary conditions (Dawar et al., 2022b):
[image: image]
where [image: image] is given as
[image: image]
[image: Figure 1]FIGURE 1 | Flow geometry.
This can be reduced as
[image: image]
So, Equation 3 can be written as
[image: image]
The thermophysical properties are defined as
[image: image]
For the aboveproposed model, the similarity variables are defined as
[image: image]
Using Equation 10, the leading equations are reduced as
[image: image]
[image: image]
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In the abovementioned equations, the embedded factors are defined as
[image: image]
In the abovementioned equations, [image: image] is the thermal radiation factor, [image: image] is the Brownian motion parameter, [image: image] is the Prandtl number, [image: image] is the chemical factor, [image: image] is the thermophoretic factor, [image: image] is the porosity factor, [image: image] is the Schmidt number, [image: image] is the thermal Biot number, [image: image] is the Eckert number, [image: image] is the heat source factor, [image: image] is the magnetic parameter, [image: image] is the suction/injection factor, [image: image] is the activation energy factor, and [image: image] is the temperature difference parameter. Furthermore, [image: image], [image: image], [image: image], [image: image], and [image: image] are defined as
[image: image]
The quantities of interest such as [image: image], [image: image], and [image: image] are defined as
[image: image]
Here,
[image: image]
Eq. 18 is reduced as
[image: image]
Here, [image: image] is the local Reynolds number.
3 SOLUTION BY HAM
The initial guesses are described as
[image: image]
The linear operators are defined as
[image: image]
with the following properties:
[image: image]
where [image: image] are the arbitrary constants. The chart shown in Figure 2 explains the procedure of the homotopy analysis method (Liao, 1999; Liao, 2010).
[image: Figure 2]FIGURE 2 | Flow chart of HAM.
4 HAM CONVERGENCE
We are assured of the convergence of the series solution by the homotopy analysis approach. Our series solutions’ convergence area is controlled and adjusted by the significant auxiliary parameter [image: image]. Because of this, we have displayed the [image: image]curves in Figure 3. The acceptable value for the velocity profile is [image: image], the temperature profile is [image: image], and the concentration profile is [image: image].
[image: Figure 3]FIGURE 3 | [image: image]curves of [image: image], [image: image], and [image: image].
5 RESULTS AND DISCUSSION
This section presents the discussion on the impacts of different embedded factors on the flow profiles of an electrically conducting hybrid nanofluid over an extending surface using a porous medium. The space-dependent heat source, Joule heating, Brownian motion, thermophoresis, thermal radiation, chemical reaction, and activation energy impacts are taken into consideration. Figure 4A shows the influence of the magnetic parameter [image: image] on the velocity profile ([image: image]). It is observed that the increasing [image: image] reduces [image: image] significantly. Physically, when we increase [image: image], an opposing force in the direction of fluid is created. This force is actually the Lorentz force, which resists the fluid particles’ motion. This force slows down the motion of the flow particles and, thus, [image: image] reduces. So, the velocity profile reduces with the increasing [image: image]. The effect of the suction/injection factor [image: image] on the velocity profile [image: image] is depicted in Figure 4B. When [image: image], [image: image] decreases. The heated fluid is physically forced away from the surface by the increased blowing factor, which causes the viscosity to drop and the fluid to accelerate. The momentum boundary layer is, however, thinned by the wall suction [image: image], which imposes a drag force near the surface. The impact of [image: image] on the velocity profile [image: image] is shown in Figure 4C. [image: image] shows increasing conduct via [image: image]. This is due to the fact that increasing [image: image] decreases the viscous influence on the flow. As a result, rising [image: image] reduces the thickness of the momentum boundary layer, and hence, [image: image] increases. The effect of the porosity factor [image: image] on [image: image] is shown in Figure 4D. It has been seen that [image: image] reduces with the upsurge in [image: image]. This causes the motion of the fluid to reduce, which consequently reduces the thickness of the velocity boundary layer. So, [image: image] declines with the inclement in [image: image]. The consequence of [image: image] over the temperature profile [image: image] is shown in Figure 5A. According to this figure, the impact of the magnetic parameter results in the rise of [image: image] as [image: image] increases. It is also important to note that the application of [image: image] has a positive impact on the thickness of thermal boundary layers because the thickness increases in the presence of [image: image]. Figure 5B depicts how the injection/suction factor [image: image] affects the temperature profile [image: image]. It is understandable that when [image: image] increases, the thickness of the thermal boundary layer decreases. In addition, the rate of deformation from the wall towards the fluid accelerates with the increasing [image: image]. The effect of the Brownian motion factor [image: image] on [image: image] is displayed in Figure 5C. Increasing [image: image] improves [image: image]. Additionally, [image: image] has an increasing effect on the thermal boundary layer. According to the definition, when [image: image] grows, [image: image] rises because the fluid particles have more kinetic energy. The influence of [image: image] on [image: image] is shown in Figure 5D. From Figure 5D, we can see that [image: image] increases due to the rising [image: image]. Figure 5E displays the variation in the temperature profile [image: image] due to [image: image]. It is seen that [image: image] rises as [image: image] increases. To understand the thermal performance of fluid flow, [image: image] is important. By raising [image: image], the rising intermolecular interaction will increase the kinetic energy, which will increase [image: image] and allow [image: image] to be utilized as a hot agent. Figure 5F and Figure 5G show how the radiation factor [image: image] and the temperature ratio factor [image: image] affect the temperature profile [image: image]. By increasing [image: image] and [image: image], the fluid temperature rises significantly. Physically, the fluid particles are supported and activated by the rise in [image: image] and [image: image] as a result of obtaining thermal energy. The temperature of the boundary layer rises as a result of this. Increasing the thermal diffusion and thermal distribution, in turn, causes the boundary layer thickness to grow and its temperature to rise. Figure 5H shows how the temperature profile [image: image] is influenced by the space-dependent heat source parameter [image: image]. [image: image] increases when we raise [image: image]. Physically, when[image: image], the thermal boundary layer produces energy which causes augmentation in [image: image]. Figure 5I illustrates the influence of the thermal Biot number [image: image] on the temperature profile [image: image]. When [image: image] increases, [image: image] also increases. Physically, an enhancement in [image: image] results in more supported convection, which causes the increasing conduct in [image: image]. Therefore, higher values of [image: image] increase the thermal boundary layer thickness, which, in turn, results in higher [image: image]. The influence of [image: image] on the concentration profile [image: image] is shown in Figure 6A. [image: image] significantly decreases with higher values of [image: image]. Physically, the increasing [image: image] produces the random movement of the nanoparticles in fluid; as a result, [image: image] reduces. Figure 6B portrays the impact of the thermophoresis factor [image: image] on [image: image]. It is observed that the increasing [image: image] increases [image: image]. Physically, a rise in [image: image] is followed by an upsurge in the thermal energy, which promotes the liquid’s temperature. As a result, the kinetic energy increases, and more collisions happen, which is enough to make the distribution of the concentration of nanoparticles large under the influence of [image: image]. The effect of activation energy [image: image] on the concentration profile [image: image] is seen in Figure 6C. [image: image] increases when [image: image] increases. Increasing values of [image: image] diverge from the modified Arrhenius function, which increases the rate of generative chemical reactions. The concentration is increased as a result. The impact of the Schmidt number [image: image] on the concentration profile [image: image] is exhibited in Figure 6D. [image: image] decreases as [image: image] increases. The concentration boundary layer gets thinner because higher values of [image: image] result in a faster mass transfer rate. So, [image: image] shows a decreasing impact against [image: image]. Figure 6E shows how the chemical reaction factor [image: image] affects the concentration profile [image: image]. It is obvious that [image: image] decreases as [image: image] increases. The effect of the temperature difference parameter [image: image] on the concentration profile [image: image] is seen in Figure 6F. [image: image] shows diminishing behavior when the temperature difference values are increased. Physically, a greater [image: image] causes a decrease in molecular diffusivity, which lowers [image: image]. Table 1 shows the thermophysical properties of the base fluid and nanoparticles. The comparison of the present results with published results are shown in Table 2. The values of [image: image] are shown in Table 3 for different stretching ratio parameters [image: image] and magnetic field parameters [image: image]. We determined the negative values for [image: image]. When friction force is negative, it indicates that the sheet is causing the fluid to move more slowly. In terms of quality, the effects of [image: image] and [image: image] on [image: image] caused by the flow are equivalent. In other words, [image: image] is the decreasing function of [image: image] and [image: image]. The numerical values of the Nusselt number [image: image] and Sherwood number [image: image] are shown in Tables 4 and Table 5 for various values of [image: image], [image: image], [image: image], [image: image], and [image: image]. [image: image], in this case, increases for high values of [image: image] and [image: image] while decreasing for larger values of [image: image], [image: image], and [image: image]. [image: image] is the increasing function of [image: image], and [image: image] is a decreasing function of [image: image], [image: image], and [image: image].
[image: Figure 4]FIGURE 4 | Impact of [image: image] on [image: image]. Impact of [image: image] on [image: image]. Impact of [image: image] on [image: image]. Impact of [image: image] on [image: image].
[image: Figure 5]FIGURE 5 | (A) Impact of M on θ(η). (B) Impact of S on θ(η). (C) Impact of Nb on θ(η). (D) Impact of Nt on θ(η). (E) Impact of Ec on θ(η). (F) Impact of Rd on θ(η). (G) Impact of θw on θ(η). (H) Impact of Qe on θ(η). (I) Impact of BiT on θ(η).(a)(b)
[image: Figure 6]FIGURE 6 | (A) Impact of [image: image] on [image: image]. (B) Impact of [image: image] on [image: image]. (C) Impact of [image: image] on [image: image]. (D) Impact of [image: image] on [image: image]. (E) Impact of [image: image] on [image: image]. (F) Impact of [image: image] on [image: image].
TABLE 1 | Thermophysical properties of the base fluid and nanoparticles (Acharya, 2021).
[image: Table 1]TABLE 2 | Numerical comparison of the present results of [image: image] with published results for different values of [image: image].
[image: Table 2]TABLE 3 | Numerical values of skin friction for different values of [image: image] and [image: image].
[image: Table 3]TABLE 4 | Numerical value of the Nusselt number for different values of [image: image], [image: image], [image: image], [image: image], and [image: image].
[image: Table 4]TABLE 5 | Numerical value of the Sherwood number for different values of [image: image], [image: image], [image: image], [image: image], and [image: image].
[image: Table 5]6 CONCLUSION
In this article, the authors have presented an electrically conducting hybrid nanofluid flow over an extending surface using a porous medium. The homotopic approach is tackled for the solution of the modeled equations. The space-dependent heat source, Joule heating, Brownian motion, thermophoresis, thermal radiation, and chemically reactive activated energy impacts are used. The following are the concluding points of this study:
• The growing magnetic and suction factors reduced the velocity profiles, while they enlarged the thermal profiles by magnetic factor. Additionally, the suction factor has a reducing impression on the thermal profile.
• Motion of the fluid reduced with the increasing porosity factor, while it increased with the increasing stretching factor.
• The thermal profiles increased with the increasing thermal Biot number, Eckert number, thermophoresis, space-based heat source, Brownian motion, and non-linear thermal radiation factors.
• The concentration profiles reduced with the increasing Brownian motion, chemical reaction, and temperature difference factors, while they were increased by the activation energy factor.
• The magnetic and stretching factors augmented the surface drag coefficient.
• The Nusselt numbers increased with the increasing thermal Biot number and stretching factor, while they reduced with the increasing thermal radiation and temperature difference factors.
• The Sherwood numbers increased with the thermal Biot number and magnetic factor, while they reduced with the increasing thermal radiation, temperature difference, and stretching factors.
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Thin film flows over porous and moving sheets of variable thickness have been reconsidered here. New and multiple dimensions of classical problems of such type flow are analyzed. Here, we categorically emphasized on the nature and kinds of injection (suction) and moving velocities of the sheet, whereas, variable size of the sheet is also taken into account. We formed and investigated different cases and checked different options for kinematics of sheet, variable sizes of thin film and that of sheet. All possible cases of exact similarities are noticed by which the system of partial differential equations and boundary conditions are exactly transformed into ordinary differential equations. The final systems of exact equations are solved by bvp4c technique. The present simulations are exactly matched with the previously published analyses for special choices of functions and parameters. Strict behavioral changes have been observed in the velocity profiles by changing the nature of sheet’s kinematics.
Keywords: stretching/shrinking and porous sheet, unsteady flow of thin film, sheet of variable thickness, injection/suction, deformation of thin film
1 INTRODUCTION
The global nature of thin film and its technological uses have been identified in many physical and engineering problems. Therefore, the understanding of its mechanics is important in many applications. Most of the industrial systems and the different processes associated with them have been explained through concepts of on thin film flow. The thin film technology is the foundation of amazing development in solid state electronics. Therefore, the scientists worked hard and ascertained the usefulness of the optical properties of metal films, its technical advantages and the human interests associated with the characteristics of two dimensional solid, whereas, it has vast applications in industry and technology of thin films. A typical thin film flow consists of an expanse of metals, partially bounded by a solid or gas or liquid substrate with a (free) surface where the metals such as the liquids are exposed to another fluid (usually a gas and most often air in applications). Stretching/shrinking problem of thin film has one of the most common and stringent applications in industries. On the other hand, shrinking films are widely used for packing of industrial products in factories, whereas, unwanted heat is also produced during this phenomenon and in most cases, it does not affect the flow mechanism during the flow processes. Furthermore, shrinking phenomenon has been frequently used for analyzing the flow in small and narrow pores in order to measure the capillary effects during osmosis processes. The shrinking and swelling properties of agricultural clay soil and boilers are most serious issues, therefore, the most relevant and significant variations in hydraulic and mechanical properties of these soils will eventually disturb the flow, transport and thermodynamics behaviors, whereas, agricultural progresses and environmental improvements are not possible without the perfect simulations of such circumstances. Thin film flow has played significant role in many physical problems of human uses. Most of the engineering systems are composed of heat exchangers, which are commonly used for cooling of machineries, devices and surfaces, as well as it also plays significant role in lubrication processes between small rotating parts, to coat sheets, walls and surfaces and to clean see water by removing oil slicks from it. The formation of tear film in the eyes and mucus linings of the airways and lungs are the uses of thin film flow in biological systems. A thin film is a layer of material ranging from fractions of a nanometer (monolayer) to several micrometers in thickness. Thin films are used for the coating of the household mirror which typically has a thin metal coating on the back of the glass to form a reflective interface.Certainly, we provided concrete investigations of thin film flow over surfaces through which injection and suction can take place, whereas, we came across the evidences where stretching and shrinking flow contribute to such flow. Furthermore, we also emphasized that thin film flow maintained on surfaces of a variable thickness. More specifically, we presented the detailed history and the latest developments in the analysis of thin film flows. Sakiadis (Sakiadis, 1961a; Sakiadis, 1961b) solved a modeled problem of fluid motion maintained over a stretching plate, whereas, the sheet moved with a constant speed. A new model of variable stretching velocity is presented by Crane (Crane, 1970). The classical simulations of Sakiadis (Sakiadis, 1961a; Sakiadis, 1961b) played a key role in the formulation of flow problems over a stretching sheet. However, the work of Sakiadis was generalized and refined by many researchers, whereas, Crane (Crane, 1970) extended the work of Sakiadis for variable stretching velocity and solved the governing non-linear boundary layer equations exactly in the closed form. The remarkable ideas of Crane and Sakiadis have been highly obliged and adopted by researchers for different situations and types of fluids. This section is mainly categorized on the bases of physical flow models, appeared in the literature time to time. They clearly described the fluid motion heat and mass transfer in certain systems. Tremendous improvements have been made in the notable work of Sakiadis and Crane by introducing thermal and mass diffusion characteristics in the previous problems of them, and a special model is developed on the bases of previous studies for thin film flows. Sparrow (Sparrow and Gregg, 1959) treated thin film condensation by using the approach of boundary-layer approximation. He produced remarkable results on the behavior of a thin film over a stretching surface. Wang (1990) investigated unsteady thin film flow on a stretching plate within a boundary layer. Tan et al. (1990) found interesting solutions for the transport of heat in a thin film by assuming a spatially periodic temperature along the plate. Burelbach et al. (1990) verified the work of (Tan et al., 1990) by performing experiments. Dandapat and Ray (1994) presented an accurate model for thermo-capillary process in a thin film flow on a rotating disk. Andersson et al. (1996) explained the idea of a thin film flow on the transient stretching plate for power law fluid. Dandapat et al. (2003) analyzed the diffusion of heat in a thin film flow on the stretching plate moving with time dependent velocity. Dandapat and Maity (2006) studied the unsteady thin film flow over stretching plate and they found the boundary layer type solution and it is confirmed that the two layers (thin film and boundary layer) are exactly matched at certain points. Dandapat et al. (2006) emphasized on the solution for a variable thin film on stretching sheet, whereas, the film thickness is strictly changed with both space and time variables in this case. However, Chen (2006) found the consequences of heat transfer in the flow of a thin film over a transient stretching sheet for power law fluids by considering viscous dissipation term in the modeled equations. Wang (2006) presented analytical solutions to the problem of a thin film, maintained on a transient stretching plate. Andersson et al. (2000) solved the problem of heat diffusion in a thin film flow over a transient stretching plate. Liu and Andersson (2008) presented the generalized concept for the model problem of Andersson et al. (2000) and they studied the diffusion of heat in a thin film, driven by a transient stretching plate. Abbas et al. (2008) modified the approach of Wang (2006) by considering a thin film flow of a non-newtonian second grade fluid on an unsteady stretching surface. Santra and Dandapat (2009) investigated to remove the constraints of planarity and linear stretching for the transport of heat and thermo capillarity. Noor et al. (2010) also extended the modeled problem of Wang (2006) and they found a solution for MHD flows and generalized surface temperature. Mostly recently, flow of different fluids have been discussed over a porous and deforming surfaces in different research articles e.g., see (Ali et al., 2022; Turkyilmazoglu, 2022a; Turkyilmazoglu, 2022b; Krishna et al., 2022; Siddiqui and Turkyilmazoglu, 2022). In these research article the authors have emphasized on the fluid motion, maintained over surfaces of different structure behavior of kinematics of surfaces, types of fluids and mechanism which affects the motion of fluids in advanced setups. All these mechanism have been analyses on flow in these papers very intelligently. In the present work, we have analyzed the new and multiple dimensions of classical problems of thin film flow over a moving and porous sheet of variable thickness. By taken into account the nature and kinds of injection (suction) and moving velocities of the sheet, we categorically emphasized the behavior of thin film flow. Different cases are checked for the non-unifrom kinematics of the sheet of variable size and thin film. All the previous cases of such simulation, already used in the literature, have been recovered easily from the present simulations. The present system of partial differential equations and boundary conditions are transformed into ordinary differential equations on the basis of these new variables, and the final system is solved by bvp4c technique. The classical problems of this film flow have been retrieved from one case for special choice of the parameters values. Furthermore, we obtained the published results of (Wang, 1990; Andersson et al., 2000; Dandapat et al., 2003; Liu and Andersson, 2008) in such situations. Note that the classical simulations of this film flow problem contain two parameters, whereas, we dealt with seven different parameters in of present simulations.
2 FORMULATION OF THE PROBLEM
The flow of viscous thin film is taken over a porous sheet of variable thickness and the plate is moved in both forward and backward directions with variable velocity, whereas, the injection and suction velocities of the fluid through the porous sheet are non-uniform. Note that we explored different kinds of non-linear forms of five quantities associated with the geometry of sheet, structure of thin film along with the nature of boundary layer and the field variables, defined at the two surfaces in such a way that they exactly transformed the BVP of PDEs into BVP of ODEs. As a result we have obtained a generalized version of thin film flow in such circumstances. We need to evaluate the behavior of thin film within a momentum boundary layer. The constitutive equations, which have governed the flow of viscous thin film and used for the simulation of most complex problem, are the continuity and momentum equations. The boundary layer form of these governing equations is presented here and they are demonstrated in many research articles, e.g., see (Andersson et al., 2000; Dandapat et al., 2003; Liu and Andersson, 2008):
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The porous sheet of variable thickness has the abilities to move in its own plane at either direction. The axial and normal velocities are prescribed at the surface of the sheet, so we imposed the following boundary conditions at the variable surface of the sheet and thin film:
[image: image]
Note that U(x, t) defines the motion of the sheet at its own plane in both forward and backward directions, whereas, V indicates the fluid’s velocity, which enters/leaves through the porous surface of the sheet. On the other hand w(x, t) is controlling parameter for the rate of deformation of the thin film. Similarly f(x, t) represents the variable thickness of sheet and r(x, t) is used for variable size of the thin film. Moreover, [image: image] is the material time derivative and it is defined as [image: image] where V = (u, v), [image: image]. Note that u(v) is the velocity component in x(y) direction. Next our aim is to find the similarity transformation for generalized problem presented in Eqs. (1–3). For this reason, we defined the velocity components u, v and the similarity variable (η) in view of the boundaries inputs and independent variables as:
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In the above Eq. 4, g(η) and h(η) are the representatives of the velocity components u and v, respectively. The above similarity variables/transformations are substituted into the governing PDEs in Eqs. 1, 2 then we get the following Eqs. 5, 6. In this system, the coefficients of ODEs are variable and they are depending upon the independent quantities x and t. We have focused on the self similar solutions of the problem and they can be easily achieved if all these variable coefficients in the system of ODE’s should independent of x and t. We tried to avail all such choices and exhaust all options for searching these self similar solutions, therefore, we proceed as:
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The different coefficients in Eqs. 5, 6 have the final form as:
[image: image]
where the subscripts x and t are used for the partial derivatives w.r.t. to that specific independent variable. Note that each of these coefficients contain either p, r, f and q or their partial derivatives, whereas, the functions are further expressed by introducing the following relations:
[image: image]
where [image: image] The three quantities p, r and f are expressed in term of q and some other variable constants C1(t), C2(t), C3(t), whereas, δ2 and δ3 has determined the non-linear nature of these three quantities. Furthermore, for C3(t) = 0 and A3 = 0, we may obtain a thin film flow on a flat plate. Note that, in view of the values of p(x, t), r(x, t) and f(x, t), defined in Eq. 8, the values of different coefficient of Eq. 5 i.e., α1, α2, α3 become, which are independent of x and t.
[image: image]
The BCs in Eq. 3 are simplified in view of the transformation in Eq. 4 as:
[image: image]
where [image: image], [image: image] and [image: image]. In order to get the said (proclaimed) objectives, we have classified the problem into following cases.
3 CASE I
The characteristic normal-velocity of the fluid through the porous surface is taken function of time t only, whereas, the other function p of variable nature has become dependent on both x and t, similarly f(x, t) is varied with t only. All the variables and constants in Eq. 8 are fixed as:
[image: image]
In view of these values, Eq. 8 takes the form:
[image: image]
Note that p(x, t) depends upon the coordinate x and time t, whereas, r(x, t) and f(x, t) depend on t only. Moreover, the values of different quantities in Eq. 12 are substituted into Eq. 7 and all the different coefficients of this equation are reduced into the following simplest form:
[image: image]
Moreover, all the above coefficients are independent of space variable x and the time variable t, whereas, the continuity and momentum equations of non-uniform coefficients take the form:
[image: image]
[image: image]
In view of the variable, defined in Eq. 12, the BCs in Eq. 10 are converted into the following form:
[image: image]
Now, Eq. 14 is solved for [image: image] and it is substituted into Eqs. 15, 16, we obtained the following system:
[image: image]
[image: image]
where [image: image], [image: image], γ3 = A2w0, and [image: image]. Eqs. 17, 18 are similar equation and they only depend upon the similarity variable η, whereas, the system contains the only unknown function h(η). Moreover, the injection and suction velocity V is defined by [image: image], whereas, the stretching(shrinking) velocity is expressed as [image: image]. Similarly, the controlling function for the thin film thickness is taken as [image: image], where [image: image]. Remember that for this choice of U(x, t), V(x, t) and w(x, t) all of the boundary conditions including the boundary itself become exact similar (Hussan et al., 2012).
3.1 Comparison of the present simulations with the previously published work
We have taken the governing equations and the relevant data of four different published papers and compared the present simulated equations and their results with that benchmark solutions. In the first phase, the parameters in Eqs. 17, 18 are fixed as; [image: image], whereas, the boundary conditions in Eq. 18 take the form: [image: image], where S is the unsteadiness parameter, used in the published papers (Wang, 1990; Andersson et al., 2000; Dandapat et al., 2003; Liu and Andersson, 2008). Note that, for these choices of parameters value, we exactly recovered equations number (9, 11a, 11b and 11c) of (Andersson et al., 2000) from Eqs. 17, Eq. 18. Furthermore, the graph of paper (Andersson et al., 2000) i.e., Figure 2, Figure 3 are retrieved from the numerical solutions of Eq. 17, Eq. 18 of the present paper for different values of parameter S. On the other hand these four papers demonstrate unsteady thin film flow over a stretching sheet, whereas, the stretching velocity and variation in the film thickness, taken in these classical papers, have certain known types, therefore, the claim of generalized simulation for a thin film flow over a moving and porous sheet/surface/plate of variable size is clearly justified in the comparative analysis. Eventually, the governing equations and associated boundary conditions of the simplified problem in these four papers have the form [image: image], [image: image]. Note that the different quantities used in these equations have the meaning, i.e., F, η, S and β are representing the dimensionless stream function, similarity variable, unsteadiness parameter and value of η at free surface, respectively.
Note that Figure 2 and Figure 3 of Andersson et al. (2000) have been graphed for S = 0.8(1.2) and β = 2.151,994(1.12778) and the two values of skin friction coefficient for the mentioned parameters values are determined as: ff″(0) = −1.24581 and − 1.27917, respectively, whereas, this data is exactly obtained from the numerical solution of Eqs. 17, 18 for special values of the parameters as discussed above and demonstrated in Figure 1 below. Remember that the simulated problem of Andersson et al. (2000) is independent of ϵ0, ϵ, ϵ1, γ1, γ2, γ3, and γ4, whereas, these parameters arose in the present simulations and they played significant role in thin film flow analysis.
[image: Figure 1]FIGURE 1 | Two profiles of h′(η) or axial velocity are graphed for two different values of β and S. Note that the parameter β and S are used by Anderson et al. (Andersson et al., 2000) and the graphs are exactly matched with the published work of them. Moreover, these profiles are obtained from the numerical solution of Eqs. 17, 18 for the parameters values given in the title of this figure. These profiles are also reported in papers (Wang, 1990; Dandapat et al., 2003; Liu and Andersson, 2008).
3.2 General analysis of the numerical solution of Eq. 17 and Eq. 18 and evaluation of the shear stress
The simulated problem in Eq. 17 and Eq. 18 contains seven parameters and each of them is corresponding to some physical settings, therefore, different values have been assigned to these parameter and they are associated with multiple functions of some physical activity. So effects of all these parameters have been observed on the axial velocity component and shear stress at the surface of the plate. The shear stress is usually expressed by τ and generally defined for two dimensional flow as [image: image], where μ, u and v are defined earlier. By substituting values of u and v from Eq. 4, whereas, the values of p(x, t), q(x, t), f(x, t) and r(x, t) are expressed in Eq. 11 and Eq. 12 and finally the shear stress τ is obtained as [image: image]. The shear stress at the wall and its dimensionless form gives the skin frictions coefficient, which is obtained at the sheet of non-uniform thickness as: [image: image]. From Eq. 14, we get: [image: image] then the skin friction becomes [image: image] and after scaling it, we have, i.e., [image: image].
4 GRAPHS OF THE NUMERICAL SOLUTION AND THEIR DISCUSSION
In this paper, we have simulated the thin film flow over a porous and moving sheet of non-uniform thickness. At the first place, we introduced new function for the velocity components, and they have been strictly changed with the similarity variable. In the later stage, we imposed certain conditions on the boundaries inputs and field variables, defined at the free surface and on the face of the plate. In such situations, we obtained multiple set of ODEs (problems) along with boundary conditions, however, we explained only those cases which give the exact self similar problem. As a result, a special case has been appeared, and is converted easily into the classical cases of thin film flows under certain constraints on the parameters. Moreover, this special situation of the present simulation has been shown in Eq. 17 and Eq. 18, whereas, the system is solved numerically for different choices of the parameters value. Note that each set of specific value of the parameters represents some proper physical senario; Figure 2; Figure 3; Figure 4 Figure 5; Figure 6) show the profiles of axial velocity against the similarity variable, which are obtained from the numerical solution of Eq. 17 and Eq. 18, whereas, the profiles in these figures are drawn for different values of γ2 (injection/suction), γ1 (stretching/shrinking), ϵ0 (deformation of boundary layer) and ϵ (deformation of thin film via deformation of boundary layer). The deformation (both expansion and squeezing can be take place) of both thin film and sheet have been measured in term of deformation of the boundary layer, whereas, the self or direct deformation of thin film through some external stresses has played significant role during the flow process. In Figure 3A, the squeezing of the boundary layer and sheet have been considered and the flow is maintained over a stretching sheet. Note that the pure (over all) expansion and squeezing cases have been discussed for the flow over a stretching (shrinking) and porous sheet. The term over all deformation (squeezing or contraction) has been used for the simultaneous deformation (squeezing or contraction) of the boundary layer, thin film and that of the sheet. Moreover, the film is deformed (squeezed and expanded) in two different ways (i) deformation due to boundary layer and deformation due to other external stresses. Note that the velocity profiles in Figure 2 are decreased (increased) against η and different values of γ2, whereas, the increasing (decreasing) behaviour of the velocity profiles is observed against η for injection (suction). The profiles have been risen suddenly (gradually) and dropped in case of expansion (contraction) of film and boundary layer for both stretching and shrinking sheet flows. However, massive injection occurs through the porous sheet and stretching velocity of the sheet is taken in these observations. In this Figure 2, effects of injection and suction are seen on the axial velocity and it has changed uniformly with the variation of this parameter. It is worthy noticeable that thin film is expanded by two means in this situation 1) external stresses 2) deformation of boundary layer. Moreover, for different values of γ2, the axial velocity at the free surface of thin film gives non-uniform values, whereas, it remains fixed, i.e., zero at the sheet for each value of γ2. Note that for non-zero value of ϵ0 (when the boundary layer deforms), the profiles of h′(η) intersect in between the free surface and plate, whereas, the common point is moving to left and right, depending upon the values of the parameters (see Figure 4; Figure 5). The large negative values of ϵ0 show that the boundary layer has compressed extremely towards sheet. On the other hand, ϵ0 measures the deformation of the boundary layer, which may expand and compressed simultaneously. Similarly ϵ measure deformation of the thin film and depends upon the boundary layer. Finally ϵ1 defines deformation of sheet and it depends on the deformation of thin film. Remember that the nature of velocity is changed from increasing (decreasing) to decreasing (increasing) with the variation of parameters. The profiles in Figure 3 are decreased (increased) against η and different values of γ2 (both injection and suction cases are taken). The increasing (decreasing) behaviour of the velocity profiles is observed against η for injection (suction) in these plots. Each profiles in these figures is increased and decreased gradually, whereas, it is increased suddenly and the profiles have shown boundary layer patterns for large injection and expanded boundary layer when the flow is maintained over an expanded and contracting sheet. The profiles in Figure 4A,B have shown increasing (decreasing) behaviour against η for γ1 < 0 (γ1 > 0). In these two plots, the analysis has carried out for the expanded flow of thin film with suction and injection. Moreover, an overshoot in the velocity profiles is observed at Figure 4C,D for γ1 < 0 and ϵ0 > 0. Note that the overshooting values have been seen increased (decreased) for large suction (deformation). Note that the overshoots in the profiles are observed for the flow over a compressed sheet. The velocity profiles are decreased against η in Figure 5 for the flow over a non-stretching (non-shrinking) sheet with an injection velocity. In Figures 5A,B the boundary layer shrinking is compressed more rapidly, and no stretching is taken into account and the sheet is equipped with injection velocity, whereas, in Figure 5C,D, injection is combined with stretching and shrinking. In Figures 5A,B, the velocity is decreased from zero to some fixed value against η, whereas, it is increased in the vicinity of plate and then decreased uniformly against η. In Figure 4; Figure 5, the profiles have a common point of intersection between the interval (0, 1) on η − axis, whereas, the profiles are linear (non-linear) on the left (right) of point of intersection and the graphs have shown asymptotic behavior on the right of the point. Moreover, the part of profiles on the left (right) are increased or decreased suddenly (gradually) against η. The reason is that the injection and expansion (which supports the injection) of sheet are assisting the flow in normal direction, whereas, the viscous nature of the fluid reduces or slow downs the impact of injection, and the velocity adopts non-linear nature after the point of intersection. In some cases overshoots in the velocity profiles have been seen and it is obvious fact that injection supports the flow in the normal direction. Note that the response of h′ to γ1 between zero and the point of intersection is opposite to the response between the point of intersection and 1. In Figures 4A–D, the point of intersections for different values of γ1 are (0.42857, 0.50282), (0.40816, 4.1703), (0.5102, −8.7341), (0.58163, −11.5064), respectively, whereas, the point of intersection moves, this means that it varies depending upon the value of the parameters. Note that for certain ranges of the parameters value, the point of intersection disappears as shown in Figures 4A–D. In Figures 5A–D, the point of intersections for ϵ0 and γ1 are (0.4898, −8.4287), (0.45918, −13.881), (0.42857, −11.1422), (0.42857, 1.0577), respectively, whereas, the point of intersection moves, this means that it depends upon the set of parameters values. The profiles in these two figures, i. e., Figure 4; Figure 5) have shown the linear (non-linear), increasing (decreasing) and asymptotic behaviors against γ1 and ϵ0 before (after) point of intersection. It is observed that the point of intersection moves to the right/left and upward (downward) with the changes in the parameters value who supported (resisted) injection. Note that the surface deformation has played significant role in supporting and opposing the injection rate.
[image: Figure 2]FIGURE 2 | Flow behaviour of thin film has observed when the sheet, boundary layer and film are either compressed or expanded simultaneously. (A) Velocity profiles of squeezed flow of thin film have been graphed for the flow over a stretching sheet with suction and injection through its surface. (B)Velocity profiles of squeezed flow of thin film have been graphed for the flow over a shrinking sheet with suction and injection through its surface. (C) Velocity profiles of expanded flow of thin film have been graphed for the flow over a stretching sheet with suction and injection through its surface. (D) Velocity profiles of expanded flow of thin film have been graphed for the flow over a shrinking sheet with suction and injection through its surface.
[image: Figure 3]FIGURE 3 | Flow behaviour of thin film has observed when the boundary layer is expanded/compressed with the deformation of film and sheet. (A) The axial velocity of deforming (both contraction and expansion can take place) thin film has been studied over a porous, stretched and compressed sheet in the presence of squeezed boundary layer. (B) Velocity profiles of thin film flow are drawn for flow over a stretching and porous sheet, whereas, the boundary layer is compressed. As a consequence, the sheet and thin film are also squeezed. Furthermore, the thin film is expanded via external stresses. (C) Velocity profiles of expanded flow of thin film are graphed for the flow over a shrinking sheet with suction and injection through its porous surface. (D) Velocity profiles of thin film flow are drawn for the flow over a shrinking and porous sheet, whereas, the boundary layer is compressed. As a consequence, the sheet and thin film are also squeezed. Furthermore, the thin film is expanded via external stresses.
[image: Figure 4]FIGURE 4 | Flow bahaviour of thin film has observed for different values of (i) stretching/shrinking parameters and (ii) sudden expansion of the boundary layer. (A) Velocity profiles of expanded flow of thin film are graphed for the flow over a stretching and shrinking sheet with injection through porous plate. (B) Velocity profiles of expanded flow of thin film are graphed for the flow over a stretching and shrinking sheet with suction through porous plate. (C) An over shoot in the velocity profiles of deformed thin film flow has observed near the surface of the sheet. The sheet is compressed, whereas, the thin film is squeezed via external stresses. (D) Effects of boundary layer’s expansion of thin film and squeezing of sheet are seen on the axial velocity of thin film flow over a non-stretching(non-shrinking) sheet with the injection velocity through the plate.
[image: Figure 5]FIGURE 5 | Decreasing behaviour of velocity profiles is observed against η for different values of (i) γ1 (ii) ϵ0 < 0 (sudden compression of boundary layer).(A) Effects of boundary layer’s compression and expansion of both thin film and sheet are seen on the axial velocity of thin film flow over a non-stretching (non-shrinking) sheet with the injection velocity through plate. (B) Effects of boundary layer’s compression, deformation of thin film and expansion of sheet are seen on the axial velocity of thin film flow over a non-stretching (non-shrinking) sheet with the injection velocity through the plate. (C) Effects of shrinking are seen on the axial velocity of thin film flow over a non-stretching (non-shrinking) sheet with the injection velocity through the plate. (D) Effects of stretching are seen on the axial velocity of thin film flow over a non-stretching (non-shrinking) sheet with the injection velocity through the plate.
[image: Figure 6]FIGURE 6 | The boundary layer behaviour of thin film flow has observed when the flow is maintained over a non-stretching(γ1 = 0)/non-shrinking sheet. (A) The film is expanded (γ3 > 0)/compressed (γ3 < 0) slowly by external stresses and it is expanded (ϵ > 0)/squeezed(ϵ < 0) via boundary layer. Note that the upper (lower) set of profiles is drawn for expanding sheet/boundary-layer and suction (injection) cases. (B) The film is expanded (γ3 > 0)/compressed (γ3 < 0) quickly by external stresses and it is expanded (ϵ > 0)/squeezed(ϵ < 0) via boundary layer. Note that the upper (lower) set of profiles is drawn for contracted sheet (ϵ1 < 0), expended boundary-layer (ϵ0 > 0) and suction (injection) cases. (C) The film is expanded (γ3 > 0)/compressed (γ3 < 0) by external stresses and it is expanded (ϵ > 0)/squeezed(ϵ < 0) via boundary layer. Note that the upper (lower) set of profiles is drawn for expanding sheet/boundary layer and suction (injection) cases. (D) The film is expanded (γ3 > 0) by external stresses and it is expanded (ϵ > 0)/squeezed(ϵ < 0) via boundary layer. Note that the upper (lower) set of profiles is drawn for contracting (expanding) sheet and suction (injection) cases. (E) The film is squeezed (γ3 < 0)/expanded (γ3 > 0) by external stresses and it is expanded (ϵ > 0)/squeezed(ϵ < 0) via boundary layer. Note that the upper (lower) set of profiles is drawn for suction (injection) case. (F) The upper(lower) set of profiles is drawn for squeezing(expanding) and suction(injection) cases.
In Figure 6, the velocity profiles are asymptotic near the free surface for large injection/suction in the presence of squeezing (expanded) thin film flow, maintained over a non-stretching and non-shrinking sheet. Note that overshoot in velocity profiles is observed near the surface of plate for large shrinking (quick expansion of boundary layer) over a sheet with injection in case of expanding film (see Figures 4C,D). It happens because the injection provides extra momentum to the flows. Moreover, the film and surface deformations have minimum effect on the flow behaveiour in this special circumstances. The profiles of axial velocity in Figure 5A,B showed odd behavior, however, in case of squeezing film, the velocity profiles have been dropped more rapidly for compressing thin films as compared to its profile for expanding thin film. Furthermore, these observations are recorded in Figure 6A–D. Note that in all subplots of Figure 6, the boundary layer gets thinner and steaks to the sheet, whereas, it penetrates more quickly in case of squeezing thin film flow over an impermeable, shrinking and expanding sheet and these observations are noted in Figure 6E. A thin boundary layer is observed near the surface of the permeable (injection case) and non-stretching non-shrinking sheet, whereas, the boundary thickness is increased in case of flow over an impermeable and non-stretching and non-shrinking plate.On the other hand, Figure 7; Figure 8; Figure 9 show the profiles of skin friction against ϵ0 (the boundary layer expansion and compression are taken) for different values of ϵ (both expansion and squeezing of thin film via boundary layer are considered) in the presence of deformation of thin films. Note that the profiles are drawn for the flow over a non-stretching and non-shrinking sheet with injection. The profiles are linear for squeezed and expanded thin film, whereas, they are decreased non-linearly against ϵ0 when the expanding thin film is moved rapidly. On the other hand, the profiles are straight lines for expansion of film via external stresses through the boundary layer in the presence of shrinking sheet and they are decreased linearly. Furthermore, the experiment is repeated and the skin friction coefficient is graphed against ϵ0 (compressed boundary layer is taken) for different values of stretching, shrinking and deformation of walls in Figure 8. In all these figures, the profile of skin friction are decreased rapidly and non-linearly against suction. In Figure 9A the skin friction is decreased linearly and quickly against injection for large stretching in case of expanding film. Whereas, the profiles are increased quickly and non-linearly against shrinking for abrupt expansion of surface in case of squeezing film. Moreover, the profiles are converge to a fixed value (i.e. 10) in each case and they converged asymptotically to 100 against ϵ. Finally, the profiles exhibit increasing (decreasing) behaveiour against ϵ1 (ϵ) for non-stretching and non-shrinking plate, uniform boundary layer and rapid expansion of the boundary, respectively. In Figure 9B, the skin friction shows increasing and decreasing behaveiour against ϵ (expanding film) and ϵ1 (expanding sheet) respectively. The profiles are decreased (increased) non-linearly for different values of ϵ and ϵ1 in these two subplots. Note that the profiles show divergent behavior against ϵ1 for small values of it (weak expansion of thin film) and they varied linearly against ϵ1 for large values of it (expansion of thin film).
[image: Figure 7]FIGURE 7 | The linear and non-linear behaviour of skin friction is graphed against the compressed and expanded boundary layers. Note that the stretching and shrinking velocities are taken zero in this case. (A) Skin friction coefficient is plotted against compressed boundary layer (ϵ0) for different values of expansion of thin film ϵ. It is the case of expanding film and injection through plate. (B) Skin friction coefficient is plotted against compressed boundary layer (ϵ0) for different values of expansion of thin film ϵ. It is the case of deforming film and injection through plate. (C) Skin friction coefficient is plotted against compressed boundary layer (ϵ0) for different values of expansion of thin film ϵ. It is the case of squeezing film and expanding plate with injection. (D) Skin friction coefficient is plotted against compressed boundary layer (ϵ0) for different values of expansion of thin film ϵ. It is the case of expanding film and squeezing plate with injection.
[image: Figure 8]FIGURE 8 | The linear and non-linear behaviour of skin friction is graphed against the compressed boundary layers. (A) Skin friction coefficient is plotted against compressed boundary layer (ϵ0) for different values of deformation of sheet ϵ1. It is the case of expanding film and injection through sheet. (B) Skin friction coefficient is plotted against compressed boundary layer (ϵ0) for different values of deformation of sheet ϵ1. It is the case of deforming film and injection through sheet. (C) Skin friction coefficient is plotted against compressed boundary layer (ϵ0) for different values of deformation of sheet ϵ1. It is the case of squeezing film and injection through sheet. (D) Skin friction coefficient is plotted against compressed boundary layer (ϵ0) for different values of deformation of sheet ϵ1. It is the case of squeezing film and injection through sheet.
[image: Figure 9]FIGURE 9 | The increasing, decreasing and behaviour of skin friction is graphed against the expansion of sheet/thin film for different cases of expanding of thin film/sheet. (A) Skin friction coefficient is plotted against the expansion of sheet (ϵ) for different values of deformation of sheet ϵ1. It is the case of expanding film and sheet with injection. (B) Skin friction coefficient is plotted against the expansion of sheet (ϵ1) for different values of deformation of sheet ϵ1. It is the case of expanding film and sheet with injection.
5 CONCLUSION
In this paper, we analyzed the flow of viscous thin film over a variably porous and moving sheet of non-uniform thickness. The non-uniform nature of thin film and thickness of the porous and moving sheet are major aspects of the present simulated flow model. The continuity law and boundary layer momentum equation are simplified in view of the generalized boundary conditions, imposed at sheet and free surface of thin film. A set of new variables is introduced for the velocity components and similarity variables, whereas, multiple constraints have been imposed on the set of transformations and they consequently provided multiple problems of self similar nature. A special case is formed from this transformation which is then converted into the classical problem for specific choice of the parameters value. So the results are exactly matched with the published work of (Wang, 1990; Andersson et al., 2000; Dandapat et al., 2003; Liu and Andersson, 2008). Moreover, the detailed discussion of this special case is also provided in view of new transformation. The problem is classified into several cases in which both steady and unsteady behaviors of the problem have been studied, whereas, the additional information and observation are also obtained from the present investigations. However, we restrict ourselves only to one case due to the length of the paper. Moreover, combined and individual effects of injection, suction, stretching, shrinking, deformation of both thin film and sheet have been seen on the axial velocity and skin friction. A narrow momentum boundary layer is observed over an permeable non-stretching and non-shrinking and expanding sheet of non-uniform thickness for the flow of thin film. Moreover, linear, non-linear, uniform, non-uniform, both sudden and gradual increasing and decreasing responses of the skin friction are observed for the different types of the boundary inputs. In nut shell three types of deformations are focused in this investigations, i.e., deformation of thin film, sheet and boundary layer. Moreover, two types of variations have been observed in the thickness of thin film. One is due to the surface stresses, whereas, the second one appears due to the changes in boundary layer. Significant changes in the flow behavior have been noted due to the variation of thin film, boundary layer and sheet thicknesses and these observations have been recorded in different graphs.
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NOMENCLATURE
α1, α2, α3, α4, α5, α6, α7, α8, α9, α10 variable coefficients
[image: image] material time derivative
F dimensionless stream function
f(x, t) variable thickness of sheet
g(η) represent the velocity component v
h(η) represent the velocity component u
r(x, t) variable size of the thin film
S unsteadiness parameter
t time variable
u, v velocity components in x(y) directions
U stretching(shrinking) velocity
V injection(suction) velocity
w controlling parameter for the deformation of thin film
x, y Cartesian Coordinates
Greek letters
η similarity variables
τ shear stress
β value of similarity variable at the surface of thin film
ϵ0 boundary layer deformation
ϵ deformation of thin film due to boundary layer
ϵ1 deformation of sheet
γ1 stretching and shrinking parameter
γ2 injection and suction parameter
γ3 dimensionless normal velocity at the surface of the film
γ4 value of similarity variable at surface of thin film
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The current communication, manifest mathematical modelling and numerical computations of Sutterby nanofluids with radiant heat assessment subject to heat generation/absorption. The thermophoresis and Brownian motion effects are incorporated via the Buongiorno model in flow governing equations. Moreover, the present analysis reveals the impacts of thermal stratification, velocity slip, and a magnetic field on flow phenomena. The non-Newtonian nature is modelled using Sutterby fluid. The proposed model is formulated mathematically through basic partial differential equations relating mass, momentum, energy, and nanoparticle concentration conservations using boundary layer theory. We adapted the generated governed equations to ordinary differential equations utilizing similarity variables mechanism. Numerical treatment for the reduced system of ordinary differential equations is performed using the built-in MATLAB code bvp4c. The impacts of distinct characterizing parameters on velocity, temperature, and concentration profiles are determined and analyzed via graphs. The existence of velocity slip parameter, fluid flow is significantly dwindle, while the surface friction growth is sophisticated. Brownian and thermophoresis mechanisms degrade the heat transmission rate and escalate the mass flux. The thermal and solutal stratification exhibits opposite conduct for thermal and concentration of the nanoparticles.
Keywords: Double stratification, activation energy, heat generating, Sutterby fluid, Darcy porous medium, dual stratification, slip flow, MHD
1 INTRODUCTION
In the era of ever-increasing high demand for the improved thermal capabilities of ordinary fluids, like water, glycol, ethylene, etc., nanotechnology is an opening gate for a revolutionary modernized world. Nanofluids are a new generation of heat enhancement fluids with tiny metallic particles (1–100 nm) mixed in the ordinary fluids, thereby enhancing their thermal characteristics significantly. These particles consist of different metals (copper, gold, silver, titanium, etc.) or their oxides. They have novel implications in biomedical and engineering sciences, along with other industrial processes where heat transfer enhancement is prominent. The nanofluids have a wide range of uses in transportation, nuclear reactors, vehicle thermal applications, solar-based science, imaging and sensing applications, food packaging, etc. Choi (Choi, 1995) was the first to describe this type of fluid, which he dubbed “nanofluids”. Xuan and Li (Xuan and Li, 2000) developed preparatory techniques for multiple sampling nanoparticles, and their thermophysical properties, such as, shape, amount, attributes, and dimensions were investigated. Buongiorno (Buongiorno, 2006) discussed the significance of a heterogeneous scientific mixture of nanomaterial processing stimulus and heat transport limits. Later, Kuznetsov an d Nield (Kuznetsov and Nield, 2010) conducted an analytic study for natural convective flow of viscous nanofluids across a vertical flat surface. Makinde and Aziz (Makinde and Aziz, 2011) discussed the convective heat transport for boundary layer flow of nanofluid generated by a linearly stretched surface. In another study, Mustafa et al. (Mostafa et al., 2011) reported an analytic investigation for stagnation-point flow of nanofluid using Buongiorno model. After that, Ibrahim et al. (Ibrahim et al., 2013) gave numerical solutions for MHD stagnation point flow generated by stretching surface in the presence of nanoparticles. The comprehensive analysis of literature in the framework of nanofluids flow and heat transport characteristics can be found in the works of (Hamad and Ferdows (Hamad and Ferdows, 2012), Kalidas Das (Das, 2012), Bachok et al. (Bachok et al., 2012), Turkyilamzoglu (Turkyilmazoglu, 2012), and Alsaedi et also (Effect of heat generation, 2012), etc.).
The fundamental manifestation of Navier-Stoke’s theory of fluid dynamics is the no-slip boundary condition. However, there seem to be cases when this scenario is inappropriate. Specifically, for several non-Newtonian fluids and nanofluids, the no-slip boundary condition is inadequate, as certain polymer melts frequently exhibit microscopic wall slip, which is governed in general by a non-linear and monotone relationship between slip velocity and traction. Micro electromechanical systems (MEMS) have developed numerous microfluidic devices in the medical, physical, biological, chemical, engineering, and energy domains in recent years. The physical aspects of microscale flow and heat transmission, which may differ from macroscale flow, must be thoroughly understood to meet the technical needs. In an earlier studies, Andersson (Andersson, 2002) conducted the investigations that considered the slip boundary condition during the flow over a stretching sheet. He gave the exact solutions for modelled flow equations. Wang (Wang, 2002) gave the exact similarity solution for flow equations driven by a stretching geometry with partial slip condition. Again, Wang (Wang, 2006) researched at stagnation slip flow and heat transfer on a moving plate. Later, Wu (Wu, 2008) suggested a new second-order slip model based on the linear Boltzmann equation’s. Similarly, Fang et al. (Fang et al., 2009) used mathematical methods to study slip magnetohydrodynamics viscous flow over a stretching sheet. Some notable research works showcasing the innovative properties of velocity slip during fluid flows can found in the references (Sutterby, 1965; Sutterby, 1966; Aziz, 2010; Fang et al., 2010; Hayat et al., 2011; Mahantesh et al., 2012).
The stratification phenomenon in fluids has recently attracted a lot of attention in heat and mass transport assessment, and it is a mechanism that occurs as a result of temperature, concentration, and density fluctuations in various fluids. In fact, due to its prevalence in geophysical flows such as oceans, rivers, ponds, solar ponds, and thermal energy storage technologies, evaluating the flow through a double stratified media is an essential fluid topic. Hayat et al. (Hayat et al., 2015) evaluate a dual stratified radiative flow of reactive species Oldroyd-B fluid in the presence of mixed convection. Hayat et al. (Hayat et al., 2017) report an assessment of chemical reactions in mixed convective squeezing fluid flows with thermal radiation. Muhammad et al. (Rehman et al., 2016) demonstrate a dual stratified flow of squeezed viscous fluid utilizing modified Fick’s and Fourier’s theories. The stagnation point Magnetohydrodynamic flowing of reactive chemical Powell-Eyring nano-fluid through dual stratified substrate with thermal radiation was established by Ramzan et al. (Ramzan et al., 2017). Some applications of thermal radiation and chemical reaction of various stratified flows in physiology and industry can be seen in literature (Mahanthesh et al., 2016; Rehman et al., 2016; Daniel et al., 2017; Muhammad et al., 2017; Bég et al., 2020; Lin and Ghaffari, 2021; Rehman et al., 2021; Unyong et al., 2021; Nandi et al., 2022). However Rashid et al. studied the unsteady slip flow amicroplor nanofluid over an impulsively stretched vertical surface see (El-Hakiem and Rashad, 2007; El-Kabeir et al., 2007; El-Kabeir et al., 2010; Chamkha et al., 2011; Tlili et al., 2019; Reddy et al., 2020; Nabwey et al., 2022). Furthermore, Tripathi et al. investigated the peristaltic pumping of hybrid nanofluids throught an asymmetric microchannel in the presence of electromagnetic field see (Akram et al., 2020a; Akram et al., 2020b; Prakash et al., 2020; Tripathi et al., 2020; Akram et al., 2021; Tripathi et al., 2021; Akram et al., 2022; Prakash et al., 2022; Saleem et al., 2022).
In any of the aforementioned analyses, the Sutterby fluid model was never used in conjunction with thermal radiation and a heat generating or absorbing source. The constitutive equations of Sutterby fluid are used in mathematical modelling to achieve this goal. The Sutterby fluid framework illustrates diluted polymer solutions and is one of the non-Newtonian fluid models used to study the rheological properties of various materials. As a result, the current effort is to investigate the heat-producing/absorbing Sutterby fluid flow across horizontal geometry with thermal radiation, as well as double stratification near thermal radiation. As an outcome, the influence of different flow, heat, and mass transport attributes is reported. Nusselt and Sherwood values, as well as drag force (skin friction coefficient), are visually assessed versus numerous emerging parameters.
2 MODEL DEVELOPMENT
As shown in Figure 1, an incompressible two-dimensional flow of non-Newtonian Sutterby fluid with heat and mass transport past an infinite flat surface is deliberated. The stretching surface has the linear velocity uw(x)=ax, where a is constant. Non-linearly varying thermal radiation, velocity slip, heat generation/absorption are also incorporated in this analysis. The thermal stratification mechanism is studied by considering the surface temperature Tw(x)=T0+m1x and ambient temperature T∞(x)=T0+m2x, respectively. Similarly, the surface concentration Cw (x)=C0+m1x and free stream concentration C∞(x)=C0+m2x, is taken to discuss the solutal stratification. A magnetic force of intensity B0 is applied parallel to the plate's y-axis, which is perpendicular to it. The induced magnetic field created by the velocity of an electrically conducting fluid is supposed to be insignificant in this case. The fluid is supposed to be grayish, generating, and absorbent but quasi medium, and the optically thick radiating limit is taken into account in this study, where the radiant heat flux term can be reduced using the Rosselant estimation. The use of Cartesian coordinates (x,y) to study the flow under discussion is acceptable because the x-axis runs parallel to the stretched sheet and the y-axis runs perpendicular to it. The following are the rheological equations that characterize the incompressible flow of Sutterby fluid:
2.1 Sutterby fluid model
The Cauchy stress tensor for Sutterby fluid (Sutterby, 1965; Sutterby, 1966) is expressed as
[image: image]
where extra stress tensor has the form
[image: image]
The shear rate can be defined as:
[image: image]
where μ0 is dynamic viscosity, B is the fluid parameter, n denoted the power-law index and “tr” means trace. For Sinh−1 function, the second order approximation is considered as:
[image: image]
As a result, the stress tensor takes the form:
[image: image]
For two-dimensional steady flow, we take the velocity field of the form
[image: image]
In view of Eq. 4, the shear rate takes the form.
The extra stress components are expressed as below
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The extra stress components are expressed as below
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Based on the above restrictions and involving boundary layer approximations, the prevailing equations for Sutterby nanofluids using the Buongiorno model are given as
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The associated boundary conditions
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2.2 Transformations
The dimensionless form of the modelled problem is obtained by utilizing the following dimensionless variables:
[image: image]
Here, f′(η), θ(η),and ϕ(η) represents the dimensionless stream function, dimensionless temperature and concentration. Making use of non-dimensional transformation, the leading Eqs. (4.12)–(4.14) reduced to
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where η is the similarity variables and the prime denotes differentiation with respect toη. The dimensionless parameters in the above equations are the Deborah number De, heat generation/absorption parameter Q, thermal stratification parameter st and solutal stratification parameter sc, given as [image: image]
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along with boundary conditions
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The above set of seven first-order ODEs Eq. 25 with boundary conditions Eqs 26 and 27 is numerically integrated by exercising the MATLAB routine bvp4c which is a finite difference code that uses the collocation method to execute the three - stage Labatto IIIa formula. The numerical analysis is performed by selecting a suitable finite value (η∞ = 10) to fulfill the for field boundary conditions. The error tolerance of 10−6is set for computational purpose. The RFK45 procedure is adaptive because it modifies the number and location of grid points throughout each iteration, keeping the local error within acceptable ranges. The asymptotic boundary conditions in Eq. 27 are supplemented in the existing situation by a predefined limit in the range 10–15, based on the parameter values. To assure that all numerical results approach the asymptotic values accurately, infinity is desired. The choice of an appropriately large number for infinity is essential for maintaining desirable reliability in boundary layer flows, and it is a common blunder seen in many investigations. The stepped equations used to estimate Eq. 25, employing fifth–fourth-order Runge-Kutta-Fehlberg procedures under conditions Eqs 26 and 27 are listed below (Bég et al., 2020; Bég et al., 2022).K0 = f (x0, y0).[image: image][image: image][image: image][image: image][image: image][image: image][image: image]The fourth-order Runge-Kutta component is denoted by y, and the fifth-order Runge-Kutta stage is denoted by Z. By subtracting the two values obtained, an estimate of the error can be obtained. The findings can be redone with a reduced step size if the deviation reaches a certain threshold. The following is an example of how to determine the new step size:
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2.3 Results and discussion
The function of innovative quantities on flow profile pictures is investigated in this section for various values of emerging parameters. Physical changes in temperature, concentration, skin friction, Nussselt and Sherwood, and velocity versus numerous parameters are reviewed in Figures 2–17. The variational curves of velocity towards M are shown in Figure 2. It is evident that velocity dwindle near the center and exhibits a reverse attitude across the walls. In fact, this means that increasing M values strengthens the retarding and Lorentz forces, which has an immediate effect on the fluid dynamics. The diminishing conduct of Sutterby fluid is exposed in Figure 3. De is a rheological term that describes the fluidity of substances under precise flow conditions. The escalation in De assist the delaying flow as witnessed in the paint. Physically, strengthened in De result in shear thickening rheology of the Sutterby fluid as a consequences the fluid flow dwindle. The reverse trend for f′(η) against Reynolds Re is delineated in Figure 4. Physically, uplifting Re, result in denser liquid, as a consequences, depressing the flow rate. The flowing rate through the surface dwindle; Figure 5, addresses the slip A impact on velocity f′(η). The flow structure is depressed with greater values of slip factor. In fact, velocity slip escalates the momentum boundary layer thickness. Figures 6–10), exhibits the temperature conduct via novel parameters. The Prandtl Pr consequences for temperature θ(η), is painted in Figure 6. Since the Prandtl number is inversely related to thermal diffusivity, boosting it cools the flow. This is justified by the fact that an escalation in Pr contracts the thermal boundary layer thickness; Figure 7 outlines the impact of the radiation parameter R on the temperature θ(η). The radiant parameter indicates how much heat transport through conduction contributes to thermal radiation. As an outcome, for increasing R values, there is a distinct rise in temperature curves. Optimizing thermal radiation entails transferring energy into the flow via radiating, which promotes the fluid’s thermal performance. The joint action of Nt and Nb on thermal field is offered in Figure 8. Accelerating Brownian action caused quicker stochastic mobility of nanoparticles in a stream, resulting in an increase in thermal boundary layer thickness and a quicker spike in flow temperature. For increasing Nt values, a similar trend can be seen. As a function of the thermophoresis mechanism, more heated particles near the surface migrate away from hot regions into cold regions, raising temperature there, and the entire system temperature rises. The stratification parameter st attributed to temperature variation is indicated graphically in Figure 9. The thermally stratification process induces layer development owing to temperature variations; as the stratification parameter is strengthened, the temperature differential between the wall and the frame of reference declines, and the system’s cools down. Positive values of Q, result in the highest temperature because more heat generated, which strengthens the thermal behavior. When the heat input parameter advances, the boundary layer relating to the temperature field thickens. The uplifting temperature curves can be witnessed from Figure 10. Figures 11–17) show how different flow characteristics can be used to map the decorum of dimensionless concentration. A substantial growth in radiant parameter R, the corresponding concentration of the nanoparticles depressed near the wall, while within the central region, the concentration boundary layer expand as clear from Figure 11. The physics behind the mechanism is that, the radiant parameter escalates the thermal and concentration boundary layer thickness, while adverse reaction happen near the wall of geometry. The influence of heat generation exhibits contrary conduct on concentration sketch ϕ(η). The heat producing/absorbing coefficient, Q, has little significance on the concentration distribution, ϕ(η), since the fluid’s concentration remains unaffected as the heat in the fluid changes. The heat generation coefficient is responsible for increasing the fluid flow’s heat gradient, although it has no effect on the fluid particle concentration levels. The fluid central regime is dwindle, while the concentration layer near the boundaries are little altered is visible in Figure 12. To be more explicit; Figure 11 exhibits the concentration distribution’s descending tendency for positive values of the solutal stratified parameter sc. The potential difference across wall surface and ambient fluid concentrationCw − C∞ drops as the potential difference between c surface wall and ambient fluid concentration upturns, dropping the thickness of the corresponding concentration boundary layer; Figure 14, offerings the dimension of skin friction against magnetic parameter and velocity slip. It is evident from the scenario that surface skin friction expand against velocity slip parameter, while the magnetic field strength weakens the surface skin friction. The shear strength at the wall drops significantly with an expansion in slip parameter when the surface is sufficiently smooth and fluid flows at nanoscales is predicted; Figure 17, reveal the same outcomes. The action of magnetic parameter in the existence of slip parameter is obvious. Magnetic parameter reduces the movement growth, as a result the skin friction diminished; Figure 16, testify that the heat transfer rate is shrink with the Brownian Nb and thermopheretic Nt phenomena in the flow region. This is justified by the fact that greater Brownian motion results in the intensification of large movements of nanoparticles, and consequently heat is transmitted into colder particles. This phenomenon depressed the nanoparticles’ heat transfer rate. While on the other hand, mass transmission rate (Sherwood number) is significantly high with the growth of said phenomena as clear from Figure 17.
[image: Figure 1]FIGURE 1 | The physical model and coordinate systems.
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[image: Figure 3]FIGURE 3 | f′(η), alteration via De.
[image: Figure 4]FIGURE 4 | f′(η), alteration via Re.
[image: Figure 5]FIGURE 5 | f′(η), alteration via A.
[image: Figure 6]FIGURE 6 | θ(η), alteration via Pr.
[image: Figure 7]FIGURE 7 | θ(η), alteration via R.
[image: Figure 8]FIGURE 8 | θ(η), alteration via Nt.
[image: Figure 9]FIGURE 9 | θ(η), alteration via St.
[image: Figure 10]FIGURE 10 | θ(η), alteration via Q.
[image: Figure 11]FIGURE 11 | ϕ(η), alteration via R.
[image: Figure 12]FIGURE 12 | ϕ(η), alteration via Q.
[image: Figure 13]FIGURE 13 | ϕ(η)), alteration via Sc.
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3 CONCLUSION
The investigation presented in this paper helps us to understand, physically as well as numerically, the aspects of activation energy on magnetized Sutterby nanoliquid subjected to heat generation/absorption through a Darcy porous medium. The well-established Buongiorno model is employed to examine the features of Brownian and thermophoresis diffusion of the nanofluid. The most significant outcomes noted from present research are described as follows.
• g(ζ) nanoliquid temperature deteriorates for larger S1while it intensifies against Q.
• Positive values (heat generation) of Q, improve the temperature distribution while reverse trend is seen in case of negative values (heat absorption).
• Velocityf′ζ), is increasing function of n, and Da and dwindle for large M.
• Opposite trend of h(ζ) is detected against Nb (Brownian moment parameter) and Nb (thermophoresis parameter).
• The solutal stratification parameter S1, Le and γ (Chemical reaction rate) exhibitsdiminishing behavior for concentration of the nanofluid.
• Heat transfer rate is significantly rises with heat generating parameter.
• Large magnetic number reduces the skin friction of the nanofluid.
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GLOSSARY
x, y Cartesian Coordinates
Da Darcy
u, v velocity components in x(y) directions
cp specific heat (JKg−1k−1)
D mass diffusivity
Db Brownian diffusion coefficient
Dt Thermophoretic diffusion coefficient
T0 Reference temperature(K)
Tw wall temperature(K)
C0 Concentration
E Activation energy J)
Q Heat generating absorbing J)
s1 [image: image] Thermal stratification
s2 [image: image] Solutal stratification
τnp [image: image] Ratio of the nano particle to fluid particle
K Thermal conductivity (Wm−1k−1)
tw sheer stress on the wall
Dimensionless functions
η similarity variables
h(η) represent the velocity component u
g(η) represent the velocity component v
τ shear stress
Re Reynolds number
Pr Prandtl number
Le Lewis number
Sc Schmidth number
Sh Sherwood number
Nu Nusselt number
Nt Thermophoresis parameter
Nb Brownian motion parameter
Grx Grashof number along x − axis
Greek Letters
α Thermal diffusivity
β Sutterby fluid coefficient
γ Chemical reaction
ϵ Sutterby fluid
δ Temperature ratio
μ Viscosity (Nsm−2)
ρ Density (Kgm−1)
ν Kinematic viscosity (m−2s−1)
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In engineering and manufacturing industries, stretching flow phenomena have numerous real-world implementations. Real-world applications related to stretched flow models are metalworking, crystal growth processes, cooling of fibers, and plastics sheets. Therefore, in this work, the mechanical characteristics of the magnetohydrodynamics of the non-Newtonian Maxwell nanofluid flow through a bi-directional linearly stretching surface are explored. Brownian motion, thermophoresis, and chemical reaction impacts are considered in this analysis. Additionally, thermal convective and mass flux conditions are taken into consideration. The mathematical framework of the existing problem is constructed on highly non-linear partial differential equations (PDEs). Suitable similarity transformations are used for the conversion of partial differential equations into ordinary differential equations (ODEs). The flow problem is tackled with the homotopy analysis method, which is capable of solving higher-order non-linear differential equations. Different flow profiles against various flow parameters are discussed physically. Heat and mass transference mechanisms for distinct flow factors are analyzed in a tabular form. The outcomes showed that both primary and secondary velocities are the declining functions of magnetic and Maxwell fluid parameters. The heat transfer rate rises with the cumulative values of the Brownian motion and thermal Biot number. In addition, the mass transfer rate decreases with the rising Schmidt number, Brownian motion parameter, and chemical reaction parameter, while it increases with the augmenting thermophoresis parameter. It has been highlighted that streamlines in the current work for Maxwell and Newtonian models are in fact different from one another.
Keywords: Maxwell fluid, MHD, Brownian motion, thermophoresis, chemical reaction, convection and mass flux conditions, HAM
1 INTRODUCTION
The fluids that differ from Newtonian fluids in behavior and characteristics in the sense of not obeying Newtonian’s law are termed as non-Newtonian fluids, which include honey, paste, ketchup, and grease lubricant. There are many applications of the non-Newtonian fluid flow in modern industries and technology such as printing technology, biological solution, polymer, braking and damping devices, production of foods, and reduction agents in dragging. These fluids are considered to be the most effective in heat transmission phenomena (Ogunseye, Salawu, Tijani, Riliwan, Sibanda; Salawu and Ogunseye, 2020). Sharma and Shaw (2022) calculated the nanofluid flow over an expanding surface by assuming viscous dissipation and non-linear radiation and have concluded that the drag force has been augmented by an upsurge in the magnetic factor. Kumar and Sahu (2022) inspected the non-Newtonian fluid flow past an elliptical rotary cylinder through a laminar flow stream and have investigated the flow phenomenon numerically. Khalil et al. (2022) inspected the influences of fluctuating fluid properties of the double-diffusive model over the dissipated non-Newtonian liquid flow on a stretched surface. Sneha et al. (2022) appraised the magnetohydrodynamic (MHD) radiated nanoliquid flow toward a stretchy and shrinking sheet subject to the impact of carbon nanotubes and concluded that the velocity of the fluid declined, while the temperature had an upsurge with growing values of the magnetic parameter. Hu et al. (2022) used non-Newtonian fluids in a square channel to discuss the polydispersal, migration, and formation chain of particles. Islam et al. (2020) inspected the impacts of the MHD radiated micropolar fluid flow in a channel with the influence of hybrid nanoparticles. Waini et al. (2022) investigated the thermally radiative flow across an extending sheet by using magnetic field effects.
The branch of science that deals with magnetic characteristics of electrically conducting materials is termed as magnetohydrodynamics (MHD). This field of science provides a basis for many scientific, industrial, and technological applications such as liquid metals, cooling systems for automobiles, cooling of electronic chips, and production of chemicals. Sohail et al. (2020) inspected the MHD Casson fluid flow and entropy production, subject to variable heat conductivities past a non-linear bi-directional stretched surface, and deduced that the upsurge values of the magnetic factor have supported concentration and thermal profiles. Reddy et al. (2022a) used the MHD fluid flow with a porous medium to use the influence of radiation, thermal, and velocity slips and highlighted that the width of the boundary layer weakened with the growth in slip and heat factor parameters. Mishra et al. (2022) numerically explored the Williamson MHD nanofluid flow, subject to variable viscosities over a wedge. Reddy et al. (2016) debated the effect of thermal radiation over the MHD nanoparticle-based liquid flow past an extending surface and compared their results with a fine agreement to those results established in the literature. Bejawada and Yanala (2021) inspected Soret and Dufour impacts upon the time-dependent MHD liquid flow past an inclined surface placed vertically. Reddy et al. (2022b) scrutinized the influence of different slip effects over the MHD liquid flow past a stretchy sheet subject to Soret and Dufour effects. Sandeep et al. (2022) discussed the influence of the non-linearly radiated MHD hybrid nanofluid fluid flow using a heat source and concluded that the fluid flow declined and the thermal flow had an upsurge with a growth in the magnetic factor. Sandeep and Ashwinkumar (2021) studied the impact of different nanoparticles’ shapes upon the MHD fluid flow over a thin movable needle. Ashwinkumar et al. (2021) explained a 2D MHD hybrid nanoparticle flow using two different geometries of a cone and plate and proved that the flow and temperature incrimination are more visible in the case of the plate than that in the case of the cone. Mabood et al. (2022) inspected the influence of the non-linearly radiated 3D time-based MHD hybrid nanofluid flow. Readers can further study about the impact of MHD on mass and heat transmission in Sulochana et al. (2018), Alshehri et al. (2021), Mabood et al. (2021), Bejawada et al. (2022), Kumar et al. (2022), and Nalivela et al. (2022).
The mass and thermal flow problems with the impact of chemical reactions play a pivotal role in numerous fluid flow models. They have captivated more consideration due to its widespread utilization in many engineering and natural phenomena such as refrigeration, aerodynamic extrusions, and human transpiration. Sharma and Mishra (2020) documented the MHD nanoliquid flow using an internal thermal source. Singh et al. (2021) numerically solved the flow of a liquid past an enlarging sheet with the impact of chemical reactions and concluded that an upsurge in the stretching factor declined the diffusivities of heat and mass. Khan et al. (2021) discussed the bioconvection micropolar nanoparticle flow past a thin needle subject to binary chemical reactions and highlighted that mass diffusion declined with an upsurge in the chemical reaction factor and Brownian motion. Kodi et al. (2022) inspected the MHD Casson nanofluid flow past a vertically placed permeable plate subject to the impact of thermal diffusivity and chemical reactions. Kumar and Sharma (2022) discussed the influences of Stefan blowing on a fluid flow past a rotary disc subject to chemical reactions. Raghunath et al. (2022) inspected the time-dependent MHD flow of a liquid over an inclined permeable plate using magnetic impacts and chemical reactions.
Brownian motion and thermophoretic effects are responsible for controlling mass and thermal diffusivities subject to concentration and temperature gradients. Both these effects have numerous applications in different areas of science such as aerosol technology, nuclear safety phenomena, atmospheric pollution, aerospace technology, and hydrodynamics. Irfan (2021) considered the collective influence of Brownian and thermal diffusivity over the nanoparticle flow past a sheet with varying thickness, subject to slip conditions, and concluded that the augmentation of the Brownian number and thermophoresis factor has an upsurge in thermal profiles. Upreti et al. (2022) described the Casson fluid flow past a Riga plate subject to the effects of microorganisms. Saleem et al. (2022) studied the motion of water carrying three different types of nanoparticles subject to thermophoretic effects and the Brownian motion. Kiyani et al. (2022) inspected the MHD micropolar nanoparticle flow past an exponentially radiated surface using thermal radiations, Brownian motion, and thermophoretic effects upon the fluid flow system. Mehta and Kataria (2022) inspected the MHD fluid flow through the shrinking surface along with thermal radiations. Tayyab et al. (2022) have numerically studied the three-dimensional rotary nanoliquid flow subject to bio-convective activation energy.
The boundary-layer flows of nanofluids caused by stretched surfaces have attracted researchers’ attention recently (Andersson et al., 1994; Xu and Liao, 2009; Prasad et al., 2012; Mukhopadhyay, 2013). Their enormous significance in engineering and industrial applications has been the key driver behind this. These uses are particularly common in extrusion operations, paper and glass fiber manufacture, electronic chip manufacturing, paint application, food preparation, and the transfer of biological fluids. There is not a single constitutive connection between stress and the rate of strain that can be used to investigate all non-Newtonian fluids. The diversity of these fluids, their constitutive behavior, and simultaneous viscous and elastic properties make it nearly impossible to distinguish between effects resulting from a fluid’s shear-dependent viscosity and effects resulting from the fluid’s elasticity. A few mathematical models have been explained that closely match the experimental findings (Wu and Thompson, 1996). The Maxwell model is utilized for relaxation time in some highly concentrated polymeric fluids.
In this work, the authors have considered to present a semi-analytical solution of the Maxwell fluid flow over a bi-directional stretching sheet. Additionally, the thermal convective and mass flux conditions are taken into consideration. The mathematical framework of the existing problem is constructed on highly non-linear PDEs. Suitable similarity transformations are used for the conversion of PDEs into ODEs, which is presented in section 2. The flow problem is tackled with a homotopy analysis method, which is capable of solving higher-order non-linear differential equations, presented in section 3. The convergence of the HAM technique is also shown in section 4. Different flow profiles against various flow parameters are discussed physically, as shown in section 5. Finally, the concluding remarks are presented in section 6.
2 MODEL FORMULATION
We consider the steady, laminar, and incompressible three-dimensional flow of a Maxwell fluid over a bi-directional linearly extending surface. The surface stretches along [image: image] and [image: image] directions and with velocity [image: image], where both [image: image] and [image: image] are constants. A magnetic field of strength [image: image] is applied normal to the fluid flow. The surface temperature is denoted by [image: image], [image: image] represents the reference temperature, and [image: image] shows the ambient temperature. In addition, the surface concentration is denoted by [image: image] and [image: image], showing the ambient concentration. Brownian motion, thermophoresis, and chemical reaction impacts are considered in this analysis. Additionally, the thermal convective and mass flux conditions are taken into consideration, as shown in Figure 1. Under the aforementioned suppositions, the principle equations are as follows (Bilal Ashraf et al., 2016; Dawar et al., 2021):
[image: image]
[image: image]
[image: image]
[image: image]
[image: image]
with boundary conditions, given as follows (Bilal Ashraf et al., 2016; Dawar et al., 2021):
[image: image]
[image: Figure 1]FIGURE 1 | Geometry of the flow problem.
In the aforementioned equations, [image: image] are the velocity components; [image: image] are the coordinate axes; [image: image] is the electrical conductivity; [image: image] is the density; [image: image] is the relaxation time; [image: image] is the magnetic field strength; [image: image] is the specific heat; [image: image] is the thermal conductivity; [image: image] is the Brownian diffusion coefficient; [image: image] is the thermophoretic coefficient; [image: image] is the temperature; [image: image] is the concentration; [image: image] is the chemical reaction coefficient; [image: image] is the heat transfer coefficient; and [image: image] and [image: image] are the velocity constants.
The similarity transformations are defined as follows (Bilal Ashraf et al., 2016; Dawar et al., 2021):
[image: image]
The leading equations are transformed by using similarity transformations defined in (7):
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with boundary conditions given as follows:
[image: image]
The embedded parameters are discussed as follows:
[image: image]
Here, [image: image] is the magnetic factor, [image: image] is the Deborah number, [image: image] is the Schmidt number, [image: image] is the stretching constant, [image: image] is the Prandtl number, [image: image] is the chemical reaction factor, [image: image] is the thermal Biot number, [image: image] is the thermophoresis factor, and [image: image] is the Brownian motion factor.
The Nusselt, Sherwood, and density numbers are defined as follows:
[image: image]
where [image: image] is the local Reynolds number.
3 HAM SOLUTION
For an analytical simulation of the existing model, the HAM technique is considered. The initial guesses are given as follows:
[image: image]
The linear operators are taken as follows:
[image: image]
with the following properties:
[image: image]
where [image: image] are the constants.
[image: image] shows the entrenching factor, and [image: image] shows the auxiliary parameter. Then, the zero-order problems are constructed as follows:
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For [image: image] and [image: image], we obtain the following:
[image: image]
Using the Taylor series, we obtain the following:
[image: image]
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The [image: image] th-order deformation problems can be written as follows:
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where
[image: image]
4 HAM CONVERGENCE
The factors [image: image], [image: image], [image: image] and [image: image] are called auxiliary factors, regulating the homotopic convergence. At the 23rd order of approximations, convergence regions for primary velocity, secondary velocity, temperature, and concentration distributions are shown in Figure 2. The convergence area of [image: image] is [image: image], [image: image] is [image: image], [image: image] is [image: image] and [image: image] is [image: image].
[image: Figure 2]FIGURE 2 | [image: image] curves for [image: image], [image: image], [image: image] and [image: image].
5 RESULTS AND DISCUSSION
The physical investigation of the flow of the Maxwell fluid with the occurrence of the magnetic effect past an extending surface is explored in this section. With the occurrence of the thermal and mass diffusivity, the role of heat and mass transport is analyzed. The HAM procedure is used for the simulation of the existing model. Impacts of various flow parameters on flow distributions of the nanofluid are computed and discussed. Table 1 shows the validation of the present results with the published results. Here, a close relation between both the results is found, and we can validate our present analysis. The influences of [image: image], [image: image], and [image: image] on the Nusselt number [image: image] are investigated in Table 2. Table 2 shows that by increasing [image: image], [image: image] and [image: image], [image: image] also increases. In Table 3, the variation in Sherwood number [image: image] versus flow constraints such as [image: image], [image: image], [image: image] and [image: image] is examined. In this analysis, it is observed that greater [image: image], [image: image] and [image: image] values decrease [image: image], while increasing [image: image] augments [image: image]. Figures 3, 4 display variations in the primary velocity distribution of the nanofluid via the increasing Maxwell fluid factor [image: image] and magnetic parameter [image: image], respectively. It is detected that the primary velocity distribution declines with growing values of [image: image]. Incidentally, increasing values of [image: image] correspond to the higher viscosity of the fluid, which, consequently, reduces the velocity of the fluid flow. Thus, the velocity distribution declines with the increase in [image: image]. Additionally, [image: image] corresponds to the Newtonian fluid. Thereafter, it is found that the Newtonian fluid is less viscous than the non-Newtonian fluid. Figure 4 is drawn to determine the role of the primary velocity distribution against augmenting values of [image: image]. In this observation, a decreased performance in the primary velocity distribution is found for the increasing [image: image] value. With the increasing magnetic field, the Lorentz force shows a retarding behavior against the flow behavior. Therefore, the Lorentz force opposes the fluid motion, which, consequently, decreases the boundary layer thickness and velocity distribution of the fluid flow. Furthermore, the increase in the magnetic parameter shows an upsurge of frictional forces between particles of fluids. This explains why velocity distribution is lower for higher magnetic factors. The effects of [image: image] and [image: image] on secondary velocity distributions are analyzed in Figures 5, 6. Since, the surface stretches linearly along both [image: image] and [image: image] directions. Therefore, similar impacts of the Maxwell fluid parameter [image: image] and magnetic parameter [image: image] are also found along the secondary velocity distribution. Figures 7–9 are plotted for the assessment of nanoliquid temperatures against increasing values of [image: image], [image: image], and [image: image]. The consequence of [image: image] on an energy profile is shown in Figure 7. An increase in the nanofluid temperature is examined for expanding the values of [image: image]. Brownian motion refers to the movement of particles; therefore, an increased production of heat occurs, which raises the energy profile. Figure 8 shows the effect of [image: image] on the temperature distribution. Figure 8 describes that the nanoliquid temperature is enhanced for intensifying values of [image: image]. In the case of thermophoresis, liquid elements are quickly transformed from the hot region to the cold region with a rising the thermophoresis parameter [image: image] which, consequently, shows a surge in the temperature distribution. The outcome of the nanoliquid temperature for increasing values of the thermal Biot number [image: image] is observed in Figure 9. In this figure, the increasing behavior in the temperature distribution due to [image: image] is observed. For greater values of [image: image], the heat transfer coefficient is enhanced because the heat transfer coefficient is directly related to the thermal Biot number [image: image]. Therefore, the temperature distribution of the nanoliquid increases for the higher thermal Biot number [image: image]. Figures 10–13 are displayed to discuss variations in the nanoliquid concentration distribution with respect to expanding values of [image: image], [image: image], [image: image], and [image: image]. The result of [image: image] on the concentration distribution is shown in Figure 10. It is examined that, a rise in [image: image] reduces the nanofluid concentration distribution. As [image: image] increases, the concentration gradually falls. The explanation behind this is because higher values of the Brownian parameter enhance fluid particle collisions and lower the viscosity of nanofluids. Figure 11 explains the role of [image: image] on the concentration distribution. In this figure, it is perceived that enhancing values of [image: image] increase the nanofluid concentration distribution. This is because the thermodiffusion coefficient and the thermophoresis parameter are closely related. Increased diffusion coefficients are implied by higher values of [image: image], which intensify the concentration distribution. The impact of [image: image] on the concentration distribution is discussed in Figure 12. It is observed that the nanofluid concentration is lower with the expansion of the Schmidt number [image: image]. The Schmidt number [image: image] is the ratio of momentum diffusivity and mass diffusivity. So, the mass diffusivity of the fluid decreases with the increase of the Schmidt number [image: image]. This is because the Schmidt number and mass diffusivity are inversely related to each other. Thus, a decrease in mass diffusivity decreases the concentration distribution. The consequence of [image: image] on the concentration distribution is shown in Figure 13. It should be noted that the growth in the values of [image: image] decays the nanofluid concentration. Furthermore, it can be perceived that molecular diffusivity is lower for higher chemical reactions. Therefore, a lower molecular diffusivity decreases the boundary layer thickness and concentration distribution of the nanoliquid. Figures 14, 15 show streamline patterns of Newtonian and Maxwell fluids, respectively. It should be noted that the analysis streamlines for Maxwell and Newtonian models in the current study are indeed distinct from one another.
TABLE 1 | Comparison of the present results of [image: image] with the published results.
[image: Table 1]TABLE 2 | Impacts of [image: image], [image: image] and [image: image] on [image: image].
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6 CONCLUSION
This article examines the 3D flow of a Maxwell nanofluid across a bi-directional stretching surface with magnetic field applications. In this approach, the effects of Brownian motion, thermophoresis, and chemical reactions are taken into account. The conditions for mass flux and thermal convection are also taken into account. The modeled problem is solved using the HAM technique. The HAM convergence is also demonstrated. Simulations and detailed discussions are carried out to determine the effects of various physical factors on flow profiles and quantities of interest. Key findings of the current problem are as follows:
• The magnetic and Maxwell fluid parameters determine the decreasing functions of primary and secondary velocities.
• The thermophoresis parameter, Brownian motion parameter, and thermal Biot number are the enhancing functions of the temperature distribution.
• The thermophoresis parameter has an enhancing effect on the concentration distribution, whereas Brownian motion, the Schmidt number, and chemical reaction parameters have a decreasing effect.
• The Nusselt number rises as the thermal Biot number, thermophoresis parameter, and Brownian motion parameter rise.
• The Sherwood number increases with the increasing thermophoresis parameter, while decreasing with the increasing Schmidt number, Brownian motion parameter, and chemical reaction parameter.
• It has been noted that the analysis streamlines for Maxwell and Newtonian models in the current study are indeed distinct from one another.
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This investigation determined the effectiveness of an exterior magnetic field on bacteria enclosed by thousands of magnetite nanoparticles. Variable thermal conductivity and Joule heating were used in the interstitial nano liquid in which artificial bacteria were swimming in a biotic cell. The unsteady motions of a Powell–Eyring fluid in two dimensions were assumed. The porous extending wall was used as a bent surface shape. To convert the governing non-linear PDEs into non-linear ODEs, suitable transformations were exploited. The homotopy analysis technique (HAM) was utilized to resolve the semi-analytical results of non-linear ODEs. Plots were utilized to investigate the impact of significant parameters of velocity distribution, temperature profile, bacterial density field, nutrient concentration field, skin friction, Nusselt number, and nutrient concentration density. Clinical disease has shown that daring tumors have reduced blood flow. The results of this study showed that augmenting the values of unsteady parameters improved the blood velocity profile. The velocity distribution decreased for higher magnetite volume fraction values, as well as porosity and magnetic parameters. As the concentration of magnetite nanoparticles increased, so did the blood temperature distribution. As a result, the immersion of magnetite nanoparticles improved the physical characteristics of the blood. These findings also demonstrated that magnetic parameters and Eckert number play an essential role in increasing heat transfer rates.
Keywords: Powell–Eyring fluid, blood flow, magnetite nanoparticles, porous medium, curved biological boundary, joule heating, artificial bacteria
1 INTRODUCTION
Radiotherapy and chemotherapy are frequently applied to treat patients with cancer. However, the combination of these treatments may be inadequate to achieve a cure in some cases. Thus, the development of advanced and novel tactics may provide oncologists with additional therapeutic possibilities. A laboratory in Spain recently produced an artificial magnetic bacterium that, when consumed, can trigger a charged magnetism compass to mark and destroy tumors because the compass rotation speed heats and melts tumors. This method is based on hyperthermia caused by magnets, which is an exploratory treatment method in which magneto-nanoparticle-saturated tumors are subjected to a discontinuous magnetic field. This treatment begins by immersing a tumor in iron magneto-nanoparticles. Every cell in the body requires oxygen to function, and tumors cannot grow beyond the size of a sugar pill without it. Thus, tumors produce hormones that permit them to obtain oxygen-rich blood by hijacking surrounding blood vessels. Moreover, because blood arteries grow in tumors in an unorganized and faster manner, they are porous and defective. When ferromagnetic iron nanoparticles are infused into blood circulation, they travel throughout the body, avoiding healthy blood vessels unless they enter the leakages that nourish tumors. Mathuriya et al. (2015)reported that these vaccinated magnetic iron nanomaterials eventually pass through the blood unless they reach a tumor’s blood generator, in which these particles accumulate. Magnetic nanoparticles show potential as a drug conveyance module because of their large surface area, high viability, low toxicity, and volume proportions. Furthermore, magnetic hyperthermia uses magnetic nanoparticles to reduce tumor volume and to target and eliminate malignant cells. Magnetic bio partitioning is useful for detaching a specific atom from a catalog of molecules. One example is the magnetic bio partitioning used to restrict viral RNA for further investigation by polymerase chain reaction. Furthermore, magnetic particles exhibit imaging characteristics, making them useful for multimodal theranostics. These characteristics of magnetic nanomaterials allow simultaneous treatment and diagnostics (Anik et al. (2021). Kong et al. (2014) and Cui et al. (2012) used an unsteady applied magnetic field impact to examine the movement of magnetotactic bacteria (MTB) in a Newtonian fluid. The authors addressed the swimming motion of MTB from a fluid dynamics standpoint in conjunction with an entire three-dimensional Stokes flow. Vincenti et al. (2018) scrutinized the effect of a magnetic field on micro-swimmer suspensions in liquid. Furthermore, Nagaraj et al. (2018) reported on the joint effect of electric and magnetic fields on the synovial fluid in a biological context. Bhatti (2021) recently investigated nanomedicine utilizing suspensions of magnetized gold [image: image] nanoparticles. Afridi et al. (2019) explored the effect of thermal dissipation and entropy formation on the flow of a hybrid nanofluid across a curved sheet. Moreover, it is practical to use a spreading twisted surface for interstitial nanoparticle flow, in which artificial magnetic bacteria swim within biological cells. Shukla et al. (2019) examined the effects of viscoelasticity factors on second-order fluid in carotid artery blood flow. The HAM was used to initiate an entropy creation evaluation of time-dependent second-grade nanoliquid and heat transfer under the influence of a magnetic field. The authors discovered that increasing the second-order viscoelastic and magnetic values increased the entropy production number.
Many studies have proposed strategies for mathematical models within the human body, including the flow of fluid across a curved surface. Several investigators have also considered abdominal fluid flowing through biological cells as a non-Newtonian Powell–Eyring fluid. Saleem and Munawar (2016) examined blood flow via a stenotic artery in a constant magnetic field by assuming that blood within the artery was an Powell–Eyring fluid. Hina et al. (2016) investigated the heat transfer characteristics of a Powell–Eyring fluid in peristaltic flow within a curved channel with compliant walls. According to Riaz et al. (2019), the heat transfer procedure in the human body is a complex process that includes heat movement in tissues, membrane pores, electromagnetic radiation emitted by cell phones, exterior interface, metabolic heat production, and arterial-venous blood circulation. Their research aimed to determine the impact of bioheat and mass transfer in the peristaltic movement of an Powell–Eyring liquid in a three-dimensional rectangular cross section in the context of the human thermoregulation framework and thermotherapy. Hussain et al. (2020) numerically explored flow and explained blood flow behavior through tapered arteries as a non-Newtonian Powell–Eyring fluid. Asha and Sunitha (2018), Gholinia et al. (2019), Mallick and Misra (2019), Sultan et al. (2019), and Basha and Sivaraj (2021) conducted relevant research on this model. In the presence of a magnetic field generated using magnetite [image: image], Yasmin (2022), Alyousef et al. (2023), Yasmin et al. (2023a), Yasmin et al. (2023b), and Yasmin et al. (2023c) performed biomedical investigations of fluid flow and studied nanofluid flow and hybrid nanofluids experimentally and theoretically, with stability analysis in the context of energy storage and other applications.
Based on these previous findings, the present study considered the growth of artificial magnetic bacteria in a non-Newtonian Powell–Eyring nanofluid on a stretching curved surface using a porous medium. The variable fluid thermal conductivity of the nanofluid was considered. As shown in Figure 1, curvilinear coordinates were used to model mathematical expressions across the curved biological boundary. This investigation also used magnetite nanoparticles. The temperature, concentration, and velocity of magnetite/blood in biological cells were acquired by the homotopy analysis method (HAM) via MATHEMATICA and depicted in a set of plots. Additionally, different scenarios were developed by varying the impact of dimensionless parameters, and distinct cases were constructed to obtain maximum reference data. The magnetic bacterium function as a magnetically charged compass to mark and abolish tumors by revolving at such a high rate that tumors heat and melt. Section 2 provides the mathematical formulas and all relevant details. Section 3 presents the physical quantities and the solution method, and its convergence with the validation of the results is shown in Sections 4 and 5. Section 6 includes the results and discussion. Finally, Section 7 contains the conclusions.
[image: Figure 1]FIGURE 1 | Fluid flow configuration and coordinate system.
2 MATHEMATICAL FORMULAS
We assumed a two-dimensional unsteady boundary layer Powell–Eyring nanofluid flow on a strained curved surface using a porous medium that was a spiral in a circle with radius [image: image] around the curvilinear coordinates. The stretching surface in the [image: image] had a velocity [image: image] and was vertical to the [image: image]. A magnetic field of intensity [image: image] was applied in the vertical direction. The nanofluid was embedded in the porous medium, and its flow behavior in the porous medium was accounted for by using the Brinkman model. The effects of variable thermal conductivity, heat generation/absorption, and joule dissipation were all considered. We used reaction–diffusion equations to explicitly model the dynamics of the bacterial density [image: image] and nutrient concentration [image: image].
2.1 Formal model and geometry
Figure 1 shows the geometry of the flow problem along with the coordinate system, velocity field, and other details.
2.1.1 Governing equations and boundary conditions after applying assumptions
Navier–Stokes flow is a type of fluid movement in which the spinning speed of the flow, [image: image], is extremely low and the typical dimension [image: image] is slight. The Stokes estimate is commonly used to describe the motion of magnetic bacteria because it ignores the inertial term in the Navier–Stokes equation by using a low Reynolds number. Thus, the Navier–Stokes and continuity equations govern the fluid speed produced by swimming magnetotactic bacteria. The theory of rate mechanisms was utilized to deduce the Powell–Eyring model (1994) to define shear in non-Newtonian flow. The shear tensor in the Powell–Eyring fluid model is given by (Riaz et al. (2019)
[image: image]
and
[image: image]
The appropriate governing equations to examine the foregoing fluid flow are as follows:
[image: image]
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subject to the boundary condition (Elgazery et al., 2022)
[image: image]
Here, [image: image], [image: image] is the conversion factor, [image: image] represents the variable nutrient bacterial growth rate, and [image: image] represents the maximum growth rate. In this present discussion, we assume that [image: image] is greater than the Monod constant [image: image] and that [image: image] and [image: image] with dimension [image: image].
2.1.2 Similarity transformations and modeled ODEs
Using the following dimensionless similarity transformations (Elgazery et al., 2022),
[image: image]
and using the aforementioned dimensionless quantity, the equation of continuity is satisfied, and after pressure elimination the governing Eqs 7–12 can be written as follows:
[image: image]
[image: image]
[image: image]
[image: image]
Similarly, pressure can be expressed as follows:
[image: image]
subject to the boundary conditions
[image: image]
where [image: image], [image: image], [image: image], [image: image], [image: image], [image: image], [image: image], [image: image], [image: image], and [image: image] [image: image]
2.1.3 Thermo-physical characteristics of nanofluid
The thermo-physical characteristics of an effective nanofluid can be expressed as follows (Mallick and Misra, 2019; Yasmin, 2022; Alyousef et al., 2023):
[image: image]
where
[image: image]
Here, the index [image: image] represents the base fluid and [image: image] refers to the nanoparticles ([image: image]). The thermophysical characteristics of magnetite nanoparticles are given in Table 1. Moreover, the nanoliquid variable thermal conductivity can be considered as follows (Yasmin, 2022):
[image: image]
where [image: image], [image: image] represents the constant thermal conductivity of the base fluid and [image: image] is a parameter used for variable thermal conductivity.
TABLE 1 | Thermophysical characteristics of [image: image] magnetite nanoparticles and blood (Alyousef et al., 2023; Yasmin et al., 2023a).
[image: Table 1]3 PHYSICAL QUANTITIES
The physical quantities of concern in the current research are expressed as follows:
[image: image]
where [image: image] signifies the skin friction, [image: image] denotes the Nusselt number, and [image: image] represents the nutrient concentration. Moreover, [image: image], [image: image], and [image: image] are the surface shear stress, heat flux, and wall nutrient concentration flux, respectively. These are defined as follows:
[image: image]
These quantities can be written in non-dimensional form as follows:
[image: image]
where [image: image] represents the local Reynolds number.
4 SOLUTION METHODS
To find the solution to the system of Eqs 11–14 under the boundary constraints (16), a HAM (Liao, 2004) approach was used and figures were sketched for convergence. The complete procedure is shown in Eqs 23–45.
The initial guesses were selected as follows:
[image: image]
The linear operators are taken as [image: image]:
[image: image]
which have the following properties:
[image: image]
where [image: image] are the constants in the general solution.
The resultant non-linear operatives [image: image] are given as follows:
[image: image]
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The fundamental concept of HAM is characterized in Cui et al. (2012), Kong et al. (2014), Mathuriya et al. (2015), and Anik et al. (2021). The zeroth-order problems from Eqs 9–12 are as follows:
[image: image]
[image: image]
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The equivalent boundary conditions are as follows:
[image: image]
where [image: image] is the imbedding parameter and [image: image] are used to control the convergence of the solution. When [image: image] and [image: image],
[image: image]
and expanding [image: image] in the Taylor’s series about [image: image],
[image: image]
where
[image: image]
The secondary constraints [image: image] are selected so that the series (27) converges at [image: image]; substituting [image: image] in (27), we obtain:
[image: image]
The [image: image] problem satisfies the following:
[image: image]
The following are the corresponding boundary conditions:
[image: image]
Here,
[image: image]
[image: image]
[image: image]
[image: image]
where
[image: image]
5 VALIDATIONS OF THE RESULTS
This section shows the result validations graphically and numerically. The results obtained using the semi-analytical HAM method are compared to the numerical (ND-Solved) techniques for temperature [image: image], pressure [image: image], velocity [image: image], bacterial density field [image: image], and nutrient concentration [image: image].
Table 2(a–d) shows the results of the HAM solutions, numerical solutions, and the absolute errors for temperature [image: image], pressure [image: image], velocity [image: image], bacterial density field [image: image], and nutrient concentration [image: image]. We observed excellent agreement between the results for all profiles. Table 3 shows a comparison between the current and previous results (Elgazery et al., 2022) for skin friction and it was found that both results agreed. Figures 2A–D show comparison between HAM and numerical solutions for the temperature θ(ξ), pressure p(ξ), velocity f′(ξ), the bacterial density field χ(ξ), nutrient concentration ω(ξ). An excellent agreement is found between both results for all profile.
TABLE 2 | Tables 2(a-d).
[image: Table 2]TABLE 3 | Comparison of skin friction.
[image: Table 3][image: Figure 2]FIGURE 2 | (A–D) Graphical validations of the HAM with numerical methods for [image: image], [image: image], [image: image] and [image: image].
6 RESULTS AND DISCUSSION
This investigation used HAM to graphically explore the efficacy of numerous governing factors, such as the curvature factor [image: image], volume fraction [image: image], maximum bacteria growth rate [image: image], fluid parameter [image: image], unsteady parameter [image: image], magnetic parameter [image: image], porosity parameter [image: image], non-dimensional bacterial density difference [image: image], non-dimensional generation/absorption coefficient, bioconvection Lewis number [image: image], and variable thermal conductivity [image: image], on the temperature [image: image], pressure [image: image], velocity [image: image], bacterial density field [image: image], nutrient concentration [image: image], Nusselt number, skin friction, and density of nutrient concentration.
Figures 3A–C show how the curvature factor K affects the velocity [image: image], pressure [image: image], and temperature [image: image] curves, in which increases in velocity and decreases in pressure resulted in increased curvature parameter values. Tumor blood flow usually decreases as tumors grow larger; however, mathematical examination predicted that enhancing the curvature parameter would boost tumor blood flow, which may enhance medical treatment.
[image: Figure 3]FIGURE 3 | (A–C) Variations in [image: image], [image: image], and [image: image] for distinct numbers of [image: image].
Furthermore, as shown in Figures 4A, B increasing the curvature parameter value increased the radius of the curved surface, which increased the velocity and decreased the pressure. Due to vascular damage, the environment within the tumors became hypoxic, acidic, and nutritionally deficient when heated. These suboptimal environmental changes enhance the tumor cell hyperthermia response, inhibit thermal damage repair, and interfere with the development of thermal tolerance. At high temperatures, the acidic environment enhances the tumor cell response to certain drugs. As shown in Figure 4C, the temperature decreased as the curvature factor increased, and increased with increasing unsteady parameter. In medical treatment, to enhance the tumor cell response to magnetic magnetite nanoparticles, [image: image] should be increased, thus increasing the environmental temperature of the nanofluid. Figures 4A, B show increased velocity and decreased pressure with increasing unsteady parameter [image: image].
[image: Figure 4]FIGURE 4 | (A–C) Variations in [image: image], [image: image], and [image: image] for distinct numbers of [image: image].
Figures 5A, B show the effect of the fluid parameter [image: image] on velocity and pressure. Figure 5A shows that the blood velocity first decreased and then gradually increased as the fluid parameter value increased. Figure 5B shows that the blood pressure curves increased for large fluid parameter values.
[image: Figure 5]FIGURE 5 | (A,B) Variations in [image: image] and [image: image] for distinct numbers of [image: image].
Figures 6A–C show how the magnetite nanoparticle volume fraction parameter [image: image] affects the velocity [image: image], pressure [image: image], and temperature [image: image] curves. As the volume fraction of magnetite nanoparticles increased, the velocity profile and pressure distribution decreased. The mathematical explanation showed that magnetite nanoparticles reduced blood flow pressure, which is a beneficial outcome in the medical treatment of cancer, thus demonstrating the potential effectiveness of magnetite nanoparticles in medical therapy. As the concentration of magnetite nanoparticles increased, so did the blood temperature distribution. Therefore, passing magnetite nanoparticles through the blood improves its physical properties.
[image: Figure 6]FIGURE 6 | (A–C) Variations in [image: image], [image: image], and [image: image] for distinct numbers of [image: image].
The impact of the porosity parameter on blood velocity is shown in Figure 7, in which the blood velocity decreased as the porosity increased. This effect occurred because increasing blood porosity increased the interactions and fraction between the flow and blood cells, resulting in decreased velocity.
[image: Figure 7]FIGURE 7 | Variations in [image: image] for distinct numbers of [image: image].
The exploration of the magnetic factor M showed that opposition in artificial magnetic bacteria swimming within the blood flow was a major factor. Figures 8A, B show the effects of M on the velocity [image: image] and temperature [image: image], respectively. When the magnetic factor [image: image] increased, [image: image] decreased and [image: image] increased. The changes in magnetite/blood velocity were inversely related to the magnetic factor. Thus, applying a magnetic field to an electrically conducting liquid created a resistive Lorentz force that tended to diminish the fluid flow while increasing the temperature.
[image: Figure 8]FIGURE 8 | (A,B) Variations in [image: image] and [image: image] for distinct numbers of [image: image].
Figure 9 depicts the influence of the Prandtl number [image: image] on the temperature [image: image]. As [image: image] increased, the temperature decreased. The thermal boundary layer thickness decreased as the Prandtl number increased. The Prandtl number is the momentum diffusivity/thermal diffusivity ratio and it governs the relative thickening of the momentum and thermal boundary layers in heat transfer.
[image: Figure 9]FIGURE 9 | Variations in [image: image] for distinct numbers of [image: image].
Figure 10 shows the temperature distribution for various Eckert number [image: image] values. The relationship between heat enthalpy difference and flow kinetic energy is known as the Eckert number [image: image]. Therefore, increasing the Eckert number increases the kinetic energy. Furthermore, temperature is defined as the average kinetic energy. Consequently, the temperature of the fluid increased with increasing Eckert number [image: image].
[image: Figure 10]FIGURE 10 | Variations in [image: image] for distinct numbers of [image: image].
Figures 11A, B show the effect of the bioconvection Lewis number [image: image] on the bacterial density [image: image] and nutrient concentration [image: image], in which both bacterial density and nutrient concentration decreased with increasing bioconvection Lewis number [image: image].
[image: Figure 11]FIGURE 11 | (A,B) Variations in [image: image] and [image: image] for distinct numbers of [image: image].
Figures 12A, B show the influence of the bacterial difference density parameter [image: image] on the bacterial density field [image: image] and nutrient concentration [image: image]. As the [image: image] increased, so did the bacterial density and nutrient concentration.
[image: Figure 12]FIGURE 12 | (A,B) Variations in [image: image] and [image: image] for distinct numbers of [image: image].
The effects of the bacteria maximum growth rate [image: image] on the bacterial density and nutrient concentration are shown in Figures 13A, B, in which the bacterial density and nutrient concentration fields improved when the bacterial maximum growth rate increased.
[image: Figure 13]FIGURE 13 | (A,B) Variations in [image: image] for distinct numbers of [image: image].
6.1 Skin friction coefficients and Nusselt numbers
Figures 14, 15 show the effects of the nanoparticle volume fraction [image: image] and magnetic factor [image: image] on the skin friction coefficient, with mainly significant influences on the unsteady constraint [image: image] on skin friction. The skin friction increased with increasing [image: image] and [image: image].
[image: Figure 14]FIGURE 14 | Influences of [image: image] and [image: image] on skin friction.
[image: Figure 15]FIGURE 15 | Influences of [image: image] and [image: image] on skin friction.
Figure 16 shows the effects of the volume fraction [image: image] and variable thermal conductivity constraint [image: image] on the Nusselt number. The Nusselt number decreased with increasing [image: image]. Figure 17 shows the effects of [image: image] against [image: image] on the Nusselt number distribution. The Nusselt number decreased with increasing [image: image]. Figure 18 shows the variation in the nutrient concentration density because of the bacterial difference density [image: image] and the optimum bacterial growth rate [image: image]. When both the bacterial difference density and the optimum bacterial growth rate increased, the nutrient concentration density increased. These mathematical outcomes showed that in the medical treatment of cancer using magnetite nanoparticles and artificial bacteria, it is preferable to moderate the bacterial difference density and the bacterial growth rate to increase nutrients in normal cells while decreasing nutrient consumption in tumor cells. Figure 19 also shows the behavior of the nutrient concentration density as a function of the bioconvection Lewis number [image: image] and the magnetic parameter [image: image]. The nutrient concentration density value improved as the Lewis number increased but decreased as the magnetic parameter increased. Physically, in medical treatment, increasing the magnetic factor and decreasing the ratio of thermal diffusivity to mass diffusivity are recommended to increase nutrient consumption in normal cells while decreasing nutrient consumption in tumor cells.
[image: Figure 16]FIGURE 16 | Effects of [image: image] and [image: image] on [image: image].
[image: Figure 17]FIGURE 17 | Effects of [image: image] and [image: image] on [image: image].
[image: Figure 18]FIGURE 18 | Influences of [image: image] and [image: image] on [image: image].
[image: Figure 19]FIGURE 19 | Influences of [image: image] and [image: image] on [image: image].
7 CONCLUSION
This study aimed to determine the effectiveness of an external magnetic field on bacteria enclosed by thousands of magnetic magnetite nanoparticles. Variable thermal conductivity and Joule heating were used in the interstitial nanofluid, in which artificial bacteria swam in a biological cell. The unsteady motion of a Powell–Eyring fluid in two dimensions was considered. A porous stretching wall was used as a curved surface structure. To convert the governing non-linear PDEs into non-linear ODEs, suitable transformations were exploited. The HAM was used to resolve the semi-analytical results of non-linear ODEs. This mathematical procedure demonstrates unnatural magnetic bacterium that can function like a compass that is magnetically charged to mark and abolish tumors by spinning at such a high rate that tumors heat and melt. We discovered the following:
• The blood velocity improved at higher curvature parameter values and was unsteady when the velocity decreased for large magnetic factor, volume fraction, and porosity parameter values.
• The blood velocity profile began to decrease and then gradually increased with increasing fluid parameter values.
• The mathematical description revealed that magnetite nanoparticles lower blood pressure, which is a beneficial outcome in the clinical consideration of cancer, and demonstrates the effectiveness of magnetite nanoparticles in such medical therapy.
• The mathematical analysis showed that to enhance the reaction of tumor cells to several drugs in an acidic environment, temperatures should be raised by increasing the characteristics of the nearby environment, including the unsteady parameter, Eckert number, magnetite nanoparticles, and magnetic parameters.
• To increase nutrient consumption in normal cells while decreasing nutrient consumption in tumor cells, our mathematical outcomes showed that the bacterial difference density, bacterial growth rate, and Lewis number should be moderated in the medical treatment of cancer using magnetite nanoparticles and artificial bacteria.
• For the intensification of the unsteady parameter, applied magnetic fields should be considered.
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NOMENCLATURE
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[image: image] velocity components
[image: image] pressure
[image: image] temperature
[image: image] curvature radius
[image: image] thermal conductivity
[image: image] permeability of the porous medium
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[image: image] nutrient concentration
[image: image] nutrient diffusivity
[image: image] curvature parameter
[image: image] Prandtl number
[image: image] bioconvection Lewis number
[image: image] magnetic parameter
[image: image] generation/absorption coefficient
Greek terms
[image: image] fluid parameters
[image: image] dynamic viscosity
[image: image] kinematic viscosity
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[image: image] bacterial density
[image: image] thermal conductivity parameter
[image: image] porosity parameter
[image: image] unsteady parameter
[image: image] bacterial difference density
[image: image] bacteria maximum growth rate
[image: image] nanoparticle volume fraction
Subscripts
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[image: image] base fluid
[image: image] nanoparticles
[image: image] at the curved surface
[image: image] far from the surface
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Several types of meandering channels and their mathematical simulation have been proposed and discussed widely in the open literature. In the present study, the impact of a novel meandering tube geometry on streamwise vortices and pressure losses have been determined. Using a simplified Poiseuille flow simulation approach with a sinusoidal wavy meandering tube of non-uniform radius, the onset flow separation, vertex formation, and the impact of Reynolds number on field variables and stream function has been analyzed. Moreover, the linear stability theory has been implemented to trace the vertex formation. A decrease in wavelength leads to flow separation near the tube’s surface, but the flow becomes rectilinear with a sudden disturbance caused by the meander, becoming independent of vertex generating centrifugal forces. Novel insights are provided on the impact of meandering tube geometry on fluid flow and potential applications for enhancing flow conditions are suggested.
Keywords: stream wise vortices, meandering tube, centrifugal forces, flow separation, instability
1 INTRODUCTION
The escalation process of heat and species transport in different flow phases with practical significance is an interesting and important subject in thermodynamics and fluid mechanics. Both the formation of fluid mixtures and changes in the functional thermophysical characteristics of the fluids fall within the category of escalation processes (Bergles and Webb, 1985; Jensen et al., 1997; Ligrani et al., 2003). Integrated heat exchangers that operate at low Reynolds numbers in case of laminar flows are treated specially for improved mixing (Webb and Bergles, 1981). It is often accepted that improved mixing may be achieved by driving a laminar-turbulent transformation under difficult conditions or by inserting vortex generators, which are efficient but have a substantial drag cost (Fiebig, 1995a; Fiebig, 1995b; Jacobi and Shah, 1995; Fiebig, 1998; Fiebig and Chen, 1999). In most cases, the hydrodynamic stabilities have been used for the transition of laminar flow to turbulent flow and, therefore, transverse grooves are used. However, a novel model has been demonstrated with the most accurate simulations, i.e., to shift laminar states without transiting to turbulent ones by using hydrodynamic instabilities. In this novel model, separating local flow is demonstrated well; the flow is driven by a slight oscillatory component and enters the resonant and stable separated shear layer (Patera and Mikic, 1986) Another type of bifurcation, i.e., centrifugal instability, has been taken into account and it produces simple vortices without suffering from the maximum drag cost associated with conventional vortex generators. Instability can improve vortex generators in limiting vortices decay, which decreases the minimum number of such generators even when the flow is only locally asymptotically stable. Both directly (by establishing a transverse transition) and indirectly (by creating a bypass transition), streamwise vortices can boost heat transfer. In most cases, a three-dimensional flow field has been developed at the end and transverse shear layers with inflection points and rapidly expanding secondary instability are formed (Floryan, 1991). Recent investigations have reported an alternate approach being taken into account of a fluid of higher thermal conductivity used with properly shaped channels while, at the same time, flow pressure being reduced immediately (Mohammadi and Floryan, 2013). This technique has provided an alternative solution to the most common development programs used on macro channels (Xu et al., 2016).
It has been known for nearly 100 years that the rotating shear layers are subjected to centrifugal instabilities. This instability has been taken into account for the situation of simple geometry and canonical flow, providing an example where it is possible to forecast the curvature of lines with ease. Using the flow state between rotating cylinders, Rayleigh introduced the inviscid technique in 1920 and determined the necessary stabilization condition through circulating distribution (Rayleigh, 1917). In 1923, Taylor included the full viscous problem and identified the crucial conditions that emerge as a result of the secondary flow (Taylor, 1923). Similar instability in curved channels was examined by Dean (Dean, 1928). The occurrence of centrifugal instability in the context of boundary layers on concave surfaces was proved by Görtler (Görtler, 1941). If the streamwise velocity distribution is not monotonic (Floryan, 1986), demonstrated that the instability is active in flows over concave as well as convex surfaces. A clear relationship between the streamline curvature and the wall curvature was provided by all of these investigations where the wall curvature was either constant or had been approximated as a constant. As a result, the critical stability condition might be expressed in terms of one parameter.
There are very few theoretical investigations that can pinpoint the starting conditions for flows in complex geometries where the wall curvature varies spatially. However, there are large number of numerical models and experimental studies that offer qualitative data (Gschwind et al., 1995). used a meandering amplitude of the same order of magnitude as the channel height, and (Nishimura et al., 1990; Tatsuo et al., 1990) used a large amplitude compared to the channel height to demonstrate the existence of streamwise vortices attributed to the centrifugal instability in sinusoidal channels. Rush et al. (Rush et al., 1999) has qualitatively identified the additional types of instability for corresponding geometries. Theoretical investigations which employed two-dimensional models were able to identify the effect of flow separation on heat transfer (Metwally and Manglik, 2004; Zhang et al., 2004) and identify the conditions that led to either single or double Hopf bifurcations or self-sustained oscillations (Guzmán et al., 2009). These models failed to identify the formation of the vortices. In their 2012 study, (Sui et al., 2012), took into account a three-dimensional rectangular channel with a very large meandering amplitude and applied numerical simulations to find a complex pattern of Dean’s vortices that changed over time and space. In the case of turbulent flow, consistent structures were found by (Pham et al., 2008). Other types of geometries, such as boundary layer flows over wavy surfaces (Saric and Ali, 1991) and Couette flows over wavy walls (Floryan, 2002), have also been found to demonstrate centrifugal instability. According to recent findings, streamwise vortices may be created by the placement of different triangular surface obstacles (Floryan and Asai, 2011) The transport of heat and fluid flow in various mediums and the studies considered the impact of magnetic fields, chemical reactions, porous media on fluid flow and thermal transport. The studies considered the impact of magnetic fields, chemical reactions, and porous media on fluid flow and thermal transport The results suggest that the addition of tri-hybrid nanoparticles and magnetic dipoles can enhance thermal transportation in Carreau Yasuda liquid, but may decrease the flow profile. This study also investigated the effects of different parameters on the peristaltic motion of hyperbolic tangent fluid in a curved compliant channel, which has potential applications in explaining blood transport dynamics. Numerical solutions and perturbation techniques were used to analyze and evaluate the results (Javed et al., 2021; Naseem et al., 2021; Wang et al., 2022). Different approaches related to the studies of fluid flow in microfluidic systems for biomedical engineering. This study analyzed the behavior of different types of fluids in different channel geometries by taking into account, convective conditions, thermal deposition effect, and chemical reactions. They investigated the impact of various parameters on flow quantities such as velocity, temperature, and concentration. This study also suggest the viability of electro-osmotic pumps for fluid flow in large osteoarticular implants (Hayat et al., 2015; Yasmin et al., 2020a; Yasmin et al., 2020b; Mehmood et al., 2020; Yasmin and Iqbal, 2021; Alyousef et al., 2023).
The main objective of the current analysis is to investigate the three-dimensional structure of the meandering geometries that cause the centrifugal force mechanism to produce streamwise vortices at the lowest possible cost as measured by pressure losses and without the interference of the traveling wave instability. This is the first comprehensive analysis of three-dimensional flow in a meandering tube that takes all potential instabilities into consideration. The new information would provide an accurate mathematical simulation for engineers and be a reasonable foundation upon which they may construct small heat exchangers that operate in the laminar flow domain. The study is divided into three main parts, specifically: i) mathematical modeling of flow in the meandering tube; ii) calculating the flow losses related to the meandering tube; and iii) identifying the geometric and flow characteristics that cause the centrifugal instability to predominate. The source in engineering procedures might be a mechanical pressure gradient. In this study, we look at the pressure gradient-driven (Poiseuille flow) flow of viscous fluid in a meandering tube with waves that is made up of fixed walls. A lot of interest has been shown in the flow of viscous fluid in a wavy meandering tube due to its applications in engineering and biological sciences, including regarding the development of muddy waves in river channels, the generation of wind waves on water and sandbanks in deserts, the movement of melting slides, rocket boosters, and the evaporation of film in burning chambers. Furthermore, physiologists and technicians have often attempted to create and explain blood and urine flow in terms of meandering channels (tubes).
2 GEOMETRY OF THE PROBLEM
The flow of a viscous fluid in a meandering tube, whose geometry is shown in Figure 1, is the main focus of this paper.
[image: Figure 1]FIGURE 1 | Geometry of the meandering tube under consideration and flow regime with coordinate[image: image]-axis.
The tube of variable radius is taken, whose radius is determined by [image: image]. The polar coordinate system [image: image] is connected to the Cartesian coordinate system [image: image] for this particular problem in such a way that [image: image] where [image: image] and [image: image] . Note that [image: image] and [image: image] are dimensionless variables.
3 GOVERNING EQUATIONS
In order to express the current problem in proper coordinates, it is appropriate to choose a suitable coordinate system for the simulated problem. The well-established relationship between the Cartesian coordinates [image: image] and cylindrical ones [image: image] has been presented above. For the meandering, we took the following transformation to define a tube of non-uniform radius [image: image] as:
[image: image]
where [image: image] is the mean radius of the tube while “[image: image]” represents the dimensionless amplitude, “[image: image]” represents the number of helixes starts, and “[image: image]” represents the wave number in the axial direction of the wall of the tube.
The governing equations are non-dimensionalized by introducing dimensionless variables and the length is non-dimensionalized by [image: image] (mean radius), the velocity components ([image: image] by [image: image], the static pressure by [image: image], [image: image] by [image: image], and [image: image] by [image: image].
Note that the asterisk “*” represents the dimensional quantities and [image: image] and [image: image] are kinematic viscosity and density of the fluid, respectively. The governing equations in cylindrical coordinates [image: image] are:
Continuity equation, [image: image], [image: image] and [image: image]- components of Navier-Stokes equations in cylindrical coordinates [image: image] are given as:
[image: image]
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The no slip boundary conditions at the wall and the symmetry conditions at the center of the meandering tube are given as:
[image: image]
where [image: image] represents stream velocity at the center of the meandering tube.
By using the dimensionless variables as defined above, the continuity Eq. 1 is transformed as:
[image: image]
From above definitions of dimensionless variables, we have:
[image: image]
where [image: image], [image: image], and [image: image] represent the dimensionless velocity components in r, [image: image] and z directions, respectively:
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Where Eqs. 10–13 represent the dimensionless form of continuity and components of Navier-Stokes equations, respectively.
The dimensionless form of no slip boundary conditions at the wall and the symmetry conditions at the center of the meandering tube are obtained as:
[image: image]
where [image: image] represents the Reynolds number.
4 MODAL PROBLEM
The velocity vector [image: image] for the modeled problem is decomposed as [image: image] where the velocity [image: image], pressure [image: image], the total volume flow rate [image: image], the stream function [image: image], and the vorticity function [image: image] for the fully developed flow in a straight duct (circular pipe) becomes purely radial in a pipe. The solution is obtained from the continuity equation, [image: image], [image: image], and [image: image] momentum equations. Note that the fluid flow is directed in the direction along positive [image: image]-axis. The velocity field and other field quantities for fluid motion in the meandering tube are approximated as:
[image: image]
[image: image]
Further, the velocity vector [image: image] needs to be determined; therefore, an appropriate approximation technique is used to get this part of velocity [image: image].
5 SOLUTION OF THE PROBLEM
Next, our aim is to determine the solution of dimensionless Eqs. (10 - 16). As these equations have a parameter [image: image] which may be a small quantity in many practical problems, we therefore consider the case of small amplitude waviness, i.e.; [image: image] and the flow domain has been regularized for the radial coordinate of the form when [image: image] where [image: image] where [image: image] (the tube or its wall is located at [image: image] for this new variable), and the dimensionless governing equations are transformed from [image: image] to [image: image] such that the dimensionless continuity and Navier-Stokes Eqs. (10-13) in cylindrical coordinates [image: image] take the form below:
[image: image]
[image: image]
[image: image]
[image: image]
Similarly, the dimensionless Eq. 16 has transformed (by introducing [image: image]; [image: image] where [image: image]) into the following form:
[image: image]
In the case of small amplitude waviness, i.e., [image: image], the velocity components, i.e., [image: image], and [image: image] in [image: image], and z-directions, respectively, and the pressure term [image: image] are expanded in a series of [image: image] as:
[image: image]
where [image: image] and they are determined previously for the fully developed flow in straight duct.
The values of [image: image], and [image: image] are substituted from Eq. 23 into the equations of continuity, motion, and the relevant boundary conditions, i.e., Eqs. 18–21 which are described by means of ([image: image]), and terms of the same order of [image: image] are collected on each side of these equations.
6 RESULTS AND DISCUSSION
The solution of the zeroth-order system, which is obtained by putting value from Eq. 23 into Eqs 18–21 and equating like powers of [image: image] on both sides of them, is given below:
[image: image]
Note that the solution in Eq. 24 for the fully developed flow in a straight duct has been reported in F.M. White (White and Majdalani, 2006) and Schlichting (Schlichting and Kestin, 1961).
Similarly, the first-order system is obtained by equating like powers of [image: image] on both sides of Eqs 18–21 and then by substituting Eq. 24 into them. The unknowns in this system are further expressed by the following series:
[image: image]
where the functions [image: image], and [image: image] depend only on [image: image] and the coefficients [image: image], and [image: image] are obtained by substituting the series into the first-order system. The coefficients of the above series are:
[image: image]
[image: image]
Moreover, the coefficients [image: image] are recursively obtained as:
[image: image]
For [image: image]
Furthermore, the coefficients of the second series in the expression of [image: image] are obtained as:
[image: image]
[image: image]
The recursive formula for [image: image] is obtained as:
[image: image]
For [image: image]
[image: image]
The recursive formula for [image: image] is obtained as:
[image: image]
For [image: image]
[image: image]
And the recursive formula for [image: image] is obtained as:
[image: image]
For [image: image]
Figure 2, Figure 3, Figure 4, Figure 5 describe the impact of meanders on the formation and behavior of vortices in the flow, producing complex patterns of stream contours. Vortices form near the wall of the tube and interact with the fluid flow. In Figure 6, fluid flow patterns are affected in several ways with variation in the number of helixes. As the number of helixes increases, the amplitude of the meanders increases, leading to more complex flow patterns with multiple recirculation zones near the wall of the tube. This also causes an increase in the pressure drop and the overall mixing in the flow.
[image: Figure 2]FIGURE 2 | The stream lines are drawn by using [image: image] and [image: image] (components of velocity) and the stream contours are graphed for Re = 10, ß = 1, z = 1, and k = 10 in the domain 0 ≤ θ ≤ 2, −1 ≤ η ≤ 0 at the lower portion of the tube.
[image: Figure 3]FIGURE 3 | The stream lines are drawn by using [image: image] and [image: image] (components of velocity) and the stream contours are graphed for Re = 10, ß = 1, z = 1, and k = 10 in the domain 0 ≤ θ ≤ 2, 0 ≤ η ≤ 1 at the upper portion of the tube.
[image: Figure 4]FIGURE 4 | The stream lines are drawn by using [image: image] and [image: image] (components of velocity) and the stream contours are graphed for Re = 100, ß = 1, z = 1, and k = 0.1 in the domain 0 ≤ θ ≤, 0 ≤ η ≤ 1 at the upper portion of the tube.
[image: Figure 5]FIGURE 5 | The stream lines are drawn by using [image: image] and [image: image] (components of velocity) and the stream contours are graphed for Re = 10, ß = 1, z = 1, and k = 10 in the domain 0 ≤ θ ≤ 2, −1 ≤ η ≤ 1 of the whole tube.
[image: Figure 6]FIGURE 6 | The stream lines are drawn by using [image: image] and [image: image] (components of velocity) and the stream contours are graphed for Re = 100, θ = 1, k = 5, (A) ß = 2, (B) ß = 5, and (C) ß = 0.1 in the domain 0 ≤ z ≤ 2, −1 ≤ η ≤ 1 of the whole tube.
7 CONCLUSION
In a meandering tube, streamwise vortices can improve the transportation of heat and species mass in a transverse direction. To create these vortices, a specific meandering wavelength is required, which can be measured using linear instability theory. Short wavelengths cause flow separation, while long wavelengths result in a rectilinear stream resembling a flat plate. Shear-driven instability also contributes to vortex formation. The effect of a steady laminar flow in a meandering tube with small amplitude wavy walls was studied. The governing equations were constructed using the continuity equation and Navier-Stokes equations with no slip boundary conditions. Suppositions were made to simplify the complex non-linear problem, including linear instabilities, uniform thermal characteristics, and laminar flow conditions. The equations were further simplified using available dimensionless variables and new transformations. The perturbation and power series approaches were used to solve the equations with the help of Mathematica, and the velocity profiles and stream contours were graphed using standard codes and definitions.
The flow in a meandering tube becomes unstable due to centrifugal impact, which results in the formation of streamwise vortices. This research has focused on identifying the lowest meandering amplitude that can create these vortices with minimal pressure loss. Two primary forms of vortex instability have been studied, with the most effective parameter being better for creating vortex instability than centrifugal instability. The meandering geometry that is most successful in producing vortices does not encourage traveling wave instability, which can delay the onset of laminar-turbulent transition. By using the reduced geometry model approach, the findings can be applied to various types of meandering tubes.
Further investigations can be conducted through experiments, simulations, and new applications. Experiments can provide valuable insights into the complex nature of the flow using advanced techniques like PIV, LDV, and HWA to measure velocities, turbulence, and vortices. Numerical simulations using CFD techniques can also be performed to investigate flow behavior, providing detailed information on velocity, pressure, and vortices, and help optimize tube design.
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An anisotropic horizontal porous layer saturated with viscoelastic liquids of the Oldroyd-B type is explored to determine how the internal heat source affects thermal convection. As a momentum equation, a modified Darcy–Oldroyd model is used that takes into account the anisotropy of the porous layer. The energy equation is formulated in such a way that the influence of internal heat sources and anisotropy in thermal diffusivity on the stability criterion may be easily identified. The effects of anisotropy, viscoelasticity, and internal heat generation on the onset of thermal convection are investigated using linear stability analysis. It is understood that convection begins via an oscillatory mode instead of a stationary mode because viscous relaxation, thermal diffusions, and internal heat generation mechanisms compete with one another. Both steady and unsteady finite-amplitude convections are studied using nonlinear stability analysis with the truncated Fourier series method. The effect of different governing parameters on the system’s stability and on convective heat transfer is studied. The present investigation has been significantly validated by the recovery of several prior results as special situations. The findings presented in this work are anticipated to have significant implications for a number of real-world applications, including modeling of oil reservoirs, crude oil extraction, crystal growth, the pharmaceutical and medical industries, and the use of geothermal energy, among others.
Keywords: thermal convection, internal heat generation, Rayleigh number, Oldroyd-B model, viscoelastic fluid
1 INTRODUCTION
Numerous real-world applications exist for the theoretical and practical analysis of convective heat transfer in porous media. Geothermal energy systems, hydrocarbon reserves, nuclear reactors, medicine, and the chemical industry are among the many examples. Ingham and Pop (2005), Nield and Bejan (2006), Vafai (2005), and Vadasz (2008) have documented the developments in porous medium thermal convection. An essential component of rheological research is the study of the viscoelastic properties of the asthenospheric and mantle components of the Earth (see Lowrie, 2020). Snow systems and the rheology of food transport involve viscoelastic liquids saturated in porous media. Less research has been conducted on Rayleigh–Benard convection in liquids with viscoelastic properties than on thermal convection in a Newtonian fluid (refer to Li and Khayat, 2005).
Due to their coagulated viscosity, polymeric liquids are unaffected by flow and turbulence, whereas Newtonian fluids are affected. Moreover, oscillatory convection is believed to exist as viscoelastic fluids are characterized by their elasticity. According to Kim et al. (2003), the system is unstable due to its elasticity but stable due to its porosity. The oscillatory mode is appropriate for studying convection because convection reduced to supercritical and stable bifurcation forms does not vary with elasticity. However, few authors have investigated oscillatory convection in viscoelastic liquids, and many researchers have not addressed a comparable problem in porous media. Thermal convection in viscoelastic fluids was studied by O’Connell and Budiansky (1977), Griffiths (1987), Rudraiah et al. (1989), Yoon et al. (2004), Malashetty et al. (2006a), and Swamy et al. (2012).
When a porous medium exhibits anisotropy in its mechanical and thermal properties, the flow behavior is significantly altered. The assumption underlying Darcy’s model is that the fluid flow is sufficiently slow for inertial effects to be negligible, and that the fluid complies with the laws of continuum mechanics. If the porous medium is anisotropic, then the medium’s permeability will depend on the flow direction. In other words, the permeability of the porous medium will vary in different orientations. Darcy’s law must be modified to account for the anisotropy of the medium in this instance. This can be accomplished by introducing a permeability tensor that describes the medium’s permeability in various orientations. Numerous applications in the actual world involve anisotropic porous media. Anisotropy results from the incorrect orientation of a solid matrix or the asymmetries of the natural porous medium; it is also a characteristic of porous synthetic materials, such as the fibrous material utilized for insulation and pelleting, both of which are beneficial to chemical engineering processes.
McKibbin et al. (1985) and Storesletten (1998) have exhaustively documented the work pertaining to convection in anisotropic porous media. Govender (2006) described the effects of anisotropy on thermal convection in a porous layer. Malashetty et al. (2006b)presented a study on the effect of a time-periodic modulated temperature field on the stability of a viscoelastic fluid saturated within an anisotropic porous layer. Saravanan and Purusothaman (2009) studied non-Darcian effects in anisotropic porous media. Many pertinent studies on anisotropy have been conducted (Malashetty and Swamy, 2007a; Malashetty and Swamy, 2007b; Malashetty et al., 2009; Sivakumar and Saravanan, 2009; Malashetty and Swamy, 2010; Agarwal et al., 2011; Malashetty et al., 2011; Srivastava et al., 2011; Chandra and Satyamurty, 2012; Swamy et al., 2013; Swamy et al., 2014; Swamy, 2017; Swamy et al., 2019; Capone et al., 2020).
Understanding thermal convection in a porous stratum with internal heat generation is crucial in a variety of natural and artificial systems. The interior of the Earth provides an example of internal heat production. Due to the disintegration of radioactive isotopes and residual heat from the planet’s formation, the Earth’s core is thought to be the source of significant internal heating. This heat production is responsible for the elevated temperature of the Earth’s interior and is one of the driving forces behind plate tectonics and volcanism. Electronic devices, such as computer processors, are another example of internal heat generation. A computer processor’s electronic components generate heat due to the passage of electric current through them. If the generated heat is not effectively dissipated, the processor may malfunction or even fail. To prevent this, electronic devices are frequently equipped with cooling systems, such as heat sinks and fans, to dissipate heat and maintain secure component temperatures. Chemical reactions can also generate heat internally. Due to the exothermic nature of the combustion reaction, for example, heat is produced when fuel is consumed. This internal heat production can be utilized to generate electricity in power facilities or to heat industrial processes.
Internal heat generation results in a nonlinear temperature gradient. A temperature gradient is the temperature change over a specified distance. A nonlinear temperature gradient indicates that the change in temperature over a given distance is not constant. In other terms, the change in temperature is not linear. This refers to the fact that the system or material in question generates its own heat rather than receiving it from an external source. Therefore, thermal convection occurs even though the temperature difference between the lower and upper surfaces is insufficient for convection to begin. Consequently, the production of internal heat is an additional essential mechanism for regulating the onset of convection in the porous layer. Numerous researchers have conducted extensive research on thermal convection in absorbent layers with internal heat generation [refer to (Thirlby, 1970; Mahabaleshwar et al., 2017; Ahmed and Rashed, 2019; Yadav et al., 2021; Enagi et al., 2022; Raju et al., 2022; Upadhya et al., 2022)].
Now, let us see the physical mechanisms involved in the present problem. As a result of the internal heating, a temperature gradient is generated within the porous layer, with the temperature being higher near the heat source and decreasing toward the top surface of the layer. This temperature gradient creates density differences within the viscoelastic liquid, causing it to flow from the heat source toward the top surface. The fluid flow of the viscoelastic liquid is influenced by the anisotropy of the porous layer. If the porous layer is more permeable in one direction than in other directions, the fluid flow will be preferentially directed along the more permeable direction, resulting in anisotropic convection. The properties of the porous medium, such as its porosity, permeability, and tortuosity, also affect the rate of fluid flow and the way in which heat is transferred through the medium. For example, a higher porosity of the porous layer can increase the flow rate of the viscoelastic liquid, while a higher tortuosity can hinder the flow, leading to a slower rate of fluid motion. The viscoelasticity of the liquid can also influence the way in which fluid flow and heat transfer occur within the porous layer. A viscoelastic liquid has both viscous and elastic properties, which can lead to nonlinear behavior in fluid flow and heat transfer. For instance, the elasticity of the liquid can cause it to exhibit oscillatory behavior in response to the temperature gradient, resulting in oscillatory fluid flow and heat transfer. The heating of the bottom surface by an external means can also affect the flow of the viscoelastic liquid. For instance, uniformly heating the bottom surface can generate a temperature gradient that interacts with the temperature gradient generated by the internal heat source, resulting in a more complex flow pattern.
A stability analysis of an Oldroyd-B fluid in a porous medium with the combined influence of anisotropy and the internal heat source is rare. Such investigations are still greatly desired. The primary objective of this study is to determine how the viscoelastic parameters, internal heat generation coefficient, and anisotropy parameters impact the onset criterion of thermal convection and the heat transfer across the layer.
2 MATHEMATICAL FORMULATION
A shallow horizontal anisotropic porous layer saturated with Oldroyd-B liquid is considered. The surfaces held at [image: image] and [image: image] are regarded as being stress-free and isothermal. The gravitational force [image: image] is acting downward in the direction of the z-axis. The adverse temperature gradient [image: image] between the two surfaces is maintained by heating the lower surface uniformly. Internal heat generation is considered as an additional source. The temperatures of the solid and liquid phases are assumed to have reached equilibrium. The conservation law of linear momentum is represented by a modified Darcy–Oldroyd model incorporating local time derivatives, Boussinesq approximation, and anisotropy. The convection velocities are expected to be negligible. Thus, the effects of Forchheimer inertia and advection are disregarded. Consequently, the pertinent mathematical model is
[image: image]
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[image: image]
where [image: image] denotes the velocity vector, [image: image] is the seepage velocity, [image: image] is the stress-relaxation time, [image: image] is the strain-retardation time, [image: image] is the porosity, [image: image] is the viscosity, [image: image] is the density, [image: image] is the thermal expansion coefficient, [image: image] is the ratio of specific heat capacities, [image: image] and [image: image] denote the anisotropy-induced permeability and thermal diffusivity tensor, respectively, with [image: image] being the unit vectors along the x, y, and z-axes, respectively. The last term in Eq. 3 is due to the presence of internal heat generation, where [image: image] quantifies the amount of heat generation within the bulk of the porous layer
Because the fluid is at rest in the basic state, we can determine its mass, pressure, and temperature by
[image: image]
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The stability of the system is studied by imposing the perturbations on the basic state.
[image: image]
where prime represents the quantity in the perturbed state. We use Eqs. 5–8 in the governing Eqs. 1–4 and eliminate [image: image]. Furthermore, assume the flow to be two-dimensional and thus incorporate the stream function such that [image: image]. Then, use [image: image] and [image: image] to express the equations in the nondimensional form as follows:
[image: image]
[image: image]
where [image: image], [image: image], and [image: image]. [image: image] denotes the thermal Rayleigh number, [image: image] is the internal Rayleigh number, [image: image] is the Darcy–Prandtl number, [image: image] is the Deborah number or stress-relaxation parameter, [image: image] is the strain-retardation parameter, and [image: image] and [image: image] denote mechanical and thermal anisotropy parameters, respectively. Because the boundaries are assumed to be stress-free and isothermal, the relevant boundary conditions are
[image: image]
3 GALERKIN WEIGHTED-RESIDUAL TECHNIQUE
In the linear stability theory, the imposed perturbations are anticipated to be infinitesimal, and hence, the nonlinear terms in Eqs. 9–11 can be ignored. The normal mode analysis is used to solve the resulting eigenvalue problem. Thus, it is supposed that the infinitesimal perturbations are the periodic waves of form
[image: image]
where the real variable k is the wavenumber, and the complex variable [image: image] is the temporal growth rate. It decides whether these tiny-recurrent-perturbations either enlarge or degenerate. In thermal convection, wavenumber is a term used to describe the spatial variation of temperature and fluid flow patterns that arise due to temperature differences within the fluid. Wavenumber is a measure of the number of waves that occur in a given distance. The concept of wavenumber is closely related to the concept of wavelength, which is the distance between successive peaks or troughs of a wave. The wavelength and wavenumber are related by the formula k = 2π/λ, where λ is the wavelength of the wave. This shows that the wavenumber is inversely proportional to the wavelength; that is, waves with shorter wavelengths have larger wavenumbers, and waves with longer wavelengths have smaller wavenumbers.
In natural convection, the spatial variation of temperature and fluid flow patterns can take on different wavelengths, depending on factors such as the geometry of the system, the temperature differences within the fluid, and the properties of the fluid itself. The wavelength of these patterns can be quantified in terms of the wavenumber, and the behavior of natural convection can be analyzed in terms of the relationship between the wavenumber and other parameters such as the Rayleigh number.
On substituting Eq. 12 into linearized Eqs. 9–11, we obtain
[image: image]
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According to the Galerkin method, we choose
[image: image]
where A1 and B1 are constants, and [image: image] are so designated that they satisfy the boundary conditions (15). On multiplying Eqs. 13, 14, respectively, by [image: image] and integrating the resultant equations w. r. t. z between the limits 0 and 1, we acquire
[image: image]
[image: image]
where [image: image], [image: image], [image: image], [image: image], [image: image] and [image: image]. The angular brackets denote the integral w. r. t. z between the limits 0 and 1. The requirement for the existence of a non-trivial solution of Eqs. 17 and 18 yield the expression for Rayleigh number:
[image: image]
Because [image: image], the case [image: image] specifies a stable state, while [image: image] corresponds to the unstable mode. A neutral state is attained for [image: image]. The steady-marginal stability can be observed for [image: image] (i.e., [image: image]), with which Eq. 19 abridges to the expression of stationary Rayleigh number:
[image: image]
The trial functions that satisfy the boundary conditions (15) are obviously
[image: image]
On using these, one can estimate X1, X2, X4, X5 and X6 value and then substituting into Eq. 20 to get
[image: image]
where [image: image] and [image: image]. Eq. 21 is free from viscoelasticity, so it resembles the equation obtained for a viscous Newtonian fluid. The validity of our work can be ascertained through Table 1, wherein we recovered the previous classical results as a special case of Eq. 21
TABLE 1 | Comparison of the present result with the earlier published works.
[image: Table 1]Now, we discuss the behavior of Eq. 19 with the nonzero growth rate, that is, [image: image]. As [image: image] portrays a physical phenomenon, it should not be imaginary and hence, Eq. 19 admits [image: image] as [image: image]. This affords the expression for[image: image]:
[image: image]
The real part of Eq. 19 then symbolizes the expression for the oscillatory Rayleigh number:
[image: image]
To estimate [image: image] , we minimize (23) w. r. t. k, after substituting [image: image] from Eq. 22.
4 WEAK NONLINEAR THEORY
Nonlinear stability analysis is preferred to measure convection amplitudes and heat transfer. This facilitates comprehension of the physical mechanism with a little mathematical labor. This is a basic step toward grasping the full nonlinearity of the problem. Because the perturbations are assumed to be of finite amplitude, it is reasonable to represent them in the form of a limited Fourier series, as follows:
[image: image]
[image: image]
The finite amplitudes of A and B subscripts for unsteady nonlinear convection are to be assessed by the dynamics of the system. Using Eqs. 24 and 25 in Eqs. 9 and 10 and comparing the coefficients of like terms, the following fourth-order Lorenz system of autonomous nonlinear differential equations is obtained:
[image: image]
where 
[image: image]
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[image: image]
There is no suitable analytical method to obtain a closed-form solution of the aforementioned system. Thus, a competent numerical technique is recommended. Although it may not be possible to make precise quantitative predictions, there are several qualitative insights that can be gleaned from the available data or theoretical models. As system of Eq. 26 is homogeneously bounded with time, it retains numerous features of the full problem. For [image: image], the velocity field possesses a constant negative divergence; that is,
[image: image]
This implies that the system is constrained. In dynamical systems theory, a system is said to be constrained if it is subject to certain limitations or conditions. These constraints can arise due to physical, mathematical, or other reasons. For example, a mechanical system may be constrained by rigid walls or other physical barriers that restrict the motion of its components. When a system is constrained, the possible states that it can occupy are limited to a subset of its phase space. The phase space is the space of all possible states of the system, and it is often represented as a high-dimensional space in which each dimension corresponds to a particular variable or parameter of the system. Because the system is constrained, the phase space paths are drawn toward a set of measure zero or a fixed point. A set of measure zero is a subset of the phase space that has zero volume or probability. In other words, it is a set of states that is extremely unlikely to be reached by the system. A fixed point, on the other hand, is a state of the system that does not change over time. When the phase space paths are drawn toward a set of measure zero or a fixed point, this can result in volume shrinkage in the phase space. This means that the volume of the phase space that is accessible to the system becomes smaller over time as the system is forced to occupy a smaller subset of the phase space due to the constraints. This is revealed by Eq. 28 through the fact that if a set of preliminary points in space fills a volume [image: image] at t = 0, then after time t, the endpoints of the corresponding paths will occupy a region
[image: image]
The larger values of the Darcy–Prandtl number and strain-retardation number and smaller values of the Deborah number and heat-capacities ratio are used to emphasize the exponential deterioration of volume with time.
Upon switching from qualitative exploration, we now look into the existence of an analytical solution. As the finite amplitude instability can be well explored analytically using the truncated model shown in Eqs. 24 and 25, a closed-form solution of Eq. 26 is used for the steady case. The following expression is obtained by Eq. 26 after removing all terms except [image: image]:
[image: image]
The solution [image: image] symbolizes the pure conduction state. Thus, the second option guarantees the likelihood of finite amplitude steady convection by offering the value of the finite-amplitude [image: image] of convective motions in the form
[image: image]
Rather than merely defining the onset criterion, the impact of the Rayleigh number can be swiftly documented by analyzing its effect on heat transport. In the study of convection, determining the quantity of heat transported past the layer is of utmost importance. Because the basic state is immobile, heat transfer in this state is limited to conduction. However, as the Rayleigh number exceeds the threshold, convection develops. The Nusselt number is used to describe the convection-heat transport throughout the stratum.
[image: image]
By using Eqs. 28 and 7, one can obtain
[image: image]
Substituting the value of [image: image] at [image: image] gives
[image: image]
This can be further simplified as
[image: image]
This analysis is valid for Rayleigh numbers close to their threshold value. By including more terms in the Fourier expansion, one can anticipate better outcomes. The Runge–Kutta–Gill method is used to clarify the unsteady Eq. 26. The calculated amplitude values for various time intervals are then used to estimate Nu as a function of t.
5 RESULTS AND DISCUSSION
The onset of convection refers to the point at which fluid motion due to buoyancy forces begins to occur in a fluid that is initially at rest. This occurs when a fluid is subjected to a temperature difference that is large enough to cause density variations within the fluid, which in turn generate buoyancy forces that drive fluid motion. The onset of convection can be characterized by a critical value of a dimensionless parameter called the Rayleigh number. The Rayleigh number represents the ratio of buoyancy forces to viscous forces in the fluid. For a fluid layer that is initially at rest, the onset of convection occurs when the Rayleigh number exceeds a critical value that is specific to the geometry and boundary conditions of the system. Above this critical value, the buoyancy forces overcome the viscous forces and initiate fluid motion. The critical Rayleigh number can be determined through theoretical analysis or experimental observation. The onset of convection is an important phenomenon in many natural and industrial systems, including geophysical flows, crystal growth, and industrial heat transfer processes. Understanding the onset of convection is important for predicting the behavior of these systems and for designing efficient heat transfer systems.
The primary objective of investigating a convection problem is to determine the smallest possible Rayleigh number that demonstrates convection. Fine-tuning the parameters that define the Rayleigh number is advantageous for deferring or accelerating convective motions. This study examines the interaction between variable permeability, thermal diffusivity, and internal heat generation. The point [image: image] at which the marginal stability curve reaches the least signifies the convection threshold. The detailed behavior of this critical value is deliberated as a function of the strain-retardation number. Figures 1A–D display the dependence of critical [image: image] on the strain-retardation parameter [image: image]. It has already been mentioned that [image: image] is independent of viscoelasticity. This fact is justified by a horizontal dotted line (corresponding to [image: image]) in Figure 1A, which is invariant with respect to [image: image], [image: image] and located at the higher level. All the [image: image] curves lie at the lower level, indicating that the onset of convection is through oscillatory mode. It is observed that [image: image] increases with [image: image]. Thus, the strain-retardation parameter makes the system more stable, but this stabilizing effect is retarded by [image: image] because there is a significant decrease in [image: image] w.r.t. [image: image]. We note that the influence of [image: image] on [image: image] is constrained to a specific range depending on the value of [image: image]. Beyond this range, the oscillatory convection ceases to occur.
[image: Figure 1]FIGURE 1 | Plot of Rac versus [image: image] for varying (A) [image: image], (B) [image: image], (C) [image: image] and (D) [image: image].
In Figure 1B, the effect of the mechanical anisotropy parameter, which signifies heterogeneity in the permeability of the porous layer, is expressed. The values of both [image: image] and [image: image] decline with [image: image]. This indicates that the onset of convection can be advanced by increasing the anisotropy in permeability. Figure 1C exhibits the impact of anisotropy in thermal diffusivity on the threshold of convection. It portrays that by choosing larger values for [image: image], one can enhance the values of [image: image] and [image: image]. Hence, stabilization can be achieved through increasing [image: image]. Figure 1D depicts the variation of [image: image] with the internal Rayleigh number. Convective motions in both steady and oscillatory modes vary considerably with the aid of internal heating. This is revealed through the fact that when [image: image] is increased, the [image: image] curves are shifted downward in both stationary and oscillatory cases. This confirms that internal heating favors the onset of convection.
One of the main objectives of the present paper is to analyze the significance of controlling the convection by the anisotropic nature of the porous layer. The detailed behavior of [image: image] as a function of anisotropy parameters is demonstrated via Figure 2A. The black solid curve with regards to the left-side axis shows that the value of [image: image] decreases with [image: image]. Therefore, the anisotropy in permeability causes the oscillatory convective motions to occur at the earlier stage. However, note that this destabilization is more sensitive for the small and moderate values of [image: image]. Furthermore, the red curve drawn with reference to the right-side axis makes us aware of the stabilizing role of anisotropic thermal diffusivity. The value of [image: image] increases almost linearly with [image: image].
[image: Figure 2]FIGURE 2 | Plot of Rac as a function of (A) [image: image] and [image: image], (B) [image: image] and [image: image], and (C) Pr and [image: image].
The impact of [image: image], which signifies the strength of the internal heat source, is expressed through the curves in the [image: image] plane (see Figure 2B). Both [image: image] and [image: image] plummet with [image: image]. This indicates that onset of convection can be brought forward by increasing the rate of internal heating. The figure also exhibits that these critical curves are shifted upward when we increase the thermal anisotropy parameter. So, the heterogeneity of thermal diffusivity retards the destabilization caused by an internal heat source.
To explore the activity of [image: image] with respect to the varying Prandtl number, we plot the critical curves in the [image: image] plane in Figure 2C. For smaller values of Pr, there is a swift decrease in the value of [image: image] This trend continues up to some specific value of Pr, beyond which [image: image] becomes independent of Pr. Thus, a destabilizing effect is reported for smaller values of Pr. The dotted horizontal line, which corresponds to the stationary case, shows that [image: image] is not influenced by the varying Prandtl number. Furthermore, the value of [image: image] is much larger than [image: image]. Another fact that can be noticed through this figure is the enhancement in the values of [image: image] with respect to the increasing heat capacities ratio. Therefore, the destabilization caused by increasing Pr can be suppressed by [image: image]. Linear stability analysis, which provided us with a glimpse of the convection threshold, is followed by weak nonlinear stability analysis.
This study helped us to measure the amplitude of convective motions and the amount of heat transfer. The Nusselt number (Nu) that signifies the extent of convective heat transfer is calculated. The control of Rayleigh number over Nu is presented in Figures 3A–C. The value of Nu is found to be 1 at the onset, while as the [image: image] increases to about three times the value of the critical Rayleigh number, the Nusselt number also increases. Thereafter, Nu becomes less sensitive to [image: image]. Thus, one can conclude that in the vicinity of the onset of convection, the enhancement of heat transfer occurs, and the same magnitude is maintained even after the further increase in [image: image].
[image: Figure 3]FIGURE 3 | Plot of Nu against [image: image] for varying (A) [image: image], (B) [image: image] and [image: image], and (C) [image: image].
From Figures 3A,B, Nu is found to upsurge for the higher [image: image] and [image: image]. Therefore, heat transport is amplified by introducing an internal source within the porous layer and by choosing the anisotropy in permeability. Furthermore, through Figure 3C, we notice that there is a significant reduction in the value of Nu w.r.t. the thermal anisotropy parameter. The heat transfer across the layer decreases considerably with increasing anisotropy in thermal diffusivity.
In unsteady finite-amplitude analysis, the fourth-order Lorenz model has been solved numerically using the Runge–Kutta–Gill method. The amplitudes are obtained as the functions of t and then substituted into the expression of Nu. In general, the Nusselt number is a function of several parameters, including the fluid velocity, temperature, and physical properties of the fluid, and it can vary with time during transient heat transfer processes. The behavior of the heat transfer coefficient with respect to time is displayed through the curves in the (Nu, t) plane, as shown in Figures 4A–D. One can observe from these figures that at the onset of natural convection, heat transfer initially occurs through conduction alone, and Nu has a value of 1, which corresponds to purely conductive heat transfer. As the fluid flow starts to develop, convective heat transfer becomes dominant, and the Nusselt number becomes sensitive to time. The behavior of the Nusselt number during this transient phase is oscillatory, with the value of Nu fluctuating about a mean value. This means that the heat transfer coefficient, which is related to the Nusselt number, varies periodically in time, with some oscillations. However, as time progresses, the oscillatory behavior of the Nusselt number starts to decay, and after a short period of time, the heat transfer process reaches a steady state. At this point, the Nusselt number reaches a mean value that is similar to the value of Nu obtained in the steady-state, finite-amplitude case. Thus, in general, these figures display that the behavior of the Nusselt number during a transient heat transfer process is initially oscillatory and sensitive to time but eventually reaches a steady-state mean value. This behavior is a result of the interplay between conduction and convection heat transfer mechanisms during the transient phase of the process.
[image: Figure 4]FIGURE 4 | Nu versus t for varying (A) Pr, (B) [image: image],(C) [image: image], and (D) [image: image]
Figures 4A, B depict a considerable enhancement in the value of the heat transfer coefficient with the Prandtl number and the heat capacities ratio. It also shows that the sensitivity of Nu with respect to t increases with increasing Pr and [image: image]. Figure 4C shows that the amount of convective heat transfer rises with Deborah’s number. However, the strain-retardation parameter shows a decrease in the heat-transfer coefficient (see Figure 4D). This justifies the fact that the influence of retardation time is to inhibit the heat transfer.
6 CONCLUSION
The aforementioned results support the subsequent conclusions. Due to a competition between thermal diffusion, viscoelastic relaxation, anisotropy in permeability, thermal diffusivity, and internal heat generation, the conduction state degenerated into convective motions via the oscillatory mode. Viscoelasticity, the heat capacity ratio, and the Prandtl number have no effect on stationary convection. Increasing anisotropy in permeability, the coefficient of internal heat generation, and stress-relaxation parameters are associated with an early onset. It has been discovered that anisotropy in thermal diffusivity and heat capacity ratios delays convection. Strain-retardation time reinforces oscillatory case stability. The range of retardation parameter values within which oscillatory convection occurs is determined by the magnitude of the relaxation time. Beyond this range, oscillatory convection ceases, and stationary mode instability is then established. The Prandtl number indicates the effect of destabilization on oscillatory convection. The coefficient of heat transfer increases with the Rayleigh number, the internal Rayleigh number, the Deborah number, the Prandtl number, anisotropy in permeability, and the heat capacity ratio. Increasing values of the strain-retardation parameter and anisotropy in thermal diffusivity indicate an inverse trend. It is possible to promote or inhibit convection in a given system by adjusting the relevant parameters in accordance with practical application. In other words, the onset and intensity of convection can be manipulated by adjusting the system’s controlling parameters, such as temperature gradients, fluid properties, and geometrical factors. Several of the prior results were obtained through the use of special cases. This provides substantial support for the results of the current investigation (Eswaramoorthi et al., 2023).
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The current study is focused on the flow of micropolar liquid in a saturated permeable medium sandwiched between clear and hybrid nanofluid filled in an inclined channel, with radiation and dissipation effects. Copper and Aluminium oxide nanoparticles is considered along with base (water) fluid. The solution for velocity, micro rotational velocity, and temperature are determined by applying the regular perturbation technique to the dimensionless version of the governing equations. The heat transport rate at the left [image: image] and right [image: image] plate is also calculated, as well as shear stress expressed in terms of skin-friction coefficient and Nusselt number. The result obtained for various physical parameters are analyzed through several graphs and tables. Results reveal that an increase in the material parameter of micropolar fluid, the motion of the fluid flow decreases. The heat transport rate is enhanced and the velocity is degraded by the magnetic parameter. The Hybrid nanofluid temperature is greater when compared to clear and binary hybrid nanofluid. This work establishes the mechanisms for heat transport enhancement on micropolar liquid through a porous medium between a clear and hybrid nanofluid in conducting field.
Keywords: micropolar fluid, three-phase flow, hybrid nanofluids, inclined channel, numerical solutions
1 INTRODUCTION
Micropolar fluids are special non-Newtonian fluids with microscopic effects like micro rotational and rotational inertia. Eringen has put out the theory of micropolar fluids (Eringen, 1964), (Eringen, 1996). Many academics studied micropolar fluids by outlining many practical uses. Micropolar liquids may be utilized as lubricants since they have lesser friction coefficients than Newtonian liquids (Bansal et al., 2020), (Khonsari, 1990). The significance of micropolar fluids exists in various industries such as the metallic plate cooling, colonial and suspension solutions, liquid crystals, blood (Ikbal et al., 2009), and nuclear power plant (Siddiqa et al., 2021). Recently, nanofluids have so many applications in many industrial sectors, In connection to this, many fluid dynamics experts are currently exhibiting a significant interest in studying them. As the volume percentage of the suspended nanoparticles increases, the thermal conductivity of nanofluids rises (Lee and Eastman, 1999; Wang et al., 1999; Li and Xuan, 2000; Mintsa et al., 2009). Additionally, Wang & Mujumdar’s (Wang and Mujumdar, 2007) comparison of their data with other sources shows that the rate of thermal conduction of nanofluids improves as the size of the particles decreases. As temperature rises, the thermal conductivity likewise rises (Das et al., 2003), (Hayat et al., 2019) and (Gopal et al., 2020). Anwar et al. (Bég et al., 2019) swotted the two-phase stream of a fluids in the presence of a permeable medium. Under the isothermal condition, Kumar et al. (Kumar et al., 2010) carried out the scrutiny of the two-phase stream of micropolar and Newtonian fluid in the channel. The study of two-layered non-miscible liquids in flat mini channels was swotted by Khaled et al. (Khaled and Vafai, 2014) and Umavathi et al. (Umavathi and Anwar Bég, 2020a). Chamkha (Chamkha, 2000) scrutinized the influence of a permeable medium in a two-phase stream of heat-generating or absorbing materials.
Three-phase flows of a couple of stress fluids squeezed between Newtonian fluids are analytically studied by Umavathi et al. (Umavathi et al., 2005). It was noticed that the fluid flow is increased by the pair stress parameter. Umavathi et al. (Umavathi et al., 2008) investigated the three-phase flow of Micropolar fluid. Dragiša et al. (Nikodijevic et al., 2014) analytically studied the three immiscible region flows of Newtonian fluid and all three regions are electrically conducting. Abdul Rauf and Memoona Naz (Abdul and Naz, 2020) investigated the one-dimensional flow of three immiscible region flows in a cylindrical. Hasnain et al. (Hasnain et al., 2022) studied the three-phase flow of Casson liquid with a porous medium squeezed between hybrid nanofluid with clear fluid. They noticed that copper (Cu) nanoparticles increase the temperature. Kumar et al. (Kumar Yadav et al., 2018) analytically studied the three-phase flow of micropolar fluid between clear and hybrid nanofluid. Engineering applications for three-phase flows in porous media include oil production, biofluid transfer, radiator coolant circulation, and more (Dey et al., 2017; Fan et al., 2017; Vamvakidis et al., 2018). Modern methods such as the machine learning are adopted by El-Amin et al. (El-Amin et al., 2023) to study the effect of Nanoparticles in two-phase flow in permeable medium and demonstrated that machine learning approach gives better results than some of the numerical methods. Immiscible fluid flow in different geometries was considered to study flow and heat transfer rate (Umavathi and Anwar Bég, 2020b), (Chen and Jian, 2022). Abdullah et al. (Alzahrani et al., 2023) studied the effect of viscous-Casson fluid in a rotating two-phase flow channel with a chemical reaction and performed a comparative study of different numerical methods.
There is a fascinating new class of sophisticated fluids known as hybrid nanofluids. These nanofluids combine the advantages of traditional nanofluids with those of hybrid materials. They are manufactured by dispersing nanoparticles and other functional components in a base fluid, which results in the creation of a medium that is unique, adaptable, and with increased qualities. In their study, Shamshuddin et al. (Shamshuddin et al., 2023a) educed the HNF model and the development of entropy across a stretchy disk. Shamshuddin et al. (Shamshuddin et al., 2023b) investigated the effects of radiation and other influencing factors on magnetized nanoliquid flow in a permeable cylindrical annulus. They used molybdenum disulfide and magnetite nanoparticles in their research. Shamshuddin et al. (Shamshuddin et al., 2023c) conducted research on a micropolar liquid medium channel while assuming heat radiation and species reactive agents were present. Researchers Shamshuddin et al. (Shahzad et al., 2022) investigated the thermal features of ternary hybrid nanofluids. Additionally, aluminum oxide, copper oxide, silver, and water nano-molecules were used in the research. Taking into account the Hall effect and radiation impacts Shamshuddin et al. (Shamshuddin et al., 2023d) investigated the energy transition that occurs in order to improve the heat transport rate during the flow of a ternary hybrid nanofluid across the surface of a rotating disk. Moreover, this examination is focused on the characteristics of two different kinds of metallic nanoparticles, including Cu and Al2O3. In this framework, Cu nanomaterials are used/exercised in a wide variety of products, including heat transfer, antimicrobial materials, catalysts, super solid materials, and sensors [see Refs. (Ahmed et al., 2016; Khan et al., 2021; Khan et al., 2022)]. The advantages or benefits of Cu nanomaterials are competitive, inflated yields under delicate reaction circumstances or situations, and exact reaction durations that seem differently from traditional catalysts (Khan and Alshomrani, 2017). In addition, the Al2O3 nanomaterials are widely used in the ceramics, mechanical, and personal care industries (Khan et al., 2017). In recent times, numerous researchers explored the hybrid nanofluids past diverse surfaces (Kavya et al., 2022; Lou et al., 2022; Raju et al., 2022; Upadhya et al., 2022).
In further study, they can use the different nanoparticle with different base fluids. They can study the mass transfer with Soret effect and Dufour effect with non-linear thermal radiation. The aforementioned works’ wide-ranging implications in science and technology have led to the discussion of the three-phase flow of micropolar fluid compressed between transparent fluid and hybrid nanofluid subject to heat radiation and electromagnetic influence. The perturbation technique is carried out to solve the differential equation in our study.
2 PROBLEM FORMULATION
The flow configuration of the problem is schematically shown in Figure 1. In the presence of a magnetic field and electric field, steady and laminar fluid flow through a channel is considered. The fluid flow in the inclined channel is assumed to be a constant pressure gradient. The wall y = −1 is kept at [image: image], while y = 2 is maintained at [image: image]. The inclined channel is separated into three regions, Region-1 consists of clear fluid and Region-3 consists of a hybrid nanofluid. Both regions are considered in the presence of viscous, Joules and Darcy dissipation region 2 is of a porous medium and consists of micropolar fluid. Density is considered to be constant in all the regions and thermal conductivity and viscosity only with temperature. Copper, Aluminium Oxide—water hybrid nanofluid are considered. The properties of the nanoparticles involved in the study are mentioned in Table 1. Nanoparticles are assumed to be spherical [image: image] and platelets [image: image] shape for the fluid flow.
[image: Figure 1]FIGURE 1 | A physical model of the problem.
TABLE 1 | Thermophysical properties of base fluids and nanoparticles (Hayat and Nadeem, 2017).
[image: Table 1]These presumptions allow us to write the steady, microrotation velocity, one-dimensional velocity and temperature governing equations (Umavathi et al., 2008), (Ghasemi and Aminossadati, 2009; Muthtamilselvan et al., 2010; Vajravelu et al., 2013) as follows.
Region 1:
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Region 2:
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Region 3:
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Boundary and Interface conditions are assumed to be:
[image: image]
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To convert Eqs 1, 2, 3, 4, 5, 6, 7, 8 into dimensionless equations, we use the following dimensionless parameters
[image: image]
The thermophysical properties of hybrid nanofluids are given by (Hayat and Nadeem, 2017):
[image: image]
[image: image]
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The thermophysical properties of the nanofluid, base fluid and nanoparticles are denoted by the subscripts [image: image], [image: image], [image: image] and [image: image] respectively. According to Maxwell thermal conductivity of hybrid nanofluid [image: image] is considered as:
[image: image]
2.1 Non—dimensionalized equations
Region 1
[image: image]
[image: image]
Region 2
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Region 3
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Boundary and interface conditions are:
[image: image]
2.2 Solution of the problem
The dimensionless governing Eqs 11, 12, 13, 14, 15, 16, 17 which are nonlinear and coupled are solved using the boundary and interface constraints Eq. 18 for flow. We form an asymptotic analysis by representing the velocity and temperature as:
[image: image]
[image: image]
The perturbation parameter is assumed to be [image: image], by replacing Eqs 19, 20 in Eqs 11, 12, 13, 14, 15, 16, 17, then equating the same powers and ignoring higher order terms we get:
2.3 Zeroth order equations
Region 1
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Region 2
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Region 3
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The boundary and interface conditions are
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2.4 First-order equations
Region 1
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Region 2
[image: image]
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Region 3
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The boundary and interface conditions are
[image: image]
Solving Eqs 21, 22, 23, 24, 25, 26, 27, 29, 30, 31, 32, 33, 34, 35 by using boundary conditions Eqs 28, 36, we obtain.
Region 1
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Region 2
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Region 3
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2.5 Derived quantities
2.5.1 Nusselt number
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2.5.2 Skin friction
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3 RESULTS AND DISCUSSIONS
Before embarking on the discussion of the results, we make some comments on the flow parameters that are considered in this study such as [image: image] influencing the convective heat and mass transport. The flow is considered as follows the first region consists of clear fluid, the second region has micropolar fluid with porous medium and the third region has hybrid nanofluid. Also, sphere and platelet shapes of nanoparticles are considered in the current study, they have a sphericity [image: image] as 1 & 0.526 respectively.
Figures 2A, B are the plots of temperature and velocity for varied thermal Grashof number [image: image] and nanoparticle shape factor [image: image] values. Here, as [image: image] & [image: image] upsurges, the temperature and velocity of the fluid flow also increase. The temperature and velocity can be observed to be maximum in region-3. Figure 2A portrays the temperature change, a small difference can be observed in clear fluid & micropolar fluid regions whereas a large difference is observed in the hybrid nanoliquid region, it is due to the higher thermal conductivity property of hybrid nanoliquid which surpasses the property of porous medium and micropolar fluid, hence a major difference is observed in all the regions. The platelet shape of the hybrid nanoparticle exhibits a higher temperature than the sphere shape. A similar observation can be made for a change in velocity from Figure 2B but the sphere shape has a higher velocity than the platelet shape.
[image: Figure 2]FIGURE 2 | Depicts the effect of thermal grashof number on (A) temperature (B) Velocity.
The flow and thermal distributions for different base liquids and nanoparticles is shown in Figures 3A, B. The ratio of heat transfer by viscous dissipation to molecular conduction is Br’s physical interpretation. Consequently, the slowdown the viscous dissipation resulting in greater temperature enhancement due to increase in Br is shown in Figures 3A, B. As Br increases, a velocity increment can be noticed. Furthermore, velocity rise is more prevalent in the hybrid nanofluid region than in the clear & micropolar fluid region, it is due to higher thermal conductivity, temperature enhancement is more and fluid thickness reduction which increases the fluid velocity which is visible in Figure 3B.
[image: Figure 3]FIGURE 3 | Depicts the effect of Brinkman number on (A) temperature (B) Velocity.
The consequence of the electric field on the temperature and velocity of fluid can be observed in Figures 4A, B. Graphs are plotted for increasing values of electric field & shape factor parameters in both cases. But the outcome of the variation is different in both. Velocity declines and temperature grows with increases in the electric field. Because of the resistance force induced by the electric field, molecules for a group move in a haphazard manner which reduces the velocity and a temperature rise is observed.
[image: Figure 4]FIGURE 4 | Depicts the effect of the Electric field on (A) temperature (B) Velocity.
Figures 5A, B reveal the influence of the [image: image] on thermal and velocity respectively. Figure 5A exemplifies that the temperature decrement [image: image] is increased in all the regions. In contrast to the micropolar and hybrid nanofluid zones, the impact of suppression is dominant in the clear fluid region. This is a typical outcome that is seen when the channels are filled with various fluids that have a wide range of thermal conductivities.
[image: Figure 5]FIGURE 5 | Depicts the effect of porosity on (A) temperature (B) Velocity.
Figures 6A, B show the consequence of thermal radiation on the velocity and thermal behaviours. Here, both the fields within the boundary are seen to decrease with an increase in N. This is for all combinations of nanofluids, thermal conductivity declines as the radiation parameter rise, hence temperature and velocity decrease.
[image: Figure 6]FIGURE 6 | Depicts the effect of thermal radiation on (A) temperature (B) Velocity.
We examine the effect of Lorentz force on temperature and velocity distribution from Figures 7A, B. The clear fluid zone has a higher momentum compared to the nanofluid region in the velocity profile, which can be seen in Figure 7B. The temperature is enhanced and the velocity is degraded by the magnetic parameter. This is because of the Hartmann effect, which is a ratio of viscous force to electromagnetic force. Thus, as the magnetic field is strengthened, the viscosity also grows, dampening the flow’s velocity and raising its temperature.
[image: Figure 7]FIGURE 7 | Depicts the effect of magnetic field on (A) temperature (B) Velocity.
Figure 8 is plotted for the micropolar parameter on velocity. From the above fig, it is noticed that an increase in the material parameter decreases the flow velocity. The flow of regions 1 and 3 don’t affect by an increase in the material parameter value. This is because a material parameter, which only applies to micropolar fluids and specifies the micro rotational features of fluid flow, is the cause of the problem.
[image: Figure 8]FIGURE 8 | Depicts the effect of micropolar parameter on Velocity.
The outcome of material parameter and magnetic field on micro rotational velocity in region 2 is shown in Figures 9A, B. It is observed that the above y = 0.5, velocity decreases with the material parameter and magnetic parameter, and below y = 0.5 velocity increases with the material parameter and magnetic parameter, this trend is observed on both graphs.
[image: Figure 9]FIGURE 9 | Depicts the impact of the material parameter (A) and magnetic parameter (B) on the micro rotational velocity.
From Figure 10, it is clear that Region 2 is affected by the electric field’s influence on a micropolar fluid’s rotational velocity. Figure 10 illustrates how the electric field changes with micro rotational velocity below and above y = 0.5. Below y = 0.5, it has been noted that a larger value of micro rotational velocity is higher for a lower value of an electric field. For smaller levels of the electric field, the micro rotational velocity reaches a minimum value above y = 0.5.
[image: Figure 10]FIGURE 10 | Depicts the effect of the Electric field on the micro rotational velocity.
Figures 11A–D display the surface graphs of Nu and [image: image] for different values of Br and Gr. Figures 11A, B are plotted for y = −1 and Figures 11C, D are plotted for y = 2. Skin friction increases by increasing both Br and Gr for y = −1 and y = 2 respectively. By keeping Gr values constant and increasing Br values, it is observed that the rate of heat transfer is maximum in both plates (y = −1, y = 2).
[image: Figure 11]FIGURE 11 | Nu graphs for variation in Br and Gr (A) at the left plate (B) at the right plate & Skin friction (C) at the left plate (D) at the right plate.
Nusselt number and skin friction graph for variation in thermal radiation and Electric field are shown in Figures 12A–D. From Figures 12A, B, Nu increases gradually by increasing the values of N and E, at y = −1 and for smaller values of N and E rate of heat transfer is higher at y = 2. By simultaneously increasing the values of N and E, an upward skin friction co-efficient is observed.
[image: Figure 12]FIGURE 12 | Nu graphs for variation in N and E (A) at the left plate (B) at the right plate & Skin friction (C) at the left plate (D) at the right plate.
Graphs for Nusselt number and Skin friction for various values of Gr and M are shown in Figures 13A–D. By increasing the values of Gr and M, the rate of heat transfer increases in the left (y = −1) and right plates (y = 2). Figures 13C, D also give similar observations for skin friction.
[image: Figure 13]FIGURE 13 | Nu graphs for variation in Gr and M (A) at the left plate (B) at the right plate & Skin friction (C) at the left plate (D) at the right plate.
4 VALIDATION OF RESULTS
validation of the current study is carried out by comparing our results with Kumar et al. (Kumar Yadav et al., 2018). Kumar et al. considered a horizontal channel with three regions with finite lengths where the middle region is micropolar and is bounded by Newtonian fluid. By considering [image: image], [image: image], [image: image], [image: image] and, Figures 14A, B are plotted. It is noticed that our results are in good agreement with the Kumar et al. paper.
[image: Figure 14]FIGURE 14 | Depicts the comparison of the present outcomes for the impact of the material parameter (A) and magnetic parameter (B) on the micro rotational velocity with prior research work.
5 CONCLUSION
Three-phase flows for clear fluid, micropolar fluid and hybrid nanofluid are studied. Here the effects of the magnetic field, electric field, thermal radiation and permeability parameter on the physical study of fluid’s velocity and temperature profile with the and hybrid nanoparticles are studied.
Some observations noticed from this study are.
• The electric and magnetic fields decline the velocity and increase the temperature distribution.
• The Hybrid nanofluid temperature is greater when compared to nano and clear fluid.
• By increasing material parameters, the velocity of the micropolar liquid decreases.
• Velocity and thermal profiles of the fluid flow increase by increasing the Grashof number and Brinkman number. By increasing porous parameters and thermal radiation, the fluid’s velocity and temperature distribution decrease.
• The heat transport rate is enhanced by up surging the Grashof number and magnetic field.
• Skin friction can be increased by increasing thermal radiation and electric field.
• The effect of the Brinkman number and Grashof number increases heat flux marginally.
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Fluid flows occur due to internal or external forces such as wind, gravity, pressure gradients, side-wall motion, MHD, and free convection. This study examines how meanders impact heat transfer by studying the behavior of viscous fluid flow with streamwise vortices in a sinusoidal wavy meandering channel of non-uniform radius. The study simplifies the motion and energy equations governing the fluid flow using novel transformations and a regular perturbation method. By plotting graphs for different parameter values, such as Pr, Re, and Ec, it reveals that decreasing the wavelength leads to flow separation near the channel surface. However, the stream moves forward with a sudden meander disturbance, causing the flow to become rectilinear and independent of vertex-generating centrifugal forces. The study identifies a stream function using standard and established relations. The fluid flow patterns and temperature distribution behavior are shown in various plots, highlighting the significant impact of meanders on fluid flow.
Keywords: stream wise vortices, meandering channel, flow separation, instability, nonuniform radius
1 INTRODUCTION
There are infinitely many possible types of meanders, and here we consider only a special type of meandering channel, i.e., the sinusoidal meandering channel. These channels are influenced by various agents that cause fluid motion, with the most common being the pressure gradient. In some cases, the pressure gradient may be mechanical in nature. The flows within these channels are predominantly induced by the pressure gradient, and they have numerous practical applications (Webb and Bergles, 1981; Bergles and Webb, 1985; Jensen et al., 1997; Ligrani et al., 2003). The partition of escalation structures can be performed on those that are responsible for necessary changes in the thermal and physical properties of fluids under consideration and the ones marked by perfection in fluid maxing (Fiebig, 1995a; Fiebig, 1995b; Jacobi and Shah, 1995). Mixing with improved mechanics is the point of attention in engineering devices functioning at small Reynolds numbers (Re) with laminar patterns (Fiebig, 1998). Commonly, it is understood that improved mixing can be done via compelling the fluid from the laminar state into a turbulent one or by the formation vortex generators. Vortex generators are functional but have significant pressure in their drag drawback (Patera and Mikic, 1986; Fiebig and Chen, 1999).
For nearly a century, centrifugal instability has been observed in shear layers. Previous studies focused on simple geometries and canonical flows, making it easy to calculate the curvature or meander of flow patterns. One example is the flow of fluid motion between rotating cylinders, where (Floryan, 1991) investigated the stability states of the distribution of rotation in an inviscid mechanism. In (Mohammadi and Floryan, 2013), addressed a highly viscous problem was addressed, and the critical conditions of the secondary flow onset were determined. In (Xu et al., 2016), comparable instability in curved channels was analyzed, and (Rayleigh, 1917) presented a case of boundary layer flows on concave sheets, taking into account centrifugal instability. In (Taylor, 1923), it was found that the special type of instability is prominent for fluid flow over concave and convex sheets, subject to the condition that the velocity components are non-monotonic in nature. In (Ghalambaz et al., 2016; Hayat et al., 2017; Srinivasacharya and Sibanda, 2020; Mahmud and Uddin, 2021), numerical simulation and analysis of different types of nanofluids flowing past various types of surfaces in the context of fluid flow and heat transfer in different channels was performed (Khan and Ahmed, 2015; Alsaedi et al., 2016; Nadeem et al., 2016; Izadi and Pourmehran, 2017; Khan et al., 2017; Sheikholeslami et al., 2017). These studies explore the impact of various factors such as thermal radiation, magnetic fields, bioconvection, entropy optimization, and chemical reactions on flow and heat transfer characteristics. As such, these articles are highly relevant for those interested in studying the behavior of nanofluids. All of these results apply to constant meanders and establish a clear relationship between streamline meanders and the wall meander. Consequently, the demonstration of this special type of stability revealed that it is represented by a single parameter, which is one possible way to describe this meandering with a single parameter.
The main objective of this study is to investigate the flow of a viscous fluid in a meandering channel with wavy walls driven by a pressure gradient. The equations of motion, including the conservation of the mass and momentum equations and the energy equation, are utilized to analyze the fluid flow and temperature distribution within the channel. The boundary conditions are imposed on the channel walls and at the center of the channel to maintain symmetry. Dimensionless variables are used to transform the governing equations into a dimensionless form for easy tracking of units. Additionally, the study explores special types of instabilities and their significance. In the first part, an assumption of fixed pressure gradient is imposed, assuming direct channel flow with parallel plates, and sinusoidal channel flow is driven by an identical pressure gradient. Flow rate variation is used to supplement the flow losses associated with the meandering channel. The generalized model is solved using perturbation method, and the stream function is calculated and examined using other techniques. The temperature distribution behavior is illustrated through various plots depicting different dimensionless parameters, such as Pr, Re, and Ec.
2 GEOMETRY OF THE PROBLEM
Consider the flow of a viscous fluid in a meandering channel, which consists of two wavy walls separated by a fixed gap. The classical model for laminar flows in channels, tubes, and ducts is provided by Poiseuille. The flow in such a channel is primarily induced by a pressure gradient. There are various types of flows that pass through ducts and channels, and they have significant practical importance. The classification of scaling structures can be conducted based on those that have variations in the effective thermophysical properties of fluids, and the pursuit of optimal fluid mixing can lead to an infinite number of possible meander types. In this study, we will focus on the simplest sinusoidal channel, whose geometry is illustrated in Figure 1, where the superscript H denotes the upper and G denotes the lower walls of the channel. The channel extends along the x-axis from negative infinity to positive infinity, and the flow is driven by a pressure gradient.
[image: Figure 1]FIGURE 1 | Geometry of meandering channel and flow field under consideration.
3 GOVERNING EQUATIONS AND THEIR NON-DIMENSIONAL FORM
The general form of continuity equation for incompressible viscous flow is:
[image: image]
The velocity vector, denoted as V, has three components for three-dimensional flow. Similarly, the general form of the Navier–Stokes equations applies to steady and viscous flows of constant viscosity.
[image: image]
The variables ρ, μ, and P represent density, viscosity, and pressure of the fluid, respectively. To define the dimensionless variables, we use asterisks and reference length L and velocity U, as follows:
[image: image]
After substituting the non-dimensional variables, which are defined in Eq. 3, into Eqs 1, 2, we obtain the dimensionless continuity and Navier–Stokes equations:
[image: image]
[image: image]
The above equation is multiplied by [image: image], and when simplified we get:
[image: image]
where [image: image] represents the Reynold’s number.
4 MODELING OF THE PROBLEM
Let us consider that for flow in a straight channel and for two-dimensional flow, the velocity is represented by the velocity [image: image], pressure by [image: image], the stream function of the flow is denoted by [image: image], and [image: image] is the flow rate representative. Then, the continuity equation in two dimensional is transformed to:
[image: image]
The [image: image]- component of the Navier–Stoke equations is:
[image: image]
The [image: image]- component of the Navier–Stoke equations is:
[image: image]
The boundary conditions for the problem are established by utilizing the no-slip condition, along with considering the geometry of the problem. Thus, the boundary conditions can be written as:
[image: image]
Equations 7–9 represent the continuity and the [image: image]- momentum equations, respectively, for a one-dimensional straight channel. These equations can be greatly simplified by making certain assumptions, namely, that [image: image]. With this assumption, the solution for the governing equations for straight channel flow can be obtained by combining the axial velocity [image: image], normal velocity [image: image], and pressure [image: image], which can be expressed as follows:
[image: image]
Note that Eqs 1–11 for the fully developed flow in a straight channel has been reported in F.M. White [31] and Schlichting [32].
The volume flow rate for the channel flow of fixed width is:
[image: image]
The stream function [image: image] is simply evaluated as:
[image: image]
In a meandering channel, where the fluid flow moves in the positive x-axis direction, the Reynolds number is defined based on the maximum x-velocity and channel half-height.
The velocity field and other related field quantities for the fluid motion in the meandering channel can be expressed as follows:
[image: image]
In the context of the meandering channel geometry, the velocity [image: image], pressure [image: image] stream function [image: image], and flow rate [image: image] are dimensionless quantities that are adjusted accordingly. Additionally, the velocity vector [image: image] is decomposed. These components are further decomposed as follows:
[image: image]
This is achieved by substituting the new variables for the velocity field in the dimensionless governing equations, i.e., Eqs 4, 6, and eliminating pressure term.
The continuity equation Eq. 4 in the new variable is:
[image: image]
and now using the decomposed forms of [image: image] and [image: image] from Eq. 15, we have:
[image: image]
Note that [image: image] and [image: image] are defined in Eq. 15, and some derivatives vanish:
[image: image]
The dimensionless [image: image] momentum Eq. 6 for new variables becomes:
[image: image]
The dimensionless [image: image] momentum Eq. 6 for new variables becomes:
[image: image]
The pressure term is eliminated by expending the terms
[image: image]
in Eqs 18, 19, and then by subtracting Eq. 19 from Eq. 18, we get:
[image: image]
We define a stream function ([image: image]) such that:
[image: image]
Substituting in Eq. 20, we get:
[image: image]
[image: image]
From the above continuity Eq. 22, we have:
[image: image]
By substituting in Eq. 22, we have:
[image: image]
The no slip boundary conditions:
[image: image]
Reconsidering the total stream function:
[image: image]
Floryan (1997) used the Fourier expansion for the simplification of the above equation:
[image: image]
where [image: image] represents the conditions, and the star identifies the complex conjugate.
By substituting Eq. 27 into Eq. 24, we get:
[image: image]
where [image: image] represents the imaginary part. Integrating Eq. 28 w.r.t. ‘[image: image]’ we get:
[image: image]
The equations of the model are valid for a constant pressure gradient, where both the straight and sinusoidal channels are driven by the same gradient. The flow rate variation is taken into account and measured due to the extra flow losses that occur in the meandering channel. Additionally, it is assumed that in Eq. 26, A is equal to zero, and the correction for the flow rate, [image: image], can be easily calculated as per Floryan’s work in 1997.
5 SOLUTION OF THE MODIFIED EQUATIONS
Let us assume that the wavelength is a large quantity, denoted as [image: image]. We can then obtain a solution for the problem. To regularize the flow domain, transformation [image: image] is applied, where [image: image] represents a slow scale. With these new variables, the governing equations in dimensionless form, denoted as Eqs 4, 6, are transformed into the following set of field equations given as:
[image: image]
[image: image]
[image: image]
The no-slip boundary and free-stream conditions with the total flow rate given in Eq. 25 is reduced to the following simplest form:
[image: image]
In Eqs 30–32 are three unknown quantities, i.e., [image: image], and [image: image] that we need to determine by using the perturbation method. These unknown quantities are expanded in terms of [image: image] by using the following series:
[image: image]
Substituting the values of [image: image], and [image: image] from Eq. 34 into Eqs 30–32, we have:
[image: image]
[image: image]
[image: image]
6 ANALYSIS OF HEAT TRANSFER IN A MEANDERING CHANNEL
The analysis of heat transfer in a meandering channel involves studying the heat transfer mechanisms that occur due to meanders in the channel. Heat transfer occurs in three modes: conduction, convection, and radiation. In the present study, a case of heat transfer through conduction and convection is taken into account. Conduction occurs when heat flows from regions of high temperature to regions of low temperature through a solid material. In a meandering channel, heat is conducted through the walls of the channel. The rate of heat transfer through conduction is proportional to the temperature gradient, the thermal conductivity of the material, and the cross-sectional area of the channel. Convection occurs when heat is transferred by the movement of fluids, either liquids or gases. In a meandering channel, heat is transferred through convection due to the flow of fluid through the channel. The rate of heat transfer through convection is proportional to the temperature difference between the fluid and the channel wall, the velocity of the fluid, and the heat transfer coefficient of the fluid. The heat transfer is analyzed by using the energy equation, which relates the rate of heat transfer to the temperature distribution in the channel. The energy equation is taken into account to study the conduction and convection mechanisms of heat transfer and the thermal properties of the meandering channel in the flow of fluids.
7 FORMULATION OF THE PROBLEM
The problem is modeled using the Navier–Stokes equations, along with the continuity and energy equations. To obtain a non-linear, simple partial differential equation, a defined set of transformations is applied. The regular perturbation technique is utilized to expand the heat transfer, [image: image], in terms of " [image: image] " in the meandering channel.
The energy equation is:
[image: image]
where [image: image] is the temperature distribution, [image: image] is density, [image: image] is specific heat, [image: image] is thermal conductivity, and [image: image] is the dissipation term. The boundaries condition of the problem is at the upper wall, [image: image] and at the lower wall [image: image].
Consider the following dimensionless variables in order to transform the energy equation into dimensionless form:
[image: image]
The dimensionless numbers that appear in Eq. 38 are the Reynolds and Prandtl numbers, which are defined as:
[image: image]
[image: image]
Equation 41 is the dimensionless form of the energy equation. On the other hand, the boundaries conditions for the temperature distribution in the dimensionless form are obtained, and the dimensional boundary conditions are given by taking:
[image: image]
The temperature at the upper wall is [image: image] so using definition from Eq. 42:
[image: image]
The temperature at the lower wall is [image: image] so using definition from Eq. 42:
[image: image]
The temperature of a flow in a straight channel is denoted by [image: image] and so we have:
[image: image]
The boundaries condition for the temperature at the upper wall, [image: image] and at the lower wall, [image: image].
Putting Eq. 11 into Eq. 45, after simplification we have:
[image: image]
Integrating Eq. 46 twice w.r.t [image: image], we get:
[image: image]
where [image: image] and [image: image] are the constant of integration, which can be determined by using the boundary conditions imposed at the upper wall of the channel, [image: image] and at lower wall of the channel, [image: image].
[image: image]
As the [image: image] and [image: image], where [image: image] and [image: image] are the velocity and temperature of the total flow, respectively, and [image: image] and [image: image] are the velocity and temperature induced by the channel geometry, respectively.
It is assumed that [image: image] is a small quantity, and for this choice of [image: image] we expand the unknown quantities of [image: image] by using the regular perturbations to find [image: image]. The dimensionless form of the energy equation is transformed and expanded using the following transformation and expansion: 
[image: image]
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We get:
[image: image]
The boundaries condition on the upper wall is [image: image] and the boundaries condition on the lower wall is [image: image] for the small [image: image]
[image: image]
[image: image]
8 RESULTS AND DISCUSSION
With the solution represented as a power expansion in terms of [image: image] and by equating the coefficients, we have:
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And
[image: image]
Stream function [image: image]
The stream function [image: image] is used to define the velocity components such that:
[image: image]
By integrating [image: image] with ‘[image: image]’ and after finding the constant of integration, we get:
[image: image]
The streamlines in the area adjacent to the lower wall are shown in Figures 2A, B, where [image: image] amplitude), (Reynolds number) [image: image] , [image: image], while Figures 2C is plotted for the whole channel, which determines that a diminution of the meandering wavelength results in the establishment of separation zones in the troughs. Figure 3 illustrates the variations of the pressure losses as a function of S and α. From Figure 2, the area adjacent to the lower wall is complex and exhibits a variety of behaviors. The fluid experiences both pressure and shear forces. The pressure forces result from the changes in the height of the channel, while the shear forces arise due to the velocity gradient near the channel walls. As a result of these forces, the streamlines in the area adjacent to the lower wall exhibit the behaviors of separation and reattachment. As the fluid flows over the wave crest, the pressure forces cause the flow to separate from the lower wall, resulting in a region of recirculating flow or eddies. As the fluid flows over the wave trough, the pressure forces cause the flow to reattach to the lower wall, resulting in a region of reversed flow. In addition to the primary flow along the channel axis, the pressure and shear forces are also induced the secondary flows perpendicular to the channel axis. These secondary flows create complex patterns of vortices and recirculation zones, as shown in Figure 2, which affect the overall flow behavior. The complex flow behavior in the area adjacent to the wall also leads to flow instability, such as the formation of Kelvin–Helmholtz instability waves, which can cause the flow to break down into smaller-scale vortices. Overall, the streamlines in the area adjacent to the lower wall of a meandering channel in a viscous fluid flow exhibit a variety of complex behaviors, which have an important implication for fluid transport and mixing in microfluidic and other applications.
[image: Figure 2]FIGURE 2 | The streamlines in the area adjacent to the lower wall are shown in (A,B) where S = 5 (amplitude), Re = 1, and α = 10, while (C) is plotted for the whole channel.
[image: Figure 3]FIGURE 3 | Variations of the pressure gradient correction Re[(dP_1)/dx] = -0.002.
 | 
[image: ]9 CONCLUSION
The periodicity of the meandering channel affects the flow pattern and turbulence intensity of the fluid. A higher periodicity leads to a more regular flow pattern, while a lower periodicity leads to a more chaotic flow pattern. The presence of periodicity also leads to the development of secondary flows, such as Dean vortices, which affect the mixing and heat transfer characteristics of the flow. The Prandtl number relates the momentum diffusivity to the thermal diffusivity of a fluid. In a meandering channel, a higher Prandtl number results in a thicker thermal boundary layer, which affects the heat transfer characteristics of the flow. A lower Prandtl number, on the other hand, results in a thinner thermal boundary layer and a more efficient heat transfer. As shown in the Figures 4–8, the Eckert number relates the kinetic energy of a fluid to its thermal energy. In a meandering channel, a higher Eckert number results in a more energetic flow, which can lead to an increase in turbulence intensity and mixing. A lower Eckert number results in a less energetic flow, which leads to a more laminar flow pattern and reduced mixing. The Reynolds number represents the inertial forces to the viscous forces in a fluid. In a meandering channel, a higher Reynolds number results in a more turbulent flow pattern, with increased mixing and heat transfer. A lower Reynolds number results in a more laminar flow pattern, with reduced mixing and heat transfer. The effects of periodicity and the Prandtl number, Eckert number, and Reynolds number on fluid flow in a meandering channel are complex and interrelated.
[image: Figure 4]FIGURE 4 | Temperature distribution is uniform and smooth from 0 to 1 in the direction of η, whereas its behavior in ξ direction is periodic in nature. For fixed values of S = 0.0125, Re = 10, α = 0.1, Pr = 1, and Ec = 1.
[image: Figure 5]FIGURE 5 | Temperature distribution [image: image] is plotted against [image: image] for fixed values of [image: image], [image: image], [image: image], [image: image], and [image: image] and different values of [image: image]. Note that the Prandtl and Eckert numbers are the choice for water. The temperature profile is increasing with [image: image], whereas each profile changes uniformly. Moreover, the profile is either linear or close to linear for small values of [image: image].
[image: Figure 6]FIGURE 6 | Temperature distribution [image: image] is plotted against [image: image] for fixed values of [image: image], [image: image], [image: image], [image: image], [image: image], and different values of [image: image]. The range of [image: image] in water is [image: image], and [image: image], the different values for the Prandtl numbers is [image: image], the Eckert number becomes [image: image]. Note that the Prandtl and Eckert numbers are the choice for water. The temperature profile is increasing in [image: image] whereas each profile changes uniformly. Moreover, the profile is either linear or close to linear for small values of [image: image].
[image: Figure 7]FIGURE 7 | Temperature distribution [image: image] is plotted against [image: image] for fixed values of [image: image], [image: image], [image: image], [image: image], and [image: image] and different values of [image: image]. Note that the Prandtl and Eckert numbers are the choice for water. The temperature profile is increased in [image: image] whereas each profile changes uniformly. Moreover, the profile is either linear or close to linear for small values of [image: image].
[image: Figure 8]FIGURE 8 | Temperature distribution [image: image] is plotted against [image: image] for fixed values of [image: image], [image: image], [image: image], [image: image], and [image: image], and different values of [image: image]. Note that the Prandtl and Eckert numbers are the choice for water. The temperature profile is increased in [image: image] whereas each profile changes uniformly. Moreover, the profile is either linear or close to linear for small values of [image: image].
In future, the flow and heat transfer in wavy meandering channels could include investigating the thermal profiles, skin friction, and Nusselt number calculations for various flow parameters. This could provide insights into the heat transfer characteristics of the flow and help optimize the design of such channels for specific applications. Additionally, examining the effects of different geometries and materials on the flow and heat transfer could yield valuable results.
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This study examines the effects of a porous media and thermal radiation on Casson-based nano liquid movement over a curved extending surface. The governing equations are simplified into a system of ODEs (ordinary differential equations) using the appropriate similarity variables. The numerical outcomes are obtained using the shooting method and Runge-Kutta Fehlbergs fourth-fifth order (RKF-45). An analysis is conducted to discuss the impact of significant nondimensional constraints on the thermal and velocity profiles. The findings show that the rise in curvature constraint will improve the velocity but diminish the temperature. The increased values of the modified Hartmann number raise the velocity, but a reverse trend is seen for increased porosity parameter values. Thermal radiation raises the temperature, while modified Hartmann numbers and the Casson factor lower the velocity but raise the thermal profile. Moreover, the existence of porous and solid fractions minimizes the surface drag force, and radiation and solid fraction components enhance the rate of thermal dispersion. The findings of this research may have potential applications in the design of heat exchangers used in cooling electronic devices like CPUs and GPUs, as well as microscale engines such as microturbines and micro-heat engines.
Keywords: curved stretching sheet, Riga plate, casson nanofluid, thermal radiation, porous medium
1 INTRODUCTION
Fluid flow past a curved stretching sheet (CSS) is a classical fluid mechanics problem with numerous applications in engineering and physics. Investigating nanofluid flow over curved stretched sheets has become an attractive field of study due to its many useful applications, such as cooling in electronic devices, heat exchangers, processing of materials, solar collectors, synthesis of polymers, and microelectronic devices. The behavior of the fluid in this scenario depends on several factors, including the geometry of the surface, the velocity of the stretching motion, and the properties of the fluid itself. Madhukesh et al. (Madhukesh et al., 2021) investigated the Newtonian heating (NH) and non-Fourier heat flux (NFHF) effect on the CSS in the presence of HNF (hybrid nanofluid). Multiple slippages on hydro-magnetic dissipative fluid across a CSS were addressed by Aihem et al. (Duraihem et al., 2023) and discussed their enhanced thermal and mass transmission properties. The impact of Cross dispersion on MHD Casson liquid movement along a CSS was inspected by Lakshmi et al. (Lakshmi et al., 2022). Sakkaravarthi et al. (Sakkaravarthi and Reddy, 2023) made a numerical investigation on entropy formation over a CHNF circulation over CSS. Simulation and theoretical inquiry on CNF over a CSS with the impact of a magnetic field and chemical processes were examined by Kumar et al. (Varun Kumar et al., 2022).
An electromagnetic actuator is a tool used in fluid mechanics to produce an effective liquid motion. A planar surface known as the Riga plate (RP) comprises alternating permanent magnets and electrodes. The magnetic field on the RP is not uniform, producing a Lorentz force that propels the fluid flow. In 1999, Gailitis and Lielausis (Gailitis and Lielausis, 1961) presented the electromagnetic actuator’s basic theory for the first time. In contrast to typical techniques, they showed that employing electrodes and permanent magnets on a Riga plate may considerably increase the fluid flow rate and mixing capabilities. The advantage of employing an electromagnetic actuator to produce liquid flow is that it can do so without the need for mechanical actuators or movable components, which may be costly and prone to failure. Consequently, it is a viable solution for various practical purposes such as improving the exchange of heat, combining, and liquid flow. Asogwa et al. (Asogwa et al., 2022) examined analytical approaches to cross-diffusion and convection effects in the presence of CF over a porous RP. Hussain et al. (Hussain et al., 2022) investigated the impact of the Navier slip on an upward RP with CF displacement. Madhukesh et al. (Madhukesh et al., 2022a) investigated TPD and heat generation of Newtonian NF in an RP. Alshehri as al. (Mohammed Alshehri et al., 2021). Investigated Buoyancy implications in a Micropolar solution over an upward RP.
A nanofluid is a liquid with individual nanoparticles suspended in a solvent. Increased transfer of heat efficiency is a significant benefit of nanofluids over more traditional fluids. Increased thermal conductivity due to nanoparticles in the base fluid makes nanofluids excellent for thermal transfer medium. Nanofluids remain an intriguing field of study because of their revolutionary effects on a wide range of businesses and technology. The use of the change of variables approaches in the hydrothermal investigation of MHD compressing nanofluid circulation in parallel plates was studied by Zabihi et al. (Zabihi et al., 2022). Rizk et al. (Rizk et al., 2022) assessed the influence of the KKL correlation hypothesis on the production of thermal energies in a nanofluid comprising GO and ZnO dissolved in water passing via a permeable vertically spinning substrate. Shah et al. (Shah et al., 2021) researched mesoscopic modelling for magnetized nanofluid movement inside a porous three-dimensional tank. Ullah et al. (Ullah et al., 2022) scrutinized a magnetized 2D nanofluid that included blood, Go, and ZnO nanoparticles and moved via a perforated tube. The computational estimation of mixed convective entropy optimized in Darcy-Forchheimer circulation of Cross nanofluids via an upward plane plate with inconsistent heat source/sink was explored by Hussain et al. (Hussain et al., 2023).
When non-Newtonian behavior and nanofluids are combined, the result is a non-Newtonian nanofluid. Non-Newtonian fluids have a viscosity that varies as a function of the shear or stress rate. The temperature, nanoparticle concentration, and nanoparticle kind may impact this behavior. Khan et al. (Khan et al., 2023) investigated the effects of irregular heat source/sink on the aiding and opposing movements of the Eyring-Powell liquid on wall jet nanoparticles. Alharbi et al. (Alharbi et al., 2022) assessed the influence of viscous dissipation and Coriolis impacts on the mass and heat transmission evaluation of the 3D non-Newtonian flow of liquids. Khan et al. (Khan S. et al., 2021) investigated the study of the movement of a non-Newtonian liquid through a stretching/shrinking permeable material while considering the transmission of heat and mass. Some of the noticeable works on non-Newtonian fluids are found in (Algehyne et al., 2023; Alsulami et al., 2023).
The Casson nanofluid (CNF) idea is built on the assumption that the Casson equation governs liquid circulation and particle motion, a rheological model that explains the momentum behavior of non-Newtonian liquids. The Casson model considers yield stress and plastic solution viscosity, essential factors in various real-world scenarios such as blood circulation, coating layout, and liquid processing. Because of its improved thermal conductivity and specific heat capacity, CNF can considerably improve a fluid’s ability to transmit temperature. Nanoparticles can also affect the fluid’s rheological properties, such as viscosity and yield stress. Madhukesh et al. (Madhukesh et al., 2023) used the Cattaneo–Christov theory to investigate the heat transport of an MHD CMNF (Casson—Maxwell nanofluid) between two porous discs. Mabood et al. (Mabood et al., 2020) studied the free convective movement of time-dependent CNF in a permeable stretched surface. Madhukesh et al. (Madhukesh et al., 2022b) scrutinized the circulation of MHD MCNF in the presence of permeable discs using CCHF and slip impacts. Rasheed et al. (Rasheed et al., 2022) considered the homotopic solutions for the unsteady MHD CNF in a vertical cylinder with viscous dissipation impacts. The exact solution of a CF using Prabhakar-fractional simulations while also experiencing the effects of magnetohydrodynamic and sinusoidal thermal conditions was examined by Raza et al. (Raza et al., 2023).
Because of its temperature, a body emits a specific sort of electromagnetic radiation known as thermal radiation (TR). This radiation is formed by the thermal movement of the molecules and atoms inside the body, and it can go freely into space as there is no requirement for a medium to conduct it. The Stefan-Boltzmann equation describes the relationship between the temperature of a blackbody (an idealized object that absorbs all radiation incident on it) and the intensity of the thermal radiation it emits. Thermal radiation has important practical applications in various fields, including engineering, physics, astronomy, electronics, and energy conversion. Lone et al. (Lone et al., 2022) inspected MHD micropolar nanofluid hybrids circulating across a flat surface exposed to TR and mixed convection. Khan et al. (Khan U. et al., 2021) inspected the nonlinear T-R-influenced entropy production in the presence of NF with mixed convection effects. Naqvi et al. (Raza Shah Naqvi et al., 2022) examined numerical simulations to study the movement of hybrid nanofluids while considering the consequences of TR and entropy formation. Ramesh et al. (Ramesh et al., 2023) scrutinized the hybrid-based CNT movement over a rotating sphere object in the presence of T-R and TPD. Magnetite-based liquid nanofluid three-dimensional layer movement involving non-linear TR and couple stress responses were studied by Ullah et al. (Ullah et al., 2021). The thermal study of slip and magnetohydrodynamic consequences for unstable sheet extending was investigated by Benos et al. (Benos et al., 2019).
The liquid and porous medium’s features affect the rheological behavior of a fluid moving through them. When a non-Newtonian fluid, like a CNF, travels through a porous media, the pores’ porosity, permeability, size, and shape can all impact how the fluid behaves. There has been a rise in interest in CNF flowing through porous media in recent years because of its potential applications in various industries, including increased oil recovery and geothermal energy generation. Understanding Casson nanofluid behavior is crucial for optimizing these processes since the characteristics of the porous medium can significantly impact how they behave. Alrehili et al. (Alrehili et al., 2022) made a numerical investigation of linear radiation and Soret impacts on MHD CNF over a vertical surface with a porous medium. Rallabandi et al. (Rallabandi, 2022) investigated the CNF flow over an inclined permeable stretched surface. Yogeesha et al. (Yogeesha et al., 2022) studied the Dufour and Soret effects to evaluate the dusty TNF circulation across an unstable stretched sheet. Raza et al. (Raza et al., 2022) inspected the activation energy, magnetic field, and binary chemical reaction impact on NF- and HNF through a porous area. Shoaib et al. (Shoaib et al., 2022) made soft computing to investigate the thermal energy’s effects on the MHD CF as it passes over a porous material with an inclined non-linear surface.
The RKF-45, or Runge Kutta Fehlberg 4th 5th order, is a numerical method employed to solve complex systems of differential equations governing fluid flow problems. Many problems arise from simple laminar to complex turbulent flows in fluid mechanics. In mathematics, many of these situations may be modelled using ordinary differential equations, partial differential equations, or a hybrid of the two. Due to its high order accuracy and flexible step size capacity, RKF-45 is a popular numerical approach for modelling fluid dynamics. RKF-45 continuously controls the step size to reach the required level of precision while minimizing computational cost by calculating two estimates of the solution with varying orders of accuracy. The algorithm of the RKF-45 method is in detail given in (Mathews and Fink, 2004), and solving the differential equations using the RKF-45 algorithm was explained in (Abell and Braselton, 2000). Some works that implemented and used the RKF-45 algorithm are provided in (Sarris et al., 2002; Arifeen et al., 2021; Madhukesh et al., 2022b; Yogeesha et al., 2022; Hussain et al., 2023; Madhukesh et al., 2023).
The consider examination originality comes from its emphasis on the as-yet-unstudied subject of Casson-based nanofluid flow over a CSS in the presence of a porous medium and thermal radiation effects. In today’s energy-conscious world, this study has the potential to help create more effective and sustainable thermal energy systems. Overall, studying the fluid flow past a CSS is an important area of research in fluid mechanics, with a significant impact on the development of microscale machines, including microfluidic devices, microscale engines, microsensors, and microscale reactors.
2 MATHEMATICAL FORMULATION OF THE PROBLEM
As schematically seen in Figure 1, the flow pattern under study is a two-dimensional, incompressible, non-Newtonian Casson nanofluid flowing over a curved Riga surface. The radius of the curved surface is represented by [image: image], and its curvilinear coordinates are marked by [image: image]. The uniform velocity of the Riga surface is [image: image]. Let [image: image] respectively, stands for the wall and far-field temperatures. Suppose that the Riga surface is being affected by an electromagnetic force, denoted by [image: image], in order to model the behavior of the fluid flow. A surface-mounted array of electrodes and permanent magnets are used to build the Riga surface. The previously derived governing equations for the fluid flow under these hypotheses are provided in the references (Hayat et al., 2018; Ahmad et al., 2019; Abbas et al., 2020; AdnanZaidi et al., 2020). These equations account for the influence of porous medium, TR, and CNF rheology on fluid flow across the curved Riga surface as follow:
[image: image]
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[image: image]
in Eq. 4, the term [image: image] is given by: [image: image] [see (Hayat et al., 2018)].
[image: Figure 1]FIGURE 1 | Geometry of the flow problem.
The respective boundary conditions for the consider model are
[image: image]
Furthermore, to ease the analysis of the consider investigation, the following similarity variables are introduced as [see (Abbas et al., 2020; AdnanZaidi et al., 2020)]:
[image: image]
Therefore, with the help of the above similarity variables stated in Eqs 1, 6 is satisfied and Eqs 2, 3 take the following form as:
[image: image]
[image: image]
here, [image: image] is the modified Hartmann number, [image: image] is the porous parameter, and [image: image] is the parameter related to the width of the magnets and electrodes.
Moreover, to eliminate the pressure terms in Eqs 7, 8, we get
[image: image]
After utilizing the similarity variables, the energy Eq. 4 reduces to the form as:
[image: image]
with simplified boundary conditions are
[image: image]
in aforesaid Eqs 9–11, the term [image: image] is called a dimensionless quantity, [image: image] refer the Prandtl number, and radiation parameter, respectively.
The important engineering quantities and its reduced form [see (Abbas et al., 2020; AdnanZaidi et al., 2020)]:
[image: image]
[image: image]
Hence, [image: image] is the local Reynolds number.
The thermophysical properties of nanofluid are given as follows [see (Khan et al., 2018; Alwawi et al., 2019)].
The effective thermophysical characteristics of nanofluid are given as follows [see (Acharya et al., 2019)]
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3 NUMERICAL METHOD AND CODE VALIDATION
The higher order and two-point boundary conditions in the governing equations for the fluid flow over the curved Riga surface make them challenging to solve analytically. We must transform these into first-order differential equations to achieve a numerical solution. Applying appropriate transformations will allow the higher-order differential equations to be represented as a set of first-order differential equations. Let us take,
[image: image]
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with the boundary constraints become
[image: image]
The Runge-Kutta Fehlberg 45-order approach was then used to solve the transformed Eq. 19 numerically and (20) as well as the boundary conditions (21). Since the boundary conditions contain unknowns, we employed a shooting technique to find the solution that meets the conditions at infinity. Further, utilised a step size of 0.001 and set the error tolerance to 10–6 to achieve accurate findings. By substituting appropriate values for the dimensionless variables and using the thermophysical properties of the nanofluid (see Table 1) solutions are obtained. We discovered that our findings were in strong accord with prior work (Sajid et al., 2010), demonstrating the accuracy and dependability of our numerical method (see Table 2).
TABLE 1 | Thermophysical properties of base fluid and nanoparticles.
[image: Table 1]TABLE 2 | Comparison of [image: image] values of current numerical implementation with the work of (Sajid et al., 2010) in the absence of [image: image] and [image: image]
[image: Table 2]4 RESULTS AND DISCUSSION
The purpose of this section is to describe how significant dimensionless parameters affect the temperature and velocity profiles. The RKF-45 method and shooting approach are used to numerically solve the reduced ODEs and boundary conditions acquired in the previous section. The acquired data are shown as graphs to illustrate the impact of various dimensionless parameters on the motion and temperature fields. Also, a discussion of the important technical variables that may have an impact on the system’s flow and thermal transfer characteristics is included in this section. The current study offers useful insights for designing and optimising industrial applications employing Casson-based nanofluid movements over curved surfaces by taking these parameters into account.
Figures 2A, B show the impact of [image: image] (curvature constraint) over velocity and temperature profiles, respectively. According to the findings, a rise in the curvature parameter improves the [image: image] profile (Figure 2A) but lowers the [image: image] profile (Figure 2B). This is explained by the fact that increasing the radius of the curved surface causes the fluid to move more quickly, which improves the velocity profile by reducing the thickness of both the momentum boundary layer (MBL) and thermal boundary layer (TBL). However, when the fluid moves more quickly, there is less time for temperature distribution, which reduces temperature.
[image: Figure 2]FIGURE 2 | Significance of [image: image] on (A) velocity profile (B) temperature profile.
Figure 3A, B display the variation of [image: image] and [image: image] profiles in the presence of [image: image] (modified Hartmann number). The improvement in the [image: image] will decreases the velocity profile (see Figure 3A) but improves the temperature profile (see Figure 3B). This is caused by a rise in the [image: image], which slows the liquid flow and lowers the velocity profile by increasing the magnetic strength and, consequently, the Lorentz force. Yet, this also improves the system’s thermal distribution, leading to a better temperature profile.
[image: Figure 3]FIGURE 3 | Significance of [image: image] on (A) velocity profile (B) temperature profile.
The effect of the porosity constraint [image: image] on the [image: image] profile is illustrated in Figure 4A. It has been found that a higher [image: image] causes the velocity profile to drop. This is due to the presence of a porous medium, which restricts the movement of fluids by providing a barrier against the motion of the fluids. The [image: image] profile is decreased when the resistance rises along with the porous parameter. Figure 4B displayed the influence of the thermal radiation [image: image] parameter on [image: image] profile. The rise in [image: image] will improve the temperature profile. An increase in the value of [image: image] denotes a rise in the system’s thermal radiation output. The energy from the radiation is absorbed by the fluid, raising its temperature, which improves the temperature profile.
[image: Figure 4]FIGURE 4 | (A) Significance of [image: image] on velocity profile (B) Significance of [image: image] on temperature profile.
The consequence of the Casson parameter [image: image] on the [image: image] profile is represented in Figure 5A. It is evident that a rise in the values of [image: image] causes the velocity profile to fall. This is because a greater [image: image] causes the fluid’s yield stress to flow initiation and decrease the [image: image] profile. This leads to decline in the overall velocity of the liquid near the boundary as the circulation is impeded by increasing yield stress. Figure 5B displays the variation of [image: image] profile for numerous values of the Casson parameter [image: image]. The rise in the values of [image: image] will advance the temperature distribution. As explained in Figure 5A, the reduction in the velocity will lead to the liquid’s residence time near the surface. When the [image: image] increases, it implies a larger yield stress, meaning that the liquid requires more energy to commence flow. As a result of the higher flow resistance, more energy is released as heat inside the fluid. The temperature profile rises as a result of this phenomena.
[image: Figure 5]FIGURE 5 | Significance of [image: image] on (A) velocity profile (B) temperature profile.
Figure 6A represents the effect of skin friction on the porous parameter [image: image] for the rise in the values of solid volume fraction [image: image]. It is observed that surface drag force decreases with improved values of [image: image] and [image: image]. This is due to the fact that raising these parameters generates an increase in the MBL’s thickness, which in turn causes a reduction in the fluid flow at the surface. As a direct consequence of this, the force of surface drag is decreased. Figure 6B shows the variation in Nusselt number for improved values of [image: image] and [image: image]. When these two criteria are improved, the rate at which thermal energy is distributed will increase. However, because nanoparticles are present in the fluid, the thermal conductivity is boosted, which results in an increase in the total heat transfer rate. This offsets the fact that the surface area that is accessible for heat transmission decreases as the percentage rises.
[image: Figure 6]FIGURE 6 | (A) Impact of [image: image] on [image: image] for different values of [image: image] (B) Impact of [image: image] on [image: image] for different values of [image: image].
5 FINAL REMARKS
The present study investigates Casson-based nanofluid movement over a curved stretching surface in the presence of porous medium and thermal radiation effects. The ODEs and BCs are obtained by applying suitable similarity constraints to the PDEs. The numerical calculations are done with the aid of RKF-45 and shooting techniques. The outcomes are visualized using a graphical representation. The discussions on important dimensionless constraints are presented. The main conclusions of the study are as follows:
❖ The improvement in the modified Hartman number and porosity factors will decrease the velocity. An increase in these components indicates stronger magnetic impacts and increased permeability. As a result, the velocity of the flow of nanofluid reduces.
❖ With an increase in the curvature parameter, the velocity rises but the temperature decreases. The surface becomes increasingly curved when the curvature parameter is increased. This causes higher liquid flow along the curved surface, which causes velocity to go up. The temperature, on the other hand, falls as the liquid moves more and releases heat owing to the increasing surface area.
❖ Thermal radiation and modified Hartmann numbers will improve the temperature. Thermal radiation and modified Hartmann numbers facilitates the distribution of heat from liquid to the surrounding and improves the thermal distribution due to strong magnetic effects.
❖ The Casson factor will decline the velocity but improve the thermal profile. The rise in Casson factor will denotes the higher yield stress and more resistance to flow of the liquid. This results in decrease in velocity and improved thermal profile.
❖ The surface drag force reduces with increase in the values of porous and solid fractions. Porous medium act as a barrier and slows down the fluid flow and adding of solid particles also influence on the surface drag force by increasing thickness of momentum boundary layer.
❖ The rate of thermal distribution advances with radiation and solid fraction factors. Heat transport is facilitated by radiation, and the thermal distribution is improved by the presence of solid fractions, which encourage better mixing and dispersion of thermal energy.
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Significance: Bio-nanofluids have achieved rapid attention due to their potential and vital role in various fields like biotechnology and energy, as well as in medicine such as in drug delivery, imaging, providing scaffolds for tissue engineering, and providing suitable environments for cell growth, as well as being used as coolants in various energy systems, wastewater treatment, and delivery of nutrients to plants.
Objective: The present study proposes a novel mathematical model for the ternary hybrid cross bio-nanofluid model to analyse the behaviour of blood that passes through a stenosed artery under the influence of an inclined magnetic field. The model considers the effect of expanding/contracting cylinder, infinite shear rate viscosity, and bio-nanofluids.
Methodology: The considered model of the problem is bounded in the form of governing equations such as PDEs. These PDEs are transformed into ODEs with the help of similarity transformations and then solved numerically with the help of the bvp4c method.
Findings: The results show that the flow rate and velocity decrease as the inclination angle of the magnetic field increases. Additionally, research has found that the presence of nanoparticles in the bio-nanofluid has a significant impact on the velocity and flow rate. Therefore, the flow rate decreases, in general, as the stenosis becomes more severe.
Advantages of the study: The results obtained from this study may provide insights into the behaviour of blood flow in stenosed arteries and may be useful in the design of medical devices and therapies for the treatment of cardiovascular diseases.
Keywords: numerical solutions, magnetohydrodynamics, expanding/contracting cylinder, ternary hybrid nanofluid (THN), cross fluid model
1 INTRODUCTION
Bio-nanofluids are a generally modern range of inquiries within the field of biomedicine, and they have been pulled into critical consideration due to their potential applications in well-dignified conveyance, imaging, and detecting. Specifically, the use of bio-nanofluids within the setting of blood has gotten much consideration as these liquids have the potential to upgrade the transport of drugs and other helpful operators within the circulatory system. Bio-nanofluids and suspension of nanoparticles in a natural liquid, such as blood, can essentially modify the physical and chemical properties of the liquid. The involvement of nanoparticles within bio-fluidity can improve the thickness of the liquid and modify the surface properties of the blood cells, which can influence their aptitude with other cells and with the dividers of blood vessels. Moreover, bio-nanofluids can improve the solvency and bio-availability of drugs and other restorative specialists, which can enhance their adequacy and decrease their side impacts. Bio-nanofluids have been utilized to upgrade blood stream in totally different ways. Therefore, it has been shown that adding nanoparticles, such as gold nanoparticles or carbon nanotubes, to the blood can reduce its viscosity and improve blood flow (Conrad and Wang, 2021). This can be achieved by reducing the interparticle spacing and increasing the Brownian motion of the particles. Another method is to modify the surface properties of the blood vessels. Bio-nanoparticles, such as liposomes and dendrimers, can be used to modify the surface properties of the blood vessels, which can reduce the resistance of the blood flow and improve its velocity (Ali et al., 2021). Ige et al. (Ige et al., 2023) made a numerical analysis related to mixed convection of blood flow with the hybrid fluid model under the influence of bio nanoparticles. In this study, Boussinesq approximation and transient Regime are incorporated. Latest studies regarding bio-nanoparticles in blood flow and their characteristics are investigated by (Ige et al., 2022; Yadav et al., 2022; Fatima et al., 2023).
The contracting/expanding stenosed arteries could be a common event in blood vessel maladies, such as atherosclerosis, where the supply route dividers thicken and limit the bloodstream. The harshness of the supply route leads to an increment in speed and turbulence of the bloodstream, which can cause different cardiovascular diseases, including myocardial dead tissue and stroke. Exact modelling of the bloodstream in stenosed courses is, hence, basic for understanding the instruments of these illnesses and creating viable treatment procedures. In the past, numerical models have been created to recreate the bloodstream in stenosed courses and explore the impacts of different components, such as the consistency of blood, the shape and estimate of the stenosis, and the nearness of attractive areas or nanoparticles. Stenosis has been broadly considered within the past few decades, and different computational models have been created to explore its impacts on the bloodstream. We utilised a computational show to re-enact expanding/contracting stenosis in a human carotid course and found that the degree of stenosis and the sufficiency of altered vessel breadth altogether influenced the speed and divider shear stretch of the bloodstream (Bath et al., 1999). Alghamdi et al. (Alghamdi et al., 2023) investigated a hybrid nanofluid to explore the effects of multiple ferromagnetic nanoparticles in co-axial disks for magnetized fluid. A computational study with Oldroyd-B nanofluid flow and magnetized gold-blood particles passing through the blood was conducted by (Tang et al., 2023a). Furthermore, literature regarding magnetized gold-blood nanofluid stenosis narrow arteries, blood flow via arteries with overlapping shaped stenosis, and vertical porous multiple stenoses can be traced by (Zain and Ismail, 2023a; Tang et al., 2023b; El Kot and Abd Elmaboud, 2023).
The magnetic field has appeared to have a critical effect on the conduct of the bloodstream in courses. In the past, we have found that the application of an attractive magnetic field to stenosed courses can improve the bloodstream and decrease the hazard of cardiovascular maladies. The reason behind this enhancement is credited to the impact of attractive areas on the attractive properties of blood cells, which changes the stream conduct of the blood. When an attractive magnetic field is connected at a point to the supply route, the speed and stream rate of blood are influenced, driving changes within the shear push and weight dispersion. These changes can have both positive and negative impacts on the cardiovascular framework, depending on the greatness and course of the attractive field. Hence, it is basic to consider the impacts of slanted attractive areas on the bloodstream in stenosed courses to get the superior potential benefits and dangers of using attractive areas within the treatment of cardiovascular diseases. In the past, there has been developing intrigue in considering the impact of a slanted attractive field on the bloodstream. A few considerations have illustrated that an attractive field can impact the rheological properties of blood, counting its thickness and stream characteristics. For example, a study by Dolui et al. (Dolui et al., 2023) found that an inclined magnetic field could reduce the resistance to flow in blood vessels, potentially improving circulation in patients with cardiovascular disease. Furthermore, Varshney et al. (Varshney et al., 2010) showed that a magnetic field applied at an angle to the direction of blood flow could alter the orientation of red blood cells, leading to changes in their deformation and aggregation behaviour. These findings suggest that an inclined magnetic field could have important implications for the diagnosis and treatment of various cardiovascular disorders. Zain et al. (Zain and Ismail, 2023b) explored the numerical results regarding the effects of MHD on blood flow by taking the mathematical model of power and the law fluid model. The latest study related to the influence of MHD, Dufour, and Soret effects on blood through a stenosed artery and keeping variable viscosity is established by Mishra et al. (Mishra et al., 2023).
1.1 Motivation
The inspiration for the “ternary hybrid cross bio-nanofluid in expanding/contracting stenosed arteries with interminable shear rate thickness and magnetic field” is to create a comprehensive numerical demonstration that considers numerous components that can influence the bloodstream in requisite posited stenosed supply routes. The motivation behind using a cross nanofluid is because of its capability to investigate the flow behaviour at a very high and low shear rate. The behavior of bloodstream flow in stenosed arteries became more understandable via adding the effects of expanding/contracting stenosis geometry, infinite shear rate consistency, and inclined magnetic field. Furthermore, thinking about the bio-nanofluid stream in stenosed supply routes may give bits of knowledge into the conduct of the bloodstream at the nanoscale level and the potential benefits of utilizing nanoparticles within the treatment of cardiovascular illnesses.
1.2 Novelty
The “ternary hybrid cross bio-nanofluid model” considers various factors affecting blood flow in requisite posited stenosed arteries. The stenosis, viscosity, bio-nanofluid flow, and magnetic field influence have been simultaneously explored in the given model. This examination offers a novel model that sheds light on blood flow in narrowed arteries and the advantages of utilizing ternary nanofluids and magnetic fields to treat cardiovascular illnesses.
2 MATHEMATICAL FORMULATION
Let us consider the two-dimensional stagnation-point flow of a ternary hybrid cross bio-nanofluids over a permeable expanding/contracting cylinder with influences of the inclined magnetic field. Also, the liquid (blood) is initiated by extension and withdrawal of a stenosed artery having a time-dependent radius [image: image]. So, [image: image] is called the constant of the expansion/contraction strength parameter, and the positive consistent b0 incorporates a length measurement. However, when [image: image] is positive, the artery’s sweep decreases over time, whereas in the case that [image: image] is negative, the radius develops as a result. Moreover, the problem is bounded by the corresponding x-axis and r-axis, as delineated in Figure 1. In this situation, the supply route is accepted to be contracting or developing at a rate determined by the time-dependent velocity [image: image], where c may be a positive constant of dimension (time)−1 and the x-axis is the horizontal surface of the cylinder. It is assumed that [image: image] is the surface (body) temperature of the cylinder, and [image: image] is the temperature of the free stream. A non-uniform transverse attractive magnetic field [image: image] is applied perpendicular to the surface of the cylinder. The induced magnetic field is negligible due to a very small Reynolds number. The free stream velocity is denoted by [image: image] where [image: image] is a positive acceleration and deceleration parameter.
[image: Figure 1]FIGURE 1 | Physical shape of the flow problem.
The velocity and temperature field vectors are defined as:
[image: image]
Furthermore, using the above-stated assumptions, the leading governing equations can take place as follows (see (Sumner et al., 1999; Ali et al., 2020a; Waqas, 2020; Ayub et al., 2022a)):
[image: image]
[image: image]
[image: image]
along with boundary conditions are (see (Ayub et al., 2022a)):
[image: image]
[image: image]
Here, [image: image] is the infinite shear rate viscosity parameter, [image: image] and [image: image] refer to the velocity components of blood along the axial and radial direction, respectively, [image: image] is the temperature of the THN, [image: image] is the suction parameter, [image: image] is the positive constant, and [image: image] is called the stretching/shrinking rates. In addition, [image: image] denotes the viscosity of the ternary hybrid nanofluid (THN), [image: image] refers to the electrical conductivity of the THN, [image: image] represents the density of the THN, and [image: image] is the variable thermal conductivity (TCN) of the THN model. Also, the term [image: image] is the specific heat. The variable TCN is defined as (see (Kaleem et al., 2022; Nazir et al., 2022; Babu et al., 2023; Bafakeeh et al., 2023)):
[image: image]
where [image: image] is the TCN of the THN and its correlation is defined later in the given section, while [image: image] is the thermal conductivity parameter.
Furthermore, the thermo-physical characteristics of the ternary nanofluid model are given as follows:
[image: image]
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and the electrical conductivity
[image: image]
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Here, in Equations 8–16, the solid nanoparticles volume fraction is denoted by [image: image] where [image: image]. For this particular case, [image: image]; the equations are reduced to the regular base fluid. Moreover, the subscripts [image: image], [image: image], [image: image], [image: image], and [image: image] refer to the THNF, HNF, NF, base fluid, and the solid nanoparticles, respectively. The experimentation physical data of the base (blood) fluid and the three distinct nanoparticles are given in Table 1, see (Das et al., 2021; Tripathi et al., 2021; Sajid et al., 2023a).
TABLE 1 | The thermophysical characteristics of base (blood) fluid and Au, TiO2, and Al2O3 nanoparticles.
[image: Table 1]3 SOLUTION PROCEDURE
Furthermore, to ease the investigation of the problem, the following similarity variants are introduced for the conversion of PDEs into ODEs as:
[image: image]
Substituting Equation 17 in Equations 3, 4, we get the following reduced form of ODEs as:
[image: image]
[image: image]
with BCs are:
[image: image]
In addition, many different dimensionless parameters that are commonly used in this study are “We” (Weissenberg number), “Re” (Reynold number), “A” (unsteadiness parameter), “s” (suction parameter), and “Pr” (Prandtl number). The parameter obtained due to the ratio between the initial velocity and free stream velocity is [image: image]; if [image: image], it is called the shrinking case of the cylinder and [image: image] is the stretching case of the cylinder.
[image: image]
The skin friction coefficient [image: image] and local Nusselt number [image: image] for the practical point of view are defined as:
[image: image]
where [image: image] exposes the wall shear stress and [image: image] is the wall heat flux, and both are defined as:
[image: image]
Implementing the similarity transformations in the above-stated equations, we get the reduced form of the skin friction and heat transfer rate as follows:
[image: image]
In which:
[image: image]
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4 NUMERICAL SCHEME
This portion of the work demonstrates the numerical solution procedure and the accuracy of the code. There are several numerical schemes (Shah et al., 2021; Ayub et al., 2022b; Darvesh et al., 2022; El Din et al., 2022; Khan et al., 2022; Sajid et al., 2022; Wang et al., 2022; Darvesh et al., 2023) used to fetch the numerical results. To investigate such a framework, the bvp4c (Khan et al., 2023; Haider et al., 2021; Ayub et al., 2021a; Ayub et al., 2021b; han et al., 2022; Shah et al., 2021; Ayub et al., 2020) MATLAB command/function is utilized. To begin the process of the code, the boundary value problem (BVP) is changed into the initial value problem (IVP) and after that, bvp4c is utilized to get the unavailable results. This scheme is further based on the RK-4 method (Zaib et al., 2019; Ali et al., 2020b; Botmart et al., 2022a; Botmart et al., 2022b; Ayub et al., 2022c; Goud et al., 2022; Rasool et al., 2022) or finite difference scheme, which is only applicable to solve the initial value problems. Before starting the procedure, the MATLAB syntax is written with the help of the following substitution: [image: image], [image: image], [image: image], [image: image], and [image: image]. The MATLAB syntax is written as:
[image: image]
and appropriate boundary conditions become:
[image: image]
The procedure mentioned is used to solve Eqs. 28, 29 to find the missing slopes. The step size between two mesh points is 0.01 and the point [image: image] representing infinity is chosen appropriately such that BCs are attained in an asymptotic manner. From the figures, it can be seen that all BCs are attained asymptotically, which is a sign of the convergence of results. For further details of the method considered that have been documented by various researchers, see refs. (Shahzad et al., 2022; AlBaidani et al., 2023; Althoey et al., 2023; Assiri et al., 2023; Sajid et al., 2023b; Rafique et al., 2023). Moreover, the authors have utilized the mentioned numerical method for the following reasons:
a) The bvp4c is a robust method capable of solving varied nonlinear differential equations and initial conditions. It uses the finite difference method for stiff problems.
b) The user can adjust the error tolerance as needed when employing this technique.
c) It efficiently solves systems that are challenging to address using analytical methods.
d) Compared to other known methods, this approach significantly cuts the time required to find the solution.
4.1 Validity of the scheme
The current scheme intersects with old literature while fixing some of the influential parameters such as [image: image]. This attempt shows that the validity of the mathematical model and numerical scheme used to solve this model are correct. The outcomes of the given work with prior research work are shown in Table 2.
TABLE 2 | The validity of the current model with old literature for limiting cases.
[image: Table 2]5 RESULTS AND DISCUSSION
The ternary hybrid cross bio-nanofluid model is a promising approach for studying the fluid dynamics of expanding/contracting cylinders with inclined magnetic field effects. This model combines the three different types of nanoparticles (Cu, Al2O3, and TiO2) with biological components (blood) to create a unique bio-nanofluid. The model also considers the effects of stenosis (narrowing of the artery) and the expansion/contraction of the cylinder, which are important factors that can affect blood flow and lead to considerable cardiovascular diseases. By incorporating these elements, the ternary hybrid cross bio-nanofluid model provides a more realistic and comprehensive understanding of blood flow in stenosed arteries. Furthermore, this model has the potential to inform the development of novel therapies and interventions for cardiovascular diseases, by providing insights into the mechanisms underlying blood flow abnormalities. Overall, the ternary hybrid cross bio-nanofluid model is a valid and valuable tool for studying the fluid dynamics of expanding/contracting stenosed arteries.
This section investigates the impact of several involved physical parameters on the velocity and temperature of the blood flow in the presence and absence of the infinite shear rate viscosity parameter [image: image]. Figures 2–7 are established for velocity distribution and Figures 8–10 are presented to discuss the temperature profiles keeping fixed the variation of parameters like [image: image], [image: image], [image: image] and [image: image].
[image: Figure 2]FIGURE 2 | Pictorial interpretation of physically attached parameter [image: image] on f′(η).
[image: Figure 3]FIGURE 3 | Pictorial interpretation of physically attached parameter [image: image] on f′(η).
[image: Figure 4]FIGURE 4 | Pictorial interpretation of physically attached parameter [image: image] on f′(η).
[image: Figure 5]FIGURE 5 | Pictorial interpretation of physically attached parameter [image: image] on f′(η).
[image: Figure 6]FIGURE 6 | Pictorial interpretation of physically attached parameter [image: image] on f′(η).
[image: Figure 7]FIGURE 7 | Pictorial interpretation of physically attached parameter [image: image] on f′(η).
[image: Figure 8]FIGURE 8 | Pictorial interpretation of physically attached parameter [image: image] on θ′(η).
[image: Figure 9]FIGURE 9 | Pictorial interpretation of physically attached parameter ε on θ′(η).
[image: Figure 10]FIGURE 10 | Pictorial interpretation of physically attached parameter of [image: image] on θ′(η).
Figures 2–4 give a pictorial interpretation of the physically attached parameter [image: image] and We on f′(η). From the pictures, it is seen that a greater value of M, We, and n shows a lower velocity in the presence and absence [image: image] of the infinite shear rate viscosity parameter. The magnetic parameter is the strength of the magnetic field. From the physical point of view, the higher magnetic field strengths can lead to a lower blood flow rate as the charged particles in the blood experience Lorentz force and are pushed along more slowly (see Figure 2). However, extremely high magnetic fields can also be harmful to the body, so it is important to use magnetic fields within safe limits.
Figure 3 shows that the impact of the Weissenberg number on the blood flow rate will depend on the specific flow conditions and geometry of the blood vessel being considered. In the current study, higher Weissenberg numbers (indicating more elastic fluids) can lead to more complex flow patterns and changes in blood flow rate, especially in regions where the blood vessel is constricted or curved, and as a result, velocity decreases.
Figure 4 displays that increasing the cross-fluid index (n) by adding a layer of fluid with a higher viscosity to a blood vessel wall can lead to changes in the flow patterns of the blood, including the formation of vortices and eddies, and due to these facts, the velocity of blood decreases. These changes in flow patterns can affect the shear stress experienced by the endothelial cells lining the blood vessel wall, which can in turn impact the development of atherosclerosis and other vascular diseases.
Figure 5 reveals the interpretation of [image: image] on f′(η). When the Reynolds number is low, viscous forces dominate and the flow is characterized as laminar. When the Reynolds number is high, inertial forces dominate and the flow is characterized as turbulent. Blood flow in the human body is laminar, with low Reynolds numbers. However, in certain situations, such as in regions of high flow rate or where blood vessels are narrowed, the Reynolds number may increase, and blood flow may become turbulent.
Figure 6 shows the attachment of [image: image] on f′(η). Inclined angle produces Lorentz force and hence flow rate decreases in the presence and absence [image: image] of infinite shear rate viscosity parameter. Moreover, the solution gap between the curves is slightly better in the given figure compared to other graphs.
Figure 7 presents the impact of [image: image] on f′(η). The unsteadiness of blood flow refers to variations in flow rate and pressure over time. The blood flow in the circulatory system is inherently unsteady due to the pulsatile nature of the heart, as well as other factors such as changes in vessel diameter and blood viscosity. The impact of unsteady flow on blood flow rate is complex and depends on several factors. While unsteady flow is a natural aspect of blood flow, certain conditions, such as disease states or variations in vessel geometry, can lead to increased unsteadiness and potentially negative impacts on the circulatory system.
Figure 8 depicts the impact of [image: image] on θ′(η). Temperature distribution becomes lower as the value of Re increases in the presence and absence [image: image] of infinite shear rate viscosity parameter. Reynolds number has an impact on the temperature profile of blood flow through several mechanisms. When the Reynolds number is high, turbulent flow can cause energy dissipation and mixing within the fluid, leading to decreased heat transfer between the blood and the surrounding tissue. This can result in a more uniform temperature within the fluid.
Figure 9 describes the influence of ε on θ′(η). Increased thermal conductivity parameter causes obvious increases in the temperature of blood flow in the presence and absence [image: image] of infinite shear rate viscosity parameter. Blood has a relatively low thermal conductivity compared to other materials, such as metals or ceramics. This means that blood is a poor conductor of heat, and heat transfer within the fluid is primarily driven by convective processes.
Figure 10 shows the physics of [image: image] on θ′(η). A gradual increase in the inclined angle reduces velocity and, hence, increases the temperature. When charged particles experience the Lorentz force and move through a magnetic field, they transfer some of their kinetic energy to the surrounding fluid as heat. This process can cause localized heating of the fluid, including the blood.
Figures 11, 12 are established for statistical analysis of skin friction and Nusselt number corresponding to Table 3 with different parameters. In blood flow, the Nusselt number can impact the heat transfer between the blood and the vessel walls. This is important because the temperature of the blood can have significant effects on physiological processes, and the heat transfer between blood and the walls of blood vessels can affect the temperature profile. The drag force can impact the flow rate of blood and can have implications for the development of cardiovascular disease. Tabulations of all these results are presented in Table 3. For example, high drag forces can lead to turbulence in the flow of blood, which can increase the likelihood of plaque formation and blockages in blood vessels.
[image: Figure 11]FIGURE 11 | Statistical interpretation for We on the skin friction coefficient.
[image: Figure 12]FIGURE 12 | Statistical interpretation for cross fluid index “n” on the skin friction coefficient.
TABLE 3 | Tabular representation of physical quantities.
[image: Table 3]6 CONCLUSION
The expanding/contracting stenosed artery refers to the narrowing and widening of an artery due to the accumulation of plaque, which can impede blood flow and lead to cardiovascular disease. The inclusion of an infinite shear rate viscosity suggests that the model is accounting for the high levels of shear stress that occur at the site of a stenosis. Additionally, the inclined magnetic field may suggest that the model is considering the effects of magnetic fields on blood flow, which have been shown to have potential therapeutic applications for cardiovascular diseases. The main outcomes of the considered model are given as follows.
1. Greater value of M, We, and n gives lower velocity in ternary nanofluid compared to bi-hybrid nanofluid. Higher magnetic field strengths can lead to lower blood flow rates, as the charged particles in the blood experience Lorentz force and are pushed along more slowly.
2. Gradual increase in inclined angle reduces velocity and hence increases the temperature in ternary nanofluid compared to bi-hybrid nanofluid.
3. Heat transport is rapid in ternary nanofluid compared to bi-hybrid nanofluid.
4. Higher Weissenberg numbers (indicating more elastic fluids) can lead to more complex flow patterns and changes in blood flow rate.
5. When the Reynolds number is low, viscous forces dominate and the fluid flow is characterized as laminar.
6. The inclined angle produces Lorentz force and hence flow rate decreases.
7. When the Reynolds number is high, turbulent flow can cause energy dissipation and mixing within the fluid, leading to decreased heat transfer between the blood and the surrounding tissue.
6.1 Advantages of the significant outcomes

i. Greater heat transport regulates the physiological functions in the human body like temperature regulation (distribution of excess heat generated during physical activity), prevention of overheating, and improved oxygen delivery.
ii. Parameters like M, We, and n give lower velocity of blood and slower blood flow rate within capillaries allowing for more efficient exchange of nutrients, gases, and waste products between the blood and surrounding tissues, and lower blood velocity requires less energy expenditure from the heart.
6.2 Future direction
The current study considers the effects of multiple physical parameters on blood flow in stenosed arteries, but there are many other factors that could also be investigated in future research work which are as follows.
1. The effects of blood rheology, flow rate, and vessel compliance could be explored to gain a more complete understanding of the Casson and Power Law fluidic model.
2. Future research could launch the accuracy and predictive power of the ternary hybrid cross/Carreau bio-nanofluid model with the numerical technique of artificial neural networks.
3. The entropy generation for the non-Newtonian models can also be implemented in future research work.
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