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Editorial on the Research Topic
 Approximation methods and analytical modeling using partial differential equations




Adequate mathematical modeling is the key to success for many real-world projects in engineering, medicine, and other applied areas. Once a well-suited model is established, it can be thoroughly examined using a broad spectrum of analytical techniques. For example, compartmental models are frequently employed in epidemiology to simulate the spread of infectious diseases, and they are also instrumental in population genetics. Although one can often prove the existence of an optimal solution under certain conditions, this does not guarantee that the solution is easy to implement in practice. In many cases, obtaining a viable approximation presents a challenging research problem in itself.

This Research Topic focuses on modeling, analysis, and approximation problems whose solutions leverage the theory of partial differential equations. It aims to showcase new analytical tools for modeling challenges in applied sciences and practical fields. Researchers explore the qualitative behavior of weak solutions, including removability conditions for singularities, the influence of initial and boundary data on local asymptotic properties, and the existence of solutions. Many articles concentrate on anisotropic models, examining the prerequisites for anisotropy strength and comparing analytical estimates of solution growth near singularities with numerical simulations. The qualitative analysis and theoretical findings are validated through observed numerical behavior. Overall, this Research Topic introduces new theoretical tools and expands the scope of established applications.

We would like to emphasize the following main topics:


1 Modeling nonlinear processes in anisotropic and inhomogeneous media, as well as boundary value problems for linear and quasilinear hyperbolic systems, and elliptic and parabolic equations with a diffusion-absorption structure

The manuscript of Barkov and Shepelsky deals with a nonlinear PDE known as the modified complex short pulse equation in its focusing version. This model is closely related to the Short Pulse (SP) equation, which is known to be a useful model of propagation of ultra-short optical pulses as thus is studied extensively in the literature, and on the other hand, it is a complex version of one of two integrable cases (the first one being the Short Pulse equation itself) of nonlinear PDE with cubic nonlinearities. The existence of the Lax pair representation suggests, in principal, that it is possible to develop the formalism of the Inverse Scattering Transform (IST) method for studying various problems for this nonlinear PDE, including solving the Cauchy problem and constructing particular explicit solutions of soliton type.

Vasylyeva examines initial-boundary value problems for semilinear integro-differential equations with multi-term fractional Caputo derivatives, particularly in the context of oxygen diffusion in capillaries. The study establishes classical and strong solvability using the continuation method, supported by a priori estimates in fractional Hölder and Sobolev spaces. The research underscores the relevance of fractional differential equations in modeling biological and engineering processes, including polymer relaxation, chaotic neuron activity, and financial time series analysis. Each of these studies contributes to advancing mathematical models in epidemiology, thermal and mechanical wave propagation, fluid dynamics, and diffusion processes, showcasing the versatility of fractional calculus and PDE-based approaches in scientific research.

Bokalo et al. consider the problem without initial conditions for some strictly nonlinear functional-differential variational inequalities in the form of subdifferential inclusions with functionals. The main results concern the existence and uniqueness of a solution for this problem in the absence of restrictions on solution's behavior and the growth of input data when the time variable is directed to minus infinity.

Protsakh studies some inverse problem of finding the time-dependent source term in a third-order semi-linear hyperbolic equation with a strong damping term. This equation is considered under Dirichlet boundary and integral over-determination conditions. The existence and uniqueness of the solution are established using Galerkin's method. She also proposes the Fourier truncation method for stabilizing the ill-posed problem.

The manuscript of Langemann and Savchenko is concerned with the numerical validation of theoretical results for the removability of singularities in anisotropic parabolic partial differential equations of porous-medium type. Numerical solution was built and compered with the theoretical apriori estimates.

Andreieva and Buryachenko's study focuses on proving the analog of the maximum principle for fourth-order hyperbolic equations, emphasizing its importance for ensuring the qualitative properties of solutions, such as uniqueness and existence. This is a significant contribution to the field, particularly given the lack of existing results for such higher-order hyperbolic equations.



2 The nonlinear transmission problem for composite beams, hyperbolic models in flow dynamics and viscoelasticity

Fastovska et al. investigate the nonlinear transmission problem associated with a composite Bresse beam consisting of a damped part. They prove the well-posedness in energy space of the PDEs describing the dynamics of the beam; establish existence of a regular global attractor under specific conditions on nonlinear parameters and damping coefficients of the damped part, and, finally, study some singular limits of the proposed problem which tend to solutions to a transmission problem for the Timoshenko beam and to solutions to a transmission problem for the Kirchhoff beam with rotational inertia. All theoretical results are validated by numerical simulation.

By means of the Cauchy-Stieltjes transform of a copolynomial, Gefter and Piven present and study a multiplication of copolynomials. They examine a Cauchy problem for the nonlinear partial differential equation in the ring of copolynomials and find a solution by using the series in powers of the δ-function. Such theoretical results are very essential and can be applied to a Cauchy problem for the Euler-Hopf equation, for the Hamilton-Jacobi type equation and for the Harry Dym equation.

Al-Lehaibi introduces a new mathematical model for analyzing thermal conduction in viscothermoelastic ceramic micro-circular rings using Kirchhoff's love plate theory. The model incorporates fractional derivatives (Caputo and Caputo-Fabrizio) to study vibration distribution under thermal loading. Results show that fractional derivatives and resonator thickness significantly affect mechanical waves, while ramp heat parameters play a crucial role in energy damping. Numerical and graphical analyses illustrate the impact of fractional-order derivatives on thermal and mechanical wave behavior.



3 Recent advances in numerical methods for fractional partial differential equations and for models with complicated geometry

The manuscript of Rassokhina and Krizhanovski concerns very popular systems used in planar microwave technology - open stubs. This work is interesting because of a lot physical applications and at the same time the nontrivial mathematical modeling background. Authors present a methodology for analyzing symmetric open stubs in a microstrip transmission line using the method of transverse resonance. This method is suitable for a variety of geometries and materials, allowing for the investigation of a wide range of stub configurations. Moreover, the method of transverse resonance is easier to implement compared to more complex numerical methods.

In the research of Noor et al. new approaches for solving fractional nonlinear Korteweg-de Vries (KdV) and coupled Burger's equations using the Aboodh residual power series and Aboodh transform iteration methods were explored. The fractional derivatives, defined in the Caputo sense, provide accurate and efficient solutions. These methods allow for explicit numerical approximations of fractional partial differential equations (FPDEs), which are widely used in physics and engineering. The study emphasizes the importance of fractional calculus in various scientific applications, including electromagnetics, fluid mechanics, and wave propagation.



4 Modern methods in approximation theory and their applications

Prestin and Semenova investigate the approximation error of trigonometric interpolation for multivariate functions of bounded variation in the sense of Hardy-Krause. The authors consider interpolation operators based on both the tensor product and sparse grids on the multivariate torus. A key aspect of their study is the focus on functions that are generally non-continuous, extending known results for smooth functions. They derive error estimates in the Lp norm and compare the accuracy of these approaches in relation to the number of grid nodes. Notably, while existing interpolation error estimates apply to smooth function spaces, e.g., Sobolev spaces [image: image] with r > 1/p, the authors establish convergence rates for the broader class of functions of bounded variation, achieving results analogous to the case r = 1/p.

Rovenska explores the approximation of classes of periodic functions using rectangular linear means of Fourier series. The study derives asymptotic equalities for upper bounds of deviations of Fejér means in the uniform norm for multivariable function classes defined by sequences tending to zero at a geometric rate. In the one-dimensional case, such classes include Poisson integrals, which admit analytic continuation in a fixed strip of the complex plane. These findings generalize known one-dimensional results and contribute to the theory of function approximation via Fourier summation methods, offering potential applications to similar upper bound problems in other settings.

Bilet and Dovgoshey analyze conditions under which a given set of metric-preserving functions can be represented as the set of all such functions associated with a certain class of metric spaces. They demonstrate that this representation holds when the given set forms a monoid with respect to the operation of function composition. In particular, they establish the existence of a class of metric spaces for which the set of all amenable sub-additive increasing functions coincides with the set of metric-preserving functions preserving that class. These results enhance the theory of metric transformations and provide new insights into the structural properties of function classes preserving various types of metric spaces.

Petrov et al. obtain generalizations of well-known fixed point theorems, including those of Banach, Kannan, Chatterjea, and Ćirić-Reich-Rus, as well as the fixed point theorem for mappings contracting the perimeters of triangles. They consider these mappings in semimetric spaces with triangle functions introduced by Bessenyei and Páles. This approach allows them to extend fixed point results to various types of semimetric spaces, demonstrating their validity in metric, ultrametric, and b-metric settings. The significance of these generalizations extends across multiple disciplines, including optimization, mathematical modeling, and computer science, where they may serve to establish stability conditions, demonstrate the existence of optimal solutions, and improve algorithm design.

Langemann and Zavarzina study plastic and non-plastic subspaces of the real line ℝ with the standard Euclidean metric. They investigate non-expansive bijections, prove properties of such maps, and demonstrate their relevance through examples. The authors show that plasticity of a subspace contains two complementary questions: a purely geometric one and a topological one. Both aspects contribute to plasticity and become more critical in higher dimensions or abstract metric spaces.

Kovalyov and Levina investigate the Darboux transformation of symmetric Jacobi matrices and Toda lattices. They examine the conditions under which a symmetric Jacobi matrix can be factorized into lower and upper triangular matrices. In this case, the Darboux transformation of the symmetric Jacobi matrix produces another symmetric Jacobi matrix, which is associated with a different Toda lattice. The authors study both the Darboux transformation with and without parameters, providing insights into the relationships between Jacobi matrices, orthogonal polynomials, moment sequences, m-functions, and Toda lattices.



5 Partial differential equations based models as approximations of Markov chain dynamics. Modeling complex systems with stochastic partial differential equations

The study of Taranets et al. focuses on a time-dependent Susceptible-Infectious-Susceptible (SIS) partial differential equation (PDE) model derived from a Markov chain approach. The authors analyze the qualitative behavior of weak solutions, exploring their local asymptotic properties, existence of Dirac delta function solutions, and long-term dynamics. Numerical computations confirm their findings. The paper highlights the continued importance of epidemiological modeling despite advancements in medical treatments and the emergence of new infectious diseases like COVID-19.

A Geometric Brownian Motion (GBM) represents a classical model for stock market since 1965 by the very fruitful proposal of P. Samuelson, a famous economist. Since that time the GBM as a financial model became many extensions, especially, due to a volatility coefficient. But there is much less attention to the drift coefficient as another possibility for model transformations. Golomoziy et al. investigated the model in which the drift coefficient is modeled with the help of a Markov chain. They developed a natural asymptotic technique showing the weak convergence of a discrete scheme to the corresponding continuous time GBM. So, this work is devoted to an interesting market model, which is important historically and have a non-trivial mathematical background.

Arif et al. propose an innovative stochastic finite difference approach for modeling unsteady non-Newtonian mixed convective fluid flow with variable thermal conductivity and mass diffusivity.

Through these diverse contributions, our Research Topic provides high-quality fundamental, applied, and industry-focused research that stresses analytical aspects, novel problems, and their solutions. It provides a high-visibility, open-access publishing outlet for researchers in mathematical analysis, differential equations, numerical analysis, and other mathematical disciplines, while also fostering collaboration between these fields and related applied areas.
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A novel stochastic numerical scheme is introduced to solve stochastic differential equations. The development of the scheme is based on two different parts. One part finds the solution for the deterministic equation, and the second part is the numerical approximation for the integral part of the Wiener process term in the stochastic partial differential equation. The scheme’s stability and consistency in the mean square sense are also ensured. Additionally, a respective mathematical model of the boundary layer flow of Casson fluid on a flat and oscillatory plate is formulated. Wiener process terms perturb the model to be studied. This scheme will be solved in contexts including deterministic and stochastic. The influence of different parameters on velocity, temperature, and concentration profiles is demonstrated in various graphical representations. The main objective of this study is to present a reliable numerical approach that surpasses the limitations of traditional numerical methods to analyze non-Newtonian mixed convective fluid flows with varying transport parameters. Our objective is to demonstrate the capabilities of the new stochastic finite difference scheme in enhancing our comprehension of stochastic fluid flow phenomena. This will be achieved by comprehensively examining its mathematical foundations and computer execution. Our objective is to develop a revolutionary method that will serve as a valuable resource for scientists and engineers studying the modeling and understanding of stochastic unstable non-Newtonian mixed convective fluid flow. This method will address the challenges posed by the fluid’s changing thermal conductivity and mass diffusivity.
Keywords: stochastic numerical scheme, stability, consistency, boundary layer flow, magnetohydrodynamics
1 INTRODUCTION
As we know, fluid dynamics is central to studying various other disciplines, such as environmental science, engineering, etc. Also, understanding complex real-world problems demands an insight into the specific characteristics of non-Newtonian fluids. They are the fluids that do not follow the linear relation between the shear stress and the velocity gradient. Casson fluids are a family of viscoplastic materials having yield stress, which is used to model the behaviour of many industrial and biological systems.
Several factors of the fluid, such as temperature, mass diffusivity, etc., affect the behaviour of Casson fluids internally and externally. These factors do not allow an easier way of modelling and recreating the movement of Casson fluids. In addition, Casson fluids frequently flow in systems with spatially varying thermal conductivity and mass diffusivity, necessitating the development of computational techniques that can accurately reflect these fluctuations.
Applications in physical chemistry, metrology, biology, oceanography, astrophysics, plasma physics, etc., all highlight the importance of heat transmission. Liquid distillation, heat exchangers, atomic controller refrigeration, and other technological advances rely heavily on heat transmission. In fluid mechanics, researchers have observed that a certain proportion of mechanical energy is converted into thermal or heat energy due to the resistance generated by viscosity between adjacent fluid layers during their motion. We refer to this as a “switch in internal energy.” First, in his essay [1], Brinkman studied the impact of an internal energy change on capillary flow. Using the impacts of internal energy change and heat transport, Jambal et al. [2] established a power law model and estimated the answer using the finite difference approach. The utilization of nanofluids to improve heat transfer has garnered significant interest among academics in recent years due to its extensive applicability in various industries, such as photonics, electronics, energy production, and transportation [3]. In general, metallic fluids tend to exhibit higher thermal conductivity when compared to non-metallic fluids. Hence, it can be observed that the thermal performance of simple fluids is relatively worse when compared to the thermal performance of metallic nano-sized solid particles dispersed in typical fluids. Nanofluids are formed by introducing microstructural particles into ordinary fluids. These particles, typically composed of metals, carbides, carbon nanotubes, or oxides, have dimensions on the nanometer scale [4, 5]. The nanoparticle composition is crucial in hybrid nanofluids, particularly in enhancing distinctive features such as thermal conductivity. Aziz [6] used the shot method to solve the governing equations, demonstrating the impact of viscous dissipation on an energy equation and the effect of altering thickness on momentum equations.
Nanofluids are the subject of many studies because of their superior conduction qualities that can be achieved through various nanofluid compositions [7, 8]. Herein, we list a few studies conducted along these lines. Nasrin and Alim [9] conducted a numerical study of the heat transmission rate for nanofluids containing dual particles.
Furthermore, a method for simulating micro- and nano-scale fluids has been investigated by Nie et al. [10]. In [11], the writers delve into the theoretical framework of hybrid nanofluids’ heat conduction. The effect of hybrid nanofluids on forced convective heat transfer was estimated statistically by Labib et al. [12].
Investigating fluid flow induced by a horizontally translating surface and its impact on thermo-physical characteristics, such as mass diffusivity, thermal conductivity, and viscosity, is a very captivating subject matter for researchers and scholars. Many studies do not account for or assume that a malleable surface’s thermophysical parameters like conductivity, diffusivity, and viscosity are constant. However, the findings of the experiments show that these thermo-physical properties depend on temperature and concentration, especially in the case of a very large temperature differential. As a result, much attention has been focused on how different thermo-physical factors affect surface stretching. The effect of radiation and thermo-physical factors on the flow of a viscous fluid towards a non-uniform permeable medium was explored by Elbarbary et al. [13]. Saleem studied the effects of various fluid properties on viscous fluid flow through a stretchable medium [14].
Hashim et al. [15] proposed the Willaimson fluid model incorporating nanoparticles, where thermophysical parameters were treated as independent variables. Malik et al. [16] investigated how different fluid properties affected the boundary layer flow of a viscous fluid induced by an expanded cylinder. By assuming exponential functions of temperature for both viscosity and thermal conductivity, Mohiuddin et al. [17] can define the behaviour of a viscoelastic fluid. Second-order fluid flow via a mobile medium in the presence of a heat source/sink was studied by Akinbobola et al. [18], who examined the effect of temperature-dependent physical features of the fluid. Muthucumaraswamy [19, 20] solved the constitutive equations for the flow of a viscous fluid across a non-uniform plate using the Laplace method and variable diffusivity. The 1D -diffusion-advection equation was studied by Jia et al. [21] in two different scenarios: (i) when the thermo-physical characteristics are fixed but the flow velocity is not, and (ii) when the flow velocity and the parameters of the fluid are both changeable. The model was solved, and the resulting outcomes for two scenarios were compared.
The thermo-physical parameters that change with temperature and concentration were studied by Li et al. [22] using the finite difference approach to examine their influence on nonlinear transient responses. The effects of temperature and concentration on the transmission of heat and mass in a viscoelastic fluid flow were examined by Qureshi et al. [23]. Researchers in [24] analyzed Maxwell’s fluid flow model for nanoparticles over a heterogeneous medium, considering thermal effects. Near a vertically moving surface, boundary layer flow is due to cooling and heating impulses [25]. The boundary layer flow around an isothermal, free-moving needle was discussed in [26]. [27] examined the heat transfer parameters of forced convection flow over a non-isothermal thin needle. The Boungirono model of nanofluid flow over a rotating needle was analyzed in [28]. Solving the governing equations involved shooting and fourth-order RK methods. The role of heat production and thermal radiation in MHD The effects of an infinite horizontal sheet on the flow of a Casson fluid in two dimensions were studied in [29].
Animasaun [30] examined how vertically uneven surface roughness affected an unstable mixed convection flow. To investigate the flow’s reaction to a chemical reaction and radiation, he applied the shooting method and quadratic interpolation to the model and then solved it. Shah et al. [32] investigated the effect of the Grashof number on the mixed convection flow of different fluids travelling along different surfaces when heat generation was present. In their study, Animasaun et al. [33] looked at how a chemical process, including quartic autocatalysis, might alter the trajectories of various airborne dust particles. Runge-Kutta, shooting, and bvp4c were used to solve the model’s constitutive equations. The influence of nanoparticles’ random mobility in three-dimensional flow was investigated in a recent meta-analysis by Animasaun et al. [34]. They calculated the heat transfer rate due to the Brownian motion of nanoparticles by considering radiation from the surface and local and mass convection. Researchers at [35] examined how alumina nanoparticles behaved in three dimensions when they carried water or were subject to Lorentz force. They looked into how various dimensionless factors affected the velocities involved.
The article [36] delves into heat transfer in Jeffery-Hamel hybrid nanofluid flows involving non-parallel plates. Molybdenum disulfide nanoparticles are suspended in fluids subjected to magnetic fields, heat radiation, and viscous dissipation. The researcher studied the flow of micropolar fluids across a vertical Riga sheet [37]. We look at the nonlinear stretching sheet. A magnetohydrodynamic (MHD) pair stress hybrid nanofluid on a contracting surface is studied in terms of its radiative properties and overall stability [38].
The difficulties in simulating Casson fluids with non-constant thermal and mass diffusivities can be mitigated with the help of stochastic numerical techniques. To capture the inherent stochasticity in real-world systems, these methods add probabilistic features to account for uncertainties and fluctuations in material qualities. Randomness can be due to material contamination, temperature difference or mass concentration change.
In the past, problems with intricate flows were analyzed by finite difference or finite element methods or by the CFD (Computational Fluid Dynamics) simulations to obtain a better viewpoint of fluid dynamics. Although these methods have enhanced our understanding of the subject, they have often failed to reproduce the inherently stochastic behaviours found in numerous real-world systems accurately. The natural uncertainties in several physical processes in fluid flow are due to numerous boundary conditions, material qualities, and environmental effects. If we do not consider these random variables, then the resulting description of the phenomenon may lead to a misleading picture of reality.
In this work, we examine and assess stochastic numerical methodology for modelling of dynamics of the Casson fluid with arbitrary temperature and density gradients for a better view of how uncertainties and fluctuations in material qualities influence the flow of Casson fluid; we will include a stochastic ingredient in the numerical simulations.
Applications in chemical engineering, geophysics, and biomedicine can significantly profit from gaining exact forecasts of the fundamental behaviour of the fluids to optimize the given processes, develop equipment or know the system’s biological behaviour.
We are at the dawn of applying stochastic probability in fluid mechanics; there is a long way to go. The present article goes into this notion. Let’s consider using stochastic predicting in computational fluid mechanics. We will understand mathematical predicting to describe the behaviours of a physical system’s system within which it operates. Computational models need optimization, design, and updating due to external effects like fluctuations in the natural system and internal elements like uncertainty in the model itself.
Numerous scholars are working hard to figure out stochastic partial differential equations and their numerical solutions. Tessitoe [39] made a seminal discovery in this area when he found that linear and infinite-dimensional stochastic differential equations satisfy the same general conditions as the modified solution. The authors of [40] examined the classical form of the stochastic equation under the assumption of homogeneous Dirichlet boundary conditions. The group set out to see if there were any non-trivial positive global solutions and whether or not those solutions were likely to explode in finite time. Researchers in Ref. [41] examined the Holder continuous coefficient obtained with constant coloured noise to study the stochastic partial differential equation (SPDE). Solving a backward double stochastic differential equation (SDE) allows for path-wise uniqueness and deterministic manipulation of the Laplacian. The solution to a system of stochastic differential equations (SDEs) is found by taking weak limits of a sequence of variables. We obtain this sequence by substituting the discrete Laplacian operator for the random variable in the stochastic partial differential equation (SPDE). Altmeyer et al. explained cellular repolarization using a stochastic variant of the Meinhardt equation. The driving noise process has been shown to influence the evolution of solution patterns for stochastic partial differential equations (SPDEs), and such solutions exist [42]. The solution is fully described in the works mentioned above.
Numerical estimation of stochastic partial differential equations (SPDEs) is a formidable challenge. Instead, Gyorgy et al. [43] worked to construct lattice approximations for elliptic stochastic partial differential equations (SPDEs). For white noise on a restricted domain in [image: image], [image: image] the convergence rate of approximations is calculated. In [44], we look at how to approximate answers to stochastic partial differential equations of the Itô type. The consistency and stability of these approximations with respect to their mean-square error are established by employing explicit and implicit finite difference techniques. The stochastic Fitz-Hugh-Nagumo model was defined, and a numerical solution was given in [45]. This examination shows how well the technique holds up in a Von Neumann environment [46]. investigated the reliability and robustness of the forward Euler method for evaluating stochastic nonlinear advection-diffusion models. In [47], they consider white noise’s spectral power distribution functions and estimate the numerical approximations for the linear, elliptic, and parabolic cases. The approximations of these cases are evaluated using the finite element and difference methods. The relevant literature dealt with the integral approximation techniques, the finite element methods in these contexts, and the weak SPDE formulation.
This research paper proposes a new and novel numerical scheme for solving the problems of unstable non-Newtonian mixed convection flow of fluid with heat and mass transport with the effect of temperature and concentration fluctuations. The proposed methodology combines stochastic methods in a finite difference scheme, which enables the capture of the random behaviour of the fluid flow in the presence of convective flows. We go for stochastic features in our model and versions of operations to have more accurate predictions and to know more new features in the behaviour of these dynamic systems.
In this work, we shall discuss the theoretical foundation of the fluid dynamics of Casson fluids, the effect of varying thermal conductivity and mass diffusivity in the problems, and introduce some stochastic numerical algorithms for solving such complex flow systems.
The primary contribution of this work is the suggestion of a stochastic numerical scheme for the solution of stochastic partial differential equations. Another method exists in the literature for solving stochastic partial differential equations. That scheme is called the Maruyama method and can be used to solve stochastic equations that appear in fluid dynamics with the variation of Wiener process terms. The Euler-Maruyama method extends the more common forward Euler approach for stochastic differential equations. The Matlab commands generate random numbers from a Normal distribution with a mean of zero and a standard deviation that determines the time step size for the Wiener process term in the scheme.
1.1 Novelty of the study

1. This research presents a distinctive approach by integrating the analysis of Casson fluids with stochastic numerical techniques. Although previous studies have been conducted on Casson fluids and stochastic fluid dynamics modelling, the integration of these two fields remains relatively underexplored in current research. This research presents a fresh way to comprehend the behaviour of non-Newtonian fluids in the presence of changing thermal conductivity and mass diffusivity by including stochastic components in the study of Casson fluids.
2. Variable thermal conductivity and mass diffusivity are considered to solve a practical issue. This variability exists greatly, and various industrial and natural systems have a flowing fluid. To understand how such variations alter the flow behaviour of Casson fluid for practical use in various domains such as chemical engineering, geophysics, biology, etc. To understand how such differences will change the flow behaviour of Casson fluid to be used for actual practical use in different domains such as chemical engineering, geophysics, biology, etc.
3. The challenge exists in yield stress and viscoplastic behaviour modelling the Casson fluid. Moreover, it is already intricate in the modeling process since, unlike other endpoints, strangers constant such as thermal conductivity, mass diffusivity, etc., varies, and materials become parameter-prone. This work is a substantial and novel contribution to fluid dynamics since it addresses the problem of modeling and simulating such complex systems.
4. The random numerical techniques are useful in portraying the level of uncertainty and variability of the qualities of the materials. Using random techniques, the problem of the Casson dynamics can be interpreted.
To portray the sense of randomness and variability, the stochastic numerical technique can be used for modelling the yield stress and viscoelasticity local scalar. The singularity of the present work is underlined by integrating random techniques for studying Casson fluid along with thermal conductivity and mass diffusivity.
2 PROPOSED COMPUTATIONAL SCHEME
This contribution’s stochastic numerical approach can be utilized to solve partial differential equations. The scheme is based on two steps. A partial differential equation’s solution can be predicted in the first step, the predictor stage. The second stage is the corrector stage, which finds the partial differential equation’s solution. But these two stages only find the solution for the deterministic model. The scheme for finding the solution of the stochastic differential equation will be proposed later. For proposing a scheme for a deterministic equation, consider the deterministic equation as follows:
[image: image]
Let the first stage of the scheme be expressed as:
[image: image]
Where [image: image] is the time step size.
The second stage of the scheme is expressed as:
[image: image]
where [image: image] and [image: image] will be determined later.
Now, substitute Eq. 2 into Eq. 3, which yields.
[image: image]
Expanding [image: image] using Taylor series expansion
[image: image]
Substituting Eq. 5 into Eq. 4 gives
[image: image]
Evaluating the coefficients of [image: image] and [image: image] on both sides of Eq. 6 that yields
[image: image]
Solving Equation 7 gives
[image: image]
Therefore, the time discretization of Eq. 1 is
[image: image]
[image: image]
Now consider the partial differential equations as
[image: image]
Its [image: image] integral form is given as
[image: image]
Using Taylor series expansion for [image: image] as
[image: image]
So, the last term in Eq. 12 can be expressed as
[image: image]
Therefore, the proposed stochastic numerical scheme for time discretization Eq. 11 is
[image: image]
[image: image]
where [image: image] is approximated as a normal distribution with mean 0 and standard deviation [image: image] [image: image] [image: image]
Let [image: image] and [image: image] then the fully discretized scheme is given as
[image: image]
[image: image]
where [image: image]
3 CONSISTENCY ANALYSIS
Theorem 1. The proposed numerical schemes (17) and (18) are consistent in the mean square sense.
Proof. Let [image: image] be a smooth function, then.
[image: image]
Now, combining both stages of the schemes gives the following operator
[image: image]
where [image: image]
The mean square of the scheme is written as:
[image: image]
Equation 21 can be written as:
[image: image]
Now, utilizing the result
[image: image]
Thus by applying [image: image] as [image: image] and [image: image] the mean square error approaches zero. [image: image]
[image: image]
So, the proposed scheme is consistent.
Theorem 2. The proposed numerical scheme is conditionally stable.
Proof: The stability of the proposed scheme will be analyzed using Fourier series analysis and mean square sense. The Fourier series analysis for the classical model will be applied, and then stability conditions in the mean square sense will be employed. The Fourier series analysis requires some transformations when finding stability conditions of finite difference schemes. The transformation reduces the difference equation into trigonometric equations, and the stability condition will be determined later. For applying a Taylor series analysis for scheme (17) and (18), the following transformations will be applied
[image: image]
Applying some of the transformations from Eq. 25 in the first stage of scheme (17) yields.
[image: image]
Upon dividing both sides of Eq. 27 by [image: image], it yields
[image: image]
Using trigonometric identities in Eq. 27 it yields
[image: image]
Re-write Eq. 28 as:
[image: image]
where [image: image]
Similarly, employing some of the transformation from Eq. 25 into the second stage of the scheme and ignoring the non-homogeneous part in Eq. 18 gives
[image: image]
Substituting Eq. 29 into Eq. 30 yields
[image: image]
Re-write Eq. 31 as
[image: image]
where [image: image]
Equation 32 can be re-written as
[image: image]
The amplification factor is written as
[image: image]
where [image: image] and [image: image]
Applying expected value on both sides of Eq. 33 yields
[image: image]
Since [image: image]
Therefore, Eq. 35 yields
[image: image]
Now if [image: image] and let [image: image] then Eq. 37 can be re-written as
[image: image]
Thus, the proposed stochastic numerical scheme with non-homogenous parts is conditionally stable in the mean square sense.
Below, we present a comprehensive analysis of the advantages and disadvantages of the proposed scheme.
3.1 Advantages
Enhanced Accuracy and Stability: The application of our stochastic finite difference method yields improved accuracy in solving stochastic differential equations, providing a more precise depiction of the non-Newtonian mixed convective fluid flow. The stability of the scheme, as measured in terms of mean square sense, guarantees reliable numerical solutions, especially in situations with fluctuations in thermal conductivity and mass diffusivity.
Adaptability to Stochastic Partial Differential Equations (SPDEs): This method effectively deals with SPDEs by specifically addressing the integral component of the Wiener process term, demonstrating its capacity to adapt to the difficulties presented by stochastic partial differential equations. It provides a thorough basis for modeling complex fluid flow processes and allows for a seamless transition from deterministic to stochastic models.
3.2 Disadvantages
Computational Strength: We recommend using a stochastic finite-difference approach with higher computational complexity when determining discrete models and simulating complex systems with time-variant parameters. It is a stochastic differential equation and has high computational costs. So, it may not be feasible to use this scheme in multimillion grid simulations due to the huge computational requirement.
Sensitivity to Model Parameters: One can notice the high sensitivity to some model parameters, especially the time-variant parameters associated with the stochastic bits. These model parameters should be carefully tuned to obtain accurate and reliable results. The sensitivity to parameters must be appropriately staged at the beginning to apply the scheme across multiple applications and fluid-flow situations.
Our novel stochastic finite difference method provides state-of-the-art answers to stochastic fluid flow issues while considering computing constraints and improved accuracy. Although it has several drawbacks, engineers and researchers who want to study non-Newtonian mixed convective fluid flow with variable mass diffusivity and thermal conductivity will find it helpful because it is robust to application-specific changes and can be adjusted to SPDEs.
4 PROBLEM FORMULATION
Consider the non-Newtonian, unsteady, laminar, and incompressible fluid flow over the sheet. The plate’s abrupt motion induces fluid flow toward the positive [image: image]-axis, where the [image: image]-axis represents the horizontal direction, and the [image: image]-axis is perpendicular to it. The stretching velocity of the plate is represented by [image: image]. A uniform electric field [image: image] and transverse magnetic field [image: image] are applied, and the fluid is electrically conducting. The electric and magnetic fields follow Ohm’s rule, but the electric field is stronger. For the moment, disregard the Hall effect and the induced magnetic field. Chemical reactions, frictional heating, and viscous dissipation are some of the flow characteristics taken into account. Under the assumption of boundary theory over a flat plate, the governing equations are expressed as:
[image: image]
[image: image]
[image: image]
[image: image]
With the following initial and boundary conditions
[image: image]
where [image: image] and [image: image] and [image: image] is electrical conductivity, [image: image] is the density of the fluid, [image: image] is specific heat capacity, [image: image] is the Casson parameter, [image: image] is the gravity, [image: image] is the coefficient of thermal expansion and [image: image] is the coefficient of solutal expansion and [image: image] is reaction rate. The transformations
[image: image]
When applied to Eqs. 38–42 reduces them to following dimensionless equations
[image: image]
[image: image]
[image: image]
[image: image]
Subject to the dimensionless boundary and initial conditions
[image: image]
where [image: image] is Hartmann’s number, [image: image] is used for local electric parameters, [image: image] is thermal Grashof number, [image: image] solutal Grashof number, [image: image] Eckert number, [image: image] is Reynolds number, [image: image] is Prandtl number, [image: image] is Schmidt number and [image: image] dimensionless reaction rate parameter, and these are defined as
[image: image]
The skin friction coefficient is defined as
[image: image]
where [image: image]
The dimensionless skin friction coefficients are given as
[image: image]
The stochastic model is given as:
[image: image]
[image: image]
[image: image]
[image: image]
with the same initial and boundary conditions (48).
4.1 Application description and justification
Choice of the Model: The selected stochastic model accurately represents fluid flow and heat transfer dynamics in intricate systems. By incorporating stochastic factors ([image: image]), the model considers the inherent uncertainties and fluctuations in practical scenarios. This enables the model to apply to real-world situations where environmental circumstances vary.
Physical Interpretation: The system of equations includes the processes of advection, diffusion, and stochastic effects, making it suitable for studying phenomena that include the interaction of these systems, such as turbulent flows and heat transfer.
Application to Real-World Phenomena: The model applies to various physical systems, including environmental fluxes, industrial processes, and atmospheric dynamics. By integrating stochastic elements, one can consider the random variations and uncertainties often encountered in real-world situations but usually ignored in deterministic models.
4.2 Numerical scheme report
Numerical Scheme Overview: The proposed numerical approach employs a stochastic finite difference technique for solving the system of stochastic partial differential equations (SPDEs). The method is designed expressly to handle the complexities that arise from the stochastic terms, providing a robust and accurate foundation for simulating the system’s dynamic behavior.
Stability and Accuracy: The numerical scheme’s stability and correctness are evaluated comprehensively. The system’s stability is ensured through a two-step predictor-corrector technique, while the accuracy is enhanced by discretizing stochastic terms using Taylor series expansions. The proposed approach is additionally verified by its ability to adjust to various time intervals and compare it to established methodologies.
Comparison with Existing Methods: The numerical system has been compared to existing approaches, demonstrating its advantages in terms of stability, accuracy, and computational efficiency. The scheme’s ability to handle random variables differentiates it from conventional numerical methods.
5 RESULTS AND DISCUSSIONS
This work proposes a computational technique for solving deterministic and stochastic partial differential equations. The scheme is divided into two distinct stages. The scheme’s initial stage only finds a solution for the deterministic model. On the other hand, the second stage of the system employs the previous stage’s solution, provides better accuracy, and handles the stochastic element of the stochastic model. The second stage integrates the remainder of the term(s) using the Taylor series expansion for the coefficient of the Wiener process term. If the Wiener process term’s coefficient is constant, it integrates it exactly. After that, the technique is applied to a system of partial differential equations emerging from fluid flow over the plates. Its square stability and uniformity are also offered.
Nonetheless, the stability analysis only considered the homogeneous component of the scheme, in which each term is dependent on the dependent variable. One of the assumptions considered in the stability analysis was this. The normal distribution with mean zero and variance equalling the time step size is used to approximate the integral of the Wiener process term. This is addressed using the Matlab command. The scheme’s non-stochastic part provides the accuracy of the deterministic model. Therefore, the scheme delivers accuracies in both the non-stochastic and stochastic parts of the given stochastic partial differential equation.
The impact of the Casson parameter on the velocity profile in the deterministic case is illustrated in Figure 1. By increasing the Casson parameter, the velocity profile drops. The velocity profile of a fluid declines due to the impact of the diffusion process occurring within molecules, which is caused by an increase in the Casson parameter, which causes the diffusion coefficient to decay. Figure 2 shows the influence of the thermal Grashof number on the velocity profile in the deterministic situation. The velocity profile improves with a higher thermal Grashof number. An elevation in the thermal Grashof number results in a corresponding increase in the temperature gradient for mixed convective fluxes due to the disparity between the wall and ambient temperatures. As a result of the temperature gradient being one of the flow’s propelling forces, the velocity profile increases. The impact of the Hartmann number on the velocity profile in the deterministic case is illustrated in Figure 3.
[image: Figure 1]FIGURE 1 | Effect of Casson parameter on velocity profile for the deterministic model using Re = 1, GrT = 0.4, GrC = 0.5, ε = 0.1, ε1 = 0.1, Ha = 0.1, E1 = 0.1, Pr = 0.9, Ec = 0.1, Sc = 0.9, γ = 0.1.
[image: Figure 2]FIGURE 2 | Effect of thermal Grashof number on velocity profile for the deterministic model using Re = 1, β = 1, GrC = 0.5, ε = 0.1, ε1 = 0.1, Ha = 0.1, E1 = 0.1, Pr = 0.9, Ec = 0.1, Sc = 0.9, γ = 0.1.
[image: Figure 3]FIGURE 3 | Effect of Hartmann number on velocity profile for the deterministic model using Re = 3, β = 1, GrC = 0.5, ε = 0.1, ε1 = 0.1, GrT = 0.4, E1 = 0.01, Pr = 0.9, Ec = 0.1, Sc = 0.9, γ = 0.1.
As the Hartmann number rises, the quality of a velocity profile deteriorates. Lorentz’s force increases in tandem with an increase in Hartmann’s number, slowing the flow and causing a decrease in the velocity profile. Figure 4 shows how the local electric parameter affects the velocity profile in the stochastic situation. Different parts of the domain display contrasting velocity profiles. Figure 5 depicts the temperature distribution as a function of the Eckert number. Stochastic analysis reveals a bimodal distribution of temperatures.
[image: Figure 4]FIGURE 4 | Effect of local electric parameter on velocity profile for the stochastic model using Re = 3, β = 1, GrC = 0.5, ε = 0.1, ε1 = 0.1, GrT = 0.4, Ha = 1, Pr = 0.9, Ec = 0.1, Sc = 0.9, γ = 0.1, σ1 = 0.9, σ2 = 0.4, σ3 = 0.3.
[image: Figure 5]FIGURE 5 | Effect of Eckert number on a temperature profile for the stochastic model using Re = 3, β = 1, GrC = 0.5, ε = 0.1, ε1 = 0.1, GrT = 0.4, Ha = 0.1, Pr = 0.9, E1 = 0.01, Sc = 0.9, γ = 0.1, σ1 = 0.5, σ2 = 0.4, σ3 = 0.3, x0 = 0.3469.
Nonetheless, as the boundary layer flows over the plates, the temperature profile typically increases as the Eckert number rises. The temperature profile variation as a function of minor parameters is illustrated in Figure 6. The temperature exhibits a dual effect by increasing minor parameters. The temperature profile increases for the deterministic model as small parameters increase, as the thermal conductivity also increases with small parameter values. Consequently, the temperature profile experiences an upward trend. The impact of the reaction rate parameter on the concentration profile of the stochastic model is illustrated in Figure 7. In the context of boundary layer flow over flat plates, the concentration profile typically decreases as the reaction rate parameters increase, according to the deterministic model. Figure 8 demonstrates the influence of a modest parameter introduced in variable mass diffusivity on the stochastic model’s concentration profile. Figure 9 shows the impact of the stochastic model’s velocity, temperature, and concentration profiles.
[image: Figure 6]FIGURE 6 | Effect of small parameter on a temperature profile for the stochastic model using Re = 3, β = 1, GrC = 0.5, Ec = 0.1, ε1 = 0.1, GrT = 0.4, Ha = 0.1, Pr = 0.9, E1 = 0.01, Sc = 0.9, γ = 0.1, σ1 = 0.5, σ2 = 0.4, σ3 = 0.3, x0 = 0.3469.
[image: Figure 7]FIGURE 7 | Effect of reaction rate parameter on concentration profile for the stochastic model using Re = 3, β = 1, GrC = 0.5, Ec = 0.1, ε1 = 0.1, GrT = 0.4, Ha = 0.1, Pr = 0.9, E1 = 0.01, Sc = 0.9, ε = 0.1, σ1 = 0.5, σ2 = 0.4, σ3 = 0.3, x0 = 0.3469.
[image: Figure 8]FIGURE 8 | Effect of small parameter on concentration profile for the stochastic model using Re = 3, β = 1, GrC = 0.5, Ec = 0.1, γ = 0.1, GrT = 0.4, Ha = 0.1, Pr = 0.9, E1 = 0.01, Sc = 0.9, ε = 0.1, σ1 = 0.5, σ2 = 0.4, σ3 = 0.3, x0 = 0.3469.
[image: Figure 9]FIGURE 9 | Velocity, temperature, and concentration profiles of the stochastic model using Re = 3, β = 1, GrC = 0.5, Ec = 0.9, γ = 0.1, GrT = 0.4, Ha = 0.1, Pr = 0.9, E1 = 0.01, Sc = 0.9, ε1 = 0.1, ε = 0.1, σ1 = 0.5, σ2 = 0.4, σ3 = 0.3, x0 = 0.3469, tf = 1.
Figures 10, 11 show the mesh plots for the horizontal and vertical components of velocity profiles for the oscillatory boundary beneath contours. Because the time coordinate determines the oscillation border, oscillatory behaviour can be observed along the time coordinate. The stochastic effect on the horizontal velocity component is not noticeable or minor. Nonetheless, the variation of Wiener process term(s) is visible in the contours for the horizontal velocity component. The mesh plot for the temperature profile over spatial and temporal coordinates is shown in Figure 12. Figure 12 depicts the influence of the oscillatory boundary on the velocity profile and the effect of the Wiener process term. In Figures 13, 14, the mesh plots beneath contours for the horizontal component of velocity and concentration profiles are displayed over the spatial coordinates. Figure 15 compares the proposed stochastic and existing Euler Maruyama schemes for the problem considered in this contribution. Figure 16 shows the norm of difference between numerical and exact solutions for the first example studies in [48]. Different mesh sizes are considered for the study. The mesh sizes are [image: image] along [image: image] and [image: image] directions. This Figure 16 also shows that error decreases by increasing mesh size. The error is calculated by finding the [image: image] norm for the difference between numerical and exact solutions at the final time.
[image: Figure 10]FIGURE 10 | Mesh plot underneath contours for the horizontal component of velocity profile on spatial and temporal coordinates of the stochastic model using Re = 3, β = 1, GrC = 0.5, Ec = 0.1, γ = 0.1, GrT = 0.4, Ha = 0.1, Pr = 0.9, E1 = 0.01, Sc = 0.9, ε1 = 0.1, ε = 0.1, σ1 = 0.5, σ2 = 0.4, σ3 = 0.3, Lx = 27, uw = cos(t).
[image: Figure 11]FIGURE 11 | Mesh plot underneath contours for the vertical component of velocity profile on spatial and temporal coordinates of the stochastic model using Re = 3, β = 1, GrC = 0.5, Ec = 0.1, γ = 0.1, GrT = 0.4, Ha = 0.1, Pr = 0.9, E1 = 0.01, Sc = 0.9, ε1 = 0.1, ε = 0.1, σ1 = 0.5, σ2 = 0.4, σ3 = 0.3, Lx = 27, uw = cos(t).
[image: Figure 12]FIGURE 12 | Mesh plot underneath contours plot for temperature on spatial and temporal coordinates of the stochastic model using Re = 3, β = 1, GrC = 0.5, Ec = 0.1, γ = 0.1, GrT = 0.4, Ha = 0.1, Pr = 0.9, E1 = 0.01, Sc = 0.9, ε1 = 0.1, ε = 0.1, σ1 = 0.5, σ2 = 0.4, σ3 = 0.3, Lx = 27, uw = cos(t).
[image: Figure 13]FIGURE 13 | Mesh plot underneath contours for the horizontal component of velocity profile on spatial coordinates of the stochastic model using Re = 3, β = 1, GrC = 0.5, Ec = 0.1, γ = 0.1, GrT = 0.4, Ha = 0.1, Pr = 0.9, E1 = 0.01, Sc = 0.9, ε1 = 0.1, ε = 0.1, σ1 = 0.5, σ2 = 0.4, σ3 = 0.3, Lx = 27, uw = cos(t).
[image: Figure 14]FIGURE 14 | Mesh plot underneath contours for concentration profile on spatial coordinates of the stochastic model using Re = 3, β = 1, GrC = 0.5, Ec = 0.1, γ = 0.1, GrT = 0.4, Ha = 0.1, Pr = 0.9, E1 = 0.01, Sc = 0.9, ε1 = 0.1, ε = 0.1, σ1 = 0.5, σ2 = 0.4, σ3 = 0.3, Lx = 27, uw = cos(t).
[image: Figure 15]FIGURE 15 | Comparison of (A) proposed scheme and stochastic scheme (B) Euler Maruyama method using Re = 3, β = 1, GrT = 0.4, GrC = 0.5, ε = 0.1, ε1 = 0.1, H0 = 0.1, E1 = 0.01, Pr = 0.9, Ec = 0.9, Sc = 0.9, γ = 0.1, σ1 = 0.9, σ2 = 0.7, σ3 = 1.3.
[image: Figure 16]FIGURE 16 | Error over mesh size using. tf (final time) = 0.07, Nt (No. of time levels) = 1000.
6 CONCLUSION
The precise representation and simulation of unsteady non-Newtonian mixed convective flows incorporating varying thermal conductivity and mass diffusivity provide a noteworthy obstacle within fluid dynamics. The present study has introduced an innovative strategy to tackle this obstacle by devising and executing a novel stochastic finite difference scheme. The main objective of this study was to develop a robust computational tool that can effectively model the stochastic characteristics of intricate fluid flow phenomena. This tool aims to improve our comprehension, prediction, and optimization of systems in which these phenomena are present. By investigating the mathematical underpinnings and computational execution of our innovative approach alongside a sequence of numerical trials, we have acquired significant knowledge regarding the possibilities and constraints of the scheme. Including stochastic aspects in the modelling process significantly enhances the precision and dependability of simulations, particularly in scenarios involving systems inherently characterized by unpredictability and uncertainties. A stochastic numerical approach has been created to solve stochastic time-dependent partial differential equations. Stages of prediction and correction form the basis of the plan.
In contrast, the corrector stage approximates the integral of the Wiener process term and gives second-order precision for the non-stochastic portion. The paper also discussed the issue of non-Newtonian fluid flow over flat and oscillatory plates subject to the influence of temperature and mass diffusivity variations. In summary, the arguments might be stated as.
1. The velocity profile declined as the values of the Casson parameter and Hartmann number increased.
2. The velocity has dual behaviour by rising local electric parameters.
3. The temperature and concentration profiles have dual behaviours by rising small parameters that appeared in variable thermal conductivity and mass diffusivity.
The results of our study have indicated that the newly developed stochastic finite difference scheme holds significant value as a supplementary tool for academics and engineers engaged in fluid dynamics. The proposed methodology demonstrates a high level of efficacy in managing the challenges posed by unsteady non-Newtonian mixed convective flows with varying thermal conductivity and mass diffusivity but also contributes to a more comprehensive comprehension of the influence of stochastic elements within these intricate systems. Consequently, this scheme can enhance decision-making processes in designing and optimizing numerous processes across several disciplines, such as chemical engineering, environmental science, and fluid mechanics. We expect this unique technique to be widely adopted as we develop and expand. We believe it can advance our understanding and application of complex, stochastic fluid flow processes.
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The article investigates removability conditions for singularities of anisotropic parabolic equations and in particular for the anisotropic porous medium equation and it aims in the numerical validation of the analytical results. The preconditions on the strength of the anisotropy are analyzed, and the analytical estimates for the growth behavior of the solutions near the singularities are compared with the observed growth in numerical simulations. Despite classical estimates used in the proof, we find that the analytical estimates are surprisingly close to the numerically observed solution behavior.
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1 Introduction

In this article, we investigate singularities of solutions of anisotropic parabolic equations, and in particular the ones of the anisotropic porous medium equation. We focus on conditions for the removability of singularities for such solutions and compare analytically obtained removability results with observed solution behavior in numerical simulations.

For quasilinear elliptic equations, the problem can be formulated as follows. Let Ω be an open subset in ℝn. The function u is defined in Ω\{x0} and satisfied some quasilinear partial differential equation in Ω\{x0}, i. e., except in the point x0 where a singularity might lie. The removability problem consists of extending the function u to the entire domain Ω so that the extended function ũ satisfies the same quasilinear equation in Ω, and in finding conditions that guarantee the existence of the extension. If the extension of u to ũ is possible, we will say that the singularity in x0 is removable.

Additionally, while dealing with equations of parabolic type like done in this article, singular initial data arise in a natural way. The problem statement remains the same, but it can be formulated in different ways: either as the question of a removable singularity or as the non-existence of a solution with a singularity.

The qualitative behavior of solutions to quasilinear elliptic and parabolic equations near the point singularity was investigated by many authors starting from the seminal paper of Serrin [1]. Further analysis of sufficient conditions for the removability of singularities of solutions has been made by many authors for different classes of nonlinear elliptic and parabolic equations, cf. [2] and the references therein. As for anisotropic elliptic and parabolic equations, their active research began recently. There are many scientists who presented fundamental results in the qualitative theory for such equations. Feo, Vázquez, Volzone, Song, Jian deal with questions about the existence of a fundamental solution [3], self-similar fundamental solutions [4, 5], existence and uniqueness of a bounded and continuous solution for equations with singular advections and absorptions [6, 7]. Skrypnik and his co-authors obtained removability results for the anisotropic versions of the porous medium equation and for the fast diffusion equation [8], the p-Laplacian equation [9] and doubly nonlinear anisotropic parabolic equations [10], including equations with an absorption term [11–16], etc.

The paper is organized as follows. In Section 2, we introduce the statement of the singularity problem for anisotropic parabolic equations. In Section 3, we provide the history of the removability problem for isotropic and anisotropic equations. In Section 4, we present the analytical results on the growth behavior of solutions near the singularities, which are validated and visualized by hands of numerical simulations in Section 5. The paper finishes with a resume and an outlook.



2 Problem statement

We study non-negative solutions to the anisotropic parabolic equation

[image: image]

where ΩT = Ω × (0, T), Ω is a bounded open set in ℝn with n≥2, which without loss of generality, contains the origin, i. e., x0 = 0 ∈ Ω, and where T with 0 < T < +∞ is a finite time. The initial condition is

[image: image]

and allows a concentrated essential weight in the origin.

Eq. (1) can be seen as a diffusion equation for the concentration u = u(t, x), and the diffusion parameters depend on the concentration u as well as on the direction in ℝn via the different exponents mi−1. The exponents mi, which are not necessarily integers, have a strong physical background. In fact, they come from fluid dynamics in anisotropic media. If the conductivities of the media are different in different directions, the exponents mi are different from each others [17].

In the special case m1 = m2 =...mn = 1, Eq. (1) reduces to the isotropic heat equation. But for mi>1, i = 1, …, n, the diffusion parameters tend to zero with decreasing concentrations. Thus, the diffusion process degenerates near zero concentrations. In this case, Eq. (1) is degenerate parabolic, and it is called an anisotropic porous medium equation [18]. On the other hand, for mi < 1, i = 1, …, n, the equation is singular parabolic and called anisotropic fast diffusion equation [19].

As we see, the anisotropy of Eq. (1) is realized via the exponents mi−1 in the concentration-dependent diffusion parameters [image: image]. The case mi>1 means that the diffusion strength increases with a growing positive concentration u, where mi < 1 leads to a diffusion strength that increases up to infinity for decreasing u tending to 0. Therefore for small u and mi < 1, we expect the faster leveling behavior the smaller u is in xi-direction.

Here, we consider the case when anisotropy exponents are restricted by two conditions, namely first, a lower bound

[image: image]

and next, an upper bound depending on the mean of the exponents

[image: image]

As a first idea, conditions (3) and (4) mean that the exponents mi might be commonly large but might not differ too much or be too small, comp. Section 4.2, where the admissible anisotropies are investigated in more detail. These conditions cover also the case where one part of the exponents mi is greater than 1 and the other part mi is less than 1.

Remark 1. In all known related publications, the cases of degenerate (mi>1, i = 1, …, n) and singular (mi < 1, i = 1, …, n) parabolic equations were considered independently from each other even in the isotropic case, i. e. for m1 = m2 =... = mn = m. The used methods for proving the results depend on either the degenerate or singular character of equations.

Remark 2. Without loss of generality, we will assume that the point [image: image] carries a singularity, otherwise we can make a change of variable by a simple translational shift.

Remark 3. Initial condition (2) can be written in the following way

[image: image]

In this case, it will be about the non-existence of solutions to the Cauchy problem with a singular initial condition, and not about the removability conditions.

Here, we are interested in solving the problem (1, 2) numerically and testing the analytical results from [8] which guarantee that the singularity at (0, 0) is removable.



3 History of the problem

The first theorem on removable singularities was obtained by Riemann. In his doctoral dissertation [1851, see Riemann [20]], he established the removability of an isolated singular point for a harmonic function of two real variables. In the general case, the necessary and sufficient condition of the removable singularity at the point x0 for a harmonic function u in [image: image] has the form

[image: image]

Here

[image: image]

is the fundamental solution of Laplace's equation that exhibits the solution with the “minimal” singularity at x = x0. It's easy to see how the condition (Equation 5) works if we expand the harmonic function into a series of spherical harmonics under the following form

[image: image]

where r, σ are the spherical coordinates in [image: image], and ψi(σ), [image: image] spherical harmonics of degree n. If we assert that the condition (Equation 5) is satisfied, i.e., ũ(r, σ) = o(ε(r)) as r → 0, then the first term on the right side in Equation (7) is missing. It means that u is a harmonic function in the whole ℝn. So this condition shows that there is no solution of Laplace's equation which is singular at the point x0 and satisfies condition (Equation 5). It is obvious that the question of the removability of the singularity is conditioned by the growth of u near this point. If for example [image: image] as r → 0, for some nonnegative integer b, then u admits an asymptotic expansion of the following form

[image: image]

and stays harmonic in [image: image]. Therefore, a crucial step in studying the singularity problem is the knowledge of an a priori estimate of u near the singularity.

Then for a long time, the only study of singularity problems dealt with linear equations and with radial solutions of Laplace's equation with nonlinear sources or absorptions. In fact, the first breakthrough is due to Serrin [1] who obtained the first general results on quasilinear equations. His precise condition on removability of singularity for nonnegative solutions of the p-Laplacian equation

[image: image]

reduces to

[image: image]

where ε(x−x0) is the fundamental solution of the p-Laplacian equation and is described by the formula

[image: image]

Around 1980, the sharp development of the theory of nonlinear partial differential equations allowed another breakthrough in the study of nonradial singular solutions of Laplace's equations with nonlinear sources and absorptions. This was initiated by Gidas and Spruck [21], Lions [22] and Veron [23]. After this first period, many articles have been published taking into account the different aspects of the singularity problem for the above-mentioned equations and also for parabolic equations. We refer to the monograph by Veron [2] for an account of these results.

During the last decade, there have been growing interest and substantial developments in the qualitative theory of second-order anisotropic elliptic and parabolic equations e.g., [5, 24–30], in particular results for anisotropic porous medium equation can be found in Ciani and Henriques [31], Feo et al. [4], Henriques [32], Song and Jian [3], Song [6], and Song [7]. The study of these equations is complicated by the fact that a general qualitative theory for them has not been constructed, in addition, the explicit form of the fundamental solution is unknown in most of the cases. Therefore, the problem arises of obtaining precise conditions for the removability of the singularities for anisotropic elliptic and parabolic equations. Due to the fact that it is not possible to construct the fundamental solution of Equation (1) in an explicit form similar to Equations 6, 8, until recently it was not clear how to formulate the precise or at least sufficient condition for the removability of the singularity for the solution of this equation. This question was successfully solved in Namlyeyeva et al. [10], where is proved that the singularity at the point (x0, t0) with x0 = 0∈ℝ and t0 = 0 for the solution of the equation

[image: image]

is removable if the following condition holds

[image: image]

where is [image: image], and the exponents are given by

[image: image]

with

[image: image]

The anisotropic doubly nonlinear parabolic (Equation 9) reduces to the anisotropic p-Laplacian evolution equation if m1 = m2 =... = mn = 1. Further for p1 = p2 =... = pn = 2, we obtain the degenerate case of Eq. (1). Other results on the removability of singularities for anisotropic equations concern special cases of Eq. (9) with absorption [11] and gradient absorption terms [12] and for anisotropic elliptic equations [9, 13–15]. But at this stage of the study, we are not interested in equations with additional terms.



4 Results and visualization


4.1 Removability result for anisotropic parabolic equation

Before presenting sufficient conditions for the removability of singularities, let us formulate the definition of a weak solution of the problem (Equation 1, 2), and let us define removable singularities.

Definition 1. We write Vm(ΩT) for the class of functions φ∈C(0, T, L2(Ω)) with

[image: image]

Definition 2. A weak solution with a singularity at the point (0, 0) of the problem (Equations 1, 2) is a function u(x, t)≥0 satisfying the inclusion [image: image] and the integral identity

[image: image]

for any 0 < τ < T, any test function [image: image] and any [image: image] vanishing in a neighborhood of (0, 0).

Definition 3. We say that the solution of the problem (Equations 1, 2) has a removable singularity at the point (0, 0) if the integral identity (Equation 10) holds for ψ≡1.

According to Def. 3, the u is integrable over the neighborhood of the point (0, 0) supporting the singularity. Hence, the singularity cannot be too strong or not too widely opened, i.e. [image: image] with restricted exponent α. Here u is formally L1 in the combined space for x and t, and that means that a solution with singular initial values decreases fast enough for growing t.

Theorem 1. Assume that the conditions in Equations (3, 4) are fulfilled. Let u be a weak solution of the problem (1, 2) with a singularity at the point (0, 0). Then the singularity of the solution u is removable if

[image: image]

where [image: image] with

[image: image]

The condition (Equation 11) can be rewritten in the following form

[image: image]

It is natural to expect that v(x, t) determines the asymptotic behavior of the fundamental solution. We know about the existence of the fundamental solutions [3], and for anisotropic fast diffusion equation, the existence and uniqueness of the self-similar fundamental solutions [4]. Since the explicit form of the fundamental solution is unknown, we are dealing with a sufficient condition of the removability for Eq. (1), and not with a precise one.



4.2 Admissible anisotropies

The conditions (Equations 3, 4) restrict the possible exponents mi, i = 1, …, n from below and from above. Whereas (Equation 3) contains a constant restriction from below (Equation 4) rather restricts the deviation from the mean value m of the exponents.

In the two-dimensional case with n = 2, conditions (Equations 3, 4) read

[image: image]

Figure 1 illustrates the set of all admissible exponents in the case n = 2. We start with the inclined line m1+m2 = 2m with all pairs (m1, m2) with the same mean value m. Due to mi<m+1, each exponent may not deviate further than 1 from m, and we get a stripe, cf. thick line, and gray stripe in Figure 1.


[image: Figure 1]
FIGURE 1
 Set of admissible anisotropies in the two-dimensional case n = 2. The gray domains shows all admissible pairs (m1, m2) with respect to conditions (3) and (4).


A similar consideration provides the set of admissible exponents in the three-dimensional case with n = 3. Then, inequalities (Equations 3, 4) read

[image: image]

The left plot in Figure 2 starts with the plane m1+m2+m3 = 3m containing all triples (m1, m2, m3) with the same mean value. The marked dot gives the isotropic triple (m, m, m). The plane is restricted by the planes [image: image], which are parallel to the axis-planes of the coordinate system. In the shown situation in Figure 2, left, the lower restriction is not present. If the lower restriction [image: image] becomes active, we get a slightly more complicated admissible area, cf. the right plot in Figure 2.


[image: Figure 2]
FIGURE 2
 Left: Construction of all admissible triples (m1, m2, m3) with m = 1. The hatched plane gives all triples with m = 1, and the gray triangle is the sub-area restricted by [image: image], i = 1, 2, 3. Right: Set of admissible anisotropies in the three-dimensional case n = 3. The gray intersections show the admissible areas for [image: image], m = 1, [image: image] and [image: image]. Remark the restrictions [image: image] for i = 1, 2, 3.


The right plot in Figure 2 presents the three-dimensional set of admissible triples (m1, m2, m3). Additionally, the intersections which were already shown in the left plot, are drawn. These are the rotated triangle for [image: image], a hexagon for m = 1, a two next triangles in gray for [image: image] and [image: image].

Larger [image: image] with inactive condition (Equation 3) lead to triangles and the set of admissible exponent triples is a triangular prism around the diagonal of the positive part of ℝ3. In total, we see a prismatic beam with a triangle cross section and a diagonal in the symmetry axis of the beam. This triangle beam is restricted for small exponents mi by planes following condition (Equation 3). Analogous beams are found for higher dimensions n>3, too.

Consequently, the analytical and numerical considerations presented in this article, are valid for moderate differences between the exponents mi in Eq. (1). Otherwise, the mean value m itself, generating the non-linearity in Equation 1 is not limited.




5 Numerical validation

Here, we present the numerical solution of Eq. (1) with the initial condition (Equation 2). It is solved by finite differences, and the singularity in the initial condition was replaced by a particular value conserving the integral. Of course, finite differences are not the ideal method to handle highly oscillating or highly changing values, and rather finite elements with their integrative aspect over each element would be appropriate.

But on the other hand, finite differences are a method which is not related to the removability condition in Eq. (10), which is an integral identity directly connected to the weak formulation of Eq. (1) and thus to finite elements. Therefore, we regard finite differences as a properly unbiased method. By the way, no qualitative difficulties occurred with the numerical solution in Matlab (as used here), Python, or Octave.

Figures 3, 4 show the time evolution of the concentrated initial value in Eq. (2) for n = 2. After a small time, the expected leveling behavior together with an anisotropy close to the origin is observable.


[image: Figure 3]
FIGURE 3
 Numerical solution u = u(t, x) of Eq. (1) with m1 = 1.3 and m2 = 0.6. Left: Numerical approximation of the initial condition (2). Right: Small t = 0.3·10−3 provides a first leveling and a visible anisotropy close to the foot of the former positive values in the origin.



[image: Figure 4]
FIGURE 4
 Numerical solution with increasing times, continuation, same m1 = 1.3 and m2 = 0.6. Left: Further smoothing for t = 0.6·10−3. Right: For t = 0.9·10−3, the initial values have been nearly completely leveled out.


Next, we test the limit behavior given in Equation 11 as a removability condition. We compare the numerical solution u = u(t, x) for certain times t>0 with the estimate function v used in Eq. 12 to give an upper bound in the limit x → 0 and t → 0. Figure 5 shows the claimed small-o behavior of u, s. conditions (Equations 11, 12). Please remark that the comparison for t = 0 is not reasonable due to the vanishing initial values outside the origin. Although the small-o behavior of the estimate is numerically reproduced, the computed solution goes a little faster to 0 than the estimate. This coincides with the reformulation of the removability condition (Equation 12).


[image: Figure 5]
FIGURE 5
 Comparison: Quotient between u(·, x) and the behavior estimate v in condition (Eq. 11). Left: Close to the initial time t = 0.1·10−3. Right: Later for t = 0.5·10−3, the estimate is less perfect, in particular close to the origin for x → 0 some disturbances are visible.


We observe that the quotient u/v of condition (Eq. 12) is indeed bounded and tends numerically to zero when (x, t) approaches the point (0, 0) carrying the singularity at the initial time. Furthermore, we see that the qualitative tendency observed in the numerical data u is well estimated by the analytical estimate v because the quotient approaches linearly zero in all directions.

Remark that no numerical artifacts are remarkable although the finite differences are a very rough numerical method. Together with the argument that the finite difference method is not biased as e. g. finite elements would be due to the condition in Eq. (10), which would make a non-removable singularity numerically not accessible at the same time, we rate the numerical simulation as a good validation and strong support of the power of the analytical estimate v in condition (Eq. 11).



6 Resume and outlook

We have shown that the removability conditions from [8] for the anisotropic porous medium equation and fast diffusion equation can be numerically reproduced and validated for the admissible anisotropies, whereat the conditions on feasible anisotropies allow not too large differences in the exponents mi on the one hand but sufficiently multifaceted situation for modeling various physical situations.

Further research will focus on expanding the considerations of removability conditions to more general partial differential equations, e.g. anisotropic version of the evolution p−Laplacian equation. Another interesting question is whether some anisotropies with large differences between the exponents might lead to a comparable behavior of the solutions or whether some extenuated assertations about the growth and decay behavior of the solution can be found.
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The study deals with plastic and non-plastic sub-spaces A of the real-line ℝ with the usual Euclidean metric d. It investigates non-expansive bijections, proves properties of such maps, and demonstrates their relevance by hands of examples. Finally, it is shown that the plasticity property of a sub-space A contains at least two complementary questions, a purely geometric and a topological one. Both contribute essential aspects to the plasticity property and get more critical in higher dimensions and more abstract metric spaces.
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1 Introduction

Here, we investigate properties of plastic metric spaces. Shortly speaking, a metric space is plastic if every non-expansive bijection is an isometry, cf. Section 2.

We will observe that the plasticity property consists of a geometrical sub-problem and a topological sub-problem. That is the reason why plasticity of a metric space, which can be easily defined, evolves as a challenging mathematical problem. In particular, we observe that the plasticity of a metric space is not inherited from sup-spaces, i. e., from including spaces, and it does not inherit to sub-spaces, i. e., to included spaces.

In this study, we concentrate on metric spaces which are sub-spaces of the real axis, and in this apparently simple situation, the typical difficulties come to the light.

The probably first study devoted to the plasticity problem is the study mentioned in the reference [1]; however, the term "plasticity" appeared much later and the problem itself remained unnoticed for several decades. A short literature survey and the information about the current progress in solution of the problem are shown in Section 2.2.

The study is organized as follows. Section 2 introduces the basic concepts and illustrates the existence of non-expansive bijections in the case that the metric space is a union of closed intervals. This case demonstrates the geometrical aspects of the problem. Then, Section 3 discusses the plasticity of metric spaces by means of metric spaces which are unbounded sequences of points, investigates the relevance of accumulation points and continuous subsets, and attacks the more topological parts of the plasticity concept. Finally, Section 4 resumes the observations and gives a short outlook to further research.



2 Basic concepts

We denote a metric space by (A, d) where A is the set of points and d: A × A → ℝ+ = {x ∈ ℝ: x ≥ 0} is the distance obeying the known axioms of positivity, symmetry, non-degeneracy, and the triangle inequality.


2.1 Non-expansive maps

A map φ: A→A from the metric space A into itself is called non-expansive if

[image: image]

is fulfilled. If the equality holds for all pairs x, y ∈ A, φ is an isometry.

The condition in Equation (1) is equivalent to the Lipschitz-continuity of the map φ on A with Lipschitz constant 1. Thus, a non-expansive φ is also continuous on A.

We will investigate metric spaces A ⊆ Aex which are embedded in a metric sup-space (Aex, dex) because the space Aex might be known and well understood, and thus, its points or rather a selection of them serve as elements of A. Now, it is obvious that the restriction of the metric space (Aex, dex) to the set A leads to the metric space (A, d) by the restriction of the distance d = dex|A×A to the set A. It is less obvious whether a metric space (A, d) can be extended to a sup-set Aex by choosing an appropriate dex. However, it is always possible, to choose a function [image: image], which fulfills the properties of symmetry, non-degeneracy, and positivity with [image: image], which of course is not a metric in general. Then, we can define the metric

[image: image]

as the infimum over all possible paths of arbitrary length between x and y. However, such a metric [image: image] may not really be an extension. As in the real life, if one builds a new paths, which are shorter, the old ones may no longer be used. In our notation, this means that it may happen [image: image] for some x, y ∈ A.

Nevertheless, one may define a real extension dex of the metric d, which is more artificial and a bit similar to the French railways metric in the following way. Let us fix a point x0 of the set A and define an arbitrary metric dAex on the set (Aex\A) ∪ {x0}, which might be the discrete metric or any other metric. Although less intuitive, the needed extension is

[image: image]

existing and easily available. Therefore, we will not distinguish between dex and d in the following but use the distance d in the extended metric space and sub-space.

Oppositely, it is not evident whether the existence of a non-expansive map φex: Aex → Aex provides a non-expansive map φ: A → A because the simple restriction φ = φex|A, although still Lipschitz continuous, is not necessarily a map into A. It might happen that the image imφ = φ(A) ⊆ Aex is not a subset of A. The opposite question whether a non-expansive φ: A → A can be extended to a non-expansive map on the extended space Aex is the question about the extension of Lipschitz maps, preserving the Lipschitz constant. In particular, it is always possible for real-valued functions according to McShane's extension theorem [2]. For functions from a subset of ℝn to ℝn, the extension to the whole Euclidean space is possible due to Kirszbraun's theorem [3]. We will observe that non-expansive maps pose a lot of interesting questions and some of them can be answered.



2.2 Plastic metric spaces

Let us define a plastic metric space.

Definition 2.1. A metric space A is called expand-contract plastic (EC-plastic)—or just plastic—if every bijective non-expansive map φ: A → A is an isometry.

Definition 2.1 defines a plastic metric space A via the non-existence of any non-expansive bijection of the metric space A to itself, which is not an isometry. Some simple examples are the non-plastic metric space A = ℝ with the non-isometric non-expansive bijective map φ: x ↦ x/2 and the plastic metric space A = [0, 1] ⊂ ℝ with exactly the two non-expansive bijections φ1 = id. and φ2: x ↦ 1−x, which are both isometries.

The only general result concerning plasticity of metric space states that every totally bounded metric space is plastic, see Naimpally et al. [4] for details. In fact, in the study mentioned in the reference [4], a more general result was obtained, i. e., so-called strong plasticity of totally bounded metric spaces was shown.

Definition 2.2. A metric space A is called strongly plastic if for every mapping φ: A → A the existence of points x, y ∈ A with d(φ(x), φ(y)) > d(x, y) implies the existence of two points [image: image] for which [image: image] holds true.

This property and its uniform version were researched in the study mentioned in the reference [5]. It says that any expansion of a distance between two points implies the existence of two other points which are contracted by the map φ. Observe it is extremely important not to interchange expansion and contraction.

In the study mentioned in the reference [6], the following intriguing question was posed.

Problem 2.3. Is it true, that the unit ball of an arbitrary Banach space is plastic?

Observe that in finite dimensions, this question is answered positively since in finite dimensions, the unit ball is compact and thus totally bounded. Moreover, the question is open only in the infinite dimensional case and the following more general problem.

Problem 2.4. For which pairs (X, Y) of Banach spaces, every bijective non-expansive map φ: BX(0) → BY(0) between the unit balls is an isometry?

There are a number of relatively recent particular results, devoted to these problems, see Angosto et al. [7], Haller et al. [8], Kadets andd Zavarzina [9], Leo [10], and Zavarzina [11]. There exists also a circle of problems connected with plasticity property of the unit balls. In the study mentioned in the references [12] and [13], the so called linear expand-contract plasticity of ellipsoids in separable Hilbert spaces was studied, which means that only the linear non-expansive bijections were considered in the definition of plasticity.

Many natural questions concerning plasticity seem to have no answer or even have not yet been considered. In 2020, Behrends [14] draw attention to the fact that nobody studied the subsets of the real line with respect to the plasticity problem. He tried to attack this problem and received some results in this direction, however, decided not to publish them. Moreover, the following problem is still open.

Problem 2.5. What characterizes plastic sub-spaces of the real line ℝ with the usual metric d?

In spite of the seeming simplicity of the question, it is not so easy to deal with. Let us first list the previously known results. As we mentioned before, the set ℝ itself with the usual metric is not plastic. If one considers any bounded subset, it is already plastic due to its total boundedness.

On the other hand, it is easy to show that the set of integers ℤ with the same usual metric is plastic in spite of its unboundedness and the set ℝ\ℤ. The proof of the plasticity of both mentioned spaces may be found in the study mentioned in the reference [4]. In the proof of plasticity of the set ℝ\ℤ, one of the possible cases was missed; nevertheless, the statement is still correct.

Already, these examples show that there is no simple answer to the question whether a metric space is plastic or not. Rather we could give the interpretation that there are some critical points, e. g., the integers in these examples, which every non-expansive bijection φ definitely has to pass, what relates to the geometry of the metric space A, and that there are some parts of the metric space which cannot be glued to each other such as singular points or open intervals, what relates to the topological aspects of plasticity. We observe that sub-spaces of the real axis are already sufficiently multifaceted to study the plasticity problem of metric spaces. The question whether more general metric spaces are plastic, provoke analogous difficulties, and again contain geometrical and topological aspects.

Here, we will generalize the known results and say something more about plastic sub-spaces of the real line. The previously mentioned results explain why we consider only unbounded sets in what follows.

All over the text, we use the notion d for the usual Euclidean metric d(x, y) = |x − y| for x, y ∈ ℝ. Round brackets denote open intervals (x, y) = {z ∈ ℝ: x < z < y} and square brackets denote closed intervals [x, y] = {z ∈ ℝ: x ≤ z ≤ y}.



2.3 A subset of the real axis

We have observed that the real axis ℝ has sufficiently interesting metric sub-spaces for the investigation of plasticity. The Lipschitz condition in Equation (1) lets us easily decide whether a map φ:ℝ → ℝ is non-expansive or not—just by the graph of the map φ, see Figure 1. Due to our considerations in Section 2.1, which is applied here with A as union of intervals and Aex = ℝ, the map φ can be extended—not necessarily in a unique manner—as non-expansive function φex on the entire axis ℝ. Thus, φex is continuous on ℝ.


[image: Figure 1]
FIGURE 1
 Non-expansive maps φ1, φ2, and id. and an expansive map χ for a union A ⊂ ℝ of closed intervals of increasing length. The Cartesian product A × A is given in gray, and the bijections are black.


Figure 1 shows examples of bijective maps from the union of intervals A = …∪[a2, a3]∪[a4, a5]∪… ⊂ ℝ onto itself. In this example, the closed interval and the interspaces have increasing lengths, in detail aℓ+1−aℓ ≥ aℓ−1−aℓ−2 for all ℓ ∈ ℤ. Due to its continuity, every bijection φ passes monotonically a rectangle in A × A. In this example, with increasing lengths of the respective intervals, we easily detect particular extensions φex:ℝ → ℝ with φex|A = φ and a slope bounded by 1 because the endpoints of the interspace could be used in Equation (1). Hence, the functions id. and φi, i = 1, 2 below the diagonal are non-expansive, and the function χ above the diagonal is expansive.




3 Main results

Let us start with some interesting observations on simple situations of A, e. g., some sets of singular points.

Proposition 3.1. Let [image: image] be an increasing sequence that obeys

[image: image]

and

[image: image]

Then (A, d) is not plastic.

Proof. The shift φ: ai ↦ ai−1 is an example of a non-expansive bijection which is not an isometry.

Remark 3.2. The relation sign in Equations (2), (3) might be commonly inverted so that the distances between two subsequent points of A decrease instead of increase, and the statement remains unchanged.

Furthermore, let us consider sets which are bounded from one side. Let us recall the definition of an accumulation point, which we will use in what follows.

Definition 3.3. An accumulation point (or limit point) of a set A in a metric space X is a point x, such that every neighborhood of x with respect to the metric on X contains a point of A which differs from the point x.

An accumulation point of a set A does not have to be an element of A. We will proceed with the following lemma.

Lemma 3.4. Let A ⊂ ℝ be a set without accumulation points which is bounded from one side. Let a be a minimal—or maximal—element of A and φ: A → A be a bijective non-expansive map. Then φ(a) = a.

Proof. Without loss of generality, we may consider the case when a is a minimal element. Assume φ(a) ≠ a. Then there is b ∈ A such that φ(b) = a.

Claim: Let be c ∈ A. Then c ≤ b implies φn(c) ≤ b for every n ∈ ℕ.

Proof of the Claim: We will use the induction in n. Indeed, if φn(c) ≤ b and φn+1(c) > b we have

[image: image]

This contradiction completes the proof of the Claim.

Since

[image: image]

we have φ(a) ≤ b. Thus, the Claim provides φn(a) ≤ b for every n ∈ ℕ. Now, the segment [a, b] is a trap for those points, which were mapped there. Our aim is to find such a “trapped” point out of the interior of the segment [a, b] and show that this leads to a contradiction. There are only two possible cases.

Case 1: φ(a) = b. In this case, points a and b were swapped by φ. Then, such a “trapped” point is the closest from the right-hand side point to b. There is c > b such that d(b, c) < d(b, d) for any d > b. Such point c exists since A is unbounded from above and there is no accumulation points. The point c cannot be mapped outside the segment [a, b] since it gives the contradiction with non-expansiveness of φ.

Case 2: φ(a) < b. With such a condition, a “trapped” point is φ(a) itself.

In both cases, we have a point t which does not belong to the interior of the segment [a, b] such that φ(t) belongs to this interior. Consider an orbit of this point t, i. e., the set [image: image]. Due to the bijectivity of φ, this orbit does not have repeating elements. Thus, we have obtained a bounded infinite subset in A which contradicts the fact that A does not have accumulation points.

Remark 3.5. The condition about the absence of accumulation points in Lemma 3.4 cannot be omitted.

This remark is confirmed by the following example.

Example 3.6. Let A = ℤ+ ∪ Q, where [image: image]. The bijective non-expansive map φ is

[image: image]

We observe that φ is bijective and it does not save the minimal element of A. We check that it is non-expansive.

1. For all a, b ∈ ℕ, the isometry d(φ(a), φ(b)) = d(a, b) is valid.

2. For a ∈ ℕ, b = 0, it holds [image: image].

3. For a ∈ ℕ, [image: image], we have [image: image].

4. For a = 0, [image: image], it holds [image: image].

5. In the case [image: image], [image: image], without loss of generality we may assume n < m. Then

[image: image]

The described set is shown on the left of Figure 2.


[image: Figure 2]
FIGURE 2
 (Left) Illustration of Example 3.6. (Right) Illustration of Example 3.8. The gray dots on the axes indicate A. The black dots mark the respective bijection. Clearly, no connection of two points has a slope larger than 1.


Lemma 3.4 immediately implies the following corollary.

Corollary 3.7. Let A ⊂ ℝ be an unbounded set without accumulation points. Let A have a minimal or maximal element and let φ: A → A be a bijective non-expansive map. Then, φ is an isometry, moreover, the identity.

Proof. Without loss of generality, we may consider the case when a is a minimal element. Let us show that φ(x) = x for every x ∈ A. Indeed, for the minimal element a, Lemma 3.4 ensures that φ(a) = a. Now suppose for some fixed y ∈ A, the condition φ(x) = x holds for every x < y, x ∈ A. Consider

[image: image]

Then, φ|A1: A1 → A1 is a bijective non-expansive map, and y is a minimal element. Then φ(y) = y due to Lemma 3.4.

Proposition 4.1 in Naimpally et al. [4] states that for convex (in the sense of the same study) metric spaces, hereditarily EC-plasticity implies boundedness. Moreover, for convex subsets in Euclidean ℝn, hereditarily EC-plasticity and boundedness are equivalent. However, the authors note that convexity is a too strong condition.

In Naimpally et al. [4], Theorem 4.3 states that an unbounded metric space with at least one accumulation point contains a non-plastic subspace. Corollary 3.7 demonstrates that the presence of an accumulation point is essential in the mentioned theorem, since it allows to build examples of unbounded hereditarily plastic spaces.

Let us go back to Example 3.6 and remark another interesting property of non-expansive bijections on ℝ. Suppose we have a set A ⊂ ℝ and a function φ: A → A. We will say that φ preserves the relation “between” on the set A if for any x, y, z ∈ A with x < y < z we have φ(x) < φ(y) < φ(z). Example 3.6 shows that non-expansive bijections do not have to preserve the relation “between.” Surprisingly, there is an example demonstrating the same property with a set without any accumulation points.

Example 3.8. Let A = ℕ ∪ Q, where Q = {2k, k ∈ ℤ−}. The bijective non-expansive map φ is defined by

[image: image]

The map φ does not preserve the relation “between” since −4 < −2 < 0 but φ(−2) < φ(−4) < φ(0). Let us check that φ is non-expansive.

1. If both a, b ≥ −2 or both a, b ≤ −4, the non-expansiveness of φ is obvious.

2. If a ≥ −2 and b ≤ −4, d(φ(a), φ(b)) = |a − b − 3| ≤ |a − b| = d(a, b). Only for a = −2 and b = −4, the inequality a − b < 3 is valid, but even in this case, the previous inequality is true.

The described set is shown on the right of Figure 2.

Furthermore, we are going to present a sufficient condition for a set in ℝ to be plastic. Let us introduce the set

[image: image]

Obviously, several pairs of points may be situated in the same distance. That is why for every p ∈ DA, we call its multiplicity the number of pairs of points in A which are on the distance p. This multiplicity may be finite or infinite.

Theorem 3.9. Let A ⊂ ℝ has no accumulation points and let DA has a maximal element of finite multiplicity or a minimal element of finite multiplicity. Then, (A, d) is a plastic metric space.

Proof. Without loss of generality, we may assume that DA has a minimal element a ∈ ℝ of finite multiplicity k ∈ ℕ. Let us denote

[image: image]

Let us take xi ≤ xj for all i, j with 1 ≤ i < j ≤ 2k. Consider an arbitrary non-expansive bijection φ: A → A. Due to the non-expansiveness of φ, we may conclude that φ maps Xa bijectively onto itself. Thus, φ|Xa is an isometry on Xa. In particular, we find d(x1, x2k) = d(φ(x1), φ(x2k)). Since this distance is the biggest one on Xa, either φ(x1) = x1 and φ(x2k) = x2k or φ(x1) = x2k and φ(x2k) = x1. We will refer them as cases 1 and 2, respectively. In the first case, obviously, for every x ∈ A with x1 < x < x2k, we get φ(x) = x, so, in this case, φ|[x1, x2k]∩A is the identity. In the second case, if the structure of A allows it, φ|[x1, x2k]∩A is the inversion, called total symmetry. Furthermore, following the similar procedure as in Lemma 3.4, we have that in the first case, φ is the identity, and in the second case φ is the total symmetry.

Remark 3.10. The conditions of Theorem 3.9 are sufficient but not necessary for the plasticity of a set without accumulation points.

To make sure that the previous Remark 3.10 is true, one may consider the space (ℤ, d). For Dℤ, the minimal and the maximal elements are equal to 1 and have infinite multiplicity, but the space is plastic. However, we constructed the next example, which is less trivial, to show that plastic spaces which do not satisfy the condition of the previous theorem may have richer structure.

Example 3.11. Let [image: image], where [image: image] is an increasing sequence such that

[image: image]

The corresponding DA has no minimal or maximal element. However, (A, d) is plastic. In fact, let φ: A → A be a non-expansive bijection. Then,

[image: image]

Suppose [image: image], where n ≥ 2. Consider the open ball with the radius n − 1 centered in φ(a0). Due to the structure of A, this ball contains only the point φ(a1), except for the center. On the other hand, the open ball with the radius n − 1 centered in a0, and for n ≥ 3, it contains more than two points, and for n = 2, it contains two points but does not contain a1. In both cases, we have a contradiction to the non-expansiveness of the map φ. That is why the only possible option is as follows:

[image: image]

Furthermore, just in the same way as in Theorem 3.9, we have that φ is either the identity or the inversion.

Now let us speak about the subsets which contain a continuous part. One may prove the following statement in the same way as the Proposition 3.1.

Proposition 3.12. Let be

[image: image]

where bi < ai+1 be such a sequence of intervals that

[image: image]

and

[image: image]

for all i ∈ ℤ. Furthermore, there exists j ∈ ℤ such that

[image: image]

Then, (A, d) is not plastic.

Remark 3.13. In the same way as in Proposition 3.1, the relation signs in Equations (4-6) might be commonly inverted.

Here is one more observation.

Proposition 3.14. Let A ⊂ ℝ contain an interval (a, +∞) or (−∞, a). Then, (A, d) is not plastic.

Proof. Without loss of generality, we discuss the case with (a, +∞). Let us define the map φ with

[image: image]

This map is non-expansive, bijective, and, at the same time, not an isometry.

In Naimpally et al. [4], Theorem 3.9 shows the plasticity of the space ℝ\ℤ. Unfortunately, the proof misses the case that the non-expansive bijection is a symmetry. However, the statement itself is true. One may use the same reasoning to prove the next proposition.

Proposition 3.15. Let

[image: image]

where

[image: image]

Then, (A, d) is plastic.

Remark 3.16. Propositions 3.12 and 3.15 hold true with the closed intervals.

Remark 3.17. On the other hand, if we consider in the statement of Proposition 3.15 half-intervals,

[image: image]

(A, d) is already a non-plastic space.

Remark 3.18. If we consider in the same statement the set of the form,

[image: image]

(A, d) is also a non-plastic space.

Figure 3 illustrates the previous remark.


[image: Figure 3]
FIGURE 3
 Oppositely to Figure 1, half-open intervals allow that φ does not pass entire rectangles in A × A. Rather, it might jump where the intervals can be glued to each other. Remark that this example contains a first half-open interval and all the following intervals are half-open, cf. bijectivity. The topological properties of the intervals in A enter the plasticity problem.


The reader easily provides more examples which consist of open or closed intervals together with half-intervals, all with the same lengths. Again, we remark that the end-points of the intervals are critical points for the plasticity property.



4 Conclusion

The analysis of plastic sub-spaces A of the real-line ℝ has shown that first, the Lipschitz continuity of the map φ: A → A with Lipschitz constant 1 leads to useful and instructive illustrations of the non-expansivity of the map φ, to which it is identical.

The plasticity property of a metric space turned out to contain two complementary aspects, a purely geometrical one and a topological one. Already on the real-line ℝ, the different nature of both aspects become visible. Whereas the geometrical aspect is an extension of the non-expansivity of φ on a simply connected interval, the topological aspect leads to the question whether two or more sub-intervals can be glued at critical points by piecewise translations. Therefore, the investigation of sub-spaces of the real-line ℝ gives an appropriate framework for the investigation of the plasticity of metric spaces.

We expect that the interplay between the two types of nature of the problem gets more severe in higher dimensions. Already unions of rectangles and cuboids as sub-spaces of the d-dimensional Euclidean space ℝd give a tremendous multiplicity of open, half-open, and closed edges and sides—complete or partial.

The named interplay between geometry and topology of the metric spaces gets more and more complicated and less intuitive the more abstract and the more elaborated the metric spaces are. We do not expect any clarification, for example, metric spaces of functions before sub-spaces of the Euclidean spaces are understood.

Future research will concentrate on the question, what else can be said about plastic and non-plastic sub-spaces of the space (ℝ, d). Furthermore, we will explore the extension of a metric space A to larger sets in Aex which contain A. In particular, the metric hull, i. e., the set

[image: image]

gives interesting perspectives in the context of the plasticity problem for the specification Aex = ℝ. We conjecture that the metric hull is the smallest proper extension of the metric space, which is simply connected to Aex and where the plasticity is dominated by the geometry. Therefore, the topology might be sub-ordinated. In the medium term, we hope for an insight into the question how geometry and topology interact in the plasticity of a metric space.
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Damped Burger’s equation describes the characteristics of one-dimensional nonlinear shock waves in the presence of damping effects and is significant in fluid dynamics, plasma physics, and other fields. Due to the potential applications of this equation, thus the objective of this investigation is to solve and analyze the time fractional form of this equation using methods with precise efficiency, high accuracy, ease of application and calculation, and flexibility in dealing with more complicated equations, which are called the Aboodh residual power series method and the Aboodh transform iteration method (ATIM) within the Caputo operator framework. Also, this study intends to further our understanding of the dynamic characteristics of solutions to the Damped Burger’s equation and to assess the effectiveness of the proposed methods in addressing nonlinear fractional partial differential equations. The two proposed methods are highly effective mathematical techniques for studying more complicated nonlinear differential equations. They can produce precise approximate solutions for intricate evolution equations beyond the specific examined equation. In addition to the proposed methods, the fractional derivatives are processed using the Caputo operator. The Caputo operator enhances the representation of fractional derivatives by providing a more accurate portrayal of the underlying physical processes. Based on the proposed two approaches, a set of approximations to damped Burger’s equation are derived. These approximations are discussed graphically and numerically by presenting a set of two- and three-dimensional graphs. In addition, these approximations are analyzed numerically in several tables, including the absolute error for each approximate solution compared to the exact solution for the integer case. Furthermore, the effect of the fractional parameter on the behavior of the derived approximations is examined and discussed.
Keywords: nonlinear fractional partial differential equations (PDEs), damped Burger’s equation, Aboodh residual power series method, Aboodh transform iteration method, Caputo operator
1 INTRODUCTION
There has been a growing interest in fractional differential equations (FDEs) in recent years. The fractional approach is a strong modeling paradigm in mechanics and materials, wave propagation, anomalous diffusion, and turbulence. Natural phenomena exhibit anomalous diffusion, in which the underlying stochastic process does not follow Brownian motion. Compared to the Gaussian process, the mean-square variance may rise more quickly for superdiffusion or more slowly for subdiffusion. Due to long-range correlations in dynamics or anomalously large particle jumps, non-Gaussion diffusion models can be constructed utilizing nonlocal-in-time or nonlocal in-space operators, such as Caputo or Riemann–Liouville derivatives. The advantage of the fractional model is that anomalous diffusion is well described [1–11]. The singularity of the kernel poses a difficulty for the authors of Caputo and Riemann derivatives. Considering the fact that the kernel is utilized to clarify the memory impact of the physical system, it is indisputable that this limitation restricts both derivatives from accurately assessing the full effect of the memory. Caputo and Fabrizio (CF) [12] introduced a novel fractional operator with an exponential kernel during the mid-1990s as part of their effort to do so. The utilization of the nonsingular kernel of this derivative produces more logical outcomes when compared to the conventional method. A compilation of CF operator implementations has been expanded around in Ref. [13–15]. The research articles cited encompass a diverse range of topics within the field of control systems, vibration isolation, and neural network approximation. Guo et al. delve into fixed-time safe tracking control and non-singular fixed-time tracking control of uncertain nonlinear systems [16, 17] 3. Lu et al. focus on nonlinear vibration isolation systems with high-static-low-dynamic stiffness [18, 19]. Additionally, Luo et al. explore adaptive optimal control of affine nonlinear systems using identifier-critic neural network approximation [20]. These studies contribute valuable insights and advancements to their respective areas, showcasing the ongoing innovation and research efforts in control theory and engineering applications.
Determining an exact solution to partial differential equations (PDEs) of fractional order is exceedingly challenging. The ability to precisely and numerically solve such equations is critical in applied mathematics. As a result, innovative approaches have been developed to obtain analytical solutions that demonstrate a significant level of accuracy compared to the precise solutions [21–23]. The resolution of differential equations often involves the utilization of integral transformations. Employing integral transformations makes resolving IVPs and BVPs in differential and integral equations possible efficiently. An extensive array of scholars examined the consequences of various integral transforms applied to distinct classes of differential equations [24–26]. The Laplace transform is the integral transform that is most commonly utilized [27]. In 1998, Watugala [28] introduced the Sumudu transform, which proved to be an efficient approach to addressing control engineering and differential equations challenges. In 2011, T. Elzaki and S. Elzaki proposed the “Elzaki Transform” as an innovative integral transform; its utilization in the resolution of partial differential equations has since become widespread [29]. In 2013, Aboodh additionally presented the “Aboodh Transform (AT)” and applied it to the resolution of PDEs [30]. A variety of transformations are documented in the literature.
Omar Abu Arqub created the RPSM in 2013 [31]. The RPSM combines the residual error function with Taylor’s series. After that, this approach was used to find convergence series approximations for both nonlinear and linear differential equations. The RPSM was first introduced in 2013 to solve fuzzy differential equations. More improvements were made to this technique. For instance, Arqub et al. [32] developed a novel collection of RPSM algorithms to promptly find power series solutions for ordinary DEs. Furthermore, Arqub et al. [33] introduced a novel and appealing RPSM method for fractional-order nonlinear boundary value problems. El-Ajou et al. [34] introduced an innovative iterative approach utilizing RPSM to approximate fractional-order solutions to the KdV-burgers equations. A novel approach was introduced by Xu et al. [35], which involved fractional power series solutions for Boussinesq DEs of the second and fourth orders. Zhang et al. [36] synthesized least square methods and RPSM to develop a robust numerical technique. Consult [37–39] for additional readings on RPSM in greater depth.
Scientists utilized two distinct methodologies to solve fractional-order differential equations (FODEs). A sequence of solutions to the new equation form is obtained by mapping the original equation onto the space produced by the AT [40]. The solution to the original equation is obtained by applying the inverse Aboodh transform. Components of the Sumudu transform, and the homotopy perturbation approach are combined in this novel method. As power series expansions, the novel technique, which does not require discretization, linearization, or perturbation, can solve both linear and nonlinear PDEs. The determination of the coefficients can be accomplished through a limited number of calculations, in contrast to RPSM, which necessitates numerous iterations of fractional derivative computations during the solution phases. The proposed methodology has the potential to yield an accurate and closed-form approximation by leveraging a rapid convergence series.
For solving fractional differential equations, the Aboodh transform iteration method (ATIM) [41–43] and the Aboodh residual power series method (ARPSM) [44, 45] are regarded as the most straightforward techniques. These methods generate numerical approximations for solutions to linear and nonlinear differential equations without requiring discretization or linearization and immediately and visibly display the symbolic terms of analytical solutions. Comparing and contrasting the effectiveness of ARPSM and ATIM in solving nonlinear PDEs, specifically damped Burger’s equation, is the primary objective of this study. It is worth mentioning that these two methods have been employed to resolve many fractional differential problems, both linear and nonlinear.
2 FUNDAMENTAL CONCEPTS
Definition 2.1. [46] It is assumed that the function Θ(ζ, η) is of exponential order and piecewise continuous.
For τ ≥ 0, the AT of Θ(ζ, η) is defined as follows:
[image: image]
Below is a description of the inverse of AT:
[image: image]
Where [image: image] and [image: image].
Lemma 2.1. [47, 48] Two functions of exponential order, Θ1(ζ, η) and Θ2(ζ, η), are defined. They are piecewise continuous on [image: image]]. Let us assume that A[Θ1(ζ, η)] = Λ1(ζ, η), A[Θ2(ζ, η)] = Λ2(ζ, η) and λ1, λ2 are real constants. Thus, the following features are valid:
1. A [λ1Θ1 (ζ, η) + λ2Θ2 (ζ, η)] = λ1Λ1 (ζ, ϵ) + λ2Λ2 (ζ, η),
2. A−1 [λ1Λ1 (ζ, η) + λ2Λ2 (ζ, η)] = λ1Θ1 (ζ, ϵ) + λ2Θ2 (ζ, η),
3. [image: image],
4. [image: image].
Definition 2.2. [49] The Caputo defines the fractional derivative of the function Θ(ζ, η) in terms of order p.
[image: image]
where [image: image] and [image: image] is the R-L integral of Θ(ζ, η).
Definition 2.3. [50] The power series has the following form.
[image: image]
where [image: image] and [image: image]. This kind of series is called a multiple fractional power series (MFPS) for η0, where the variable is η and the series coefficients are ℏr(ζ)′s.
Lemma 2.2. Let us assume that Θ(ζ, η) is the exponential order function. In this case, A[Θ(ζ, η)] = Λ(ζ, ϵ) is the definition of the AT. Therefore,
[image: image]
where [image: image] and [image: image] and [image: image]
Proof. We can demonstrate Eq. 2 via induction. The following outcomes arise from selecting r = 1 in Eq. 2:
[image: image]
For r = 1, Lemma 2.1, part (4), asserts that Eq. 2 is valid. By changing r = 2 in Eq. 2, we get
[image: image]
In light of Eq. 2’s left-hand side, we can conclude
[image: image]
Eq. 3 may be expressed in the following way:
[image: image]
Let us assume
[image: image]
Thus, Eq. 4 becomes as
[image: image]
The use of the Caputo type fractional derivative results in a modification of Eq. 6.
[image: image]
The R-L integral for the AT is found in Eq. 7, which makes it possible to derive the following:
[image: image]
Equation 8 is transformed into the following form by using the differential characteristic of the AT:
[image: image]
From Eq. 5, we obtain:
[image: image]
where A [z (ζ, η)] = Z (ζ, ϵ). Therefore, Eq. 9 is converted to
[image: image]
According to Eq. 2, then Eq. 10 is compatible. Let us assume the validity of Eq. 2 for r = K. This allows us to change r = K in Eq. 2:
[image: image]
Proving Eq. 2 for the value of r = K + 1 is the next step. Based on Eq. 2, we may write
[image: image]
After analysis of the LHS of Eq. 12, we get
[image: image]
Suppose that
[image: image]
Equation 13 yields
[image: image]
By using the R-L integral formula and the Caputo fractional derivative, we may convert Eq. 14 into the following expression.
[image: image]
Equation 11 is unitized to provide Eq. 15.
[image: image]
Moreover, Eq. 16 yields the following result.
[image: image]
Therefore, Eq. 2 holds for r = K + 1. Thus, we used the mathematical induction approach and shows that Eq. 2 holds true for all positive integers.
Extending the concept of multiple fractional A lemma demonstrating Taylor’s formula is shown below. The ARPSM, which will be covered in more detail later on, will benefit from this formula.
Lemma 2.3. Assume that the function Θ(ζ, η) behaves exponentially order. The statement A[Θ(ζ, η)] = Λ(ζ, ϵ) represents the AT of Θ(ζ, η), and it is multiple fractional Taylor’s series expressed as:
[image: image]
where, [image: image].
Proof. Now we examine the fractional order of Taylor’s series as
[image: image]
Equation 18 may be transformed using the AT to get the following equality:
[image: image]
For this, we use the AT’s characteristics.
[image: image]
Hence, in the AT, we obtains (17), a new version of Taylor’s series.
Lemma 2.4. Define the MFPS representation of the function expressed in the new form of Taylor’s series (17) as A[Θ(ζ, η)] = Λ(ζ, ϵ). Next, we have
[image: image]
Proof. The subsequent is derived from the new form of Taylor’s series:
[image: image]
The required result, denoted by Eq. 20, is obtained by applying limϵ→∞ to Eq. 19 and performing a brief computation.
Theorem 2.5. Let us suppose that the function A[Θ(ζ, η)] = Λ(ζ, ϵ) has MFPS form given by
[image: image]
where [image: image] and [image: image]. Then we have
[image: image]
where, [image: image].
Proof. This is the revised version of the Taylor’s series that we have.
[image: image]
Using Eq. 21 and the limϵ→∞, we are able to get
[image: image]
Taking limit, we arrive at the equality that follows:
[image: image]
Following is the result that is obtained by applying Lemma (2.2) to Eq. 22:
[image: image]
Through the use of Lemma (2.3) to Eq. 23, the equation is changed into
[image: image]
Once again, by taking into consideration the new implementation of Taylor’s series and assuming limit ϵ → ∞, we have arrived at the result that
[image: image]
Lemma (2.3) leads us to get the following:
[image: image]
With the help of Lemmas (2.2) and (2.4), Eq. 24 is transformed into
[image: image]
When we apply the same method to the subsequent Taylor’s series, we obtain the following results:
[image: image]
The final equation can be found by applying Lemma (2.4).
[image: image]
So, in general
[image: image]
Thus, the proof comes to an end.
In the succeeding theorem, the conditions that determine the convergence of the new version of Taylor’s formula are established and detailed in further depth.
Theorem 2.6. The revised formula for multiple fractional Taylor’s, given in Lemma (2.3), is denoted by the expression A[Θ(ζ, η)] = Λ(ζ, ϵ). The new version of multiple fractional Taylor’s formula’s residual RK(ζ, ϵ) satisfies the following inequality if [image: image], on 0 < ϵ ≤ s is associated with 0 < p ≤ 1:
[image: image]
Proof. To start the proof, Let assume: For r = 0, 1, 2, … , K + 1, [image: image] is defined on 0 < ϵ ≤ s. Let, [image: image]. Based on the revised version of Taylor’s series, determine the following relationship:
[image: image]
Applying Theorem (2.5) allows for the transformation of Eq. 25.
[image: image]
It is necessary to multiply ϵ(K+1)a+2 on both sides of Eq. 26 which leads to
[image: image]
The use of Lemma (2.2) to Eq. 27 results in
[image: image]
Equation 28 is obtained by applying the absolute sign to the equation.
[image: image]
By applied the condition given in Eq. 29, we can arrive at the result as will be given below.
[image: image]
Equation 30 yields the required result.
[image: image]
Hence, a novel criterion for series convergence is established.
3 A ROUTE MAP DESCRIBING THE METHODS
3.1 Solving time-fractional PDEs with variable coefficients by use of the ARPSM process
We detail the ARPSM rules that was used to resolve our underlying model.
Step 1:. Finding the general equation’s simplified form yields
[image: image]
Step 2:. The AT is applied on both sides of Eq. 31 in order to get
[image: image]
The use of Lemma (2.2) transforms Eq. 32 into.
[image: image]
where, A [ζ(ζ, Θ)] = F (ζ, s), A [N(Θ)] = Y(s).
Step 3:. You should take into consideration the form that the solution to Eq. 33 takes:
[image: image]
Step 4:. In order to proceed further, you will need to follow these steps:
[image: image]
Through the use of Theorem 2.6, the following results are derived.
[image: image]
[image: image]
[image: image]
[image: image]
Step 5:. After Kth truncation, get the Λ(ζ, s) series in the following way:
[image: image]
[image: image]
Step 6:. Consider both the Aboodh residual function (ARF) from equation Eq. 33 and the Kth-truncated ARF separately to get
[image: image]
and
[image: image]
Step 7:. Instead of its expansion form, put ΛK(ζ, s) into Eq. 34.
[image: image]
Step 8:. To solve Eq. 35, multiply both sides of the equation by sKp+2.
[image: image]
Step 9:. With respect to lims→∞, evaluating both sides of Eq. 36.
[image: image]
Step 10:. By solving the provided equation, determine the value of ℏK(ζ).
[image: image]
where K = w + 1, w + 2, ⋯.
Step 11:. Replace the values of ℏK(ζ) with a K-truncated series of Λ(ζ, s) to get the K-approximate solution of Eq. 33.
Step 12:. The K-approximate solution ΘK(ζ, η) may be obtained by solving ΛK(ζ, s) with the inverse of AT.
3.2 Problem 1
Let us consider the following time fractional PDE [51]:
[image: image]
with the following IC’s:
[image: image]
and the following exact solution
[image: image]
Equation 38 is used, and AT is applied to Eq. 37 to get
[image: image]
Thus, the kth-truncated term series are
[image: image]
The ARFs read
[image: image]
and the kth-LRFs as:
[image: image]
To find fr (ζ, s). We solve the relation lims→∞(srp+1) repeatedly, multiply the resulting equation by srp+1, and substitute the rth-truncated series Eq. 41 into the rth-ARF Eq. 43 where r = 1, 2, 3, ⋯, and [image: image]. The first few terms read
[image: image]
[image: image]
[image: image]
[image: image]
and so on.
After putting fr (ζ, s), for r = 1, 2, 3, … , in Eq. 41, we obtain
[image: image]
By applying the inverse of AF, the following approximation to problem 1 is obtained
[image: image]
3.3 Problem 2
Let us considered the following fractional damped Burger’s equation [51]
[image: image]
with the following IC’s:
[image: image]
and the following exact solution
[image: image]
Using Eq. 51 along with the application of AT to Eq. 50 results in the following:
[image: image]
Therefore, the term series that are kth truncated are as follows:
[image: image]
The ARFs read
[image: image]
and the kth-LRFs as:
[image: image]
To find fr (ζ, s). We solve the relation lims→∞(srp+1) repeatedly, multiply the resulting equation by srp+1, and substitute the rth-truncated series Eq. 54 into the rth-ARF Eq. 56. r = 1, 2, 3, ⋯, and [image: image]. The first few terms are as follows:
[image: image]
[image: image]
[image: image]
and so on.
Equation 54 is used to get the values of fr (ζ, s) for r = 1, 2, 3, … ,.
[image: image]
Applying Aboodh’s inverse transform, we finally get the following approximation to problem 2:
[image: image]
The approximation (49) is graphically evaluated, as depicted in Figure 1. This figure illustrates how the fractional parameter p influences the behavior of the wave described by this approximation. It is found that the increase of the fractional parameter leads to the enhancement of the amplitude of the wave described by this approximation. Additionally, approximation (49) is graphically compared with the exact solution (39) to the integer case, as shown in Figure 2. Moreover, we conducted a numerical analysis to compare the absolute error of the approximation (49) with the exact solution (39) for the integer case to confirm the inferred approximation’s accuracy, as shown in Figure 3; Table 1. Moreover, the analytical results indicate that the derived approximations are consistently stable across the study domain. This is one of the most essential features of ARPSM, which gives more accurate and stable approximations throughout the study domain. The investigation shows that this improves the effectiveness of ARPSM in evaluating problem 1 and other strong nonlinear and more complicated fractional evolution equations.The approximation (61) is analyzed graphically against the fractional parameter p and for different values of η as evident in Figures 4, 5. It is shown that the amplitude of the wave, which is described by approximation (61), increases with increasing the fractional parameter p. To make sure that the approximation (61) is highly accurate, we calculated its absolute error compared to the exact solution (52), which can be seen in Figure 6; Table 2. Furthermore, the numerical results indicate that the derived approximations are consistently stable across the study domain. This is one of the most essential features of ARPSM, which gives more accurate and stable approximations throughout the study domain. These results also enhance the efficiency of ARPSM in analyzing many nonlinear and most complicated evolution equations, such as various evolution equations used in plasma physics to study the properties of nonlinear structures that arise in this fertile medium for many researchers.
[image: Figure 1]FIGURE 1 | The approximation (49) to problem 1 using ARPSM is considered against the fractional parameter p: (A) The approximation (49) is plotted in (ζ, η)-plane and (B) The approximation (49) is plotted against η at (ζ = 5).
[image: Figure 2]FIGURE 2 | The approximation (49) to problem 1 using ARPSM at p = 1 is compared with the exact solution (39) for the integer case: (A) The two solutions are plotted in (ζ, η)-plane and (B) The two solutions are plotted against η at (ζ = 5).
[image: Figure 3]FIGURE 3 | Here, we considered the absolute error of the approximation (49) as compared to the exact solution (39) for the integer case, i.e., p = 1.
TABLE 1 | The approximation (49) to problem 1 using ARPSM is considered against the fractional parameter p = 1.
[image: Table 1][image: Figure 4]FIGURE 4 | The approximation (61) to problem 2 using ARPSM is considered against the fractional parameter p: (A) The approximation (61) is plotted in (ζ, η)-plane and (B) The approximation (61) is plotted against η at (ζ = 0.1).
[image: Figure 5]FIGURE 5 | The approximation (61) to problem 2 using ARPSM at p = 1 is compared with the exact solution (52) for the integer case: (A) The two solutions are plotted in (ζ, η)-plane and (B) The two solutions are plotted against η at (ζ = 0.1).
[image: Figure 6]FIGURE 6 | Here, we considered the absolute error of the approximation (61) as compared to the exact solution (52) for the integer case, i.e., p = 1.
TABLE 2 | The approximation (61) to problem 2 using ARPSM is considered against the fractional parameter.
[image: Table 2]3.4 Concept of the Aboodh transform iterative method (ATIM)
Let us consider a general PDE of fractional order in space-time.
[image: image]
Initial conditions
[image: image]
Assuming Θ(ζ, η) as the unknown function, while [image: image] may be a nonlinear or linear operator of [image: image] and[image: image]. Applying the AT to both sides of Eq. 62 yields the following equation; Θ(ζ, η) is represented by Θ for simplicity.
[image: image]
The problem may be solved by using the inverse of AT, which results in:
[image: image]
An infinite series is used to represent the solution that is achieved by the iterative processing of the AT technique.
[image: image]
Since [image: image] is either a nonlinear or linear operator which can be decomposed as follows:
[image: image]
In order to derive the succeeding equation, it is necessary to substitute Eqs 67 and (66) into Eq. 65 to yield
[image: image]
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Equation 62 may be stated in the following manner, which provides the analytically approximate solution for the m-term expression:
[image: image]
3.4.1 Anatomy Problem (1) using ATIM
Let us consider the following time fractional PDE [51]:
[image: image]
with the following IC’s:
[image: image]
and the following exact solution
[image: image]
By using AT on both sides of Eq. 71, we get the following outcome:
[image: image]
In order to produce the following, we apply the inverse of AT on both sides of Eq. 74.
[image: image]
The equation that we get by applying the AT in an iterative manner can be described as follows:
[image: image]
Through the application of the RL integral to Eq. 71, we are able to get the equivalent form.
[image: image]
Utilizing the ATIM, the following are some of the terms that may be obtained:
[image: image]
The final approximation is obtained as follows:
[image: image]
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3.4.2 Anatomy Problem (2) using ATIM
Let us considered the following time fractional damped nonlinear Burger’s equation [51]:
[image: image]
with the following IC’s:
[image: image]
and the following exact solution
[image: image]
The application of AT to either side of Eq. 80, we are able to get the following equation:
[image: image]
Applying the inverse of AT to Eq. 83 yields
[image: image]
Using the iterative procedure of AT, we get
[image: image]
Using the RL integral results in the equivalent form being obtained from Eq. 50.
[image: image]
The ATIM resulted in the following few terms being produced.
[image: image]
We finally get
[image: image]
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Here, we graphically and numerically analyzed the derived approximations (79) and (88) using AITM for problems 1 and 2, respectively, as illustrated in Figures 7–12; Tables 3, 4. These figures demonstrate the impact of the fractional parameter p on the behavior of the wave described by this approximation and the absolute errors for these approximations as compared to the exact solutions for the integer case. We can observe the effect of the fractional parameter on the behavior of the deduced approximations and the accuracy and stability of these approximations along the study domain. This is one of the most essential features of AITM, which gives more accurate and stable approximations throughout the study domain. In the last part, we discussed comparing the approximations derived by ARPSM and those derived by AITM, as evident in Tables 5, 6. It is observed from the comparison results that both approaches give more accurate and stable approximations throughout the study domain, but ARPSM differs somewhat in its accuracy from AITM, i.e., the derived approximations using ARPSM are more accurate than AITM.
[image: Figure 7]FIGURE 7 | The approximation (79) to problem 1 using ATIM is considered against the fractional parameter p: (A) The approximation (79) is plotted in (ζ, η)-plane and (B) The approximation (79) is plotted against η for (ζ = 5).
[image: Figure 8]FIGURE 8 | The approximation (79) to problem 1 using ATIM at p = 1 is compared with the exact solution (73) for the integer case: (A) The two solutions are plotted in (ζ, η)-plane and (B) The two solutions are plotted against η at (ζ = 5).
[image: Figure 9]FIGURE 9 | Here, we considered the absolute error of the approximation (79) as compared to the exact solution (73) for the integer case, i.e., p = 1.
[image: Figure 10]FIGURE 10 | The approximation (88) to problem 2 using ATIM is considered against the fractional parameter p: (A) The approximation (88) is plotted in (ζ, η)-plane and (B) The approximation (88) is plotted against η at (ζ = 0.1).
[image: Figure 11]FIGURE 11 | The approximation (88) to problem 2 using ATIM at p = 1 is compared with the exact solution (83) for the integer case: (A) The two solutions are plotted in (ζ, η)-plane and (B) The two solutions are plotted against η at (ζ = 0.1).
[image: Figure 12]FIGURE 12 | Here, we considered the absolute error of the approximation (88) as compared to the exact solution (83) for the integer case, i.e., p = 1.
TABLE 3 | The approximation (79) of problem 1 using AITM is considered against the fractional parameter.
[image: Table 3]TABLE 4 | The approximation (88) of problem 2 using ATIM is numerically against the fractional parameter p.
[image: Table 4]TABLE 5 | The absolute error between the derived approximations and the exact solutions for the integer cases (p = 1) is compared for both NITM and APRSM, for problem 1.
[image: Table 5]TABLE 6 | The absolute error between the derived approximations and the exact solutions for the integer cases (p = 1) is compared for both NITM and APRSM, for problem 2.
[image: Table 6]4 CONCLUSION
The damped Burger’s equation and many other associated equations with the dissipative term arise in plasma physics due to taking the viscosity force in the fluid equations that govern a plasma model. On the other side, the damped effect occurs due to considering the collisional effect between the charged plasma particles. Motivated by these applications, thus, this study analyzed this equation by employing advanced mathematical techniques known as the Aboodh residual power series method (ARPSM) and the Aboodh transform iteration method (ATIM). The fractional derivatives were processed using the Caputo operator. The use of this operator is due to its ability to enrich modeling by considering fractional derivatives, which contributes to a more accurate representation of the fundamental dynamics of the equations under study. We have derived a set of precise highly approximations using the suggested strategies. The derived approximations have been analyzed and examined graphically and numerically by plotting some two- and three-dimensional graphics. Moreover, we discussed the obtained approximations numerically in some suitable tables and estimated the absolute errors compared to the exact solutions for the integer cases. The suggested methods proved effective for getting highly accurate and more stable approximations of more complicated fractional differential equations. Moreover, the obtained results demonstrated the high accuracy, efficiency, and rapid calculations of the suggested methods in analyzing damped Burger’s equation. The comparison results between the obtained approximations using ARPSM and AITM demonstrated that the derived approximations using ARPSM are more accurate than AITM.
The study offers valuable insights into the dynamic behavior of solutions to Damped Burger’s equation, demonstrating the effectiveness of the suggested strategies in dealing with the difficulties presented by nonlinear fractional partial differential equations. This inquiry enhances mathematical modeling and numerical analysis by highlighting the effectiveness of ARPSM and ATIM in solving intricate equations in different scientific fields. Therefore, it is expected that the results of this study will serve many physics researchers interested in the field of plasma physics, fluids, electronics, and optical fibers to study the characteristics of nonlinear phenomena that arise and propagate in these physical systems.
5 FUTURE WORK
The suggested approaches can be used in analyzing many strong nonlinear and more complicated evolution equations that are derived from the fluid equations to some plasma models, such as KdV-type equations with third-order dispersion [52–54], Burger’s-type equations [55–57], Kawahara-type equations with fifth-order dispersion [58–60], nonlinear Schrödinger-type equations [61, 62], and many other evolution equations. Therefore, the characteristics of the many nonlinear phenomena that can be generated and propagated in various plasma systems can be accurately described and examined by studying the effect of the fractional parameters on the behavior of these phenomena, such as solitons, dissipative solitons, shocks, dissipative shocks, rogue waves, dissipative rogue waves, periodic waves, dissipative periodic waves, etc., which are among the most famous phenomena that spread in multicomponent plasmas.
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In this study, the initial-boundary value problems to semilinear integro-differential equations with multi-term fractional Caputo derivatives are analyzed. A particular case of these equations models oxygen diffusion through capillaries. Under proper requirements on the given data in the model, the classical and strong solvability of these problems for any finite time interval [0, T] are proved via so-called continuation method. The key point in this approach is finding suitable a priori estimates of a solution in the fractional Hölder and Sobolev spaces.
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1 Introduction

Complex phenomena in the engineering and scientific fields are modeled utilizing the fractional differential equations (FDEs). Nowadays, the fractional calculus is an efficient tool for describing dynamic behavior of living systems and hereditary properties of various materials: the relaxation process in polymers [1], chaotic neuron model [2], longtime memory in financial time series via fractional Langevin equations [3], and tumor growth models [4] (see also references therein). We also refer to [5, 6], where the authors propose the advanced mathematical model for oxygen delivery to tissue through a capillary in both (transverse and longitudinal) directions. In these studies, conveying oxygen from a capillary to the surrounding tissue is described by means of a subdiffusion equation having two fractional derivatives in time, that is

[image: image]

with 0 < μ < ν < 1. Here, C represents the concentration of oxygen, τ is the time lag in concentration of oxygen along the capillaries (in the present model, this parameter is a positive constant), k is the rate of consumption per volume of tissue, and a0 and bi are the diffusion coefficients of oxygen. In addition, the term [image: image] details the net diffusion of oxygen to all tissues.

In this equation, the symbol [image: image] stands for the Caputo fractional derivative with respect to time of order θ ∈ (0, 1),

[image: image]

where Γ is the Euler's Gamma function. An equivalent definition of this derivative in the case of absolutely continuous functions reads

[image: image]

In this art, motivated by the discussion above, we focus on the analytical study of the semilinear integro-differential equation with memory terms. Let Ω ⊂ ℝn, n ≥ 2, be a bounded domain with a smooth boundary ∂Ω, and for any T > 0, we set

[image: image]

We consider the initial-value problems to the multi-term time-fractional semilinear diffusion equation in the unknown function u = u(x, t):ΩT → ℝ,

[image: image]

subject to the following initial and boundary conditions:

[image: image]

where the abbreviations DBC and 3BC mean the Dirichlet boundary condition and the boundary condition of the third kind, respectively.

Here, c0 is given positive number, g, u0, φi are given functions, and [image: image] and [image: image] are prescribed memory kernels.

Here, the symbol * stands for the usual time-convolution product on (0, t),

[image: image]

The operator Dt is the linear combination of Caputo fractional derivatives with respect to time, namely

[image: image]

where ν ∈ (0, 1) and νi, μj ∈ (0, ν) are arbitrary but fixed, and ρ = ρ(x, t), ρi = ρi(x, t) and γj = γj(x, t) are given positive functions.

Coming to the remaining operators, [image: image], i = 1, 2, are linear elliptic operators of the second order with time-dependent coefficients, while [image: image] is a first-order differential operator. Their precise forms will be given in Sections 3, where we detail the main assumptions in the model.

Published works concerning the multi-term fractional diffusion/wave equations, i.e., the equation with the operator

[image: image]

with qi being positive, and 0 ≤ ν1 < ν2 < ... < νM, are quite limited in spite of rich literature on their single-term version. Exact solutions of linear multi-term fractional diffusion equations with qi being positive constants on bounded domains are searched employing eigenfunction expansions in Daftardar-Gejji and Bhalekar [7] and Morales-Delgado et al. [5]. We quote Srivastava and Rai [6] and Morales-Delgado et al. [5], where certain numerical solutions are constructed to the corresponding initial-boundary value problems to evolution equations with Dt given via Equation 1.4. Finally, we mention [8], where existence and non-existence of the mild solutions to the Cauchy problem for semilinear subdiffusion equation with the operator Equation 1.4 are discussed. In particular, the authors obtain the Fujita-type and Escobedo-Herrero-type critical exponents for this equation and the system. It is worth noting that, all these works concern to evolution equations with the operator Equation 1.4 which can be rewritten in the form of a generalized fractional derivative with a non-negative locally integrable kernel [image: image], that is

[image: image]

Coming to the initial-boundary value problems associated with Equation 1.1 with the operator Dt given by Equation 1.3, we point out two principal differences with respect to the aforementioned articles. The first deals with the presence of Caputo fractional derivatives of the product of two functions: the desired solution u and the prescribed coefficients ρ, ρi, γj. Incidentally, we recall that the well-known Leibniz rule does not work in the case of fractional derivatives. The second distinction is that the operator Dt given by Equation 1.3 (under certain assumptions on the coefficients) can be represented in the form Equation 1.4 but with a negative kernel. Indeed, setting in Equation 1.3

[image: image]

where Cρ is a positive constant, we have the representation

[image: image]

with

[image: image]

being negative for [image: image] [see Janno and Kinash [9], Lemma 4]; Cγ is the Euler–Mascheroni constant. In fact, the non-negativity of the kernel [image: image] is a principal assumption in the aforementioned studies.

The linear version of Equations 1.1, 1.3 subject to various type boundary conditions with the coefficients in Dt being alternating sign is discussed in Pata et al. [10] and Vasylyeva [11]. For any fixed time T, the existence and uniqueness of a solution to semilinear problem (Equations 1.1, 1.3) with the Dirichlet or the Neumann boundary conditions are analyzed in Siryk and Vasylyeva [12] and Vasylyeva [11]. Namely, if the coefficients of the operator Dt are only time-dependent and non-decreasing functions, then the well-posedness of these problems in the fractional Hölder and Sobolev spaces is established in the one-dimensional case in Siryk and Vasylyeva [12]. As for the multidimensional case, the classical solvability of the Cauchy-Dirichlet problem to semilinear (Equation 1.1) in the case of two-term fractional derivatives in Dt (i.e., either M = 1, N = 0 or M = 0, N = 1) is proved in Vasylyeva [11]. In this study, the coefficients in Equation 1.1 are time and space dependent but instead of their non-decreasing in time, they have to satisfy more complex assumption. Indeed, if M = 1, N = 0, then the function [image: image] should be decreasing. Finally, we remark that in Vasylyeva [11], the non-linear term is the local Lipschitz.

The goal of this study is finding sufficient conditions on the coefficients of the operator Dt, the order fractional derivatives ν, μj, and νi, j, i ≥ 1, and the non-linearity f which provide one-to-one classical and strong solvability (for any fixed T) in the case of the DBC or the 3BC. Actually, we consider two types of the non-linearity f(u). The first is f satisfying the local Lipschitz condition and having the linear growth. As for the second, f is a continuous differentiable on ℝ with a super-linear growth. For example, f is a polynomial of odd degree with the positive leading coefficient (see Giorgi et al. [13]). Coming to the coefficients in the fractional operator Dt, we discuss both the non-decreasing coefficients and the coefficients satisfying the properties of Theorem 2 [11].

We notice that the key ingredient in the proof of the classical solvability is the continuation approach, based on the introduction of a family of auxiliary problems depending on a parameter λ ∈ [0, 1]. Then, one has to produce a priori estimates in the fractional Hölder spaces for the solution which are independent of λ. One of the crucial points in the arguments is concerned to the estimates of [image: image], obtained via integral iteration technique adopted to the multi-term fractional case. As for the strong solvability, it is proved via the construction of this solution as a limit of approximate smooths solutions and exploiting a priori estimates in the Sobolev spaces.

Finally, we notice that assumptions on the coefficients and the memory kernels in the one-dimensional and multidimensional cases are different. It is related with using various approaches to get a priori estimates of the solutions if n = 1 and n ≥ 2. Namely, if n ≥ 2, we relax assumptions on the coefficients of Dt, in particular, we allow coefficients depending on time and space in Equation 1.3. However, we require more regular memory kernel in Equation 1.1, [image: image].


Outline of the study

This article is organized as follows: in Section 2, we introduce the notations and the functional spaces. The general assumptions and main results (Theorems 3.1, 3.2) are stated in Section 3. Theorem 3.1 is devoted to the one-valued classical solvability to Equation 1.1 with the DBC or the 3BC in the multidimensional case, while the strong solvability is established in Theorem 3.2. Section 4 is auxiliary and contains some technical and preliminary results from fractional calculus, playing a key role in the course of the investigation. Section 5 concerns to the obtaining a priori estimates in the fractional Hölder and Sobolev spaces, which will be a crucial point in the proof of the main results. Here, the key bound is the estimate of [image: image], produced via integral iteration techniques adapted to the case of multi-term fractional derivatives. The proof of Theorems 3.1 and 3.2 is carried out in Section 6.




2 Functional spaces and notation

Throughout this study, the symbol C will denote a generic positive constant, depending only on the structural quantities of the problem.

In the course of our study, we will exploit the fractional Hölder and Sobolev spaces. To this end, in what follows, we take two arbitrary (but fixed) parameters

[image: image]

For any non-negative integer l, any p ≥ 1, s ≥ 0, and any Banach space (X, ||·||X), we consider the usual spaces

[image: image]

Recall that for non-integer s, the space Ws, p is called Sobolev-Slobodeckii space [for its definition and properties see, e.g., Adams and Fournier [14], Chapter 1].

Denoting for β ∈ (0, 1)

[image: image]

Then, we assert the following definition.

Definition 2.1. A function v = v(x, t) belongs to the class [image: image], for l = 0, 1, 2, if the function v and its corresponding derivatives are continuous and the norms here below are finite:

[image: image]

In a similar way, for l = 0, 1, 2, we introduce the space [image: image].

The properties of these spaces have been discussed in Krasnoschok et al. [15] (Section 2). As for the limiting case ν = 1, these classes boil down to the usual parabolic Hölder spaces.

Finally, we will say that a function v defined in ΩT belongs to [image: image] with p > 1 and s1, s2 ≥ 0, if [image: image], and the norm here below is finite

[image: image]

The space [image: image] is defined in the similar manner.



3 Main results

First, we state additional requirements on the given data in Equations 1.1, 1.2.

• h1 (Conditions on the fractional order of the derivatives in Equation 1.3): We assume that

[image: image]

• h2 (Conditions on the operators): The operators appearing in Equations 1.1, 1.2 read

[image: image]

where Ni is a component of the outward normal N = {N1, ..., Nn} to Ω; the fractional operator Dt in Equation 1.1 is given by Equation 1.3.

There are positive constants 0 < δ1 < δ2, such that

[image: image]

for any [image: image].

Moreover, we require that

[image: image]

• h3 (Conditions on the coefficients of Dt): We require that for

[image: image]

the relations hold

[image: image]

and there are positive constants δ, δ3, δ4, such that

[image: image]

for each [image: image] and for all i = 1, 2, ..., M, j = 1, 2, ..., N.

In addition, if N ≥ 1, then

[image: image]

where the function [image: image] is positive for all t ∈ [0, T] and [image: image].

Moreover, we require that the one of the following conditions holds:

(i) either [image: image] [image: image] [image: image] [image: image] are non-negative for all [image: image];

(ii) or

[image: image]

for all i = 1, ..., M, j = 1, ..., N, and any [image: image].

• h4 (Conditions on the right-hand sides): The given functions have the following regularity:

[image: image]

• h5 (Conditions on the memory kernels):

[image: image]

• h6 (Compatibility conditions): The following compatibility conditions hold for every x ∈ ∂Ω at the initial time t = 0,

[image: image]

if the DBC holds, and there is

[image: image]

in the 3BC case.

• h7 (Conditions on the nonlinearity): We assume that the one of the following requirements holds:

• h7.I: either f(u) is the local Lipschitz and has a linear growth, i.e., for every ϱ > 0, there exists a positive constant Cϱ, such that

[image: image]

for any u1, u2 ∈ [−ϱ, ϱ]; and

there is a positive constant L, such that

[image: image]

• h7.II: or [image: image], and for some non-negative constants Li, i = 1,2,3,4, and q ≥ 0, the inequalities hold

[image: image]

Remark 3.1. It is apparent that if the positive functions ρ, ρi, γj are time-independent, then condition h3(i) boils down to h3(ii).

Example 3.1. The simplest example of the functions satisfying h3 is

[image: image]

where [image: image], [image: image] [image: image] are positive constants, such that

[image: image]

Now, we are in the position to state the one-valued classical solvability of Equations 1.1, 1.2.

Theorem 3.1. Let T > 0 be arbitrarily given, [image: image] n ≥ 2, and let assumptions h1–h6 hold. We assume that f(u) meets the requirement h7.I if N ≥ 1, while in the case of N = 0, f(u) satisfies h7. Then, initial-boundary value problem Equations 1.1, 1.2 admits a unique classical solution u = u(x, t) satisfying the regularity:

[image: image]

The next assertion is related to the strong solvability of Equations 1.1, 1.2.

Theorem 3.2. Let N = 0, n ≥ 2, [image: image] and let T > 0 be arbitrarily given. We assume that h1–h5 and h7 hold and

[image: image]

where [image: image], r ≥ n + 1, [image: image], and [image: image]. Moreover, in the DBC case, we require

[image: image]

Then, the initial-boundary value problem Equations 1.1, 1.2 admits a unique strong solution in the class [image: image].

Remark 3.2. Theorems 3.1 and 3.2 hold if Dtu in Equation 1.3 is changed by

[image: image]

where ρ, ρi, γj satisfies h3, but the requirement on the regularity of these functions can be relaxed. Namely, [image: image].

The remaining part of this study is devoted to the verification of Theorems 3.1, 3.2. Here, we proceed with a detailed proof of Theorem 3.1 in the most difficult case, i.e., if N ≥ 1, M ≥ 1 in Equation 1.3. This means that the non-linear term f(u) satisfies h7.I. The verification of the remaining cases is simpler and repeats the main steps (with minor changes) in the arguments related with the cases N, M ≥ 1.



4 Technical results

In this section, we collect some useful properties of fractional derivatives and integrals, as well as several preliminaries results that will be significant in our investigation. Throughout this art, for any θ > 0, we use the notation

[image: image]

and define the fractional Riemann-Liouville integral and the derivative of order θ, respectively, of a function v = v(x, t) with respect to time t as

[image: image]

where ⌈θ⌉ is the ceiling function of θ (i.e., the smallest integer greater than or equal to θ).

It is apparent that, for θ ∈ (0, 1), there holds

[image: image]

Accordingly, the Caputo fractional derivative of the order θ ∈ (0, 1) to the function v(x, t) can be represented as

[image: image]

provided that both derivatives exist.

At this point, we subsume [16, Proposition 4.1], [11, Proposition 1] as the following claim.

Proposition 4.1. The following hold.

(i) For any given positive numbers θ1 and θ2 and a summable kernel k = k(t), there are relations

[image: image]

Here, the positive constant C depends only on T, θ1, and ||k||L1(0, T).

(ii) Let [image: image], θ ∈ (0, 1), θ1 ≥ 1, [image: image] [image: image], [image: image]. Then, the equality holds

[image: image]

The next result is key inequalities in the fractional calculus and includes [12, Proposition 5.1, Corollaries 5.2-5.3].

Proposition 4.2. The following holds.

(i) Let θ, θ1 ∈ (0, 1) and θ1 > θ/2, [image: image]. For any even integer p ≥ 2, the inequalities are true

[image: image]

If v is non-negative, then these bounds hold for any integer odd p.

(ii) Let 0 < θ1 < θ ≤ 1, θ2 ∈ (θ1, 1), and [image: image] Then, there is positive value T1 = T1(θ), such that the following inequalities hold:

[image: image]

where p meets requirements of (i).

At this point, for given functions w1 and w2, we define

[image: image]

and assert the results obtained in ([12], Proposition 5.5) and related to the fractional differentiation of the product.

Proposition 4.3. Let θ ∈ (0, 1), [image: image] [image: image].

(i) If [image: image] belongs either to [image: image] or to Lp(0, T), p ≥ 2, then, there are equalities:

[image: image]

and [image: image] [image: image] have the regularity:

[image: image]

(ii) For any θ1 ≥ θ > 0 and each t ∈ [0, T], there hold

[image: image]



5 A priori estimates

First, recasting step-by-step the proof of ([11], Theorem 1) and additionally exploiting [17, Theorem 3.4] and arguments leading to ([18], Theorem 4.1) in the 3BC case, we claim the following result.

Lemma 5.1. Let f(u) ≡ 0, n ≥ 2, ν, μj, νi satisfy h1, and

[image: image]

We require that

[image: image]

Moreover, in the DBC case, we additionally assume

[image: image]

Under assumptions h2–h5, the classical solution [image: image] of Equations 1.1, 1.2 satisfies the estimate

[image: image]

where

[image: image]

Here, the generic constant C is independent of the right-hand sides in Equations 1.1, 1.2.

Our next result connects with a priori estimates in the fractional Hölder space to the function u satisfying the family of equations for each λ ∈ [0, 1]:

[image: image]

and homogeneous conditions Equation 1.2.

Lemma 5.2. Let assumptions of Theorem 3.1 hold, and

[image: image]

We assume also [image: image] be solution to Equations 5.1, 5.2. Then, for any λ ∈ [0, 1], there are the following estimates:

[image: image]

[image: image]

The positive constant C is independent of λ and the right-hand sides of Equations 5.1, 5.2 and depends only on T and the structural parameters in the model.

First of all, we notice that estimate Equation 5.3 in this claim is verified with the standard Schauder technique and by means of ([10], Theorem 4.1) and bound Equation 5.2 in this art.

We focus on the proof of Equation 5.2 if DBC holds, the case of 3BC is analyzed by collecting the similar arguments with techniques leading to ([15], Lemma 5.3). We preliminary observe that verification of Equation 5.2 in the case of the absence of [image: image], j = 1, 2, ..., N, (i.e., N = 0) is simpler and recasts the main steps (with minor changes) in arguments related with N ≥ 1. Thus, here, we assume the presence of at least one fractional derivative [image: image] in the operator Dtu. Then, we will exploit the following strategy. Keeping in mind assumption h3, the homogeneous initial condition and relation Equation 4.1, we rewrite Dtu in the more suitable form:

[image: image]

where

[image: image]

Appealing to (ii) in Proposition 4.2, we introduce

[image: image]

such that the function [image: image] is strictly positive for all [image: image].

After that, for each fixed T0:

[image: image]

we obtain the estimates

[image: image]

with the positive constant being independent of λ and T0.

Then, we discuss the extension of these bounds to the interval (T0, T] and reach the estimate Equation 5.2. It is worth noting that this step is absent in the case of N = 0, due to the proof of Equation 5.2 and consequently Equation 5.6 are carried out immediately on the entire time interval [0, T].

Step 1: Verification of Equation 5.6. Here, we focus on the obtaining of Equation 5.6 if h3(i) holds, the case of h3(ii) is analyzed with the similar arguments and is left to the interested readers.

Let [image: image] be the conjugate kernel to [image: image], its properties are described in ([15], Proposition 4.4), in particular,

[image: image]

Setting

[image: image]

and exploiting [15, Proposition 4.4] and Proposition 4.1, we rewrite Equation 5.1 in more suitable form

[image: image]

where

[image: image]

After that, multiplying equality (Equation 5.8) by pup−1 with p = 2m, m≥1, and then integrating over Ω, we end up with the inequality (after standard technical calculations with exploiting h2)

[image: image]

It is worth noting that in the case of h3(ii), one should multiply Equation 5.8 by [image: image].

Computing the fractional integral [image: image] of both sides in this inequality, we arrive at the bound

[image: image]

where we put

[image: image]

At this point, we evaluate each term [image: image] [image: image], and [image: image].

• First, we notice that the terms [image: image] l = 1, 2, 3, 4, are evaluated with the arguments providing the estimates of [image: image] l = 1, 2, 3, 4, in ([11], Section 7.1). Thus, we immediately have

[image: image]

where the positive C is independent of λ, p, and T0, and depends only on the structural parameters of the model.

• Coming to [image: image], l = 5, 6, 7, we pre-observe that [image: image] and [image: image] are evaluated with the same arguments which provide the bound of [image: image]. Hence, here, we tackle only [image: image]. Applying the Young inequality to the function u(x, s)up−1(x, τ) and then employing Proposition 4.1, estimate Equation 5.7, and assumptions h3 and h5, we get the inequality

[image: image]

with the positive constant C depending only on T, and the norms of γj, ρi, ρ, [image: image], and being independent of p, T0, and λ.

• Now, we are left to evaluate [image: image] and [image: image]. First, denoting

[image: image]

and performing technical calculations and using Propositions 4.2, 4.3, the homogeneous initial condition to u and assumption h3, we end up with the inequalities

[image: image]

[image: image]

Here, to reach the last inequalities, we appeal to the definition of [image: image] and to assumption h3(i) (meaning the non-negativity of [image: image]) and taking into account the non-negativity of [image: image] (since p = 2m).

Bearing in mind these inequalities and the non-negativity of the term [image: image], we arrive at the desired bound

[image: image]

Concerning the term [image: image], we will use the analogous arguments. Namely, Proposition 4.2 provides the estimate

[image: image]

Then, collecting this bound with Proposition 4.3 arrives at inequalities:

[image: image]

First, we notice that h3(i) provides the non-negativity of [image: image]. Hence, ([12], Corollary 5.4) (where we put [image: image]) tells us that

[image: image]

After that, this bound and Equation 5.10 lead to the inequality

[image: image]

which in turn leads to the inequality

[image: image]

At last, collecting all estimates of [image: image] [image: image] [image: image] with Equation 5.9, and taking into account the representation of ρ(x, t) in the case of N≥1, we arrive at the bound

[image: image]

with C being independent of p, T0, and λ.

Then, keeping in mind the restriction on ρ (see h3) to handle the first term in the left-hand side, and exploiting the easily verified relation

[image: image]

to manage the second term there, we have

[image: image]

To handle the last term in the right-hand side, we employ the first interpolation inequality in ([15], Proposition 4.6) with [image: image]. Thus, we get

[image: image]

Finally, taking advantage of the easily verified estimate

[image: image]

we deduce

[image: image]

where

[image: image]

being independent of T0, p, and λ.

To control the last term in the right-hand side, we apply the Gronwall-type inequality [15, Proposition 4.3] and then use formula (3.7.43) in [19]. Thus, we have

[image: image]

where we put

[image: image]

and [image: image] is the classical Mittag-Leffler function of the order θ.

Taking into account this estimate to evaluate the last term in the right-hand side of Equation 5.12, we achieve

[image: image]

In fine, denoting

[image: image]

we derive the bound

[image: image]

Then, two possibilities occur:

(i) either [image: image],

(ii) or [image: image].

Clearly, in the case of (i), passing to the limit as m → +∞ in Equation 5.13, we end up with the desired estimate for t∈[0, T0].

If (ii) holds, then the standard technical calculations arrive at the inequality

[image: image]

Letting m → +∞ in this estimates and bearing in mind the convergence of the series, we have

[image: image]

where the positive constant C is independent of T0 and λ.

Finally, to manage the term [image: image], we first put p = 2 in Equation 5.11 and then apply Gronwall inequality [15, Proposition 4.3], where we set [image: image]. Thus, we end up with bound Equation 5.6 and as a consequence with Equation 5.3 where T = T0.

Step 2: Extension of Equation 5.6 to the whole time interval. Actually, we only need in the technique which allows us to extend Equation 5.6 to the interval [T0, 3T0/2]. Then, repeating this procedure a finite number of times, we exhaust the entire [T0, T] and hence complete the proof of Equation 5.2.

Denoting

[image: image]

we designate 𝔘(x, t) as a solution to the linear problem

[image: image]

Thanks to Equations 5.3, 5.6 (with T = T0) and assumptions h6, h7.I, we get

[image: image]

where the positive value C is independent of T0, λ and the right-hand side of Equation 5.14.

Keeping in mind these properties of Φ, we can apply [10, Theorem 4.1] to Equation 5.14 and obtain the unique classical solution 𝔘 satisfying the following relations:

[image: image]

In fine, we introduce new unknown function

[image: image]

solving the problem

[image: image]

Here, we set

[image: image]

By virtue of Equation 5.15 and representation of the right-hand sides in Equation 5.16, we deduce that f*(𝔳) has all properties of f(u), and

[image: image]

where the constant C is independent of λ and T0.

Finally, introducing the new time-variable

[image: image]

and repeating arguments of the end of Section 6.3 in [10], we arrive at the problem

[image: image]

besides,

[image: image]

Here, we put

[image: image]

and we call [image: image] [image: image] the operators [image: image] and Dσ, respectively, with the bar coefficients. It is easy to check that the coefficients of these operators and the functions ḡ* and [image: image] meet the requirements of Lemma 5.2. Then, arguing as Step 1, we end up with estimates Equations 5.2, 5.3, 5.6 to the function 𝔳. Collecting the obtained results with the properties of the function 𝔘, we extend the desired estimates to the whole segment [0, 3T0/2]. This completes the proof of Lemma 5.2

Remark 5.1. Collecting estimate Equation 5.2 with Lemma 5.1 provides the following a priori estimate to solution of Equation 5.1 satisfying homogeneous boundary and initial conditions:

[image: image]

with C being independent of λ.



6 Proof of Theorems 3.1, 3.2

Here, we will exploit the continuation approach based on the a priori estimates in the fractional Hölder spaces. It is worth noting that this technique has been utilized in [11] to prove the well-posedness of Equations 1.1, 1.2 with two-term fractional derivatives in the operator Equation 1.3 in the DBC case. Hence, in our arguments, we focus on only main difficulties connected with multi-term fractional derivatives in Equation 1.3.

Concerning the proof of Theorem 3.2, we will exploit the technique leading to Theorem 4.4. in [12]. This approach includes a priori estimates of Equations 1.1, 1.2 in the fractional Sobolev spaces and the construction of the corresponding solutions via consideration of approximated problems.


6.1 Conclusion of the proof of Theorem 3.1

First, we prove Theorem 3.1 in the case of homogeneous boundary and initial conditions and then we remove this restriction.

To this end, we rely on the so-called continuation arguments. For λ∈[0, 1], we consider the family of problem

[image: image]

Denoting Λ as the set of those λ for which Equation 6.1 is solvable on [0, T]. Obviously, if λ = 0, then Equation 6.1 transforms to the linear problem analyzed in [10]. Hence, assumptions h1–h6 allow us to apply Theorem 4.1 and Remark 4.4 from [10] and obtain the global classical solvability. Thus, 0∈Λ. Then, we are left to examine if the set Λ is open and closed at the same time. To this end, exploiting Lemmas 5.1, 5.2 (in particular, the estimate of [image: image] via [image: image]) and recasting step-by-step the arguments of ([15], Section 5.2), we complete the proof of Theorem 3.1 in the case of homogeneous initial and boundary conditions.

To remove this restriction, we consider the following linear problem with the unknown function w = w(x, t)

[image: image]

Applying ([15], Remark 3.1) and ([10], Remark 4.4) arrives at the one-valued classical solvability of this linear problem and, besides, at the bound

[image: image]

where

[image: image]

Here, we exploited assumption h7 and ([15], Remark 3.1) to handle the term [image: image].

After that, we look for a solution to the original problem Equations 1.1, 1.2 in the form

[image: image]

where the new unknown function W solves the problem Equation 6.1 with λ = 1 and the new right-hand sides:

[image: image]

Remark 6.1. Assumption h4 and the estimate of w provide the inequality

[image: image]

In addition, the function [image: image] satisfies assumption h7 with the constant depending only on L or Li and [image: image]. Moreover, the straightforward calculations and the definition of w arrive at the relations

[image: image]

The last equalities in Remark 6.1 tell us that the consistency conditions in the non-linear problem for the function W are satisfied. In summary, we reduce problem Equation 1.1, 1.2 to Equation 6.1 with the right-hand sides satisfying the assumptions of Theorem 3.1. Hence, this completes the proof of this theorem in the general case.



6.2 Proof of Theorem 3.2

Actually, the verification of Theorem 3.2 is a simple consequence of Theorem 3.1 and a priori estimates obtained in Section 5 and repeats the arguments leading to ([12], Theorem 4.4). Indeed, thanks to Theorem 3.1 in the case of homogeneous initial and boundary conditions in Equation 1.2, we construct an approximate solution un. Then, exploiting uniform estimates in Lemma 5.1 and Remark 5.1 and passing to the limit via standard arguments, we obtain a strong solution to Equations 1.1, 1.2 satisfying the regularity stated in Theorem 3.2. Finally, to reach the uniqueness of this solution, we assume the existence of two solutions u1 and u2 satisfying Equations 1.1, 1.2 with the same right-hand sides. Clearly, the difference ū = u1−u2 solves the problem Equation 6.1 with λ = 1, g = 0 and f(ū) = f(u1)−f(u2), where

[image: image]

where ξ is a middle point lying between u1 and u2.

Finally, recasting the arguments leading to the estimate Equation 5.2, we obtain the equality

[image: image]

which finishes the verification of Theorem 3.2.




7 Conclusion

In this study, we propose a technique to study the well-posedness (for each fixed T) of initial-boundary value problems to semilinear multi-term time-fractional diffusion equations with memory. The particular case of the problems analyzed models the oxygen transport through capillaries [6]. The introduction of fractional calculus in the model of the evolution of the oxygen density is well-presented with some interesting details. Our approach is particularly efficient when the multi-term derivatives can be represented in the form [image: image] with a some non-positive kernel [image: image] and given coefficient ρ = ρ(x, t).

Our analytical technique and ideas can be incorporated to study the corresponding inverse problems concerning the reconstruction of unknown parameters (e.g., the time lag in concentration of oxygen along capillaries; the order of oxygen subdiffusion; and so on). Moreover, our investigation can be employed to analyze the corresponding initial-boundary value problems to fully non-linear equations containing a term [image: image] and to the equations with degenerate coefficients in the fractional operator. These issues will be addressed with a possible further research.
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This article utilizes the Aboodh residual power series and Aboodh transform iteration methods to address fractional nonlinear systems. Based on these techniques, a system is introduced to achieve approximate solutions of fractional nonlinear Korteweg-de Vries (KdV) equations and coupled Burger’s equations with initial conditions, which are developed by replacing some integer-order time derivatives by fractional derivatives. The fractional derivatives are described in the Caputo sense. As a result, the Aboodh residual power series and Aboodh transform iteration methods for integer-order partial differential equations may be easily used to generate explicit and numerical solutions to fractional partial differential equations. The results are determined as convergent series with easily computable components. The results of applying this process to the analyzed examples demonstrate that the new technique is very accurate and efficient.
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1 INTRODUCTION
Fractional calculus (FC) extends classical integration and differentiation to fractional derivatives and integrals, respectively. New notions of integration and differentiation have been developed that combine fractional differentiation with fractal derivatives. These concepts are based on the convolution of a power law, an exponential law, and the unique Mittag–Leffler law with fractal integrals and derivatives. This field has seen advancements in applied science and technology, including control theory, biological processes, groundwater flow, electrical networks, viscoelasticity, geo-hydrology, finance, fusion, rheology, chaotic processes, fluid mechanics, and wave propagation in different physical mediums such as plasma physics. Recent interest in fractional partial differential equations (FPDEs) stems from their diverse applications in physics and engineering [1–4]. The FPDEs accurately explain a wide range of phenomena in electromagnetics, acoustics, viscoelasticity, electrochemistry, and material science. Furthermore, the FPDEs are effective in describing some physical phenomena such as damping laws, rheology, diffusion processes, and so on [5, 6]. In general, no approach produces a precise solution to some FPDEs. The majority of nonlinear FPDEs cannot be solved correctly. Hence, approximations and numerical approaches must be utilized [7, 8].
This allows for a better understanding of difficult physical processes, including chaotic structures with extended memory, anomalous transport, and many more [9–13]. New ways of computing, analyzing, and working with geometry are needed to fully grasp the complicated dynamics of first-order partial differential equations (FPDEs) [14–18]. However, these efforts greatly improve scientific knowledge and technological advancement. The current work begins with a thorough evaluation of a specific type of fractional nonlinear partial differential equations, with the goal of obtaining solutions that explain the unique properties of these systems and demonstrate their fascinating complexity [19, 20].
The KdV-type equations and some other related equations with third-order dipersion can explain a wide range of different material science phenomena, such as plasma physics. These equations describe how nonlinear waves are created and propagated in nonlinear dispersive mediums. Korteweg and de Vries formulated the KdV equation to characterize shallow water waves with extended wavelengths and moderate amplitudes. Following its first application, the KdV equation has been expanded to span various physical domains, including collisionless hydromagnetic waves, plasma physics, stratified internal waves, and particle acoustic waves [21–24]. Moreover, the family of KdV-type equations was also used to model many nonlinear phenomena that arise in different plasma systems and to study the properties of these phenomena, especially solitary waves, shock wave, cnoidal waves, in addition to rogue waves, when converting this family to the nonlinear Schrödinger equation [25–41]. Moreover, El-Tantawy group presented several equations related to the KdV equation with third and/or fifth-order dispersive effect to describe many nonlinear waves in multiple plasma systems, and this group presented several methods for solving this family, whether analytical or approximate methods that give approximate analytical solutions. Furthermore, Various analytical and numerical techniques, including the Adomian decomposition transform method [42], Bernstein Laplace Adomian method [43], q-homotopy analysis transform method [44], and Homotopy perturbation Sumudu transform method [45].
The system of nonlinear KdV equations can be mathematically formulated using fractional derivatives as follows:
[image: image]
[image: image]
with the following initial conditions:
[image: image]
However, Burgers’ equations [46–48] describe the nonlinear diffusion phenomenon using the most fundamental PDEs. Burgers’ equations find significant application in the domains of fluid mechanics, mathematical models of turbulence, and flow approximation in viscous fluids [49, 50]. Furthermore, Burger’s equation and some related equations have been utilized for modeling shock waves in various plasma models [51–54]. Modeling scaled volume concentrations in fluid suspensions is the definition of a one-dimensional version of the coupled Burgers’ equations, which differs depending on whether sedimentation or evolution is occurring. Earlier works have provided additional details regarding coupled Burgers’ equations [55, 56]. Sugimoto [57] introduced for the first time the Burgers’ equation with a fractional derivative in light of the development of FC. In the subsequent decades, a number of authors [58–68] have investigated fractional Burgers’ equation solutions utilizing approximate analytical methods.
The system of coupled nonlinear Burger’s equations can be mathematically formulated using fractional derivatives as follows:
[image: image]
[image: image]
with the following initial conditions
[image: image]
In 2013 [69], Omar Abu Arqub established the RPSM. Being a semi-analytical approach, the RPSM combines Taylor’s series with the residual error function. Both linear and nonlinear differential equations may be solved using convergence series techniques. Fuzzy DE resolution constituted the initial application of RPSM in 2013. For the efficient identification of power series solutions to complex DEs, Arqub et al. [70] developed a novel set of RPSM algorithms. Furthermore, a novel RPSM approach for solving nonlinear boundary value problems of fractional order has been created by Arqub et al. [71]. El-Ajou et al. [72] introduced an innovative RPSM method for the estimation of solutions to KdV-burgers equations of fractional order. Fractional power series have been proposed as a potential method for solving Boussinesq DEs of the second and fourth orders (Xu et al. [73]). A successful numerical approach was devised by Zhang et al. [74], who integrated RPSM and least square algorithms [75–77].
The most significant achievement of the 20th century about fractional PDEs was Aboodh’s transform iterative approach (NITM), developed by Aboodh. Because of their processing complexity and inability to converge, standard techniques are infamously useless for solving PDEs that incorporate fractional derivatives. Our distinctive technology surpasses these limitations by continually refining approximation solutions, reducing computational effort, and enhancing accuracy. The utilization of fractional derivative-specific iterations has resulted in improved solutions to intricate mathematical and physical problems [78–80]. The development of systems governed by complex fractional partial differential equations has emerged in recent times, enabling the investigation of engineering, physics, and applied mathematics challenges that were previously unsolvable.
The Aboodh residual power series method (ARPSM) [81, 82], and Aboodh transform iterative method (NITM) [78–80] are two fundamental approaches utilized in the resolution of fractional differential equations. These methodologies offer not only symbolic solutions in analytical terms that are readily accessible but also generate numerical approximations for linear and nonlinear differential equation solutions, obviating the necessity for discretization or linearization. The primary aim of this effort is to solve coupled Burger’s equations and the system of the KdV equations by employing two distinct methodologies, NITM and ARPSM. By combining these two techniques, numerous nonlinear fractional differential problems have been resolved.
2 FUNDAMENTAL CONCEPTS
Definition 2.1. [83] The function α(ζ, η) is assumed to be of piecewise continuous and exponential order. In the case of τ ≥ 0, the Aboodh transform of α(ζ, η) is specified as follows:
[image: image]
Aboodh inverse transform is given as:
[image: image]
Where [image: image] and [image: image]
Lemma 2.1. [84, 85] The expressions α1(ζ, η) and α2(ζ, η) represent functions of exponential order. On the interval [image: image], they exhibit piecewise continuity. Consider the following: A[α1(ζ, η)] = Λ1(ζ, η), A[α2(ζ, η)] = Λ2(ζ, η) and λ1, λ2 are real numbers. These characteristics are therefore valid:
1. A[λ1α1(ζ, η) + λ2α2(ζ, η)] = λ1Λ1(ζ, ϵ) + λ2Λ2(ζ, η),
2. A−1[λ1Λ1(ζ, η) + λ2Λ2(ζ, η)] = λ1α1(ζ, ϵ) + λ2α2(ζ, η),
3. [image: image],
4. [image: image].
Definition 2.2. [86] The fractional Caputo derivative of the function α(ζ, η) with respect to order p is defined as
[image: image]
where [image: image] and [image: image] is the Riemann–Liouville integral of α(ζ, η)
Definition 2.3. [87] The form of the power series is as follows.
[image: image]
where [image: image] and [image: image]. The term ”multiple fractional power series (MFPS) for η0 is used to refer to this type of series, in which the variable is η and the series coefficients ℏr(ζ)′s.
Lemma 2.2. Assume that the exponential order function is denoted by α(ζ, η). A[α(ζ, η)] = Λ(ζ, ϵ) represents the definition of the Aboodh transform (AT) in this specific case. In light of this,
[image: image]
where [image: image] and [image: image] and [image: image]
Proof. Induction method can be employed to illustrate Eq. 2. By substituting r = 1 in Eq. 2, the subsequent results occur:
[image: image]
Lemma 2.1, part (4), proves the validity of Eq. 2 for the value of r = 1. By revising to use r = 2 in 2, we obtain
[image: image]
We can determine Eq. 8 is:
[image: image]
Eq. 9 can be represented as follows:
[image: image]
Assume that
[image: image]
Therefore, Eq. 10 may be expressed as
[image: image]
Eq. 12 is modified as a consequence of the use of the Caputo type fractional derivative.
[image: image]
It is possible to obtain the following by using the R-L integral for the AT, which can be found in Eq. 13.
[image: image]
Using characteristic of the AT, Eq. 14 is converted into the following form:
[image: image]
As a result of Eq. 11, we obtain:
[image: image]
where A[z(ζ, η)] = Z(ζ, ϵ). Therefore, Eq. 15 is converted to
[image: image]
Thus, Eq. 2 implies compatibility with Eq. 16. Assume that for r = K Eq. 2 holds. In Eq. 2, now put r = K.
[image: image]
The next step is to prove Eq. 2 for the value of r = K + 1. We may write using Eq. 2 as a basis.
[image: image]
From the analysis of Eq. 18, we get
[image: image]
Let consider
[image: image]
From Eq. 19, we have
[image: image]
R-L integral and the Caputo derivative is use to transform Eq. 20 into the subsequent expression.
[image: image]
Eq. 17 is unitized in order to get Eq. 21.
[image: image]
In addition, the following outcome is obtained by using Eq. 22.
[image: image]
For r = K + 1, Eq. 2 holds. As a result, we demonstrated that Eq. 2 holds true for all positive integers using the mathematical induction technique.
To further illustrate Taylor’s formula, the following lemma is presented as an extension of the idea of multiple fractionals. This formula is going to be beneficial to the ARPSM, which will be discussed in further depth.
Lemma 2.3. Let us assume that α(ζ, η) has exponentially ordered behavior. The multiple fractional Taylor’s series representing the Aboodh transform of α(ζ, η) is A[α(ζ, η)] = Λ(ζ, ϵ).

[image: image]
where, [image: image].
Proof. Considering the fractional Taylor’s series, we observe as
[image: image]
We obtain the following equality by transforming Eq. 24 using the AT:
[image: image]
For this purpose, we make advantage of the properties of the AT.
[image: image]
By using the Aboodh transform, we are able to get 23, which is an new version of Taylor’s series.
Lemma 2.4. For the function that is represented in the Taylor’s series 23, the MFPS representation needs to be defined as A[α(ζ, η)] = Λ(ζ, ϵ). Following that, we have
[image: image]
Proof. The succeeding is taken from the transformed version of Taylor’s series, which is as follows:
[image: image]
By applying the limϵ→∞ to Eq. 25 and carrying out calculation, the desired outcome, which is represented by Eq. 26, may be achieved.
Theorem 2.5. Let us suppose that the function A[α(ζ, η)] = Λ(ζ, ϵ) has MFPS form given by
[image: image]
where [image: image] and [image: image]. Then we have
[image: image]
where, [image: image].
Proof. We possess a new form of Taylor’s series.
[image: image]
By employing Eq. 27 and the limϵ→∞, we can obtain
[image: image]
The following equality is obtained by taking limit:
[image: image]
The outcome obtained by applying Lemma 2.2 to Eq. 28 is as follows:
[image: image]
By applying Lemma 2.3 to Eq. 29, the equation is transformed into
[image: image]
Once again, assuming limit ϵ → ∞ and consider the new formulation of Taylor’s series, we get the following result:
[image: image]
Using Lemma 2.3, we get the following:
[image: image]
Lemmas 2.2 and 2.4 enable the transformation of Eq. 30 into
[image: image]
The following outcomes are obtained when we use the same technique to the subsequent Taylor’s series:
[image: image]
Lemma 2.4 may be used to get the final equation.
[image: image]
So, in general
[image: image]
Thus, the proof comes to an end.
The next theorem establishes and goes into additional detail about the conditions that govern the convergence of the modified Taylor formula.
Theorem 2.6. The expression A[α(ζ, η)] = Λ(ζ, ϵ) represents the updated formula for multiple fractional Taylor’s, as stated in Lemma 2.3. The residual RK(ζ, ϵ) of the modified multiple fractional Taylor’s formula meets the following inequality if [image: image] is related to | ≤ T, on 0 < ϵ ≤ s:
[image: image]
Proof. For r = 0, 1, 2, … , K + 1, [image: image] is defined on 0 < ϵ ≤ s. Let, [image: image]. The following relationship should be determined based on the new version of Taylor’s series:
[image: image]
For the transformation of Eq. 31, the application of Theorem 2.5 is necessary.
[image: image]
ϵ(K+1)a+2 must be multiplied on both sides of Eq. 32.
[image: image]
Lemma 2.2 applied to Eq. 33 yields
[image: image]
The expression 34 is converted to its absolute form.
[image: image]
The result that is shown below is the outcome of applying the condition specified in Eq. 35.
[image: image]
The necessary outcome may be obtained using Eq, 36.
[image: image]
Series convergence is therefore defined according to a new condition.
3 AN OUTLINE OF THE PROPOSE METHODOLOGY
3.1 The ARPSM method is used to solve time-fractional PDEs with variable coefficients
In this paper, we describe in detail the ARPSM rules that resolved our underlying model.
Step 1: Simplifying the general equation gives us.
[image: image]
Step 2: Eq 37 are subjected to the AT to get
[image: image]
By using Lemma 2.2, Eq. 38 is transformed into.
[image: image]
where, A[ζ(ζ, α)] = F(ζ, s), A[N(α)] = Y(s).
Step 3: It is important to examine the form in which the solution to Eq. 39 is expressed:
[image: image]
Step 4: You will be required to complete the following procedures to continue:
[image: image]
By applying Theorem 2.6, the subsequent results are obtained.
[image: image]
[image: image]
[image: image]
[image: image]
Step 5: Following Kth truncation, obtain the Λ(ζ, s) series as follows:
[image: image]
[image: image]
Step 6: To obtain the following, separately consider the Aboodh residual function (ARF) from 39 and the Kth-truncated Aboodh residual function:
[image: image]
and
[image: image]
Step 7: Replace the expansion form of ΛK(ζ, s) in Eq. 40.
[image: image]
Step 8: Multiplying both sides of Eq. 41 by sKp+2 yields the solution.
[image: image]
Step 9: By evaluating both sides of Eq. 42 with regard to lims→∞.
[image: image]
Step 10: Solve the given equation to determine the value of ℏK(ζ)
[image: image]
where K = w + 1, w + 2, ⋯.
Step 11: Get the K-approximate solution of Eq. 39 by placing a K-truncated series of Λ(ζ, s) for the values of ℏK(ζ).
Step 12: To get the K-approximate solution αK(ζ, η), take the inverse AT to solve ΛK(ζ, s).
3.2 Problem 1
Examine the following 1D system of 3rd-order nonlinear KdV equations:
[image: image]
[image: image]
with the initial conditions listed below:
[image: image]
[image: image]
and exact solution
[image: image]
[image: image]
After using Eqs 45, 46, we get by applying AT to Eqs 43, 44.
[image: image]
[image: image]
The kth truncated term series is given as:
[image: image]
[image: image]
The residual function (ARF) are
[image: image]
[image: image]
and the kth-LRFs as:
[image: image]
[image: image]
fr(ζ, s) and gr(ζ, s) are obtained by multiplying the resulting equations by srp+1, substituting the rth-truncated series Eqs 51, 52 into the rth-residual functions Eqs 55, 56, and solving lims→∞(srp+1AtResv,r(ζ, s)) = 0 and lims→∞(srp+1AtResw,r(ζ, s)) = 0 for r = 1, 2, 3, ⋯ iteratively.
Listed below are the first few terms:
[image: image]
[image: image]
and so on.
For each r = 1, 2, 3, … , we put the values of fr(ζ, s) and gr(ζ, s) in Eqs 51 and 52, and obtain
[image: image]
[image: image]
Utilizing the inverse AT, we get
[image: image]
[image: image]
Figure 1 shows, (a) the ARPSM solution for p = 1, (b) exact solution, (c) different fractional order comparison of α(ζ, η) for η = 0.1 of problem 1. Figure 2 illustrates, (a) the ARPSM solution for p = 1, (b) exact solution, (c) different fractional order comparison of β(ζ, η) for η = 0.1. In Table 1, the ARPSM fractional solution for various order of p for η = 0.1 of problem 1 α(ζ, η) is analyzed. In Table 2, the ARPSM fractional solution for various order of p for η = 0.1 of problem 1 β(ζ, η) is analyzed.
[image: Figure 1]FIGURE 1 | This figure shows, (A) the ARPSM solution for p = 1, (B) exact solution, (C) different fractional order comparison of α(ζ, η) for η = 0.1.
[image: Figure 2]FIGURE 2 | This figure demonstrates: (A) the ARPSM solution for p = 1, (B) exact solution, (C) different fractional order comparison of β(ζ, η) for η = 0.1.
TABLE 1 | The ARPSM fractional solution for various order of p for η = 0.1 of problem 1 α(ζ, η).
[image: Table 1]TABLE 2 | The ARPSM fractional solution for various order of p for η =0.1 of problem 1 β(ζ, η).
[image: Table 2]3.3 Problem 2
Examine the system of homogeneous Burger’s equations as follows:
[image: image]
[image: image]
with the following initial conditions:
[image: image]
[image: image]
and exact solution
[image: image]
[image: image]
By applying Eqs 65, 66 and the AT on Eqs 63, 64, we are able to derive:
[image: image]
[image: image]
As a result, the following term series have been kth truncated:
[image: image]
[image: image]
The residual function are
[image: image]
[image: image]
and the kth-LRFs as:
[image: image]
[image: image]
To obtain fr(ζ, s) and gr(ζ, s), do the following procedures: The rth-truncated series from Eqs 71, 72 should be substituted into the rth-Aboodh residual function depicted in Eqs 75, 76, and the resultant equations should be multiplied by srp+1. The relations lims→∞(srp+1AηResα, r(ζ, s)) = 0 and lims→∞(srp+1AηResβ, r(ζ, s)) = 0 are then solved iteratively.in the case of r = 1, 2, 3, ⋯. Listed below are the first few terms:
[image: image]
[image: image]
[image: image]
and so on.For each r = 1, 2, 3, … , we put the values of fr(ζ, s) and gr(ζ, s) in Eqs 71 and 72, and obtain
[image: image]
[image: image]
Utilizing the inverse transform of Aboodh, we get
[image: image]
[image: image]
Figures 3A–C show comparative analysis of different fractional order p = 0.4, 0.6, 1.0 for α, β(ζ, η) at η = 0.1 respectively. The different fractional order graphs of two and three dimensional of problem 2 are introduced in Figure 4. In Table 3, we introduce an analysis for the ARPSM fractional solution for various p for η = 0.1 of problem 2 α(ζ, η) and β(ζ, η).
[image: Figure 3]FIGURE 3 | (A–C) show comparative analysis of different fractional order p = 0.4, 0.6, 1.0 for α, β(ζ, η) at η = 0.1, respectively.
[image: Figure 4]FIGURE 4 | Comparative analysis of fractional order p in (A) 3D graph and (B) 2D graph.
TABLE 3 | The ARPSM fractional solution for various p for η =0.1 of problem 2 α(ζ, η) and β(ζ, η).
[image: Table 3]3.4 The Aboodh iterative transform Method’s concept
Our focus will be on a general space-time PDE of fractional order.
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With the following initial conditions:
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Let [image: image] be a nonlinear or linear operator of [image: image] and [image: image], and let α(ζ, η) be the assumed unknown function. The AT is applied to both sides of Eq. 84 to provide the following equation. α is used instead of α(ζ, η) for simplicity.
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Aboodh inverse transform gives:
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The solution through this method is represented as an infinite series.
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Since [image: image] is either a nonlinear or linear operator which can be decomposed as follows:
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Eqs 88, 89 must be substituted into Eq. 87 in order to get the subsequent equation.
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The m-terms approximate solution to Eq. 84 is given as:
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3.4.1 Solution of the problem via NITM
3.4.1.1 Problem 1
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with the following initial conditions:
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Both sides of Eqs 93, 94 is evaluated using AT, the following equations are produced as a result:
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For Eqs 97, 98, the application of the inverse AT results in the following equations:
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Utilizing the AT in an iterative manner results in the extraction of the following equation:
[image: image]
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By applying the RL integral to Eqs 93, 94, we perform the objective of obtaining the equivalent form.
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The following few terms are produced by the NITM method.
[image: image]
The final solution through NITM algorithm is presented in the following manner:
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Figure 5 illustrates, (a) the NITM solution for p = 1, (b) exact solution, (c) different fractional order comparison of α(ζ, η) for η = 0.1. Figure 6 demonstrates, (a) the NITM solution for p = 1, (b) exact solution, (c) different fractional order comparison of β(ζ, η) for η = 0.1. In Table 4 the NITM fractional solution for various order p for η = 0.1 of problem 1 is analyzed. In Table 5, the NITM fractional solution for various order p for η = 0.1 of problem 1 is analyzed.
[image: Figure 5]FIGURE 5 | In figure, (A) shows NITM solution for p = 1, (B) shows exact solution, (C) shows different fractional order comparison of α(ζ, η) for η = 0.1.
[image: Figure 6]FIGURE 6 | In figure, (A) shows NITM solution for p = 1, (B) shows exact solution, (C) shows different fractional order comparison of β(ζ, η) for η = 0.1.
TABLE 4 | The NITM fractional solution for various order p for η = 0.1 of problem 1 α(ζ, η).
[image: Table 4]TABLE 5 | The NITM fractional solution for various order p for η = 0.1 of problem 1 β(ζ, η).
[image: Table 5]3.4.1.2 Problem 2
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with the following initial conditions:
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Both sides of Eqs 108, 109 is evaluated using AT, the following equations are produced as a result:
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For Eqs 112, 113, the application of the inverse AT results in the following equations:
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Utilizing the AT in an iterative manner results in the extraction of the following equation:
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By applying the RL integral to Eqs 108, 109, we perform the objective of obtaining the equivalent form.
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The following few terms are produced by the NITM method.
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The final solution through NITM algorithm is presented in the following manner:
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Figures 7A–C show comparative analysis of different fractional order p = 0.4, 0.6, 1.0 for α, β(ζ, η) at η = 0.1, respectively. The two and three dimensional graphs of different fractional order p of problem 2 are introduced in Figure 8. Table 6, the NITM fractional solution for various order of p for η = 0.1 of problem 2 α(ζ, η) and β(ζ, η). Table 7, comparative analysis of example 1 solution through NITM and ARPSM of α(ζ, η) for η = 0.1 and p = 1. Table 8, comparative analysis of example 1 solution through NITM and ARPSM of β(ζ, η) for η = 0.1 and p = 1. Table 9, comparative analysis of example 2 solution through NITM and ARPSM of α(ζ, η) and β(ζ, η) for η = 0.1 and p = 1.
[image: Figure 7]FIGURE 7 | In figure, (A–C) shows comparative analysis of different fractional order p = 0.4, 0.6, 1.0 for α, β(ζ, η) at η = 0.1 respectively.
[image: Figure 8]FIGURE 8 | Comparative analysis of fractional order p in (A) 3D graph and (B) 2D graph.
TABLE 6 | The NITM fractional solution for various order of p for η = 0.1 of problem 2 α(ζ, η) and β(ζ, η).
[image: Table 6]TABLE 7 | Comparative analysis of example 1 solution through NITM and ARPSM of α(ζ, η) for η = 0.1 and p = 1.
[image: Table 7]TABLE 8 | Comparative analysis of example 1 solution through NITM and ARPSM of β(ζ, η) for η = 0.1 and p = 1.
[image: Table 8]TABLE 9 | Comparative analysis of example 2 solution through NITM and ARPSM of α(ζ, η) and β(ζ, η) for η = 0.1 and p = 1.
[image: Table 9]4 CONCLUSION
In conclusion, this study has examined the intricate dynamics of a system governed by nonlinear Korteweg-de Vries (KdV) equations and coupled Burger’s equations. Through the application of advanced mathematical tools, specifically the Aboodh transform iteration method (ATIM) and the Aboodh residual power series method (ARPSM), we have successfully obtained accurate solutions for this complex nonlinear system. The inclusion of the Caputo operator highlights the importance of fractional calculus in describing the system’s behavior. The results obtained through these methods contribute valuable insights into the understanding of the coupled equations’ dynamics. This research not only enhances our knowledge of mathematical modeling but also showcases the efficacy of the applied methods in analyzing intricate nonlinear systems. The findings pave the way for further exploration and applications in diverse scientific domains.
Future work: The methods used in this study can be utilized to investigate how the fractional parameter influences the characteristics of rogue waves and breathers in various plasma systems by solving a nonlinear Schrodinger equation and related evolution equations.
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Compartmental models are widely used in mathematical epidemiology to describe the dynamics of infectious diseases or in mathematical models of population genetics. In this study, we study a time-dependent Susceptible-Infectious-Susceptible (SIS) Partial Differential Equation (PDE) model that is based on a diffusion-drift approximation of a probability density from a well-known discrete-time Markov chain model. This SIS-PDE model is conservative due to the degeneracy of the diffusion term at the origin. The main results of this article are the qualitative behavior of weak solutions, the dependence of the local asymptotic property of these solutions on initial data, and the existence of Dirac delta function type solutions. Moreover, we study the long-term behavior of solutions and confirm our analysis with numerical computations.
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1 Introduction

Despite undeniable, vast modern improvements in the development of highly efficient antibiotics and vaccines, infectious diseases still contribute significantly to deaths worldwide. The earlier recognized diseases such as cholera or plague still sometimes pose problems in underdeveloped countries, even erupting occasionally in epidemics. In developed countries, new diseases are emerging, such as the case of AIDS (1981) or hepatitis C and E (1989–1990). New variants are constantly surfacing, such as recent bird flu (SARS) epidemic in Asia, the very dangerous Ebola virus in Africa, and the recent worldwide spread of COVID-19. Overall, infectious diseases continue to be one of the most significant and challenging health problems.

Modeling of epidemiological phenomena has a very long history. The first model for smallpox was formulated by Daniel Bernoulli in 1760. A large number of models have been constructed and analyzed from the early 20th century in response to epidemics of various infectious diseases [see for example [1–6] (and references therein)]. Compartmental models are well established as mathematical modeling techniques. It is often applied to the mathematical modeling of infectious diseases. In this type of modeling, the population is subdivided into compartments or categories such as susceptible, infectious, and recovered in the widely used SIR model or susceptible, infectious, and susceptible like in SIS epidemiological scheme. Here, we are interested in analyzing the SIS model that provides the simplest description of the dynamics of a disease that is contact-transmitted and that does not lead to immunity like it is the case for COVID-19. Discrete-time Markov chain-type SIS models are considered to be a classical approach in modern mathematical modeling in epidemiology. The most recent development in mathematical epidemiology is based on the introduction of continuous modeling based on partial differential equations like in [7, 8].

In our study, for T>0 and Ω = (0, 1), ΩT = Ω × (0, T), we study a time-dependent Susceptible-Infectious-Susceptible (SIS) model derived in the study mentioned in the reference [9], which is a generalized PDE version of a Kimura model [see [10]] in the unknown function p: = p(x, t): [image: image]:

[image: image]

coupled with the boundary condition

[image: image]

and initial data

[image: image]

Here, [image: image] represents the fraction of infected, N is the size of the population of interest, p is the probability to find a fraction x at time t in a population of size N, and R0≥0 is the basic reproductive factor.

[image: image]

are connected with variance and the mean of the change of x in the frame of Kimura model. Note that (1.1) is parabolic equation with non-negative characteristic form, and it is degenerated on the boundary of the domain at x = 0. The corresponding Fichera function for (1.1) [see e. g. [11, (1.1.3), p.17]] is [image: image] on {x = 0} × {t>0}. Hence, according to [11, 12], the problem (1.1–1.3) is well-posed without any boundary conditions at x = 0 for all t>0. Reduced number of boundary conditions required for well-posedness of degenerated problems is a well-known phenomenon, and some interesting examples are shown in the study mentioned in the reference [13, 14]. Imposing zero boundary condition at x = 0 makes the problem to be over-determined, and because some weak solutions have this property, the set of solutions for the over-determined problem will not be empty.

It is worth noting that processes defined by similar models were studied by Feller in the early 1950s and used to great effect by Kimura, et al. in the 1960s and 70s to give quantitative answers to a wide range of questions in population genetics. However, rigorous analysis of the analytic properties of these equations is only the focus of applied mathematicians. The study of initial or/and initial-boundary value problems for degenerated equations, including Kimura-type operators, has a long history. Here, we do not provide a complete survey of the published results pertaining to these degenerated equations. Instead, we survey some of them for the benefit of the interested reader. Indeed, the investigation of elliptic and parabolic problems, leading to degenerated equations containing operators such as

[image: image]

with a(x) ≈ |x|α, α > 0, and aij and satisfying ellipticity conditions, are extensively studied by many authors with various analytical approaches [see e.g. [11, 12, 15–26]] including stochastic calculus [27–35].

Under suitable assumptions on the asymptotic behavior of the operator's coefficients at the boundary of the domain, the uniqueness of bounded and unbounded solutions, as well as solutions belonging to the weighted Sobolev spaces, was shown in the study mentioned in the reference [12, 20, 22–24, 36] without prescribing any boundary conditions at the origin. The qualitative properties of the corresponding solutions, including the maximum principle and the Harnack inequality, are discussed in the study mentioned in the reference [31–33, 37–39] (see also references therein). Local asymptotic behavior of solutions for different types of degenerate equations was rigorously studied in the study mentioned in the reference [40–42]. We also refer the reader to the study mentioned in the reference [30–32, 34, 43], where the theories of existence and uniqueness of solutions to stochastic differential equations with degenerate diffusion coefficients are developed. Additionally, the well-posedness of the related problems in the case of α = 1 is discussed in the study mentioned in the reference [27–29]. It is worth noting that degenerate diffusion is examined in the context of measure-valued process [see [44–46]] via the semigroup techniques [47–49].

Finally, for the well-posedness of parabolic degenerate problems, we refer to the study mentioned in the reference [15, 16, 18, 21, 25, 26, 35, 50–52], where the existence of weak and classical solutions is established for different values of α>0. Previous researchers such as Chen and Weth-Wadman [53] and Epstein and Mazzeo [31] restricted their attention to the solutions with the best possible regularity properties, which leads to considerable simplifications and limitations. For real applications, it is important to consider solutions with more complicated behavior, which is the goal of our study.

The outline of the study is as follows: in Section 2, we show the existence of stationary solutions, analyze the dependence of their asymptotic behavior, near the origin, on initial data, confirm numerically their meta-stability, and analyze convergence; in Section 3, we analyze particular classical and weak solutions. We used COMSOL Multiphysics® software to perform the numerical simulations [54].



2 Weak solutions: convergence to steady state and asymptotic behavior as t → +∞

Throughout the whole article, we encounter the usual spaces W1, p(Ω), Lp(Ω), and [image: image]. It is worth noting that the last class is a weighted space L2 with a weight ω and the induced norm

[image: image]

Moreover, we use the notations H1(Ω) and [image: image] for W1, 2(Ω) and [image: image], respectively.

In this section, as it is mentioned in the introduction, we discuss the long-term behavior of a weak solution to problem (1.1–1.3). To that end, we first construct the explicit stationary solution Ps: = Ps(x): [image: image] related to (1.1-1.3), and then, we examine a set of initial data which provide the convergence of the weak solution as T → +∞. In particular, we consider a case of convergent p(x, t) to Ps(x).


2.1 Existence of a steady state

First, we start with getting an analytical formula for a stationary solution for (1.1):

[image: image]

coupled with the boundary condition:

[image: image]

Integrating (2.1) in x and taking into account (2.2), we get

[image: image]

It is apparent that this equation has a general solution

[image: image]

where

[image: image]

As a result, we obtain the explicit form of the classical stationary solution to (1.1–1.3)

[image: image]

Observe that the changing-sign convection term for R0 = 2 equals zero at x = 0.5, leading to a wave-like solution that moves toward this point, forming a meta-stable steady-state shape. This illustrates that the solution's short-term behavior is driven by the convection, as shown in Figures 1, 2. It takes a long-time for meta-stable steady state (a wave-like solution that slowly changes its shape) to move mass toward the origin. These long-term dynamics are due to a slow diffusion effect, and eventually, the solution blows up at the origin, which is indeed the case for two different sets of parameter values, as shown in Figures 3, 4. All numerical simulations show high accuracy of the mass conservation property even for long-term computations, which suggests the existence of a solution of Delta function type that acts as a global attractor in this dynamical system.


[image: Figure 1]
FIGURE 1
 These two pictures illustrate the dominant behavior of convection in the short-term t ∈ [0, 0.1]. (Left) Convection moves the solutions toward the steady state from the right side to the left one for R0 = 2 and N = 200, (Right) convection moves the solutions toward the steady state from the left side to the right one for the same parameter values. The initial data are plotted with a dashed line.



[image: Figure 2]
FIGURE 2
 These two pictures illustrate t ∈ [0, 0.1] short-term dynamics for R0 = 2 and N = 100 (Left) and t ∈ [0, 2000] long-term dynamics with blow up at the origin (Right). The initial data are plotted with a dashed line.



[image: Figure 3]
FIGURE 3
 These two pictures illustrate the dominant behavior of convection in the short-term t ∈ [0, 0.1]. (Left) Convection moves solutions toward the origin, here R0 = 0.5 and N = 100 and where solutions blow up. (Right) Convection again moves solutions toward the origin, here R0 = 1 and N = 100 and where solutions blow up. The initial data are plotted with a dashed line.



[image: Figure 4]
FIGURE 4
 These two pictures illustrate the dominant behavior of convection in the short term t ∈ [0, 0.1]. (Left) Convection moves solutions toward the origin, here R0 = 0 and N = 100, where the solutions blow up. (Right) Convection again moves solutions toward the origin, here R0 = 0 and N = 200, where the solutions blow up. The initial data are plotted with a dashed line.




2.2 Long-term behavior of a weak solution

Assuming that ω(x) is defined by Equation (2.4) and that

[image: image]

We define a weak solution of (1.1–1.3) in the following sense:

Definition 2.1. A non-negative function [image: image] is a weak solution of problem (1.1)–(1.3) for any T>0 if

[image: image]

and p satisfies (1.1) in the sense

[image: image]

for all ψ ∈ L2(0, T; H1(Ω)), and ψ (0, t) = 0 for allt ∈ [0, T]. Here, [image: image] is a dual pair of elements u ∈ (H1)′ and v ∈ H1.

Now, we are ready to state our first main result related to the asymptotic behavior of a weak solution to (1.1–1.3).

Theorem 1. (i) Let [image: image] and [image: image], a weak solution p(x, t) satisfies the relation

[image: image]

Moreover, if [image: image], ω(x)p(x, t)∈C([0, +∞);H1(Ω)), and there is convergence

[image: image]

(ii) Let [image: image], if p(x, t) is a weak solution to (1.1–1.3) and [image: image], where [image: image] is the same constant as in Equation (2.3), there exists a constant [image: image], depending on R0 and N, such that

[image: image]

Moreover, if [image: image], there exist a constant C1>0 and a time T*>0, depending on R0 and N, such that

[image: image]

Numerical simulations in Figures 5, 6 illustrate the convergence result in Equation (2.6).


[image: Figure 5]
FIGURE 5
 These two pictures illustrate convergence of weighted L2-norm of p(x, t) to a constant for R0 = 0 and N = 100, [image: image] (left) and R0 = 0 and N = 200, [image: image] (right).



[image: Figure 6]
FIGURE 6
 These two pictures illustrate convergence of weighted L2-norm of p(x, t) for R0 = 0.5 and N = 100, [image: image] (left) and R0 = 2 and N = 200, [image: image] (right).


Note that Theorem 1 describes a behavior of a weak solution to direct well-posed problem (1.1)–(1.3), depending on the different types of behavior ω(x)p(x, t) at x = 0, taking into account two explicit solutions: steady state (subsection 2.1) and Fourier series solutions (subsection 3.1). In other words, our main result has a conditional characteristic via inserting additional assumptions on the term ω(x)p(x, t) as x → 0 in the statement of the Theorem 1 but not to the statement of the problem (1.1)–(1.3). In the context of infectious disease spreading dynamic, Theorem 1 says that a different regularity of the initial data at x = 0 leads to a different rate of the disease extinction, i. e., more regular initial data give us faster decay of infection.

Remark 2.1. In this study, we do not discuss the existence and uniqueness of weak solutions vanishing at the origin. As for these issues, we refer the interested readers to Section 7 in the study mentione4d in the reference [51], where the related questions are analyzed.

Remark 2.2. In particular, Theorem 1 provides the following properties:

(i) (2.5) implies

[image: image]

where we deduce that limt → +∞p(x, t) = 0 a. e. [image: image];

(ii) (2.6) gives the stability of the steady state Ps.

Proof of Theorem 1. Introducing a new function z: = ω(x)p(x, t) and rewriting problem (1.1)–(1.3) in the more suitable form:

[image: image]

Note that if [image: image], we can define a new function [image: image], and we reduce the case to a problem similar to Equation (2.7). Since the approximation approach is well developed for this type of problem, to avoid technical details, we proceed with formal computations. Our formal computations can be rigorously justified by introducing a sequence of approximate solutions with extra regularity property, taking advantage of the standard approximation arguments, and passing to the limit in the final estimates. The weak solution will be obtained as a limit as ε → 0 of smooth solutions for the corresponding approximating problems. For any ε>0, we consider the approximating problems of Equation (2.7), where instead of ω(x) and z0(x), we take [image: image] and [image: image] such that zε, 0(x) → z0(x) strongly in H1(Ω) as ε → 0. As these approximating problems are uniformly parabolic, by general PDE theory for the second order parabolic equations (see, e.g. [55]), we find a solution [image: image]. By going through all routine calculations for zε, and then passing to the limit with respect to ε → 0, we arrive at the required estimates for the corresponding limit solution z.

We now verify claim (i) of Theorem 1. To this end, multiplying the equation in (2.7) by z(x, t) and integrating over Ω, we obtain as follows:

[image: image]

Next, we take advantage of Hardy inequality [56, p. 22, (1.25) with p = q = 2]

[image: image]

with z(0) = 0. Here, the constant CH(R0) satisfies the inequalities:

[image: image]

Note that

[image: image]

where it follows that [image: image]. Thus, statement (2.8) along with Hardy inequality, see [9], leads to the relation

[image: image]

Multiplying the equation in (2.7) by [image: image] and integrating over Ω, we obtain the equation

[image: image]

which implies

[image: image]

To handle the second term in the left-hand side of this equality, we apply to [image: image] the following inequality:

[image: image]

Hence, we end up with the relation

[image: image]

As a result, we obtain the following convergence:

[image: image]

provided the following inequality holds:

[image: image]

As a simple consequence of this fact and the convergence of (2.9), we obtain an upper bound on z(x, t):

[image: image]

which, in turn, provides the desired relation

[image: image]

We now proceed by showing that statement (ii) of Theorem 1 is in fact valid. We multiply (2.7) by ω(x)ψ(x)z(x, t) and integrate over Ω to obtain

[image: image]

Then, choosing here

[image: image]

we arrive at the equality

[image: image]

where

[image: image]

Thus, we easily conclude that

[image: image]

where [image: image] Now, multiplying the equation in (2.7) by [image: image] and integrating over Ω, we obtain

[image: image]

Now, consider ϕ(x) such that (ω(x)ϕ′(x))′F2(x) = 2f(x)ψ(x), i. e.,

[image: image]

we have

[image: image]

The above equality, along with (2.10), leads to

[image: image]

Now, applying to [image: image], the following estimate

[image: image]

where

[image: image]

to (2.11) and conclude that

[image: image]

where

[image: image]

As a result, there exists a time T*>0 such that

[image: image]

provided the following inequality holds:

[image: image]

This completes the proof of assertion (ii) and, as a consequence, of Theorem 1.




3 Solutions in weighted L2-space

In this section, we will illustrate an application of Theorem 1 by constructing solutions, using the spectral decomposition method, in a weighted L2-space. First, we analyze classical solutions to problem (2.7), and then, we discuss some classes of weak solutions.


3.1 Fourier series solutions in a weighted space

Introducing a new variable

[image: image]

and denoting by

[image: image]

we rewrite problem (2.7) in the form as follows:

[image: image]

It is worth noting that to establish (3.1), we have made use of the following simple and verifiable relations:

[image: image]

or as consequence

[image: image]

Separating variables in (3.1):

[image: image]

leads to the problems

[image: image]

where

[image: image]

with

[image: image]

Now, multiplying (3.2) by [image: image], we immediately obtain the equation

[image: image]

Then, setting

[image: image]

we arrive at the classical Sturm–Liouville problem with the continuous potential q(s)

[image: image]

From here, we rely on standard computational methods to obtain the following asymptotic behavior of eigenvalues and eigenfunctions to problem 3.3:

[image: image]

or returning to (3.2):

[image: image]

Thus, problem (3.1) has a particular solution

[image: image]

which, in turn, means

[image: image]

where

[image: image]

Finally, keeping in mind the relation z(x, t) = ω(x)p(x, t), we deduce the formal solution

[image: image]

that is a weak solution in a weighted L2-space in the sense of the Definition 2.1. It is worth noting that the asymptotic behavior of the solution [image: image] as x → 0+ is in agreement with Theorem 1 (i).



3.2 The Dirac delta function solutions

In this section, we show that Dirac delta function type solutions belong to our class of weak solutions. The main problem here is that, with zero on the boundary, the integral [image: image] is a priori not well defined (over-determined ill-posed problem was previously considered in the study mentioned in the reference [9]). Now, we denote positive and non-negative cut of functions by f(x)χ{x>0} and f(x)χ{x≥0}, respectively. This corresponds to integrating δ function against the function f(x)χ{x>0} (or possibly f(x)χ{x≥0}), which is not continuous at the origin x = 0, where the support of the Dirac delta function lies. With the Dirac delta function at the boundary of the integration, only formal expressions could be found in the literature: [image: image]. This is the justification for choosing a symmetrization method by considering a problem of extended domain [−1, 1] for our Dirac delta function type solutions. Now, we look for a solution to a symmetrically extended problem (1.1)–(1.3) on the interval (−1, 1) in the form of p(x, t) = η(t)δ0(x), where δ0(x) is the Dirac delta function concentrated at the origin.

Multiplying symmetrized Equation (1.1) by ϕ(x)∈C2[−1, 1] with compact support and ϕ(0)≠0, after integrating by parts in QT: = (−1, 1) × (0, T), we have

[image: image]

where [image: image] and [image: image] are even continuation of f and g, respectively. Taking p(x, t) = η(t)δ0(x) in the last equality, we deduce that

[image: image]

Due to the inequality ϕ(0)≠0, we have

[image: image]

As a result, symmetrized Equation (1.1) has the following solution:

[image: image]

Convergence of a weak solution to the Dirac delta function is shown in Figure 7. It is interesting to mention that a non-smooth change of variables [image: image] (for the case R0 = 0) will remove the degeneracy from the equation. However, the whole long-term dynamics will not be recovered in terms of y as a global attractor-type solution. Cet that satisfies no-flux boundary conditions in terms of variable y will not be satisfying no-flux boundary conditions in terms of variable x. Although Cet solves the original problem with Neumann boundary conditions (which make the original problem ill-posed), it is unstable. Indeed, a slight perturbation will drive the dynamics toward the Dirac delta function.


[image: Figure 7]
FIGURE 7
 These two pictures illustrate the existence of the Dirac delta function type solutions for symmetrized problems with R0 = 0 and N = 10. The initial data are plotted with a dashed line.
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Let J be a symmetric Jacobi matrix associated with some Toda lattice. We find conditions for Jacobi matrix J to admit factorization J = LU (or J = 𝔘𝔏) with L (or 𝔏) and U (or 𝔘) being lower and upper triangular two-diagonal matrices, respectively. In this case, the Darboux transformation of J is the symmetric Jacobi matrix J(p) = UL (or J(d) = 𝔏𝔘), which is associated with another Toda lattice. In addition, we found explicit transformation formulas for orthogonal polynomials, m-functions and Toda lattices associated with the Jacobi matrices and their Darboux transformations.
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1 Introduction

Let a sequence of real numbers [image: image] be associated with a measure μ on (−∞, +∞), i.e.

[image: image]

However, in the general case, [image: image] is associated with a linear functional 𝔖 by

[image: image]

We consider the sequence [image: image] such that

[image: image]

where [image: image]. Note, if Dn > 0 for all n ∈ ℕ, then there exists measure μ associated with [image: image], otherwise, the sequence [image: image] is associated with only linear functional 𝔖.

On the other hand (see [1, 2]), the real sequence [image: image] is associated with the symmetric Jacobi matrix J and the sequence of orthogonal polynomials of the first kind [image: image], which can defined by

[image: image]

[3, 4] Moreover, the sequence [image: image] satisfies a three-term recurrence relation

[image: image]

with the initial conditions

[image: image]

In the short form we can rewrite Equation (1.2) as

[image: image]

where [image: image] and the symmetric Jacobi matrix J is defined by

[image: image]

On the other hand, the symmetric Jacobi matrix J is associated with the moment sequence [image: image], the following relation holds (see [2, 5])

[image: image]

where [image: image] and m– function of Jacobi matrix is found by

[image: image]

There exist two type transformations of orthogonal polynomials, which are the Christoffel and Geronimus transformations. One are studied in the paper Zhedanov [6]. The Christoffel transformation is defined by

[image: image]

where [image: image] and α is arbitrary parameter. Moreover, Equation (1.7) can be rewritten as follows:

Theorem 1.1. ([7, Theorem 1.5]) Let [image: image] be the sequence of the orthogonal polynomials associated with Equation (1.2). Then the Christoffel–Darboux formula takes the following form

[image: image]

The second transformation is a Geronimus transformation of the orthogonal polynomials [6], one is defined by

[image: image]

Toda lattice. The Toda lattice is a system of differential equations

[image: image]

which was introduced in Toda [8].

We study the semi-infinite system with x−1 = −∞. [9, 10] Flaschka variables are defined by

[image: image]

Therefore, we obtain the following system in terms of Flaschka variables

[image: image]

Hence, the semi-infinite Toda lattice is associated with the symmetric Jacobi matrix J and Lax pair (J, A), such that

[image: image]

where the matrix A = J+ − J−, where J+ and J− are upper and lower triangular part of J, respectively and

[image: image]

As is known (see [8, 11]), the system (1.11) is equivalent to the following

[image: image]

Darboux transformation of the monic classical and generalized Jacobi matrices were studied in Bueno and Marcellán [12], Derevyagin and Derkach [13], and Kovalyov [14, 15]. Darboux transformation involves finding a factorization of a matrix from a certain class such that the new matrix is from the same class. There are two types of Darboux transformation: transformation with and without parameter. Jacobi matrix is associated with many objects. There are moment sequence, measure, linear functional orthogonal polynomials and Toda lattice. Hence, in the current paper, we study not only Darboux transformation of the symmetric Jacobi matrices, but we also study the transformation of the associated objects. Hence, we investigate the Darboux transformation of the symmetric Jacobi matrices J and find relations between associated Toda lattice, orthogonal polynomials, moment sequences and m–functions. We obtain that the Darboux transformation without parameter of the symmetric Jacobi matrices has more additional existence conditions in contrast to case of the monic Jacobi matrices. On the other hand, the Darboux transformation with parameter of the symmetric Jacobi matrices is generated more easily. The results obtained can be applied for further research related to symmetric Jacobi matrices, Toda lattices and inverse problems. Of course, it can also be applied to the Toda lattice hierarchy.

Now, briefly describe the content of the paper. Section 2 contains Darboux transformation without parameter of the symmetric Jacobi matrix J. We find LU–factorization of J and the transformed matrix J(p). Relation between Toda lattices, moment sequences and m–functions associated with the Jacobi matrices was obtained. In this case, the orthogonal polynomials are transformed by the Christoffel formula (1.7). In Section 3, we study the Darboux transformation with parameter of the symmetric Jacobi matrix J. We find 𝔘𝔏–factorization of J and transformed matrix J(d). Moreover, the relations between orthogonal polynomials, m–functions, moment sequence and Toda lattices are found according to explicit formulas.



2 Darboux transformation without parameter of symmetric Jacobi matrix

Now we study a Darboux transformation without parameter of symmetric Jacobi matrix J. The goal is to find the transformations of polynomials of the first kind, m-functions, measure, moment sequence and Toda lattice, which are associated with the transformed Jacobi matrix.


2.1 LU–factorization

Lemma 2.1. Let J be a symmetric Jacobi matrix. Then J admits LU–factorization

[image: image]

where L and U are lower and upper triangular matrices, respectively, which are defined by

[image: image]

if and only if the following system is solvable

[image: image]

Proof. Let us calculate the product LU

[image: image]

Comparing the product LU with the Jacobi matrix J

[image: image]

we obtain the system (2.3).

If the system (2.3) is solvable, then J admits the factorization J = LU of the form (2.1–2.3), where L and U are found uniquely. Conversely, if J admit LU—factorization then the system (2.3) is solvable. This completes the proof.

Lemma 2.2. Let J be the symmetric Jacobi matrix and let J = LU be its LU– factorization of the form (2.1–2.3). Let Pj be the polynomials of the first kind associated with the matrix J. Then

[image: image]

Proof. Let J admit the LU–factorization of the form (2.1–2.3). Setting λ = 0 in Equation (1.2), we obtain

[image: image]

By induction, we prove Equation (2.4).

1. Let n = 0, then

[image: image]

and due to the initial condition (1.3) and (2.3), we get

[image: image]

2. Let n = 1, then

[image: image]

and by Equation (2.3), we have

[image: image]

3. Let Equation (2.4) hold for n = k − 1.

4. Let us prove Equation (2.4) for n = k, we obtain

[image: image]

[image: image]

Consequently

[image: image]

So, Equation (2.4) is proven. This completes the proof.

Corollary 2.3. Let J be the symmetric Jacobi matrix and let J = LU be its LU–factorization of the form (2.1–2.3). Let Pj be the polynomials of the first kind associated with the matrix J. Then

[image: image]

Proof. Let J admit the LU–factorization of the form (2.1–2.3) and let Pj be the polynomials of the first kind associated with J. By Lemma 2.2, Equation (2.4) holds and we obtain

[image: image]

So, Equation (2.5) is proven. This completes the proof.

Corollary 2.4. Let J be the symmetric Jacobi matrix and let J = LU be its LU–factorization of the form (2.1–2.3). Let Pj be the polynomials of the first kind associated with the matrix J. Then

[image: image]

Proof. Let J admit the LU–factorization of the form (2.1–2.3). By Lemma 2.2, we obtain

[image: image]

Hence, Equation (2.6) is proven. This completes the proof.

Theorem 2.5. Let J be the symmetric Jacobi matrix and let Pj be the polynomials of the first kind associated with J. Then J admits LU—factorization of the form (2.1–2.3) if and only if

[image: image]

Furthermore,

[image: image]

Proof. Let Pj(0) ≠ 0 for all j ∈ ℤ+. By Lemma 2.2 the system (2.8) is equivalent to the system (2.3). Consequently, by Lemma 2.1 the Jacobi matrix J admits LU—factorization of the form (2.1–2.3). Conversely, if the Jacobi matrix J admits LU—factorization of the form (2.1–2.3), then by Lemma 2.1 and Lemma 2.2 the polynomials of the first kind Pj satisfy (2.7). This completes the proof.



2.2 Transformed Jacobi matrix J(p) = UL

Definition 2.6. Let the symmetric Jacobi matrix J admit LU—factorization of the form (2.1–2.3). Then a transformation

[image: image]

is called a Darboux transformation without parameter of the symmetric Jacobi matrix J.

Theorem 2.7. Let J be the symmetric Jacobi matrix (1.4) and let J = LU be its LU–factorization of the form (2.1–2.3). Then the Darboux transformation without parameter of the matrix J is the symmetric Jacobi matrix

[image: image]

if and only if

[image: image]

Proof. Calculating UL, we obtain

[image: image]

Consecuently, J(p) is the symmetric Jacobi matrix if and only if

[image: image]

Comparing Equation (2.3) with Equation (2.11), we get

[image: image]

By Equation (2.3), uj + vjlj = bj for all j ∈ ℕ, we obtain Equations (2.9, 2.10) and J(p) is the symmetric Jacobi matrix. This completes the proof.

Theorem 2.8. Let the symmetric Jacobi matrix J satisfy (2.7) and let J = LU be its LU–factorization of the form (2.1–2.3). Let J(p) = UL be the Darboux transformation without parameter of J. Then the polynomials of the first kind [image: image] associated with J(p) can be found by Christoffel–Darboux formula

[image: image]

where Pj are the polynomials of the first kind associated with the symmetric Jacobi matrix J.

Proof. Let the Jacobi matrix J satisfy (2.7) and admit LU–factorization of the form (2.1–2.3). Calculating the inverse matrix of L, we obtain

[image: image]

On the other hand,

[image: image]

Consequently, we obtain the relation between the polynomials of the first kind

[image: image]

By Corollary 2.4, we obtain

[image: image]

However, we can rewrite Equation (2.13) and by Christoffel–Darboux formula (1.8), we obtain

[image: image]

Hence, Equation (2.12) holds. This completes the proof.

In the following statements we find the connection between orthogonal polynomials, moment sequences, measures, linear functionals, m–functions and Toda lattices according to the transformation Darboux transformation without parameter of the symmetric Jacobi matrix.

Proposition 2.9. Let the symmetric Jacobi matrix J admit LU– factorization of the form (2.1–2.3) and let the symmetric Jacobi matrix J(p) = UL be the Darboux transformation without parameter of J. Let [image: image] and [image: image] be the moment sequences associated with the matrices J and J(p), respectively. Then the moment sequence [image: image] can be found by the following formula

[image: image]

Proof. Let the symmetric Jacobi matrix J admit LU–factorization of the form (2.1–2.3) and let the symmetric Jacobi matrix J(p) = UL be its Darboux transformation without parameter. By Equation (1.5), we obtain

[image: image]

Consequently, the moments [image: image] can be found by Equation (2.14). This completes the proof.

Corollary 2.10. Let the symmetric Jacobi matrix J admit LU–factorization of the form (2.1)–(2.3) and let the symmetric Jacobi matrix J(p) = UL be the Darboux transformation without parameter of J. Let 𝔖 and 𝔖(p) be the linear functionals associated with the matrices J and J(p), respectively. Then

[image: image]

Proof. Let 𝔖 and 𝔖(p) be the linear functionals associated with the symmetric Jacobi matrices J = LU and J(p) = UL, respectively, where L and U are defined by Equations (2.1–2.3). By Equation (1.1), we obtain

[image: image]

Consequently, Equation (1.19) holds. This completes the proof.

Corollary 2.11. Let the symmetric Jacobi matrix J admit LU–factorization of the form (2.1–2.3) and let the symmetric Jacobi matrix J(p) = UL be the Darboux transformation without parameter of J. Let dμ and dμ(p) be the measures associated with the matrices J and J(p), respectively. Then

[image: image]

Proof. Let μ and μ(p) be the measures associated with the symmetric Jacobi matrices J = LU and J(p) = UL, respectively, where L and U are defined by Equation (2.1–2.3). Then

[image: image]

Consequently, we find transformation of the measure and Equation (2.16) holds. This completes the proof.

Proposition 2.12. Let the symmetric Jacobi matrix J admit LU– factorization of the form (2.1–2.3) and let the symmetric Jacobi matrix J(p) = UL be the Darboux transformation without parameter of J. Let m and m(p) be the m–functions associated with the matrices J and J(p), respectively. Then

[image: image]

Proof. By Equation (1.6)

[image: image]

Hence, m–function is transformed by Equation (2.17). This completes the proof.

Toda latice. The last statement is the following theorem of this section. One is described the Toda lattice associated with the symmetric Jacobi matrices J(p).

Theorem 2.13. Let the symmetric Jacobi matrix J admit LU–factorization of the form (2.1–2.3) and J be associated with the Toda lattice (1.9–1.11). Let the symmetric Jacobi matrix J(p) = UL be the Darboux transformation without parameter of J. Then J(p) is associated with the following Toda lattice

[image: image]

[image: image]

[image: image]

Furthermore, the matrix A does not change.

Proof. Let the symmetric Jacobi matrix be associated be associated with the Toda (1.9–1.11) and let J = LU, where L and U are defined by Equations (2.2, 2.3, 2.10). Consequently, the symmetric Jacobi matrix J(p) = UL is the Darboux transformation without parameter of J. By Equation (2.9), we obtain [image: image], [image: image] and the matrix A does not change in the Lax pair, i.e.

[image: image]

Moreover, similar to Equation (1.9–1.11), the symmetric Jacobi matrix J(p) = UL is associated with the Toda lattice (2.18–2.20). This completes the proof.




3 Darboux transformation with parameter of the Jacobi matrix

The next step is the Darboux transformation with parameter of the symmetric Jacobi matrix J. We study the transformations of the polynomials of the first kind, m–functions, measure, moment sequence and Toda lattice, which are associated with the transformed Jacobi matrix.


3.1 𝔘𝔏–factorization

Theorem 3.1. Let J be the symmetric Jacobi matrix and let S0 be a some real parameter. Then J admits the following 𝔘𝔏–factorization

[image: image]

where 𝔏 and 𝔘 are lower and upper triangular matrices, respectively, which are defined by

[image: image]

if and only if the following system is solvable

[image: image]

Proof. Let J be the Jacobi matrix. Let 𝔏 and 𝔘 are defined by Equation (3.2), where the parameter S0 ∈ ℝ \ {0, −b0}. Calculating the product 𝔘𝔏, we obtain

[image: image]

Comparing the product 𝔘𝔏 with the Jacobi matrix J, we obtain the system (3.3). This completes the proof.



3.2 Transformed Jacobi matrix J(d) = 𝔘𝔏

Definition 3.2. Let the symmetric Jacobi matrix J admit 𝔘𝔏—factorization of the form (3.1–3.3). Then a transformation

[image: image]

is called a Darboux transformation with parameter of the Jacobi matrix J.

Theorem 3.3. Let the symmetric Jacobi matrix J admit 𝔘𝔏—factorization of the form (3.1–3.3) with parameter S0 ∈ ℝ\{0, −b0}. Then the Darboux transformation with parameter of the Jacobi matrix J is the symmetric Jacobi matrix

[image: image]

if and only if

[image: image]

Proof. Let J admit 𝔘𝔏—factorization of the form (3.1–3.3). Calculating the product 𝔏𝔘, we obtain

[image: image]

Hence, J(d) is the symmetric Jacobi matrix if and only if

[image: image]

On the other hand, by Equation (3.3), we know

[image: image]

Consequently, we obtain Equation (3.5). This completes the proof.

Theorem 3.4. Let the symmetric Jacobi matrix J admit 𝔘𝔏—factorization of the form (3.1–3.3) and let J(d) = 𝔏𝔘 be its Darboux transformation with parameter. Then the polynomials of the first kind transform by the Geronimus formula

[image: image]

where Pi and [image: image] are polynomials of the first kind associated with the matrix J and J(d), respectively.

Proof. Let J admit 𝔘𝔏—factorization of the form (3.1–3.3) and let J(d) = 𝔏𝔘 be its Darboux transformation with parameter. Then

[image: image]

where

[image: image]

So, the polynomials of the first kind are transformed by the Geronimus formula and Equation (3.6) holds. This completes the proof.

Proposition 3.5. Let the symmetric Jacobi matrix J admit 𝔘𝔏—factorization of the form (3.1–3.3) and let the symmetric Jacobi matrix J(d) = 𝔏𝔘 be the Darboux transformation with parameter of J. Let [image: image] and [image: image] be the moment sequences associated with the matrices J and J(d), respectively. Then the moment sequence [image: image] can be found by

[image: image]

Proof. Let the symmetric Jacobi matrix J admit 𝔘𝔏—factorization of the form (3.1–3.3) and let the symmetric Jacobi matrix J(d) = 𝔏𝔘 be its Darboux transformation with parameter. By Equation (1.5), we obtain

[image: image]

and

[image: image]

Hence, Equation (3.7) holds. This completes the proof.

Corollary 3.6. Let the symmetric Jacobi matrix J admit 𝔘𝔏—factorization of the form (3.1–3.3) and let the symmetric Jacobi matrix J(d) = 𝔏𝔘 be the Darboux transformation with parameter of J. Let [image: image] and [image: image] be the moment sequences associated with the matrices J and J(d), respectively. Then

[image: image]

Proof. By Equation (3.7) and s0 = 1, we obtain

[image: image]

So, Equation (3.8) holds. This completes the proof.

Corollary 3.7. Let the symmetric Jacobi matrix J admit 𝔘𝔏—factorization of the form (3.1–3.3) and let the symmetric Jacobi matrix J(d) = 𝔏𝔘 be the Darboux transformation with parameter of J. Let 𝔖 and 𝔖(d) be the linear functionals associated with the matrices J and J(d), respectively. Then

[image: image]

Proof. Let 𝔖 and 𝔖(d) be the linear functionals associated with the symmetric Jacobi matrices J = 𝔘𝔏 and J(d) = 𝔏𝔘, respectively, where 𝔏 and 𝔘 are defined by Equations (3.2, 3.3). By Equation (1.1), we obtain

[image: image]

Consequently, Equation (3.9) holds. This completes the proof.

Corollary 3.8. Let the symmetric Jacobi matrix J admit 𝔘𝔏—factorization of the form (3.1–3.3). and let the symmetric Jacobi matrix J(d) = 𝔏𝔘 be the Darboux transformation with parameter of J. Let dμ and dμ(d) be the measures associated with the matrices J and J(d), respectively. Then

[image: image]

Proof. Let J = 𝔘𝔏 and J(d) = 𝔏𝔘, where the matrices 𝔏 and 𝔘 are defined by Equations (3.2, 3.3, 3.5). The measures dμ and dμ(d) are associated with the matrices J and J(d), respectively. Then

[image: image]

Consequently,

[image: image]

Hence, Equation (3.10) holds. This completes the proof.

Proposition 3.9. Let the symmetric Jacobi matrix J admit 𝔘𝔏—factorization of the form (3.1–3.3) and let the symmetric Jacobi matrix J(d) = 𝔏𝔘 be the Darboux transformation with parameter of J. Let m and m(d) be m–functions associated with the matrices J and J(d), respectively. Then

[image: image]

Proof. Let J = 𝔘𝔏 and J(d) = 𝔏𝔘, where the matrices 𝔏 and 𝔘 are defined by Equations (3.2, 3.3, 3.5). Then m–functions of the matrices J and J(d) are related by

[image: image]

On the other hand

[image: image]

By Equation (3.7), [image: image] and Equation (3.11) holds. This completes the proof.

Toda latice. There is the last target of our investigation.

Theorem 3.10. Let the symmetric Jacobi matrix J admit 𝔘𝔏–factorization of the form (3.1–3.3) and J be associated with the Toda lattice (1.9–1.11). Let the symmetric Jacobi matrix J(d) = 𝔏𝔘 be the Darboux transformation without parameter of J. Then J(d) is associated with the following Toda lattice

[image: image]

[image: image]

[image: image]

Furthermore, the matrix A does not change.

Proof. Let the symmetric Jacobi matrix J be associated with the Toda lattice (1.9–1.11) and let J = 𝔘𝔏, where 𝔏 and 𝔘 are defined by Equations (3.2, 3.3, 3.5). Consequently, the symmetric Jacobi matrix J(d) = 𝔏𝔘 is the Darboux transformation with parameter of J. By Equation (3.4), we obtain [image: image], [image: image] and the matrix A does not change in the Lax pair, i.e.

[image: image]

Moreover, similar to Equations (1.9–1.11), the symmetric Jacobi matrix J(d) = 𝔏𝔘 is associated with the Toda lattice (3.12–3.14). This completes the proof.
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Let X be a class of metric spaces and let PX be the set of all f : [0, ∞) → [0, ∞) preserving X, i.e., (Y, f ∘ ρ) ∈ X whenever (Y, ρ) ∈ X. For arbitrary subset A of the set of all metric preserving functions, we show that the equality PX = A has a solution if A is a monoid with respect to the operation of function composition. In particular, for the set SI of all amenable subadditive increasing functions, there is a class X of metric spaces such that PX = SI holds.
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1 Introduction

The following is a particular case of the concept introduced by Jachymski and Turoboś [1].

Definition 1. Let A be a class of metric spaces. Let us denote by PA the set of all functions f : [0, ∞) → [0, ∞) such that the implication

[image: image]

is valid for every metric space (X, d).

For mappings F : X → Y and Φ : Y → Z, we use the symbol F ∘ Φ to denote the mapping

[image: image]

We also use the following notation:

F, set of functions f : [0, ∞) → [0, ∞);

F0, set of functions f ∈ F with f(0) = 0;

Am, set of functions f ∈ F0 with f−1(0) = {0};

SI, set of subadditive increasing f ∈ Am;

M, class of metric spaces;

U, class of ultrametric spaces;

Dis, class of discrete metric spaces;

M2, class of two-points metric spaces;

M1, class of one-point metric spaces.

The main purpose of this article is to provide a solution to the following problems.

Problem 2. Let A ⊆ PM. Find conditions under which the equation

[image: image]

has a solution X ⊆ M.

Problem 3. Let A ⊆ PU. Find conditions under which Equation (1) has a solution X ⊆ U.

In addition, we find all solutions to Equation (1) for A equal to F, F0, or Am and answer the following question.

Question 4. Is there a subclass X of the class M such that

[image: image]

This question was posed as a challenge in [2] in a different but equivalent form and it was the original motivation for our research.

The article is organized as follows. The next section contains some necessary definitions and facts from the theories of metric spaces and metric preserving functions.

Section 3 provides some definitions from the semigroup theory and describes solutions to Equation (1), for the cases when A is F, F0, or Am. In addition, we show that PX is always a submonoid of (F, ∘). See Theorems 21, 23, 24, and Proposition 27, respectively.

Section 4 provides solutions to Problems 2 and 3, which are given, respectively, in Theorems 30 and 33. Theorem 32 gives a positive answer to Question 4.



2 Preliminaries on metrics and metric preserving functions

Let X be non-empty set. A function d : X × X → [0, ∞) is said to be a metric on the set X if for all x, y, z ∈ X we have

(i) d(x, y) ⩾ 0 with equality if and only if x = y, the positivity property;

(ii) d(x, y) = d(y, x), the symmetry property;

(iii) d(x, y) ⩽ d(x, z) + d(z, y), the triangle inequality.

A metric space (X, d) is ultrametric if the strong triangle inequality

[image: image]

holds for all x, y, z ∈ X.

Example 5. Let us denote [image: image] by the set (0, ∞). Then the mapping [image: image]

[image: image]

is the ultrametric on [image: image] introduced by Delhommé et al. [3].

Definition 6. Let (X, d) be a metric space. The metric d is discrete if there is k ∈ (0, ∞) such that

[image: image]

for all distinct x, y ∈ X.

In what follows we will say that a metric space (X, d) is discrete if d is a discrete metric on X. We will denote the class of all discrete metric space by Dis. In addition, for given non-empty set X1, we will denote by DisX1 the subclass of Dis consisting of all metric spaces (X1, d) with discrete d.

Remark 7. All discrete topological spaces can be endowed with a metric which is discrete, but not every metric space with discrete topology is discrete in the sense of Definition 6.

Example 8. Let Mk, for k = 1, 2, be the class of all metric spaces (X, d) satisfying the equality

[image: image]

Then all metric spaces belonging to M1 ∪ M2 are discrete.

Proposition 9. The following statements are equivalent for each metric space (X, d) ∈ M.

(i) (X, d) is discrete.

(ii) Every three-points subspace of (X, d) is discrete.

Proof. The implication (i) ⇒ (ii) is evidently valid.

Suppose that (ii) holds but (X, d) ∉ Dis. Then there are some different points i, j, k, l ∈ X such that

[image: image]

We write X1 : = {i, j, k} and X2 : = {j, k, l}. Then the spaces (X1, d|X1×X1) and (X2, d|X2×X2) are discrete subspaces of (X, d) by statement (ii). Consequently we have

[image: image]

and

[image: image]

by definition of the class Dis. Now (3) and (4) give us

[image: image]

which contradicts (2).

Remark 10. The standard definition of discrete metric can be formulated as follows: “The metric on X is discrete if the distance from each point of X to every other point of X is one.” (see, for example, Searcóid [4]).

Let F be the set of all functions f : [0, ∞) → [0, ∞).

Definition 11. A function f ∈ F is metric preserving (ultrametric preserving) if f ∈ PM (f ∈ PU).

Remark 12. The concept of metric preserving functions can be traced back to Wilson [5]. Similar problems were considered by Blumenthal [6]. The theory of metric preserving functions was developed by Borsík, Doboš, Piotrowski, Vallin, and other mathematicians [7–19]. See also lectures by Doboš [20] and the introductory paper by Corazza [21]. The study of ultrametric preserving functions began by Pongsriiam and Termwuttipong [22] and was continued in [23, 24].

We will say that f ∈ F is amenable if

[image: image]

holds and the set of all amenable functions from F will be denoted by Am. Let us denote the set of all functions f ∈ F satisfying the equality f(0) = 0 by F0. It follows directly from the definition that Am⊊F0 ⊊ F.

Moreover, a function f ∈ F is increasing if the implication

[image: image]

is valid for all x, y ∈ [0, ∞).

The following theorem was proved in [22].

Theorem 13. A function f ∈ F is ultrametric preserving if and only if f is increasing and amenable.

Remark 14. Theorem 13 was generalized in [25] to the special case of the so-called ultrametric distances. These distances were introduced by Priess-Crampe and Ribenboim [26] and were studies by different researchers [27–30].

Recall that a function f ∈ F is said to be subadditive if

[image: image]

holds for all x, y ∈ [0, ∞). Let us denote the set of all subadditive increasing functions f ∈ Am by SI.

In the next proposition, we restate the equivalence between statements (i) and (ii) of Corollary 36 [2].

Proposition 15. The equality

[image: image]

holds.

Remark 16. The metric preserving functions can be considered as a special case of metric products (= metric preserving functions of several variables). See, for example, [31–37]. An important special class of ultrametric preserving functions of two variables was first considered in 2009 [38].



3 Preliminaries on semigroups. Solutions to FX = A for A = F, F0, and Am

Let us recall some basic concepts of semigroup theory, see, for example, “Fundamentals of Semigroup Theory” by Howie [39].

A semigroup is a pair (S, *) consisting of a non-empty set S and an associative operation * : S × S → S, which is called the multiplication on S. A semigroup S = (S, *) is a monoid if there is e ∈ S such that

[image: image]

for every s ∈ S.

Definition 17. Let (S, *) be a semigroup and ∅ ≠ T ⊆ S. Then T is a subsemigroup of S if a, b ∈ T ⇒ a * b ∈ T. If (S, *) is a monoid with the identity e, then T is a submonoid of S if T is a subsemigroup of S and e ∈ T.

Example 18. The semigroups (F, ∘), (Am, ∘), (PM, ∘), and (PU, ∘) are monoids, and the identical mapping id:[0, ∞) → [0, ∞), id(x) = x for every x ∈ [0, ∞) is the identity of these monoids.

The following simple lemmas are well-known.

Lemma 19. Let T be a submonoid of a monoid (S, *) and let V ⊆ T. Then V is a submonoid of (S, *) if and only if V is a submonoid of T.

Lemma 20. Let T1 and T2 be submonoids of a monoid (S, *). Then the intersection T1 ∩ T2 also is a submonoid of (S, *).

The next theorem describes all solutions to the equation PX = F.

Theorem 21. The following statements are equivalent for every X ⊆ M.

(i) X is the empty subclass of M.

(ii) The equality

[image: image]

holds.

Proof. (i) ⇒ (ii). Let X be the empty subclass of M. Definition 1 implies the inclusion F⊇PX. Let us consider an arbitrary f ∈ F. To prove equality (5), it is suffice to show that f ∈ PX. Since X is empty, the membership relation (X, d) ∈ X is false for every metric space (X, d). Consequently, the implication

[image: image]

is valid for every (X, d) ∈ M. It implies f ∈ PX by Definition 1. Equality (5) follows.

(ii) ⇒ (i). Let (ii) hold. We must show that X is empty. Suppose contrary that there is a metric space (X, d) ∈ X. Since, by definition, we have X ≠ ∅, there is a point x0 ∈ X. Consequently, d(x0, x0) = 0 holds. Let c ∈ (0, ∞) and let f : [0, ∞) → [0, ∞) be a constant function,

[image: image]

for every t ∈ [0, ∞). In particular, we have

[image: image]

Equality (5) implies that f ∘ d is a metric on X. Thus, we have

[image: image]

which contradicts (6). Statement (i) follows.

Remark 22. Theorem 21 becomes invalid if we allow the empty metric space to be considered. The equality

[image: image]

holds if the non-empty class X contains only the empty metric space.

Let us describe now all possible solutions to PX = F0.

Theorem 23. The equality

[image: image]

holds if and only if X is a non-empty subclass of M1.

Proof. Let X ⊆ M1 be non-empty. Equality (7) holds if

[image: image]

and

[image: image]

Here, we prove the validity of (8). Let f ∈ F0 be arbitrary. Since every (X, d) ∈ X is a one-point metric space, we have f ∘ d = d for all (X, d) ∈ X by the positivity property of metric spaces, Inclusion (8) follows.

Here, we prove (9). The inclusion PX ⊆ F follows from Definition 1. Thus, if (9) does not hold, then there is f0 ∈ F such that f0 ∈ PX,

[image: image]

Since X is non-empty, there is (X0, d0) ∈ X. Let x0 be a (unique) point of X0. Since f0 belongs to PX, the function f0 ∘ d0 is a metric on X0. Now, using (10), we obtain

[image: image]

which contradicts the positivity property of metric spaces. Inclusion (9) follows.

Let (7) hold. We must show that X is a non-empty subclass of M1. If X is empty, then

[image: image]

holds by Theorem 21. Equality (11) contradicts equality (7). Hence, X is non-empty. To complete the proof, we must show that

[image: image]

Let us consider the constant function f0 : [0, ∞) → [0, ∞) such that

[image: image]

for every t ∈ [0, ∞). Then f0 belongs to F0. Hence, for every (X, d) ∈ X, the mapping d0 : = f0 ∘ d is a metric on X. Now (13) implies d0(x, y) = 0 for all x, y ∈ X and (X, d) ∈ X. Hence, card(X) = 1 holds, because the metric space (X, d0) is one-point by the positivity property. Inclusion (12) follows. The proof is completed.

The next theorem gives us all solutions to the equation PX = Am.

Theorem 24. The following statements are equivalent for every X ⊆ M.

(i) The inclusion

[image: image]

holds, and there is (Y, ρ) ∈ X with

[image: image]

and we have

[image: image]

for every (X1, d1) ∈ X.

(ii) The equality

[image: image]

holds.

Proof. (i) ⇒ (ii). Let (i) hold. Equality (17) holds if

[image: image]

and

[image: image]

Here, we prove (18). Inclusion (18) holds if we have

[image: image]

for all f ∈ Am and (X1, d1) ∈ X. Relation (20) follows from Theorem 23 if (X1, d1) ∈ M1. To see it we only note that Am ⊆ F0. Let us consider the case when

[image: image]

Since (X1, d1) is discrete by (14), Definition 6 implies that there is k1 ∈ (0, ∞) satisfying

[image: image]

for all distinct x, y ∈ X1. Let f ∈ Am be arbitrary. Then f(k1) is strictly positive and

[image: image]

holds for all distinct x, y ∈ X1. Thus, f ∘ d1 is a discrete metric on X1, i.e., we have

[image: image]

Now, Equation (20) follows from Equations (16, 21).

Here, we prove (19). To prove, we must show that every f ∈ PX is amenable.

Suppose contrary that f belongs to PX but the equality

[image: image]

holds with some t1 ∈ (0, ∞). By statement (i) we can find (Y, ρ) ∈ X such that (15) and

[image: image]

hold for all distinct x, y ∈ Y. Now f ∈ PX and (Y, ρ) ∈ X imply that f ∘ ρ is a metric on Y. Consequently, for all distinct x, y ∈ Y, we have

[image: image]

which contradicts (22). The validity of (19) follows.

(ii) ⇒ (i). Let X satisfy equality (17). Since Am ≠ F holds, the class X is non-empty by Theorem 21. Moreover, using Theorem 23, we see that X contains a metric space (X, d) with card(X) ⩾ 2, because Am ≠ F0.

If the inequality

[image: image]

holds for every (Y, ρ) ∈ X, then all metric spaces belonging to X are discrete (see Example 8). Using the definitions of Dis and Am, it is easy to prove that for each (X1, d1) ∈ Dis and every (X1, d) ∈ DisX1 there exists f ∈ Am such that d = f ∘ d1. Hence to complete the proof, it is suffice to show that every (X, d) ∈ X is discrete when

[image: image]

Let us consider arbitrary (X, d) ∈ X satisfying (23). Suppose that (X, d) ∉ Dis. Then by Proposition 9 there are distinct a, b, c, ∈ X such that

[image: image]

Let c1 and c2 be points of (0, ∞) such that

[image: image]

Now we can define f ∈ Am as

[image: image]

Equality (17) implies that f ∘ d is a metric on X. Consequently, we have

[image: image]

by triangle inequality. Now using Equations (24, 26) we can rewrite Equation (27) as

[image: image]

which contradicts Equation (25). It implies (X, d) ∈ Dis. The proof is completed.

Corollary 25. The equalities

[image: image]

hold.

Remark 26. The equality

[image: image]

is known, see, for example, Remark 1.2 in the article [13]. This article also contains “constructive” characterizations of the smallest bilateral ideal and the largest subgroup of the monoid PM.

Proposition 27. Let X be a subclass of M. Then PX is a submonoid of (F, ∘).

Proof. It follows directly from Definition 1 that

[image: image]

holds and that the identity mapping id:[0, ∞) → [0, ∞) belongs to PX. Hence, by Lemma 19, it is suffice to prove

[image: image]

for all f, g ∈ PX.

Let us consider arbitrary f ∈ PX and g ∈ PX. Then, using Definition 1, we see that (X, g ∘ d) belongs to X for every (X, d) ∈ X. Consequently,

[image: image]

holds. Since the composition of functions is always associative, the equality

[image: image]

holds for every (X, d) ∈ X. Now Equation (28) follows from Equations (29, 30).

The above proposition implies the following corollary.

Corollary 28. If the equation

[image: image]

has a solution, then A is a submonoid of F.

The following example shows that the converse of Corollary 28 is, generally speaking, false.

Example 29. Let us define A1 ⊆ F as

[image: image]

where f1 ∈ F is defined such that

[image: image]

and id is the identical mapping of [0, ∞). The equalities f1 ∘ f1 = id, f1 ∘ id = f1 = id ∘ f1 show that A1 is a submonoid of (F, ∘). Suppose that there is X1 ⊆ M satisfying the equality

[image: image]

Then using Theorem 21, we see that X1 is non-empty because A1 ≠ F holds. Let (X1, d1) be an arbitrary metric space from A1. Since X1 is non-empty, we can find x1 ∈ X1. Then (32) implies that f1 ∘ d1 is metric on X1. Now using (31), we obtain

[image: image]

which contradicts the positivity property of metrics.



4 Submonoids of monoids PM and PU

The following theorem provides a solution to Problem 2.

Theorem 30. Let A be a non-empty subset of the set PM of all metric preserving functions. Then the following statements are equivalent.

(i) The equation

[image: image]

has a solution X ⊆ M.

(ii) A is a submonoid of (F, ∘).

(iii) A is a submonoid of (PM, ∘).

Proof. (i) ⇒ (ii). Suppose that there is X ⊆ M such that (33) holds.

Then A is a submonoid of (F, ∘) by Proposition 27.

(ii) ⇒ (iii). Let A be a submonoid of (F, ∘). By Proposition 27, the monoid (PM, ∘) also is a submonoid of (F, ∘). Then using the inclusion A ⊆ PM, we obtain that A is a submonoid of (PM, ∘) by Lemma 19.

(iii) ⇒ (i). Let A be a submonoid of (PM, ∘). We must prove that (33) has a solution X ⊆ M.

Let (X, d) be a metric space such that

[image: image]

[image: image]

Thus, a metric space (Y, ρ) belongs to X if and only if Y = X and there is f ∈ A such that ρ = f ∘ d.

We claim that Equation (33) holds if X is defined by Equality (35). To prove it, we note that Equation (33) holds if

[image: image]

and

[image: image]

Here, we prove Inclusion (36). This inclusion holds if for every f ∈ A and each (Y, ρ) ∈ X we have (Y, f ∘ ρ) ∈ X. Let us consider arbitrary (Y, ρ) ∈ X and f ∈ A. Then, using Equation (35), we can find g ∈ A such that

[image: image]

Since A is a monoid, the membership relations f ∈ A and g ∈ A imply g ∘ f ∈ A. Hence, we have

[image: image]

by Equality (35). Now (Y, f ∘ ρ) ∈ X follows from Equations (38, 39).

Here, we prove Inclusion (37). Let g1 belongs to PX and let (X, d) be the same as in (35). Then (X, g1 ∘ d) belongs to X and, using (35), we can find f1 ∈ A such that

[image: image]

Equality (40) implies

[image: image]

for all x, y ∈ X. Consequently, g1(t) = f1(t) holds for every t ∈ [0, ∞) by Equation (34, 41). Thus, we have g1 = f1. That implies g1 ∈ A. Inclusion (37) follows. The proof is completed.

Remark 31. A reviewer of the article noted that condition (34) can be neatly expressed in terms of center distances which stems from article [40].

Let us turn now to Question 4. Proposition 15 and Lemma 20 provide the following result.

Theorem 32. There is X ⊆ M such that

[image: image]

Proof. By Proposition 27, the monoids (PM, ∘) and (PU, ∘) are submonoids of (F, ∘). The equality

[image: image]

holds by Proposition 15. Using Equality (43) and Lemma 20 with T1 = PM, T2 = PU, and S = F, we see that SI also is a submonoid of F. Consequently, Theorem 30 with A = SI implies that there is X ⊆ M such that (42) holds.

The next theorem is an ultrametric analog of Theorem 30 and it gives us a solution to Problem 3.

Theorem 33. Let A be a non-empty subset of the set PU of all ultrametric preserving functions. Then the following statements are equivalent.

(i) The equation PX = A has a solution X ⊆ U.

(ii) A is a submonoid of (F, ∘).

(iii) A is a submonoid of (PU, ∘).

A proof of Theorem 33 can be obtained by a simple modification of the proof of Theorem 30. We only note that the ultrametric space defined in Example 5 satisfies equality (34) with [image: image] and d = d+.



5 Two conjectures

Conjecture 34. The equation

[image: image]

has a solution X ⊆ M for every submonoid A of the monoid Am.

Example 29 shows that we cannot replace Am with F in Conjecture 34, but we hope that the following is valid.

Conjecture 35. For every submonoid A of the monoid F, there exists X ⊆ M such that PX and A are isomorphic submonoids.
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In the present study, we prove generalizations of Banach, Kannan, Chatterjea, Ćirić-Reich-Rus fixed point theorems, as well as of the fixed point theorem for mapping contracting perimeters of triangles. We consider corresponding mappings in semimetric spaces with triangle functions introduced by Bessenyei and Páles. Such an approach allows us to derive corollaries for various types of semimetric spaces such as metric spaces, ultrametric spaces, and b-metric spaces. The significance of these generalized theorems extends across multiple disciplines, such as optimization, mathematical modeling, and computer science. They may serve to establish stability conditions, demonstrate the existence of optimal solutions, and improve algorithm design.
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1 Introduction

The Contraction Mapping Principle was established by Banach in his dissertation (1920) and published in 1922 [1]. Although the idea of successive approximations in a number of concrete situations (solution of differential and integral equations, approximation theory) had appeared earlier in the studies by P. L. Chebyshev, E. Picard, R. Caccioppoli, and others, S. Banach was the first to formulate this result in a correct abstract form which is suitable for a wide range of applications.

In 1968, pioneering study by Kannan in fixed-point theory led to a significant result, which is independent of the Banach contraction principle [2]. Kannan's theorem provided a crucial characterization of metric completeness: A metric space X is complete if and only if every mapping satisfying Kannan contraction on X has a fixed point [3]. This discovery spurred the introduction of numerous contractive definitions, many of which allowed for discontinuity in their domain. Among these contractive conditions, those explored by Chaterjee [4] and Ćirić-Reich-Rus [5–7] share similar characteristics, further enriching understanding of the properties of contractive mappings in metric spaces. For various contractive definitions, we suggest authors refer to a survey study by Rhoades [8]. After a century, the interest of mathematicians around the world in fixed point theorems remains high. This is evidenced by the appearance of numerous articles and monographs in recent decades dedicated to fixed point theory and its applications. For a survey of fixed point results and their diverse applications, see, for example, the monographs [9–11].

Let X be a nonempty set. Recall that a mapping d : X × X → ℝ+, ℝ+ = [0, ∞) is a metric if for all x, y, z ∈ X the following axioms hold:

(i) (d(x, y) = 0) ⇔ (x = y),

(ii) d(x, y) = d(y, x),

(iii) d(x, y) ⩽ d(x, z) + d(z, y).

The pair (X, d) is called a metric space. If only axioms (i) and (ii) hold, d is called a semimetric. A pair (X, d), where d is a semimetric on X, is called a semimetric space. Such spaces were first examined by Fréchet in the study mentioned in [12], where he called them “classes (E).” Later these spaces and mappings on them attracted the attention of many mathematicians [13–18].

In semimetric spaces, the notions of convergent and Cauchy sequences, as well as completeness, can be introduced in the usual way.

The concept of b-metric space was initially introduced by Bakhtin [19] under the name of quasi-metric spaces, wherein he demonstrated a contraction principle in this space. Czerwik [20, 21] further utilized such space to establish generalizations of Banach's fixed point theorem. In a b-metric space, the triangle inequality (iii) is extended to include the condition that there exists K ≥ 1, ensuring that d(x, y) ≤ K[d(x, z) + d(z, y)] for all x, y, z ∈ X. Fagin and Stockmeyer [22] further explored the relaxation of the triangle inequality within b-metric spaces, labeling this adjustment as non-linear elastic matching (NEM). They observed its application across diverse domains, including trademark shape analysis [23] and the measurement of ice floes [24]. Xia [25] utilized this semimetric distance to investigate optimal transport paths between probability measures.

Recall that an ultrametric is a metric for which the strong triangle inequality d(x, y) ⩽ max{d(x, z), d(z, y)} holds for all x, y, z ∈ X. In this case, the pair (X, d) is called an ultrametric space. Note that the ultrametric inequality was formulated by F. Hausdorff in 1934 and ultrametric spaces were introduced by Krasner [26] in 1944.

In 2017, Bessenyei and Páles [27] extended the Matkowski fixed point theorem [28] by introducing a definition of a triangle function [image: image] for a semimetric d. We adopt this definition in a slightly different form, restricting the domain and the range of Φ by [image: image] and ℝ+, respectively.

Definition 1.1. Consider a semimetric space (X, d). We say that Φ : ℝ+ × ℝ+ → ℝ+ is a triangle function for d if Φ is symmetric and non-decreasing in both of its arguments, satisfies Φ(0, 0) = 0 and, for all x, y, z ∈ X, the generalized triangle inequality

[image: image]

holds.

Obviously, metric spaces, ultrametric spaces, and b-metric spaces are semimetric spaces with the triangle functions Φ(u, v) = u + v, Φ(u, v) = max{u, v}, and Φ(u, v) = K(u + v), K ⩾ 1, respectively.

In Bessenyei and Páles [27], semimetric spaces with so-called basic triangle functions that are continuous at the origin were investigated. These spaces were termed regular. It was demonstrated that in a regular semimetric space, the topology is Hausdorff, a convergent sequence has a unique limit, and possesses the Cauchy property, among other properties. For further developments in this area, see also [29–33].

In this study, we revisit several well-known fixed-point theorems, either extending their capabilities by modifying their assumptions or presenting new and innovative proofs. With the help of key Lemma 1.2 and its conclusion, we unveil further results that offer insightful perspectives on the nature of fixed-point theorems, not only within the metric context but also within more general spaces.

Here is the key lemma essential for the subsequent sections.

Lemma 1.2. Let (X, d) be a semimetric space with the triangle function Φ satisfying the following conditions:

1) The equality

[image: image]

holds for all k, u, v ∈ ℝ+.

2) For every 0 ⩽ α < 1, there exists C(α) > 0 such that for every p ∈ ℕ+ the inequality

[image: image]

holds.

Let (xn), n = 0, 1, …, be a sequence in X having the property that there exists α ∈ [0, 1) such that

[image: image]

for all n ⩾ 1. Then, (xn) is a Cauchy sequence.

Proof. We break the proof of this lemma into several parts. 1. Initial bounds: by Equation (4), we have

[image: image]

Hence, we obtain

[image: image]

2. Use of generalized triangle inequality (Equation 1): applying consecutively generalized triangle inequality (Equation 1) to the points xn, xn+1, xn+2, …, xn+p, where p ∈ ℕ+, p ⩾ 2, we obtain

[image: image]

3. Utilizing properties of Φ: by the monotonicity of Φ and inequalities (Equation 5), we have

[image: image]

Applying several times equality (Equation 2), we get

[image: image]

4. Bounding the expression and concluding Cauchy sequence: by condition (Equation 3), we obtain

[image: image]

Since 0 ⩽ α < 1, we have d(xn, xn+p) → 0 as n → ∞ for every p ⩾ 2. If p = 1, the relation d(xn, xn+1) → 0 follows from the study mentioned in Equation (5). Thus, (xn) is a Cauchy sequence, which completes the proof.

Remark 1.3. Let (X, d) be a complete semimetric space. Then the sequence (xn) has a limit x*. If additionally the semimetric d is continuous, then we get [image: image] as p → ∞. Hence, letting p → ∞ in Equation (6) we get

[image: image]



2 Banach contraction principle in semimetric spaces

It is possible to extend the well-known concept of contraction mapping to the case of semimetric spaces. We shall say that a mapping T : X → X is a contraction mapping on the semimetric space (X, d) if there exists α ∈ [0, 1) such that

[image: image]

for all x, y ∈ X.

Theorem 2.1. Let (X, d) be a complete semimetric space with the triangle function Φ continuous at (0, 0) and satisfying conditions (Equations 2, 3). Let T : X → X be a contraction mapping. Then, T has a unique fixed point.

Proof. Let x0 ∈ X and let xn = Txn−1, n = 1, 2, .... By Equation (8) and by Lemma 1.2, (xn) is a Cauchy sequence, and by completeness of (X, d), this sequence has a limit x* ∈ X.

Let us prove that Tx* = x*. It is easy to observe that the contraction mappings on semimetric spaces are continuous. Indeed, let yn → y0 as n → ∞. Then d(yn, y0) → 0, and by Equation (8), we have d(Tyn, Ty0) → 0, i.e., Tyn → Ty0. Since [image: image], by the continuity of T, we have [image: image]. By generalized triangle inequality (Equation 1) and continuity of Φ at (0, 0), we have

[image: image]

as n → ∞, which means that x* is the fixed point.

Suppose that there exist two distinct fixed points x and y. Then, Tx = x and Ty = y, which contradicts to the study mentioned in Equation (8).

Corollary 2.2. The following assertions hold:

(i) (Banach contraction principle) Theorem 2.1 holds for metric spaces, i.e., for semimetric spaces with the triangle function Φ(u, v) = u + v.

(ii) The following inequality holds:

[image: image]

Proof. (i) It is easy to observe that Φ satisfies equality (Equation 2) and Φ is continuous at (0, 0). Consider expression (Equation 3) for such power triangle functions Φ:

[image: image]

According to the formula for the sum of infinite geometric series, this sum is less than 1/(1 − α) = C(α) for every finite p ∈ ℕ+, which establishes inequality (Equation 3).

Assertion (ii) follows directly from the study mentioned in Equation (7).

Corollary 2.3. The following assertions hold:

(i) Theorem 2.1 holds for ultrametric spaces, i.e., for semimetric spaces with the triangle function Φ(u, v) = max{u, v}.

(ii) The following inequality holds:

[image: image]

Proof. (i) It is easy to observe that Φ satisfies equality (Equation 2) and Φ is continuous at (0, 0). Consider expression (Equation 3) for the power triangle functions Φ. Since α < 1, we have

[image: image]

which establishes inequality (Equation 3).

Assertion (ii) follows directly from Equation (7). Distance spaces with power triangle functions [image: image], q ∈ [−∞, ∞] were considered in [34]. In [34] these functions have a little more general form. Note also that semimetric spaces with power triangle functions are metric spaces if q ⩾ 1.

Corollary 2.4. The following assertions hold:

(i) Theorem 2.1 holds for semimetric spaces with power triangle functions [image: image] if q > 0.

(ii) The following inequality holds for q ⩾ 1:

[image: image]

Proof. (i) It is easy to observe that Φ satisfies equality (Equation 2) and Φ is continuous at (0, 0). Consider expression (Equation 3) for the power triangle functions Φ:

[image: image]

It is clear that the sum

[image: image]

consists of p + 1 terms of geometric progression with the common ratio αq and start value 1. Since α < 1, we have the inequality αq < 1. According to the formula for the sum of infinite geometric series, sum (Equation 9) is less than 1/(1 − αq) for every finite p ∈ ℕ+. Hence,

[image: image]

which establishes inequality (Equation 3).

Assertion (ii) follows directly from Equation (7) and from the fact that semimetric spaces with power triangle functions are metric spaces if q ⩾ 1.

Corollary 2.5. Theorem 2.1 holds for b-metric spaces with the coefficient K if αK < 1, where α is the coefficient from Equation 8.

Proof. It is clear that Φ(u, v) = K(u + v) satisfies condition (Equation 2) and it is continuous at (0, 0). Consider expression (Equation 3) for the function Φ:

[image: image]

[image: image]

It is clear that this sum consists of p + 1 terms of geometric progression with the common ratio αK and the start value K. According to the formula for the sum of infinite geometric series, sum (Equation 10) is less than K/(1 − αK) = C(α) for every finite p ∈ ℕ+, which establishes inequality (Equation 3).

Note that Corollary 2.5 is already known, see Theorem 1 in Kir and Kiziltunc [35].



3 Kannan's contractions in semimetric spaces

Kannan [2] proved the following result which gives the fixed point for discontinuous mappings.

Theorem 3.1. Let T : X → X be a mapping on a complete metric space (X, d) such that

[image: image]

where [image: image] and x, y ∈ X. Then, T has a unique fixed point.

The mappings satisfying inequality (Equation 11) are called Kannan type mappings.

Theorem 3.2. Let (X, d) be a complete semimetric space with the continuous triangle function Φ, satisfying conditions (Equations 2, 3). Let T : X → X satisfy inequality (Equation 11) with some [image: image] and let additionally the following condition hold:

(i) Φ(0, β) < 1.

Then, T has a unique fixed point.

Proof. Let x0 ∈ X. Define [image: image] for n = 1, 2, …. It follows straightforwardly that

[image: image]

where [image: image], 0 ⩽ α < 1. By Lemma 1.2, (xn) is a Cauchy sequence, and by completeness of (X, d), this sequence has a limit x* ∈ X.

Let us prove that Tx* = x*. By the generalized triangle inequality (Equation 1), the monotonicity of Φ, and (Equation 11), we get

[image: image]

[image: image]

Letting n → ∞, by the continuity of Φ, we obtain

[image: image]

Using (Equation 2), we have

[image: image]

By condition (i), we get d(x*, Tx*) = 0.

Suppose that there exist two distinct fixed points x and y. Then, Tx = x and Ty = y, which contradicts to Equation (11).

Corollary 3.3. Theorem 3.2 holds for semimetric spaces with the following triangle functions: Φ(u, v) = u + v; Φ(u, v) = K(u + v), 1 ⩽ K ⩽ 2; Φ(u, v) = max{u, v}; [image: image], q > 0, and with the corresponding estimations (Equation 7) from above for [image: image].

Proof. The proof follows directly from Corollaries 2.2, 2.3, and 2.4 and from the fact that all above mentioned triangle functions satisfy condition (i) of Theorem 3.2.



4 Chatterjea's contractions in semimetric spaces

Chatterjea [4] proved the following result.

Theorem 4.1. Let T : X → X be a mapping on a complete metric space (X, d) such that

[image: image]

where [image: image] and x, y ∈ X. Then, T has a unique fixed point.

The mappings satisfying inequality (Equation 12) are called Chatterjea type mappings.

To prove the following theorem, we need the notion of an inverse function for a non-decreasing function. This is due to the fact that the aim of this theorem is also to cover the class of ultrametric spaces and the fact that the function Ψ(u) = max{u, 1} is not strictly increasing. By Gutlyanskii et al. [36, p. 34] for every non-decreasing function Ψ : [0, ∞] → [0, ∞], the inverse function Ψ−1:[0, ∞] → [0, ∞] can be well defined by setting

[image: image]

Here, inf is equal to ∞ if the set of t ∈ [0, ∞] such that Ψ(t) ⩾ τ is empty. Note that the function Ψ−1 is non-decreasing too. It is evident immediately by the definition that

[image: image]

Theorem 4.2. Let (X, d) be a complete semimetric space with the continuous triangle function Φ, satisfying conditions (Equations 2, 3) and such that the semimetric d is continuous. Let T : X → X satisfy inequality (Equation 12) with some real number β ⩾ 0 such that the following conditions hold:

(i) Φ(0, β) < 1.

(ii) Ψ−1(1/β) > 1 if β > 0, where Ψ(u) = Φ(u, 1).

Then T has a fixed point. If [image: image], then the fixed point is unique.

Proof. Let β = 0. Then, (Equation 12) is equivalent to d(Tx, Ty) = 0 for all x, y ∈ X. Let x0 ∈ X and [image: image]. Then d(Tx0, T(Tx0)) = 0 and d(x*, Tx*)=0. Hence, x* is a fixed point. Suppose that there exist another fixed point x** ≠ x*, x** = Tx**. Then, by the equality d(Tx, Ty) = 0, we have d(Tx*, Tx**) = d(x*, x**) = 0, which is a contradiction.

Let now β > 0 and let x0 ∈ X. Define [image: image] for n = 1, 2, …. If xi = xi+1 for some i, it is clear that xi is a fixed point. Suppose that xi ≠ xi+1 for all i.

It follows straightforwardly that

[image: image]

Hence, by the generalized triangle inequality (Equation 1) and condition (Equation 2), we get

[image: image]

and

[image: image]

where Ψ(u) = Φ(u, 1), u ∈ [0, ∞). It is clear that Ψ(u) is non-decreasing on [0, ∞). Hence, Ψ−1(u) is also non-decreasing on [0, ∞). Hence, it follows from Equations (13, 14) that

[image: image]

and

[image: image]

Consequently,

[image: image]

where [image: image]−1. Since by condition (ii) Ψ−1(1/β) > 1 we get 0 ⩽ α < 1. By Lemma 1.2, (xn) is a Cauchy sequence, and by completeness of (X, d), this sequence has a limit x* ∈ X.

Let us prove that Tx* = x*. By the generalized triangle inequality (Equation 1), the monotonicity of Φ and (Equation 12), we get

[image: image]

[image: image]

Letting n → ∞, the continuity of Φ and d we obtain

[image: image]

Using (Equation 2), we have

[image: image]

By condition (i), we get d(x*, Tx*) = 0.

Suppose that there exist two distinct fixed points, x and y. Then, Tx = x and Ty = y, which contradicts to Equation (12).

Corollary 4.3. Theorem 4.2 holds in ultrametric spaces with the coefficient 0 ⩽ β < 1.

Proof. According to the assumption, Φ(u, v) = max{u, v}, Ψ(u) = max{u, 1} and

[image: image]

Clearly, condition (i) holds for all 0 ⩽ β < 1 and condition (ii) holds for all 0 < β < 1.

Corollary 4.4. Theorem 4.2 holds for semimetric spaces with the following triangle functions [image: image], q ⩾ 1 and with the coefficient 0 ⩽ β < 2−1/q in Equation (12).

Proof. We have [image: image] and [image: image]. Clearly, condition (i) holds for all 0 ⩽ β < 1 but condition (ii) holds if 0 < β < 2−1/q.

Note that the following proposition is already known, see Theorem 3 in [35]. But it does not follow from Theorem 4.2 since the semimetric d in a b-metric space (X, d) is not obligatory continuous if K > 1.

Proposition 4.5. Theorem 4.2 holds in b-metric spaces with K ⩾ 1 and with the coefficient [image: image] in Equation (12).

Corollary 4.6. Theorem 4.1 holds.

Proof. It suffices to set K = 1 in Proposition 4.5 or q = 1 in Corollary 4.4.



5 Ćirić-Reich-Rus's contractions in semimetric spaces

In 1971, independently, Ćirić [5], Reich [6], and Rus [7] extended the Kannan fixed point theorem to cover a broader class of mappings.

Theorem 5.1. Let T : X → X be a mapping on a complete metric space (X, d) with

[image: image]

α ⩾ 0, β ⩾ 0, γ ⩾ 0 and α + β + γ < 1. Then, T has a unique fixed point.

In what follows, we will refer to the mapping (Equation 15) as the Ćirić-Reich-Rus mapping. This theorem integrates principles from both the Banach contraction principle (by choosing β = γ = 0) and the Kannan fixed point theorem with α = 0 and β = γ.

Theorem 5.2. Let (X, d) be a complete semimetric space with the continuous triangle function Φ, satisfying conditions (Equations 2, 3). Let T : X → X be a Ćirić-Reich-Rus mapping with the coefficients α ⩾ 0, β ⩾ 0, γ ⩾ 0, α+β+γ < 1, and let additionally the following condition hold:

(i) Φ(0, γ) < 1.

Then, T has a unique fixed point.

Proof. Let x0 ∈ X. Define [image: image] for n = 1, 2, …. Then, it follows straightforwardly that

[image: image]

Hence,

[image: image]

where [image: image], 0 ⩽ δ < 1. By Lemma 1.2, (xn) is a Cauchy sequence and by completeness of (X, d), this sequence has a limit x* ∈ X.

Let us prove that Tx* = x*. By the generalized triangle inequality (Equation 1), the monotonicity of Φ, and (Equation 15), we get

[image: image]

[image: image]

Letting n → ∞, by the continuity of Φ, we obtain

[image: image]

Using (Equation 2), we have

[image: image]

By condition (i), we get d(x*, Tx*) = 0.

Suppose that there exist two distinct fixed points x and y. Then, Tx = x and Ty = y, which contradicts to Equation (15).

Corollary 5.3. Theorem 5.2 holds for semimetric spaces with the following triangle functions: Φ(u, v) = u + v; Φ(u, v) = K(u + v), 1 ⩽ K < 1/γ; Φ(u, v) = max{u, v}; [image: image], q > 0, with the corresponding estimations (Equation 7) from above for [image: image].



6 Mappings contracting perimeters of triangles in semimetric spaces

Let X be a metric space. In Petrov [37], a new type of mappings T : X → X was considered and characterized as mappings contracting perimeters of triangles (see Definition 6.1). It was demonstrated that such mappings are continuous. Furthermore, a fixed-point theorem for such mappings was proven, with the classical Banach fixed-point theorem emerging as a simple corollary. An example of a mapping contracting perimeters of triangles, which is not a contraction mapping, was constructed for a space X with card(X) = ℵ0. In this section, we establish a generalization of the aforementioned theorem.

The following definition was introduced in Petrov [37] for the case of ordinary metric spaces. In this study, we extend it for the case of general semimetric spaces.

Definition 6.1. Let (X, d) be a semimetric space with |X| ⩾ 3. We shall say that T : X → X is a mapping contracting perimeters of triangles on X if there exists α ∈ [0, 1) such that the inequality

[image: image]

holds for all three pairwise distinct points x, y, z ∈ X.

Remark 6.2. Note that the requirement for x, y, z ∈ X to be pairwise distinct in Definition 6.1 is essential. One can observe that otherwise this definition is equivalent to the definition of contraction mapping.

We shall say that x0 is an accumulation point of the semimetric space (X, d); if for every ε > 0, there exists x ∈ X, x ≠ x0, such that d(x0, x) ⩽ ε.

The subsequent proposition demonstrates that mappings contracting perimeters of triangles are continuous not only in ordinary metric spaces but also in more general semimetric spaces with triangle functions continuous at the origin.

Proposition 6.3. Let (X, d), |X| ⩾ 3, be a semimetric space with a triangle function Φ continuous at (0, 0), and let T : X → X be a mapping contracting perimeters of triangles on X. Then, T is continuous.

Proof. Let x0 be an isolated point in X. Then, clearly, T is continuous at x0. Let now x0 be an accumulation point. Let us show that for every ε > 0, there exists δ > 0 such that d(Tx0, Tx) < ε whenever d(x0, x) < δ. Suppose that x ≠ x0, otherwise this assertion is evident. Since x0 is an accumulation point, for every δ > 0 there exists y ∈ X such that x0 ≠ y ≠ x and d(x0, y) < δ. Since the points x0, x, and y are pairwise distinct by Equation (16), we have

[image: image]

[image: image]

Using the generalized triangle inequality d(x, y) ⩽ Φ(d(x0, x), d(x0, y)) and monotonicity of Φ, we get

[image: image]

Since Φ is continuous at (0, 0) and Φ(0, 0) = 0, we get that for every ε > 0, there exists δ > 0 such that the inequality α(2δ+Φ(δ, δ)) < ε holds, which completes the proof.

Let T be a mapping on the metric space X. A point x ∈ X is called a periodic point of period n if Tn(x) = x. The least positive integer n for which Tn(x) = x is called the prime period of x. In particular, the point x is of prime period 2 if T(T(x)) = x and Tx ≠ x.

The following theorem is the main result of this section.

Theorem 6.4. Let (X, d), |X| ⩾ 3, be a complete semimetric space with the triangle function Φ continuous at (0, 0) and satisfying conditions (Equations 2, 3) and let the mapping T : X → X satisfy the following two conditions:

(i) T does not possess periodic points of prime period 2.

(ii) T is a mapping contracting perimeters of triangles on X.

Then, T has a fixed point. The number of fixed points is at most two.

Proof. Let x0 ∈ X, Tx0 = x1, Tx1 = x2, …, Txn = xn+1, …. Suppose xi is not a fixed point of the mapping T for every i = 0, 1, .... Let us show that all xi are different. Since xi is not fixed, xi ≠ xi+1 = Txi. By condition (i) xi+2 = T(T(xi)) ≠ xi and by the supposition that xi+1 is not fixed, we have xi+1 ≠ xi+2 = Txi+1. Hence, xi, xi+1, and xi+2 are pairwise distinct. Furthermore, set

[image: image]

Since xi, xi+1, and xi+2 are pairwise distinct by Equation (16), we have p1 ⩽ αp0, p2 ⩽ αp1, …, pn ⩽ αpn−1 and

[image: image]

Suppose now that j ⩾ 3 is a minimal natural number such that xj = xi for some i such that 0 ⩽ i < j − 2. Then, xj+1 = xi+1, xj+2 = xi+2. Hence, pi = pj which contradicts to Equation (17). Thus, all xi are different.

Furthermore, let us show that (xi) is a Cauchy sequence. It is clear that

[image: image]

Comparing Equation (18) with Equation (5) and using the proof of Lemma 1.2, we get that (xn) is a Cauchy sequence. By completeness of (X, d), this sequence has a limit x* ∈ X.

Let us prove that Tx* = x*. Since [image: image], by continuity of T, we have [image: image]. By the generalized triangle inequality (Equation 1) and continuity of Φ at (0, 0), we have

[image: image]

as n → ∞, which means that x* is the fixed point.

Suppose that there exist at least three pairwise distinct fixed points x, y, and z. Then, Tx = x, Ty = y and Tz = z, which contradicts to Equation (16).

Corollary 6.5. Theorem 6.4 holds for semimetric spaces with the following triangle functions: Φ(u, v) = u + v; Φ(u, v) = K(u + v), K ⩾ 1; Φ(u, v) = max{u, v}; [image: image], q > 0, with the corresponding estimations (Equation 7) from above for [image: image].

The following example shows that condition (i) in Theorem 6.4 is necessary. Example 1. Let us construct an example of the mapping T contracting perimeters of triangles which does not have any fixed point. Let X = {x, y, z}, d(x, y) = d(y, z) = d(x, z) = 1 and let T : X → X be such that Tx = y, Ty = x, and Tz = x. In this case, the points x and y are periodic points of prime period 2.



7 Applications

Fixed point theorems offer a robust framework for comprehending and addressing the solutions to linear and non-linear problems that arise in biological, engineering, and physical sciences.

In Chapter 6 of Subramaniyam's monograph [11], various applications of the contraction principle are explored. These applications span domains including Fredholm and Volterra integral equations, existence theorems for initial value problems of first-order ordinary differential equations (ODEs), solutions of second-order ODE boundary value problems (BVPs), functional differential equations, discrete BVPs, a variety of functional equations, commutative algebra, and fractals [see also Kirk [9], [38], Agarwal et al. [10], Matkowski [28], and references therein].

In its multifaceted nature, fixed point theorems play a pivotal role in analyzing solutions to non-linear partial differential equations (PDEs). Notably, Brouwer's, Schauder's, and Schaefer's fixed point theorems, among others, have emerged as powerful tools for ensuring the existence and uniqueness of solutions across a diverse spectrum of non-linear PDEs (see Albert [39], Herbert [40], and references therein).



8 Conclusion and future research directions

In summary, our study has revisited numerous renowned fixed-point theorems, providing extensions by adjusting assumptions and introducing innovative proofs. Utilizing Lemma 1.2 and its corollary, we have gained further insights into the essence of fixed-point theorems, broadening their relevance beyond metric spaces to encompass more general scenarios. This investigation indicates promising directions for future research, especially concerning the application of our approach to other contractive mappings across diverse conditions. Additionally, exploring real-world applications in light of established results offers intriguing possibilities for addressing various practical problems across different settings.
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The article is devoted to the problem of approximation of classes of periodic functions by rectangular linear means of Fourier series. Asymptotic equalities are found for upper bounds of deviations in the uniform metric of rectangular Fejér means on classes of periodic functions of several variables generated by sequences that tend to zero at the rate of geometric progression. In one-dimensional cases, these classes consist of Poisson integrals, namely functions that can be regularly extended in the fixed strip of a complex plane.
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1 Introduction

Let ℝd be the Euclidean space of vectors [image: image]. Let [image: image] be a function 2π-periodic in each variable xi, [image: image] and summable on the set 𝕋d = [−π; π]d, i.e., f ∈ L(𝕋d), let

[image: image]

be the complete Fourier series of function f, where

[image: image]

are the Fourier coefficients of the function f, corresponding to the vectors [image: image], [image: image] and [image: image] is the number of zero coordinates of the vector [image: image].

Let [image: image] be the fixed set of infinite triangular matrices of numbers [image: image] [image: image] such that [image: image], [image: image], ki ≥ ni. Denote [image: image], and [image: image]. If [image: image], then [image: image]. For function f ∈ L(𝕋d) the set [image: image] defines a family of trigonometric polynomials

[image: image]

The polynomials [image: image] are called rectangular linear means for [image: image] In particular, if [image: image] [image: image] then [image: image] are the rectangular partial sums of [image: image], and if [image: image], [image: image] then

[image: image]

are the rectangular Fejér means of [image: image].

Basic results relating to the approximation of functional classes by linear methods of summation of Fourier series can be found in books Timan [1], Lorentz [2], and Dyachenko [3]. Linear summation methods are widely used both for the solution of practical problems and for development of more advanced approximation methods. This chapter of approximation theory has been intensively developed over the past decades [4–9]. Here it is difficult to mention all the relevant published research papers in this area. Recently, we have seen the publication of several important works [10–15].

Let C(𝕋d) be the space of continuous 2π-periodic in each variable's functions [image: image] with the norm

[image: image]

Let [image: image] be the arbitrary subset of the set [image: image] where r is the number of elements of the set [image: image]. Denote by [image: image], [image: image] the set of functions f ∈ C(𝕋d) such that [image: image], the series

[image: image]

are the Fourier series of certain functions [image: image], which are almost everywhere bounded by a unity, and the Fourier series of functions [image: image] do not contain terms independent of the variables xi, [image: image].

For example, in the case d = 2, the series (Equation 1) is as follows:

[image: image]

In the one-dimensional case, the classes Cq(𝕋1), q∈(0;1) consist of continuous 2π-periodic functions, given by the convolution

[image: image]

where

[image: image]

is the well-known Poisson kernel, the function [image: image] [image: image] satisfies almost everywhere the conditions [image: image], [image: image]

In this work, we consider the problem of the exact upper bound for the approximation of periodic functions by linear means of the Fourier series. We employed methods for studying integral representations of deviations of polynomials, generated by linear summation methods of Fourier series of continuous periodic functions, developed in the works of Nikolskii [16], Telyakovskii [17], Stepanets [18], and others. This topic is currently being developed in the works of many authors [19–21].

Nikolskii [22] established the asymptotic equality as n → ∞

[image: image]

where [image: image] is the complete elliptic integral of the first kind and O(1) is a quantity uniformly bounded with respect to n. Regarding the summability of Fourier series by Fejér means σn[f], we proved the following two theorems [23–25].

Theorem 1. Let q0 be the only root of the equation q4 − 2q3 − 2q2 − 2q+1 = 0, that belongs to the interval (0;1), [image: image] If q ∈ (0;q0], then the equality hold as n → ∞

[image: image]

where O(1) is a quantity uniformly bounded with respect to n.

Theorem 2. If q ∈ [q0; 1), then the equality hold as n → ∞

[image: image]

where O(1) is uniformly bounded with respect to n, q.

The purpose of this paper is to present the asymptotic equalities for upper bounds of deviations of rectangular Fejér means taken over multidimensional analogs of classes Cq(𝕋1). Similar asymptotic expansions for other rectangular linear methods can be found in Rukasov et al. [26] and Rovenska [27].



2 Result

The main result is the following.

Theorem 3. Let [image: image]. Then

[image: image]

where

[image: image]

q0 is the only root of the equation q4−2q3 − 2q2 − 2q+1 = 0, that belongs to the interval (0;1), q0 = 0.346…, O(1) is a quantity, uniformly bounded with respect to qi, ni, [image: image].

Proof

First we find the upper estimate for the quantity

[image: image]

Based on Theorem 1 in Rukasov et al. [26], [image: image], the equality holds

[image: image]

In Novikov et al. [24] and Rovenska [25] it was shown that

[image: image]

where

[image: image]

and tq is determined by the condition

[image: image]

Combining Equations 4, 5, and 6, we obtain

[image: image]

Next, we find the lower estimate of Equation 3. We construct the function [image: image] for which estimate Equation 7 cannot be improved. Based on equality Equation 3 we have

[image: image]

Since the functions [image: image] satisfy the condition [image: image] almost everywhere, and

[image: image]

then

[image: image]

Denote by [image: image], [image: image] an arbitrary continuation on the set 𝕋d of the function [image: image] [image: image], and denote by [image: image], [image: image] the function, such that

[image: image]

Let [image: image]. It's clear that [image: image]. Therefore, we have

[image: image]

Combining Equations 5, 7, and 8, we obtain equality (Equation 2). The proof is complete.

Remark 1. Formula Equation 2 is asymptotically exact for any [image: image]

Remark 2. In the case d = 2, formula Equation 2 is simplified as follows:

[image: image]



3 Conclusion

In this study, we propose an approach to define the multidimensional analogs of classes of Poisson integrals, which allows us to take into account the rate of decrease of each sequence that determine the class. The problem connected with the search for upper bounds of approximation errors with respect to a fixed class of functions and with the choice of an approximation tool is considered.In the certain case, our approach turned out to be effective for obtaining exact asymptotic. The key point in this approach is to construct the function [image: image] that implements the upper bound.

Our study may be useful for solving the upper bound problem in other particular cases. In particular, our ideas can be used to obtain the corresponding asymptotic equalities on classes, which in one-dimensional cases are determined by the Poisson kernels [image: image], [image: image] β ∈ ℝ, etc.
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We consider a nonlinear transmission problem for a Bresse beam, which consists of two parts, damped and undamped. The mechanical damping in the damping part is present in the shear angle equation only, and the damped part may be of arbitrary positive length. We prove the well-posedness of the corresponding system in energy space and establish the existence of a regular global attractor under certain conditions on the nonlinearities and coefficients of the damped part only. Besides, we study the singular limits of the problem under consideration when curvature tends to zero, or curvature tends to zero, and simultaneously shear moduli tend to infinity and perform numerical modeling for these processes.
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1 Introduction

In this study, we consider a contact problem for the Bresse beam. Originally, the mathematical model for homogeneous Bresse beams was derived in Ref. [1]. We use the variant of the model described in Ref. [2, Ch. 3]. Let the whole beam occupy a part of a circle of length L and have the curvature l = R−1. We consider the beam as a one-dimensional object and measure the coordinate x along the beam. Thus, we say that the coordinate x changes within the interval (0, L). The parts of the beam occupying the intervals (0, L0) and (L0, L) consist of different materials. The part lying in the interval (0, L0) is partially subjected to structural damping (see Figure 1). The Bresse system describes the evolution of three quantities: transversal displacement, longitudinal displacement, and shear angle variation. We denote by φ, ψ, and ω the transversal displacement, the shear angle variation, and the longitudinal displacement of the left part of the beam lying in (0, L0). Analogously, we denote by u, v, and w the transversal displacement, the shear angle variation, and the longitudinal displacement of the right part of the beam occupying the interval (L0, L). We assume the presence of mechanical dissipation in the equation for the shear angle variation for the left part of the beam. We also assume that both ends of the beam are fixed. Nonlinear oscillations of the composite beam can be described by the following equation system:

[image: image]

[image: image]
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[image: Figure 1]
FIGURE 1
 Composite Bresse beam.


and

[image: image]
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where ρj, βj, kj, σj, λj are positive parameters, [image: image] are nonlinear feedbacks, [image: image] are known external loads and γ:ℝ → ℝ is a nonlinear damping. The system is subjected to Dirichlet boundary conditions at the ends of the beam
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transmission conditions at point L0
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and supplemented with the initial conditions
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One can observe patterns in the problem that appear to have physical meaning:

[image: image]

for damped (i = 1) and undamped (i = 2) parts. Later we will use them to rewrite the problem in a compact and physically natural form.

This study is devoted to the well-posedness and long-time behavior of the system (1)–(15). Our main goal is to establish conditions under which the assumed amount of dissipation is sufficient to guarantee the existence of a global attractor.

The study is organized as follows: In Section 2, we represent functional spaces and pose the problem in an abstract form. In Section 3, we prove that the problem is well-posed and possesses strong solutions, provided nonlinearities, and initial data are smooth enough. Section 4 is devoted to the main result of the existence of a compact attractor. The nature of dissipation prevents us from proving dissipativity explicitly; thus, we show that the corresponding dynamical system is of gradient structure and asymptotically smooth. We establish the unique continuation property applying the Carleman estimate obtained in Ref. [3] to prove the gradient property. The compensated compactness approach is used to prove asymptotic smoothness. In Section 5, we show that solutions to (1)–(15) tend to solutions to a transmission problem for the Timoshenko beam when l → 0 and to solutions to a transmission problem for the Kirchhoff beam with rotational inertia when l → 0 and ki → ∞, as well as perform numerical modeling of these singular limits.



2 Preliminaries and abstract formulation


2.1 Spaces and notations

Let us denote

[image: image]

Thus, Φ is a six-dimensional vector of functions. Analogously,

[image: image]

where j = 1, 2. The static linear part of the equation system can be formally rewritten as

[image: image]

Then transmission conditions (8)–(11) can be written as follows:

[image: image]

Throughout the study, we use the notation ||·|| for the L2-norm of a function and (·, ·) for the L2-inner product. In these notations, we skip the domain on which functions are defined. We adopt the notation [image: image] only when the domain is not evident. We also use the same notations ||·|| and (·, ·) for [L2(Ω)]3.

To write our problem in an abstract form form, introduce the following spaces: For the velocities of the displacements, we use the space

[image: image]

with the norm

[image: image]

which is equivalent to the standard L2-norm.

For the beam displacements, use the space

[image: image]

with the norm

[image: image]

This norm is equivalent to the standard H1-norm. Moreover, the equivalence constants can be chosen independent of l for l is small enough (see Ref. [4], Remark 2.1). If we set

[image: image]

we see that there is an isomorphism between Hd and [image: image].



2.2 Abstract formulation

The operator A : D(A) ⊂ Hv → Hv is defined by formula (16), where

[image: image]

Arguing analogously to Lemmas 1.1-1.3 from Ref. [5], one can prove the following lemma.

Lemma 2.1. The operator A is positive and self-adjoint. Moreover,

[image: image]

and [image: image].

Thus, we can rewrite equations (1)–(6) in the form of

[image: image]

boundary conditions (7) in the form of

[image: image]

and transmission conditions (8)–(11) can be written as

[image: image]

[image: image]
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Initial conditions have the form

[image: image]

We use H = Hd × Hv as a phase space.




3 Well-posedness

In this section, we study strong, generalized, and variational (weak) solutions to (17)–(23).

Definition 3.1. [image: image] such that Φ(x, 0) = Φ0(x), Φt(x, 0) = Φ1(x) is said to be a strong solution to (17)–(23), if

• Φ(t) lies in D(A) for almost all t;

• Φ(t) is continuous function with values in Hd and Φt ∈ L1(a, b; Hd) for 0 < a < b < T;

• Φt(t) is continuous function with values in Hv and Φtt ∈ L1(a, b; Hv) for 0 < a < b < T;

• Equation (17) is satisfied for almost all t and

Definition 3.2. [image: image] such that Φ(x, 0) = Φ0(x) and Φt(x, 0) = Φ1(x) are said to be a generalized solution to (17)–(23), if there exists a sequence of strong solutions Φ(n) to (17)–(23) with the initial data [image: image] and right hand side P(n)(x, t) such that

[image: image]

We also need a definition of a variational solution. We use six-dimensional vector functions B = (B1, B2), Bj = (βj, γj, δj) from the space

[image: image]

as test functions.

Definition 3.3. Φ is said to be a variational (weak) solution to (17)–(23) if

• [image: image];

• satisfy the following variational equality for all B ∈ FT

[image: image]

• Φ(x, 0) = Φ0(x).

Now we state a well-posedness result for problems (17)–(23).

Theorem 3.4 (well-posedness). Let

[image: image]

[image: image]

[image: image]

and the nonlinear dissipation satisfies

[image: image]

Then for every initial data Φ0 ∈ Hd, Φ1 ∈ Hv, and time interval [0, T], there exists a unique generalized solution to (17)–(23) with the following properties:

• every generalized solution is variational;

• energy inequality

[image: image]

holds, where

[image: image]

and

[image: image]

• If, additionally, Φ0 ∈ D(A), Φ1 ∈ Hd and

[image: image]

then the generalized solution is also strong and satisfies the energy equality.

Proof. The proof essentially uses the monotone operator theory. It is rather standard by now (see e.g., Ref. [6]), so in some parts, we give only references to corresponding arguments. However, we give some details that demonstrate the peculiarities of 1D problems.

Step 1. Abstract formulation. We need to reformulate problems (17)–(23) as first-order problems. Let us denote

[image: image]

Consequently, [image: image]. In the proof, we denote

[image: image]

Thus, we can rewrite problem (17)–(23) in the form

[image: image]

Step 2. Existence and uniqueness of a local solution. Here, we use Theorem 7.2 from Ref. [6]. For the reader's convenience, we formulate it below.

Theorem 3.5 (Ref. [6]). Consider the initial value problem

[image: image]

Suppose that [image: image] is a maximal monotone mapping, [image: image] and B:H → H is locally Lipschitz, i.e., there exits L(K) > 0 such that

[image: image]

If [image: image], [image: image] for all t > 0, then there exists tmax ≤ ∞ such that (26) has a unique strong solution U on (0, tmax).

If [image: image], f ∈ L1(0, t; H) for all t > 0, then there exists tmax ≤ ∞ such that (26) has a unique generalized solution U on (0, tmax).

In both cases

[image: image]

First, we need to check that [image: image] is a maximal monotone operator. Monotonicity is a direct consequence of Lemma 2.1 and (D1).

To prove [image: image] is maximal as an operator from H to H, we use Theorem 1.2 from Ref. [7, Ch. 2]. Thus, we need to prove that [image: image], with I being the duality map from H to H. Let z = (Φz, Ψz) ∈ Hd × Hv. We need to find [image: image] such that

[image: image]

or, equivalently, find Ψy ∈ Hd such that

[image: image]

for an arbitrary [image: image]. Naturally, due to Lemma 2.1, A is a duality map between Hd and [image: image], thus the operator M is onto if and only if [image: image] is maximal monotone as an operator from Hd to [image: image]. According to Corollary 1.1 from Ref. [7, Ch. 2], this operator is maximal monotone if [image: image] is maximal monotone (it follows from Lemma 2.1) and I + Γ(·) is monotone, bounded and hemicontinuous from Hd to [image: image]. The last statement is evident for the identity map; now let's prove it for Γ.

Monotonicity is evident here. Due to the continuity of the embedding [image: image] in 1D, every bounded set X in [image: image] is bounded in C(0, L0) and thus, due to (D1), Γ(X) is bounded in C(0, L0) and, consequently, in [image: image]. To prove hemicontinuity, we take an arbitrary Φ = (φ, ψ, ω, u, v, w) ∈ Hd and an arbitrary Θ = (θ1, θ2, θ3, θ4, θ5, θ6) ∈ Hd and consider

[image: image]

where Ψy = (φy, ψy, ωy, uy, vy, wy). Since ψy + tψ → ψy, as t → 0 in [image: image] and in C(0, L0), we obtain that γ(ψy(x)+tϕ(x)) → γ(ψy(x)) as t → 0 for every x ∈ [0, L0], and has an integrable bound from above due to (D1). This implies γ(ψy(x)+tϕ(x)) → γ(ψy(x)) in [image: image] as t → 0. Since [image: image],

[image: image]

Hemicontinuity is proved now.

Further, we need to prove that [image: image] is locally Lipschitz on H, i.e., F is locally Lipschitz from Hd to Hv. The embedding H1/2+ε(0, L) ⊂ C(0, L) and (N1) imply

[image: image]

for all x ∈ [0, L0], if j = 1 and for all x ∈ [L0, L], if j = 2. This, in turn, gives us the estimate

[image: image]

Thus, all the assumptions of Theorem 3.5 are satisfied and the existence of a local strong/generalized solution is proved.

Step 3. Energy inequality and global solutions. It can be verified by direct calculations, that strong solutions satisfy energy equality. Using the same arguments, as in the proof of Proposition 1.3 [8], and (D1) we can pass to the limit and prove (25) for generalized solutions.

Let us assume that a local generalized solution exists on a maximal interval (0, tmax), tmax < ∞. Then Equation (25) implies [image: image]. Since due to (N2)

[image: image]

we have ||U(tmax)||H ≤ C||U0||H. Thus, we arrive at a contradiction which implies tmax = ∞.

Step 4. The generalized solution is variational (weak). We formulate the following obvious estimate as a lemma for future use.

Lemma 3.6. Let (N1) hold and [image: image], [image: image] are two weak solutions to (17)–(23) with the initial conditions [image: image] and [image: image] respectively. Then the following estimate is valid for all x ∈ [0, L], t > 0 and ϵ ∈ [0, 1/2):

[image: image]

Proof. The energy inequality and the embedding H1/2+ε(0, L) ⊂ C(0, L) imply that for every weak solution Φ

[image: image]

Thus, using (N1) and (27), we prove the lemma.

Evidently, Equation (24) is valid for strong solutions. We can find a sequence of strong solutions Φ(n), which converges to a generalized solution Φ strongly in C(0, T; Hd), and [image: image] converges to Φt strongly in C(0, T; Hv). Using Lemma 3.6, we can easily pass to the limit in nonlinear feedback terms in (24). Since the test function [image: image], we can use the same arguments as in the proof of Proposition 1.6 [8] to pass to the limit in the nonlinear dissipation term. Namely, we can extract from [image: image] a subsequence that converges to Φt almost everywhere and prove that it converges to Φt strongly in L1((0, T) × (0, L)).

Remark 1. In space dimension greater than one we do not have the embedding H1(Ω) ⊂ C(Ω), therefore we need to assume polynomial growth of the derivative of the nonlinearity to obtain estimates similar to Lemma 3.6.



4 Existence of attractors

In this section, we study the long -time behavior of solutions to problems (17)–(23) in the framework of dynamical systems theory. From Theorem 3.4, we have

Corollary 1. In addition to the conditions of Theorem 3.4, let P(x, t) = P(x). Then (17)–(23) generates a dynamical system (H, St) by using the formula

[image: image]

where Φ(t) is the weak solution to (17)–(23) with initial data (Φ0, Φ1).

To establish the existence of the attractor for this dynamical system, we use Theorem 4.8 below; thus, we need to prove the gradientness, the asymptotic smoothness, as well as the boundedness of the set of stationary points.


4.1 Gradient structure

In this subsection, we prove that the dynamical system generated by (17)–(23) possesses a specific structure, namely, a gradient under some additional conditions on the nonlinearities.

Definition 4.1 (Ref. [9–11]). Let Y ⊆ X be a positively invariant set of (X, St).

• a continuous functional L(y), defined on Y, is said to be a Lyapunov function of the dynamical system (X, St) on the set Y if a function t ↦ L(Sty) is non-increasing for any y ∈ Y.

• the Lyapunov function L(y) is said to be strict on Y if the equality L(Sty) = L(y) for all t > 0 implies Sty = y for all t > 0;

• a dynamical system (X, St) is said to be gradient if it possesses a strict Lyapunov function on the whole phase space X.

The following result holds true:

Theorem 4.2. Let, additionally to the assumptions of Corollary 1, the following conditions hold

[image: image]

[image: image]

[image: image]

Then the dynamical system (H, St) is gradient.

Proof. We use as a Lyapunov function

[image: image]

Energy inequality (25) implies that L(t) is non-increasing. The equality L(t) = L(0), together with (D2) implies that ψt(t) ≡ 0 on [0, T]. We need to prove that Φ(t) ≡ const, which is equivalent to Φ(t + h)−Φ(t) = 0 for every h > 0. In this proof, we denote [image: image].

Step 1. Let us prove that [image: image]. In this step, we use the distribution theory (see e.g., Ref. [12]) because some functions involved in computations are of too low smoothness. Let us set the test function B = (B1, 0) = (β1, γ1, δ1, 0, 0, 0). Then [image: image] satisfies

[image: image]

The last term equals zero due to (N3) and ψ(t) ≡ const.

Setting in turn B = (0, γ1, 0, 0, 0, 0), B = (0, 0, δ1, 0, 0, 0), and B = (β1, 0, 0, 0, 0, 0) we obtain

[image: image]

[image: image]

[image: image]

Inequalities (29)–(31) imply

[image: image]

Similar to regular functions, if the partial derivative of a distribution equals zero, then the distribution “does not depend” on the corresponding variable (see Ref. [12, Ch. 7], Example 2), i.e.,

[image: image]

However, Theorem 3.4 implies that [image: image] is a regular distribution; thus, we can treat the equality above as equality almost everywhere. Furthermore,

[image: image]

Since [image: image] for all t ∈ ℝ+, c1(x) must be zero. Thus,

[image: image]

which together with (29) implies

[image: image]

The last equality, together with (29, 31), boundary conditions, (18) gives us that [image: image] are solutions to the following Cauchy problem (concerning x):

[image: image]

Consequently, [image: image].

Step 2. Let us prove that u ≡ v ≡ w ≡ 0. Due to (N4), we can use the Taylor expansion of the difference F2(Φ2(t + h))−F2(Φ2(t)) and thus [image: image] satisfy on (0, T) × (L0, L)

[image: image]

[image: image]
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[image: image]

[image: image]

[image: image]

[image: image]

where gu, gv, gw are linear combinations of ux, vx, wx, u, v, w with the constant coefficients, ζj,h(x, t) are 3D vector functions whose components lie between u(x, t + h) and u(x, t), v(x, t + h) and v(x, t), w(x, t + h) and w(x, t) respectively. Thus, we have a system of linear equations on (L0, L) with overdetermined boundary conditions. L2-regularity of ux, vx, wx on the boundary for solutions to a linear wave equation was established in Ref. [13], thus, boundary conditions (37, 38) make sense.

It is easy to generalize the Carleman estimate (Ref. [[3], Th. 8.1]), for the system of the wave equations.

Theorem 4.3 (Ref. [3]). For the solution to problems (32)–(39) the following estimate holds:

[image: image]

where

[image: image]

Therefore, if conditions (37, 38) hold true, then [image: image]. The theorem is proved.



4.2 Asymptotic smoothness

Definition 4.4 (Ref. [9–11]). A dynamical system (X, St) is said to be asymptotically smooth if, for any closed bounded set B ⊂ X that is positively invariant (StB ⊆ B), one can find a compact set [image: image] that uniformly attracts B, i.e., [image: image] as t → ∞.

To prove the asymptotical smoothness of the system considered, we rely on the compactness criterion due to Ref. [14], which is recalled below in an abstract version formulated in [11].

Theorem 4.5. [11] Let (St, H) be a dynamical system on a complete metric space H endowed with a metric d. Assume that for any bounded positively invariant set B in H and for any ε > 0, there exists T = T(ε, B) such that

[image: image]

where Ψε, B, T(y1, y2) is a function defined on B × B such that

[image: image]

for every sequence yn ∈ B. Then (St, H) is an asymptotically smooth dynamical system.

To formulate the result on the asymptotic smoothness of the system considered, we need the following lemma:

Lemma 4.6. Let assumptions (D1) hold. Let moreover, there exists a positive constant M such that

[image: image]

Then, for any ε > 0, there exists Cε > 0 such that

[image: image]

for any [image: image].

The proof is similar to that given in Ref. [11, Th.5.5].

Theorem 4.7. Let assumptions of Theorem 3.4, (D3), and

[image: image]

with m > 0 hold. Moreover,

[image: image]

[image: image]

Then the dynamical system (H, St) generated by problems (1)–(11) is asymptotically smooth.

Proof. In this proof, we perform all the calculations for strong solutions and then pass to the limit in the final estimate to justify it for weak solutions. Let us consider strong solutions [image: image] and [image: image] to the problem (1)–(11) with initial conditions [image: image] and [image: image] lying in a ball, i.e., there exists an R > 0 such that

[image: image]

denote U(t) = Ũ(t)−Û(t) and U0 = Ũ0 − Û0. Obviously, U(t) is a weak solution to the problem

[image: image]

[image: image]

[image: image]

[image: image]

[image: image]

[image: image]

with boundary conditions (7, 8–11) and the initial conditions U(0) = Ũ0 − Û0. It is easy to see by the energy argument that

[image: image]

where

[image: image]

and

[image: image]

here

[image: image]

and

[image: image]

Integrating in (49) over the interval (0, T) we come to

[image: image]

Now we estimate the first term on the right-hand side of Equation (50). In what follows, we present formal estimates that can be performed on strong solutions.

Step 1. We multiply Equation (45) by ω and x·ωx and sum up the results. After integration by parts for t, we obtain

[image: image]

Integrating by parts to x we get

[image: image]

and

[image: image]

Analogously,

[image: image]

It follows from Lemma 3.6, energy relation (25), and property (N2) that

[image: image]

Therefore, for every ε > 0

[image: image]

where we use the notation

[image: image]

Similar estimates hold for nonlinearities g2, fi, hi, i = 1, 2.

We note that for any [image: image] [or analogously, [image: image]]

[image: image]

Since due to (41)

[image: image]

the following estimate can be obtained from (51)–(55)

[image: image]

where C > 0.

Step 2. Multiplying equation (45) by ω and (x − L0)·ωx and arguing as above, we come to the estimate (57)

[image: image]

Summing up estimates (56) and (58) and multiplying the result by ½ we get

[image: image]

Step 3. Next, we multiply Equation (43) by [image: image], equation (45) by [image: image], summing up the results and integrating by parts with respect to t we arrive at

[image: image]

Integrating by parts with respect to x we obtain

[image: image]

Taking into account (41) we get

[image: image]

Using the estimates

[image: image]

and (59)–(61) we infer

[image: image]

Adding (62) to (58) we obtain

[image: image]

Step 4. Now, we multiply Equation (43) by [image: image] and [image: image] and sum up the results. After integration by parts with respect to t we get

[image: image]

It is easy to see that

[image: image]

and

[image: image]

Moreover,

[image: image]

Collecting (64)–(67) and using the estimates

[image: image]

and

[image: image]

we come to

[image: image]

Adding (68) to (63) we arrive at

[image: image]

Step 5. Next, we multiply Equation (43) by [image: image] and integrate by parts with respect to t

[image: image]

Since
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we obtain the estimate

[image: image]

Summing up (69) and (70) we get

[image: image]

Step 6. Next we multiply Equation (44) by C1(φx + ψ + lω) and equation (43) by [image: image], where [image: image]. Then we sum up the results and integrate them into parts concerning t. Taking into account (41, 42), we come to

[image: image]

Integrating by parts with respect to x we get
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and
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Moreover,
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It follows from Lemma 4.6 with [image: image]
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Consequently, by collecting (72)–(76), we obtain

[image: image]

Combining (77) with (71), we get

[image: image]

Step 7. Our next step is to multiply Equation (44) by −C2xψx − C2(x − L0)ψx, where [image: image]. After integration by parts with respect to t, we obtain

[image: image]

After integration by parts for x, we get

[image: image]

and
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Furthermore,
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By Lemma 4.6 with [image: image] we have
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As a result of (79)–(83) we obtain the estimate
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Summing up (78) and (84) and using (42) we infer

[image: image]

Step 8. Now we multiply Equation (44) by C3ψ, where [image: image] and integrate by parts with respect to t (86)
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After integration by parts, we infer the estimate

[image: image]

Combining (87) with (85), we obtain

[image: image]

Step 9. Consequently, it follows from (88) and assumption (D4) for any l > 0 where there exist constants Mi, [image: image] (depending on l) such that

[image: image]

where (89)

[image: image]

Step 10. Finally, we multiply Equation (46) by (x − L)ux, Equation (47) by (x − L)vx, and (48) by (x − L)wx. Summing up the results and integrating by parts with respect to t, we arrive at

[image: image]

After integration by parts to x, we infer
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and

[image: image]

Consequently, it follows from (90)–(92) that for any l > 0, there exist constants M4, M5, M6 > 0 such that
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where

[image: image]

Then, due to conditions (8)–(11), there exist δ, M7, M8 > 0 (depending on l), such that
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It follows from (49) that there exists C > 0 such that

[image: image]

By Lemma 3.6 we have that for any ε > 0 there exists C(ε, R) > 0 such that
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Combining (95) with (94), we arrive at

[image: image]

Substituting (96) into (93), we obtain
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for some C, C(R, T) > 0.

Our remaining task is to estimate the last term in (50).
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Then, it follows from (50, 98) that
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Then the combination of (99) with (97) leads to

[image: image]

Choosing T large enough one can obtain an estimate (40) which together with Theorem 4.5 immediately leads to the asymptotic smoothness of the system.



4.3 Existence of attractors

The following statement collects criteria on the existence and properties of attractors to gradient systems.

Theorem 4.8 (Ref. [10, 11]). Assume that (H, St) is a gradient asymptotically smooth dynamical system. Assume its Lyapunov function L(y) is bounded from above on any bounded subset of H and the set [image: image] is bounded for every R. If the set [image: image] of stationary points of (H, St) is bounded, then (St, H) possesses a compact global attractor. Moreover, the global attractor consists of full trajectories γ = {U(t):t ∈ ℝ} such that

[image: image]

and

[image: image]

i.e., any trajectory stabilizes to the set [image: image] of stationary points.

Now we state the result of the existence of an attractor.

Theorem 4.9. Let the assumptions of Theorems 4.2 and 4.7, hold true. Moreover,

[image: image]

Then, the dynamical system (H, St) generated by (1)–(11) possesses a compact global attractor 𝔄 possessing properties (100) and (101).

Proof. In view of Theorems 4.2, 4.7, 4.8, our remaining task is to show the boundedness of the set of stationary points and the set WR = {Z:L(Z) ≤ R}, where L is given by (28).

The second statement follows immediately from the structure of function L and property (N5).

The first statement can be easily shown by energy-like estimates for stationary solutions, taking into account (N5).




5 Singular limits on finite time intervals


5.1 Singular limit l → 0

Let the nonlinearities fj, hj, gj be such that

[image: image]

If we formally set l = 0 in (17)–(23), we obtain the contact problem for a straight Timoshenko beam

[image: image]

[image: image]
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[image: image]
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and an independent contact problem for wave equations
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[image: image]

The following theorem states that solutions to (17)–(23) when l → 0, are close in an appropriate sense to the solution of decoupled system (102)–(112).

Theorem 5.1. Assume that the conditions of Theorem 3.4, (D3), (N6) hold. Let Φ(l) be the solution to (17)–(23) with the fixed l and the initial data

[image: image]

Then for every T > 0

[image: image]

where (φ, ψ, u, v) is the solution to (102)–(108) with the initial conditions

[image: image]

and (ω, w) is the solution to (109)–(112) with the initial conditions

[image: image]

The proof is similar to that of Theorem 3.1 in Ref. [4] for the homogeneous Bresse beam with obvious changes, except for the limit transition in the nonlinear dissipation term. For future use, we formulate it as a lemma.

Lemma 5.2. Let (D3) hold. Then

[image: image]

for every [image: image].

Proof. Since (D1) and (D3) hold |γ(s)| ≤ Ms, therefore

[image: image]

Thus, due to Lemmas 2.1 and 3.6, the sequence

[image: image]

is bounded in L∞(0, T; H−1(0, L)) and we can extract a subsequence form [image: image], that converges *-weakly in L∞(0, T; H−1(0, L)). Thus,

[image: image]

Consequently,

[image: image]

We perform numerical modeling for the original problem with l = 1, 1/3, 1/10, 1/30, 1/100, 1/300, 1/1, 000, and the limiting problem (l = 0) with the following values of constants: ρ1 = ρ2 = 1, β1 = β2 = 2, σ1 = 4, σ2 = 2,λ1 = 8, λ2 = 4, L = 10, L0 = 4, and the right-hand side

[image: image]
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In this subsection, we consider the nonlinearities with the potential

[image: image]

Consequently, the nonlinearities have the form

[image: image]

For modeling, we choose the following dissipation (globally Lipschitz)

[image: image]

and the following initial data:

[image: image]

Figures 2–7 show the behavior of solutions when l → 0 for the chosen cross-sections of the beam.


[image: Figure 2]
FIGURE 2
 Transversal displacement of the beam, cross-section x = 2.



[image: Figure 3]
FIGURE 3
 Transversal displacement of the beam, cross-section x = 6.



[image: Figure 4]
FIGURE 4
 Shear angle variation of the beam, cross-section x = 2.



[image: Figure 5]
FIGURE 5
 Shear angle variation of the beam, cross-section x = 6.



[image: Figure 6]
FIGURE 6
 Longitudinal displacement of the beam, cross-section x = 2.



[image: Figure 7]
FIGURE 7
 Longitudinal displacement of the beam, cross-section x = 6.




5.2 Singular limit ki → ∞, l → 0

The singular limit for the straight Timoshenko beam (l = 0) as ki → +∞ is the Euler–Bernoulli beam equation in Ref. [15, Ch. 4]. We have a similar result for the Bresse composite beam when ki → ∞, and l → 0.

Theorem 5.3. Let the conditions of Theorem 3.4, (N6), and (D3) hold.

We also let the following assumptions be satisfied
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[image: image]
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[image: image]

[image: image]

Let [image: image], l(n) → 0 as n → ∞, and Φ(n) be the solutions to (17)–(23) with the fixed [image: image] and the same initial data

[image: image]

Then for every T > 0

[image: image]

where

• (φ, u) is the solution to

[image: image]
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with the initial conditions

[image: image]

• ψ = −φx, v = −ux;

• (ω, w) is the solution to

[image: image]

[image: image]

[image: image]

[image: image]

with the initial conditions

[image: image]

Proof. The proof uses the idea from Ref. [15, Ch. 4.3] and differs from it mainly in transmission conditions. We skip the details of the proof, which coincides with Ref. [15].

Energy inequality (25) implies (125)
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Thus, we can extract subsequences that converge in corresponding spaces *-weak. Similarly to Ref. [15] we have

[image: image]

therefore
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Analogously,
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Equations (126)–(131) imply

[image: image]
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Thus, the Aubin's lemma gives that

[image: image]

for every ε > 0 and then

[image: image]

This implies that

[image: image]

Analogously,

[image: image]

Let us take a test function of the form [image: image] such that [image: image] for almost all t. Due to (132)–(134) and Lemma 5.2 we can pass to the limit in variational equality (24) as n → ∞. In the same way as in Ref. [15, Ch. 4.3] we obtain, that limiting functions φ, u are of higher regularity and satisfy the following variational equality

[image: image]

Provided φ and u are smooth enough, we can integrate (135) by parts concerning x and t and obtain

[image: image]

Requiring all the terms containing [image: image], [image: image] to be zero, we get transmission conditions (119)–(116). Equations (115 and 116) are recovered from the variational equality (136). Problem (121)–(124) can be obtained in the same way.

We perform numerical modeling for the original problem with the initial parameters

[image: image]

We model the simultaneous convergence l → 0 and k1, and k2 → ∞ in the following way: we divide l by the factor χ and multiply k1, k2 by the factor χ. Calculations were performed for the original problem with

[image: image]

and the limiting problem (115)–(120). The other constants in the original problem are the same as in the previous subsection, and we change functions in the right-hand side (113, 114) as follows:

[image: image]

The nonlinear feedbacks are

[image: image]

We use linear dissipation γ(s) = s, and we chose the following initial displacement and shear angle variation:

[image: image]

and set

[image: image]

We choose the following initial velocities

[image: image]

The double limit case appeared to be more challenging from the point of view of numerics than the case l → 0. The numerical simulations of the coupled system in equations (1)–(7), including the interface conditions in (8)–(11), were done by a semi-discrete of the functions ϕ, ψ, ω, u, v, w with respect to the position x and by using an explicit scheme for the time integration. That allows the choice of discretized values at grid points near the interface in a separate step so that they obey the transmission conditions. It was necessary to solve a nonlinear system of equations for the six functions at three grid points (at the interface, and left and right of the interface) in each time step. Any attempt to use a fully implicit numerical scheme led to extremely time-expensive computations due to the large nonlinear system's overall discretized values which were to be solved in each time step. On the other hand, increasing k1 and k2 increases the stiffness of the system of ordinary differential equations, which results from the semidiscretization, and the CFL conditions require small time steps; otherwise, numerical oscillations occur. Figures 8–13 present smoothed numerical solutions, which were particularly necessary for large factors χ, e.g., χ = 300. When the parameters k1 and k2 are large, the material of the beam gets stiff, and so does the discretized system of differential equations. Nevertheless, the oscillations are still noticeable in the graph. By the way, the observation that the factor χ cannot be arbitrarily enlarged underlines the importance of having the limit problem for χ → ∞ in (1)-(15).


[image: Figure 8]
FIGURE 8
 Transversal displacement of the beam, cross-section x = 2.



[image: Figure 9]
FIGURE 9
 Transversal displacement of the beam, cross-section x = 6.



[image: Figure 10]
FIGURE 10
 Shear angle variation of the beam, cross-section x = 2.



[image: Figure 11]
FIGURE 11
 Shear angle variation of the beam, cross-section x = 6.



[image: Figure 12]
FIGURE 12
 Longitudinal displacement of the beam, cross-section x = 2.



[image: Figure 13]
FIGURE 13
 Longitudinal displacement of the beam, cross-section x = 6.





6 Discussion

The classical Kirchhoff model of elasticity is based on the hypothesis that the shear angle ψ can be represented as ψ = −∂xφ, where ϕ is the transverse displacement of the beam. In this case, the beam is initially straight and nonshearable. The Bresse model describes the dynamics of an initially curved beam and takes into consideration shear effects (for details, see, e.g., Ref. [2]). In real-world applications, it is important to investigate networks of elastic objects with different elastic properties and contact conditions, such as spacecraft structures, trusses, robot arms, antennae, etc. In the present study, we evaluate the dynamics of two Bresse beams with rigid contact and, moreover, show that if the curvature l tends to zero, solutions to the Bresse transmission problem lean to be the solutions of two problems. The longitudinal displacements in this case incline to be the solutions to a transmission problem for a wave equation, and the transversal displacements and shear angles be the to solutions to the Timoshenko problem, describing the dynamics of a straight shearable beam. In the case of a double limit, if curvature l tends to zero and shear moduli k1, and k2 tend to infinity, the longitudinal displacements, in this case, tend to be the solutions of a transmission problem for a wave equation, and the transversal displacements to solutions of a transmission Kirchhoff problem with rotational inertia. We illustrate these effects by means of numerical modeling. These results show that in cases of small initial curvature and large shear moduli, shear effects can be neglected and the dynamics can be described by the well-known Kirchhoff model. Figures show that the speed of convergence to the limit model in the case of a single limit l → 0 is higher than in the case of a double limit l → 0, ki → ∞, when not only the geometric configuration but also the elastic properties of the beam change.

There are many studies devoted to long-time behavior of linear homogeneous Bresse beams (with various boundary conditions and dissipation natures). If damping is present in all three equations, it appears to be sufficient for the exponential stability of the system without additional assumptions on the parameters of the problems (see, e.g., Ref. [16–18]).

The situation is different if we have a dissipation of any kind in two or one equation only. First of all, it matters in which equations the dissipation acts. There are results on the Timoshenko beams (see Ref. [19]) and the Bresse beams (see Ref. [20]) showing that damping in only one of the equations does not guarantee the exponential stability of the whole system. It seems that for the Bresse system, the presence of dissipation in the shear angle equation is necessary for stability of any kind. To get exponential stability, one needs additional assumptions on the coefficients of the problem, usually the equality of the propagation speeds:

[image: image]

Otherwise, only polynomial (non-uniform) stability holds (see e.g., Ref. [21] for mechanical dissipation and Ref. [20] for thermal dissipation). In Ref. [22] analogous results are established in the case of nonlinear damping.

If dissipation is present in all three equations of the Bresse system, corresponding problems with nonlinear source forces of a local nature possess global attractors under the standard assumptions for nonlinear terms (see e.g., [4]). Otherwise, nonlinear source forces create technical difficulties and may cause instability in the system. To the best of our knowledge, there is no literature on such cases.

The damping force is a function of the system's velocity. In the linear case, it is standard linear viscous damping; however, in some mechanical systems, for instance, nonlinear suspension and isolation systems (see e.g., Ref. [23] Section 2d), the damping force can be nonlinear. Therefore, we consider a general nonlinear damping term and find assumptions under which the problem is well-posed and possesses a compact global attractor. In this case, linear damping is a particular case of the damping considered.

The presence of nonlinear feedback complicates the structure the of attractors. The homogeneous problem without nonlinear feedbacks is exponentially stable, and its trajectories stabilize to zero for infinite time. Nonlinear problems usually have more complex limiting regimes. In this case, the attractor consists of full trajectories stabilizing the set of stationary points, which can consist of multiple points.

In this study, we investigate a transmission problem for the Bresse system.

Transmission problems for various equation types have already had some history of investigation. One can find many research concerning their well-posedness, long-time behavior, and other aspects (see e.g., Ref. [24] for a nonlinear thermoelastic/isothermal plate, Ref. [25] for the Kirchhoff/Timoshenko beam, and Ref. [26] for the full von Karman beam). Problems with localized damping are close to transmission problems. In recent years a number of such problems for the Bresse beams have been studied, e.g., Ref. [4, 22]. To prove the existence of attractors in this case, a unique continuation property is an important tool, as well as the frequency method.

The only interpretation we know on a transmission problem for the Bresse system is Ref. [27]. The beam in this work consists of thermoelastic (damped) and elastic (undamped) parts, both purely linear. Despite the presence of dissipation in all three equations for the damped part, the corresponding semigroup is not exponentially stable for any set of parameters but only polynomially (non-uniformly) stable. In contrast to Ref. [27], we consider mechanical damping only in the equation for the shear angle for the damped part. However, we can establish exponential stability for the linear problem and the existence of an attractor for the nonlinear one under restrictions on the coefficients in the damped part only. The assumption on the nonlinearities can be simplified in the 1D case (cf. e.g., Ref. [28]).
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This research is devoted to studying a geometric Brownian motion with drift switching driven by a 2 × 2 Markov chain. A discrete-time multiplicative approximation scheme was developed, and its convergence in Skorokhod topology to the continuous-time geometric Brownian motion with switching has been proved. Furthermore, in a financial market where the discounted asset price follows a geometric Brownian motion with drift switching, market incompleteness was established, and multiple equivalent martingale measures were constructed.
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1 Introduction

In this article, we study a geometric Brownian motion with Markov switching in the drift coefficient. Assume that (Xt)t≥0 follows a linear stochastic differential equation

[image: image]

where x0 > 0 is non-random, δ0, δ1 ∈ ℝ, (Wt)t≥0 is a Brownian motion, and (Yt)t≥0 is an independent of W continuous-time Markov jump process with the values in the set {0, 1}, with the initial value Y0 = 0 and with an infinitesimal matrix

[image: image]

for some positive λ0 and λ1. Moreover, let the processes (Yt)t≥0 and (Wt)t≥0 be defined on a stochastic basis with filtration [image: image], where [image: image]. It is well known that the strong solution of Equation (1) can be represented as an exponent of the form

[image: image]

Drift-switching models have been applied in finance and economics for several decades. Early applications of drift switching in the context of time-series econometrics can be found in Quandt [1] or Quandt and Goldfeld [2]. Hamilton [3] used drift switching to model the business cycle, where the expected growth rates of a national product switch according to a Markov chain. In finance, geometric Brownian motion with a Markov chain-modulated drift rate has become popular for modeling asset price dynamics. For instance, Ang and Timmermann [4] and Sotomayor and Cdenillas [5] studied regime-switching models in finance, while Dai et al. [6] and Dai et al. [7] investigated optimal trend-following trading strategies for an asset price modeled by a stochastic differential (Equation 1). In this context, the switching drift rates correspond to bull and bear market conditions. Maheu et al. [8] focus on the identification and estimation aspects of such models. In a similar setting, Décamps et al. [9] and Klein [10] examine optimal investment timing in a risky project with a sunk cost. The study by Aingworth, Das and Motwani [11] was devoted to pricing equity options with Markov switching. Elliott et al. [12] also studied option pricing in models with Markov switching. Bae et al. [13] investigate the problem of asset allocation under regime switching and Ekström and Lu [14] study an optimal irreversible sale of an asset, while Ekström and Lindberg [15] analyze optimal closing strategies for momentum trades. Henderson et al. [16] study exercise patterns of American call executive stock options written on a stock whose drift parameter falls to a lower value at an exponentially distributed random time.

This study focuses on discretizing a geometric Brownian motion with a Markov switching drift rate, as described by Equation (1). Since explicit solutions to models with switching drift rates are rare, rigorous discretization and an understanding of its properties are essential for implementing numerical methods such as binomial and multinomial trees, PDE solvers, or Monte Carlo simulations for these models. Furthermore, in time-series econometrics, a discrete-time version of Equation (1) is typically used from the outset, albeit with only a vague connection to the continuous-time model. Our analysis rigorously connects the continuous- and discrete-time models and provides their convergence properties.

Note that a wide class of theorems on diffusion approximation of additive schemes were proved in the book of Liptser and Shiryaev [17] and generalized to multiplicative schemes in the book of Mishura and Ralchenko [18]. The present study is, in a context, a modification of the functional limit theorems obtained in Chapter 1 of the book [18]. However, to the best of our knowledge, multiplicative Markov switching schemes and their corresponding functional limit theorems have not been previously established.

In addition to the problem of the approximation (in the context of functional limit theorems) of a market with switching, we also investigated the question of the incompleteness of such a market. Intuitively, this incompleteness is obvious, since we have one risky asset with two independent sources of randomness. At the same time, it is easy to construct the so-called minimum martingale measure. It is more difficult to construct a class of equivalent martingale measures other than the minimal one. We managed to construct a fairly wide class of such measures, although it is obvious that all equivalent martingale measures are not exhausted by such a construction.

This study is organized as follows: In Sections 2 and 3, we develop a discretization for the switching component of the process (Equation 1) and prove the weak convergence of the respective probability measures, generated by the prelimit and limit processes, respectively. Section 4 is devoted to the weak convergence of the measures corresponding to the component responsible for volatility. Then, due to the independence of these processes and, consequently, of respective probability measures, we get the weak convergence of the products of these measures, or that is, of the sequence of probability measures generated by the prelimit sequence of probability measures, to the measure corresponding to the limit process. Note also the following: while prelimit and limit Markov processes (chains) are discontinuous, we can establish their weak convergence in Skorokhod topology. However, their integral sums and also the components that are responsible for the weak convergence to geometric Brownian motion converge even in the uniform topology. So, finally, our processes converge in the uniform topology. Finally, Section 5 is devoted to the construction of a wide class of equivalent martingale measures for the market, where Equation (1) represents the discounted price of a risky asset.



2 Discrete-time multiplicative approximation of the diffusion model with Markov switching

The main goal of this study is to construct a sequence of discrete-time versions of X, the geometric Brownian motion with Markov modulated drift given by Equation (1) and Equation (3), such that these discretized versions weakly converge in Skorokhod topology (in fact, convergence will be even in the uniform topology) to the process X on the fixed time interval [0, T].

So, following this direction, we consider the limit process (Xt)t∈[0, T] on the fixed time interval [0, T], where T > 0 is a maturity date, and create a series of discrete-time models numbered by N ∈ ℕ. Our Nth discrete-time market corresponds to the partition of the interval [0, T] into N subintervals of the form [image: image], 1 ≤ k ≤ N. Let [image: image], and [image: image] be a strictly positive discounted price of the asset at a time [image: image] of Nth discrete-time market, 1 ≤ k ≤ N.

Taking into account the multiplicative nature of the limit model, together with the assumption of independence of Y and W on [0, T], we can assume that the ratio [image: image], 1 ≤ k ≤ N can be represented as a product

[image: image]

where random variables [image: image], i ∈ {1, 2}, 1 ≤ k ≤ N are independent and [image: image] almost surely (a.s.) Taking logarithms in Equation (4), we can write

[image: image]

where 1 ≤ k ≤ N and [image: image]. We assume that the process X(N) is defined on the stochastic basis [image: image], where filtration is generated by the respective random variables [image: image] so that [image: image] is [image: image]-measurable. In this model, random variables [image: image] represent non-volatile net profit rates generated by the price process on the time intervals [image: image], 1 ≤ k ≤ N in a model with switching. Recall that we consider (Ys)s≥0, which is the jump Markov process with values in the set {0, 1} and an infinitesimal matrix (Equation 1). This process governs the switching in a continuous-time model. Recall also that state 0 generates income with intensity δ0 and state 1 generates income with intensity δ1. Once we consider a discrete-time model, we have to introduce a discrete-time switching process (note that in such a model, the switching of the interest rate may only occur at times [image: image]). Let [image: image] be a discrete-time, 2 × 2 Markov chain defined on the same probability space as R(1, N), R(2, N), and U(N) which is defined in Equation (5). It is independent of the processes R(2, N) and U(2, N). The chain takes values in the set {0, 1} and has initial values [image: image] and [image: image], implying that the intensity of the interest on the kth interval of the Nth discrete-time market equals δ0. Similarly, [image: image] means that such intensity equals δ1.

The definition of the transition probabilities matrix for the process Y(N) follows from the requirement for occupation times of Y(N) to be close to those of (Ys)s≥0. This leads to the following definition of the transition probabilities of the chain Y(N) for i ∈ {0, 1}:

[image: image]

where we used the Markov property of the process (Ys)s≥0. Such probabilities define a one-step transition probability matrix

[image: image]

Using the switching process Y(N), we can define random variables [image: image], as follows:

[image: image]

Definition 7 has the following financial interpretation: Since [image: image] is a profit rate generated by the risky asset on the kth time interval, the accrual on this interval equals to

[image: image]

Equation (8) can be written as:

[image: image]

Using the Taylor formula, we can write [image: image] as follows:

[image: image]

By neglecting asymptotically small terms [image: image] and [image: image], we arrive at the definition (Equation 8).

Now, we turn our attention to [image: image]. This random variable represents the pure volatility in the model. In our discrete-time markets, the sums [image: image], roughly speaking, will approximate the process [image: image].

Now, as we defined discrete-time markets and prelimit processes [image: image], we can give a mathematical formulation for the main goal of this study, which is the convergence of discrete-time markets to the market described by Equation (1). By “convergence of discrete-time markets,” we mean weak convergence of probability measures associated with stochastic processes that drive such markets, or convergence of random processes in Skorokhod or uniform topology. It will be specified explicitly in any theorem.

Next, we define the logarithm of the limit price process by

[image: image]

t ∈ [0, T]. It is convenient to separate the components of Ut and [image: image] as follows:

[image: image]

where

[image: image]

Let us define for [image: image],

[image: image]

i ∈ {1, 2}, 1 ≤ k ≤ N. So, we consider step-wise discrete-time approximations of the limit process U. Thus, our goal is to prove the weak convergence of the sequence of stochastic processes [image: image] to the process (Ut)t∈[0, T]. To this end, we will establish the convergence of [image: image] to (Yt)t∈[0, T] (Theorem 3), then the convergence of [image: image] to [image: image], i ∈ {1, 2} (Theorems 4 and 5), and the desired result then follows because of the independence of probability measures respective to Markov chains and the components that converge to the geometric Brownian motion. Therefore, the respective products of the probability measures weakly converge to the product of probability measures corresponding to the limit Markov chain and the limit geometric Brownian motion, respectively.



3 Weak convergence of discrete-time Markov chains to the limit Markov process

In this section, we prove that the sequence of processes [image: image] introduced in Section 2 converges in Skorokhod topology to the process (Yt)t∈[0, T]. As a consequence, we will obtain the convergence of the processes [image: image] to [image: image], however, even in the uniform topology.

Let Nt be the number of jumps of a process (Ys, s ≥ 0) on a time interval [0, t]. Let us introduce the occupation times

[image: image]

and jump times

[image: image]

Recall that the Markov chain [image: image], introduced in Section 2, has an initial value of [image: image] and the transition probability matrix (Equation 6). For this chain, let us define the total number of jumps on the time interval [0, T]

[image: image]

occupation times

[image: image]

and jump times

[image: image]

For a given t ∈ [0, T] and integer N, define kt, N ∈ {0, …, N} in the following way: kT, N = N, and for t ∈ [0, T), we have [image: image] We will also use the notation [image: image].

Lemma 1. For all k ≥ 1, the following inequality holds:

[image: image]

where

[image: image]

and

[image: image]

Proof. We have the following relations:

[image: image]

In the case when λ1 > λ0, from these relations, we immediately get inequality (Equation 11) for k = 2m. In the case when λ0 > λ1, we can rewrite previous estimates as

[image: image]

and also get the inequality (Equation 11).

Let us now switch to the case k = 2m−1. Following the same process as before, we obtain the inequality

[image: image]

If λ1 > λ0, then we can write

[image: image]

so that Equation (11) holds true in this case.

If λ0 > λ1, then

[image: image]

and Equation (11) holds true.    □

Corollary 1.

[image: image]

Proof. Let us define Λ = |λ1 − λ0| and let constants C and d be as in Equations (13) and (12), respectively. From Lemma 1, we see that

[image: image]

Inequality (14) is a direct consequence of Inequality (15), indeed, we can put [image: image] and get that

[image: image]

                □

Theorem 1. Denote by fm(t0, …, tm) a conditional density of (τ0, …, τm) given NT = m and put

[image: image]

Then, for any ε > 0, there exists an integer N(m) such that for all N ≥ N(m) and all 0 ≤ t0 < … < tm ≤ T, we have

[image: image]

where [image: image], [image: image] [image: image], [image: image].

Proof. We prove the statement for even m (so that we will write 2m in the following theorem). The proof for the odd m is the same.

Let [image: image] be a conditional density of (θ0, …, θ2m) given NT = 2m and [image: image]. Since {θj, 0 ≤ j ≤ 2m} are independent random variables with alternating exponential distributions, we can write

[image: image]

for all tj ≥ 0, 0 ≤ j ≤ 2m, such that t0+…+t2m ≤ T. Recall that θ0 = τ0 and θj = τj − τj−1, 1 ≤ j ≤ 2m. So we have for all 0 ≤ t0 < … < t2m ≤ T

[image: image]

To simplify the further derivations, let us omit indices in kti, N and simply write ki. Then we can rewrite [image: image] as

[image: image]

Furthermore, the following limit holds:

[image: image]

as N → ∞. For any ε1 > 0, we can now find an integer N(m, ε1) such that for all N ≥ N(m, ε1), we have

[image: image]

Put

[image: image]

Note that

[image: image]

for all integer n > 0 and all 0 ≤ s0 < s1 < … < sn ≤ T. We can now write

[image: image]

Clearly, we can now choose an integer N0 = N(m, ε) such that for all N ≥ N0,

[image: image]

The theorem is proved.        □

Theorem 2. Let 0 ≤ t0<t1 < … < tn ≤ T be fixed. Then, for any ε > 0 there exists an integer N(n, ε) such that for all N ≥ N(n, ε), we have

[image: image]

where xi ∈ {0, 1}, 0 ≤ i ≤ m.

Proof. This result follows from Theorem 1 and Lemma 1. Indeed, for every fixed ε > 0, we can find an integer m such that [image: image] for all N > 0, so that (Equation 16) is reduced to

[image: image]

Let us introduce the random variables rj of the form

[image: image]

In fact, rj is the index number of the occupation interval that covers the fixed point tj. Note that rj is defined on the same probability space as (Ys)s≥0, and for ω ∈ {Nt ≤ m}, each rk(ω) takes value in the set {0, 1, …, m}. Put [image: image]. It is clear that [image: image] is a finite set, and

[image: image]

Then using formula (18), we get an equality

[image: image]

By Theorem 1, we can find an integer N(ε, n) such that for all N ≥ N(ε, n)

[image: image]

which proves Equation 17 and hence the statement of the theorem follows.            □

Theorem 3. Processes [image: image] converge to (Yt)t∈[0, T], N → ∞ in Skorokhod topology.

Proof. In Theorem 2, we already proved the convergence of finite-dimensional distributions. Therefore, by Theorem 4, Section VI.5 from Gikhman and Skokohod [19], we have to verify that for all ε > 0

[image: image]

Let us examine the probability

[image: image]

Since the chain Y(N) takes values in the set {0, 1}, the condition [image: image] means that [image: image]. Thus, we can write

[image: image]

where the last equality follows from homogeneity.

Similarly,

[image: image]

To evaluate the latter probabilities, we will need a general form of n-step transition probability for a 2 × 2 Markov chain, which has the form

[image: image]

where [image: image] (note that a(N) ∈ (0, 2)), and

[image: image]

is an invariant distribution for the chain Y(N) (see Appendix, Equation A1). For a fixed h ∈ [0, T], recall the notation

[image: image]

Now, we can rewrite the left-hand side of Equation (19) as

[image: image]

                □

Theorem 4. Processes [image: image] converge to [image: image] in the uniform topology.

Proof. Using the Taylor formula for logarithm, we get the following representation: for x > 0,

[image: image]

where |ρ(x)| ≤ h(N) when [image: image] for some constant C, and h(N) → 0, N → ∞. For any fixed [image: image] we have

[image: image]

Next, we have a.s.

[image: image]

Using Theorem 3, we may conclude that for each fixed t ∈ [0, T],

[image: image]

We can now use the Slutsky theorem, and conclude that

[image: image]

where by → d we denote a weak convergence in distribution. Let us now consider a linear combination of the form

[image: image]

Using the properties of the Riemann integral and Slutsky theorem we can apply similar reasoning to conclude that

[image: image]

which implies weak convergence of finite-dimensional distributions of the process [image: image] to that of [image: image].

Let us consider the modulus of continuity of the sequences of the processes [image: image]. Obviously, for all 0 ≤ u < t ≤ T

[image: image]

The latter inequality implies that the family of processes[image: image] is tight in the uniform topology. The statement of the theorem follows from this fact, together with the convergence of finite-dimensional distributions.

                □



4 Weak convergence to a geometric Brownian motion with Markov switching drift rate in the multiplicative scheme of series

Conditions of weak convergence of the sequence of processes

[image: image]

created in Equation 10, to the process [image: image], are classical. They can be deduced from the respective results contained in the books [20] and [18]. However, for the reader's convenience, we describe them briefly, basing them on the Skorokhod theorem about weak convergence of sums of independent random variables to the continuous process with independent increments (see, e.g., Theorem 1, pages 452–453 from Gikhman and Skokohod [21]). So, we consider the scheme of series of the form [image: image] [image: image] and

[image: image]

We can simplify these records by putting [image: image] and

[image: image]

Assume that there exist two real-valued sequences {αN, βN, N ≥ 1} such that [image: image] with probability 1 and αn, βN → 0 as N → ∞. Then

[image: image]

where [image: image] and real-valued positive sequence Δ(αN, βN) → 0 as N → ∞. Recall that we already assumed that [image: image] are mutually independent.

Theorem 5. Assume that the following conditions hold:

(i) [image: image].

(ii) For any t ∈ [0, T]

[image: image]

Then the sequence [image: image] of measures corresponding to processes [image: image] weakly converges to the measure [image: image] corresponding to process [image: image].

Proof. Conditions (i) and (ii) mentioned in Theorem 5, together with Theorem 5.53 from Föllmer et al. [20], imply that for any 0 ≤ s < t ≤ T, the distribution of the increment [image: image] weakly converges to [image: image] Moreover, these conditions, together with restrictions on the values of [image: image], support Lindeberg's condition in Theorem 1, pages 452–453 from Gikhman and Skokohod [21], whence the proof follows.    □



5 Incompletenesses of the market with switching

This section explores the incompleteness of the continuous-time market with drift Markov switching, as described by Equation 1. Although this topic is not directly related to the convergence problem studied in the previous sections, it is of interest to the financial applications of the model.

In this section, we assume that (Xt)t≥0 represents the discounted asset price in an arbitrage-free market, which consists of this risky asset and a risk-free asset. Since the risky asset price involves two independent sources of randomness, the financial market is incomplete. To demonstrate the incompleteness explicitly, let us construct a MMM and separately a class of martingale measures especially related to the Markov process. First, fix the interval [0, T] and attempt to construct an equivalent martingale measure ℚ ~ ℙ, whose Radon-Nikodym derivative restricted to the interval [0, T] has the form

[image: image]

where φ(u) is a [image: image]-adapted stochastic process satisfying condition [image: image] (in this case ℚT is indeed a probability measure). Moreover, recall the notion of the MMM from Föllmer and Schweizer [22]:

Definition 1. (Föllmer and Schweizer [22]) Let the discounted asset price in a financial market be given by the real-valued semimartingale of the form

[image: image]

where S0 > 0 is a constant, M is a local ℙ-martingale, A is a process of locally bounded variation, ℙ is the initial probability measure, and M0 = A0 = 0. The minimal martingale measure (MMM) for S is an equivalent probability measure [image: image] that is characterized by the properties that it transforms S into a local martingale and preserves the martingale property for any local ℙ-martingale that is strongly orthogonal to M.

According to Föllmer and Schweizer [22], assume additionally that M is a ℙ-square-integrable martingale, and A has a form

[image: image]

where [image: image] a.s., 〈M〉 is the quadratic characteristics of M (see, e.g., Liptser and Shiryayev [17] for detail). Moreover, if

[image: image]

and σ is a strictly positive adapted process on [0, T], then [image: image], and

[image: image]

If the MMM [image: image] exists, then its Radon-Nikodym derivative restricted to the interval [0, T] is given by the stochastic exponent of the form

[image: image]

Lemma 2. The equivalent martingale measure for the market is described by Equation (1), which has the form Equation (20), is unique, and the function φ equals

[image: image]

and [image: image] is a MMM in this market.

Proof. For all t ∈ [0, T] the following equality holds

[image: image]

Assume that

[image: image]

Then the process [image: image] is a martingale, in particular,

[image: image]

therefore,

[image: image]

if and only if

[image: image]

which in turn is true if and only if

[image: image]

whence φ(u) satisfies equality (Equation 21). According to Föllmer and Schweizer [22], measure ℚ is a MMM for this market.

Indeed, in our case, [image: image] and [image: image]. Obviously, M is a continuous square-integrable martingale, [image: image], and for MMM

[image: image]

therefore, [image: image] from (Equation 20) with Equations 21-24 in hand. Moreover, equality (Equation 23) holds. So, the lemma is proved.    □

Nevertheless, there can be other equivalent martingale measures. To construct a wide class of equivalent martingale measures, let us consider the following objects: First, we shall use the standard definition of the Feller process (see e.g., Chung [23], p. 50) and the following definition of the left quasi-continuous process, taken from Chung [23] and Liptser and Shiryayev [17].

Definition 2. Let us have a stochastic basis with filtration and an adapted process U = {Ut, t ≥ 0}. Process U is left quasi-continuous, if for any stopping time τ and any sequence of stopping times τn↑τ, [image: image] P-a.s. on the set {τ < ∞}.

Now we summarize the following facts from Liptser and Shiryayev [17] and Gushchin [24], simplifying them for our situation (in general, these properties can be formulated in a local version, but our processes under consideration are integrable). We consider càdlàg processes, which have a.s. continuous trajectories from the right and with left limits at all points.

(i) For any adapted process A of integrable variation, there exists a predictable process Aπ of integrable variation (dual predictable projection, or compensator of A) such that the process M = A − Aπ is a martingale.

(ii) If process A is left quasi-continuous, then process Aπ is continuous.

(iii) The left quasi-continuity of the adapted process A of integrable variation is equivalent to any of the following properties:

(a) for any predictable stopping moment τ ΔτA𝟙τ < ∞ = 0, where ΔtA = At − At−, the jump at point t, which is correctly defined for càdlàg processes.

(b) for any bounded stopping moment τ and for any sequence of non-decreasing stopping times τn ↑ τ

[image: image]

Now we are in a position to construct a wide class of equivalent martingale measures for our market with Markov switching, but we decide to operate only with the Markov process Y. It should be noted that Y has bounded variation |Y| on [0, T] with finite moments of any order (variation |Y| on [0, t] is simply a number of jumps Nt, which, according to Corollary 1, has a finite exponential moment). Therefore, Y is a process of integrable variation and admits a dual predictable projection Yπ of integrable variation.

Lemma 3. Process Y is left quasi-continuous.

Proof. The desired property follows directly from Theorem 4 (Section 2.4, page 70) in Chung [23], once we establish that Y is a Feller process.

Recall that time-homogenous Markov process has values in some compact space E is called Feller if the following two conditions hold true:

(i) for all f ∈ C(E)

[image: image]

(ii) for every fixed t and f ∈ C(E)

[image: image]

where C(E) is a space of all functions continuous on E and Pt(x, A) is a transition probability on the time interval [0, t].

In our case, E = {0, 1}, so every finite function on E is continuous, and (ii) follows immediately.

Since the matrix 𝔸 defined in Equation (2) is a generator of the process Y, we have by definition

[image: image]

for all continuous functions f on {0, 1}, which implies (i).    □

Now, according to Gushchin [24], any left quasi-continuous process of integrable variation has a continuous integrable dual predictable projection (compensator). Therefore, we can consider the dual predictable projection Yπ of Y, which is a continuous process of integrable variation, and let [image: image] Then M is a martingale. Therefore, according to Liptser and Shiryayev [17], M admits a decomposition M = Mc+Md, where Mc is a continuous local martingale, and Md is a purely discontinuous local martingale where pure discontinuity means that common quadratic variation [Mc, Md] is a zero process.

Lemma 4. M is a purely discontinuous martingale with a finite a.s. number of jumps on any fixed interval [0, T].

Proof. Pure discontinuity immediately follows from the fact that both the purely jump process Y and the continuous compensator of Yπ have zero common quadratic variations [Y, B] and [Yπ, B] with any continuous process B. The lemma is proven.    □

Therefore, if we create a stochastic exponent [image: image], it will have the form

[image: image]

where Δ(·)s stands for the jump of the respective process at point s, and these jumps are correctly defined for càdlàg processes. However, the problem with this stochastic exponent is that the jumps of M can equal −1. To avoid this difficulty, let us consider any strictly positive continuous process ψt, 0 ≤ t ≤ T adapted to σ0, t(Y) such that [image: image], consider stochastic integral [image: image], which is in fact a sum of a finite number of terms, and construct stochastic exponent [image: image] Introduce the following notations: [image: image], and

[image: image]

where φ is defined in Equation (21),

[image: image]

Theorem 6. Probability measures ℚφ, ψ, for which its Radon-Nikodym derivative restricted on the interval [0, T] has the form

[image: image]

is a probability equivalent martingale measure for the market defined by Equation (1).

Proof. First, notice that for any s > 0

[image: image]

therefore, according to Corollary 1, [image: image] does not exceed [image: image], and so, it is integrable. It means that being a local martingale and stochastic exponent, and also being an integrable, [image: image] is a martingale. In particular, [image: image] and [image: image] define a probability measure ℙ(ψ) on [image: image], equivalent to measure ℙ. Now, for any 0 ≤ s ≤ t ≤ T, introduce the σ-fields σs, t(Y) = σ{Yu, s ≤ u ≤ t} generated by the process Y on the respective intervals. Then

[image: image]

Denote x = xt, t ∈ [0, T] some bounded, measurable, and non-random function. Then, taking into account the independence of W and Y, we can write that

[image: image]

Therefore,

[image: image]

whence ℚφ, ψ is a probability measure and [image: image] is a martingale. Now we shall use the independence of W and Y again in order to prove that ℚ is an equivalent martingale measure. Indeed, similarly to the proof of Lemma 2,

[image: image]

Consider the σ-field

[image: image]

the smallest σ-field containing [image: image] and σs, t(Y). Then [image: image] is [image: image]-measurable, and, similarly to Equations (25, 26),

[image: image]

where

[image: image]

It means that ℚφ, ψ is an equivalent martingale measure for the market defined by Equation (1), and the theorem is proved.    □
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Appendix

In this appendix, we present, for the reader's convenience, a direct formula for the n-step transition probability of a 2 × 2 discrete-time Markov chain. Consider a transition probability matrix of the form

[image: image]

for some α, β∈(0, 1). Transition probability P admits a unique invariant probability measure

[image: image]

Let us find an eigendecomposition of P. Clearly, 1 is an eigenvalue, and the corresponding eigenvector is (1, 1). The second eigenvalue is λ = α + β − 1, and the corresponding eigenvector is v = (1 − α, β − 1). Thus, we have a decomposition

[image: image]
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We develop a Riemann–Hilbert approach to the modified focusing complex short pulse (mfcSP) equation
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with zero boundary conditions (as |x| → ∞). We obtain a parametric representation of the solution of the initial value problem for the mfcSP equation in terms of the solution of the associated Riemann–Hilbert problem. This representation is then used for retrieving one-soliton solutions.
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1 Introduction

The short pulse equation (SP equation, or SPE)

[image: image]

was derived by Schäfer and Wayne [19] as a model equation for the propagation of ultra-short optical pulses in non-linear media. In this equation, u = u(x, t) is a real-valued function that represents the magnitude of the electric field. The short pulse equation is an alternative model to the non-linear Schrödinger (NLS) equation, the latter being used for describing the slow modulation of the amplitude of a weakly non-linear wave packet in a moving medium. NLS is used in non-linear optics with great success to describe slowly varying wave trains whose spectra are narrowly localized around the carrier frequency or to describe the propagation of sufficiently broad pulses. In the regime of ultra-short pulses where the width of optical pulse is in order of femtosecond, the SP equation is supposed to provide better approximation to the corresponding solution of the Maxwell equation while the NLS equation becomes less accurate. In [10], with the help of numerical simulations, it was shown that the SP equation can indeed be used to describe pulses with broad spectrum.

In [17, 18], it was shown that the SP equation is completely integrable, in the sense that it is the compatibility condition of a pair of linear, matrix-valued ordinary differential equations involving an external (spectral) parameter; such pair of equations is called the Lax pair. In the case of the SP equation, the associated Lax pair is as follows:

[image: image]
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where U and V are 2 × 2 matrices dependent on the spectral parameter λ:

[image: image]
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The Riemann–Hilbert approach to the study of solutions of the SP equation was presented in [8].

The modified short pulse (mSP) equation

[image: image]

was proposed by Sakovich [16], who studied integrable non-linear equations having the form

[image: image]

When [image: image], Equation 7 reduces to Equation 1 whereas the case [image: image] reduces to Equation 6, both cases being integrable. The mSP equation (6) was studied by Guo and Liu, who constructed soliton solutions by the Riemann–Hilbert method [14]. Matsuno [15] proposed the N- component generalization of Equation 6, which in the case N = 2 reads

[image: image]

Matsuno constructed the soliton solutions by solving the associated bilinear equations and constructed the local and non-local conservation laws of Equation 8.

Obviously, if v = u, then Equation 8 reduces to Equation 6. On the other hand, if v = ū, where the bar stands for the complex conjugation, the system (8) reduces [20] to

[image: image]

which will be called in what follows the modified focusing complex short pulse equation (mfcSP equation or mfcSPE). Notice that the reduction v = −ū gives rise to a defocusing version of Equation 9, having the minus sign at the place of the plus. In [20], some multiple smooth soliton, cuspon soliton, loop soliton, breather, and rogue wave solutions are constructed by N-fold Darboux transformation.

From the point of view of possible applications in optics, the mfcSP equation, being formulated for a complex-valued function, appears to be more informative: Similarly to the NLS equation, a complex-valued function can contain not only the information about the amplitude but also about the phase of the associated electromagnetic wave. On the other hand, the mfcSP equation is integrable: Its Lax pair is Equation 2, where [20]

[image: image]
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Motivated by the above, in the present study, we develop a Riemann–Hilbert (RH) problem formalism for the inverse scattering transform to the initial value problem for the mfcSPE:

[image: image]

[image: image]

We assume that u0(x) decays sufficiently fast at ±∞:

[image: image]

and we seek a solution u(x, t) that decays as x → ±∞ for all t > 0:

[image: image]

Notice that the RH approach for solving initial value problems for integrable non-linear PDE can be viewed as a version of the inverse scattering transform (IST) method for such problems, the more traditional realization of which is based on deriving and solving the Marchenko integral equation for the corresponding inverse problems, see, for example, [1] and references therein. Since the latter approach requires the representation of special solutions of the x-equation of the corresponding Lax pair in terms of so-called transformation operators, its application to cases where the dependence of the Lax equations on the spectral parameter is more involved (comparing, for example, with the case of the Korteweg-de Vries equation and its modified versions) is not straightforward because the very existence of the corresponding transformation operators is questionable. On the other hand, as we will show in the next section, the formalism of the RH problem allows us to establish an algorithmic procedure providing special solutions of the Lax pair equations with the necessary analytic properties.

In Section 2, we present a version of the Lax pair associated with the mfcSP equation, which is more convenient for controlling analytical properties of its special solutions, also known as the Jost solutions. They are then used in Section 3 to formulate a matrix Riemann–Hilbert problem suitable for solving the Cauchy problem (12). In this way, we give a representation of the solution u(x, t) of the problem (12) in terms of the solution of this RH problem. Then, in Section 4, we show that a solution of the RH problem with any appropriate jump matrix (ensuring the unique solvability of the RH problem) gives rise to a solution of the mfcSPE. In Section 5, we discuss the construction of soliton solutions using the formalism of the RH problem, which is illustrated numerically in Section 6.



2 Lax pairs and eigenfunctions

The RH formalism for integrable non-linear equations utilizes the possibility of constructing special solutions of linear equations from the associated Lax pair, which are well controlled as functions of the spectral parameter, in the whole extended complex plane. For this purpose, it is useful to have the Lax pair equations in the form suitable for establishing analytic properties of solutions near the singular points with respect to spectral parameter of the Lax pair equations. For different domains in the complex plane, these solutions are defined differently and are related to each other at the boundaries between these domains.

To construct such special solutions of the differential equations from the Lax pair, it is convenient to pass to integral equations, whose solutions are particular solutions to the Lax pair equation.

Notice the coefficients U and V of the Lax pair are traceless matrices. Consequently, the determinant of a matrix solution to Equation 10 (composed of two vector solutions) is independent of x and t.

To obtain a RH problem with the jump condition on the real axis, as in the case of other Camassa–Holm-type equations [see [3–9]], we redefine the spectral parameter introducing k: = iλ.

Notice that U and V have singularities (in the extended complex k-plane) at k = 0 and at k = ∞. Namely, since U is singular at k = ∞ only, for dealing with the problem on the whole x-line it is important to control the behavior of special solutions of the Lax pair equations for large k. Assume that u(·, t) ∈ W2, 1(ℝ) and transform the Lax pair to the following form [cf. [2–4, 8]]:

[image: image]

[image: image]

where the coefficients Q(x, t, k), Û(x, t, k), and [image: image] have the following properties:

1. Q is diagonal and is unbounded as k → ∞.

2. Û = O(1) and [image: image] as k → ∞.

3. The diagonal parts of Û and [image: image] decay as k → ∞.

4. Û → 0 and [image: image] as x → ±∞.

To transform the Lax pair, we introduce [image: image] with G = G(x, t) to be defined. Then, the Lax pair (10) takes form

[image: image]

[image: image]

Since U is a product of the spectral parameter and a matrix independent of it, we can define G so as [image: image] is a diagonal matrix function satisfying item (i). Then, the degree of freedom in the determination of G (multiplication of G by a diagonal matrix from the left) can be used to provide us with Û satisfying (iii). Namely, introducing

[image: image]

we have

[image: image]

with the inverse

[image: image]

where m is not specified for the moment. Then,

[image: image]

where σ3 is the Pauli matrix [image: image].

To satisfy item (iii) for Û, we use the freedom of choice of m to make the diagonal part of [image: image] to be identically equal to zero. Complemented by a norming condition m(+∞, t) = 0, this leads to

[image: image]

which finally gives

[image: image]

Notice that m is purely imaginary and thus [image: image] and |em| = 1.

As for the t–equation (17), we have:

[image: image]

Now, we can determine Q(x, t, k) by integrating Equation 21 w.r.t. x and taking into account that we want [image: image] in Equation 15 to vanish at x = ±∞ for all t. This gives

[image: image]

where

[image: image]

is normalized in such a way that [image: image] as x → +∞. Then, we have

[image: image]

where we have used the equality [image: image] which is actually the mfcSPE (9) rewritten as a conservation law. Correspondingly,

[image: image]

Remark 2.1. The dependence of the diagonal matrix Q on variables [image: image] and t, see Equation 25, is the same as in the case of the SP equation [see [8]]. This justifies the name of the mfcSPE as the modified SP equation: The same property holds for the pair consisting of the famous Korteweg–de Vries equation ut + 6uux + uxxx = 0 and the modified Korteweg–de Vries equation [image: image].

Introducing

[image: image]

Equations 14 can be rewritten as

[image: image]

[image: image]

where [·, ·] denotes the matrix commutator. Now, we determine the special (Jost) solutions [image: image] of Equation 29 as the 2 × 2 matrix-valued solutions of the associated Volterra integral equations:

[image: image]

where I is the identity matrix. Taking into account the definition of Q (25) and (26), we get

[image: image]

[image: image]

Respectively, [image: image] are the Jost solutions of the Lax pair equations (14).

In what follows, the columns of a 2 × 2 matrix [image: image] are denoted by μ(1) and μ(2). Since q is positive, the exponentials in Equation 32 as functions of y either decay to 0 or grow to ∞ as y goes to +∞ or to −∞, depending on the sign of the imaginary part of k (for real k, all exponentials are oscillating functions). Moreover, if we consider Equation 32 columnwise, the corresponding integral equation involves the exponentials of only one sign: either [image: image] or [image: image]. Consequently, we can determine the columns of Equation 32 via Neumann series for the corresponding integral equation, which converge if k belongs to the corresponding half–plane: the upper half–plane {k|Imk ≥ 0} or the lower half–plane {k|Imk ≤ 0}. The obtained Jost solutions satisfy the following properties [cf. [8]] for all (x, t):

1. [image: image] (the consequence of the traceless of the coefficient matrices in Equation 14.

2. [image: image] and [image: image] are analytic in {k∣Imk > 0} and continuous in {k∣Imk ≥ 0, k ≠ 0}.

3. [image: image] and [image: image] are analytic in {k∣Imk < 0} and continuous in {k∣Imk ≤ 0, k ≠ 0}.

4. [image: image] as k → ∞ in {k∣Imk ≥ 0}.

5. [image: image] as k → ∞ in {k∣Imk ≤ 0}.

6. Symmetry property:

[image: image]

The last property is due to the symmetry of the matrix Ǔ: = Û−ikqσ3:

[image: image]

Remark 2.2. Introducing the new variable [image: image] as in Equation 26, Equation 14 reduces to the (non-self-adjoint) Dirac equation for [image: image]:

[image: image]

where

[image: image]

Equation 36 is the spatial equation from the Lax pair associated with the focusing non-linear Schrödinger (fNLS) equation, see [12]. Therefore, the analytic properties of [image: image] stated above are the same as in the case of the fNLS equation considered in [12].

Now, we introduce the scattering matrix s(k) as the matrix relating the Jost solutions [image: image] and [image: image] for those values of k where all their columns are determined (i.e., for real k):

[image: image]

or, in terms of [image: image],

[image: image]

Notice that since [image: image] and [image: image] are solutions of the same differential equations (16), the matrix s(k) does not depend on [image: image] and t. Consequently, s(k) can be determined by q(x, 0) only, by

[image: image]

Indeed, [image: image] are determined [see Equation 32] by Û(x, 0) and q(x, 0) which, in turn, are determined by q(x, 0) alone.

Due to the symmetry (34) and the fact that eQ(x, t, k) satisfies the same symmetry as well, the scattering matrix can be rewritten with the help of two scalar spectral functions, a(k) and b(k), as follows:

[image: image]

Taking into account Remark 2.2, the spectral functions have properties, which are similar to those in case of the fNLS equation in [12]:

1. a(k) and b(k) are determined by u(x, 0) through the solutions [image: image] of Equation 32, where Û = Û(x, 0) is defined by Equation 23 with u replaced by u0(x) (same for q).

2. a(k) is analytic in {k|Imk > 0} and continuous in {k|Imk ≥ 0}, moreover, a(k) → 1 as k → ∞.

3. b(k) is continuous for k ∈ ℝ and b(k) → 0 as |k| → ∞.

4. |a(k)|2 + |b(k)|2 = 1 for k ∈ ℝ.

5. Let [image: image] be the set of zeros of a(k) in {k|Imk > 0}. We will make the genericity assumption that the amount of these zeros is finite and there are no real zeros. Then, [image: image] and [image: image] are linearly dependent solutions of Equation 14 and thus

[image: image]

with the constants αj, which, similarly to r(k) are determined by u0(x) setting t = 0 in Equation 41.



3 The Riemann–Hilbert problem


3.1 A RH problem constructed from special eigenfunctions

In this section, we consider the generic situation when all zeros of a(k) in {k|Imk > 0} are simple. Then, the analytic properties of [image: image] stated above allow us to rewrite the scattering relations in Equation 39 as a jump relation for a meromorphic (w.r.t. k), 2 × 2 matrix–valued function (depending on x and t as parameters). Define M(x, t, k) as follows (where the scalar factors are introduced in order to provide det M ≡ 1):

[image: image]

Define also the reflection coefficient:

[image: image]

Then, the limiting values of M as k approaches the real axis from the domains ±Imk > 0 (we denote them by M±(x, t, k), k ∈ ℝ) are related as follows:

[image: image]

where

[image: image]

Taking into account the properties of [image: image] and s(k), the function M(x, t, k) satisfies the following properties:

1. det M ≡ 1.

2. Normalization: M(·, ·, k) → I as k → ∞.

3. Symmetry:

[image: image]

4. M(1) has poles at the zeroes kj, j = 1, 2, …, N, of a(k) (in the upper half-plane), M(2) has poles at [image: image] (in the lower half-plane), and the following conditions are satisfied:

[image: image]

[image: image]

where αj, j = 1, 2, …, N, are constants.

The idea of the Riemann-Hilbert approach in the inverse scattering method consists of considering the jump relation in Equation 44 complemented by the normalization condition M → I as k → ∞ and by the residue conditions (47) as the problem of finding M(x, t, k) given the jump condition (44) (with a given jump matrix) and the residue conditions (47) [i.e., given (kj, αj), j = 1, ..., N] at the singularities of M.

As in the case of other Camassa–Holm-type equations [particularly, the SPE, see [8]], one faces the problem that the determination of the jump matrix [image: image] involves not only the objects that are uniquely determined by the initial data u(x, 0) [i.e., the spectral functions a(k) and b(k) involved in J0(k)] but also Q(x, t, k), which is not determined by u(x, 0): Its definition involves u(x, t) for t > 0.

We can resolve this problem by considering a RH problem depending, instead of (x, t), on the parameters [image: image] and t; in this way, the jump and residue data become explicit (in terms of [image: image] and t). Actually, we introduce

[image: image]

In terms of [image: image], the jump condition takes the form:

[image: image]

where

[image: image]

with J0 defined by Equation 45 and

[image: image]

[so that [image: image]].

The residue conditions (47) also involve [image: image] and t explicitly:

[image: image]

[image: image]

On the one hand, the jump and residue conditions above were obtained assuming that there exists a solution u(x, t) of the mfcSP equation which decays as x → ±∞ for any t > 0. On the other hand, conditions (45), (50)–(53) can be considered as a factorization problem of the Riemann–Hilbert type, whose data are completely determined by u(x, 0).

RH problem. Given [image: image], find a piece-wise (w.r.t to ℝ) meromorphic function [image: image] that satisfies conditions (45), (50)–(53) and the normalization condition:

[image: image]



3.2 RH problem with second-order poles

In this section, to get more examples of “explicit” solutions to the mfcSPE, see Section 6 below, we allow the scattering function a(k) to have second-order zeroes in the upper half-plane, meaning that [image: image] has second-order poles. We develop the generalization of the residue conditions on the columns of [image: image] at the poles, which provides the unique solvability of the respective RH problem. These conditions include more relations between the coefficients of the Laurent expansions of the columns of [image: image].

Let [image: image] be the set of second–order zeroes of a(k). Consider the Laurent expansion of [image: image] defined by Equation 42 and the expansion of a(k) as k → kj:

[image: image]

[image: image]
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The definition of the scattering matrix (38) provides us with the equality

[image: image]

Since kj is a zero of a(k), the columns [image: image] and [image: image] are linearly dependent; in terms of [image: image], this reads:

[image: image]

with some constant cj.

Passing to the limit k → kj for [image: image], where [image: image] is defined by Equation 42, and using Equation 59 we get our first singularity condition:

[image: image]

Next, we consider the derivative of a(k). Taking into account the linear dependence of [image: image] and [image: image], we have

[image: image]

where the dot denotes the derivative w.r.t. k. Thus, we can introduce [image: image] such that

[image: image]

Unlike cj, it is not clear immediately that dj is independent of [image: image] and t. To check this out, we differentiate Equation 61 w.r.t. [image: image] and consider the matrix entries 11 and 12:

[image: image]

Rewriting the Lax pair equations (14) in the form

[image: image]

and also differentiating them w.r.t. k, Equation 62 can be written as

[image: image]

Now, using the linear dependence of [image: image] and [image: image] and Equation 61, the respective terms in Equation 63 cancel out, thus leaving us with [image: image]. Since these computations are not specific for the derivative w.r.t. [image: image], we can deduce (dj)t = 0 as well and thus [image: image] is independent of [image: image] and t.

In terms of [image: image], equality (61) reads

[image: image]

To get the second singularity condition, we consider

[image: image]

which, using Equation 64, leads to

[image: image]

Introducing [image: image] and [image: image], the singularity conditions at kj take the form

[image: image]

[image: image]

By the symmetry (46), the respective conditions at [image: image] are as follows:

[image: image]

[image: image]

These conditions are direct generalization of the residue conditions. Here, [image: image] is the residue itself, and since [image: image] has higher order poles, more singular coefficients appear in the expansions at corresponding points; These coefficients are controlled by conditions (66). Similarly to the case with simple poles, the singularity conditions (66) ensure the uniqueness of the solution of the RH problem via Liouville's theorem. Indeed, assuming that M and [image: image] are two solutions of the RH problem with the singularity conditions (66), direct calculations show that [image: image] as k → kj; complemented with the conditions that [image: image] has no jump across ℝ and [image: image] as k → ∞, this, by Liouville's theorem, gives [image: image].



3.3 Recovering the solution of the Cauchy problem from the associated RH problem

In this section, we show that u(x, t) can be recovered in terms of [image: image], which is considered as the solution of the Riemann–Hilbert problem (45), (50)–(55) (or its version with the singularity conditions presented in Section 3.2) evaluated at k = 0. Recall that the data for this problem are uniquely determined by the initial data u0(x). Actually, this value of k is specific to Equation 10 because U vanishes at k = 0.

To determine the behavior of [image: image] as k → 0, it is convenient to start with the original Lax pair (2) and write its coefficients as U = −ikσ3 + U0 and [image: image]. In this way, the Lax pair can be rewritten as

[image: image]

[image: image]

where

[image: image]

[image: image]

Notice that U0 → 0 and V0 → 0 as |x| → ∞ and that U0(x, t, 0) ≡ 0.

Introducing

[image: image]

and

[image: image]

the Lax pair (70) can be rewritten as

[image: image]

[image: image]

The Jost solutions [image: image] of Equation 47 are determined, similarly to above, as the solutions of the associated Volterra interal equations:

[image: image]

Since U0(x, t, 0) ≡ 0, we have the following important property:

[image: image]

for all x and t. Moreover, solving Equation 78 by the Neumann series, we obtain

Proposition 3.1. As k → 0,

[image: image]

Now we notice that [image: image] and [image: image] being related to the same system of differential equations (2) are related as follows:

[image: image]

where C±(k) are some matrices independent of x and t. Passing to the limits x → ±∞ allows us to determine C±(k):

[image: image]

where [image: image].

Next, combining Proposition 3.1 with Equation 81, the first two terms in the development of [image: image] and [image: image] as k → 0 follow:

[image: image]

[image: image]

Using all these expansions in Equation 39, we arrive at the development of the matrix entries of s(k) at k = 0:

[image: image]

Finally, substituting Equations 82, 84 into Equation 42, we get the first two terms in the development of [image: image]:

[image: image]

Equation 85 allows us to express the solution of the initial value problem (12) for the mfcSP equation in terms of the solution of the associated RH problem.

Theorem 3.2 (representation). Assume that the Cauchy problem (12) for the mfcSP equation has a solution u(x, t). Let [image: image] be the spectral data determined by u0(x), and let [image: image] be the solution of the associated RH problem (45), (50)–(55). Then, evaluating [image: image] as k → 0, the solution u(x, t) of the Cauchy problem (12) can be given, in a parametric form, as follows: [image: image], where

[image: image]

[image: image]

with f1 and f2 determined by

[image: image]




4 From the RH problem to a solution of the mfcSP equation

All previous results, particularly Theorem 3.2, were obtained under the assumption of existence of a solution u(x, t) to the Cauchy problem (12). In this section, we, alternatively, start with a RH problem with any appropriate r(k) (that ensures the unique solvability of the RH problem), extract from its solution (following the analysis above) certain functions (of the parameters of the RH problem), and verify that they satisfies non-linear equations equivalent to the mfcSPE.

Theorem 4.1. Let [image: image] and let [image: image] be the spectral data associated with u0(x). Then:

1. The RH problem (45), (50)–(55) has a unique solution [image: image] for all [image: image] and t ≥ 0.

2. Introduce f1, f2 as in Equation 88 and [image: image], [image: image] as in Equations 86, 87 and define

[image: image]

where

[image: image]

Then, the following equations hold:

(a) [image: image]

(b) [image: image]

(c) [image: image]

Particularly, [image: image] is always real-valued, which provides a correct change of variables [image: image].

Proof. (i) The structures of the jump matrix and the residue conditions are the same as in the case of the focusing NLS equation (only the dependence on [image: image] and t, which are just parameters for the RH problem, is different). Therefore, the unique solvability of the RH problem (45), (50)–(55) follows using the same reasons as for the NLS equation [12]: Namely, according to the Gohberg–Krein theory [11, 13], the RH problem with no residue conditions has a unique solution provided the jump matrix J is such that J + J* is positive definite (which guarantees that all partial indices of the RH problem equal zero). Actually, this positivity condition allows showing that the only solution of the associated homogeneous RH problem (normalized, instead of Equation 55, by the condition [image: image] as k → ∞) is the trivial one [see, for example, [21]]; then, the unique solvability of the non-homogeneous RH problem follows by the Fredholm property of the problem.

(ii) The matrix J satisfies the symmetry condition described in Equation 46; this, by the uniqueness of the solution of the RH problem, implies that the solution [image: image] satisfies the same symmetry (46) as well, which gives us the specific structure of the l.h.s. of Equation 88. Moreover, [image: image].

The proof of equations (a), (b), and (c) is based on calculations of [image: image] and [image: image], where

[image: image]

Proof of (a) and (b). Consider [image: image]. Starting from the expansion

[image: image]

by direct computation we have:

[image: image]

Moreover, [image: image] has neither jumps nor singularities in k ∈ ℂ; hence, by Liouville's theorem,

[image: image]

Now, we consider the development of [image: image] at k = 0. Introducing G0 and G1 by

[image: image]

we have

[image: image]

and

[image: image]

which yields the development of [image: image] at k = 0:

[image: image]

Comparing this with Equation 91, we get, in particular, the equality

[image: image]

which in terms of f1, f2, α, and β reads

[image: image]

Taking into account Equation 86 and the determinant relation |α|2 + |β|2 = 1, we have the following expressions for [image: image] and [image: image]:

[image: image]

and thus (a) and (b) follow in view of the definitions (89).

Proof of (c). Now, we consider [image: image]. On the one hand, by the normalization of [image: image],

[image: image]

On the other hand, similarly to Equation 92, we have

[image: image]

Thus, by Liouville's theorem,

[image: image]

which in terms of f1, f2, α, and β reads

[image: image]

Substituting this into [image: image] obtained by differentiating Equation 89 by t, we arrive at (c) of Theorem 4.1.

Corollary 4.2. With the same assumptions and notations as in Theorem 4.1, introduce

[image: image]

Then, the three equations (a)–(c) from Theorem 4.1 reduce to

[image: image]

[image: image]

which is the mfcSP equation in the conservation law form.

Proof. First, it follows from (a) that [image: image]. Denoting [image: image], from (b) we get [image: image]. Now considering [image: image] leads to

[image: image]

Thus, Equation 96 reads q = 1 + |w|2, or, equivalently, [image: image], which follows form definitions (89) of [image: image] and ŵ.

To get the expression for qt, we start with [image: image]. Using (c), then (b), and taking into account [image: image], we get:

[image: image]

Thus, we get (c) in the conservation law form:

[image: image]

Now from (a) with Equation 98, we deduce

[image: image]

Substituting this into the identity [image: image] and using (c) gives

[image: image]

Remark 4.3. Since [image: image], the mapping [image: image] for a fixed t has a bounded inverse provided α ≠ 0. In this case, a smooth solution [image: image] gives rise to a smooth solution u(x, t) in the original variables. Otherwise, u(x, t) associated with a smooth [image: image] may not be smooth even if it remains bounded. This indeed will be observed in the next section devoted to soliton-type solutions of the mfcSPE.



5 Solitons


5.1 One-soliton solutions from the RH with one simple pole

Actually, solving the Riemann–Hilbert problem can be reduced to solving a coupled system consisting of integral equations generated by the jump condition and algebraic equations generated by the residue or higher singularity conditions. In this settings, if the jump condition is trivial (J = I), then the solution of RH problem becomes a rational function of the spectral parameter, and solving the RH problem reduces to the problem in which we have to solve a system of linear algebraic equations only. The dimension of such system is determined by the number of the poles in the residue/singularity conditions.

Below consider the simplest, one-soliton solutions, which correspond to the trivial jump condition and the singularity conditions associated with one zero of a(k). The generalization to the case of multi-solitons is straightforward but requires more calculations related to solving larger systems of linear algebraic equations. Notice that already one-soliton solutions allow specifying various, qualitatively different solutions. Particularly, in this section, we consider the case where a(k) has a single, simple zero at k1 in the upper half-plane. Notice that in contrast with the case of the SP equation, now a single zero of a(k) has not to be purely imaginary.

As we mentioned above, solitons correspond to the situation in which the jump condition for the RH problem is trivial (there is no jump at all), and thus, we can search the solution of the RH problem as a matrix with elements which are rational functions of the spectral parameter. The form (up to specific element values of coefficients as functions of [image: image] and t) of that matrix elements is dictated by the following:

1. The structure of the residue condition (dependence on k);

2. The normalization condition as k → ∞.

Combining these two conditions, we arrive at the following form of [image: image] as function of k (with some coefficients depending on [image: image] and t):

[image: image]

As mentioned in Theorem 4.1, [image: image] satisfies the symmetry condition (46), which reduces the number of unknown coefficients Bij from 4 to 2: we have [image: image] and [image: image] and thus

[image: image]

Postponing for a moment the problem of determination of the coefficients B11 and B12 from the details of the residue conditions, we begin with finding the matrix [image: image] determined by Equation 86 in Theorem 3.2, which will give us the solution of the mfcSPE. We have

[image: image]

with

[image: image]

Notice that since [image: image], from Equation 100 we get

[image: image]

for all [image: image] and t.

Furthermore, from Equation 99 we have

[image: image]

and thus, using Equation 101,

[image: image]

Now, we are able to get the expressions for f1 and f2 and thus for û and x, see Equation 86, in terms of [image: image] and [image: image]:

[image: image]

and thus

[image: image]

and

[image: image]

To have û and x explicitly as functions of [image: image] and t, we use the residue conditions (53), which take the following form in our case:

[image: image]

[image: image]

Notice that Equation 109 can be obtained from Equation 108 by complex conjugation. Introducing

[image: image]

Equation 108 can be written as a system of two linear equations for [image: image] and [image: image]:

[image: image]

whose solutions are as follows:

[image: image]

[image: image]

Substituting this into Equation 106, we get [image: image] and [image: image] in terms of [image: image]:

[image: image]

[image: image]

Equation 114 with Equation 110 give the representation of the one-soliton solutions in the parametric form. Commonly with other “Camassa–Holm-type” equations, see, for example, [8], these solutions are smooth and rapidly decaying as functions of [image: image] in the variables [image: image], but their properties as functions of the original variables (x, t) depend crucially on the properties of the mapping [image: image], see Equation 115.

Proposition 5.1. If k1 is purely imaginary, then the associated one-soliton solution u(x, t) is of the cuspon type: It is smooth except at the hump where ux equals to infinity. Otherwise, it is a smooth function of x and t.

Proof. From Equations 110, 114, it follows that

[image: image]

and thus [image: image] is strictly positive for all [image: image] large enough. Now, let us check whether [image: image] can be equal to 0 for some [image: image].

If [image: image] for some [image: image], then we have

[image: image]

which, introducing

[image: image]

and noticing that

[image: image]

reads

[image: image]

Now, let us view Equation 117 as a quadratic equation w.r.t. e1 and calculate its discriminant:

[image: image]

It follows that if Rek1 ≠ 0, then Equation 117 has no real solutions and thus [image: image] is always strictly positive and approaches 1 as x → ±∞. Consequently, in this case, [image: image] is invertible for all t and thus the corresponding [image: image] is smooth.

On the other hand, if Rek1 = 0, then Equation 117 has one real solution

[image: image]

and thus [image: image] when

[image: image]

Consequently, in this case, the solution [image: image] is always bounded but its derivatives are unbounded along the lines (119). One can check directly that in this case, [image: image] along these lines and thus u(x, t) indeed has the singularity of the cuspon type (bounded peaks with unbounded derivatives at the hump) propagating along the lines (119).

Remark 5.2. This is in a sharp contrast with the case of the SP equation, where one-soliton solutions associated with purely imaginary zeros of a(k) are of the loop type, see [8]: there, the equation [image: image] always has two different zeros and thus the map [image: image] is not monotone.



5.2 Soliton-like solutions from the RH with one second-order pole

Now, let us consider the soliton-like solutions, which correspond to the trivial jump condition and one pair of singularity conditions in the RH problem associated with one second-order zero of a(k) in the upper half-plane (let this point be k1).

We deduce this solutions from the associated RH problem in the same way we did for the simple pole case. Normalization condition and poles structure forces matrix [image: image] to have its entries as rational functions of k of the following form:

[image: image]

The symmetry condition (46) yields [image: image], [image: image], [image: image] and [image: image] and thus

[image: image]

We will use the singularity conditions to determine the dependence of coefficients Bij and Cij on [image: image] later. First, we compute f1 and f2 determined by Equation (88) in Theorem 3.2. We have

[image: image]

where

[image: image]

for all [image: image] and t due to the condition det M(k) ≡ 1. Next, from Equation 120, we compute

[image: image]

Finally, from Equation 88, we have

[image: image]

which yields

[image: image]

[image: image]

To get these functions explicitly, we use conditions (66). For this purpose, we expand [image: image] from Equation (120) at k1:

[image: image]

Now Equations 66, 67 give us two equations:

[image: image]

[image: image]

In view of the symmetry, the singularity conditions at [image: image] do not produce additional independent equations on Cij and Bij. Introducing [image: image] and [image: image] and taking the complex conjugates where needed, Equation 127 can be written as

[image: image]

This is a linear system w.r.t. B11, B12, C11, and C12, with the determinant

[image: image]

Its solution

[image: image]

being substituted into Equation 124 gives us the explicit expression for [image: image] and [image: image].




6 Examples of one-soliton and soliton-like solutions


6.1 One-soliton solutions associated with a single, simple zero of a(k)

Case 1: Let k1 = i, α1 = −2. Then, (see Section 5.1) [image: image] and thus [image: image]. Notice that in this case, [image: image] is real-valued, which allows us to plot it as a 3d graph, see Figure 1A. We can also compute the relation between the spatial coordinates: [image: image] and plot its 2d graphs for several values of parameter t, see Figure 1B. Having both this functions explicitly, we can numerically compute u(x, t) and plot its 3d graph, see Figure 1C.


[image: Figure 1]
FIGURE 1
 Cuspon-type soliton. (A) [image: image]. (B) [image: image] for three values of t. (C) u(x, t).


As discussed in Section 5, [image: image] is a smooth function whereas u(x, t) is a cuspon-type wave.

Case 2: k1 = 1 + i, α1 = −2. In this case, (see Section 5.1), [image: image] and thus [image: image]. This function is complex-valued, and thus, we plot its absolute values, see Figures 2A, C. The spatial coordinate relation in this case is: [image: image], see Figure 2B.


[image: Figure 2]
FIGURE 2
 Smooth soliton. (A) [image: image]. (B) [image: image] for three values of t. (C) |u(x, t)|.


As expected, in this case, the solution u is smooth both in [image: image] and x variables because [image: image] is nowhere zero.



6.2 Soliton-like solutions associated with a single, double zero of a(k)

Case 3: k1 = i, α1 = −2i, β1 = 4. In this case (see Section 5.2), [image: image] and [image: image]. From Equation 87, we get

[image: image]

In this case, the solution is purely imaginary, and we can plot its imaginary part, see Figures 3A, C. The spatial coordinate relation is (Figure 3B)

[image: image]


[image: Figure 3]
FIGURE 3
 Soliton-type solution associated with a double zero of a(k). (A) [image: image]. (B) [image: image] for three values of t. (C) Imu(x, t).





7 Conclusion

In the study, we have developed the Riemann–Hilbert approach to a complex-valued integrable modification of the short pulse equation, named as the modified focusing complex short pulse equation (mfcSPE). This equation shares the following property with other Camassa–Holm-type non-linear integrable equations (including the short pulse equation): The Riemann–Hilbert formalism involves a change of variables playing the role of parameters in the associated Riemann–Hilbert problem. Consequently, the representation of the solution of the non-linear PDE in question turns out to be intrinsically parametric, including the construction of the simplest, soliton-like solutions. Particularly, for one-soliton solutions associated with a simple zero of the respective spectral function a(k), we have shown that depending on the location of this zero in the complex plane, the solution either is a smooth function of the original spatial and time variables or has the form of a traveling wave with the cusped hump. Numerical examples illustrate one-soliton solutions associated with both a simple and a double zero of a(k).
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Problems without initial conditions for evolution equations and variational inequalities appear in the modeling of different non-stationary processes within many fields of science, such as ecology, economics, physics, cybernetics, etc., if these processes started a long time ago and initial conditions do not affect them in the actual time moment. Thus, we can assume that the initial time is minus infinity. In the case of linear and weakly nonlinear evolution equations and variational inequalities, standard initial conditions should be replaced with the behavior of the solution as the time variable goes to minus infinity. However, for some strongly nonlinear evolution equations and variational inequalities, this problem has a unique solution in the class of functions without behavior restriction as the time variable goes to minus infinity. In this study, the correctness of the problem without initial conditions for such types of variational inequalities from a new class, or more precisely, for sub-differential inclusions with functionals, is investigated. Moreover, estimates of solutions are obtained. The results are new and mostly theoretical.
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1 Introduction

The aim of this study is to investigate problems without initial conditions for the evolution of functional-differential variational inequalities of a special form, so-called sub-differential inclusions with functionals. The partial case of this problem is a problem without initial conditions, or, in other words, the Fourier problem for integro-differential equations of the parabolic type.

Problem without initial conditions for evolution equations and variational inequalities (sub-differential inclusions) appear in the modeling of different non-stationary processes within many fields of science, such as ecology, economics, physics, cybernetics, etc., if these processes started a long time ago and initial conditions do not affect them in the actual time moment. Thus, we can assume that the initial time is minus infinity.

The research on the problem without initial conditions for the evolution equations and variational inequalities was conducted in the monographs [1–4], the papers [5–19], and others.

Note that the uniqueness of the solutions to the problem without initial conditions for linear and weak nonlinear evolution equations and variational inequalities is possible only under some restrictions on the behavior of solutions as the time variable changes to −∞. Moreover, in this case, to prove the existence of a solution, it is necessary to impose certain restrictions on the growth of the input data when the time variable goes to −∞. For the first time, it was strictly justified by Tychonoff [5] in the case of the heat equation. Later, similar results for various evolution equations and variational inequalities were obtained in monographs [1–4], papers [6–8, 12, 14, 16–19], and others.

However, as was shown by Bokalo [9], a problem without initial conditions for some strongly nonlinear parabolic equations has a unique solution in the class of functions without behavior restriction as the time variable changes to −∞. Furthermore, similar results were obtained in studies [10, 13, 15] (see also references therein) for strongly nonlinear evolution equations and in Bokalo [11] for evolution variational inequalities.

Note that the problem without initial conditions for weakly nonlinear functional-differential variational inequalities was investigated only in the study [17]. There, the existence and uniqueness of the solution to this problem were proved under certain restrictions on its behavior and the growth of the input data when the time variable is directed to −∞. As we know, the problem without initial conditions for strongly nonlinear functional-differential variational inequalities without restrictions on the behavior of the solution and the growth of the input data when the time variable is directed to −∞ has not been considered in the literature, and this serves as one of the motivations for the study of such problems.

The outline of this study is as follows: Section 2 comprises notations, definitions of needed function spaces, and auxiliary results. In Section 3, we set the problem statement and provide our key findings. The proof of the main results is kept in Section 4. Comments on the main results are given in Section 5. Section 6 provides conclusions.



2 Preliminaries

Let V be a separable reflexive real Banach space with norm ||·||, and H be a real Hilbert space with the scalar products (·, ·) and norms |·|, respectively. Suppose that V ⊂ H with dense, continuous, and compact injection, i.e., the closure of V in H coincides with H, and there exists a constant λ > 0 such that λ|v|2 ≤ ||v||2 for all v ∈ V, and for every sequence [image: image] bounded in V, there exists an element v ∈ V and a subsequence [image: image] such that [image: image] strongly in H.

Let V′ and H′ be the dual spaces of V and H, respectively. Suppose the space H′ (after appropriate identification of functionals) is a subspace of V′. Identifying the spaces H and H′ by the Riesz-Fréchet representation theorem, we obtain dense and continuous embeddings

[image: image]

Note that in this case 〈g, v〉 = (g, v) for every v ∈ V, g ∈ H ⊂ V′, where 〈g, v〉 is the means the action of an element g ∈ V′ on an element of v ∈ V, i.e., 〈·, ·〉 is canonical product for the duality pair [V′, V]. Therefore, we can use the notation (·, ·) instead of 〈·, ·〉, and we will do it in the future.

Let T > 0 be an arbitrary fixed real number, and let S: = (−∞, T], and intS: = (−∞, T).

We introduce some spaces for functions and distributions. Let X be an arbitrary Banach space with the norm ||·||X. By C(S; X) we mean the linear space of continuous functions defined on S with values in X. We say that [image: image] in C(S; X) if for each t1, t2 ∈ S, t1 < t2, sequence [image: image] converges to w|[t1, t2] in C([t1, t2];X) (hereafter [image: image] is restriction of a function [image: image] to segment [t1, t2] ⊂ S).

Let r ∈ [1, ∞], r′ is dual to r, i.e., 1/r + 1/r′ = 1. Denote by [image: image] the linear space of classes of equivalent measurable functions w: S → X such that [image: image] for each t1, t2 ∈ S, t1 < t2. We say that a sequence {wm} is bounded (strongly, weakly, or *-weakly convergent, respectively, to w) in [image: image] if, for each t1, t2 ∈ S, t1 < t2, the sequence {wm|[t1, t2]} is bounded (strongly, weakly, or *-weakly convergent, respectively, to w|[t1, t2]) in [image: image]

By [image: image], we mean the space of continuous linear functionals on D(intS) with values in [image: image] (hereafter, D(intS) is the space of test functions, i.e., the space of infinitely differentiable on intS functions with compact supports, equipped with the corresponding topology, and [image: image] is the linear space V′ equipped with weak topology). It is easy to see (using (1)) that spaces [image: image], [image: image], and [image: image] can be identified with the corresponding subspaces of [image: image] by rule [image: image], where 〈·, ·〉D is the means the action of an element of [image: image] on an element of D(intS), f is an element of one of spaces [image: image], [image: image], [image: image]. In particular, this allows us to talk about derivatives w′ of functions w from [image: image] or [image: image] in the perception of distributions [image: image] and the belonging of such derivatives to [image: image] or [image: image].

Let us define the spaces

[image: image]

[image: image]

From known results [see, e.g., Gajewski et al. [20]] it follows that [image: image] and [image: image], and for every w in [image: image] or [image: image] the function t → |w(t)|2 is continuous on any segment of the interval S, and the following equality holds:

[image: image]

In this study, we use the following well-known facts:

PROPOSITION 2.1 [Corollaries from Young's inequality, Gajewski et al. [20]]. Let r > 1, ε > 0 be arbitrary, and r′ such that 1/r + 1/r′ = 1. Then, for all a, b ∈ ℝ, following inequality holds:

[image: image]

In particular,

[image: image]

Proof. Inequality (3) is a corollary from standard Young's inequality: a b ≤ |a|r/r + |b|r′/r′, if we note that r > 1 and r′ > 1. Inequality (4) we get from inequality (3) with r = 2.     □

PROPOSITION 2.2 [Cauchy-Bunyakovsky-Schwarz inequality, Gajewski et al. [20]]. Let t1, t2 ∈ ℝ, and t1 < t2. Then, for [image: image], we have [image: image] and

[image: image]

PROPOSITION 2.3 [Hölder's inequality, Gajewski et al. [20]]. Let r ∈ [1, ∞], r′ be a conjugated to r (i.e., 1/r + 1/r′ = 1), t1, t2 ∈ ℝ, t1 < t2. Suppose that X is a Banach space and X′ is a dual of X, 〈·, ·〉X is the action of an element of X′ on an element of X. Then, for [image: image] and [image: image], we have [image: image] and

[image: image]

PROPOSITION 2.4 [Lemma 1.1 [9]]. Let z: S → ℝ be a nonnegative and absolutely continuous on each interval of S function that satisfies differential inequality

[image: image]

where [image: image], β(t) ≥ 0 for a.e. t ∈ S, [image: image]; χ ∈ C([0, +∞)), χ(0) = 0, χ(s) > 0 if s > 0 and [image: image]. Then z ≡ 0 on S.

PROPOSITION 2.5 [25]. Let Y be a Banach space with the norm ||·||Y, and [image: image] be a sequence of elements of Y that is weakly or *-weakly convergent to v in Y. Then [image: image] ||vk||Y ≥ ||v||Y.

PROPOSITION 2.6 [Aubin theorem, Aubin [21]]. Let r > 1 and q > 1 be given numbers. Suppose that B0, B1, and B2 are Banach spaces such that [image: image] (symbol ⊂ means continuous embedding and symbol ⊂c means compact embedding). Then

[image: image]

Note that we understand embedding (5) as follows: if a sequence [image: image] is bounded in the space [image: image], and the sequence [image: image] is bounded in the space [image: image], then there exists a function [image: image] and the subsequence [image: image] of the sequence [image: image] such that [image: image] in C([0, T];B2) and strongly in [image: image].

PROPOSITION 2.7. Let a sequence [image: image] be bounded in the space [image: image], where r > 1, and the sequence [image: image] be bounded in the space [image: image]. Then there exists a function [image: image], [image: image], and a subsequence [image: image] of the sequence [image: image] such that [image: image] in C(S; H) and weakly in [image: image], and [image: image] weakly in [image: image].

Proof. From Proposition 2.6 for q = 2, B0 = V, B1 = B2 = H, we have that, for every t1, t2 ∈ S, t1 < t2, from the sequence of restrictions of the elements [image: image] to the segment [t1, t2], one can choose a subsequence that is convergent in C([t1, t2];H) and weakly in [image: image], and the sequence of derivatives of the elements of this subsequence is weakly convergent in [image: image]. For each k ∈ ℕ, we choose a subsequence [image: image] of the given sequence that is convergent in C([T − k, T];H) and weakly in Lr(T − k, T; V) to some function [image: image] and the sequence [image: image] is weakly convergent to the derivative [image: image] in L2(T − k, T; H). Making this choice, we ensure that the sequence [image: image] was a subsequence of the sequence [image: image]. Now, according to the diagonal process, we select the desired subsequence as [image: image] and we define the function w as follows: for each k ∈ ℕ, we take [image: image] for t ∈ (T − k, T − k + 1).



3 Statement of the problem and formulation of main results

Let Φ:V → ℝ∞: = (−∞, +∞) be a proper functional, i.e., dom(Φ): = {v ∈ V:Φ(v) < +∞} ≠ ∅, which satisfies the conditions:

[image: image] Φ(αv + (1 − α)w) ≤ αΦ(v) + (1 − α)Φ(w) ∀v, w ∈ V, ∀α ∈ [0, 1],

i.e., the functional Φ is convex;

[image: image] [image: image]

i.e., the functional Φ is lower semicontinuous;

[image: image] there exist the constants p > 2 and K1 > 0 such that

[image: image]

moreover, Φ(0) = 0.

Recall [see, e.g., Showalter [4]] that for a functional Φ satisfying the conditions [image: image] and [image: image] its sub-differential is a mapping ∂Φ:V → 2V′, defined as follows:

[image: image]

and the domain of the sub-differential ∂Φ is the set D(∂Φ): = {v ∈ V|∂Φ(v) ≠ ∅}. We identify the subdifferential ∂Φ with its graph, assuming that [v, v*] ∈ ∂Φ if and only if v* ∈ ∂Φ(v), i.e., ∂Φ = {[v, v*] | v ∈ D(∂Φ), v* ∈ ∂Φ(v)}. R. Rockafellar in study [22, Theorem A] proves that the sub-differential ∂Φ is a maximal monotone operator, i.e.,

[image: image]

and for every element [image: image] we have the implication

[image: image]

Suppose that the following condition holds:

[image: image] there exist the constants q > 2 and K2 > 0, K3 > 0 such that

[image: image]

Assume that B(t, ·):H → H, t ∈ S, is a given family of operators that satisfy the condition:

[image: image] for any v ∈ H the mapping B(·, v):S → H is measurable, and there exists a constant L ≥ 0 such that following inequality holds:

[image: image]

for a.e. t ∈ S, and all v1, v2 ∈ H; in addition, B(t, 0) = 0 for a.e. t ∈ S.

Remark 3.1. From the condition ([image: image]) it follows that

[image: image]

for a.e. t ∈ S and for all v ∈ H.

Next, we will assume that the conditions [image: image]—[image: image] and ([image: image]) are fulfilled, and p′ and q′ are such that 1/p + 1/p′ = 1, 1/q + 1/q′ = 1.

Let us consider the evolution variational inequality, or, in other words, subdifferential inclusion

[image: image]

where [image: image] is given function.

Definition 3.1. The solution of variational inequality (7) is called a function u: S → V that satisfies the following conditions:

1) [image: image];

2) u(t) ∈ D(∂Φ) for a.e. t ∈ S;

3) there exists a function [image: image] such that, for a.e. t ∈ S, g(t) ∈ ∂Φ(u(t)) and

[image: image]

The problem of finding a solution to variational inequality (7) for given Φ, B, and f is called the problem P(Φ, B, f), and the function u is called its solution.

We consider the existence and uniqueness of the solution to the problem P(Φ, B, f). The main results of this study are the following two theorems:

THEOREM 3.1. Suppose that

[image: image]

Then the problem P(Φ, B, f) has at most one solution.

THEOREM 3.2. Let inequality (8) hold, and let [image: image]. Then the problem P(Φ, B, f) has a unique solution. In addition, this solution belongs to the space [image: image], and for arbitrary t1, t2 ∈ S, t1 < t2, δ > 0 satisfies the estimates:

[image: image]

[image: image]

where C1, C2 are positive constants depending on K1, K2, K3, and q only.

Remark 3.2. If Φ is such that dom(Φ): = V and ∂Φ(v) = {A(v)}, v ∈ V, where A: V → V′ is some operator, then variational inequality (7) will be functional-differential equation

[image: image]

Note that condition [image: image] implies the coercivity of operator A, i.e.,

[image: image]

In addition, from condition [image: image] follows the strong monotonicity of the operator A, i.e.,

[image: image]



4 Proof of the main results

Proof. [Proof of the Theorem 3.1] Assume the contrary. Let u1 and u2 be two solutions to the problem P(Φ, B, f). Then for every i ∈ {1, 2} there exists function [image: image] such that, for a.e. t ∈ S, gi(t) ∈ ∂Φ(ui(t)) and

[image: image]

We put w: = u1 − u2. From equalities (12), for a.e. t ∈ S, we obtain

[image: image]

Multiplying equality (13) scalar by w(t), for a.e. t ∈ S, we obtain

[image: image]

By condition [image: image] and the fact that gi(t) ∈ ∂Φ(ui(t)), i = 1, 2, we have the inequality

[image: image]

By condition [image: image] for a.e. t ∈ S, we obtain

[image: image]

By Equations (2), (8), (15), and (16), from Equation (14) we get such differential inequality

[image: image]

From Equation (17), taking into account the condition q/2 > 1 and using Proposition 2.4 with [image: image] for all t ∈ S, and χ(s): = sq/2 for all s ∈ [0, +∞), we receive |w(t)|2 = 0 for all t ∈ S, i.e., u1 = u2 a.e. on S. The resulting contradiction completes the proof of the uniqueness of the solution to the problem P(Φ, B, f).

Proof. [Proof of the Theorem 3.2] We divide the proof into seven steps.

Step 1 (auxiliary statements). We define the functional ΦH:H → ℝ∞ by the rule: ΦH(v): = Φ(v) if v ∈ V, and ΦH(v): = +∞ otherwise. Note that conditions [image: image], [image: image], Lemma IV.5.2, and Proposition IV.5.2 of the monograph [4] imply that ΦH is a proper, convex, and lower semicontinuous functional on H, dom(ΦH) = dom(Φ) ⊂ V and ∂ΦH = ∂Φ ∩ (V × H), where [image: image] is the sub-differential of the functional ΦH. In addition, the condition [image: image] implies that 0 ∈ ∂ΦH(0).

The following statements will be used in the sequel:

LEMMA 4.1 [[4, Lemma IV.4.3]]. Let −∞ < a < b < +∞, and w ∈ H1(a, b; H), g ∈ L2(a, b; H) such that g(t) ∈ ∂ΦH(w(t)) for a.e. t ∈ (a, b). Then the function ΦH(w(·)) is absolutely continuous on the interval [a, b] and for any function h:[a, b] → H such that, for a.e. t ∈ (a, b), h(t) ∈ ∂ΦH(w(t)), and the following equality holds:

[image: image]

LEMMA 4.2 ([23, Proposition 3.12], [4, Proposition IV.5.2]). Let [image: image] and w0 ∈ dom(Φ). Then there exists a unique function w ∈ C([0, T];H) ∩ H1(0, T; H) such that w(0) = w0 and, for a.e., t ∈ (0, T], w(t) ∈ D(∂ΦH) and

[image: image]

LEMMA 4.3. Let [image: image] and w0 ∈ dom(Φ). Then there exists a unique function w ∈ C([0, T];H) ∩ H1(0, T; H) such that w(0) = w0 and, for a.e. t ∈ (0, T], w(t) ∈ D(∂ΦH) and

[image: image]

i.e., there exists [image: image] such that, for a.e. t ∈ (0, T], we have [image: image] and

[image: image]

Proof. [Proof of Lemma 4.3] Let α > 0 be an arbitrary fixed number, and set

[image: image]

Consider M with the metric

[image: image]

The metric space (M, ρ) is complete. Now let us consider an operator A: M → M defined as follows: for any given function [image: image], it defines a function [image: image] such that, for a.e. t ∈ (0, T], [image: image] and

[image: image]

Clearly, variational inequality (21) coincides with variational inequality (18) after replacing [image: image] by [image: image], and w(0) = w0 by [image: image]. Thus, using Lemma 4.2, we get that operator A is well-defined. Let us demonstrate that the operator A is a contraction for some α > 0. Indeed, let [image: image] be arbitrary functions from M, and [image: image], [image: image]. According to Equation (21) there exist functions [image: image] and [image: image] from L2(0, T; H) such that for every j ∈ {1, 2} and for a.e. t ∈ (0, T] we have [image: image] and

[image: image]

while [image: image].

Subtracting identity (22) for j = 2 from identity (22) for j = 1, and, for a.e. t ∈ (0, T], multiplying the obtained identity by [image: image], we get

[image: image]

for a.e.

[image: image]

[image: image]

We integrate equality (23) by t from 0 to σ ∈ (0, T], taking into account (24) and that [see Equation (2)] for a.e. t ∈ (0, T]. The following holds:

[image: image]

As a result, we get the equality

[image: image]

By condition [image: image], for a.e. t ∈ (0, T], we have the inequality

[image: image]

Taking into account condition [image: image] and inequality (4) for a.e. t ∈ (0, T], we obtain

[image: image]

where ε > 0 is an arbitrary.

From Equation (25), according to Equations (26) and (27), we have

[image: image]

Choosing ε = K2, from Equation (28) we obtain

[image: image]

where [image: image].

After multiplying inequality (30) by e−2ασ, we obtain

[image: image]

From Equation (30), it easily follows that

[image: image]

From this, choosing α > 0 such that inequality C3/(2α) < 1 holds, we obtain that operator A: M → M is a contraction. Hence, we may apply the Banach fixed-point theorem [24, Theorem 5.7] and deduce that there exists a unique function w ∈ M ∩ H1(0, T; H) such that Aw = w, i.e., we have proved over the statement, i.e., Lemma 4.3.

Step 2 (solution approximations). Let us consider the next problem: to find a function [image: image] such that, for a.e., t ∈ S, u(t) ∈ D(∂ΦH) and

[image: image]

We call this problem the problem P(ΦH, B, f). The solution of the problem P(ΦH, B, f) is the solution of the problem P(Φ, B, f). We prove the existence of a solution to the problem P(ΦH, B, f).

At first, we construct a sequence of functions, that, in some perception, approximates the solution of the problem P(ΦH, B, f). For each k ∈ ℕ we put [image: image] for t ∈ Sk: = (T − k, T] and let us consider the problem of finding a function [image: image] such that [image: image] and, for a.e. t ∈ Sk, we have [image: image] and

[image: image]

The existence of a unique solution to problem (32) implies Lemma 4.3. Note that sub-differential inclusion in (32) means that there exists a function [image: image] such that, for a.e., t ∈ Sk, we have [image: image] and

[image: image]

Note that D(∂ΦH) ⊂ dom(ΦH) = dom(Φ) ⊂ V, and thus [image: image] for a.e. t ∈ Sk. According to the definition of the subdifferential of a functional and the fact that [image: image], we have

[image: image]

From this and condition [image: image] we obtain

[image: image]

Since the left side of this chain of inequalities belongs to [image: image], then [image: image] belongs to [image: image].

For each k ∈ ℕ, we extend functions [image: image], and [image: image] by zero for the entire interval S and denote these extensions by fk, uk, and gk, respectively. From the above, it follows that, for each k ∈ ℕ, the function uk belongs to Lp(S; V), its derivative [image: image] belongs to L2(S; H), and, for a.e. t ∈ S, gk(t) ∈ ∂ΦH(uk(t)) and [see Equation (33)],

[image: image]

Step 3 (estimates of solution approximations). To demonstrate the convergence [image: image] to the solution of the problem P(ΦH, B, f), we need some estimates of the functions uk, k ∈ ℕ.

Let the function [image: image] such that θ*(t) = 0 if t ∈ (−∞, −1], [image: image] if t ∈ (−1, 0), θ*(t) = 1 if t ∈ [0, +∞) [see Bokalo [9]]. Obviously, [image: image] for arbitrary t ∈ ℝ, and for any 0 < ν < 1, we have

[image: image]

where C4 > 0 is a constant depending on ν only.

Let t1, t2, and δ be arbitrary real fixed numbers such that t1, t2 ∈ S, t1 < t2, δ > 0. We put

[image: image]

It is clear that θ(t) = 0 if t ∈ (−∞, t1 − δ], 0 < θ(t) < 1 if t ∈ (t1 − δ, t1), θ(t) = 1 if t ∈ [t1, +∞), and [image: image] for every t ∈ ℝ.

Let k ∈ ℕ. Obviously, [image: image]. For each t ∈ S, multiply the identity (35) scalar by θ(t)uk(t) and integrate from t1 − δ to τ ∈ [t1, t2]. As a result, we obtain

[image: image]

From this, taking into account (2) and using the integration-by-parts formula, we transform the first term on the left side of the equality (38) as follows:

[image: image]

Then from Equation (38), using Equation (39), we receive

[image: image]

Since (0, 0) ∈ ∂ΦH and (gk(t), uk(t)) ∈ ∂ΦH for a.e. t ∈ S, from condition [image: image] we get

[image: image]

According to the definition of uk and gk and using the inequality (34), we obtain

[image: image]

Let us estimate the second term on the left-hand side of equality (40), using inequalities (41) and (42), in this way:

[image: image]

where σ ∈ (0, 1) is arbitrary.

Using the inequality (34) (with r = q/2, r′ = q/(q − 2)), we estimate the first term on the right-hand side of Equation (40) as follows:

[image: image]

where ε1 > 0 is an arbitrary number.

Based on Equation (36), it is easy to demonstrate that

[image: image]

where C4 is constant from Equation (36) with ν = 2/q (note that C4 depends on q only).

So from Equation (44) using Equation (45), we obtained

[image: image]

where [image: image] depends on q only.

Let us estimate the second term on the right-hand side of equality (40). Using (6), we receive

[image: image]

Let us estimate the third term on the right-hand side of equality (40), using inequality (4):

[image: image]

where ε2 > 0 is an arbitrary constant.

From Equation (40), using Equations (43), and (46)–(48), we receive

[image: image]

In Equation (49), using condition (8), we choose σ ∈ (0, 1) such that the inequality σK2 − L > 0 holds, and then we take ε1 = σK3, ε2 = (σK2 − L)/2. As a result, we get

[image: image]

where C6, C7 are positive constants dependent on K1, K2, K3, L, and q only.

Since τ ∈ [t1, t2] is arbitrary, from Equation (50) and the definition of θ, we obtain

[image: image]

From Equation (50) and the definition of fk, since t1, t2 ∈ S and δ > 0 are all arbitrary, it follows that

[image: image]

[image: image]

Step 4 (estimates of derivatives of solution approximations). Now let us find estimates of [image: image], k ∈ ℕ. Let t1, t2, and δ be arbitrary real numbers such that t1, t2 ∈ S, t1 < t2, and δ > 0. θ is a function defined above. We multiply equality (35) for almost every t ∈ S scalar by [image: image] and integrate the resulting equality from t1 − δ to τ ∈ [t1, t2]:

[image: image]

Since [image: image] and gk(t) ∈ ∂ΦH(uk(t)) for a. e. t ∈ (t1 − δ, t2), Lemma 4.1 implies that the function ΦH(uk(·)) is continuous on [t1 − δ, t2] and

[image: image]

Taking into account Equation (55), we can estimate the second term on the left side of Equation (54) as follows:

[image: image]

By inequality (4) with ε = 4, taking into Equation (6), we receive

[image: image]

[image: image]

From Equation (54), using Equations (56)–(58) and

[image: image]

we have

[image: image]

Since τ ∈ [t1, t2] is arbitrary, from Equation (59) by the definition of ΦH and condition [image: image] (remind that uk(t) ∈ V for a.e. t ∈ S), we have

[image: image]

where C9 > 0 is a positive constant dependent on K1 and L only.

From Equation (60), taking into account (51), we obtain

[image: image]

where C10 > 0 is a positive constant dependent on K1, K2, K3, L, and q only.

From the estimate (4) and the definition of fk, since t1, t2 ∈ S and δ > 0 are arbitrary, it implies that

[image: image]

[image: image]

From Equations (6) and (51) we have

[image: image]

where C11, C12 are positive constants independent on k ∈ ℕ.

From Equations (35), (63), and (64) and the definition of fk, we get that

[image: image]

Step 5 (passing the limit). Since V is reflexive Banach space, H is Hilbert space, and V embeds in H by compact injection, from Equations (52), (62), (63), (65), and Proposition 2.7, we have the existence of functions [image: image], [image: image], and a subsequence of the sequence [image: image] (until denoted by [image: image]) such that

[image: image]

[image: image]

[image: image]

[image: image]

From Equation (68) and condition [image: image], for each t0 < T, we have

[image: image]

Thus, we obtain

[image: image]

Let v ∈ H, φ ∈ C(S) be arbitrary while suppφ is compact. For a.e. t ∈ S, we multiply equality (35) by v and φ(t), and then integrate in t on S. As a result, we obtain equality

[image: image]

We pass to the limit in Equation (71) as k → ∞, taking into account (67), (69), (70), and the convergence of [image: image] to f in [image: image]. As a result, since v, φ are arbitrary, for a.e. t ∈ S, we obtain the equality

[image: image]

Step 6 (proof that u(t) ∈ D(∂ΦH) and g(t) ∈ ∂ΦH(u(t)) for a. e. t ∈ S). Let k ∈ ℕ be an arbitrary number. Since uk(t) ∈ D(∂ΦH) and gk(t) ∈ ∂ΦH(uk(t)) for a.e. t ∈ S, applying the monotonicity of the sub-differential ∂ΦH, we obtain that for a.e. t ∈ S the following inequality holds:

[image: image]

Let τ ∈ S and h > 0 be arbitrary numbers. We integrate (72) in t from τ−h to τ:

[image: image]

Now we pass to the limit in Equation (73) as k → ∞, according to Equations (68) and (69). As a result, we obtain

[image: image]

The monograph [25, Theorem 2] and Equation (74) imply that for every [image: image] there exists a set of measure zero R[v,v*] ⊂ S such that for all [image: image] we have u(τ) ∈ V, g(τ) ∈ H

[image: image]

Let us demonstrate that there exists a set of measure zero R ⊂ S such that

[image: image]

Since V and H are separable spaces, there exists a countable set F⊂∂ΦH, which is dense in ∂ΦH. Denote [image: image]. Since the set F is countable and any countable union of sets of measure zero is a set of measure zero, then R is a set of measure zero.

Therefore, for any τ ∈ S\R inequality (76) holds for every [v, v*] ∈ F. Let [image: image] be an arbitrary element from ∂ΦH. Then from the density F in ∂ΦH we have the existence of a sequence [image: image] such that vl → v in V, [image: image] in H, and for every τ ∈ S\R

[image: image]

Thus, passing to the limit in inequality (77) as l → ∞, we obtain (g(τ)−v*, u(τ)−v) ≥ 0 for every τ ∈ S\R. Hence, we have Equation (76), i.e., for a.e. t ∈ S, the following holds:

[image: image]

From this, according to the maximal monotonicity of ∂ΦH, we obtain that [u(t), g(t)] ∈ ∂ΦH for a.e. t ∈ S, i.e., u(t) ∈ D(∂ΦH) and g(t) ∈ ∂ΦH(u(t)) for a.e. t ∈ S. Thus, function u is the solution of the problem P(Φ, B, f), and therefore P(ΦH, B, f).

Step 7 (completion of proof). Estimates (9) and (10) of the solution of the problem P(Φ, B, f) follow directly from estimates (51) (given that [image: image]) and (4), convergence (66)–(68) and Proposition 2.5.     □



5 Comments on the main results

Let us introduce an example of the problem that is studied here. Let n ∈ ℕ, Ω be a bounded domain in ℝn, ∂Ω be the boundary of Ω, and ∂Ω be the piecewise surface. We put Q: = Ω × S, Σ: = ∂Ω × S, and Ωt: = Ω × {t} ∀t ∈ S. For an arbitrary measurable set F⊂ℝk, where k = n or k = n + 1, and r ∈ [1, ∞], let Lr(F) be the standard Lebesgue space with norm [image: image]. Let [image: image] be the linear space of classes of equivalent functions defined on Q such that their restrictions on any bounded measurable set Q′⊂Q belong to Lr(Q′). For r ∈ (1, ∞), we denote by [image: image] the standard Sobolev space with norm [image: image], where ∇u: = (ux1, …, uxn) [see, e.g., Brezis [24]].

Let p > 2 and K be a nonempty convex closed set in W1, p(Ω), which contains 0. We consider the problem: find a function [image: image] such that [image: image], [image: image], [image: image], and, for a.e. t ∈ S, we have u(·, t) ∈ K and

[image: image]

where [image: image] a ∈ L∞(Ω), and S ∋ t → b(·, ·, t) ∈ L2(Ω × Ω) are given.

This problem is called problem (78), and a function u is its solution.

Note that in cases K = W1, p(Ω), this problem is equivalent to the problem of finding a weak solution to a problem without initial conditions for a nonlinear integro-differential parabolic equation:

[image: image]

We remark that problem (78) can be written more abstractly. Indeed, after appropriate identification of functions and functionals, we have continuous and dense embedding

[image: image]

where (W1, p(Ω))′ is dual to W1, p(Ω) space. Clearly, for any h ∈ L2(Ω) and v ∈ W1, p(Ω), we have 〈h, v〉 = (h, v), where 〈·, ·〉 is the notation for action of element of (W1, p(Ω))′ on element of W1, p(Ω), and (·, ·) is a scalar product in L2(Ω). Thus, we can use the notation (·, ·) instead of 〈·, ·〉.

Now, we denote V: = W1, p(Ω), H: = L2(Ω) and define operators A: V → V′ and B(t, ·):H → H, t ∈ S, as follows:

[image: image]

[image: image]

Then problem (78) can be rewritten as follows: find a function [image: image] such that [image: image] and, for a.e. t ∈ S, we have u(t) ∈ K and

[image: image]

where [image: image] is given function.

We remark that, for a.e. t ∈ S, variational inequality (81) can be written as

[image: image]

where

[image: image]

We can write inequality (82) as follows:

[image: image]

The functional IK from V to ℝ∞ is proper, convex and lower semicontinuous. By the definition of the subdifferential [image: image] inequality (84) is equivalent to inclusion

[image: image]

i.e.,

[image: image]

We define

[image: image]

and

[image: image]

The functionals Ψ and Φ from V to ℝ∞ are proper, convex and lower semicontinuous. As easy to demonstrate, we have ∂Ψ(v) = {A(v)}⊂V′ for each v ∈ V, and

[image: image]

From the above [see, in particular, Equations (85) and (88)], it follows that the problem (79) can be written as such a sub-differential inclusion: find a function [image: image] such that [image: image] and, for a.e. t ∈ S, u(t) ∈ D(∂Φ) and

[image: image]

So problem (78) is a partial case of the problem P(Φ, B, f). Based on this, let's illustrate the main results of this study (see Theorems 1, 2).

COROLLARY 5.1. Let the following condition hold:

[image: image]

Then problem (78) has a unique solution. In addition, it belongs to the space [image: image] and for arbitrary t1, t2 ∈ S, t1 < t2, δ > 0 satisfies the estimates:

[image: image]

[image: image]

[image: image]

where C15, C16 are positive constants depending on [image: image], ess infx ∈ Ωa(x), and p only.

Proof. [Proof of Corollary 5.1] We need to demonstrate that functional Φ, defined in Equations (83)—(87), and family of operators B(t, ·), t ∈ S, defined in Equation 80, satisfy the conditions of Theorems 1, 2.

Writing the functional Ψ defined in Equation (86) in the form

[image: image]

we obtain that the functional Ψ is proper and dom(Ψ) = W1, p(Ω).

Note that for arbitrary r ≥ 2, function [image: image], ξ ∈ ℝn, is convex. Indeed, for all α ∈ [0, 1], we have

[image: image]

Here we used the convex function [image: image], s ∈ [0, +∞), since [image: image] for all s ∈ (0, +∞).

From Equation (95), with r = p and r = 2, it is easy to see that functional Ψ is convex, hence functional Φ satisfies the condition ([image: image]).

Let [image: image] in W1, p(Ω). Then [image: image] and [image: image] in L2(Ω). From this, it follows:

[image: image]

[image: image]

From Equations (94), (96), and (97), it follows that the functional Ψ is lower semicontinuous, hence functional Φ satisfies the condition ([image: image]).

Since a > 0 a.e. on Ω, then [see Equation (94)]

[image: image]

Hence, given that IK(v) ≥ 0, v ∈ V, condition ([image: image]) holds with [image: image].

It is easy to show that

[image: image]

where A(·) is defined in Equation (79).

Then for any [image: image] we have

[image: image]

[image: image]

Since the function [image: image], ξ ∈ ℝn, is convex, from the convexity criterion we have

[image: image]

Since [image: image] then from Equation (99) it follows:

[image: image]

By Bokalo [9], for arbitrary s1, s2 ∈ ℝ, the inequality

[image: image]

holds. Hence, for all v1, v2 ∈ Lp(Ω), we have

[image: image]

Using Hölder's inequality (see Proposition 2.3) with r = p/2, we have this chain of inequalities:

[image: image]

From this, we obtain

[image: image]

From Equations (101), (102) it follows:

[image: image]

Also, we have

[image: image]

Hence, from Equation (98), using Equations (100), (103), and (104), we have

[image: image]

where K2: = ess infΩa, [image: image]

From Equation (94) and the monotonicity of IK(·) it follows condition ([image: image]) with q = p.

Let us prove that condition ([image: image]) holds. Since Equation (80), we have for almost all t ∈ S and for all [image: image]:

[image: image]

where [image: image], i.e., condition ([image: image]) holds.

From the above, it follows that in this case, condition (8) has form (90). Estimates (91) and (93) are derived directly from estimates (9) and (10).



6 Conclusion

We investigated the problem without initial conditions for some strictly nonlinear functional-differential variational inequalities in the form of sub-differential inclusions with functionals. The conditions for the existence of a unique solution to this problem in the absence of restrictions on the solution's behavior and the growth of input data when the time variable is directed to −∞ have been obtained. There are also estimates of the solution to the researched problem provided.

The results obtained here can be used to study mathematical models in many fields of science, such as ecology, economics, physics, cybernetics, etc.

In the future, it would be worthwhile to obtain similar results for functional-differential variational inequalities that do not have the form of subdifferential inclusions with functionals.
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Open stubs in a strip (microstrip) transmission line are one of the most common elements of planar circuits used in numerous devices in the various types of wireless systems. Therefore, the urgent problem is to develop an analyzing method for discontinuities in the form of the open stub in a microstrip transmission line at frequencies at which the high-frequency effects must be considered. In the paper, a technique of scattering characteristics calculating on a symmetrical microstrip open stub by transverse resonance method is presented. Boundary value problems for a rectangular volume resonator based on a microstrip transmission line with a symmetric open stub are solved for the three options boundary conditions in the symmetry plane and on the longitudinal boundaries. The intersection of the spectral curves obtained by the numerical solution of the “electric” and “magnetic” boundary value problems determines the minima of a reflection or transmission coefficients of fundamental wave on discontinuities. To algebraize the boundary value problems for the eigen frequencies of volume resonator with discontinuity, the corresponding two-dimensional functions of the magnetic potential are constructed, through which the components of the current density on the strip are determined. The functions of magnetic potential were defined by decomposing them into expansion by Fourier series, which ensures stable convergence of the series and numerical calculation algorithm. The developed technique has been tested by calculating the eigenfrequency spectra of an open microstrip stub using the transverse resonance method on the example of an open stub in a microstrip transmission line with a resonant frequency of about 3.0 GHz. Also, a technique for numerical solutions of “electric” and “magnetic” boundary-value problems for resonators with two electrodynamically coupled symmetric open stubs in a microstrip transmission line is developed.
Keywords: the helmholtz equation, a boundary value problem, transverse resonance method, resonance frequencies, microstrip line, open stub
1 INTRODUCTION
Open or short-circuit stubs in a strip (microstrip) transmission line are one of the most common elements of planar circuits used in numerous devices in the microwave frequency range: various types of filters, couplers, power amplifiers, antennas, sensors, wireless energy transfer systems, etc. Modern planar circuits in the microwave frequency range already contain stubs of a complex shape and a complex pattern inside the microstrip line (Yang et al., 2022; Martín et al., 2003; Boutejdar et al., 2009; MezaalY et al., 2018; Fan et al., 2018; Deshmukh et al., 2012; Deb Roy et al., 2018; Henderson et al., 2018).
The scattering characteristics of ordinary rectangular stubs in a microstrip line are easily determined by transmission line theory by which calculates the input admittance of the stub. A more accurate analysis of such discontinuity, which considers edge and other effects of a microwave circuit with an open or shorted stub, is already a difficult problem of applied electrodynamics. Given the computing capabilities of modern computer technology, complex planar circuits are analyzed using commercial programs by numerical methods, mostly by the moment’s method followed by the construction of an equivalent discontinuity circuit. Rigorous analysis of stub discontinuities in strip and microstrip lines can be carried out using the mode matching method, which is based on the decomposition method and describes the field in them by the eigenwaves of each partial region. But that is a cumbersome method.
More promising for rigorous analysis of such discontinuities, in our opinion, is the transverse resonance method, which was introduced by Sorrentino and Itoh (Sorrentino, 1989) and allows analyzing complex structures without breaking the microwave circuit into small elements. The idea of the method is that there is a relationship between the eigenfrequencies of the volume resonator, in which the discontinuity is located, and the scattering matrix elements on this discontinuity. The transverse resonance method is a universal method for analyzing waveguide and planar circuits, which calculates both the dispersion characteristics of regular transmission lines and the scattering characteristics of unregular distributed circuits (Uwano et al., 1987; Alessandri et al., 1992; Bornemann, 1991; Schwab and Menzel, 1992; Tao, 1992; Green, 1989; Barlabe et al., 2000; Varela and Esteban, 2011). Using the example of the periodic structures scattering characteristics (Rassokhina and Krizhanovski, 2009), it was shown that for symmetrical in the transverse direction discontinuities, the intersection points of the eigenfrequency spectra obtained from the solutions of boundary value problems with two different conditions in the symmetry plane directly indicate the zeros or poles of the scattering characteristics. We are talking about the conditions of the electric and magnetic walls (e.w. and m. w.) in the symmetry plane and on the longitudinal boundaries of the resonator, according to which the boundary value problems with such boundary conditions are called “electric” and “magnetic” boundary value problems, respectively (Rassokhina and Krizhanovski, 2018).
The aim of the study is to develop a technique of algebraization of boundary value problems for the analysis of distributed discontinuity in the form of a symmetric open stub in a microstrip transmission line by the transverse resonance method.
2 FORMULATION AND SOLUTION OF BOUNDARY VALUE PROBLEMS
The topology of the two-layer planar structure under consideration is provided in Figure 1, which shows a symmetrical open stub in a microstrip transmission line. According to the transverse resonance method, to determine the resonant interaction frequencies of the fed transmission line 1 with discontinuity 2-3, the two boundary value problems with electric and magnetic wall conditions (e.w. or m. w.) in the plane of symmetry [image: image] must be solved. At the resonator boundary [image: image] the conditions of an electric or magnetic wall must also be fulfilled.
[image: Figure 1]FIGURE 1 | (A) Topology of a symmetrical open stub in a microstrip line, top view, and (B) cross section of volume resonator with a microstrip line.
Consider the solution of the boundary value problem for the current density [image: image] of a microstrip resonator expressed in terms of magnetic type potentials: [image: image]:
[image: image]
where [image: image] - wavenumber, [image: image] are eigenfunctions of the magnetic potential for the current density, [image: image] is unknown expansion coefficient, P is the order of series reducing.
The electromagnetic field components in the shielded structure satisfy the Helmholtz equation in Cartesian coordinates. The current density distribution function in the microstrip line is determined by the difference of the magnetic field’s tangent components and therefore also satisfies the Helholtz equation.
Polynomial solutions of the Helmholtz equation were studied in (Burskii and Buryachenko, 2013) as dual problem for high-order hyperbolic problems in elliptic planar domains. For simple discontinuities such as microstrip step discontinuity, the function can be constructed as a series of orthogonal polynomials (Rassokhina and Krizhanovski, 2018; 2023). For a more complex topology to avoid the cumbersome calculations, the current density distribution function in partial regions should be described in the form of Fourier series.
The current density distribution function for a strip line with an open stub satisfies the Helmholtz equation:
[image: image]
when [image: image] by free boundaries in partial regions 1–4, [image: image] in symmetry plane, [image: image] for the “electric” boundary value problem and [image: image] for the “magnetic” boundary value problem.
Considering the above, the two-dimensional function for the magnetic potential [image: image] of the “electric” boundary value problem in partial regions 1-4 can be presented in a Fourier series form:
[image: image]
for [image: image], [image: image], where [image: image],
[image: image]
for [image: image], [image: image], where [image: image],
[image: image]
for [image: image]. In partial region 4, the solution of the Helmholtz equation consists of the sum of two functions with boundary conditions at [image: image], [image: image] and [image: image], [image: image], respectively:
[image: image]
[image: image]
for [image: image], [image: image]. There [image: image], [image: image] and [image: image] are eigenvalues of the eigenfunction [image: image], which is found from the solution of the boundary value problem.
From the continuity conditions of the functions on the partial domains boundaries, a system of linear algebraic equations (SLAE) is obtained in the form:
[image: image]
Equating the determinant of SLAE Equation 3 to zero, we obtain a spectrum of eigenvalues [image: image] and, accordingly, eigenfunctions for the magnetic vector potential [image: image], which determines the components of the current density on the strip. Expressions for matrix elements in Equation 3 have the form:
[image: image]
[image: image]
The expansion coefficients [image: image] of the functions according to the trigonometric basis are calculated with accuracy up to some constant factor, which is determined from the normalization condition of the magnetic potential basis functions (integration over the area of the microstrip [image: image]):
[image: image]
It is worth noting that the “electrical” boundary value problem also has a solution by [image: image], which must be considered by rigorous solving of the boundary problem.
For the “electric-magnetic” boundary value problem under the condition of a magnetic wall in the symmetry plane [image: image] and an electric wall at the longitudinal boundary [image: image], the magnetic potential eigenfunctions in partial regions 1-4 can be determined as:
[image: image]
[image: image]
[image: image]
[image: image]
[image: image]
where [image: image], [image: image]. The SLAE for determining the eigenvalues and expansion’s coefficients into series of the magnetic potential has the form:
[image: image]
where, by analogy with the “electrical” boundary problem,
[image: image]
[image: image]
In the same way, the two-dimensional function of the magnetic potential is defined for the boundary value problem with boundary conditions of the magnetic wall in the plane of symmetry and on the longitudinal boundary of the volume resonator (“magnetic” boundary problem).
The boundary value problems solving for current density eigenfunctions in an irregular microstrip line is used for solving of boundary problem for rectangular volume resonators with this discontinuity. In this case, the discontinuity is an open symmetric stub in the microstrip transmission line.
According to the transverse resonance method, the points of spectral curves intersection, corresponding to the solutions of the electric and magnetic–electric boundary value problem, determine the minimum transmission coefficient points (Rassokhina and Krizhanovski, 2009). And the points of spectral curves intersection, corresponding to the solutions of the electric and magnetic boundary value problem, determine the minimum reflection coefficient points.
The Helmholtz equation and boundary conditions for an electric [image: image] and magnetic [image: image] vector potentials for field in volume resonator (Figure 1B) are follows (Collin, 1990):
[image: image]
where [image: image], [image: image], [image: image] for “electric” boundary value problem and [image: image] for “magnetic” boundary value problem; [image: image], [image: image], [image: image] for “electric” boundary value problem and [image: image] for “magnetic” boundary value problem.
The electric and magnetic vector potentials of a rectangular volume resonator are presented in the form of double Fourier series:
[image: image]
where [image: image], [image: image] is a partial area number, [image: image] is order of series reduction, and
[image: image]
[image: image]
[image: image]
[image: image]
when [image: image], [image: image] is unknown coefficients of expansion into series.
The coupling integrals [image: image], [image: image] between a strip resonator with discontinuity and a volume resonator are calculated by the formulas Rassokhina and Krizhanovski (2018):
[image: image]
where [image: image], [image: image] are basis functions of the electric and magnetic vector potential of a volume resonator, [image: image], [image: image] for the “electric” and “magnetic” boundary value problem or [image: image] for the “magnetic-electric” problem:
[image: image]
[image: image]
[image: image]
The SLAE for the eigenfrequencies of a three-dimensional resonator is as follows:
[image: image]
where
[image: image]
[image: image]
From the condition that the determinant of system Equation 7 of equations is zero, we obtain the eigenfrequencies [image: image] of the volume resonator.
3 ALGORITHM TESTING AND RESULTS OF SYMMETRIC OPEN STUB ANALYSIS
The algorithms were developed and tested on the example of a two-dimensional planar structure on a Ro3010 laminate with a thickness of [image: image] mm with dielectric constant [image: image], the width and height of the grounding volume resonator are equal, respectively [image: image] mm and [image: image] mm, other parameters of the structure: [image: image] mm (the characteristic impedance of the main transmission line is [image: image] Ohm). With a constant number [image: image] of basis functions by Fourier series Equation 2 considered and reduction of series Equation 1 by eigenfunctions of vector potentials up to [image: image], sufficient algorithm convergence is observed when reduction of series Equation 5 up to [image: image]. The Newton method was used to determine the zeros of the SLAE determinants Equations 4, 7.
Numerical calculations have shown that using trigonometric basis in the expansion of the current density distribution function provided uniform convergence of the algorithms for calculating eigenvalues and, accordingly, eigenfunctions [image: image]. This led to the uniform convergence of the algorithm for numerical calculation of the eigenfrequency spectrum of a volume resonator with discontinuity in it.
Eigenvalues of a strip resonator with a symmetric open stub of length [image: image] mm and [image: image] mm, which were obtained from solutions of three boundary value problems, are shown in Figure 2. In the first approximation, the wave numbers of the “electric” resonator correspond to the values [image: image] for the magnetic-electric problem [image: image] and for the magnetic problem [image: image].
[image: Figure 2]FIGURE 2 | The first three eigenvalues [image: image] of magnetic potential basic functions for a strip resonator with a symmetrical open stub, obtained from the solutions of the electrical, magnetic-electrical and magnetic boundary value problems. Dimensions, in mm: (A) – [image: image], [image: image]; (B) – [image: image], [image: image]
According to the approximation of the transmission lines theory, the input conductivity of a symmetrical open stub is equal to:
[image: image]
where [image: image], [image: image] is the wave delay factor, which for this material is equal to about [image: image]. Resonant frequency of the stub with length [image: image] (that is, the frequency at which the electric length is [image: image]) calculated by transmission lines theory is [image: image] GHz.
For an MSI personal computer with an Intel(R) Core(TM) i3 CPU 2.13 GHz processor, the time to calculate the one points for one root of the characteristic Equation 7 by accuracy [image: image] 1/mm on average is 8 s. The quickness of calculation of the resonator eigenfrequency spectra is ensured by the fact that at each iteration step the coupling integrals Equation 6 are calculated only once.
Figure 3A shows the spectra of the resonator’s eigenfrequencies obtained from solutions of three boundary value problems for a volume resonator with discontinuity in the form of a symmetric open stub in a microstrip transmission line. The intersection point of the spectral curves of the “electric” and “magnetic-electric” boundary value problems corresponds to the frequency at which the minimum of the transmission coefficient is observed [image: image] (about 3.08 GHz), and the point of intersection of the spectral curves of the “electric” and “magnetic” boundary value problems corresponds to the minimum of the reflection coefficient [image: image] at frequency about 5.8 GHz.
[image: Figure 3]FIGURE 3 | Spectrum of eigenfrequencies of a three-dimensional rectangular resonator based on an microstrip line with a symmetrical open stub, obtained from the solutions of boundary value problems with parameters (in mm): (A) [image: image], [image: image]; (B) [image: image], [image: image], [image: image].
Figure 3B shows the spectra of the resonator’s eigenfrequencies with a stub width [image: image] in microstrip transmission line. Such stubs are called capacitive stubs and serve to increase the frequencies of resonant interaction in the microwave circuit.
The results of the scattering characteristics calculations were verified using the microwave design software. The values of the frequencies of resonance interaction obtained from the eigenfrequency spectra and full-wave electrodynamic modeling are almost in agreement.
Thus, according to the results of numerical calculation, a physically correct result was obtained for the scattering characteristics on a symmetrical stub in a microstrip transmission line, considering high-frequency effects, namely, dispersion and marginal capacitance of the open stub.
In Figure 4 the dependence of the resonance frequency on the stub width is shown. As expected from physical considerations, the frequency of resonance reflection increases with the ratio [image: image] increase, the frequency of resonant interaction also increases.
[image: Figure 4]FIGURE 4 | Frequency shift of the of eigen frequencies spectrum of a volume resonator with a symmetric open stub in microstrip line depending on the stub width [image: image] with parameters (in mm): [image: image], [image: image]
4 ELECTROMAGNETICALLY COUPLED OPEN MICROSTRIP STUBS
Electromagnetically coupled discontinuities in planar circuits can also be analyzed by the transverse resonance method. For this purpose, the planar scheme is symmetrized and two boundary value problems are solved under the conditions of an “electric” and “magnetic” wall in the symmetry plane.
The analyzed structure is shown in Figure 5. The plane of symmetry is located at [image: image], the distance between the stubs is [image: image]. The figure also shows the geometric parameters and numbering of partial regions for calculating the current density potentials.
[image: Figure 5]FIGURE 5 | The coupled microstrip stubs: principal scheme of analyzing structure and their decomposition in partial regions.
For the “electrical” boundary value problem, the expressions for the current density potential are as follows:
[image: image]
where [image: image], [image: image],
[image: image]
[image: image]
[image: image]
where [image: image], [image: image].
From the continuity conditions of the basis function and its derivatives at the partial regions boundaries, a homogeneous SLAE is obtained, the condition for the solution of which is the equality of its determinant to zero, from which the spectrum of eigenvalues [image: image] is determined. To solve the “electrical” boundary value problem with zero eigenvalue [image: image], the expression for the current density distribution function on the microstrip line is simplified to the potential of the current density of an ordinary regular microstrip line of width [image: image] and length [image: image]. Taking into account the condition of eigenfunctions normalization, this expression will take the form:
[image: image]
The coupling integrals with the basic functions of volume resonance are calculated according by Equation 6.
For the “magnetic” boundary value problem, only the expressions for the current density potentials in partial regions 1 and 4 are changed:
[image: image]
[image: image]
The results of calculations of eigen frequencies of the resonator, obtained from the solution of the “electric” and “magnetic” boundary value problem, are shown in Figure 6, where the spectrum of eigen frequencies for two different distances values [image: image] between symmetrical stubs of a planar structure with two coupled open stubs of the width [image: image] mm and the length [image: image] mm are presented. By [image: image] mm (Figure 6A) we have a case of uncoupled open stubs, since the distance between them is [image: image]. The coupling between discontinuities by [image: image] mm (Figure 6B) is manifested, firstly, in the fact that as this distance decreases, the interval between the two frequencies of resonant interaction of the discontinuity with the main transmission line decreases. Second, the relationship between discontinuities determines the X-shaped forms of the spectral curves.
[image: Figure 6]FIGURE 6 | Spectrum of eigenfrequencies of a volume resonator based on an microstrip line with two coupled symmetrical open stubs, obtained from the solutions of boundary value problems with parameters (in mm): [image: image], [image: image]; (A) [image: image], (B) [image: image].
Figures 7A, B also shows the spectrum of eigen frequencies of a planar structure with two coupled symmetrical stubs of width [image: image] mm, [image: image] mm. In this case also, several frequencies of resonant transmission of the signal are also observed, in comparison with a single discontinuity. With closely spaced stubs [image: image] mm, the resonant reflection and resonant transmission frequencies of the signal are close to each other, which is inconvenient for practical use. At distance [image: image] mm, we have three frequencies with a minimum reflection coefficient [image: image], and in the upper frequency range we have a bandpass filter. These areas are separated by a broadband bandstop filter with a minimum transmission coefficient [image: image].
[image: Figure 7]FIGURE 7 | Spectrum of a volume resonator eigenfrequencies based on an microstrip line with two coupled symmetrical open stubs, obtained from the solutions of three boundary value problems with parameters (in mm): [image: image], [image: image]; (A) [image: image], (B) [image: image].
Thus, the resonator’s spectral characteristics with discontinuity fully determine the frequencies of resonant interaction of microstrip stubs with the main transmission line.
5 CONCLUSION
A method of an open stubs analyzing, single and electrodynamically coupled, in a microstrip transmission line by the transverse resonance technique is proposed. To implement the method, the boundary problems for the eigenfunctions of the strip resonator’s current density with a symmetrical open stub were previously solved under the condition of an electric and magnetic wall in the symmetry plane and at the longitudinal boundary. To determine the eigenfunctions of the current density, the trigonometric basis was used, which ensures fast and uniform convergence of numerical calculation algorithms for the eigenfunctions. The use of the trigonometric basis led to the uniform and stable convergence of the algorithm for numerical calculation of the eigen frequency spectrum of a volume cavity with a discontinuity in it.
From the study of the eigenfrequency spectra of volume resonators containing a planar circuit calculated under two different conditions in the symmetry plane, preliminary information about the frequencies of resonant interaction of the discontinuity with the fed microstrip transmission line is obtained. The developed technique of algebraization of boundary value problems for a microstrip line with discontinuity can be applied to the analysis of more complex topologies of microstrip stubs, multi-plane discontinuities and the development of various devices in the microwave frequency range.
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The initial-boundary and the inverse coefficient problems for the semilinear hyperbolic equation with strong damping are considered in this study. The conditions for the existence and uniqueness of solutions in Sobolev spaces to these problems have been established. The inverse problem involves determining the unknown time-dependent parameter in the right-hand side function of the equation using an additional integral type overdetermination condition.
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1 Introduction

Propagation of sound in a viscous gas and other similar processes of the same nature can be described by the model hyperbolic equation of the third order, which includes a mixed derivative with respect to spatial and time variables

[image: image]

where η is a positive constant, and ηΔxut represents low viscosity.

Many important physical phenomena can be modeled with the use of Equation 1 and its generalizations. These are, in particular, processes that occur in viscous media (propagation of disturbances in viscoelastic and viscous-plastic rods, movement of a viscous compressible fluid, sound propagation in a viscous gas), wave processes in different media, acoustic waves in environments where wave propagation disrupts the state of thermodynamic and mechanical equilibrium, liquid filtration processes in porous media, heat transfer in a heterogeneous environment, moisture transfer in soils, and longitudinal vibrations in a homogenous bar with viscosity. The term Δxut indicates that the level of stress is proportional to the level of strains and to the strain rate [1–5].

Due to its wide range of applications, different problems for Equation 1 were investigated by many authors. For example, the unique solvability of the direct initial-boundary value problems for Equation 1 and its nonlinear generalizations with power nonlinearities have been studied in other research [1, 2, 4–11].

The inverse problems, with the integral overdetermination conditions, of identifying of the coefficients in the right-hand side function of hyperbolic equations without damping or for other types of equations have been investigated in many studies [12–18]. Their unique solvability has been solved with the use of the methods such as integral equations, the Green function, regularization, and the Shauder principle [14] and successive approximations [18]. The unique solvability of a two-dimensional inverse problem for the linear third-order hyperbolic equation with constant coefficients and with the unknown time-dependent lower coefficient has been proved in Mehraliyev et al. [19].

The main objective of this study is to determine the sufficient conditions for the existence and uniqueness of the solution to the inverse problem for the third-order semilinear hyperbolic equation with an unknown time- dependent function on its right-hand side. The unknown function is determined from the equation, subject to initial, boundary, and integral type overdetermination conditions. To prove the main results of the study, we use the properties of the solution for the corresponding initial-boundary value problem and the method of successive approximations. These results are new for semilinear n-dimensional third-order hyperbolic equations with non-constant coefficients and an unknown function on their right-hand side. The unique solvability of the initial-boundary value problem has been proved using of the method of Galerkin approximations and the methods of monotonicity and compactness.



2 Problem setting

Let Ω ⊂ ℝn, n ∈ ℕ, be a bounded domain with the smooth boundary ∂Ω ∈ C1 and 0 < T < ∞. Denote Qτ = Ω × (0, τ), τ ∈ (0, T]; Qt1, t2 = Ω × (t1, t2), t1, t2 ∈ (0, T]. In this study, we consider the following inverse problem: find the sufficient conditions for the existence of a pair of functions (u(x, t), g(t)) that satisfies the equation with strong damping (in the sense of Definition 3.1).

[image: image]

and the initial, boundary, and overdetermination conditions

[image: image]

[image: image]

[image: image]

We shall use Lebesgue and Sobolev spaces L∞(·), L2(·), H1(·): = W1, 2(·), Ck(·), C([0, T];L2(G)), [image: image] (see, e.g., Gajewski et al. [20]).

Suppose that the data of the problem (2–5) satisfy the following conditions.

(H1): [image: image] aij(x, t) = aji(x, t), bij(x, t) = bji(x, t), and

[image: image]

for all ξ ∈ ℝn, almost all x ∈ Ω, all t ∈ [0, T], and i, j = 1, ..., n, where α0, α1 and β0, β1 are positive constants.

(H2): functions φ1(x, ξ), φ2(x, ξ) are measurable with respect to x ∈ Ω for all ξ ∈ ℝ1 and continuously differentiable concerning ξ ∈ ℝ. Moreover,

[image: image]

for almost all x ∈ Ω and ξ, η ∈ ℝ, where Li,0, Li,1 are positive constants.

(H3): [image: image], [image: image], [image: image]

(H4): E ∈ C2([0, T]), [image: image], [image: image].

(H5): [image: image].

Denote [image: image]

Let γ0 = γ0(Ω) be a coefficient in Friedrich's inequality.

[image: image]



3 Initial-boundary value problem

Definition 3.1. A function u(x, t) is considered to be a solution of problem 2–4 if [image: image] [image: image] [image: image], u satisfies (3), and

[image: image]

for all functions [image: image] and τ ∈ (0, T].

Theorem 3.2. Under the assumptions (H1)–(H3) and g ∈ L2(0, T), aijt ≤ 0 for all i, j = 1, 2, …, n, the problem (2–4) has a unique solution.

Proof. First, using Galerkin method, we prove the existence of a solution for the problem. Let [image: image] be a basis in [image: image], orthonormal in L2(Ω). We will consider the sequence of functions

[image: image]

where the set [image: image] is a solution of the initial value problem

[image: image]

Here [image: image] and

[image: image]

The solution of system (8) exists on some interval [0, τ0] (Carathéodory's Theorem [21, p. 43]). The estimation (13) from below implies that this solution could be extended on [0, T]. Multiplying each equation of (8) on function [image: image] respectively, summing up for k from 1 to N and integrating to t on interval [0, τ], τ ≤ τ0, we obtain

[image: image]

After transformations of terms from (9), we get

[image: image]

Note that

[image: image]

then from (10) we obtain

[image: image]

We rewrite the last inequality in the form

[image: image]

where

[image: image]

Then by Grönwall's lemma, from (12), we get

[image: image]

Therefore, from (11) we also get

[image: image]

Multiplying each equation of (8) on function [image: image] respectively, summing up with respect to k from 1 to N and integrating on interval [0, τ], τ ≤ T, we obtain

[image: image]

After transformations in all terms from (15), we get

[image: image]

where [image: image] [image: image] Taking into account (13), (14), from (16) we obtain

[image: image]

where

[image: image]

The right-hand sides of the estimates (13), (14), and (17) are positive constants, independent of N. Therefore, there exists a subsequence of [image: image] (which will be denoted by the same notation), such that as N → ∞

[image: image]

It follows from (18) that [image: image] and therefore, [image: image] as N → ∞. Besides, [image: image], [image: image] and [image: image] weakly in [image: image]

Equations 8 and 18 imply the equality

[image: image]

for all functions [image: image] and τ ∈ (0, T].

Let us prove that χ = φ2(x, ut).

Note that [image: image] for all k ∈ ℕ. Due to (18), [image: image] is fundamental in [image: image]. So, for any ε > 0, there exists such a number N0 that for all N, k ∈ ℕ, N > N0 the inequality [image: image] holds; thus, [image: image] is also fundamental in [image: image] and, therefore,

[image: image]

Consider the sequence

[image: image]

where [image: image] [image: image] [image: image]. From (9), it follows that

[image: image]

After substitution (22) in (21), passing to the limit as N → ∞, taking into account (18), (20), and the assumptions of Theorem 3.2, we obtain

[image: image]

Choosing here [image: image], dividing the result on ϰ and then tending ϰ → 0 we obtain χ = φ2(x, ut). Hence, from (19), it follows (7).

Now we prove the uniqueness of the solution for the problems (2–4). On the contrary, suppose that there exist two solutions u(1)(x, t) and u(2)(x, t) of problems (2–4). Then ũ: = ũ(x, t) = u(1)(x, t)−u(2)(x, t) satisfies the conditions ũ(x, 0) ≡ 0, ũt(x, 0) ≡ 0, and the equality

[image: image]

holds for all [image: image] τ ∈ (0, T].

After choosing v = ũt in (23) we get

[image: image]

From (24) by the same way as from (11) we got (12), we find the following estimate

[image: image]

Then from Grönwall's lemma and (25) we obtain [image: image] and [image: image] hence, ũ ≡ 0, and, therefore, u(1) = u(2) in QT.



4 Inverse problem

Definition 4.1. A pair of functions (u(x, t), g(t)) is a solution to the problem (2–5), if [image: image] [image: image] [image: image], and g ∈ C([0, T]), and it satisfies (5) and

[image: image]

holds for all functions [image: image] and τ ∈ (0, T].


4.1 The equivalent problem

In this section, we shall find the equivalent problem for the problem (2–5).

Lemma 4.2. Let [image: image] the assumptions of Theorem 3.2, (H4), and (H5) hold. A pair of functions (u(x, t), g(t)), where [image: image] [image: image] [image: image], g ∈ C([0, T]), is a solution to the problem (2–5) if and only if it satisfies (26) for all functions [image: image] and for τ ∈ (0, T], the equality

[image: image]

holds for t ∈ [0, T].

Proof. Necessity: Let (u(x, t), g(t)) be a solution to the problem (2–5). From (26) and (5), it follows that

[image: image]

By integrating by parts in (28) and using the condition (H4), we get the equality

[image: image]

From (29), we can obtain (27).

Sufficiency: Let g* ∈ C([0, T]), [image: image] [image: image] [image: image], and they satisfy (4), (26), and (27). Then u* is a solution to the problem (2–4) with g* instead of g in (2).

We set [image: image] t ≥ 0. In exactly the same way as in the proof of necessity, we obtain

[image: image]

On the other hand g*(t) and u*(x, t) satisfy (27)

[image: image]

It follows from (30), (31) that

[image: image]

Integrating (32) with the use of the equalities [image: image], implies E*(t) = E(t), t ≥ 0. Hence, u*(x, t) satisfies the overdetermination condition (5).



4.2 Main results

Let [image: image] Denote

[image: image]

Theorem 4.3. Let [image: image] aijt ≤ 0 for all i, j = 1, 2, …, n, and the assumptions (H1) – (H5) hold. Then there exists a unique solution to the problem (2–5).

Proof. I. In the first step, we shall prove the theorem for T ≤ T0.

We construct an approximation (um(x, t), gm(t)) of the solution of problem (2–5), where g1(t): = 0, the functions gm(t), m ≥ 2, satisfy the equality

[image: image]

and um satisfies the equality

[image: image]

for all [image: image], and the conditions

[image: image]

It follows from Theorem 3.2 that for each m ∈ ℕ there exists a unique function [image: image] [image: image] [image: image], that satisfies (34), (35). Now we show that [image: image] converges to the solution of the problem (2–5). Denote

[image: image]

Equation 33 for t ∈ (0, T0] and m ≥ 3, implies the equality

[image: image]

We square both sides of equality (36) and integrate the result with respect to t, taking into account the hypotheses (H5), then we obtain

[image: image]

Then (37) implies the estimate

[image: image]

It follows from (35) that [image: image] Hence, from (34) with [image: image], τ ∈ (0, T0], we get

[image: image]

The last term in (39)

[image: image]

Besides,

[image: image]

and

[image: image]

Then, taking into account (H1) – (H5), from (39) we get inequality

[image: image]

According to Grönwall's Lemma, we obtain

[image: image]

Interating (41) with respect to τ, we get the estimate

[image: image]

Besides, (40) and (42) for m ≥ 2 imply the estimates

[image: image]

and

[image: image]

where [image: image]

Note that r2(t) = g2(t). Then, taking into account (33), we have

[image: image]

where M6 is a positive constant. It follows from (42) and (38) that for m ≥ 3

[image: image]

By using (45) and the assumption M4T0 < 1, we can show the estimate

[image: image]

Due to (42)

[image: image]

Besides, (43) and (44) for m ≥ 2 imply the estimates

[image: image]

and

[image: image]

And, therefore,

[image: image]

and

[image: image]

and for k ∈ ℕ, m ≥ 2

[image: image]

Besides, we square both sides of equality (36), taking into account the hypotheses (H5) and obtain

[image: image]

From (53), we can conclude that:

[image: image]

Therefore,

[image: image]

It follows from (46), (50), (51), (52), and (55) that for any ε > 0, there exists m0 such that for all k, m ∈ ℕ, m > m0, the following inequalities hold:

[image: image]

are true. Hence, the sequence [image: image] is fundamental in [image: image] and in C([0, T0]), [image: image] is fundamental in [image: image] and in [image: image], and [image: image] is fundamental in [image: image] and in [image: image]. Therefore, as m → ∞

[image: image]

Theorem 3.2 implies the following estimate

[image: image]

and, by virtue of (56) [image: image], where M7 is independent on m, and therefore the right-hand side of (57) is bounded with the constant, independent on m. Hence, we can select a subsequence of sequence [image: image] (we preserve the same notation for this subsequence), such that

[image: image]

Taking into account (56) and (58), from (33), (34) we get that the pair of functions (u(x, t), g(t)) satisfies (27) and (26). By virtue of Lemma 4.2 (u(x, t), g(t)) is a solution of the problem (2–5) in QT0.

II. Uniqueness of solution of the problem (2–5), with T ≤ T0.

Assume that (u(1)(x, t), g(1)(t)) and (u(2)(x, t), g(2)(t)) be two solutions of problem (2–5). Then the pair of functions [image: image], where ũ(x, t) = u(1)(x, t)−u(2)(x, t), [image: image] satisfies the conditions ũ(x, 0) ≡ 0, ũt(x, 0) ≡ 0, the equality

[image: image]

for all [image: image] and the equality

[image: image]

holds.

After choosing v = ũt in (59) we get

[image: image]

It is easy to get from (60) and (H5) inequalities

[image: image]

From (61) by the same way as from (39) we got (42), we find the following estimate

[image: image]

and taking into account (62) from (63), we obtain [image: image] Since M4T0 < 1, we conclude that [image: image] hence, u(1) = u(2) in QT0. Then (62) implies [image: image] and, therefore, g(1)(t) ≡ g(2)(t) on [0, T0].

III. Let now T > 0 be arbitrary number.

Let us divide the interval [0, T] into a finite number of intervals [0, T1], [T1, 2T1], …, [(N − 1)T1, NT1], where NT1 = T, and T1 ≤ T0. According to I and II, there exists a unique solution (u1(x, t), g0,1(t)) to the problem (2–5) in the domain QT1.

Now, we will prove that there exists a unique solution in the domain QT1, 2T1: = Ω × (T1; 2T1) for the problem for the Equation 2 with conditions (4) and (5) as t ∈ [T1; 2T1], and with the initial condition u(x, T1) = u1(x, T1), ut(x, T1) = u1t(x, T1), and x ∈ Ω.

Let us change the variables t = τ+T1, τ ∈ [0;T1] in this problem. We will denote G0(τ) = g(τ+T1), U(x, τ) = u(x, τ+T1), [image: image] [image: image] and [image: image] For the pair (U(x, τ), G0(τ)) we obtain the problem:

[image: image]

[image: image]

[image: image]

[image: image]

It is obvious that all coefficients of the Equation 64 and the functions [image: image] E(1)(τ) satisfy the same conditions as the functions from (2) and (5). According to I and II, there exists a unique solution to the problem (64–67) in QT1, and, thus for the problems for the Equation 2 with conditions (4) and (5) as t ∈ [T1; 2T1] and with the initial condition u(x, T1) = u1(x, T1), ut(x, T1) = u1t(x, T1), and x ∈ Ω, in the domain QT1, 2T1. Denote it by (u2(x, t), g0,2(t)). By following similar reasoning on the intervals [2T1; 3T1], …, [(N − 1)T1; NT1], we can prove the existence and uniqueness of weak solutions (uk(x, kt), g0,k(t)), k = 3, …, N, in the domain Q(k−1)T1,kT1: = Ω × ((k − 1)T1, kT1) of the inverse problem for the Equation 2 with conditions (4) and (5) as t ∈ [(k − 1)T1; kT1] and the initial condition u(x, (k − 1)T1) = uk−1(x, (k − 1)T1), x ∈ Ω. It is clear that a pair of functions (u(x, t), g0(t)), where

[image: image]

is a solution for the problem (2–5) in the domain QT.

IV. The uniqueness of solution is proved similar as in II, III: Assume that (u(1)(x, t), g(1)(t)) and (u(2)(x, t), g(2)(t)) be two solutions of problem (2–5). Then the pair of functions [image: image], where ũ(x, t) = u(1)(x, t)−u(2)(x, t), [image: image] satisfies the conditions ũ(x, 0) ≡ 0, ũt(x, 0) ≡ 0, the equality

[image: image]

for all [image: image], τ ∈ (0, T], and the equality

[image: image]

holds.

Let us divide the interval [0, T] into a finite number of intervals [0, T1], [T1, 2T1], …, [(N − 1)T1, NT1], where NT1 = T, and T1 ≤ T0.

Let us choose τ ∈ [0, T1] in (68). After choosing here v = ũt, we get

[image: image]

It is easy to get from (69) and (H5) inequalities

[image: image]

From (70), by the same way as from (39), we got (42). We find the following estimate:

[image: image]

and taking into account (71) from (72), we obtain [image: image] Since M4T1 < 1, we conclude that [image: image] hence, u(1) = u(2) in QT1. Then (71) implies [image: image] and, therefore, g(1)(t) ≡ g(2)(t) on [0, T1].

Let us choose τ ∈ [0, 2T1] in (68). After choosing here v = ũt, we get

[image: image]

Note that ũ ≡ 0 in QT1 and [image: image] on [0;T1], therefore, from (73) it follows that

[image: image]

It is easy to get from (69) and (H5) inequalities

[image: image]

From (74), by the same way as from (39), we got (42). We find the following estimate

[image: image]

and taking into account (75) from (76), we obtain [image: image] Since M4T1 < 1, we conclude that [image: image] hence, u(1) = u(2) in QT1, 2T1. Then, (75) implies [image: image] and, therefore, g(1)(t) ≡ g(2)(t) on [T1, 2T1]. Therefore, u(1) = u(2) in Q2T1, g(1)(t) ≡ g(2)(t) on [0, 2T1].

Considering τ ∈ [0, 3T1], …   , τ ∈ [0, NT1] in (68), by the same arguments, we find that u(1) = u(2) in Q(k−1)T1,kT1, g(1)(t) ≡ g(2)(t) on [(k − 1)T1, kT1], k = 1, 2, …, N. Therefore, u(1) = u(2) in QT, g(1)(t) ≡ g(2)(t) on [0, T].




5 Conclusions

In this study, we have derived the necessary conditions for the existence and the uniqueness of the solution for the initial-boundary value problem, as well as the inverse problem, for semilinear hyperbolic equation of the third order with an unknown parameter in its right-hand side function. To determine the unknown function, an additional integral-type overdetermination condition have been introduced. These results were obtained by utilizing the properties of the solutions to the initial-boundary value problem and the method of successive approximations.
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This paper deals with the approximation error of trigonometric interpolation for multivariate functions of bounded variation in the sense of Hardy-Krause. We propose interpolation operators related to both the tensor product and sparse grids on the multivariate torus. For these interpolation processes, we investigate the corresponding error estimates in the Lp norm for the class of functions under consideration. In addition, we compare the accuracy with the cardinality of these grids in both approaches.
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1 Introduction

The interpolation of periodic functions at equidistant nodes by trigonometric polynomials is a basic task of approximation theory with far-reaching applications (see, e.g., Chapter 3 in Plonka et al. [2]). The possibility of using FFT algorithms with huge amounts of data has contributed greatly to the popularity of this approximation method. Accordingly, error estimates for such interpolation methods have been intensively studied in the literature. The decisive difference between approximation methods which are based on integral evaluations of the given function f, for example, the Fourier coefficients, and an interpolation method is that information about f must really be available pointwise. This difference becomes particularly important in the case of interpolation of discontinuous functions, where one will focus on the error in Lp norms in particular. As is well-known, the Riemann integrability of a periodic function f is a condition for the Lp error to tend to 0 as the number of nodes n → ∞ (cf. [3]). For a little more smoothness, the approximation order in Lp can be bounded by the best one-sided approximation in Lp using trigonometric polynomials (cf. [4]).

A particularly important class of functions, generally discontinuous functions, for which one would like to obtain error estimates are functions of bounded variation. A first result in this area comes from Zacharias, who proved in [5] with Hilbert space methods that the L2 error behaves like [image: image]. This result was generalized to 1 ≤ p < ∞ in Prestin [6].

To generalize these error estimates to multivariate periodic functions, a suitable concept for multivariate bounded variation is required. The Hardy-Krause definition is appropriate here (see Clarkson and Adams [7] and for more information on these spaces [8], [9] and others). For the dimension d = 2 and interpolation on the tensor product, such results can be found in Prestin and Tasche [10], (see also Kolomoitsev et al. [11]). An essential tool for the proof of the error estimates is the consideration of blending operators, which have been extensively analyzed in the study of Delvos et al. (cf., e.g., [12–15]).

In this study, the results for the approximation error of functions of bounded variation are to be transferred to interpolation methods on sparse grids. Such grids were first introduced in Smolyak [16] and since then have been widely used in interpolation problems, quadrature schemes, and other fields. For more details, see Dũng et al. [17]. These sparse grids are very efficient, especially for large spatial dimensions d, that is, the approximation order is only reduced by a logarithmic factor compared to the tensor product interpolation, although the number of interpolation nodes is only by a log factor bigger than in the univariate case. At this point, it should be noted that error estimates for such interpolation methods of continuous functions are known (see Dũng et al. [17, Chap. 5.3]). Such statements are proved for functions belonging to the spaces [image: image], where r>1/p is assumed, which implies the continuity of the function to be interpolated. Our larger class of functions of bounded variation then provides an order of convergence as in the case r = 1/p. Our approach requires a notation for the definition of bounded variation that is well-suited for large dimensions d. Here, we follow the approach in Aistleitner et al. [1].

Finally, we note that these approximation results for functions of bounded variation are also valid for Fourier sums and the corresponding multivariate hyperbolic cross-variants, where the results can also be obtained using other methods.



2 Function of bounded variation

Let p∈[1, ∞), d∈ℕ. For 2π-periodic functions f of d variables on the torus 𝕋d, we consider the space [image: image], 1 ≤ p < ∞, supplied by the following norm:

[image: image]

We denote by D = {1, …, d} the set of coordinates with cardinality |D| = d and split it into two domains B⊂D and [image: image], [image: image] Following Aistleitner et al. [1] by z = yB:x, where y, x∈𝕋d, we describe the vector z∈𝕋d consisting of the components zj = yj if j∈B and zj = xj otherwise. Such a partition will also be used to represent the vector z∈𝕋d as a combination of arguments from B and fixed values along coordinates from [image: image].

For each coordinate j = 1, ..., d we introduce some arbitrary decomposition [image: image], namely

[image: image]

Let [image: image] be a vector with components [image: image] and [image: image] where

[image: image]

Using this notation for a function f:𝕋d → ℂ, we introduce a d-dimensional difference operator in the following way:

[image: image]

Furthermore, we consider the difference operator and corresponding variation for f:𝕋d → ℂ with respect to coordinates j∈B and fixed values zj for [image: image]:

[image: image]

Then, we define for all B⊆D:

[image: image]

In particular, V∅f(z) = f(z).

For a function [image: image], we have

[image: image]

for 1 ≤ p < ∞ and [image: image] for p = ∞.

Let us mention that for B = D, the variation [image: image] is a constant, which we simply denote as VDf.

Then, the total variation of a function f:𝕋d → ℂ is determined by the quantity

[image: image]

A function f:𝕋d → ℂ for which HV(f) is finite we call function of bounded variation on 𝕋d in the sense of Hardy-Krause and write f∈HV(𝕋d).

Remark 2.1. An alternative definition of this kind of bounded variation is discussed in Bakhvalov [18, Lemma 4]. So, f∈HV(𝕋d) if VDf < ∞ and for any j∈D there are [image: image] such that [image: image], that is, f has bounded variation up to coordinates i∈D\{j}.

Remark 2.2. Let d>1. By definition f∈HV(𝕋d) iff [image: image] is finite for all B⊆D. All these 2d conditions are pairwise independent of each other as can be seen by the following examples [for the case d = 2 cf. ([7], p. 827)].s

Let B1≠B2 be arbitrary subsets of D. W.l.o.g. we assume 1∈B1, 1∉B2 and we distinguish the 4 possible cases:

[image: image]

Now, we consider functions F:𝕋d → ℂ of the form

[image: image]

with [image: image] and [image: image] for all k = 3, …, d, where [image: image] denotes the one-dimensional total variation on [0, 2π]. If D⊇A = B∪C with B⊆{1, 2} and C⊆{3, …, d}, then

[image: image]

Hence, [image: image] is finite, if [image: image] is finite.

As examples [image: image] we choose

[image: image]

On the one hand, we conclude for

[image: image]

On the other hand, we conclude for

[image: image]

The main aim of our investigation is to study the approximation order of trigonometric interpolation processes on tensor product and sparse grids for multivariable functions f∈HV(𝕋d).



3 Interpolation on the tensor product grid

In this section, we study an interpolation operator for multivariable functions on tensor product grids. Our approach continues the investigations in Prestin [6] and Prestin and Tasche [10], where the trigonometric interpolation for univariate and bivariate functions and the corresponding approximation bounds were established.

Let [image: image] be the space of trigonometric polynomials such that

[image: image]

We define a set of an odd number of equidistant nodes in direction xj by

[image: image]

Then, the tensor product [image: image] is called a full interpolation grid on 𝕋d.

For an univariate bounded function f:𝕋 → ℂ, the interpolation operator Ln is of the form

[image: image]

where

[image: image]

is the 2n-th Dirichlet kernel. For a multivariate function f:𝕋d → ℂ, the corresponding interpolation operator with respect to the coordinate j takes the form

[image: image]

where I is the identity operator and A⊗B is the algebraic tensor product of A and B.

It is obvious that the operator [image: image] satisfies the interpolation conditions

[image: image]

for each j = 1, …, d.

Let us consider the tensor product of interpolation operators with respect to arguments belonging to the set B⊆D, that is, we define the corresponding interpolation operator for the grid [image: image] as

[image: image]

Moreover, the interpolation property

[image: image]

holds for any [image: image]

Furthermore, we give the representation for the operator LB by its Fourier series. Let [image: image] and [image: image] So, using Equation 2 we immediately get that

[image: image]

with

[image: image]

We also introduce the intermediate interpolation operator often called blending operator, namely

[image: image]

where A⊕C = A+C−AC is the boolean sum operation. As is known (cf. [14], p. 141), the sum representation for MB is

[image: image]

and for the remainder operator, we have the product representation

[image: image]

In the next theorem, we establish the approximation property of the blending interpolation operator on a |B|-variate tensor product grid.

Theorem 3.1. Let f∈𝕋d → ℂ, 1 < p < ∞ and B⊆D be some index set. If [image: image] for all U⊆B exists and is a finite number, then it holds true that

[image: image]

where c is some constant depending only on p and |B|.

Proof. For a univariate function f:𝕋 → ℂ in Prestin [6], it was proved that for 1 < p < ∞ the inequality

[image: image]

holds with some constant c depending only on p.

Let B = {j1, j2, …jq}. Thus, using Lemma 2 in Prestin and Tasche [10] and Equation 5 by |B| times, we immediately get that

[image: image]

what has to be proved.

Corollary 3.2. In the case of B = D, Theorem 3.1 states that

[image: image]

and for rj = n for all j∈D we immediately have

[image: image]

Theorem 3.3. Let f∈HV(𝕋d) and 1 < p < ∞. Then,

[image: image]

Proof. According to Delvos [14, Proposition 4.1], we can express the remainder as a combination of the remainders of blending operators with lower dimensions:

[image: image]

Then, the proof follows the same estimate as Equation 6.

Corollary 3.4. In the case of B = D for a function f∈HV(𝕋d), the inequality (Equation 7) takes the form

[image: image]

Furthermore, if rj = n for all j∈D, then Theorem 3.3 implies that

[image: image]

Remark 3.5. In the case p = 1, the inequality Equation 5 has the form

[image: image]

and Equations 4, 7 read as follows:

[image: image]

and

[image: image]

respectively.

Remark 3.6. For [image: image], we consider the m-th Fourier coefficients

[image: image]

With B(m)⊆D, we denote the set of indices j such that mj≠0. Then, according to Fülöp and Móricz [19] for all m∈ℤd, the trigonometric Fourier coefficients cm(f) of f∈HV(𝕋d) can be estimated by

[image: image]

This estimate is best possible, as demonstrated by the example

[image: image]

where we have equality in Equation 8.

For p = 2, we want to compare the tensor product interpolation with the best approximation. The best approximation in the Hilbert space [image: image] is given by the Fourier partial sum

[image: image]

By Parseval equation, we estimate

[image: image]

Hence,

[image: image]

Based on the examples provided in Equation 9, it is evident that the order of this estimate cannot be improved.



4 Interpolation on the sparse grid

In the following section, we study an interpolation operator on a sparse grid related to a corresponding Boolean sum operator for the d-dimensional case. Our error estimates for functions of bounded variation complement the results proved in Baszenski and Delvos [12, 13].

To construct a chain of interpolation operators, we consider for each coordinate j∈D the following set of an even number of equidistant nodes:

[image: image]

It is known that for a univariate bounded function f:𝕋 → ℂ, the interpolation operator [image: image] on the grid (Equation 1) has the form

[image: image]

where

[image: image]

is the 2n-th modified Dirichlet kernel. In the same way as it was done in Section 3, we will introduce the operators [image: image] and [image: image] Then, the same error estimates are obtained for these approximation methods as in Section 3. The only change is the error estimate for the one-dimensional interpolation. Here, one can refer to Corollary 3.6 in Prestin and Xu [4], where the exact error bound is derived although no explicit constants are given.

Remark 4.1. It is well-known that [image: image] is a Lagrange basis function for system of nodes (Equation 1). It is easy to check that for any m≥1 the relation [image: image] as well as [image: image] are satisfied. Then taking into account Remark 2.2 [13] we have that for operators [image: image] and [image: image] the ordering [image: image] and the relation

[image: image]

hold for all n such that 0 ≤ n<n+m.

Now, we introduce a d-dimensional Boolean sum interpolation operator of n-th order in the following way

[image: image]

In an analogous manner as in Section 3, a partial variant [image: image] with B⊂D can be introduced here and error estimates can be proven. The approach remains the same. To simplify the notation, we therefore restrict ourselves to the case B = D.

To determine the set of interpolation points of the operator [image: image], we note (cf. [15]) that the grid for the operator [image: image] is [image: image] and for [image: image] is

[image: image]

Thus, for the operator [image: image], we have the sparse grid of n-th order in the following form

[image: image]

Due to Equation 3, it follows that [image: image] interpolates f on each point such that [image: image], that is,

[image: image]

for all [image: image]

Taking into account (Equation 11), we have the sum representation (cf. [13])

[image: image]

Remark 4.2. If we put d = 2, then the operator [image: image] has the form (see for details [13]):

[image: image]

For d = 3, we immediately get the following Boolean sum operator:

[image: image]

Theorem 4.3. If f∈HV(𝕋d) and 1 < p < ∞, then for all n

[image: image]

where c is some constant depending on d and p.

Proof. Following Baszenski and Delvos [12], we have

[image: image]

Then using Theorem 3.1, we get

[image: image]

Now, the result follows from

[image: image]

Remark 4.4. Let us compare the cardinality of the tensor product grid [image: image] and the sparse grid [image: image]. The grid [image: image] has 2dn nodes which is essentially more than nd−12n nodes of grid [image: image]. Nevertheless, the approximation order for f∈HV(T) is only worse by a logarithmic factor nd−1.



Data availability statement

The original contributions presented in the study are included in the article/supplementary material, further inquiries can be directed to the corresponding author.



Author contributions

YS: Writing – original draft, Writing – review & editing. JP: Writing – original draft, Writing – review & editing.



Funding

The author(s) declare financial support was received for the research, authorship, and/or publication of this article. YS was supported by a scholarship of the University of Lübeck.



Acknowledgments

We would like to thank the referees for their valuable remarks that helped to improve the study.



Conflict of interest

The authors declare that the research was conducted in the absence of any commercial or financial relationships that could be construed as a potential conflict of interest.

The author(s) declared that they were an editorial board member of Frontiers, at the time of submission. This had no impact on the peer review process and the final decision.



Publisher's note

All claims expressed in this article are solely those of the authors and do not necessarily represent those of their affiliated organizations, or those of the publisher, the editors and the reviewers. Any product that may be evaluated in this article, or claim that may be made by its manufacturer, is not guaranteed or endorsed by the publisher.



References

 1. Aistleitner C, Pausinger F, Svane AM, Tichy RF. On functions of bounded variation. Math Proc Cambr Philos Soc. (2017) 162:405–18. doi: 10.1017/S0305004116000633

 2. Plonka G, Potts D, Steidl G, Tasche M. Numerical Fourier analysis (Cham: Birkhäuser). Appl Numer Harmon Anal. (2018) 30:3. doi: 10.1007/978-3-030-04306-3

 3. Motornyi VP. Approximation of periodic functions by interpolation polynomials in L1. Ukr Math J. (1990) 42:690–3.

 4. Prestin J, Xu Y. Convergence rate for trigonometric interpolation of non-smooth functions. J Approx Theory. (1994) 77:113–22.

 5. Zacharias K. Eine Bemerkung zur trigonometrischen Interpolation. Beitr Numer Math. (1981) 9:195–200.

 6. Prestin J. Trigonometric interpolation of functions of bounded variation. Constr Theor Funct. (1984) 1984:699–703.

 7. Clarkson JA, Adams CR. On definitions of bounded variation for functions of two variables. Trans Amer MathSoc. (1933) 35:824–54.

 8. Appell J, Banas J, Díaz NJM. Bounded Variation and Around. De Gruyter Series in Nonlinear Analysis and Applications. Berlin: De Gruyter; (2013).

 9. Brudnyi A, Brudnyi Y. Multivariate bounded variation functions of Jordan—Wiener type. J Approx Theor. (2020) 251:105346. doi: 10.1016/j.jat.2019.105346

 10. Prestin J, Tasche M. Trigonometric interpolation for bivariate functions of bounded variation. Approx. Funct. Spaces. (1989) 22:309–21.

 11. Kolomoitsev Y, Lomako T, Prestin J. On Lp-error of bivariate polynomial interpolation on the square. J Approx Theory. (2018) 229:13–35. doi: 10.1016/j.jat.2018.02.005

 12. Baszenski G, Delvos FJ. Boolean algebra and multivarite interpolation. Approx Funct Spaces Banach Center Publ. (1989) 22:25–44.

 13. Baszenski G, Delvos FJ. A Discrete Fourier Transform Scheme for Boolean Sums of Trigonometric Operators. Basel: Birkhäuser Basel (1989). p. 15–24.

 14. Delvos FJ. Intermediate Blending Interpolation. Basel: Birkhäuser Basel (1985). p. 138–53.

 15. Delvos FJ, Schempp W. Interpolation projectors and closed ideals. Approx Funct Spaces Banach Center Publ. (1989) 22:89–97.

 16. Smolyak SA. Quadrature and interpolation formulas for tensor products of certain classes of functions. Dokl Akad Nauk SSSR. (1963) 148:5.

 17. Dũng D, Temlyakov V, Ullrich T. Hyperbolic Cross Approximation. Advanced Courses in Mathematics—CRM Barcelona. Barcelona: Springer International Publishing (2018).

 18. Bakhvalov AN. Continuity in Λ-variation of functions of several variables and convergence of multiple Fourier series. Sbornik Math. (2002) 193:1731–48. doi: 10.1070/sm2002v193n12abeh000697

 19. Fülöp V, Móricz F. Order of magnitude of multiple Fourier coefficients of functions of bounded variation. Acta Math Hung. (2004) 104:95–104. doi: 10.1023/B:AMHU.0000034364.78876.af

Copyright
 © 2024 Prestin and Semenova. This is an open-access article distributed under the terms of the Creative Commons Attribution License (CC BY). The use, distribution or reproduction in other forums is permitted, provided the original author(s) and the copyright owner(s) are credited and that the original publication in this journal is cited, in accordance with accepted academic practice. No use, distribution or reproduction is permitted which does not comply with these terms.












	
	ORIGINAL RESEARCH
published: 06 November 2024
doi: 10.3389/fams.2024.1467199






[image: image2]

Qualitative analysis of fourth-order hyperbolic equations

Yuliia Andreieva1* and Kateryna Buryachenko1,2


1Laboratory of Nonlinear Analysis, Vasyl' Stus Donetsk National University, Vinnytsia, Ukraine

2Department of Applied Analysis, Institut für Mathematik, Humboldt Universität zu Berlin, Berlin, Germany

Edited by
Clemente Cesarano, Università Telematica Internazionale Uninettuno, Italy

Reviewed by
Soh Edwin Mukiawa, University of Hafr Al Batin, Saudi Arabia
 Muhammad Muddassar, University of Engineering and Technology, Taxila, Pakistan

*Correspondence
 Yuliia Andreieva, jandreieva7@gmail.com

Received 19 July 2024
 Accepted 15 October 2024
 Published 06 November 2024

Citation
 Andreieva Y and Buryachenko K (2024) Qualitative analysis of fourth-order hyperbolic equations. Front. Appl. Math. Stat. 10:1467199. doi: 10.3389/fams.2024.1467199



We investigate the qualitative properties of weak solutions to the boundary value problems for fourth-order linear hyperbolic equations with constant coefficients in a plane bounded domain convex with respect to characteristics. Our main scope is to prove some analog of the maximum principle, solvability, uniqueness and regularity results for weak solutions of initial and boundary value problems in the space L2. The main novelty of this paper is to establish some analog of the maximum principle for fourth-order hyperbolic equations. This question is very important due to natural physical interpretation and helps to establish the qualitative properties for solutions (uniqueness and existence results for weak solutions). The challenge to prove the maximum principle for weak solutions remains more complicated and at that time becomes more interesting in the case of fourth-order hyperbolic equations, especially, in the case of non-classical boundary value problems with data of weak regularity. Unlike second-order equations, qualitative analysis of solutions to fourth-order equations is not a trivial problem, since not only a solution is involved in boundary or initial conditions, but also its high- order derivatives. Other difficulty concerns the concept of weak solution of the boundary value problems with L2 – data. Such solutions do not have usual traces, thus, we have to use a special notion for traces to poss correctly the boundary value problems. This notion is traces associated with operator L or L-traces. We also derive an interesting interpretation (as periodicity of characteristic billiard or the John's mapping) of the Fredholm's property violation. Finally, we discuss some potential challenges in applying the results and proposed methods.
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1 Introduction

This study is devoted to the problem of proving some analog of maximum principle and its further application to the questions of uniqueness, existence, and regularity for weak solutions of the Goursat, the Cauchy, and the Dirichlet problems for fourth-order linear hyperbolic equations with the constant coefficients and homogeneous non-degenerate symbol in a plane bounded domain Ω ∈ ℝ2 convex with respect to characteristics:

[image: image]

Here, coefficients aj, j = 0, 1, ..., 4 are constant, f(x) ∈ L2(Ω), [image: image] We consider hyperbolic equations that means all roots of the characteristic equation

[image: image]

are prime and real and are not equal to ±i or the symbol of Equation 1 is non-degenerate (Equation 1 is a equation of principal type). If roots of characteristics equation of which are multiple and can take the values ±i we will call the equation with degenerate symbol (see Buryachenko [7]).

The main novelty of this study is to establish some analog of the maximum principle for fourth-order hyperbolic equations. This question is very important due to natural physical interpretation and helps to establish the qualitative properties for solutions (uniqueness and existence results for weak solutions). It is well known that even for the simple case of hyperbolic equation (one dimensional wave equation [23]), [1] the maximum principle is quite different from those for elliptic and parabolic cases, for which it is a natural fact. Such a way a role of characteristics curves and surfaces becomes evident for hyperbolic equations.

We call the angle of characteristics slope solution to the equation −tanφj = λj, and the angle between j− and k− characteristics: φk − φj ≠ πl, l ∈ ℤ, where λj ≠ ±i are real and prime roots of the characteristics equation, j, k = 1, 2, 3, 4.

Most of these equations serve as mathematical models of many physical processes and attract interest of researchers. The most famous of them are elasticity beam equations (Timoshenko beam equations with and without internal damping) [9], short laser pulse equation [12], equations which describe the structures are subjected to moving loads, and equation of Euler-Bernoulli beam resting on two-parameter Pasternak foundation and subjected to a moving load or mass [11, 24].

Due to evident practice application, these models require more precise tools for study, and as a result, attract fundamental knowledge. As usual, most of these models are studied by analytical-numerical methods (Galerkin's methods).

The range of problems studied in this study belongs to a class of quite actual problems of well-posedness of so-called general boundary value problems for higher-order differential equations. These problems originated from the studies of L. Hormander and M. Vishik, who used the theory of extensions to prove the existence of well-posed boundary value problems for linear differential equations of arbitrary order with constant complex coefficients in a bounded domain with smooth boundary. This theory got its present-day development in the studies of G. Grubb [13], Hörmander [14], and Posilicano [22] (see also [16]). Later, the problem of well-posedness of boundary value problems for various types of second-order differential equations was studied by Burskii [2], Burskii and Zhedanov [3], who developed a method of traces associated with a differential operator and applied this method for study the Poncelet, the Abel, and the Goursat problems. In the previous studies of Burskii and Buryachenko [6], there have been developed the qualitative methods for studying the Cauchy problem and non-standard for hyperbolic equations the Dirichlet and the Neumann problems. Moreover, for equation of any even order 2m, m ≥ 2, using operator methods (L-traces, theory of extension, moment problem, method of duality equation domain, and others), the existence and uniqueness results were proved, and the criteria of non-trivial solvability of the Dirichlet and the Neumann problems in a disk for the principal type equations and equations with degenerate symbol were obtained [4, 8]. In particular, the interrelations between multiplicity of roots of the characteristic equation were established, and the existence of a non-trivial solution of the corresponding problems was proved. As a consequence, the Fredholm property for the problems under consideration was established.

As the concern maximum principle, at the present time there are not any results for fourth-order equations even in linear case. As it was mentioned above, maximum principle even for the simplest case of one dimensional wave equation [23] and for second-order telegraph equation [18–21] is quite different from those for elliptic and parabolic cases. In the monograph of Protter and Weinberger [23], there was shown that solutions of hyperbolic equations and inequalities do not exhibit the classical formulation of maximum principle. Even in the simplest case of the wave equation utt − uxx = 0, a maximum of a non-constant solution u = sinxsint in a rectangle domain {(x, t):x ∈ [0, π], t ∈ [0, π]} occurs at the interior point [image: image]. In Chapter 4 [23], maximum principle for linear second hyperbolic equations of general type with variable coefficients has also been obtained for the Cauchy problems and boundary value problems on characteristics (the Goursat problem).

Following Ortega and Robles-Perez [21], we introduce the definition of the maximum principle for hyperbolic equations.

Definition 1. [21] Let L be linear differential operator, acting on functions u : D → ℝ in some domain D. These functions will belong to the certain family B, which includes boundary conditions or other requirements. It is said that L satisfies the maximum principle, if

[image: image]

implies u ≥ 0 in D.

In further studies of these authors (see Mawhin et al. [18–20]), the maximum principle for weak bounded twice periodical solutions from the space L∞ for the telegraph equation with parameter λ in lower term, one-, two-, and -three dimensional spaces was studied. The precise condition for λ under which the maximum principle still valid was font. There was also introduced a method of upper and lower solutions associated with the non-linear equation, which allows to obtain the analogous results (uniqueness, existence, and regularity theorems) for the telegraph equations with external non-linear forcing.

Maximum principle for second-order quasilinear hyperbolic systems with dissipation was proved by De-Xing [17]. There were given two estimates for solution to the general quasilinear hyperbolic system and introduced the concept of dissipation (strong dissipation and weak dissipation); then, some maximum principles for secound-order quasilinear hyperbolic systems with dissipation were derived. As an application of maximum principle, the existence and uniqueness theorems of the global smooth solution to the Cauchy problem for considered quasilinear hyperbolic system were proved. In recent study by Yi and Ying [10], some analog of Equation 1 with lower order terms and non-linear external force was considered. Qualitative properties of solution of the Dirichlet problem with affine data for differential elasticity inclusion were proved by Ruland et al. [25].

The challenge to prove the maximum principle for weak solutions remains more complicated and at that time becomes more interesting in the case of fourth-order hyperbolic equations, especially, in the case of non-classical boundary value problems with data of weak regularity. Unlike second-order equations, qualitative analysis of solutions to fourth-order equations is not a trivial problem, since not only a solution is involved in boundary or initial conditions but also its high- order derivatives. Other difficulty concerns the concept of weak solution of the boundary value problems with L2 − data. Such solutions do not have usual traces; thus, we have to use a special notion for traces to poss correctly the boundary value problems. This notion is traces associated with operator L or L− traces. We derive an example (see Remark 1), which shows that for every L2- solution to the Dirichlet problem for the wave equation, its value u|∂K on the boundary ∂K does not exist, but its “improved” value −x1x2u|∂K on boundary ∂K exists. It means that multiplying by some polynomial we “improve” a solution. This polynomial depends on the equation. In the case of the wave operator [image: image], this polynomial equals x1x2, what is the symbol L(x) = x1x2 of the wave operator. Therefore, such “improved” traces are called the traces associated with operator L or simply the L−traces.

At that moment, there are not any results on the maximum principle even for the model case of linear two- dimensional fourth-order hyperbolic equations with constant coefficients and homogeneous symbol (without lower terms), which are under consideration of the present study.

We also derive an interesting interpretation (as periodicity of characteristic billiard or the John's mapping) of the Fredholm's property violation. For second-order hyperbolic equations, the fact that periodicity of the John's algorithm is sufficient for violation of the Fredholm property for the Dirichlet problem was proved by John [15] (for the wave equation) and Burskii and Zhedanov [3] (for general second-order hyperbolic equations with constant complex coefficients). Analogous result is true for fourth-order hyperbolic equations and will be proved in the present study.

Therefore, obtaining such results as the maximum principle, uniqueness, existence and regularity, kernel dimension, the Fredholm property for weak solutions to fourth-order hyperbolic equations and boundary value problems for them is very important for the reason of their further applications and is the main goal of the study.



2 Statement of the problem and auxiliary definitions

Let us start to establish the maximum principle for weak solutions to the Cauchy problem for Equation 1 in some admissible planar domain. It is expected that in the hyperbolic case, characteristics of the equations play a crucial role.

Let Cj, j = 1, 2, 3, 4 be characteristics, Γ0: = {x1 ∈ [a, b], x2 = 0} is initial line, and define Ω as a domain which is restricted by the characteristics Cj, j = 1, 2, 3, 4 and Γ0 by the following way. We choose some arbitrary point C and draw through this point two characteristics, C1 and C2, for instance. Another two characteristics (C3 and C4) we draw through the ends a and b of initial line Γ0. We determine a points O1 and O2 as intersections of C1, C3 and C2, C4 correspondingly: O1 = C1 ∩ C3, O2 = C2 ∩ C4. Such a way, domain Ω is a pentagon aO1CO2b. Consider also the Cauchy problem for Equation 1 on Γ0:

[image: image]

where φ, ψ, σ, and χ are given weak regular functions on Γ0, in general case [image: image] is outer normal of Γ0.

Definition 2. We call a domain D: = {(x1, x2): x1 ∈ (−∞, +∞), x2 > 0} in the half-plane x2 > 0 an admissible domain if it has the property that for each point C ∈ D the corresponding characteristic domain Ω is also in D. More generally, D is a admissible if it is the finite or countable union of characteristics 5 angles (in the case of fourth-order equations with constant coefficients, there exist four different and real characteristics lines).

Establishment of the maximum principle allows us to obtain a local properties of solution to the Cauchy problem (Equations 1, 2) on a arbitrary interior point C ∈ D.

We will consider a weak solution to the problem (Equations 1, 2) from the domain of definition D(L) of maximal operator associated with the differential operation L in Equation 1. Following Burskii and Buryachenko [6], Grubb [13], and Hörmander [14], we remind the corresponding definitions.

In a bounded domain Ω, we consider linear differential operation [image: image] of m−th order, m ≥ 2, and formally adjoint [image: image]:

[image: image]

where α = (α1, α2, ...αn), |α| = α1 + α2 + ... + αn is multi-index. Note, that for Equation 1 n = 2, m = 4.

Definition 3. Minimum operator. [6]. Let us consider differential operation [image: image] (Equation 3) on functions from the space [image: image] The minimum operator L0 is called extension of operation [image: image] from [image: image] to the set [image: image] The closure is realized in the norm of graph of operator L: [image: image]

Definition 4. Maximum operator. [6]. The maximum operator L is defined as the restriction of differential operation [image: image] to the set D(L): = {u ∈ L2(Ω):Lu ∈ L2(Ω)}.

Definition 5. [6]. The operator [image: image] is defined as the extension of minimum operator L0, to the set [image: image]

Definition 6. Regular operator. [6]. The maximum operator is called regular if [image: image]

It is easy to see that [image: image] [image: image] the Hilbert Sobolev space of fourthly weak differentiable functions from L2(Ω).

Analogously, we introduce operators [image: image] and [image: image] associated with the formally adjoint operation [image: image].

Definition of a weak solution to problem (Equations 1, 2) from the space D(L) is closely connected with the notion of L−traces, traces associated with the differential operator L.

Definition 7. L-traces. [5]. Assume, that for a function [image: image], there exist linear continuous functionals L(p)u over the space Hm−p−1/2(∂Ω), p = 0, 1, 2..., m − 1, such that the following equality is satisfied:

[image: image]

Functionals L(p)u are called L(p) − traces of function [image: image] Here, [image: image] is a scalar product in the Hilbert space L2(Ω).

For L2 − solutions, the notion of L(p) − traces can be realized by the following way.

Definition 8. Distributions [image: image] are called the p−th L−traces of a function u ∈ D(L) on ∂Ω, if the following identity is true

[image: image]

for any functions v ∈ Hm(Ω).

For example, for some solution u ∈ D(L), L−traces have the form:

[image: image]

for all v ∈ KerL+ ∩ Hm(Ω).

Finally, we present the definition of a weak solution to problem (Equations 1, 2):

Definition 9. We will call a function u ∈ D(L) a weak solution to the Cauchy problem (Equations 1, 2), if it satisfies to the following integral identity

[image: image]

for any functions [image: image] The functionals L(p)u are called L(p) − traces of function u, p = 0, 1, 2, 3, and completely determined by the initial data φ, ψ, σ, χ by the following way:

[image: image]

[image: image]

Here, αi, i = 1, 2, βj, j = 1, 2, ..., 5, and δk, k = 1, ..., 9 are smooth functions, completely determined by coefficients ai, i = 0, 1, ..., 4.

We can use a general form of operators γj in left-hand side of identity (Equation 6) instead of operators of differentiation [image: image]. Indeed, we define γj = pjγ, where

[image: image]

and [image: image] projection.

Remark 1. As it has been mentioned above, some examples show (see Burskii [2]) that for solutions u ∈ D(L) ordinary traces do not exist even in the sense of distributions. Indeed, let [image: image] in the unit disk K:|x| = 1, the solution [image: image] belongs to L2(K), but < u|∂K, 1 > ∂K = ∞, that means [image: image] The trace u|∂K does not exist even as a distribution. However, for every solution u ∈ L2(K) L(0) − trace [image: image] Likewise, L(1) − trace, L(1)u, exists for every u ∈ L2(K):

[image: image]

Here, τ is the angular coordinate and [image: image] is the tangential derivative, and L(x) = x1x2− symbol of the wave operator [image: image].



3 Maximum principle for weak solutions of the Cauchy problem. Existence, uniqueness, and regularity of solution

We prove the maximum principle for weak solutions of the Cauchy problem (Equations 1, 2) in an admissible plane domain Ω restricted by different and non-congruent characteristics Cj, j = 1, 2, ..., 4 and initial line Γ0.

Theorem 1. Maximum principle. Let u ∈ D(L) satisfies the following inequalities:

[image: image]

and

[image: image]

then, u ≤ 0 in D.

Proof. 1. First of all, we prove the statement for smooth solutions [image: image]

Due to the homogeneity of the symbol in Equation 1, [image: image] we can rewrite this equation in the following form:

[image: image]

The vectors [image: image] are determined by the coefficients ai, i = 0, 1, 2, 3, 4, and [image: image] is a scalar product in ℂ2. It is easy to see that vector aj is the tangent vector of the j−th characteristic, slope φj of which is determined by −tanφj = λj, j = 1, 2, 3, 4. In what follows, we also consider the vectors [image: image] It is obvious that (ãj, aj) = 0, so ãj is a normal vector of the j−th characteristic.

Using Definitions 7 and 9 (m = 4), we assume that domain Ω is restricted by the characteristics Cj, j = 1, 2, 3, 4 and Γ0:

[image: image]

Using representation (Equation 10), we have

[image: image]

Integrating by parts, we obtain:

[image: image]

Since (∇, a4)(∇, a3)(∇, a2)(∇, a1)v = L+v and

[image: image]

we have

[image: image]

Difference between Equations 11, 12 is that natural traces in Equation 11 L(3−k) are multiplied by the k−th derivative of truncated function [image: image] by outer normal ν. On the other hand, we determined by [image: image] in Equation 12 some expressions multiplied by differential operators [image: image] which can serve as analogous of natural L(3−k) traces, k = 0, 1, 2, 3. So, in Equation 12:

[image: image]

Let v ∈ KerL+ in Equation 12, and calculate L− traces on ∂Ω = C1 ∪ C2 ∪ C3 ∪ C4 ∪ Γ0. For instance, for L(3)u we obtain: [image: image] We use [image: image] where ν− normal vector and τ− tangent vector. It is easy to see that L(3)u = 0 (due to presence the product (ν, a1)) on characteristic C1, normal vector ã1 of which is orthogonal to the vector a1. On the other parts of ∂Ω, there will be vanish terms containing (ν, aj) on Cj. After that

[image: image]

Here, the coefficients αi,j are numerated as follows: the first index i indicates the derivative of u: 1)uνντ, 2)uνττ, 3)uτττ, 4)uνν, 5)uντ, 6)uττ, 7)uν 8)uτ, the second index j indicates the j + 1−th characteristic, j = 1, 2, 3. Such a way, Equation 11 has the form:

[image: image]

Coefficients αi,j are constant and depend on only coefficients a0, a1, a2, a3, a4. By analogous way, we calculate others L− traces: L(0)u, L(1)u and L(2)u.

To obtain the statement of Theorem 1, we choose some arbitrary point C ∈ D in admissible plane domain D and draw through this point two arbitrary characteristics, C1 and C2. Another two characteristics (C3 and C4) we draw through the ends a and b of initial line Γ0. We determine some points O1 and O2 as intersections of C1, C3 and C2, C4 correspondingly: O1 = C1 ∩ C3, O2 = C2 ∩ C4. Such a way, domain Ω is a pentagon aO1CO2b. The value of a function u at the point C ∈ D, u(C) we estimate from the last equality, integrating by the characteristics C1 and C2 and using conditions (Equations 2, 7–9). Since a chosen point C ∈ D is arbitrary, we arrive at u ≤ 0 in D.

2. For solutions u ∈ D(L), the statement of the theorem follows from the conditions:

[image: image]

and

[image: image]

These conditions hold true for operators with constant coefficients in domains convex with respect to characteristics (see Hörmander [14]).

Theorem 1 is proved.

Remark 2. The weak form of the maximum principle for u ∈ L2(Ω) can be derived not only for solutions of the Cauchy problem (Equation 2) but also for all linear problems with constant coefficients Lu = F ∈ L2(Ω) under condition [image: image]

Indeed, using conditions (Equations 8, 9) and definition 9, we obtain

[image: image]

for all v ∈ Hm(Ω). If [image: image] then

[image: image]

for any w ∈ L2(Ω). The last inequality serves as a weak maximum principle for L2 − solutions.

Remark 3. In the case of classical solutions of the Cauchy problem for second-order hyperbolic equations of general form with constant coefficients, the statement of Theorem 1 coincides with the result of Protter and Weinberger [23]. In this case, conditions (Equation 9) have usual form without using the notion of L−traces (see Protter and Weinberger [23]):

[image: image]



4 Method of equation-domain duality and its application to the Goursat problem

We develop the method of equation-domain duality (see also Burskii and Buryachenko [6] and Burskii [2]) for study of the Goursat problem. This method allows us to reduce the Cauchy problem (Equation 1, 2) in bounded domain Ω to the equivalent Goursat boundary value problem. We will show that the method of equation-domain duality can be applied also to boundary value problems in the generalized statement. First of all, we consider the method of equation-domain duality for the case of classical (smooth) solutions.


4.1 Method of equation-domain duality for the case of classical (smooth) solutions

Let Ω ∈ ℝn be a bounded domain defined by the inequality P(x) > 0, where P(x) is some real polynomial. The equation P(x) = 0 denotes the boundary ∂Ω. It is assumed that the boundary is non-degenerate for P, that is, |∇P| ≠ 0 on ∂Ω. Consider general boundary value problem with γ conditions on ∂Ω for m− order differential operator L (Equation 13), γ ≤ m:

[image: image]

By the equation-domain duality, we mean (see Burskii and Buryachenko [6]) a correspondence (in the sense of Fourier transform) between problem (Equation 13) and equation

[image: image]

This correspondence is described by the following lemma.

Lemma 1. For any non-trivial solution of problem (Equation 13) in the space of smooth functions [image: image], there exists a non-trivial analytic solution w of Equation 14 from the space ℂn in a class [image: image] of entire functions. The class [image: image] is defined as the space of Fourier transforms of functions θΩη, where η ∈ Cm(ℝn), θΩ is the characteristic function of domain Ω, [image: image] The function f(x) is assumed to be extended by zero beyond the boundary.

Proof. Let m = 4, γ = 2, and consider the following Dirichlet problem for fourth-order operator in Equation 1:

[image: image]

Let also [image: image] be a classical solution to problem (Equation 15). Denote by ũ ∈ C4(ℝ2) the extension of u, and apply fourth-order operator L(Dx) in Equation 1 to the product ũθΩ, where θΩ is a characteristic function of domain Ω: θΩ = 1 in Ω, θΩ = 0 out of Ω. We have:

[image: image]

Here, [image: image] [image: image] are some differential operations of third and second order correspondingly, defined by fourth-order differential operator L(Dx) in Equation 1:

[image: image]

Since ũ is a solution of Equation 1, we obtain

[image: image]

where A(j)(x) are some smooth functions depending on coefficients ak, k = 1, ..., 4 and j− derivatives of function u by outer normal ν: [image: image] and tangent direction τ: [image: image] Taking into account conditions (Equation 15), [image: image] we have [image: image], and [image: image] From Equation 16, we obtain

[image: image]

where B(3)(x) = Ã(3)(x)+A(3)(x) is some smooth function depending on coefficients ak, k = 1, ..., 4 and third derivatives of function u by outer normal ν: [image: image] and tangent direction τ: [image: image]

Let us multiply (Equation 17) by P2(x): [image: image], due to P(x) = 0 on ∂Ω. We apply the Fourier transform:

[image: image]

Here, [image: image] is the Fourier transform of function ũθΩ. Such a way we have the dual problem (Equation 14). Function [image: image] the space of entire functions (see, for instance, the Paley-Wiener theorem in Hörmander [14]). Lemma is proved.

As an application of Lemma 1, let us consider the Dirichlet problem for fourth-order hyperbolic Equation 1 in the unit disk K = {x ∈ ℝ2:|x| < 1}:

[image: image]

For case m = 4, γ = 2, m−γ = 2 we have the following dual problem:

[image: image]

v = L(ξ)w(ξ). Taking into account representation (Equation 10), condition w|L(ξ) = 0 = 0 is equivalent to the following four conditions:

[image: image]

Since (ξ, aj) = 0 is a characteristic, j = 1, 2, ..., 4 we conclude that problem (Equation 19) is the Goursat problem. The method of equation-domain duality allows us to reduce the problem of solvability of a boundary value problem for high-order equations (particularly, hyperbolic type) to the equivalent problem for some equation of less complicated structure and of lower order (in particular, for elliptic type equation, see Equation 19). Thus, the Dirichlet problem for fourth-order hyperbolic equation in a unit disk described by second-order curve [image: image] is equivalent to the Goursat problem for second-order equation P(Dx)u = 0. Because the curve P(x) = 0 is elliptic, we reduced the Dirichlet problem for fourth-order hyperbolic equation to the Goursat problem for second-order elliptic equations P(Dx)u = 0, which are well studied.



4.2 Method of equation-domain duality for the case of weak solutions and solutions from D(L)

We prove the analog of Lemma 1 for solutions u ∈ D(L). For any function u ∈ Hm(Ω), m ≥ 4, L(p)u− traces can be expressed by the following way (it follows from Definition 8 and Equation 7): [image: image] For p = 0, L(0)− trace, L(0)u = u|∂Ω coincides with usual trace.

For u ∈ D(L), we consider the following boundary value problem

[image: image]

For the Dirichlet problem (Equation 15) and u ∈ D(L), we have

[image: image]

The principle of equation-domain duality for solutions u ∈ D(L) is assumed as the correspondence (in the sense of Fourier transform) between problem (Equations 21) and Equation 14, which is realized by the following statement. This statement (Lemma 2) is analog of Lemma 1 for u ∈ D(L).

Lemma 2. For any non-trivial solution of problem (Equation 21) in the space D(L), there exists a non-trivial analytic solution w of Equation 14 from the space ℂn in a class ZΩ of entire functions. The class ZΩ is defined as the space of Fourier transforms of functions from the set [image: image] [image: image] The function f(x) is assumed to be extended by zero beyond the boundary.

The proof follows from Definition 9. Let us substitute the function v(x) = Pm−γ(x)ei(x,ãj) ∈ ker(L+), j = 1, ..., 4, into equality (Equation 6). Function [image: image] the space of entire functions (see, for instance, the Paley-Wiener theorem in Hörmander [14]).




5 Connection between the Cauchy and the Dirichlet problems. Existence and uniqueness of solutions for hyperbolic equations

The main result of this section is the following existence and uniqueness theorem of the Cauchy problem (Equations 1, 2).

Theorem 2. Let us assume that there exist four functions [image: image] satisfying the conditions

[image: image]

for any polynomial Q ∈ C[z] ∈ KerL+, Q(−ãj · x), j = 1, 2, 3, 4.

Then, there exists a unique solution u ∈ D(L) to the Cauchy problem (Equations 1, 2), whose L− traces are the given functions L3, L2, L1, L0: Lj = L(j)− trace, j = 0, 1, 2, 3, which are determined by Equation 7.

Proof. At first, we prove existence of solution u ∈ D(L) to the Cauchy problem (Equations 1, 2).

Let us consider the auxiliary Dirichlet problem for the properly elliptic eight-order operator Δ4 with the given boundary conditions φ, ψ, σ, χ:

[image: image]

It is well known that solution of problem (Equation 24) exists and belongs to the space Hm(Ω), m ≥ 4. We find some solution u to the Cauchy problem in the following form

[image: image]

where v is a solution of the following problem with null boundary data:

[image: image]

Since all L−traces of a function v are zero and operator L is regular, we conclude that v ∈ D(L0) and prove resolvability of the operator equation with minimum operator L0(Dx):

[image: image]

in the space D(L0).

For resolvability of operator Equation 27 with minimum operator L0(Dx), it is necessary and sufficiently that right-hand part satisfies the following Fredholm condition

[image: image]

for any Q ∈ KerL+.

We use Equation 4 for the case of function ω and fourth-order operator (m = 4), and taking into account boundary conditions (Equation 24), which mean that the functions L0, L1, L2, L3 are L− traces for a function ω, conditions (Equation 23), we arrive at Equation 28 for any Q ∈ KerL+. As consequences, we prove resolvability of Equation 27 in D(L0). Such a way, taking into account representation (Equation 25), we arrive at the conclusion on existence for a solution u ∈ D(L).

Solution uniqueness follows from established above the maximum principle for solutions of the Cauchy problem. Theorem is proved.

Remark 4. For given boundary data [image: image] f ∈ Hm−4(Ω), m ≥ 4, and for elliptic Equation 1, solution u ∈ Hm(Ω), m ≥ 4 (see Buryachenko [5]). For hyperbolic equations, it is not true because symbol L(ξ) has four real roots. Using the Fourier transform and Lemma 2, we arrive at regularity decreasing.

Remark 5. The problem of resolvability the Cauchy problem (Equations 1, 2) is reduced to the integral moment problem (Equation 23).


5.1 The Dirichlet problem

In some bounded domain Ω ∈ ℝ2 with elliptic boundary ∂Ω = {x:P(x) = 0}, we consider the following Dirichlet problem for fourth-order hyperbolic Equation 1:

[image: image]

Connection between the Dirichlet problem (Equations 1, 29) and the corresponding Cauchy problem is assumed by the following way. Let there exists some solution u* ∈ D(L) of the Dirichlet problem (Equations 1, 29), then we can construct [image: image]traces (functions L3, L2, L1, L0 from Theorem 2), which are satisfied condition (Equation 23). From Theorem 2, it means that the Cauchy problem is solvable in D(L). To prove solvability of the Dirichlet problem (Equations 1, 29) in D(L), we have to show that there exist functions [image: image] which are uniquely determined by L(0), L(1)− traces of the Dirichlet problem (Equation 29). Such a way we arrive at the following inhomogeneous moment problem:

[image: image]

for any polynomial Q ∈ C[z] ∈ KerL+, Q(−ãj · x), j = 1, 2, 3, 4. Thus, solvability of the Dirichlet problem (Equation 29) in D(L) reduces to solvability of moment problem (Equation 30).

Theorem 3. For solvability of the Dirichlet problem (Equations 1, 29) in D(L), it is necessary and sufficiently that there exists some solution [image: image] of moment problem (Equation 30). Then [image: image] trace, and [image: image] trace.

Remark 6. The exact formulas for evaluation of a couple of functions [image: image] via known L(0), L(1)− traces can be found for particular cases of domain Ω. For example, the case of unit disk was considered in Buryachenko [5].




6 Role of characteristic billiard for the Fredholm property

In this section, we consider the case of Fredholm property violation. In Burskii and Buryachenko [6], the Fredholm property violation for the Dirichlet problem in Cm(Ω), m ≥ 4 was proved. Taking into account Lemma 2, we arrive at the analogous result in the L2(Ω).

Theorem 4. The homogeneous Dirichlet problem (Equation 1)0, (Equation 29)0 has a non-trivial solution in L2(Ω) if and only if

[image: image]

with some pjk, q ∈ ℤ, j, k = 1, 2, 3, 4. Under conditions (Equation 31), there exists a countable set of linearly independent polynomial solutions in the form:

[image: image]

Here, [image: image] are Chebyshev's polynomials, and [image: image]

The necessity of condition (Equation 31) follows from the equation-domain duality (in the case of unit disk), see Lemma 2; sufficiency is proved by construction of non-trivial polynomial solutions (Equation 32). It is remarkable by the fact that Theorem 4 is true for all types of operator L. Here, we discuss conditions (Equation 31) for hyperbolic equations, in which these conditions mean the periodicity of characteristics billiard or the John's mapping.


6.1 Characteristic billiard

For domain Ω, which is convex with respect to the characteristics, we construct the mappings Tj, j = 1, ..., 4 for fourth-order hyperbolic equations by the following way.

Let Mj be some point on ∂Ω. Passing through a point Mj j−th characteristic, we obtain a point Mj+1 ∈ ∂Ω. Such a way, Tj is a mapping, which transforms Mj into Mj+1 on the j−characteristic direction with angle of slope φj, j = 1, 2, 3, 4. We apply the mapping T1 for a point M0 ∈ ∂Ω and obtain a point M1. After that, we apply the mapping T2 for a point M1 and obtain a point M2. We transform M2 into M3 on direction of characteristic, in which angle of slope equals φ3, and, finally, we transform M3 into M4 on direction of the fourth characteristic (Figure 2). Denoted by T = T4 ∘ T3 ∘ T2 ∘ T1 : M0 ∈ ∂Ω → M4 ∈ ∂Ω, T is called the John's mapping. Characteristic billiard is understood as a discrete dynamical system on ∂Ω, that is, an action of group ℤ.

See Figures 1, 2 for second (wave equation) and fourth-order equations correspondingly.


[image: Figure 1]
FIGURE 1
 Characteristic billiard or the John's mapping for the wave equation [image: image] on a disk. Period n = 2 [15].



[image: Figure 2]
FIGURE 2
 Characteristic billiard for fourth-order equation on a disk with equal angles between characteristics, [image: image], which are π−rational, and the result of Theorem 4 holds true. Period n = 2.


Some point M ∈ ∂Ω is called a periodic point, if there exists some n ∈ ℕ such that Tn(M) = M. Minimal n, for which condition Tn(M) = M holds, is called the period of a point M. For second-order hyperbolic equations, there was proved [3] that periodicity of the John's algorithm is sufficient for violation of the Fredholm property of the Dirichlet problem. Analogous result is true for fourth-order hyperbolic Equation 1. Let us consider domain Ω = K− unit disk in ℝ2.

Let us show that conditions (Equation 31) are necessary and sufficient for periodicity of the John's algorithm. It is clear that

[image: image]

where τ is angular parameter of a point M ∈ K. From Equation 33, it follows

[image: image]

for any m ∈ ℤ. Under conditions (Equation 31), any point M ∈ K is periodical; thus, the John's algorithm is periodical. If now mapping T is periodical for some n ∈ ℕ, then φ4 − φ3 + φ2 − φ1 ∈ πℚ, which implies that conditions (Equation 31) are satisfied.

Such a way we arrive at the following statement.

Theorem 5. The periodicity of characteristic billiard on the unit disk is necessary and sufficient for violation of the Fredholm property of the Dirichlet problem (Equation 1)0, (Equation 29)0 in L2(K). Its kernel consists of countable set of linearly independent polynomial solutions (Equation 31).




7 Discussion

In this section, we discuss some potential challenges in applying the results and proposed methods.

The first challenge concerns the presence of some lower terms in many hyperbolic models, for which our results can be applied.

For example, a model of Timoshenko beam with and without internal damping has the form

[image: image]

Here, u is a deflection of beam due to bending only, G is a modulus of rigidity, A is a constant, cross-sectional area of beam, ρ− mass density of a beam material, E− modulus of elasticity, I- moment of inertia of a beam cross-section with respect to the neutral axis of bending, k- constant, depends on the shape of the cross-section of a beam. Qualitative analysis for initial and boundary value problems is possible via application of maximum principle. For this reason, we need to have an analog of Theorem 1 for fourth-order equations, containing second-order lower terms.

The same situation appears in the case of studying the boundary value problems for fourth-order hyperbolic equation which is connected with response of semi-space to a short laser pulse and belongs to generalized thermoelasticity [12]. The model equation of this process contains third -order lower term and has the form:

[image: image]

where [image: image] and ε are constants, [image: image], f(x, t) is a given function.

Another application of obtained results concerns the cases of non-linear external forces. A lot of models involve external sources f depending on u:f(u), which make the equation under consideration quasilinear. Due to similar principal part, our methods are still applied because L− traces are not changed:

[image: image]

Here, the operator L is the same as in Equation 1.
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We study the copolynomials, i.e., K-linear mappings from the ring of polynomials K[x] into the commutative ring K. With the help of the Cauchy–Stieltjes transform of a copolynomial, we introduce and examine a multiplication of copolynomials. We investigate the Cauchy problem related to the nonlinear partial differential equation [image: image] in the ring of copolynomials. To find a solution, we use the series of powers of the δ-function. As examples, we consider the Cauchy problem with the Euler–Hopf equation [image: image], for a Hamilton–Jacobi type equation [image: image], and for the Harry Dym equation [image: image].
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1 Introduction

The first, second, and third order equations play an important role in the theory of nonlinear partial differential equations. A significant portion of classical nonlinear differential equations is dedicated to these classes (see, for example, [1–5]). In this paper, we examine a purely algebraic approach to study the special Cauchy problem with the following evolution equation:

[image: image]

[image: image]

We study this Cauchy problem in the module K[x]′ of the K-linear functionals on the ring of polynomials K[x], where K is an arbitrary commutative integral domain with identity and a, u0 ∈ K. We consider the module K[x]′ as an algebraic analog of space of distributions (see [6, 7]), where linear partial differential equations in the module K[x]′ were studied). In this paper, the elements of the module K[x]′ are called copolynomials (see Section 2). A copolynomial δ(x) is defined in the usual way: (δ, p) = p(0), p ∈ K[x]. A multiplication operation for copolynomials plays an important role for us. We define the product of copolynomials using the Cauchy–Stieltjes transform (see Section 3). We take note of several non-equivalent constructions of a multiplication that are considered in classical theories of distributions. For example, in the Colombeau theory [8, 9], the square of the δ-function is well-defined, but in some other theories it is not defined (see, for example, Antosik et al. [10]; Section 12.5).

In Section 4, we prove the existence and uniqueness theorem for the Cauchy problem (1.1), (1.2), and establish a representation of the solution in the form of the series in powers of the δ-function (Theorem 4.1). As examples, we consider the Cauchy problem for the Euler–Hopf equation [image: image], for the Hamilton–Jacobi type equation [image: image], and for the Harry Dym equation [image: image]. In some of these examples, an interesting connection between classical nonlinear partial differential equations and well-known integer sequences is discovered (see examples 4.1, 4.2, and 4.4, where the Euler–Hopf equation, the Hamilton–Jacobi equation, and the Harry Dym equation are studied, respectively). Note that we restrict our consideration of equations of type (1.1) to those of the order no higher than three for two reasons. First, the representation in the proof of Theorem 4.1 generally becomes more cumbersome. Second, we are unaware of any classical examples of nonlinear equations of type (1.1) of order higher than three (see [3, 5]).

Linear functionals in the space of polynomials were extensively studied from different points of views in algebra, combinatorics, and the theory of orthogonal polynomials (cf., for example, [11–13]). In a classical case of (K = ℝ or K = ℂ), series with respect to derivatives of the δ-function are intensively studied because of their applications to differential and functional-differential equations and the theory of orthogonal polynomials [13]. Formal power series solutions of nonlinear partial differential equations were examined in a number of studies (cf., for example, [14–16]).



2 Preliminary

Let K be an arbitrary commutative integral domain with identity, and let K[x] be a ring of polynomials with coefficients in K.

Definition 2.1. By a copolynomial over the ring K, we mean a K-linear functional defined on the ring K[x], i.e., a homomorphism occurring from the module K[x] to the ring K.

We denote the module of copolynomials over K by K[x]′. Thus, T ∈ K[x]′ if and only if T:K[x] → K and T has the property of K-linearity: T(ap + bq) = aT(p) + bT(q) for all p, q ∈ K[x] and a, b ∈ K. If T ∈ K[x]′ and p ∈ K[x], are for the value of T on p, we use the notation (T, p). We also write the copolynomial T ∈ K[x]′ in the form T(x), where x is regarded as the argument of polynomials p(x) ∈ K[x] and is subjected to the action of the K-linear mapping T. In this case, the result of action of T upon p can be represented in the form (T(x), p(x)).

Let [image: image]. For any x ∈ K, we consider the polynomial p(x + h) ∈ K[h]:

[image: image]

where pn(x) ∈ K. Since, in the case of a field with zero characteristic, [image: image], we also assume that by definition [image: image] is also true for any commutative ring K. For n > m, we assume that [image: image].

Definition 2.2. The derivative T′ of a copolynomial T ∈ K[x]′, as in the classical case, is given in the formula

[image: image]

By using this result, we arrive at the following expression for the nth order derivative:

[image: image]

Hence,

[image: image]

By virtue of the equality

[image: image]

the copolynomials [image: image] are well defined for any T ∈ K[x]′ and n ∈ ℕ .

Example 2.1. The copolynomial δ-function is given in the formula

[image: image]

For the copolynomial δ-function, we find its derivative of the nth order as follows:

[image: image]

Example 2.2. Let K = ℝ and let f : ℝ → ℝ be a Lebesgue-integrable function such that

[image: image]

Then, f generates the regular copolynomial Tf:

[image: image]

Note that, in this case, unlike the classical theory, all copolynomials are regular ([13], Theorem 7.3.4), although a nonzero function f can generate the zero copolynomial {([17], Remark 1), ([18], Example 2.2)}. We present an example of a function that satisfies the property (2.2) and generates the δ-function.

It is known that for any ε > 0 there exists an even function [image: image] such that φε(x) = 1 for any x ∈ (−ε; ε) [19]. Then, φε(0) = 1 and [image: image] and k ∈ ℕ. The inverse Fourier transform

[image: image]

is an element of the Schwarz space S(ℝ). Then, φε(λ) is the Fourier transform of fε(x):

[image: image]

and

[image: image]

i.e., fε(x) generates the copolynomial δ-function for any ε > 0.

We now consider the issue of convergence in the space K[x]′. In the ring K, we consider the discrete topology. Further, in the module of copolynomials K[x]′, we consider the topology of pointwise convergence. The convergence of a sequence [image: image] to T in K[x]′ means that for every polynomial p ∈ K[x], there exists a number n0 ∈ ℕ such that

[image: image]

By the definition of convergence in the module K[x]′, we arrive at the following statement [6].

Theorem 2.1. Let [image: image] be a sequence of elements from K and let T ∈ K[x]′. Then, the series [image: image] converges in K[x]′.

The following assertion [6] shows the possibility of an expansion of an arbitrary formal generalized function in a series in the system [image: image] {see also ([12], Proposition 2.3) in the case K = ℂ}.

Lemma 2.1. Let T ∈ K[x]′. Then,

[image: image]



3 Multiplication of copolynomials


3.1 The Cauchy–Stieltjes transform

Let [image: image] be the module of formal Laurent series with coefficients in K. For [image: image] and [image: image], we naturally define the formal residue:

[image: image]

Definition 3.1. Let T ∈ K[x]′. Consider the following formal Laurent series from the ring [image: image]:

[image: image]

The Laurent series C(T)(s) will be called the Cauchy–Stieltjes transform of a copolynomial T.

We may write informally as follows: [image: image]. Obviously, that the mapping [image: image] is an isomorphism of K-modules.

Proposition 3.1. (The inversion formula). Let T ∈ K[x]′ and p ∈ K[x]. Then,

[image: image]

Proof. It is sufficient to consider the case p(x) = xn for some n ∈ ℕ0. We have

[image: image]

Therefore, Res(C(T)(s)sn) = (T, xn).

Example 3.1. For the copolynomial δ-function, we have

[image: image]

The following proposition shows that in some sense the differentiating commutes with the Cauchy–Stieltjes transform.

Proposition 3.2. For any T ∈ K[x]′, the equality

[image: image]

holds valid.

Proof. It is sufficient to consider the case n = 1, so that

[image: image]



3.2 Multiplication of copolynomials and its properties

The Cauchy–Stieltjes transform and Proposition 3.2 allow to introduce the multiplication operation on the module of copolynomials such that this operation is consistent with the differentiation.

Definition 3.2. Let [image: image], i.e., T1, T2 are copolynomials. Define their product by the following equality:

[image: image]

i.e.,

[image: image]

where [image: image] is a Cauchy–Stieltjes transform.

In the following lemma, the action of the product of copolynomials on monomials is expressed through the action of multipliers on monomials.

Lemma 3.1. Let [image: image] and n ∈ ℕ0. Then,

[image: image]

Proof. By Equation 3.2, we have

[image: image]

Applying the inversion formula to the both part of this equality (see Proposition 3.1), we obtain (3.3).

Remark 3.1. Definition 3.2 means that the module of copolynomials K[x]′ with the introduced product is a associative commutative ring, which isomorphic to the ring of formal Laurent series [image: image] with a natural product operation. In particular, the ring of copolynomials is an integral domain and this is a ring without identity.

Example 3.2. Let n = 1. With the help of Proposition 3.2, we find the square of δ-function:

[image: image]

i.e.,

[image: image]

Moreover, by Equations 2.1, 3.1, we have

[image: image]

so that

[image: image]

and therefore,

[image: image]

Hence, by Theorem 2.1 and (3.4), the series

[image: image]

converges for any uk ∈ K.

Remark 3.2. By Lemma 2.1 and (3.4) for any copolynomial T ∈ K[x]′, the expansion in powers of the δ-function holds:

[image: image]

Remark 3.3. The equalities (3.1) and (3.4) show that in a certain sense δ(x) and [image: image] are related (see also [1], p. 79).




4 Main results and examples


4.1 Formal power series over the ring of copolynomials

The ring of formal power series in the form [image: image] with coefficients [image: image] will be denoted by K[x]′[[t]]. In this subsection, we remind several notations from Gefter and Piven' [6].

The partial derivative with respect to t of the series u(t, x) ∈ K[x]′[[t]] is defined by the formula

[image: image]

The partial derivative [image: image] of the series u(t, x) ∈ K[x]′[[t]] is defined as follows:

[image: image]

By (u(t, x), p(x)), we denote the action of u(t, x) ∈ K[x]′[[t]] on p(x) ∈ K[x], which is defined coefficient-wise.

[image: image]

Thus, (u(t, x), p(x)) ∈ K[[t]].



4.2 Existence and uniqueness theorem

Let a, u0 ∈ K and let mj ∈ ℕ0 (j = 0, 1, 2, 3), [image: image]. Consider the Cauchy problem (1.1), (1.2) in the ring K[x]′[[t]]. We prove the following existence and uniqueness theorem for this Cauchy problem.

Theorem 4.1. Let K ⊃ ℚ. Then, the Cauchy problem (1.1), (1.2) has a unique solution in K[x]′[[t]]. This solution is in the form

[image: image]

where uk ∈ K and [image: image]. Moreover, for every t ∈ K, this series converges in the topology of K[x]′.

Proof. We will find the solution of the Cauchy problem (1.1), (1.2) in the form (4.1). Differentiating (4.1) on x and t and taking into account (3.5), we have

[image: image]

Then,

[image: image]

where α, β, γ, σ are multi-indexes, α = (α1, ..., αm0), β = (β1, ..., βm1), γ = (γ1, ..., γm2), σ = (σ1, ..., σm3). Therefore,

[image: image]

where τ = (τ0, τ1, τ2, τ3). Equating coefficients at δnk+n+1tk in right-hand sides of (4.2) and (4.3), we obtain

[image: image]

Since K ⊃ ℚ, we obtain that for any k ∈ ℕ0 the element uk+1 is uniquely expressed through u0, ..., uk. Now, if t ∈ K, then by Equation 3.4

[image: image]

so that the convergence of the series (4.1) follows from Theorem 2.1. Now, we prove the uniqueness of the solution of the Cauchy problem (1.1), (1.2) in the ring K[x]′[[t]]. We will find a solution of the Cauchy problem (1.1), (1.2) in the form

[image: image]

where [image: image]. Then, by the initial condition (1.2), we have v0(x) = u0δ(x). Substitute u(t, x) into Equation 1.1 and equate coefficients of tk. Then, there exist polynomials pk ∈ K[z1, ..., z4(k+1)] (k = 0, 1, 2, ...) such that

[image: image]

Since the ring K contains the field of rational numbers, from this we uniquely find uk(x), k ∈ ℕ:

[image: image]

The proof is complete.



4.3 Examples

We consider some examples of classical equations that illustrate Theorem 4.1. In what follows, we suppose that K is of characteristic 0 ([20], Section 1.43). We denote by F the quotient field of K. Obviously, K ⊃ ℤ and F ⊃ ℚ.

Example 4.1. Let u0 ∈ K. In K[x]′[[t]], consider the following Cauchy problem for the Euler–Hopf equation:

[image: image]

[image: image]

By Theorem 4.1, the Cauchy problem (4.4), (4.5) has a unique solution in F[x]′[[t]] and this solution can be represented in the form (4.1) of n = 2:

[image: image]

where uk ∈ F. Substituting (4.6) into (4.4), we obtain (see Proof of Theorem 4.1):

[image: image]

Equating coefficients at δ2k+3tk in (4.7), we have

[image: image]

Since

[image: image]

the equality (4.8) implies

[image: image]

Since K is of characteristic 0, the equality (4.9) is reduced to the following recurrence equation:

[image: image]

If u0 = 1, then the solution of (4.10) is uk = Ck, where [image: image] is the sequence of the Catalan numbers ([21], Section 7.5). Generally, the solution of (4.10) is in the form [image: image], so that

[image: image]

(see Equation 3.4). Since u(t, x) ∈ K[x]′[[t]], it is a unique solution of the Cauchy problem (4.4), (4.5) in the ring K[x]′[[t]].

Remark 4.1. Note that for any t ∈ K, the series (4.11) converges in the topology of K[x]′. The Cauchy–Stieltjes transform of (4.11) is the following Laurent series [image: image]. If K = ℝ, then this series is an expansion of the function [image: image] in the domain [image: image]. The function w(t, x) is a classical solution of the Euler–Hopf equation (4.4) in the domain D.

Example 4.2. Let u0 ∈ K. In K[x]′[[t]], consider the following Cauchy problem for a Hamilton–Jacobi type equation ([5], Section 24.1.6):

[image: image]

[image: image]

By Theorem 4.1, the Cauchy problem (4.12), (4.13) has a unique solution in F[x]′[[t]] and this solution can be represented in the form (4.1) for n = 3:

[image: image]

where uk ∈ F. Substituting (4.14) into (4.4), we obtain (see Proof of Theorem 4.1):

[image: image]

Equating coefficients at δ3k+4tk in Equation 4.15, we have

[image: image]

We prove that [image: image] is a solution of the recurrence Equation 4.16 with the initial condition u0 = 1, where [image: image] are the Fuss–Catalan numbers {[21], Section 7.5, Formula (7.67)}.

Consider the following combinatorial identity that was proved in Gould [22]:

[image: image]

Since

[image: image]

the equality (4.17) can be written in the form

[image: image]

Since

[image: image]

after the multiplication (4.18) by 2k, we have

[image: image]

i.e., yk satisfy (4.16). Since [image: image] is the number of inequivalent rooted maps of some vertices {[23], p.409, Section 5 and Formula (5.7)}, we have yk ∈ ℤ (see also the integer sequence A000309 in Sloane [24]). Therefore, if u0 = 1, then uk = yk ∈ ℤ.

Now, we consider an arbitrary u0 ∈ K. Multiplying the equality

[image: image]

by [image: image], we obtain

[image: image]

Therefore, for any u0 ∈ K, the sequence [image: image] satisfies Equation 4.16. Hence, Equation 4.14 defines the unique solution to the Cauchy problem (4.12), (4.13) in K[x]′[[t]].

Example 4.3. Let b, u0 ∈ K. Consider the following Cauchy problem for the heat equation in K[x]′[[t]]

[image: image]

[image: image]

By Theorem 4.1, the Cauchy problem (4.19), (4.20) has a unique solution in F[x]′[[t]] and this solution can be represented in the form (4.1) for n = 2:

[image: image]

where uk ∈ F. Substituting (4.21) into (4.19), we obtain (see Proof of Theorem 4.1):

[image: image]

Equating coefficients at δ3k+4tk in Equation 4.22, we have

[image: image]

Since K is of characteristic 0, this implies the following difference equation

[image: image]

which, for any given u0 ∈ K, has the unique solution [image: image], where (−1)!! = 1. Therefore, the unique solution of the Cauchy problem (4.19, 4.20) is in the form

[image: image]

(see also Equation 3.4). Since u(t, x) ∈ K[x]′[[t]], it is a unique solution of the Cauchy problem (4.19, 4.20) in the ring K[x]′[[t]].

Now let K = ℝ, b > 0 and t > 0. Taking into account the equality (3.14) [6] from Equation 4.23, we arrive

[image: image]

i.e.,

[image: image]

Example 4.4. Let K ⊃ ℚ and u0 ∈ K. Consider the following Cauchy problem for the Harry Dym equation in the ring K[x]′[[t]] ([5], Section 13.1.4)

[image: image]

[image: image]

By Theorem 4.1, the Cauchy problem (4.12, 4.13) has a unique solution in K[x]′[[t]] and this solution can be represented in the form (4.1) for n = 6:

[image: image]

where uk ∈ K. As in the proof of Theorem 4.1, we have

[image: image]

[image: image]

[image: image]

where α = (α1, α2, α3). Substituting (4.27–4.29) into (4.24), we obtain

[image: image]

where τ = (τ1, τ2, τ3, τ4). Equating coefficients at δ6k+7tk in the right-hand side of (4.30), we obtain

[image: image]

Computer experiments demonstrate that the first 200 terms of the sequence uk are integers. Although this sequence is not found in the online encyclopedia of integer sequences [24], we formulate the conjecture that uk ∈ ℤ for all k ∈ ℕ0.

The following example shows that the condition K ⊃ ℚ is essential for the assertion of Theorem 4.1.

Example 4.5. Let K ⊃ ℚ. Consider the following Cauchy problem in K[x]′[[t]]:

[image: image]

[image: image]

By Theorem 4.1, the Cauchy problem (4.31, 4.32) has a unique solution in K[x]′[[t]] and this solution can be represented in the form (4.1) for n = 4:

[image: image]

where u0 = 1. Substituting (4.33) into (4.31), we obtain

[image: image]

where τ = (τ1, τ2, τ3).

Equating coefficients at δ4k+5tk in the right-hand side of Equation 4.34, we obtain

[image: image]

This implies that u1 = 1 and [image: image]. Therefore, the Cauchy problem (4.31), (4.32) in ℤ[x]′[[t]] has no solutions.




5 Conclusion

We investigated the Cauchy problem of the nonlinear partial differential equation

[image: image]

in the ring of copolynomials. We have found a solution to this Cauchy problem, as the series in powers of the δ-function. We considered the Cauchy problem for the Euler–Hopf equation [image: image], for a Hamilton–Jacobi type equation [image: image] and for the Harry Dym equation [image: image]. In the first two examples, an interesting connection between classical nonlinear partial differential equations and well-known integer sequences is revealed. The conjecture were formulated that all the coefficients of an expanding in powers of the δ-function of the solution of the Cauchy problem for the Harry Dym equation are integers.
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This work introduces a novel mathematical framework for examining the thermal conduction characteristics of a viscothermoelastic, isotropic micro-circular ring. The foundation of the model is Kirchhoff’s theory of love plates. The governing equations have been developed by using Lord and Shulman’s generalized thermoelastic model. For a viscothermoelasticity material, Young’s modulus incorporates an additional fractional derivative consideration such as the classical Caputo and Caputo-Fabrizio types, alongside the normal derivative. The outer bounding plane is thermally loaded by ramp-type heating. Laplace transform has been applied and its inverse has been obtained numerically. Graphical comparisons between the definitions of the ordinary derivative and the fractional derivatives were incorporated into the study. The objective was to study the impacts of the fractional derivative order on the vibration distribution of a ceramic micro-circular ring and obtain novel results. It is ascertained that the fractional derivative order and resonator thickness have no discernible effect on the distribution of thermal waves; nevertheless, the ramp heat parameter is identified as having a significant impact. The order of the fractional derivatives and the resonator’s thickness, have a significant impact on the mechanical wave. It has been demonstrated that the ramp heat parameter effectively regulates the energy damping in ceramic resonators.
Keywords: fractional derivative, micro-circular ring, resonator, viscothermoelasticity, ceramic, Kirchhoff’s Love plate, ramp-type heat
INTRODUCTION
Micro-circular rings and plates have substantial uses in MEMS (Micro-Electro-Mechanical Systems). They may be used in sensors for accurate measurement, such as the detection of pressure or acceleration. Actuators facilitate the attainment of regulated motions. Their small size and distinctive mechanical characteristics render them optimal for tiny devices, augmenting the performance and utility of MEMS across diverse domains like as electronics and biomedicine [1, 2]. Many researchers introduced many applications of micro-circular rings and plates due to their importance in the construction of various electromechanical micro-resonators. Hao conducted a study on the reduction of vibrations in micro/nanoelectromechanical systems by investigating thermoelastic attenuation using circular thin-plate resonators [3]. A study on thermoelastic damping of circular-plate resonators, with a special emphasis on the axisymmetric out-of-plane vibration has been conducted by Sun and Tohmyoh [4]. The influence of thermoelastic damping on the vertical oscillation of circular plate resonators has been investigated by Sun and Saka [5]. The damping of vibrations that occur out-of-plane for a circular thin plate with generalized viscothermoelastic properties has been computed by Grover [6]. The dual-phase-lag (DPL) model has been employed by Guo et al. to develop the thermoelastic damping theory for micro and nanomechanical resonators [7, 8]. When studying the behaviour of materials that change over time, it is crucial to consider the properties of viscoelastic materials or mechanical relaxation. Biot has analyzed the ideas of viscothermoelasticity and the principles of vibration in the field of thermodynamics [9, 10]. Drozdov constructed a mathematical model to describe the behaviour of polymers when subjected to the combined influences of viscosity, temperature variations, and deformation under high stresses [11]. Ezzat and El-Karmany employed an innovative thermo-viscoelastic model to investigate how volumetric characteristics impact the thermoelastic behaviour of viscoelastic materials [12]. Carcione et al. employed computer methodology to study the transmission of waves in a solid substance, utilizing the mechanical model of Kelvin-Voigt [13]. Grover conducted research on transverse vibrations in small-scale viscothermoelastic beam resonators [6, 14]. The mathematical equations that depict the lateral vibrations of a slender beam composed of homogeneous thermoelastic material, which has minuscule voids at a microscopic level have been analyzed by Sharma and Grover [15]. The inclusion of memory in fractional systems offers a legitimate justification for this generalization, as the formation of romantic relationships is fundamentally affected by memory [16, 17]. The fractional derivative is a powerful technique for understanding the origins and lineage of different materials and processes. Research has demonstrated that using fractional derivatives in real-world modelling is more appropriate than using typical integer derivatives [18–20]. A multitude of scholars have dedicated their efforts to the advancement of a groundbreaking concept, beginning with the works of Riemann–Louville and Caputo, in the field of fractional derivatives [21–23]. Youssef developed a theory of thermoelasticity that integrates the notion of fractional heat conductivity and expands upon preexisting thermoelasticity theories [24, 25]. Sherief et al. introduced a different theory of thermoelasticity by employing the methodology of fractional calculus [26].
The fractional calculus models demonstrate more consistency in comparison to classic models due to their precise prediction of delayed effects. Researchers have shown that new fractional derivatives might potentially solve the issue of exceptional or non-singular kernels by providing an exponential solution to the problem of a single kernel in fractional derivatives concepts. There exist three distinct categories of fractional derivatives, namely Liouville-Caputo, Riemann-Liouville, and Caputo-Fabrizio [27, 28]. Consequently, several innovative thermoelastic models were introduced, all of which depended on the fundamental notion of fractional calculus. Magin and Royston developed a model that utilized the fractional deformation derivative to describe the behaviour of the material [29]. A Hookean solid is a substance that demonstrates zero-order derivative behaviour, while a Newtonian fluid is a substance that demonstrates first-order derivative behaviour. The heat exchanges at an intermediate level and the splitting process for viscothermoelastic material are described in the spectrum [29]. A new theory of generalized thermoelasticity, which relied on the strain resulting from factional order derivative has been proposed by Youssef. The stress-strain relation has been considered based on a new and distinct addition to the Duhamel-Neumann framework by Youssef [30]. Youssef has effectively solved the issue of thermoelasticity in a one-dimensional system by addressing the fractional order strain. More precisely, he has examined an application where half of the space is involved, based on the frameworks proposed by Biot, Green-Lindsay, Lord-Shulman, and Green-Naghdi type-II [30]. Awad et al. investigated the occurrence condition for the thermal resonance phenomenon during the electron-phonon interaction process in metals based on the hyperbolic two-temperature model [31]. Awad presented the mathematical description of a two-dimensional unsteady magneto-hydrodynamics slow flow with thermoelectric properties (TEMHD) on an infinite vertical partially hot porous plate [32].
This paper introduces a novel mathematical framework for analyzing the heat conduction of a viscothermoelastic, isotropic micro-circular ring. The notion is based on Kirchhoff’s plate hypothesis. The governing equations were constructed based on Lord and Shulman’s extended thermoelastic model. This model incorporates Young’s modulus, which encompasses the normal derivative as well as the fractional derivative definitions of classical Caputo and Caputo-Fabrizio. The study report utilizes a micro-circular ring to illustrate the concept of scaled viscothermoelasticity. The micro-circular ring’s outer bounding plane was subjected to heating using a ramp-type method. Numerical methods were employed to compute the inverse of the Laplace transform. The investigation involved doing visual comparisons between normal and fractional derivative definitions. The objective was to investigate the effects of the fractional order of the derivatives on the vibration of ceramic micro-circular rings and obtain new results.
Generalized viscothermoelastic based on Lord and Shulman model
We assume an isotropic, viscothermoelastic, and homogeneous, micro-circular ring based on the plate theory of Kirchhoff’s Love. The origin is at the centre of the plate with a uniform thickness [image: image] and radius [image: image] in the system of cylindrical coordinates as in the domain Equation 1:
[image: image]
At the beginning, the plate is in a state of no tension, no strain, and is at a consistent room temperature [image: image]. The neutral plan is kept on the plan of [image: image], and the z-axis is sitting normally on the plan of [image: image], as in Figure 1 [33].
[image: Figure 1]FIGURE 1 | A simply supported viscothermoelastic micro-circular ring.
Hence, the components of the displacement have the following form [6]:
[image: image]
where [image: image] in Equation 2 is the lateral deflection function in the general form.
The temperature increment based on the reference temperature [image: image] is:
[image: image]
According to Hook’s solid state, the stress components are [4, 29–33]:
[image: image]
[image: image]
[image: image]
The strain components take the following formulations:
[image: image]
[image: image]
The equation of motion is [33]:
[image: image]
where
[image: image]
[image: image]
[image: image]
[image: image]
In the Equations 3–13, [image: image] is the Poisson’s ratio, [image: image] is the density, T gives the absolute temperature, αT gives the coefficient of the thermal expansion, the Young’s modulus is E, [image: image] is the thermal moment, and [image: image] is the flexure moments of torsion.
In the context of Lord-Shulman theory based on the viscothermoelastic definition, the generalized heat conduction equation is given by [7, 33]:
[image: image]
where [image: image] in Equation 14 is known as the thermal relaxation time, and [image: image].
By inserting Equations 10–12 into the Equation 9, we obtain the equation of motion as follows:
[image: image]
For the viscothermoelastic material based on the fractional order derivative, Young’s modulus has the following form [34, 35]:
[image: image]
where [image: image] is a small value which gives the mechanical relaxation time, and the operator [image: image] in Equation 16 is a fractional order derivative and is given by the classical Caputo (C-C), Caputo-Fabrizio (C-F), and normal derivative, respectively, as in the following unified form [25, 27, 36–43]:
[image: image]
Therefore, the equation of motion Equation 15 takes the following form:
[image: image]
The formula of the heat conduction Equation 14 will be in the following form:
[image: image]
The formulations of the stress components Equations 4–6 will be in the following forms:
[image: image]
and
[image: image]
Now, for the axisymmetric circular micro-ring, the displacement components Equation 2 are as follows [6]:
[image: image]
Hence, from Equations 20–22, the components of the strain Equations 7, 8 are as follows:
[image: image]
and from Equations 23, we obtain:
[image: image]
where [image: image].
Because no heat flux exists across the two sides of the circular beam [image: image] , hence, we have:
[image: image]
For the very thin circular micro-beam [image: image], the temperature varies regarding a [image: image] function along the thickness direction. So, according to Equation 25, we can consider the following function:
[image: image]
Thus, by inserting Equation 26 into the equation of motion Equation 18 it will be changed to the following form:
[image: image]
After executing the integration in the second term of Equation 27, we obtain:
[image: image]
By using the Equations 14, 24, 26, the heat conduction Equation 19 could be written in the form:
[image: image]
where [image: image] .
The following dimensionless variables will be used to simplify the governing Equations 28, 29 as following [44, 45]:
[image: image]
Hence, we obtain:
[image: image]
[image: image]
[image: image]
and
[image: image]
where [image: image] , [image: image] , [image: image], and [image: image].
For simplicity, all the primes have been removed.
The Laplace transform will be used, which is given as:
[image: image]
For the fractional derivative, the Laplace transforms Equation 34 which is defined in Equation 17 and given by [27, 36–38]:
[image: image]
The initial conditions have been considered as follows:
[image: image]
After applying the Laplace transform and the initial conditions Equation 36, the three types of derivatives in Equation 35 will be in the following form: 
[image: image]
To use the formula in Equation 37, we must add a first-order derivative concerning time for the Equation 30 to be in the following form:
[image: image]
and re-write the Equations 31–33 in the following form:
[image: image]
[image: image]
and
[image: image]
After applying Laplace transform, we obtain:
[image: image]
[image: image]
[image: image]
[image: image]
[image: image]
where
[image: image]
Equations 38, 39 give:
[image: image]
and
[image: image]
where [image: image] , [image: image] .
Equations 44, 45 after elimination, give the following equation:
[image: image]
The solutions of the Equation 46 where [image: image], has the following forms [33]:
[image: image]
and
[image: image]
where [image: image] are the modified Bessel functions of the first kind and second kind and both are of order zero, respectively. Moreover, [image: image] give the three complex roots of the following characteristic equation:
[image: image]
We consider the micro-circular ring to be simply supported, moreover, it is thermally loaded on the outer surface [image: image], while the inter surface [image: image] has no temperature increment as follows [33]:
[image: image]
and
[image: image]
By applying the Laplace transform defined above on the boundary conditions Equations 50, 51, we obtain:
[image: image]
and
[image: image]
where [image: image] is constant and gives the intensity of the thermal loading.
By applying the given boundary conditions Equations 52, 53 in the Equations 47, 48, we obtain the following system of linear equations:
[image: image]
[image: image]
[image: image]
[image: image]
[image: image]
[image: image]
By solving Equation 49 and the above system of linear equations in Equations 54–59 by using MAPLE-21 software, we obtain the parameters (see the Appendix 1).
Regarding the function of the thermal loading, we consider the micro-circular ring to be subjected to a ramp-type heat with ramp-time heat parameter [image: image] as in the following function:
[image: image]
In the Laplace transform domain, the thermal loading function in Equation 60 will take the form:
[image: image]
From Equations 40–42, it is available to obtain the average stress distribution as follows:
[image: image]
where ω is defined in Equation 43. After inserting the Equation 61 in the solutions, we obtain the complete solutions in the Laplace transform domain.
Numerical results and discussion
In the following numerical calculations and to obtain the numerical results, a micro-circular ring made of ceramic (Si3N4) has been considered. Thus, the mechanical and thermal material properties will take the following values [6, 33]:
[image: image], [image: image], [image: image], [image: image], [image: image], [image: image], [image: image], [image: image].
The Laplace transform inversions could be calculated for the Equations 47, 48, 62 by using the following Riemann-sum approximation method of Tzou [46]:
[image: image]
“Re” denotes the real part, while “[image: image]” is well-known as the imaginary number unit.
To get convergence with faster steps, the value “[image: image]” must satisfy the relation [image: image].
The mathematical software MAPLE 21 is suitable to compute the inversions of the Laplace transform by applying the formula in the iteration Equation 63.
For the non-dimensional values of the parameters [image: image], [image: image], [image: image], [image: image], and [image: image], the results have been figured into six groups each group represents the temperature increment, the lateral deflection (vibration), deformation, and average stress, respectively.
Figure 2 is the first group and contains four Figures 2A–D, the results have been figured for four following cases:
(a) The non-viscous case (N-V) in black lines when [image: image].
(b) The normal-derivative (N-D) and viscothermelastic case in blue lines when [image: image].
(c) The Classical-Caputo (C-C) of fractional viscothermelastic case in red lines when [image: image].
(d) The Caputo-Fabrizio (C-F) of fractional viscothermelasticity case in green lines when [image: image].
[image: Figure 2]FIGURE 2 | The studied function distributions are based on different types of derivatives. (A) The temperature increment. (B) The lateral deflection (vibration). (C) The deformation. (D) The average stress.
Figure 2A shows that the fractional derivatives do not impact the temperature increment distribution and all the studied cases give the same value even the non-visco case.
The lateral deflection of the resonator is shown in Figure 2B. The fractional order parameter plays a significant role in the vibration of the resonator, and the absolute values of the peak points of the lateral deflection distributions have been arranged in the following order in Equation 64:
[image: image]
The resonator vibration reaches its maximum amplitude in the classical Caputo definition before it reaches its maximum amplitude in the non-viscous definition. Furthermore, the magnitudes of the vibration in the setting of the two definitions, classical-Caputo and Caputo-Fabrizo, exhibit a higher degree of similarity compared to the other two scenarios.
Figure 2C illustrates the deformation of the resonator, where the fractional order parameter significantly influences its vibration. The deformation’s maximum points are ordered based on the absolute values as in Equation 65:
[image: image]
Accordingly, the non-viscus definition yields the least deformation value while the classical-Caputo definition yields the largest. The deformation values are also more closely packed in the setting of the two classical Caputo and Caputo-Fabrizo formulations compared to the other two instances.
As seen in Figure 2D, the average value of the stress components is significantly affected by the fractional order parameter. In addition, the average stress’s absolute values follow this sequence as in Equation 66:
[image: image]
Figure 3 is the third group and contains four Figures 2A–D in which the impacts of the ramp-time heat parameter have been studied in the context of the four studied cases of the derivatives as in the first group of figures but for two different values of the ramp-time heat parameter [image: image] which gives two cases [image: image].
[image: Figure 3]FIGURE 3 | The studied function distributions are based on different types of fractional derivatives with different values of ramp-time heat parameter. (A) The temperature increment. (B) The lateral deflection (vibration). (C) The deformation. (D) The average stress.
The ramp-time heat parameter has a pronounced effect on the temperature rise, vibration, absolute deformation value, and absolute average stress distributions shown in the figures. The values of all these distributions, including the outer border of the micro-circular ring resonator, drop as the ramp-time heat parameter’s value increases.
Figure 4 is the fourth group which contains Figures 4A–D, in which the results have been figured for the studied functions in the context of the Caputo-Fabrizo fractional derivatives for four values of fractional order parameter [image: image] when [image: image] to stand on its effects.
[image: Figure 4]FIGURE 4 | The studied function distributions based on Caputo-Fabrizo (C-F) of fractional derivatives with different order. (A) The temperature increment. (B) The lateral deflection (vibration). (C) The deformation. (D) The average stress.
Figure 4A shows that the fractional order parameter does not affect the distribution of temperature increments. Nevertheless, it has a major impact on the vibration, deformation, and stress distributions, as seen in Figures 4B–D. Specifically, as the fractional order parameter rises, the magnitude of deformation, vibration, and average stress decreases.
Figure 5 is the fifth group which contains Figures 5A–D, in which the results have been figured for the studied functions in the context of the classical-Caputo fractional derivatives for four values of fractional order parameter [image: image] when [image: image] to stand on its effects.
[image: Figure 5]FIGURE 5 | The studied function distributions based on classical-Caputo (C-C) of fractional derivatives with a different order. (A) The temperature increment. (B) The lateral deflection (vibration). (C) The deformation. (D) The average stress.
Figure 5A shows that the distribution of temperature increase remains unchanged regardless of the fractional order parameter. Nonetheless, it has a substantial impact on the vibration, deformation, and stress distributions, as seen in Figures 5B–D: as the value of the fractional order parameter increases, the magnitude of deformation, vibration, and average stress diminishes.
Figure 6 is the last group which contains Figures 6A–D in which the results have been figured for the studied functions in the context of the Caputo-Fabrizo fractional derivatives for four values of the micro-circular ring’s thickness [image: image] when [image: image] to stand on its effects.
[image: Figure 6]FIGURE 6 | The studied function distributions based on Caputo-Fabrizo (C-F) of the fractional derivative with different thickness z when [image: image]. (A) The temperature increment. (B) The lateral deflection (vibration). (C) The deformation. (D) The average stress.
The value of [image: image] does not affect the palate’s vibration as in Figure 6B, while it has significant effects on the temperature increment, deformation, and stress distributions where increasing in the value of z leads to an increase in the values of the vibration, absolute value of deformation, and absolute value of average stress as in Figures 6A, C, D.
CONCLUSION
The conclusions can be drawn from the analysis of the vibration of the simply supported micro-circular ring resonator made of viscothermoelastic ceramic: The fractional order parameter and the ratio of the plate’s radius to its thickness do not have a significant impact on the distribution of temperature increment. This conclusion is based on the definitions of viscothermoelasticity, classical Caputo, and Caputo-Fabrizo of the fractional derivative were taken into consideration.
The distribution of the temperature increase is significantly affected by the ramp-time heat parameter.
The fractional order parameter in the context of the two studied definitions of fractional derivatives does not affect the thermal wave while it has significant effects on the mechanical waves.
The distribution of the temperature increase is significantly affected by the thickness of the micro-circular ring resonator.
The mechanical relaxation time parameter has significant effects on the mechanical waves while it does not affect the thermal wave in the context of the two studied definitions of the fractional derivatives.
The vibration, deformation, and stress distributions of the micro-circular ring resonator are significantly influenced by the fractional order, thickness of the resonator, and the ramp-time heat parameters.
The ramp-type heat parameter serves as a regulator for the energy dissipation process inside the micro-circular ring resonator.
The studied functions are significantly influenced by the ramp-type heat parameter, which plays a crucial role in determining the amount of energy created by the resonator’s material.
DATA AVAILABILITY STATEMENT
The original contributions presented in the study are included in the article/supplementary material, further inquiries can be directed to the corresponding author.
AUTHOR CONTRIBUTIONS
EA-L: Conceptualization, Data curation, Formal Analysis, Funding acquisition, Investigation, Methodology, Project administration, Resources, Software, Supervision, Validation, Visualization, Writing–original draft, Writing–review and editing.
FUNDING
The author(s) declare that no financial support was received for the research, authorship, and/or publication of this article.
PUBLISHER’S NOTE
All claims expressed in this article are solely those of the authors and do not necessarily represent those of their affiliated organizations, or those of the publisher, the editors and the reviewers. Any product that may be evaluated in this article, or claim that may be made by its manufacturer, is not guaranteed or endorsed by the publisher.
REFERENCES
 1. He J-H, He C-H, Qian M-Y, Ali Alsolami A. Piezoelectric Biosensor based on ultrasensitive MEMS system. Sensors Actuators A: Phys (2024) 376:115664. doi:10.1016/j.sna.2024.115664
 2. He J-H. Periodic solution of a micro-electromechanical system. Facta Universitatis, Ser Mech Eng (2024) 187–98. doi:10.22190/fume240603034h
 3. Hao Z. Thermoelastic damping in the contour-mode vibrations of micro-and nano-electromechanical circular thin-plate resonators. J Sound Vibration (2008) 313:77–96. doi:10.1016/j.jsv.2007.11.035
 4. Sun Y, Tohmyoh H. Thermoelastic damping of the axisymmetric vibration of circular plate resonators. J Sound Vibration (2009) 319:392–405. doi:10.1016/j.jsv.2008.06.017
 5. Sun Y, Saka M. Thermoelastic damping in micro-scale circular plate resonators. J Sound Vibration (2010) 329:328–37. doi:10.1016/j.jsv.2009.09.014
 6. Grover D. Damping in thin circular viscothermoelastic plate resonators. Can J Phys (2015) 93:1597–605. doi:10.1139/cjp-2014-0575
 7. Guo F, Song J, Wang G, Zhou Y. Analysis of thermoelastic dissipation in circular micro-plate resonators using the generalized thermoelasticity theory of dual-phase-lagging model. J Sound Vibration (2014) 333:2465–74. doi:10.1016/j.jsv.2014.01.003
 8. Guo F, Wang G, Rogerson G. Analysis of thermoelastic damping in micro-and nanomechanical resonators based on dual-phase-lagging generalized thermoelasticity theory. Int J Eng Sci (2012) 60:59–65. doi:10.1016/j.ijengsci.2012.04.007
 9. Biot MA. Theory of stress-strain relations in anisotropic viscoelasticity and relaxation phenomena. J Appl Phys (1954) 25:1385–91. doi:10.1063/1.1721573
 10. Biot MA. Variational principles in irreversible thermodynamics with application to viscoelasticity. Phys Rev (1955) 97:1463–9. doi:10.1103/physrev.97.1463
 11. Drozdov A. A constitutive model in finite thermoviscoelasticity based on the concept of transient networks. Acta mechanica (1999) 133:13–37. doi:10.1007/bf01179008
 12. Ezzat MA, El-Karamany AS. The relaxation effects of the volume properties of viscoelastic material in generalized thermoelasticity. Int J Eng Sci (2003) 41:2281–98. doi:10.1016/s0020-7225(03)00108-3
 13. Carcione JM, Poletto F, Gei D. 3-d wave simulation in anelastic media using the kelvin–voigt constitutive equation. J Comput Phys (2004) 196:282–97. doi:10.1016/j.jcp.2003.10.024
 14. Grover D. Viscothermoelastic vibrations in micro-scale beam resonators with linearly varying thickness. Can J Phys (2012) 90:487–96. doi:10.1139/p2012-044
 15. Sharma J, Grover D. Thermoelastic vibrations in micro-/nano-scale beam resonators with voids. J Sound Vibration (2011) 330:2964–77. doi:10.1016/j.jsv.2011.01.012
 16. Ahmad WM, El-Khazali R. Fractional-order dynamical models of love. Chaos, Solitons and Fractals (2007) 33:1367–75. doi:10.1016/j.chaos.2006.01.098
 17. Sur A, Mondal S. Effect of non-locality in the vibration of a micro-scale beam under two-temperature memory responses. Waves in Random and Complex Media (2020) 32:2368–95. doi:10.1080/17455030.2020.1851069
 18. Colinas-Armijo N, Di Paola M, Di Matteo A. Fractional viscoelastic behaviour under stochastic temperature process. Probabilistic Eng Mech (2018) 54:37–43. doi:10.1016/j.probengmech.2017.06.005
 19. Xu J. A pdem based new methodology for stochastic dynamic stability control of nonlinear structures with fractional-type viscoelastic dampers. J Sound Vibration (2016) 362:16–38. doi:10.1016/j.jsv.2015.09.040
 20. Xu J, Wang D, Dang C. A marginal fractional moments based strategy for points selection in seismic response analysis of nonlinear structures with uncertain parameters. J Sound Vibration (2017) 387:226–38. doi:10.1016/j.jsv.2016.10.008
 21. Khalil R, Al Horani M, Yousef A, Sababheh M. A new definition of fractional derivative. J Comput Appl Mathematics (2014) 264:65–70. doi:10.1016/j.cam.2014.01.002
 22. Baleanu D, Fernandez A. On some new properties of fractional derivatives with mittag-leffler kernel. Commun Nonlinear Sci Numer Simulation (2018) 59:444–62. doi:10.1016/j.cnsns.2017.12.003
 23. Atangana A. On the new fractional derivative and application to nonlinear Fisher’s reaction–diffusion equation. Appl Mathematics Comput (2016) 273:948–56. doi:10.1016/j.amc.2015.10.021
 24. Youssef HM. Theory of fractional order generalized thermoelasticity. J Heat Transfer (2010) 132. doi:10.1115/1.4000705
 25. Youssef HM. Theory of generalized thermoelasticity with fractional order strain. J Vibration Control (2016) 22:3840–57. doi:10.1177/1077546314566837
 26. Sherief HH, El-Sayed A, Abd El-Latief A. Fractional order theory of thermoelasticity. Int J Sol structures (2010) 47:269–75. 
 27. Podlubny I. Fractional differential equations: an introduction to fractional derivatives, fractional differential equations, to methods of their solution and some of their applications. Elsevier (1998). 
 28. Caputo M, Fabrizio M. A new definition of fractional derivative without singular kernel. Progr Fract Differ Appl (2015) 1:1–13. 
 29. Magin RL, Royston TJ. Fractional-order elastic models of cartilage: a multi-scale approach. Commun nonlinear Sci Numer simulation (2010) 15:657–64. doi:10.1016/j.cnsns.2009.05.008
 30. Youssef HM. Theory of generalized thermoelasticity with fractional order strain. J Vibration Control (2015):1077546314566837. 
 31. Awad E, Dai W, Sobolev S. Thermal oscillations and resonance in electron–phonon interaction process. Z für Angew Mathematik Physik (2024) 75(4):143. doi:10.1007/s00033-024-02277-w
 32. Awad E, Abo-Dahab SM, Abdou MA. Exact solutions for a two-dimensional thermoelectric MHD flow with steady-state heat transfer on a vertical plate with two instantaneous infinite hot suction lines. arXiv preprint arXiv:2212.01665 (2022). 
 33. Grover D, Seth R. Generalized viscothermoelasticity theory of dual-phase-lagging model for damping analysis in circular micro-plate resonators. Mech Time-Dependent Mater (2019) 23:119–32. doi:10.1007/s11043-018-9388-x
 34. Bland DR. The theory of linear viscoelasticity. Courier Dover Publications (2016). 
 35. Christensen R. Theory of viscoelasticity. New York: Academic Press (1982). p. 48. 
 36. Samko SG, Kilbas AA, Marichev OI. Fractional integrals and derivatives. Yverdon Yverdon-les-Bains, Switzerland: Gordon and Breach Science Publishers (1993). 
 37. Hilfer R. Applications of fractional calculus in physics. Singapore: World Scientific (2000). 
 38. Saad KM. New fractional derivative with non-singular kernel for deriving legendre spectral collocation method. Alexandria Eng J (2019) 59:1909–17. doi:10.1016/j.aej.2019.11.017
 39. Sherief HH, Hussein EM. The effect of fractional thermoelasticity on two-dimensional problems in spherical regions under axisymmetric distributions. J Therm Stresses (2020) 43:440–55. doi:10.1080/01495739.2020.1724219
 40. Youssef HM, El-Bary AA. Generalized fractional viscothermoelastic nanobeam under the classical caputo and the new caputo–fabrizio definitions of fractional derivatives. Waves in Random and Complex Media (2023) 33:545–66. doi:10.1080/17455030.2021.1883767
 41. Youssef HM, El-Bary AA, Al-Lehaibi EA. Characterization of the quality factor due to the static prestress in classical caputo and caputo–fabrizio fractional thermoelastic silicon microbeam. Polymers (2020) 13:27. doi:10.3390/polym13010027
 42. Marin M, Hobiny A, Abbas I. The effects of fractional time derivatives in porothermoelastic materials using finite element method. Mathematics (2021) 9:1606. doi:10.3390/math9141606
 43. Abbas IA. Generalized thermoelastic interaction in functional graded material with fractional order three-phase lag heat transfer. J Cent South Univ (2015) 22:1606–13. doi:10.1007/s11771-015-2677-5
 44. Alghamdi N. Dual-phase-lagging thermoelastic damping vibration in micro-nano scale beam resonators with voids. Int J Multidisciplinary Curr Res (2017) 5. 
 45. Al-Lehaibi EA, Youssef HM. Vibration of gold nano-beam with variable young’s modulus due to thermal shock. World J Nano Sci Eng (2015) 5:194–203. doi:10.4236/wjnse.2015.54020
 46. Tzou D. Macro-to microscale heat transfer: the lagging behavior. Washington: Taylor Francis (1997). 
APPENDIX 1

[image: image]
[image: image]
[image: image]
[image: image]
[image: image]
[image: image]
Conflict of interest: The authors declare that the research was conducted in the absence of any commercial or financial relationships that could be construed as a potential conflict of interest.
Copyright © 2025 Al-Lehaibi. This is an open-access article distributed under the terms of the Creative Commons Attribution License (CC BY). The use, distribution or reproduction in other forums is permitted, provided the original author(s) and the copyright owner(s) are credited and that the original publication in this journal is cited, in accordance with accepted academic practice. No use, distribution or reproduction is permitted which does not comply with these terms.


[image: image]


OPS/images/fams-10-1392560/math_35.gif





OPS/images/fams-10-1392560/math_33.gif
Wi (w(t) <t forall t € [0,00].





OPS/images/fams-10-1467426/math_50.gif
p(Wy, W) < /C3/(2a) p(Wy, W7).





OPS/images/fams-10-1392560/math_34.gif
A% Xn+1) = @(TXn—1, Tn) < PdXn—1, TXn) + AlXn, TXn—1))
(A (X1 Xpes1) + A(Xs X)) = BA(Xy—1, Xps1).






OPS/images/fams-10-1467426/math_5.gif
T (4)
ab < glal* + &' |bl". (4





OPS/images/fams-10-1392560/math_31.gif
diTx, Ty) < Bld(x, Ty) + d(y, Tx)),





OPS/images/fams-10-1467426/math_49.gif
e [Wi(o) — Wa(o)l” = Cse™7 [y e[ (1) — o)t
=G max e - I [y et ar

=g 7F"")[MW1-WL)] < 2l
oe(0,T]. (30)





OPS/images/fams-10-1392560/math_32.gif





OPS/images/fams-10-1467426/math_48.gif
Bilo) — Malo)? < Cs /; W) - WOl d, o e T
(29





OPS/images/fams-10-1392560/math_3.gif





OPS/images/fams-10-1467426/math_47.gif
[Pi(o) — Palo)? +2(Ka — &) [ [Wa(0) — o) dt
{

B zﬂyi‘w.m — ). 8)





OPS/images/fams-10-1392560/math_30.gif





OPS/images/fams-10-1467426/math_46.gif
1(Bct, ®1(0) — Bl Fa(0), W1 () — #2(0)|
=[BT (0) — B Fo(0)] [0 — (0]
< LIT(0) — a0 W1 (0)— P20 < 1R (0) — Ba(0)
e 2 () — O





OPS/images/fams-10-1392560/math_28.gif





OPS/images/fams-10-1467426/math_45.gif
(@1 (1) — (), Wi () — Wa()) = Ka|Wy(t) — Walt)|=.





OPS/images/fams-10-1392560/math_29.gif





OPS/images/fams-10-1467426/math_44.gif
910~ @ + [@O-2OMO - o)
)

- / (BT (1) — B Wa(t), Ma() — a(0) db. (25)
J





OPS/images/fams-10-1467426/math_43.gif
(W1 () — W), Wy (1) — Wa(0))

(1) = a0






OPS/images/fams-10-1392560/math_27.gif





OPS/images/fams-10-1467426/math_42.gif





OPS/images/fams-10-1467426/math_41.gif





OPS/images/fams-10-1467426/math_40.gif
((92() — 2(1))", W (1) — W2(1) + @1 (£) — 2a(8), W () — W2(8))
(1)) — B(t, W(1)), Wy (1) — Wa (1)






OPS/images/fams-10-1467426/math_4.gif
ab<glal"+ ¢ VD p" . 3)





OPS/images/fams-10-1467426/math_39.gif
f(t) — B(t,w;(1)), (22)






OPS/images/fams-10-1467426/math_38.gif
W(t) + ady(W(t) 3 f(t) — B(t,#w(t)) in H. (21





OPS/images/fams-10-1387012/inline_14.gif
3@, 00) =I5~ 4 ety





OPS/images/fams-10-1387012/inline_13.gif
1.1
b=tioe
7 Q





OPS/images/fams-10-1387012/inline_12.gif
5

G OB O L

1 1.1
L qa-a-ldas
ey Fd@d)





OPS/images/fams-10-1387012/inline_11.gif
1.1
b=tioe
7 Q





OPS/images/fams-10-1387012/inline_10.gif
d(gla), &) :\afgka:d(avb)





OPS/images/fams-10-1387012/inline_1.gif
Ay Ay x Ay SR,





OPS/images/fams-10-1387012/fams-10-1387012-g003.gif
-1

00
b






OPS/images/fams-10-1387012/fams-10-1387012-g002.gif





OPS/images/fams-10-1467426/math_37.gif
plwi, wp) = max [~ [wi(t) —wa)l], w1, w2 € M.





OPS/images/fams-10-1467426/math_36.gif





OPS/images/fams-10-1467426/math_35.gif





OPS/images/fams-10-1467426/math_34.gif
w(t) + dady(w(t)) + B(t,w(t)) > f(t) in H,  (19)





OPS/images/fams-10-1467426/math_33.gif
W (t) + ady(w()) 3 f(t) in H.





OPS/images/fams-10-1392560/math_53.gif
aA(Txy, Tx) < d(Txp, Tx) + ad(Txp, Ty) +d(Tx, Ty)





OPS/images/fams-10-1392560/math_51.gif





OPS/images/fams-10-1467426/math_69.gif
/‘ a{t){fk[t).ﬂk{l))lﬂsf‘ BOIDllu(D)] dt
s -

<a [ oomora+e [ oonora @
| . [





OPS/images/fams-10-1392560/math_52.gif
d(Tx, Ty) + d(Ty, Iz) + dTx, IZ) < ald(x, y) + d(), 2) + d(x, 2))
(16)





OPS/images/fams-10-1467426/math_68.gif
| f " o(Blt 0. w0) | < / © 0BG w0l dt
s "

i

=L / " o0l at. @)
h s





OPS/images/fams-10-1392560/math_5.gif
dix, x2) < adiX, x1), d(x2,X3) S ad{x1, x2),
d(x3,x4) < ad(x,x3),






OPS/images/fams-10-1467426/math_67.gif
[ oomorass [ oomonascses
s s

(46)





OPS/images/fams-10-1392560/math_50.gif
d(x®, Tx") < ®(0, yd(x", Tx")).





OPS/images/fams-10-1467426/math_66.gif
T
0.0 )T d =
l. 0o O) =

" (e i i
LJ’ /(= t)ye) 6. (=) e

:[4:—:,)/5:;r:axﬂ...ﬁ:m]:.rrfl

j: (9.'(:) .6, %(s))'{’ ds

(45)





OPS/images/fams-10-1392560/math_48.gif





OPS/images/fams-10-1467426/math_65.gif
f © o OlwRd = f" 008750 63 Ol dt
s s

<o f" OOt + 5, /":(mx)e’%m)?m.
s .
(44)





OPS/images/fams-10-1392560/math_49.gif





OPS/images/fams-10-1467426/math_64.gif
.

= 20Ky /l' ; B(Olug(t) dt +20Ks /l' N OOl (01 dt

B, w0 dt = Ao + (1 - 0)) f 600, u(0)dt
- h-s

Ty / N OO 420 - 0) /l' : O (0) e
- -
(43)





OPS/images/fams-10-1392560/math_46.gif
d%n: Xns1)

{(Txn—1, Txu)
< ad(Xn—1,%n) + Pd(Xn—1, Txn—1) + y d(xn, Txn)
d(x, 1,x,)+ Bd(x, 1 x2) + yd(Ep Xsr).






OPS/images/fams-10-1467426/math_63.gif
(ge(f), up(f)) = @ (uk(t)) = Ky ||ug(f))f forae. feS. (42)





OPS/images/fams-10-1392560/math_47.gif





OPS/images/fams-10-1467426/math_62.gif





OPS/images/fams-10-1467426/math_61.gif
v o
lu(r)P +2 / OO0, u() dt = f & OO dt
s s

-2 [‘ 4 O (B (D), () di +2 l. 4 SO0, 1y (0) .
(40)





OPS/images/fams-10-1392560/math_45.gif





OPS/images/fams-10-1467426/math_60.gif
- L Py dt =
/,. OG0, w0 = 5 /" ey =

L
L[ Pt
H /" ~ OOor 9)





OPS/images/fams-10-1392560/math_43.gif





OPS/images/fams-10-1392560/math_44.gif
0,
ue[0,1]

vl =
u
ue (1,00).





OPS/images/fams-10-1467426/math_6.gif
[‘ "o vyt < /:. ok a)”( l‘ " waoar)





OPS/images/fams-10-1392560/math_41.gif





OPS/images/fams-10-1467426/math_59.gif
j om0 md+ [ o)
fos

+ [ emBEu@wm)d= [ B, ww)dr.
[. OB, l. Jl )
(38)





OPS/images/fams-10-1392560/math_42.gif





OPS/images/fams-10-1467426/math_58.gif
—h
r3

) tes





OPS/images/fams-10-1392560/math_4.gif
A Xy, Xpi1) < ad(Xy_1,Xy)





OPS/images/fams-10-1467426/math_57.gif
(36)






OPS/images/fams-10-1392560/math_40.gif





OPS/images/fams-10-1467426/math_56.gif





OPS/images/fams-10-1392560/math_38.gif
At Xns1) < (W (1/8)) d0tno, 20,





OPS/images/fams-10-1467426/math_55.gif





OPS/images/fams-10-1392560/math_39.gif





OPS/images/fams-10-1467426/math_54.gif
D(0) = ®(up(f)) + (@ (£),0 — up(t)) forae. te ;.





OPS/images/fams-10-1392560/math_36.gif





OPS/images/fams-10-1467426/math_53.gif





OPS/images/fams-10-1392560/math_37.gif





OPS/images/fams-10-1467426/math_52.gif
W () + ady(T(t) + B Ak(1) 3 fil(t) in H.  (32)





OPS/images/fams-10-1467426/math_51.gif
u'(t) + ady(u(t)) + B(t,u(t)) > f(t) in H.  (31)





OPS/images/fams-10-1467426/math_32.gif
(h() W (1),






OPS/images/fams-10-1467426/math_31.gif
(Iw(t)?Y +2K3(Iw()*)¥" <0 forae. tes.  (17)





OPS/images/fams-10-1467426/math_30.gif
(B(t, uy (f)) — B(t,uz(1)), uy (f) — uz(t)) = —LIw(£)|".

(16)





OPS/images/fams-10-1467426/math_3.gif
2W(0), (1) foralmostevery @e) feS. (2)






OPS/images/fams-10-1467426/math_29.gif
@ (D) —ga(), ur(—ux(0) = Kol w(D)"+Kslw(D)l forae. tes.
(15)





OPS/images/fams-10-1467426/math_28.gif
(W (), w(B)) + (@1 (1) — g2 (1), ur (1) — wa()) + (B(,ua (1))

(14)





OPS/images/fams-10-1467426/math_27.gif





OPS/images/fams-10-1467426/math_26.gif





OPS/images/fams-10-1467426/math_25.gif
(A(v))—A(W), v —) = K |lvi—w "+ Kslvi—w|? Vv, me V.





OPS/images/fams-10-1467426/math_24.gif





OPS/images/fams-10-1467426/math_23.gif





OPS/images/fams-10-1467426/math_22.gif
" B
esssup [u(D)]? + / WOFdt < G max(s™77,5777)
el A

" "
Rdt+5 Rat],
n l. T s L ol (10)






OPS/images/fams-10-1467426/math_21.gif
e =
? v
e Tu(H) + L [1u®)F + u(®)l? + )P dt < &[5

5
Pdt],
+ [‘ " poFa) ©





OPS/images/fams-10-1467426/math_20.gif





OPS/images/fams-10-1467426/math_2.gif
B





OPS/images/fams-10-1467426/math_19.gif





OPS/images/fams-10-1467426/math_18.gif
W () + ad(u(t)) + B(t,u(t) > f(1),





OPS/images/fams-10-1467426/math_17.gif





OPS/images/fams-10-1467426/math_16.gif





OPS/images/fams-10-1467426/math_15.gif
(Vi—v3,vi—v2) = Ka|lvi—»a "+ K3lvi—wna [T VW [v, v]], [v2, V3] € 0.





OPS/xhtml/Nav.xhtml




Contents





		Cover



		Approximation methods and analytical modeling using partial differential equations



		Editorial: Approximation methods and analytical modeling using partial differential equations



		1 Modeling nonlinear processes in anisotropic and inhomogeneous media, as well as boundary value problems for linear and quasilinear hyperbolic systems, and elliptic and parabolic equations with a diffusion-absorption structure



		2 The nonlinear transmission problem for composite beams, hyperbolic models in flow dynamics and viscoelasticity



		3 Recent advances in numerical methods for fractional partial differential equations and for models with complicated geometry



		4 Modern methods in approximation theory and their applications



		5 Partial differential equations based models as approximations of Markov chain dynamics. Modeling complex systems with stochastic partial differential equations



		Author contributions



		Funding



		Acknowledgments



		Conflict of interest



		Publisher's note









		Innovative stochastic finite difference approach for modelling unsteady non-Newtonian mixed convective fluid flow with variable thermal conductivity and mass diffusivity



		1 Introduction



		1.1 Novelty of the study









		2 Proposed computational scheme



		3 Consistency analysis



		3.1 Advantages



		3.2 Disadvantages









		4 Problem formulation



		4.1 Application description and justification



		4.2 Numerical scheme report









		5 Results and discussions



		6 Conclusion



		Data availability statement



		Author contributions



		Funding



		Acknowledgments



		Publisher’s note



		References









		Removability conditions for anisotropic parabolic equations in a computational validation



		1 Introduction



		2 Problem statement



		3 History of the problem



		4 Results and visualization



		4.1 Removability result for anisotropic parabolic equation



		4.2 Admissible anisotropies









		5 Numerical validation



		6 Resume and outlook



		Data availability statement



		Author contributions



		Funding



		Acknowledgments



		Conflict of interest



		Publisher's note



		References









		Expand-contract plasticity on the real line



		1 Introduction



		2 Basic concepts



		2.1 Non-expansive maps



		2.2 Plastic metric spaces



		2.3 A subset of the real axis









		3 Main results



		4 Conclusion



		Data availability statement



		Author contributions



		Funding



		Acknowledgments



		Conflict of interest



		Publisher's note



		References









		On the approximations to fractional nonlinear damped Burger’s-type equations that arise in fluids and plasmas using Aboodh residual power series and Aboodh transform iteration methods



		1 Introduction



		2 Fundamental concepts



		3 A route map describing the methods



		3.1 Solving time-fractional PDEs with variable coefficients by use of the ARPSM process



		3.2 Problem 1



		3.3 Problem 2



		3.4 Concept of the Aboodh transform iterative method (ATIM)









		4 Conclusion



		5 Future work



		Data availability statement



		Author contributions



		Funding



		Acknowledgments



		Publisher’s note



		References









		Semilinear multi-term fractional in time diffusion with memory



		1 Introduction



		Outline of the study









		2 Functional spaces and notation



		3 Main results



		4 Technical results



		5 A priori estimates



		6 Proof of Theorems 3.1, 3.2



		6.1 Conclusion of the proof of Theorem 3.1



		6.2 Proof of Theorem 3.2









		7 Conclusion



		Data availability statement



		Author contributions



		Funding



		Conflict of interest



		Publisher's note



		References









		Mathematical frameworks for investigating fractional nonlinear coupled Korteweg-de Vries and Burger’s equations



		1 Introduction



		2 Fundamental concepts



		3 An outline of the propose methodology



		3.1 The ARPSM method is used to solve time-fractional PDEs with variable coefficients



		3.2 Problem 1



		3.3 Problem 2



		3.4 The Aboodh iterative transform Method’s concept









		4 Conclusion



		Data availability statement



		Author contributions



		Funding



		Acknowledgments



		Publisher’s note



		References









		Qualitative analysis of solutions for a degenerate partial differential equations model of epidemic spread dynamics



		1 Introduction



		2 Weak solutions: convergence to steady state and asymptotic behavior as t → +∞



		2.1 Existence of a steady state



		2.2 Long-term behavior of a weak solution









		3 Solutions in weighted L2-space



		3.1 Fourier series solutions in a weighted space



		3.2 The Dirac delta function solutions









		Data availability statement



		Author contributions



		Funding



		Conflict of interest



		Publisher's note



		References









		Darboux transformation of symmetric Jacobi matrices and Toda lattices



		1 Introduction



		2 Darboux transformation without parameter of symmetric Jacobi matrix



		2.1 LU–factorization



		2.2 Transformed Jacobi matrix J(p) = UL









		3 Darboux transformation with parameter of the Jacobi matrix



		3.1 𝔘𝔏–factorization



		3.2 Transformed Jacobi matrix J(d) = 𝔘𝔏









		Data availability statement



		Author contributions



		Funding



		Conflict of interest



		Publisher's note



		References









		On monoids of metric preserving functions



		1 Introduction



		2 Preliminaries on metrics and metric preserving functions



		3 Preliminaries on semigroups. Solutions to FX = A for A = F, F0, and Am



		4 Submonoids of monoids PM and PU



		5 Two conjectures



		Data availability statement



		Author contributions



		Funding



		Acknowledgments



		Conflict of interest



		Publisher's note



		References









		On generalizations of some fixed point theorems in semimetric spaces with triangle functions



		1 Introduction



		2 Banach contraction principle in semimetric spaces



		3 Kannan's contractions in semimetric spaces



		4 Chatterjea's contractions in semimetric spaces



		5 Ćirić-Reich-Rus's contractions in semimetric spaces



		6 Mappings contracting perimeters of triangles in semimetric spaces



		7 Applications



		8 Conclusion and future research directions



		Data availability statement



		Author contributions



		Funding



		Acknowledgments



		Conflict of interest



		Publisher's note



		References









		Approximation of classes of Poisson integrals by rectangular Fejér means



		1 Introduction



		2 Result



		3 Conclusion



		Data availability statement



		Author contributions



		Funding



		Conflict of interest



		Publisher's note



		References









		Qualitative properties of solutions to a nonlinear transmission problem for an elastic Bresse beam



		1 Introduction



		2 Preliminaries and abstract formulation



		2.1 Spaces and notations



		2.2 Abstract formulation









		3 Well-posedness



		4 Existence of attractors



		4.1 Gradient structure



		4.2 Asymptotic smoothness



		4.3 Existence of attractors









		5 Singular limits on finite time intervals



		5.1 Singular limit l → 0



		5.2 Singular limit ki → ∞, l → 0









		6 Discussion



		Data availability statement



		Author contributions



		Funding



		Conflict of interest



		Publisher's note



		References









		A discrete-time model that weakly converges to a continuous-time geometric Brownian motion with Markov switching drift rate



		1 Introduction



		2 Discrete-time multiplicative approximation of the diffusion model with Markov switching



		3 Weak convergence of discrete-time Markov chains to the limit Markov process



		4 Weak convergence to a geometric Brownian motion with Markov switching drift rate in the multiplicative scheme of series



		5 Incompletenesses of the market with switching



		Data availability statement



		Author contributions



		Funding



		Conflict of interest



		Publisher's note



		References



		Appendix









		A Riemann–Hilbert approach to solution of the modified focusing complex short pulse equation



		1 Introduction



		2 Lax pairs and eigenfunctions



		3 The Riemann–Hilbert problem



		3.1 A RH problem constructed from special eigenfunctions



		3.2 RH problem with second-order poles



		3.3 Recovering the solution of the Cauchy problem from the associated RH problem









		4 From the RH problem to a solution of the mfcSP equation



		5 Solitons



		5.1 One-soliton solutions from the RH with one simple pole



		5.2 Soliton-like solutions from the RH with one second-order pole









		6 Examples of one-soliton and soliton-like solutions



		6.1 One-soliton solutions associated with a single, simple zero of a(k)



		6.2 Soliton-like solutions associated with a single, double zero of a(k)









		7 Conclusion



		Data availability statement



		Author contributions



		Funding



		Conflict of interest



		Publisher's note



		References









		Strong nonlinear functional-differential variational inequalities: problems without initial conditions



		1 Introduction



		2 Preliminaries



		3 Statement of the problem and formulation of main results



		4 Proof of the main results



		5 Comments on the main results



		6 Conclusion



		Data availability statement



		Author contributions



		Funding



		Acknowledgments



		Conflict of interest



		Publisher's note



		References









		Transverse resonance technique for analysis of a symmetrical open stub in a microstrip transmission line



		1 Introduction



		2 Formulation and solution of boundary value problems



		3 Algorithm testing and results of symmetric open stub analysis



		4 Electromagnetically coupled open microstrip stubs



		5 Conclusion



		Data availability statement



		Author contributions



		Funding



		Acknowledgments



		Publisher’s note



		References









		Inverse problem for semilinear wave equation with strong damping



		1 Introduction



		2 Problem setting



		3 Initial-boundary value problem



		4 Inverse problem



		4.1 The equivalent problem



		4.2 Main results









		5 Conclusions



		Data availability statement



		Author contributions



		Funding



		Conflict of interest



		Publisher's note



		References









		A Boolean sum interpolation for multivariate functions of bounded variation



		1 Introduction



		2 Function of bounded variation



		3 Interpolation on the tensor product grid



		4 Interpolation on the sparse grid



		Data availability statement



		Author contributions



		Funding



		Acknowledgments



		Conflict of interest



		Publisher's note



		References









		Qualitative analysis of fourth-order hyperbolic equations



		1 Introduction



		2 Statement of the problem and auxiliary definitions



		3 Maximum principle for weak solutions of the Cauchy problem. Existence, uniqueness, and regularity of solution



		4 Method of equation-domain duality and its application to the Goursat problem



		4.1 Method of equation-domain duality for the case of classical (smooth) solutions



		4.2 Method of equation-domain duality for the case of weak solutions and solutions from D(L)









		5 Connection between the Cauchy and the Dirichlet problems. Existence and uniqueness of solutions for hyperbolic equations



		5.1 The Dirichlet problem









		6 Role of characteristic billiard for the Fredholm property



		6.1 Characteristic billiard









		7 Discussion



		Data availability statement



		Author contributions



		Funding



		Conflict of interest



		Publisher's note



		References









		Some class of nonlinear partial differential equations in the ring of copolynomials over a commutative ring



		1 Introduction



		2 Preliminary



		3 Multiplication of copolynomials



		3.1 The Cauchy–Stieltjes transform



		3.2 Multiplication of copolynomials and its properties









		4 Main results and examples



		4.1 Formal power series over the ring of copolynomials



		4.2 Existence and uniqueness theorem



		4.3 Examples









		5 Conclusion



		Data availability statement



		Author contributions



		Funding



		Acknowledgments



		Conflict of interest



		Publisher's note



		References









		The vibration of micro-circular ring of ceramic with viscothermoelastic properties under the classical Caputo and Caputo-Fabrizio of fractional-order derivative



		Introduction



		Generalized viscothermoelastic based on Lord and Shulman model



		Numerical results and discussion









		Conclusion



		Data availability statement



		Author contributions



		Funding



		Publisher’s note



		References



		Appendix 1























OPS/images/fams-10-1397374/math_29.gif





OPS/images/fams-10-1397374/math_28.gif
—on O W
nm,{n){»bnyn(o],n:,m,—:l,—m,






OPS/images/fams-10-1397374/math_27.gif





OPS/images/fams-10-1397374/math_26.gif
Aps1Ppsq(0) + 0,P,(0) + a,Py_1(0)






OPS/images/fams-10-1397374/math_25.gif
PO _
Pp_1(0)

nel. @4





OPS/images/fams-10-1397374/math_24.gif
by @y oo
a b hu v v

a b huy byt






OPS/images/fams-10-1397374/math_23.gif
uoon
hu hviw v

W= B
by hv+us o






OPS/images/fams-10-1397374/math_22.gif
G =W, Vi=a, Vi=a&, [ij=2a, @3)
L + i1 w#£0 and [£0, jeN.






OPS/images/fams-10-1397374/math_21.gif
N uz vy

. @2
and U= e






OPS/images/fams-10-1397374/math_20.gif





OPS/images/fams-10-1392560/math_21.gif





OPS/images/fams-10-1392560/math_22.gif





OPS/images/fams-10-1392560/math_2.gif





OPS/images/fams-10-1392560/math_20.gif
l+af+a®+... +a P19 4 ol 9)





OPS/images/fams-10-1392560/math_18.gif





OPS/images/fams-10-1392560/math_19.gif





OPS/images/fams-10-1392560/math_17.gif





OPS/images/fams-10-1392560/math_25.gif





OPS/images/fams-10-1392560/math_23.gif
< K+Ka+Ka + -+ KPal ' + KPP,





OPS/images/fams-10-1392560/math_24.gif





OPS/images/fphy-12-1373111/math_33.gif





OPS/images/fphy-12-1373111/math_32.gif
Q"' =Q +5ZQ +5Z(1+ 2)Q" + AWQ' (32)





OPS/images/fphy-12-1373111/math_31.gif
Q" =Q »% (cilsing, +c,lsiny, + ¢, (cosy, - 1))

@+ % (cilsiny, + c;Tsiny, + c; (cosy, - 1))
x(cilbing, +clsing, +es (cosy, - 1))Q" + oAWQ"
61





OPS/images/fphy-12-1373111/math_30.gif
(@+Q")

. {% (culsiny, + calsiny, +. (cos y, - D)@

‘% (culsiny, + coTsiny, + cs (cos y, - mcr"} +oQaw
(30)





OPS/images/fphy-12-1373111/math_3.gif





OPS/images/fphy-12-1373111/math_29.gif
Q" + e, Isiny, + c;Isiny, + ¢ (cosw, - 1)}Q"  (29)





OPS/images/fphy-12-1373111/math_28.gif
- B B
=@ gLty ¢ Ltsing, o

(28)





OPS/images/fphy-12-1373111/math_27.gif
Q" :Q.A,{L (e -em)e % (e - ety
(A =2 (¢ - 24 67) HQ" @)





OPS/images/fphy-12-1373111/math_26.gif





OPS/images/fphy-12-1373111/math_34.gif
39





OPS/images/cover.jpg
& frontiers | Research Topics.

Approximation methods
and analytical modeling
using partial differential
equations

©






OPS/images/fphy-12-1373111/math_52.gif
7]
MG






OPS/images/fphy-12-1373111/math_51.gif
ML
ox 3y

(51





OPS/images/fphy-12-1373111/math_50.gif
(50)





OPS/images/fphy-12-1373111/math_5.gif
F‘l; wo(a) @





OPS/images/fphy-12-1373111/math_49.gif
(49)






OPS/images/fphy-12-1373111/math_48.gif
u=0,v=0,0=0,¢=0wnent =0

()






OPS/images/fphy-12-1373111/math_47.gif
LIPS X
sj(hw)a—;fw (7)






OPS/images/fphy-12-1373111/math_46.gif





OPS/images/fphy-12-1373111/math_45.gif
u H G g, G
B)at BB O TS
5)

My L)
auwt TR






OPS/images/fphy-12-1373111/math_44.gif
M
ox 3y

(a9





OPS/images/fams-10-1392560/inline_19.gif
1
Blu,v) = @f +v4)





OPS/images/fams-10-1467426/math_135.gif
14|v.—vzlnxxz(ms..n)’*’(ﬂv. —vzll.xx)s

= (mesa@) Ty —
(mesn) T v — vy gy (102)





OPS/images/fams-10-1392560/inline_2.gif





OPS/images/fams-10-1467426/math_134.gif
R/Ivnf“zlldxs(le'dx)%(njlvnf“zwdx)%:

(e @7 ( [ 1 —va ).
(fr-wra)





OPS/images/fams-10-1392560/inline_17.gif





OPS/images/fams-10-1467426/math_133.gif
J PR = R = vz 27 [ in v dx
4 4

(101)





OPS/images/fams-10-1392560/inline_18.gif
a=(F1 8





OPS/images/fams-10-1467426/math_132.gif
(Isi1P—%sy — |s2|P%52)(5y — 82) = 27 P|sy — ;[P





OPS/images/fams-10-1467426/math_131.gif
J1vsE 29 = a2V — Y dxz 0. (100)
J





OPS/images/fams-10-1392560/inline_24.gif





OPS/images/fams-10-1392560/inline_25.gif
1
Blu,v) = @f +v4)





OPS/images/fams-10-1467426/math_14.gif
(Vi =¥, vi—w) =0 V[vy,wnledd — |[v,v;]|edd.





OPS/images/fams-10-1392560/inline_22.gif
1
08—
Y





OPS/images/fams-10-1467426/math_139.gif
1B )O=Bt O = | [ oy 0mm-vond]
2

= flv:(}')f ¥ - 118G, 7. Dllzzey dy = 160 Dllrz@xs
a

Ivi — vall 2 < LlIvi — v2ll 20





OPS/images/fams-10-1392560/inline_23.gif





OPS/images/fams-10-1467426/math_138.gif
(A1) = A(v2).v1 = v2) 2 Kallvs = Valljz ) + Kslvi = Vallzqp
v € WH(Q), (105)





OPS/images/fams-10-1392560/inline_20.gif
1
Plw) = @+





OPS/images/fams-10-1467426/math_137.gif
J =l axz st [ - wPax aon
J J





OPS/images/fams-10-1392560/inline_21.gif





OPS/images/fams-10-1467426/math_136.gif
[ P = P ) — vy dx

I
> 22P(mesnR) 7 V1 — valifyq- (103)





OPS/images/fphy-12-1373111/math_43.gif





OPS/images/fphy-12-1373111/math_42.gif
0,v" =0, 0, whent*
=ty V" = 0,T = T,y C = Cuhen y* =
4t =0T = Ty, C = Cop wheny" — co
W =0 =0T =0,C = 0whenx* =0

0,

@)





OPS/images/fphy-12-1373111/math_41.gif





OPS/images/fphy-12-1373111/math_40.gif
OF 0T 0T _ 1 o
T R o FDa )

.CL’(,,B)(BL) kY
(40)






OPS/images/fphy-12-1373111/math_4.gif





OPS/images/fphy-12-1373111/math_39.gif
141\, e "
w14 g e s @8 B
+g(B (T -Tw)+B.(C-Cy)) (39)





OPS/images/fphy-12-1373111/math_38.gif
[ED





OPS/images/fphy-12-1373111/math_37.gif
1edar 37





OPS/images/fphy-12-1373111/math_36.gif
S

(36)





OPS/images/fphy-12-1373111/math_35.gif
E|@® + B[+ 20GEIAW] + | AWY|  (35)





OPS/images/fams-10-1392560/crossmark.jpg
©

|





OPS/images/fams-10-1467426/math_125.gif
| faIVkF /aM2tix| [ ai=iax= [ avtiin—vas

a a

< esssup a- (el + IVl2e) - vk — Vi) — 0. (97)





OPS/images/fams-10-1392560/inline_1.gif
R SR





OPS/images/fams-10-1467426/math_124.gif
Welyroge — IV (96)





OPS/images/fams-10-1467426/math_123.gif
Friag + (1 —an)
< alt|" +(1—a)ln|

e + (1 —a)yl” = (alg] + (1 = a)inl)”
aF &)+ (1—a)F,(n), &,neR" (95)





OPS/images/fams-10-1420671/math_9.gif





OPS/images/fams-10-1467426/math_122.gif
VO = Wl + 27 [abidx vew'r@, o9
7





OPS/images/fams-10-1392560/inline_16.gif





OPS/images/fams-10-1392560/inline_14.gif





OPS/images/fams-10-1467426/math_130.gif





OPS/images/fams-10-1392560/inline_15.gif





OPS/images/fams-10-1467426/math_13.gif
(Vi —va,vi—v2) =0 V[v,vil, [vy,v5] € ad





OPS/images/fams-10-1392560/inline_12.gif
1
Blu,v) = @f +v4)





OPS/images/fams-10-1467426/math_129.gif
(Vv — V)

+ (I P29 — ol 20)(vy — v2) + alvy — vo*]dx.  (98)





OPS/images/fams-10-1392560/inline_13.gif
d(x,.x)





OPS/images/fams-10-1467426/math_128.gif
(A) — AW2) v — v2)= f VnP29% — V3P 2Vi)
J





OPS/images/fams-10-1392560/inline_10.gif





OPS/images/fams-10-1467426/math_127.gif





OPS/images/fams-10-1392560/inline_11.gif





OPS/images/fams-10-1467426/math_126.gif
) 2 p Ve VE WHQ).





OPS/images/fams-10-1388810/inline_15.gif
>





OPS/images/fams-10-1388810/inline_14.gif
.
=t





OPS/images/fams-10-1388810/inline_13.gif
i
V()= (T |5+





OPS/images/fams-10-1388810/inline_12.gif





OPS/images/fams-10-1388810/inline_11.gif
we Gy





OPS/images/fams-10-1388810/inline_10.gif
@V, (Qp)~E O.T. W2 ()





OPS/images/fams-10-1388810/inline_1.gif





OPS/images/fams-10-1388810/fams-10-1388810-g005.gif
ufol Iu/el
002 002

001 oot






OPS/images/fams-10-1388810/fams-10-1388810-g004.gif





OPS/images/fams-10-1388810/fams-10-1388810-g003.gif





OPS/images/fams-10-1392560/math_11.gif





OPS/images/fams-10-1392560/math_12.gif





OPS/images/fams-10-1392560/math_1.gif





OPS/images/fams-10-1392560/math_10.gif
(6)





OPS/images/fams-10-1392560/inline_8.gif





OPS/images/fams-10-1392560/inline_9.gif





OPS/images/fams-10-1392560/math_15.gif





OPS/images/fams-10-1392560/math_16.gif





OPS/images/fams-10-1392560/math_13.gif
dix", Tx") < ®(d(x", x,), d(x,, TxX")) = 0





OPS/images/fams-10-1392560/math_14.gif
Al x*) € ——d(x0,31).





OPS/images/fams-10-1388810/fams-10-1388810-g002.gif





OPS/images/fams-10-1388810/fams-10-1388810-g001.gif





OPS/images/fams-10-1388810/crossmark.jpg
©

|





OPS/images/fphy-12-1373111/math_qu1.gif





OPS/images/fphy-12-1373111/math_9.gif
- W
7 :‘/,"+Arc(vh =






OPS/images/fphy-12-1373111/math_8.gif
®





OPS/images/fphy-12-1373111/math_7.gif





OPS/images/fphy-12-1373111/math_6.gif





OPS/images/fphy-12-1373111/math_54.gif
20 'kv)a—*yhamdw &





OPS/images/fphy-12-1373111/math_53.gif





OPS/images/fams-10-1392560/inline_29.gif
1
Blu,v) = @f +v4)





OPS/images/fams-10-1392560/inline_3.gif
d(x, x,,,) >d(x,x)





OPS/images/fams-10-1392560/inline_27.gif
=z





OPS/images/fams-10-1392560/inline_28.gif
Ty =Tx, =T





OPS/images/fams-10-1392560/inline_26.gif
d(x,.x)





OPS/images/fams-10-1392560/inline_7.gif
1
Blu,v) = @f +v4)





OPS/images/fams-10-1392560/inline_5.gif
Ty =Tx, =T





OPS/images/fams-10-1392560/inline_6.gif
1
Blu,v) = @f +v4)





OPS/images/fams-10-1392560/inline_30.gif
d(x,.x)





OPS/images/fams-10-1392560/inline_4.gif
=z





OPS/images/fams-10-1388810/math_11.gif





OPS/images/fams-10-1388810/math_10.gif
Y. o (W 55) =0 for xe 2\ )
> o o





OPS/images/fams-10-1420671/math_57.gif





OPS/images/fams-10-1388810/math_1.gif
0 with (xeQr, (1)






OPS/images/fams-10-1420671/math_58.gif





OPS/images/fams-10-1467426/math_103.gif
/ [y — )+ IVulP2 VY (v— )+ [ulf2u(v— ) +a(x)u(v —u)
4

+{v7u]/b(x.y‘t)u(y‘k)tiy]dxz//{vfu]dk VveK (78)
a2 Fs





OPS/images/fams-10-1388810/inline_9.gif
u € U (Qp) ~EA(0.T, W (CY)





OPS/images/fams-10-1388810/inline_8.gif
250) = (D )





OPS/images/fams-10-1388810/inline_7.gif
R*\ (x,)





OPS/images/fams-10-1388810/inline_6.gif
V(.0 =0E ()





OPS/images/fams-10-1388810/inline_5.gif
Eia)





OPS/images/fams-10-1388810/inline_4.gif
R*\ (x,)





OPS/images/fams-10-1388810/inline_3.gif
R*\ (x,)





OPS/images/fams-10-1467426/inline_96.gif
g € LSV +IE (8. H)





OPS/images/fams-10-1420671/math_55.gif
Px T F





OPS/images/fams-10-1467426/math_102.gif





OPS/images/fams-10-1420671/math_56.gif





OPS/images/fams-10-1467426/math_101.gif





OPS/images/fams-10-1420671/math_53.gif





OPS/images/fams-10-1467426/math_100.gif
Vr € S\R:






OPS/images/fams-10-1420671/math_54.gif





OPS/images/fams-10-1467426/math_10.gif
Le., the functional @ Is convex;

() v in Vo= lm o) 2 00)
e Faet





OPS/images/fams-10-1420671/math_51.gif
fldlo,c)) < flalp,a)) + f(d(b,c))





OPS/images/fams-10-1467426/math_1.gif





OPS/images/fams-10-1420671/math_52.gif
€ < C + (4,





OPS/images/fams-10-1467426/inline_99.gif
z(e) =|w©) . 8) = 2K,





OPS/images/fams-10-1420671/math_5.gif





OPS/images/fams-10-1467426/inline_98.gif





OPS/images/fams-10-1420671/math_50.gif
0 if t=0,
f:={c i t=dbo, [e5
& otherwise.





OPS/images/fams-10-1467426/inline_97.gif
(A)





OPS/images/fams-10-1388810/inline_24.gif





OPS/images/fams-10-1420671/math_49.gif





OPS/images/fams-10-1388810/inline_23.gif
ol





OPS/images/fams-10-1388810/inline_22.gif





OPS/images/fams-10-1420671/math_47.gif





OPS/images/fams-10-1467426/inline_95.gif
(A)





OPS/images/fams-10-1388810/inline_21.gif





OPS/images/fams-10-1420671/math_48.gif





OPS/images/fams-10-1467426/inline_94.gif
(A)





OPS/images/fams-10-1388810/inline_20.gif
>





OPS/images/fams-10-1388810/inline_2.gif





OPS/images/fams-10-1388810/inline_19.gif
ol





OPS/images/fams-10-1388810/inline_18.gif





OPS/images/fams-10-1388810/inline_17.gif





OPS/images/fams-10-1388810/inline_16.gif
<mel
"% 3





OPS/images/fams-10-1420671/math_45.gif





OPS/images/fams-10-1467426/inline_93.gif
L (S0 ~Hype (S H)





OPS/images/fams-10-1420671/math_46.gif





OPS/images/fams-10-1467426/inline_92.gif
fen (S H)





OPS/images/fams-10-1420671/math_43.gif





OPS/images/fams-10-1467426/inline_91.gif
ge B (S,V)+ I (S, H)





OPS/images/fams-10-1420671/math_44.gif





OPS/images/fams-10-1467426/inline_90.gif
u € Wod (S.0) ~he (S5 H)





OPS/images/fams-10-1420671/math_41.gif





OPS/images/fams-10-1467426/inline_9.gif
W€ L 0: %)





OPS/images/fams-10-1420671/math_42.gif
=





OPS/images/fams-10-1467426/inline_89.gif
FeB (SV)+E (S H)





OPS/images/fams-10-1467426/inline_88.gif





OPS/images/fams-10-1420671/math_40.gif
(X, ¥) = Ky





OPS/images/fams-10-1467426/inline_87.gif
(A)





OPS/images/fams-10-1388810/math_9.gif
o =
w0 = ilro) = Y eXvie) + ) rilo),
= =





OPS/images/fams-10-1388810/math_8.gif
w0 =iro) =Y e2Mwile) + Y rdie) )
= =





OPS/images/fams-10-1388810/math_7.gif
Eue =2 on— surface areas of

enlx—0) = the unit sphere inR"

()





OPS/images/fams-10-1388810/math_6.gif





OPS/images/fams-10-1388810/math_5.gif





OPS/images/fams-10-1388810/math_4.gif
@






OPS/images/fams-10-1388810/math_3.gif
@)





OPS/images/fams-10-1388810/math_23.gif
: =
i> < and my<m+ 3 for i=
mi> < and m; <m+ % for i






OPS/images/fams-10-1388810/math_22.gif





OPS/images/fams-10-1387012/fams-10-1387012-g001.gif





OPS/images/fams-10-1420671/math_68.gif





OPS/images/fams-10-1467426/math_115.gif





OPS/images/fams-10-1387012/crossmark.jpg
©

|





OPS/images/fams-10-1420671/math_69.gif





OPS/images/fams-10-1467426/math_114.gif
we)i= j [P v + vy + 27 YalvPdx, ve v, (86)
J





OPS/images/fams-10-1467426/math_113.gif





OPS/images/fams-10-1420671/math_75.gif





OPS/images/fams-10-1420671/math_8.gif





OPS/images/fams-10-1467426/math_121.gif
s /' [, 0 + [Vt 0]+ j / e dt

i

< Cre maxts™ 1,577} + e 2 ddt
o

4
+57t / j a0 dat ], 93)

PRI





OPS/images/fams-10-1420671/math_73.gif





OPS/images/fams-10-1467426/math_120.gif
F
< G677+ fjl/(x.k)l‘dxdt].

ah





OPS/images/fams-10-1420671/math_74.gif





OPS/images/fams-10-1467426/math_12.gif





OPS/images/fams-10-1420671/math_71.gif





OPS/images/fams-10-1467426/math_119.gif
e f ot - ! [ 0 + s 0+ 905 7]
4

(91)





OPS/images/fams-10-1420671/math_72.gif





OPS/images/fams-10-1467426/math_118.gif
(%0)






OPS/images/fams-10-1420671/math_7.gif





OPS/images/fams-10-1467426/math_117.gif





OPS/images/fams-10-1420671/math_70.gif





OPS/images/fams-10-1467426/math_116.gif





OPS/images/fams-10-1388810/math_20.gif
L L
=3am—m M k= e






OPS/images/fams-10-1420671/math_67.gif





OPS/images/fams-10-1388810/math_2.gif





OPS/images/fams-10-1388810/math_19.gif





OPS/images/fams-10-1388810/math_18.gif
[ e ey dx— [ [ ude) drat
a 12
3] et 2 dxdt =0 (10)

il





OPS/images/fams-10-1388810/math_17.gif





OPS/images/fams-10-1388810/math_16.gif





OPS/images/fams-10-1388810/math_15.gif





OPS/images/fams-10-1388810/math_14.gif





OPS/images/fams-10-1388810/math_13.gif
o Gt

-2
r-L,,) o,

with p; > 2.m; > 1, and ©)





OPS/images/fams-10-1388810/math_12.gif





OPS/images/fams-10-1388810/math_21.gif
uxh _
(ef)—(0.0) V(x, 1)

(12)





OPS/images/fams-10-1467426/math_105.gif
wWi(Q) c LY(Q) c (W'P(Q)),





OPS/images/fams-10-1420671/math_59.gif





OPS/images/fams-10-1467426/math_104.gif
y — div(IVulP=Vu) + [ulP~"u + a(x)u + [ b(x,y, hu(y, 1) dy
a
=fh, @heQ






OPS/images/fams-10-1420671/math_65.gif





OPS/images/fams-10-1467426/math_112.gif





OPS/images/fams-10-1420671/math_66.gif





OPS/images/fams-10-1467426/math_111.gif
Ix(v) = Ix(u(t)) + (—u'(t) — A(u(t)) — B(t, u(t)) + f(1), v — u(t))
YveV. (84)





OPS/images/fams-10-1420671/math_63.gif





OPS/images/fams-10-1467426/math_110.gif
(83)






OPS/images/fams-10-1420671/math_64.gif





OPS/images/fams-10-1467426/math_11.gif





OPS/images/fams-10-1420671/math_61.gif
A @1






OPS/images/fams-10-1467426/math_109.gif
('(t) + A(u(D) + B{t, u(B)) — f(1),v — u(D)) + Ix(v) — Ix(u(D))
>0 VveV, (82)





OPS/images/fams-10-1420671/math_62.gif





OPS/images/fams-10-1467426/math_108.gif
(W (1) + A(u(t) + B(t,u(),v — u() = (f(1), v —u(t)) VveKk,
(81)





OPS/images/fams-10-1420671/math_6.gif





OPS/images/fams-10-1467426/math_107.gif
B{g.y](.)::fb{.‘y,z)vty)dy. veH tes.  (80)
J





OPS/images/fams-10-1420671/math_60.gif





OPS/images/fams-10-1467426/math_106.gif
a0 = [ [V 0vvw o+ am] i, vwe V.
4

(79)





OPS/images/fams-10-1418656/crossmark.jpg
©

|





OPS/images/fams-10-1418656/fams-10-1418656-g001.gif





OPS/images/felec-05-1459220/inline_34.gif
Xin

U





OPS/images/fams-10-1437247/math_8.gif
o =A0+x7" /p}"lu HZy(O)dt, Ao — const,
s





OPS/images/felec-05-1459220/inline_33.gif
Svst





OPS/images/fams-10-1437247/math_9.gif





OPS/images/felec-05-1459220/inline_32.gif
Agims Agom





OPS/images/fphy-12-1373111/math_13.gif
(an
3

fO) = f(7)+atf (V) +

T +O(@A) (13





OPS/images/fphy-12-1373111/math_14.gif
(aey

[ roaw j'“‘(/(w;»m/'m.
)
= roaw s aeg s + B
a4

I”(w»)





OPS/images/fphy-12-1373111/math_15.gif





OPS/images/fphy-12-1373111/math_16.gif
)

" (w,r;.m{m ((, bx.,ay‘,d Lt

C

+odtf! (VAW + (80§ (V)W (16)






OPS/images/fphy-12-1373111/math_1.gif
&





OPS/images/fams-10-1437247/math_6.gif
Y o 0g" Y a‘[/]nms(kx.fs'—x 0

=3 ET s





OPS/images/felec-05-1459220/inline_31.gif





OPS/images/fphy-12-1373111/math_10.gif





OPS/images/fams-10-1437247/math_7.gif
sle'l@= & 20at ¥ an

o on %)

s[e]@= IR R 1

)

s[,gﬂ](i):glz g g s g

R
cos (kyx — ) cos (kpxy — 2X).





OPS/images/felec-05-1459220/inline_30.gif





OPS/images/fphy-12-1373111/math_11.gif
an





OPS/images/fams-10-1437247/math_4.gif
@
Uslf: R0 = aalf 1) = [






OPS/images/felec-05-1459220/inline_3.gif





OPS/images/fphy-12-1373111/math_12.gif
Gt + [" "of aw (1) 12)






OPS/images/fams-10-1437247/math_5.gif
=Wllc= max X)L





OPS/images/felec-05-1459220/inline_29.gif





OPS/images/fams-10-1437247/math_26.gif
sup {IIf — aalf]ll : f € C1(T)}
iy Aw
= X

+0(n( DO R | Y ﬁy)

T2





OPS/images/felec-05-1459220/inline_28.gif





OPS/images/fams-10-1437247/math_3.gif
Unlf; Al = Zz 0@ § a‘l/]l_[cm(k.x. ES
01





OPS/images/felec-05-1459220/inline_27.gif
kax = Xin — (B2

Sy





OPS/images/fphy-12-1373111/inline_8.gif





OPS/images/felec-05-1459220/inline_26.gif





OPS/images/fphy-12-1373111/inline_9.gif





OPS/images/fams-10-1437247/math_25.gif
1@~ oalf 10 = z j ST S e,

=ttt

+u(l)(z‘: > 11 ,u—q,)’) ®

=2 T e





OPS/images/fams-10-1437247/math_23.gif
f©) = olf1@) =

7 X %%’W‘mﬂ(ﬂ“ﬁ')zg
Xk @ cosvitidt;

+ou)():L; > 0 ﬁ)
Tocjedm Y





OPS/images/felec-05-1459220/inline_25.gif





OPS/images/fams-10-1437247/math_24.gif
s[ex)@ = ZZ gk
z ’Eg i[f]ncm(k.x,f'l





OPS/images/felec-05-1459220/inline_24.gif





OPS/images/fams-10-1437247/math_21.gif
JO=eallo
ZL-.I (0+12) TRy X 07 cosvitidt +

ThLEDHE T S (6+ Z‘F;)
P )

et
Mo 5 b % ) cosvt .

=





OPS/images/felec-05-1459220/inline_23.gif





OPS/images/fams-10-1437247/math_22.gif
ML oo
om0 L1 4 cosvity| dty

T
L

ﬂvu| R =

=/
FA





OPS/images/felec-05-1459220/inline_22.gif





OPS/images/fphy-12-1373111/math_23.gif
E

[ 1psimn o) - a1+ Quatinn oy ))W‘S)r

<t 7 Bl|-p(oin jay) - (8¢ + Qo o) las
23





OPS/images/fphy-12-1373111/math_24.gif
E|L(P)! - LIP| =0 (24)





OPS/images/fphy-12-1373111/math_25.gif
el = Qretnen
ety = e s
gt e, gt — g s






OPS/images/fphy-12-1373111/math_2.gif
@





OPS/images/fams-10-1437247/math_2.gif
o 5
a{m:x*f/(i)]'[m(m— Y a
S0





OPS/images/felec-05-1459220/inline_21.gif
X =wy/2





OPS/images/fphy-12-1373111/math_20.gif
P((n+1)AL,iAx, jAy) - P(nAt,ilx, jAy)

(Pl G+ 18, jo) - Pt (- D%, 187)

,A,[

+ B (ot 7+ 1)09) - st G- )
1%,1?(;:“.“ (G4 1089) - 2P (e e, )

st (-89 |

(P((n+ 0, G+ 18, y)

(4 08, G- D, i)
‘%‘y(i’((mnm,lm.uu)zlyi
~P((n+ Dainx, (- 1)ay))

B (o s vnitn G+
oy P D )
~2P((n+ DALiax o)

(- 1)ay)
~oP (nat ik, jay) W ((n + DAY - W (na0)
AW (4 1M = W (Al

PO Dt

(20)





OPS/images/fams-10-1437247/math_20.gif
n-p[u/—r.mu:feci(v)]s%i:lﬂ?

) L .
oo (Erdp S £ 1 ) o





OPS/images/felec-05-1459220/inline_20.gif





OPS/images/fphy-12-1373111/math_21.gif
E|L(PY; - LP[

5 ptsim i [, i ayyas

.,Jf:“"p,,‘.,.u,mw.,]:”"p\ i, 8y (5)

.%mw. (4 1A, jay) - P(n, (- DA%, j8Y))
o Pl 1+ 089 - ot - D)
B (b ias. 7+ Day) - 2P (s i, jay)
2(8y)
*Plaaix, (- 1))
B8 (b 1 1 085 ) - P+ D8, - 1, j39)
B tinn (4 189) P+ a1~ )
B s i, 7+ 1)a9) - 200 s jay)
()
(e D (1))
*a(ar s Pl jay)) x (W ((r+ D0 =W ()
o





OPS/images/fams-10-1437247/math_18.gif
Pgn 2 2a0| ) 4e (0:q0),
s (552255 ).a

T g (220 220 e,

(®)





OPS/images/felec-05-1459220/inline_2.gif





OPS/images/fphy-12-1373111/math_22.gif
EILPY - LA
<age e jay)as

2L Pl 7)o - )
(P D% 14185 187) P (00 D, - D% )|
ol}ji[:m‘ - P, (sidx, jay)ds.

[

B D48 08B i )

qﬁﬂjzw-r,, (six, /Ay)dSvﬁ(P[w,vAx. (1))
2Pt o) Pt -39
B e G )2 i )

B i - 1))

P 9 1 Qlisn )

X (W((n+ 1)AD-W (nat) @)





OPS/images/fams-10-1437247/math_19.gif
\q: )
3
.

1)
i
97

ol H





OPS/images/felec-05-1459220/inline_19.gif
- /2€Xx< — L,





OPS/images/felec-05-1459220/inline_18.gif





OPS/images/fphy-12-1373111/math_17.gif
= B8, + B0, +BSW ) )






OPS/images/fams-10-1437247/math_17.gif
n-p"%lvﬁ‘)(x“)):.:a‘z‘i.“rmvral
,.
o0l < 1 o L1) =
Loy
3[R0 T S ¢ ot

29 4 o)L, 6





OPS/images/felec-05-1459220/inline_17.gif





OPS/images/fphy-12-1373111/math_18.gif
oW KX (g+1)
w,~mw{ﬁ(ﬁ.£. onany om0

A(pa n, 7+ mE7 D) o aw '.,mw}

as)





OPS/images/fphy-12-1373111/math_19.gif
L(P); = P((n + 1)At,iAx, jAy) - P(nAt,iAx, jAy)
" J' ¥, (st jay)ds
7/;,[::“},(;, ia,joy)ds
BBy (st jay)is

wIWWP(; i, jAyaW(s) a9





OPS/images/fams-10-1418656/inline_15.gif
U, e D(T)





OPS/images/fams-10-1418656/inline_16.gif





OPS/images/felec-05-1459220/inline_52.gif
R) (2)mn





OPS/images/fphy-12-1373111/inline_53.gif





OPS/images/felec-05-1459220/inline_44.gif
LAeyi(x,y,L) =0

L Aeyi(x, 3,0)





OPS/images/fphy-12-1373111/inline_54.gif





OPS/images/fphy-12-1373111/inline_5.gif





OPS/images/fphy-12-1373111/inline_50.gif
'y





OPS/images/fphy-12-1373111/inline_51.gif





OPS/images/fphy-12-1373111/inline_52.gif
Ee





OPS/images/fphy-12-1373111/inline_46.gif





OPS/images/fams-10-1418656/inline_13.gif
U, €D(T)





OPS/images/felec-05-1459220/inline_51.gif





OPS/images/fphy-12-1373111/inline_47.gif





OPS/images/fams-10-1418656/inline_14.gif
FeW0.6H)





OPS/images/felec-05-1459220/inline_50.gif





OPS/images/fphy-12-1373111/inline_48.gif





OPS/images/fams-10-1418656/inline_11.gif
T:D(T)cH—H





OPS/images/felec-05-1459220/inline_5.gif





OPS/images/fphy-12-1373111/inline_49.gif
| oF





OPS/images/fams-10-1418656/inline_12.gif
070





OPS/images/felec-05-1459220/inline_49.gif





OPS/images/fams-10-1418656/inline_1.gif
Figphy B SR





OPS/images/felec-05-1459220/inline_48.gif
Apyi(x, 3,0) = Apyi(x, 9, L) =0





OPS/images/fams-10-1418656/inline_10.gif
DT)=D(A)xH; CH





OPS/images/felec-05-1459220/inline_47.gif
L Apyi (%, 9,0) = £ A, (x, y,L) = 0






OPS/images/fams-10-1418656/fams-10-1418656-g012.gif





OPS/images/felec-05-1459220/inline_46.gif
Apyi(x,0,2) = Apyi(x,B,2) = 0





OPS/images/fams-10-1418656/fams-10-1418656-g013.gif





OPS/images/felec-05-1459220/inline_45.gif
L Apyi(A y,2) =0





OPS/images/fams-10-1418656/fams-10-1418656-g011.gif





OPS/images/fams-10-1418656/fams-10-1418656-g009.gif





OPS/images/felec-05-1459220/inline_43.gif
Aeyi(x, 9,0) = Agyi(x, 3, L) =0





OPS/images/fams-10-1418656/fams-10-1418656-g010.gif





OPS/images/felec-05-1459220/inline_42.gif
aiyAm (%,0,2) = aiymy., (x,B,z) =0





OPS/images/fphy-12-1373111/inline_71.gif





OPS/images/fphy-12-1373111/inline_68.gif
23 X 25,30 X 35,45 X 45,55 X 35





OPS/images/fphy-12-1373111/inline_69.gif





OPS/images/fphy-12-1373111/inline_7.gif





OPS/images/fphy-12-1373111/inline_70.gif





OPS/images/fphy-12-1373111/inline_56.gif





OPS/images/fams-10-1418656/fams-10-1418656-g007.gif





OPS/images/felec-05-1459220/inline_41.gif
Aeyi(A y,2)=0





OPS/images/fphy-12-1373111/inline_57.gif





OPS/images/fams-10-1418656/fams-10-1418656-g008.gif





OPS/images/felec-05-1459220/inline_40.gif
Apy,i





OPS/images/fphy-12-1373111/inline_58.gif
01,02,0%





OPS/images/fams-10-1418656/fams-10-1418656-g005.gif





OPS/images/felec-05-1459220/inline_4.gif





OPS/images/fphy-12-1373111/inline_6.gif





OPS/images/fams-10-1418656/fams-10-1418656-g006.gif





OPS/images/felec-05-1459220/inline_39.gif





OPS/images/fams-10-1418656/fams-10-1418656-g003.gif





OPS/images/felec-05-1459220/inline_38.gif





OPS/images/fams-10-1418656/fams-10-1418656-g004.gif





OPS/images/felec-05-1459220/inline_37.gif





OPS/images/felec-05-1459220/inline_36.gif





OPS/images/fphy-12-1373111/inline_55.gif





OPS/images/fams-10-1418656/fams-10-1418656-g002.gif





OPS/images/felec-05-1459220/inline_35.gif





OPS/images/felec-05-1459220/inline_115.gif





OPS/images/felec-05-1459220/inline_114.gif





OPS/images/felec-05-1459220/inline_113.gif





OPS/images/felec-05-1459220/inline_112.gif





OPS/images/felec-05-1459220/inline_111.gif
<()





OPS/images/felec-05-1459220/inline_110.gif





OPS/images/felec-05-1459220/inline_11.gif
DuglxD) _ duplel) _ g
G = g =





OPS/images/felec-05-1459220/inline_109.gif
'





OPS/images/felec-05-1459220/inline_108.gif





OPS/images/felec-05-1459220/inline_107.gif





OPS/images/felec-05-1459220/inline_106.gif





OPS/images/felec-05-1459220/inline_105.gif





OPS/images/felec-05-1459220/inline_104.gif





OPS/images/felec-05-1459220/inline_103.gif





OPS/images/felec-05-1459220/inline_102.gif





OPS/images/felec-05-1459220/inline_101.gif





OPS/images/felec-05-1459220/inline_100.gif





OPS/images/felec-05-1459220/inline_10.gif





OPS/images/felec-05-1459220/inline_1.gif





OPS/images/felec-05-1459220/felec-05-1459220-g007.gif





OPS/images/fams-10-1437247/math_15.gif
sup | If — oalf]ll : f € € (T4) }. [©





OPS/images/fams-10-1437247/math_16.gif
. o
@ -aalfi® =Y 2% 3 a1 [Jeos (k- ) -
kezd. el =t

T 1(-5) 5 s
[ A

13

4 Bl
B /p, @+hE) Y Y af cosvitidi
=1

=t

il 1
St £ [ (5 w)
= T L
135 sy @
J52 2,





OPS/images/felec-05-1459220/inline_16.gif





OPS/images/fams-10-1437247/math_13.gif
sup I/ anlfh G (14)| = £ 3020

=1

) .
e )
wm(z,,(,,,,,)wz b3 n—,,(,,w)»

= =2 T e T

@





OPS/images/felec-05-1459220/inline_15.gif





OPS/images/fams-10-1437247/math_14.gif
™ < (0 q]
T e .
(g ymg) 1€ o1

Alg=





OPS/images/felec-05-1459220/inline_14.gif





OPS/images/fams-10-1437247/math_11.gif
sup (If — oalf 1 : f € € (T')} +o(n€.

ey





OPS/images/felec-05-1459220/inline_130.gif





OPS/images/fams-10-1437247/math_12.gif
sup {If —alflll : f € CH(T)}

_ (+gP )
- Frapal e+ oy





OPS/images/felec-05-1459220/inline_13.gif





OPS/images/fams-10-1437247/math_1.gif
sfw=Y 7% ¥ airn]‘[m(m.—"—"

f=] s =1





OPS/images/felec-05-1459220/inline_129.gif





OPS/images/fams-10-1437247/math_10.gif
sup {IIf = Salfll - f € C1(TT) | =

|

L j D Y deosktar 101 <1, ,,;ﬂul

K et
-
=¥ @ +omd,






OPS/images/felec-05-1459220/inline_128.gif





OPS/images/fams-10-1437247/inline_8.gif





OPS/images/felec-05-1459220/inline_127.gif





OPS/images/fams-10-1437247/inline_9.gif
A= (Y





OPS/images/felec-05-1459220/inline_126.gif





OPS/images/felec-05-1459220/inline_125.gif





OPS/images/felec-05-1459220/inline_124.gif





OPS/images/felec-05-1459220/inline_123.gif





OPS/images/felec-05-1459220/inline_122.gif





OPS/images/felec-05-1459220/inline_121.gif





OPS/images/felec-05-1459220/inline_120.gif





OPS/images/felec-05-1459220/inline_12.gif





OPS/images/felec-05-1459220/inline_119.gif





OPS/images/felec-05-1459220/inline_118.gif





OPS/images/felec-05-1459220/inline_117.gif





OPS/images/felec-05-1459220/inline_116.gif





OPS/images/fphy-12-1373111/fphy-12-1373111-g014.gif





OPS/images/fphy-12-1373111/fphy-12-1373111-g015.gif





OPS/images/fphy-12-1373111/fphy-12-1373111-g016.gif
Lils

s

as





OPS/images/fphy-12-1373111/fphy-12-1373111-g010.gif





OPS/images/fphy-12-1373111/fphy-12-1373111-g011.gif





OPS/images/fphy-12-1373111/fphy-12-1373111-g012.gif





OPS/images/fphy-12-1373111/fphy-12-1373111-g013.gif





OPS/images/fphy-12-1373111/fphy-12-1373111-g007.gif





OPS/images/fphy-12-1373111/fphy-12-1373111-g008.gif





OPS/images/fphy-12-1373111/fphy-12-1373111-g009.gif





OPS/images/fphy-12-1373111/inline_33.gif





OPS/images/fphy-12-1373111/inline_34.gif





OPS/images/fphy-12-1373111/inline_35.gif





OPS/images/fphy-12-1373111/inline_36.gif





OPS/images/fphy-12-1373111/inline_3.gif





OPS/images/fphy-12-1373111/inline_30.gif





OPS/images/fphy-12-1373111/inline_31.gif





OPS/images/fphy-12-1373111/inline_32.gif





OPS/images/fphy-12-1373111/inline_28.gif





OPS/images/fphy-12-1373111/inline_29.gif





OPS/images/fphy-12-1373111/inline_43.gif





OPS/images/fams-10-1467199/inline_26.gif
terd(e)]





OPS/images/fphy-12-1373111/inline_44.gif





OPS/images/fams-10-1467199/inline_25.gif
1
Lyue H (800, p =0, .m-1





OPS/images/fphy-12-1373111/inline_45.gif
D





OPS/images/fams-10-1467199/inline_24.gif
i





OPS/images/fams-10-1467199/inline_23.gif
ue D(L).





OPS/images/fphy-12-1373111/inline_4.gif





OPS/images/fams-10-1467199/inline_22.gif
ue D(L)





OPS/images/fphy-12-1373111/inline_40.gif





OPS/images/fams-10-1467199/inline_21.gif





OPS/images/fphy-12-1373111/inline_41.gif





OPS/images/fams-10-1467199/inline_20.gif





OPS/images/fphy-12-1373111/inline_42.gif





OPS/images/fams-10-1467199/inline_2.gif





OPS/images/fphy-12-1373111/inline_37.gif





OPS/images/fphy-12-1373111/inline_38.gif





OPS/images/fphy-12-1373111/inline_39.gif
D(C) =Dy, (1 + €¢)





OPS/images/fphy-12-1373111/inline_17.gif
.y Vigor =2Vt
g Vs 52 n Lo T2
2y 2 9yVij By






OPS/images/fphy-12-1373111/inline_18.gif





OPS/images/fphy-12-1373111/inline_13.gif
1.€.,





OPS/images/fphy-12-1373111/inline_14.gif





OPS/images/fphy-12-1373111/inline_15.gif





OPS/images/fphy-12-1373111/inline_16.gif
av

G = B2+ B2 4 o





OPS/images/fphy-12-1373111/inline_1.gif





OPS/images/fphy-12-1373111/inline_10.gif





OPS/images/fphy-12-1373111/inline_11.gif





OPS/images/fphy-12-1373111/inline_12.gif





OPS/images/fphy-12-1373111/inline_27.gif
eZ +1((ReZ) - (ImZ)°)





OPS/images/fphy-12-1373111/inline_23.gif





OPS/images/fphy-12-1373111/inline_24.gif
'V eV





OPS/images/fphy-12-1373111/inline_25.gif





OPS/images/fphy-12-1373111/inline_26.gif
Z = ¢ Isiny, + cIsiny, + c3(cosy, — 1)





OPS/images/fphy-12-1373111/inline_2.gif
d=1,2,3,





OPS/images/fphy-12-1373111/inline_20.gif
limit





OPS/images/fphy-12-1373111/inline_21.gif
Ax — 0,Ay — 0, Af — 0





OPS/images/fphy-12-1373111/inline_22.gif
1AL, 1AX,

, JAY) — (t x, v),





OPS/images/fphy-12-1373111/inline_19.gif
P((n+1)At, ilx, jAy) = P(ndt, iAx, jAy)+ At{ (P(nAt,
(+ DAY, jAy) = P(ndt, (i~ DAx,  jAy)+ 45 (P(ndbidx
(j+DAy) - P(nat,idx, (- DA) + B (PO inx
(j+1)Ay) - 2P (nAtiAx, jAy) + P(nAtiAx, (j- 1Ay)}





OPS/images/fams-10-1489137/math_53.gif
G (xp) = f(xo)





OPS/images/fams-10-1489137/math_52.gif





OPS/images/fams-10-1489137/math_51.gif





OPS/images/fams-10-1489137/math_50.gif
D

i






OPS/images/fams-10-1489137/math_5.gif
As(f > X M0

]2 Ieéves






OPS/images/fams-10-1489137/math_49.gif





OPS/images/fams-10-1489137/math_48.gif





OPS/images/fams-10-1489137/math_56.gif
=

nintment

s

iy
B





OPS/images/fams-10-1489137/math_55.gif





OPS/images/fams-10-1489137/math_54.gif





OPS/images/fams-10-1489137/math_43.gif
Saf )= ), cm(N)e™.





OPS/images/fams-10-1489137/math_42.gif
f@ = [ | xtoami(z).
a

©)





OPS/images/fams-10-1489137/math_41.gif
em(l =

[}

= Cmyemn N )





OPS/images/fams-10-1489137/math_40.gif
- - imz,
Cmn(f) W.L/(')‘ dz,





OPS/images/fams-10-1489137/math_4.gif
s = ¥
5

) (—1)""/(;":54)}

locven





OPS/images/fams-10-1489137/math_39.gif
== ), [ @™+ 07 vefi,

BcUCBEU





OPS/images/fams-10-1489137/math_47.gif
R

W= 3 3 SaKi =0,
Z





OPS/images/fams-10-1489137/math_46.gif
k=0,.,2" 1), (10)





OPS/images/fams-10-1489137/math_45.gif
IVfi

- smu<2ms






OPS/images/fams-10-1489137/math_44.gif
=Sl = ), lemP

u-\m>.

vy
= Z P s @ 1]

e

()






OPS/images/fams-10-1467199/inline_19.gif





OPS/images/fams-10-1467199/inline_18.gif
o
D(Ly)=H* (Y,





OPS/images/fams-10-1467199/inline_16.gif
D(Ly=D(L)





OPS/images/fams-10-1467199/inline_15.gif





OPS/images/fams-10-1467199/inline_14.gif
e





OPS/images/fams-10-1467199/inline_13.gif
£(D,)





OPS/images/fams-10-1467199/inline_12.gif
el =l 1ymy +11 220 ey





OPS/images/fams-10-1467199/inline_11.gif
DiLy) (€.





OPS/images/fams-10-1467199/inline_10.gif
[o14(9)]





OPS/images/fams-10-1467199/inline_1.gif





OPS/images/fams-10-1467199/inline_17.gif
D(Ey=H' (),





OPS/images/fams-10-1467199/fams-10-1467199-g002.gif
—
N 4

b
[
X





OPS/images/fams-10-1489137/math_9.gif
a)2€B1NBy, Db)2€By,2¢ By, C)2¢B1,2€ By,
d)2¢ By UB,.





OPS/images/fams-10-1489137/math_8.gif
HV()






OPS/images/fams-10-1489137/math_7.gif
Wty = (e | |v'mi»».ui)=
.






OPS/images/fams-10-1489137/math_60.gif





OPS/images/fams-10-1489137/math_6.gif
V@)= sup Ag(f.2").

Ay





OPS/images/fams-10-1489137/math_59.gif
\IU*G‘V\Ip
> =L
X ox U=LE )1y

B czz( - ‘) e + e

==

= ‘ZZ( ) 3 IVl @i eyt

==

< a Fnttave) ZZ( ){2114)4/'_

st





OPS/images/fams-10-1489137/math_58.gif
d-zrer (1) 2,

Y -Lix..x-L).

iy oA ren—d4]






OPS/images/fams-10-1489137/math_57.gif
1= GHfll, < en®'27FHV(), (12)





OPS/images/fams-10-1467199/fams-10-1467199-g001.gif





OPS/images/fams-10-1467199/crossmark.jpg
©

|





OPS/images/fams-10-1387012/inline_4.gif
dy () <d(x.5)





OPS/images/fams-10-1387012/inline_3.gif





OPS/images/fams-10-1387012/inline_2.gif





OPS/images/fams-10-1387012/inline_19.gif
d(gler) o) = -

n





OPS/images/fams-10-1387012/inline_18.gif





OPS/images/fams-10-1387012/inline_17.gif
A={ag}>, cR





OPS/images/fams-10-1387012/inline_16.gif





OPS/images/fams-10-1387012/inline_15.gif





OPS/images/fams-10-1489137/math_13.gif





OPS/images/fams-10-1489137/math_12.gif
Lif0<a<p<2r,
fitwp) = [n.oﬂwrwmm[nj:r)z.

P
0, otherwise in [0,27)%,

1
sinc if 0.<a < 2w,

file,p) = fa(p.a) =
otherwise in [0, 27)?.





OPS/images/fams-10-1489137/math_11.gif
V=

'V
Tl [ | V" @) ||
sup

ke
ko2kecET





OPS/images/fams-10-1489137/math_2.gif





OPS/images/fams-10-1489137/math_19.gif
Lfx):=18...0L; ®...® If(x)
o
lm = Z o)k 0 — 5,





OPS/images/fams-10-1489137/math_18.gif
1 1 i
K..(x):5+§cwx:5 > e @





OPS/images/fams-10-1489137/math_17.gif
ki

L= it T rRate— )
-





OPS/images/fams-10-1489137/math_16.gif
[0





OPS/images/fams-10-1387012/inline_6.gif





OPS/images/fams-10-1489137/math_15.gif





OPS/images/fams-10-1387012/inline_5.gif
Hc A4






OPS/images/fams-10-1489137/math_14.gif





OPS/images/fams-10-1489137/inline_54.gif





OPS/images/fams-10-1489137/inline_53.gif
Kot =®p Xi





OPS/images/fams-10-1489137/math_10.gif
<
F) = fle. p) [ T au)
L





OPS/images/fams-10-1489137/math_1.gif





OPS/images/fams-10-1489137/inline_9.gif





OPS/images/fams-10-1489137/inline_8.gif
&8 EeT





OPS/images/fams-10-1489137/inline_7.gif





OPS/images/fams-10-1489137/inline_6.gif





OPS/images/fams-10-1489137/inline_56.gif





OPS/images/fams-10-1489137/inline_55.gif





OPS/images/fams-10-1387012/math_24.gif
e

o
Ummb)cRora= |J @blck






OPS/images/fams-10-1387012/math_23.gif





OPS/images/fams-10-1387012/math_22.gif
o
A= J @bcr,





OPS/images/fams-10-1387012/math_21.gif





OPS/images/fams-10-1387012/math_20.gif
ala;, bj) < d(@j4y1,0541) or a(bi—y, a;) < d(bj, Ajyq).





OPS/images/fams-10-1387012/math_2.gif
daxy)=  inf [d..(m,) + g;kx(:«‘:.u) + e






OPS/images/fams-10-1387012/math_19.gif





OPS/images/fams-10-1387012/math_18.gif
dla;, b;) < dl@jyy,0i41)





OPS/images/fams-10-1387012/math_17.gif
A= @bicr





OPS/images/fams-10-1387012/math_16.gif





OPS/images/fams-10-1489137/math_33.gif
I = LOy
lp <
2 e+
I

BeTUeR e





OPS/images/fams-10-1489137/math_32.gif
If — MPf|lp, < c(2™! + 1)~ 4/PVDy






OPS/images/fams-10-1489137/math_31.gif
If = M7flp =
=V
rert
e novr





OPS/images/fams-10-1489137/math_30.gif
Tl -thy| <centt+ue
e

|vw I (lfl-{j)ﬂx"\lﬂ’))
DG

lp

< = [+ 0 Ve, ©
b





OPS/images/fams-10-1489137/math_3.gif
S <

e =15 perwise





OPS/images/fams-10-1489137/math_38.gif
If =M
T =
z’ls_! @7+
n
v
Iy





OPS/images/fams-10-1489137/math_37.gif
If — L
Ll < e+ )7 VE()





OPS/images/fams-10-1489137/math_36.gif
10— L7 llp
=c
,.(Z,:g,a )TV
lp

< V().





OPS/images/fams-10-1489137/math_35.gif
IT=L2flp<c ) [ @7+ D)7VPIvEf,.

BCBED jcB





OPS/images/fams-10-1489137/math_34.gif
—
-1f=) Y CoRla— - a - ).
P





OPS/images/fams-10-1387012/math_14.gif
Ikl +1, fori=2kkeZ,

d@nai) = { g, fori=2k—1LkeN,
. fori=2k—LkeZ






OPS/images/fams-10-1387012/math_13.gif





OPS/images/fams-10-1387012/math_12.gif





OPS/images/fams-10-1387012/math_11.gif





OPS/images/fams-10-1387012/math_10.gif
A;:A\l(g )
o





OPS/images/fams-10-1387012/math_1.gif





OPS/images/fams-10-1387012/inline_9.gif
Q:(%+£,n24>





OPS/images/fams-10-1387012/inline_8.gif





OPS/images/fams-10-1387012/inline_7.gif
A={a}=, cR





OPS/images/fams-10-1489137/math_23.gif
fm =y i g’

Pt





OPS/images/fams-10-1489137/math_22.gif





OPS/images/fams-10-1489137/math_21.gif





OPS/images/fams-10-1489137/math_20.gif
L f(x:

3)





OPS/images/fams-10-1489137/math_29.gif
If — Lpfllp < @7 + 1)~ VPVE(f) (5)





OPS/images/fams-10-1489137/math_28.gif
=V
(L
e ] @7
I + 07
)






OPS/images/fams-10-1489137/math_27.gif
- M =[]
(1 —
o=





OPS/images/fams-10-1489137/math_26.gif
M= Zm;(—n‘" (

U={js oo el UCBIUI=k





OPS/images/fams-10-1489137/math_25.gif
MB =
=D
P





OPS/images/fams-10-1387012/math_15.gif





OPS/images/fams-10-1489137/math_24.gif
Y g ek,

beopX),

& =[]
8

—_
@,





OPS/images/fphy-12-1374481/fphy-12-1374481-g010.gif





OPS/images/fphy-12-1374481/fphy-12-1374481-g009.gif





OPS/images/fphy-12-1374481/fphy-12-1374481-g008.gif





OPS/images/fphy-12-1374481/fphy-12-1374481-g007.gif
0z
E n





OPS/images/fphy-12-1374481/fphy-12-1374481-g006.gif





OPS/images/fphy-12-1374481/fphy-12-1374481-g005.gif





OPS/images/fphy-12-1374481/fphy-12-1374481-g004.gif





OPS/images/fphy-12-1374481/fphy-12-1374481-g003.gif





OPS/images/fphy-12-1374481/fphy-12-1374481-g002.gif





OPS/images/fphy-12-1374481/fphy-12-1374481-g001.gif





OPS/images/fams-10-1437247/inline_48.gif
g (@) < 1





OPS/images/fams-10-1437247/inline_49.gif





OPS/images/fams-10-1437247/inline_46.gif
(%) e 1 (TY)
o





OPS/images/fams-10-1437247/inline_47.gif
a”






OPS/images/fams-10-1437247/inline_45.gif
vfect (1")





OPS/images/fams-10-1437247/inline_53.gif





OPS/images/fams-10-1437247/inline_51.gif





OPS/images/fams-10-1437247/inline_52.gif
x; e T





OPS/images/fams-10-1437247/inline_5.gif





OPS/images/fams-10-1437247/inline_50.gif





OPS/images/fphy-12-1374481/crossmark.jpg
©

|





OPS/images/fams-10-1387012/math_9.gif
(@) p(b) = ——

= da,b).





OPS/images/fams-10-1387012/math_8.gif





OPS/images/fams-10-1387012/math_7.gif





OPS/images/fams-10-1387012/math_6.gif
d(g"(c), b) = d(¢" "' (c),a) > d(b,a).





OPS/images/fams-10-1387012/math_5.gif





OPS/images/fams-10-1387012/math_4.gif





OPS/images/fams-10-1387012/math_3.gif
), forx,y e A:
dex = { dp, (%.7), forx,y € (A \ A) U [xo);
d(x, %) + dag (%0,)) forxe A,y € (Aex \ A).





OPS/images/fams-10-1387012/math_26.gif
hull i (4) = {x € Aex: 2 € A 2d(y,2)

a(y,x) + d(x, 2)}
C Aex,





OPS/images/fams-10-1387012/math_25.gif
. Nt
a= J @b]u | @b] R where ne R,

Pty Pl





OPS/images/fams-10-1437247/inline_38.gif
(TW=ii=1





OPS/images/fams-10-1437247/inline_39.gif
|l @ =1





OPS/images/fams-10-1437247/inline_36.gif
ieJ ()





OPS/images/fams-10-1437247/inline_37.gif
o € LTMYHY(T)=ii=1)





OPS/images/fams-10-1437247/inline_43.gif





OPS/images/fams-10-1437247/inline_44.gif





OPS/images/fams-10-1437247/inline_41.gif
o L
K(g)= ](1—.;’ sinu) Fdu

3





OPS/images/fams-10-1437247/inline_42.gif
g0 = (2+f5 - 22+45)12 = 0.346





OPS/images/fams-10-1437247/inline_4.gif





OPS/images/fams-10-1437247/inline_40.gif





OPS/images/fphy-12-1374481/inline_2.gif
pel





OPS/images/fphy-12-1374481/inline_19.gif
" A[D,1©((, tau)]| <T, on 0 <e<s





OPS/images/fphy-12-1374481/inline_18.gif
AlDPO(¢,n)](€)





OPS/images/fphy-12-1374481/inline_17.gif
aA DR
" A[DSPO(L ]| <T





OPS/images/fams-10-1489137/inline_52.gif





OPS/images/fphy-12-1374481/inline_16.gif
D,? = Dy.Dy.

D} (r — times)






OPS/images/fphy-12-1374481/inline_15.gif
pel





OPS/images/fphy-12-1374481/inline_14.gif





OPS/images/fphy-12-1374481/inline_13.gif
¢ = (51,(2

o) ERP, peN





OPS/images/fphy-12-1374481/inline_12.gif
D[,P = Dg.Dg

D} (r — times)






OPS/images/fphy-12-1374481/inline_11.gif
pel





OPS/images/fams-10-1489137/inline_44.gif





OPS/images/fams-10-1489137/inline_51.gif





OPS/images/fams-10-1489137/inline_50.gif
prse





OPS/images/fams-10-1489137/inline_5.gif
|B|+| B






OPS/images/fams-10-1489137/inline_49.gif





OPS/images/fams-10-1489137/inline_48.gif





OPS/images/fams-10-1489137/inline_47.gif





OPS/images/fams-10-1489137/inline_46.gif
xXix . xX:





OPS/images/fams-10-1489137/inline_45.gif





OPS/images/fphy-12-1374481/inline_10.gif





OPS/images/fphy-12-1374481/inline_1.gif





OPS/images/fphy-12-1374481/fphy-12-1374481-t006.jpg
n ¢ EXACT ATIMp-1 0 SATIM Error: SARPSM Error$

01 04 0.0768933 0.0768945 0.0768932 1244183 x 107 7775646 x 10
08 0.153787 0153789 0153786 2488366 x 10 1555129 x 107
12 0.23068 0.230684 023068 3732549 x 10 2332694 x 107
16 0307573 0307578 0307573 4976732 x 107 3.110258 x 107
2 0.384467 0384473 0384466 6220915 x 10 3.887823 x 107

001 04 0.079681 0.079681 0.079681 1.276282 x 107 7.976985 x 1072
08 0.159362 0.159362 0159362 2552564 x 10 1.595397 x 107"
12 0.239043 0.239043 0239043 3828847 x 10 2.393095 x 107
16 0318724 0318724 0318724 5105129 x 10~ 3190794 x 10"
2 0.398405 0398405 0398405 6381411 x 10 3988492 x 10"






OPS/images/fphy-12-1374481/fphy-12-1374481-t005.jpg
05

0.1

& EXACT ATIMp. SATIM Error$ SARPSM Error$
0 0266124 0266124 0266124 4748294 x 107 2007703 x 10
04 0294112 0294113 0294112 5247677 x 107 2218855 x 10
08 0325044 0325045 0.325044 5799580 x 107 2452214 x 107
12 0359229 035923 0.359229 6409527 x 107 2710116 x 10
16 039701 039701 039701 7.083623 x 107 2995142 x 10
2 0438764 0438764 0.438764 7.828614 x 107 3310143 x 107
0 0257936 0257936 0257936 2.973990 x 10 6241301 x 107
04 0285063 0285063 0.285063 3.286768 x 10 6897699 x 107
08 0315044 0315044 0.315044 3.632440 x 10 7.623141 x 10
12 0348177 0348177 0348177 4014467 x 10° 8424871 x 10
16 0384795 0.384795 0.384795 4436673 x 10° 9310924 x 107
2 0425264 0425264 0425264 4903282 x 107 1029016 x 107
0 0251567 0251567 0251567 4766381 x 107" 1987299 x 107
04 0278025 0278025 0278025 5267669 x 107" 2192690 x 107
08 0307265 0307265 0.307265 5821670 x 107" 2431388 x 10
12 033958 033958 033958 6433942 x 107 2681188 x 107
16 0375204 0375294 0375294 7.110606 x 10 2964295 x 10
2 0.414765 0.414765 0.414765 7.858441 x 107" 3.269606 x 107"






OPS/images/fphy-12-1374481/fphy-12-1374481-t004.jpg
NITMp_07  NITI o Exact SError_
{p = 10)$
04 0.0703566 00735629 00768945 00768933 | 1244183 x 10
08 0.140713 0147126 0153789 0153787 | 2.488366 x 10°*
o 12| oo 0220689 0230684 | 02wes | 373254910
16| oamiaze oz oavss | 0307 | asrerzx o
2| o oaes1s 03| 03867 | 622091510
04 | ooesrst oo ooest | oomest | 1z7es2xi0”
0s | o 0157204 i | oassae | 2564107
001 | 12 0.229728 0235867 0239043 0239043 | 3.828847 x 10
16 0306304 0314489 0318724 0318724 | 5105129 x 10
2 omm osnt 039805 | 039805 | 6381411 x 10






OPS/images/fphy-12-1374481/fphy-12-1374481-t003.jpg
ATIMp_os  ATIMpoo7  ATIMp.1o
1 0 0268012 0268012 0266124 0.266124 4748294 x
107
04| oaseisy 0296199 0294113 | 02912 | 5247677 x
107
os | oams 032735 as0i5 | 0325084 | 5799580 x
fos
12 o 0361778 03033 03929 64095 x
107
16 oy 0399827 a0 | oo 7086 x
107
2 o oaas7 oasTet | oawes | 728604 x
05 | 0| oxem 026089 025793 | 02579% | 2073990 x
0%
04| ozssas ozssszs 026506 | 0283063 | 3286768 x
10*
08 0318652 0318652 0315044 0315044 3.632440 x
0%
12 o 032165 038177 | 0377 | 40167 x
0%
16 oamme 0389202 030795 | 038795 | 436673 x
0*
2 oaons oas013s anse | oazsaee | 49032 x
e
or | 0 oxsue 0253463 oasise | 0251567 | 4766987 x
el
04| ozsons 0zsonts oas02s | 02m0s | 5267669 x
10
08| oamss 030958 0307265 | 0307265 | 5821670 x
10
12 osem 03a2139 039% | 03 | 6anew x
i
16 oamiz oamsiz2 o3 | 037294 | 7110606 x
o
™ oa17889 Odlzes | OaldTes | 75wl x

10






OPS/images/fphy-12-1374481/fphy-12-1374481-t002.jpg
SError_{p

01 04 007015 0073533 00768932 0.0768933 7775646 x 10
08 0.1403 0.147066 0153786 0.153787 1555129 x 107
12 021045 [ 0220599 023068 0.23068 2332694 x 107
16 02806 0294132 0307573 0.307573 3110258 x 107
2 035075 0367665 0384466 0.384467 3.887823 x 107
001 04 00765701 0078622 0.079681 [ 0.079681 7.976980 x 107
08 015314 0157244 0159362 0.159362 1.595396 x 107"
12 022971 [ 0235866 | 0239043 0.239043 [ 2393094 x 107
16 030628 0314488 0318724 0.318724 3190792 x 107
2 038285 [ 039311 0398405 | 0.398405 3.988487 x 107






OPS/images/fphy-12-1374481/fphy-12-1374481-t001.jpg
$Error_{p

1 0 0268655 0268011 0266124 0266124 2007703 x 10
04 029691 0296198 0294112 0294112 2218855 x 107
08 0328136 0327349 0325044 0325044 2452214 x 10°
12 0362647 0361777 0359229 0359229 2710116 x 10
16 0400787 0.399825 039701 oo 2995142 x 10
2 0442938 0441875 0438764 0438764 3310143 x 107
s 0 0262972 0.26089 | 0257936 | oasmss 6241301 x 10°
04 0290629 0288328 | 0.285063 0285063 6897699 x 107
08 0321195 0318652 0315044 0315044 7.623141 x 107"
12 0354975 0352165 0348177 0348177 8424871 x 107"
16 0392308 0.389202 0.384795 0384795 9310924 x 10°
2 0433567 0430135 0425264 0425264 1029016 x 10°°
01 0 0255675 0253463 | 0251567 osis67 1987299 x 107
04 0282564 0280119 | 0278025 0278025 2198241 x 107
08 0312282 030958 0307265 0307265 2431388 x 107
12 0.345124 0.342139 | 0.33958 0.33958 | 2.681188 x 107
16 0381422 0378122 0375294 0375294 2964295 x 107

2 0421536 0417889 0414765 0414765 3275157 x 107






OPS/images/fphy-12-1374481/fphy-12-1374481-g012.gif





OPS/images/fphy-12-1374481/fphy-12-1374481-g011.gif
0014






OPS/images/fams-10-1437247/inline_58.gif
1 (T4)
ci
f1@ e





OPS/images/fams-10-1437247/inline_59.gif
R
Polt)= sink





OPS/images/fams-10-1437247/inline_56.gif
fr® e (1)





OPS/images/fams-10-1437247/inline_57.gif





OPS/images/fams-10-1437247/inline_54.gif





OPS/images/fams-10-1437247/inline_55.gif
il
F®: = R





OPS/images/fams-10-1437247/inline_61.gif





OPS/images/fams-10-1437247/inline_7.gif





OPS/images/fams-10-1437247/inline_6.gif
o)





OPS/images/fams-10-1437247/inline_60.gif
o= § cos(kt +?),





OPS/images/fphy-12-1374481/math_15.gif
LHS = e?A[DY
HS = @A[DYO (G )] - L5272,
as)






OPS/images/fams-10-1437247/inline_17.gif





OPS/images/fphy-12-1374481/math_14.gif
LHS=A[D!g(Ln)|





OPS/images/fphy-12-1374481/math_13.gif
LHS = A[D?(D;")|.





OPS/images/fphy-12-1374481/math_12.gif
AP O] = XA ) - Yo <) DO 0

12)





OPS/images/fphy-12-1374481/math_11.gif
A[D;"O(Ln)| = €A e)

E e ()2DIFDIe,0), 0<psi. (11





OPS/images/fphy-12-1374481/math_10.gif
L0 D00
LHS = €A((,€) oL g

(0






OPS/images/fphy-12-1374481/math_1.gif
A[D7e(.n)

(~)DFO,0.,0<ps1.
PAGe) - Y e ) 2DrO,0,0<p
=

)





OPS/images/fphy-12-1374481/inline_9.gif
pel





OPS/images/fphy-12-1374481/inline_8.gif





OPS/images/fphy-12-1374481/inline_7.gif
m, p € R, J;"F





OPS/images/fphy-12-1374481/math_16.gif
LHS=e?AGe) - Y e )2Dre((,0) a6





OPS/images/fams-10-1467426/math_8.gif
Z()+ B x(z()) <0 forae tes,





OPS/images/fams-10-1437247/crossmark.jpg
©

|





OPS/images/fams-10-1467426/math_79.gif
f B, ) d < 4 f
s

i

EOIAGTES
"

1" 2
i ~/l‘| OO 8





OPS/images/fams-10-1437247/inline_15.gif





OPS/images/fams-10-1467426/math_87.gif





OPS/images/fams-10-1437247/inline_16.gif





OPS/images/fams-10-1467426/math_86.gif
2 2 .
[ [BCugO)] dt < 12 [ lug(®) dt < Cuy
! i

4
(1+ [ P df) < Cia, (64)
N





OPS/images/fams-10-1437247/inline_13.gif





OPS/images/fams-10-1467426/math_85.gif
the sequence {1}, " isbounded in L} (S; H).  (63)





OPS/images/fams-10-1437247/inline_14.gif
<
T110; ;1]
il






OPS/images/fams-10-1467426/math_84.gif
| isbounded in- (62)






OPS/images/fams-10-1437247/inline_11.gif
an





OPS/images/fams-10-1467426/math_83.gif
N g 5
esssup [ (O)IF + / I OR dt < Co[5777 45
Pty u

“
" i ' (OF dt (1)
af weeais [ gopal





OPS/images/fams-10-1437247/inline_12.gif
o) =
=0





OPS/images/fams-10-1467426/math_82.gif
=
esssup g OF + [ 140
prive 3

saf L | loRa+ [, ': (O dt 45~ /:. : st}
(60)






OPS/images/fams-10-1437247/inline_1.gif





OPS/images/fams-10-1467426/math_81.gif
| "
: j. TR df + Dp(1(0) < 4 /:. VR

1oz [ e ot [ " o). 69
A [






OPS/images/fams-10-1437247/inline_10.gif





OPS/images/fams-10-1467426/math_80.gif
0=

7 max  6,((t—1)/8) < Cad™,
telt—3.41]

max 6/(9),
se[—1,0]

max 6
eliiosal






OPS/images/fphy-12-1374481/inline_6.gif





OPS/images/fphy-12-1374481/inline_5.gif
A[DPO(L, )] = ?A((,€) - YiloZm 1<psr, reN





OPS/images/fams-10-1392560/math_8.gif
d(Xn, Xnip) < Pla"d(x0, x1), D™ d(x0, x1),
L@@ P 2d(xg, x1), @™ P d(x0, x1)))).





OPS/images/fphy-12-1374481/inline_4.gif
A[JPO (L )] = 282





OPS/images/fams-10-1392560/math_9.gif
d(Xp, Xnip) < a"O(1, P, -, Pl ", al1)))d(xp, x1).






OPS/images/fams-10-1467426/math_78.gif
| / o080 0 di| < / 60|t w0 de
s -
[ omongoiass [ oowuora

1 2,
+: /:. o0l OF a, )





OPS/images/fphy-12-1374481/inline_3.gif
(), 0O





OPS/images/fphy-12-1374481/inline_25.gif
®(0,D!0,D;"®,D,"0)





OPS/images/fphy-12-1374481/inline_24.gif
)
1,
D;"®(,





OPS/images/fphy-12-1374481/inline_23.gif
O ({,n),DIO({, 1), D"O(,n)





OPS/images/fphy-12-1374481/inline_22.gif
O (©((,n), DIO, 1), D;"O((, n) D;"O({,n)





OPS/images/fphy-12-1374481/inline_21.gif





OPS/images/fphy-12-1374481/inline_20.gif





OPS/images/fams-10-1467426/math_7.gif
[ w0, WO < 1
|






OPS/images/fams-10-1392560/math_6.gif
A(Xp, Xpi1) < a d(xg, X1).





OPS/images/fams-10-1467426/math_77.gif
[ oomodoa= [ oo@utuo)
s s
= ou(uo) - [ o' Oon(uo)a

.
> Oy (ty(x)) — K[:'tha'u) /;I . Su(u(n))dt.  (56)





OPS/images/fams-10-1392560/math_7.gif
X, Xnip) S VA Xns Xni 1), QX 1s Xntp))
< B, X ) D1, F12), 2, Tnip)

< Ot X1, D1, X2 s VA2, Trip-1)
Wiyt Xnsp)).






OPS/images/fams-10-1467426/math_76.gif
(©p(ug (1))

(ge(D),u (1)) forae. te(ty—4,6). (55





OPS/images/fams-10-1392560/math_58.gif
A%, %1) < Por
A %) < pr < apo,

) < p2 < apy < a¥po,

A0 1,50) < Pt < "o,

At Xns1) < pu < P,

18)





OPS/images/fams-10-1467426/math_75.gif
f " eGP d+ / B0k (D, 1) dt
s s
+ / BB, w0, 1 (0) dt

s

- / " OGO G0 &
|,





OPS/images/fams-10-1392560/math_59.gif





OPS/images/fams-10-1467426/math_74.gif
the sequence {®(uy)} is bounded in L, (S).





OPS/images/fams-10-1392560/math_56.gif
Po = dlxp,xy) + d(xy, X2) + d(X2, Xo),
1= dlxi,x0) + d(xg, x3) + d(x3, x1),

o = A0 K1) + A1 X042) + 2.,






OPS/images/fams-10-1467426/math_73.gif
the sequence (1) is bounded in LiT(S; H), Lio (S; H), L, (S: H),
and I (s; V),and (52)






OPS/images/fams-10-1392560/math_57.gif





OPS/images/fams-10-1467426/math_72.gif
"
2 2
o (0 + /:. O de+

n n “
sa "
l‘ (D19t + l‘ TP dt + /:. D(un)dt

= N
<2cs +zr414|/.(n|1m. o





OPS/images/fams-10-1392560/math_54.gif





OPS/images/fams-10-1467426/math_71.gif
) N
ue(0)* + L . HO[lurOF + lug(0)19 + ug (P + S (uy(0)] dt

<ca T .
+o L " owisPa 0





OPS/images/fams-10-1392560/math_55.gif
d(Txp, Tx) < ald(xp, X) + d(xp,y) + Pld(Xp, X), d(Xp, })))
< a(25 + ©(5,8)).





OPS/images/fams-10-1467426/math_70.gif
(D) + 20Kz — L — £2) / Ol OP dt + 2oKs —e1)
s
/ B DI dt +2(1 - oK / SOOI dt
s n—s
+21-0) f 000 (w(0) dt

< Cserd) 7 4265 /: LOIAGIES (9)
L





OPS/images/fams-10-1437247/inline_28.gif
J(r)





OPS/images/felec-05-1459220/crossmark.jpg
©

|





OPS/images/fams-10-1437247/inline_29.gif
Td),





OPS/images/fams-10-1467426/math_99.gif
0<lim 7/' (&)=, u(®)=v) dt = (g(x)—v*, u(x)=v) = 0.
(75)





OPS/images/fams-10-1467426/math_98.gif
D @O — v - dz0 V[l eady  (74)
[





OPS/images/fams-10-1437247/inline_27.gif





OPS/images/fams-10-1467426/math_97.gif
@OV -tz 0 Vnrleavy (73
[,






OPS/images/fams-10-1437247/inline_35.gif





OPS/images/fams-10-1437247/inline_33.gif
T =J(cLd)





OPS/images/felec-05-1459220/felec-05-1459220-g006.gif





OPS/images/fams-10-1437247/inline_34.gif
¢y ®) e L(TY)





OPS/images/felec-05-1459220/felec-05-1459220-g005.gif





OPS/images/fams-10-1437247/inline_31.gif
ci (1)





OPS/images/felec-05-1459220/felec-05-1459220-g004.gif
W5 He s 180 185 10
"t





OPS/images/fams-10-1437247/inline_32.gif





OPS/images/felec-05-1459220/felec-05-1459220-g003.gif





OPS/images/fams-10-1437247/inline_3.gif





OPS/images/felec-05-1459220/felec-05-1459220-g002.gif





OPS/images/fams-10-1437247/inline_30.gif
J(r)





OPS/images/felec-05-1459220/felec-05-1459220-g001.gif
R





OPS/images/fphy-12-1374481/math_24.gif
h2 (0) = lim € (e"A({ €) - € ho (O) - " "1y (0).  (24)





OPS/images/fphy-12-1374481/math_23.gif
EA|Dje(n))(e). (23)






OPS/images/fphy-12-1374481/math_22.gif
iy (0) = lim (€"A(L €) - "o (0)). (22)





OPS/images/fphy-12-1374481/math_21.gif
(0 = A (e) - e () - o - 28D

@






OPS/images/fphy-12-1374481/math_20.gif
o (D) = EA(Gye) - o) - T2

(20)





OPS/images/fphy-12-1374481/math_2.gif
AlD;"O((n)]

AL €) -7 0((,0) - " DIO((,0). (2)





OPS/images/fphy-12-1374481/math_19.gif
ho ({) = lim € A((€) = ©((,0).

(19)





OPS/images/fphy-12-1374481/math_18.gif
O ) = ho (@) + 1 (O [ ]»»h Oz

T (18
T





OPS/images/fphy-12-1374481/math_17.gif
a7






OPS/images/fams-10-1437247/inline_18.gif





OPS/images/fams-10-1467426/math_9.gif
(w € L7(0, T: Bo) | W € LI(0, T: By)} C (L'(0, T: B)NC([0, T): By)).
(5)





OPS/images/fams-10-1437247/inline_19.gif





OPS/images/fams-10-1467426/math_89.gif
ug —> u weaklyin L, (S; H), and weakly in Hy, (S; H), (67)





OPS/images/fams-10-1467426/math_88.gif
— o ly in L, (S; V),
), and weakly in Lj_ |
Uy —> u +-weakly in Li2 (S; V), -





OPS/images/fams-10-1437247/inline_25.gif





OPS/images/fams-10-1437247/inline_26.gif





OPS/images/fams-10-1467426/math_96.gif





OPS/images/fams-10-1437247/inline_23.gif





OPS/images/fams-10-1467426/math_95.gif





OPS/images/fams-10-1437247/inline_24.gif
A=
% ;





OPS/images/fams-10-1467426/math_94.gif
J () vty dt + [ (glD), v)e(t) + J(BLE, ux (D)), vie(t) at
s H H
= k/'(fk[k],v)w[k):i. kel (1)





OPS/images/fams-10-1437247/inline_21.gif
k € G;





OPS/images/fams-10-1467426/math_93.gif
Bl u(-)) — B(-u()) stronglyin L (S;

(70)





OPS/images/fams-10-1437247/inline_22.gif





OPS/images/fams-10-1467426/math_92.gif
I 'r
.[ 1Bt et — Bt ()t < 12 / )~ R dt — 0
J





OPS/images/fams-10-1437247/inline_2.gif





OPS/images/fams-10-1467426/math_91.gif
g —> ¢ weaklyin L (S; H). (69)





OPS/images/fams-10-1437247/inline_20.gif
o) =
A =1,






OPS/images/fams-10-1467426/math_90.gif
up —> 4 InC(S; H),

(68)





OPS/images/fams-10-1418656/math_121.gif
- - ko [
%nfnf«», IRt + '!'n/'m}dmaJrTnjmfm.M

2 j = /4-», IoR (Lo, it
sp.f/p,lmu.(”17?1},)//(,,,+w+h)lmr
vs vs
- w
Ay 2 Ay P08
+mnj(w,+w+m (Ln.mr+%/4p,+w+ (0.

%jzw‘m+ /w’(za f)dt + C(R, T)lot

+ C(E(0) + E(T)). (63)





OPS/images/fams-10-1418656/math_120.gif
b

ks

5 [t 4 000 It 0
8

¥ y
" orti 5
< s [ty +107n 00+ 22 [0 toP a0,
s ¥

T o
’%//wx(m,—wdm s%ffwim
ia i

T
+%n/nj(m,—1¢)‘m

T i
%nj!’(m,—waxdrs».nfnfp}m
+ﬂ|]f{y&+w+lm)ld1di+ﬂif‘[rld1di
00 B 0 N

ot

B
o
2 [ttt

4
T T

Gt 9+ 1070001+ 22 [0 = 190,00
1

¥
o
+Enj4vx+v+wua.na+

Lk
PLy

; ;
ot / wa 0+ 2 [ gito. 0t
' y

+ C(R, Tlot + C(E(0) + E(T)). (62)





OPS/images/fams-10-1467441/inline_16.gif
[CAGRN))





OPS/images/fams-10-1418656/math_120a.gif
b
K
- j (g 9+ o)L, e — ) Lo, D

|7Ln
/ (et ¥+ (Lo, + 222 f (x— 1),






OPS/images/fams-10-1467441/inline_15.gif
Hy(n)





OPS/images/fams-10-1418656/math_119.gif
5

(wx—lp)xpedat

P

L T
k a
S [ [put v ohton— s+ 2
! n/n/ ! nf

B

&
=7 / (et ¥+ L) Lo, Dwx — Ig)Lo, Ot

o

-5 [ty 1000 000
ufE -
L -
,nfnfw [ +.nfn/4m, o

¥
o [ [t o0
I





OPS/images/fams-10-1467441/inline_14.gif
[rs
ek






OPS/images/fams-10-1418656/math_12.gif





OPS/images/fams-10-1467441/inline_13.gif
ve L0, T, Hy(Q)





OPS/images/fams-10-1418656/math_117.gif
- -
?!‘nfﬁ(nnx7lm)dxd+k7'n/nj(w+‘[r+h)x{mxf‘¢)ﬁdt

L

i o
— Ip) —
w.n/nj(m, IRt ,!’nf

T
o~ gyt 1 5 [ [ onpdat
oa

- T
+"—,‘nj!'(m,—tp),p,dxdr—k.jnj(nwmmm

Iy Iy
= ? f (% Twx — lp)(x, Thdx — % rlx,0)(wx — lp)(x, 0)dx
i

1 i
+2 [ s Dot 1= 2 [ s 0rteonts. (9
J J





OPS/images/fams-10-1467441/inline_12.gif
uy € 2(0p)





OPS/images/fams-10-1418656/math_118.gif
1
=4 f (Lo, Dax(Lo, Nt

.
i, M+""'nf Aot (@





OPS/images/fams-10-1467441/inline_11.gif
u, € 0,7 Hy(C) ~C (0. TL L)),





OPS/images/fams-10-1418656/math_115.gif
oz

Tl H
/‘n/'n,;,m+ Lol nf(m,— 170, at

h T
5%!!"‘”"")ZM“"‘”‘Z‘!!('MHWM

+C(R, Dot + C(E(0) + E(T)). (57)





OPS/images/fams-10-1467441/inline_10.gif
u e C(0,T], Hy (<),





OPS/images/fams-10-1418656/math_116.gif
(o

:
5%]]‘4..., x,,)lm+n7x,m//(p,+w+mldnﬂ
e

+ C(R, T)lot + C(E(0) + E(T)). (58)





OPS/images/fams-10-1467441/inline_1.gif
Hy()=W20)





OPS/images/fams-10-1467441/crossmark.jpg
©

|





OPS/images/fams-10-1418656/math_114.gif
aff ol
A 1o [ o
njnf st + 2 nf (Lo, it
i
+ @ / (0~ Ig)(Lo, Dt

T
130,
< nfnf... )’M+|7k,ﬂlu//(p,+w+b)‘m

+ C(R, Tlot + C(E(0) + E(T)), (56)





OPS/images/felec-05-1459220/math_qu9.gif





OPS/images/fams-10-1418656/math_112.gif
ko) = sup Inl = Clinllg-c, 0 <e€<1/2.
©ls)





OPS/images/fams-10-1418656/math_113.gif
o

2001 ij("” lle(y»x+\b+b)dxdt|

oo
L

<5 jnj(m, )1M+m.ﬁﬂ/j(‘, -





OPS/images/felec-05-1459220/math_qu8.gif
[VinCe2)'ds = x| Jhu(oz)ds =






OPS/images/fams-10-1418656/math_110.gif
I

T
:/ llox — lgl*dt + Cle, R, T)lot,
ks

(55)





OPS/images/felec-05-1459220/math_qu7.gif
ot kil | cot(kanwn/2)
T i

Fau (ko)






OPS/images/fams-10-1418656/math_111.gif
= |5 5
fot = max (e Ollyi-e + 1Y (- Dllz-e + flol

+ Ul O e + IV D + W0 D






OPS/images/felec-05-1459220/math_qu6.gif
tan (k.uw,/2 )
T






OPS/images/fams-10-1418656/math_109.gif
-
[ [ 16699 -5. 9 opa
i

< C(R,T) max ||&(1)

 max L0<e<12






OPS/images/felec-05-1459220/math_qu5.gif
% -2-8i 21k sin K.z
fr(3:2) = Y A= o o costknwi]2)





OPS/images/fams-10-1418656/math_11.gif





OPS/images/felec-05-1459220/math_qu4.gif
2 . a(2k+1) coskuu(L, +x)
"""")’Z"‘F o s sinkol,





OPS/images/fams-10-1418656/math_107.gif
o
(@~ lp),m,dxdrfhlf/{pxi»vi»lm)m,hdr
£

5

o

L T

=01 (wx — lp)x(wx— lp)dxdt + o1l | [ (wx— lp)cxpdxdt
[ [

/
/

5

(g — I dxdt

[

71(.1]1](': +‘Ir+lm)m,M,—Z']
)
ol j(m, 1Yo, it — ol j j(m, Iphpdat
77n|l!.n/.(mx*'¢)1{9x+v+hzldﬂ
)
+a,1nj!'(m,—lp)x4w+hw

T T
—oully [ (wx—lp)(Lo. (Lo, Dit—ki P | [ (pxtyr+leo)xpdxdt.
[ !

(53)





OPS/images/felec-05-1459220/math_qu30.gif
-2:80 2k coskeuz
i 52) ?‘*"‘[‘:”‘ O N kol





OPS/images/fams-10-1418656/math_108.gif
- -
a,n/'n/4m,—1¢>,m:—a.nj'nj4m,4¢)zm
¥ .

10
- nj (o — )L, ol O — I, !’ nj [

(54)





OPS/images/felec-05-1459220/math_qu3.gif
2 . a2k+1) coskuu(L, - x)
""“)’Z“‘F o s sinkol,





OPS/images/fams-10-1418656/math_105.gif
- -
m!njmm,hdwm!njmfm
T )
+a.nj!'(m,—tp),x.»,mw.!'nf(m,—lww
T i
fk:ljj(%+\b+h)xm,dnﬂ—k.lnjnj(p,+‘a+h,w
T
- [ €659 - 56,9000 + it
'

0
" 5

=[x Dot i+ 1 [ ot Tt Tt
8 :

" 5
i1 f w00 1 [ om0t 0 s
J J





OPS/images/felec-05-1459220/math_qu29.gif





OPS/images/fams-10-1418656/math_106.gif
.

ko
ot + 252 [[eftat

o

4]

o7
pl]f'”’llﬂndnﬂ
X1

(52)





OPS/images/felec-05-1459220/math_qu28.gif
o) = 3 {5 s
o3

foska(z=20) oo ke (2 - 20)
Ao netionn)

)i






OPS/images/felec-05-1459220/math_qu27.gif
2k sinkuz
Ko coskonly

() = ¥ A
2





OPS/images/fams-10-1418656/math_14.gif





OPS/images/fams-10-1467441/inline_27.gif
@z
w') >y





OPS/images/fams-10-1418656/math_131.gif
o

'r
(l+—)njnj(vx+‘[r+la:]xvdxdt
T
k (1 "l)ff4w+w+h)lm
1
Tk (n+‘i,)]4w,+w+1.»)(h Dola, Nt
i

4 k|(l+‘—:“)j(w b+ )+





OPS/images/fams-10-1467441/inline_26.gif
u, € C(L0,TT, 22 ()





OPS/images/fams-10-1418656/math_138.gif
-
€ [ [ )=y + v +lm]dni.t|
I

T T

kG . o

< MG [ [y riorasirec [ [0yt
N njnj n/ n/

(76)





OPS/images/fams-10-1467441/inline_34.gif
{@xw))e





OPS/images/fams-10-1418656/math_139.gif
ok [ f H-
ik o

(et v +lo)dxdt < = [ (@ — lp)dxdt
2 o n/ Mnjnj

LUW (ﬁ,+7)jjwm+

.

ki

,Tf(wxwﬂm)‘an t)dr+—f(w+v+lm)2(o.k)dt
@

1 1
PLic o, PLiG [ o
+og fw,aa.mw e f YE0.ndt

% s r>w+ﬁ‘“a‘”"/w’u« ndr+"‘ff Rt

e j f (i) = y Pt +COR, Dlot+ CLECQ) + E(T).
i

(77)





OPS/images/fams-10-1467441/inline_33.gif
| .

- <&
llzg,y





OPS/images/fams-10-1418656/math_136.gif
-
w6 [ [t -+ g
aa

G / / wn(w,wua»dxdr‘

=ua f (px+ ¥+ Iw)(Lo, D) ¥x(Lo, Dt
i

y
G [t ¥+ 0.0p 0001
i

. "
” K
Gty 102000+ 5 [ty + P00
‘

-
-
“‘" / Vit + :03 / vio.nd. (0
J





OPS/images/fams-10-1467441/inline_32.gif
j(eS)]





OPS/images/fams-10-1418656/math_137.gif
-
e | [ (m,—lp)w,dxdr|
i

7 o [ f
/ (e — lpedt + LA j j Yt (79)
s o1 D 0

T

<

=5
H





OPS/images/fams-10-1467441/inline_31.gif
i,





OPS/images/fams-10-1418656/math_134.gif
- H-
- [ [ttt [ [t v+ torpuasar
Wt ia

rie
4c,»,n/n/(m,—wwxdﬂ

i
*ﬁ:Cn!‘nfw(vn+%+h»M
i
4,c.nfnfwu(p,+w+hw
I
+k,c.nfn/<p,+&+lm)’m

Ty
+ [ [@0-voet v + s
i

1
=516 [ oo
i

" "
-G [ o D G [ 50t )5 0
‘ s

"
-G [ s D+ 4+ o T 0
J





OPS/images/fams-10-1467441/inline_30.gif
I @Gxs"™ = @ u") ||g g = Do lla™ =27
£ £
@) pgy= Dol llzeg,s





OPS/images/fams-10-1418656/math_135.gif
-
envudait+ 5 [ [ vton +lm.)dni.t|
3

e

L
;.c,n/

T Tl
= |BiC [ eulLo. typn(Lo. ndt + prCil ‘hm"lrdt|
[ I

T T
o[ BGPL [ 2
= m_ﬂﬂfn(l—n.t)dw i nf*"‘"““"

o2 s o
‘nn o 0 ‘






OPS/images/fams-10-1467441/inline_3.gif
AHe()





OPS/images/fams-10-1418656/math_132.gif
. T
ki 2 o 2,
e [ v+ 000+ % [ f o 19

: v

+ C(R, Tlot + C(E(0) + E(T)). (70)





OPS/images/fams-10-1467441/inline_29.gif
ve L0, T, Hy(Q)





OPS/images/fams-10-1418656/math_133.gif
e
nj (= lgPadt

o [
8/
o it mlo
o[ [ o [ o
+zn/'n/ pavit + nj,(u,»d:
= j D f (0x — lpPO.Od

T
2k 2 2k
*Enj('””””] (Ln.:)ar+mnj4p,+w+mz4n.»dx

L v,4l«.ndt+p—4!!wfm

<k (4+17sz+ )f(«p,+w+b:)1m

T
%/jwmwm ot + C(E(O) + (T (71)
JJ





OPS/images/fams-10-1467441/inline_28.gif
Q).





OPS/images/fams-10-1418656/math_13.gif





OPS/images/fams-10-1418656/math_130.gif
(o) [

T
Sk (1+—)//(p,+w+h>,¢m
3

n'r'o
+b.(n+%)njnj(mx—lp)vdm

(H—)/jwwm — i gt =

s FT%) !‘ (0 Tl ) = 1 . 05,00,





OPS/images/fams-10-1467441/inline_25.gif
ue C(0,T),Hy (D)





OPS/images/fams-10-1467441/inline_17.gif
i ke
4 ()= D (1), 1 (1) = Tl (x)
2 o





OPS/images/fams-10-1418656/math_128.gif
. /4¢,+v+h)'(u. e 28 /4p,+v+h)'(n:)dr
E 16 it
m o [ f oo
f GiLodt = = n/ n/ gpddt

i

., 2y N
o) dxdt

= !'nfm+w+ 7

+’L‘/Tf vt + ‘fj(m,—tp)'m
Fn o

1
+ C(R, T)lot + C(E(0) + E(T)). (68)

5





OPS/images/fams-10-1467441/inline_24.gif
@(xu") = @lxu)weakly
Lw)weakly in Z(Qp)
)r.





OPS/images/fams-10-1418656/math_129.gif
T o e H
o [lomtopae [ [otass 252 [

cnla

+ o j (0 L, + L0 j (e o0, 0

T

+m (et + )0, it

fwxwﬂm)'ua o+ 22

+%!w,’4za.r),n5p. (|+‘:—:%) jjw,zm

S (2+l7l‘l‘_,+—w)]f(w+\b+lm]1dnh
a5

T
+5Tf‘ff\f'fdxdt+6{ll.ﬂlat+c(ﬂﬂ)+ﬁ(ﬂ)~ (69)
.y





OPS/images/fams-10-1467441/inline_23.gif
W —u in Q).





OPS/images/fams-10-1418656/math_126.gif
— Lo)ex — ’ﬂdxd}

o
(e + ¥ +lo)(2x

i

/

(gx -+ ¥ + loo) it

=

/

1
£






OPS/images/fams-10-1467441/inline_22.gif
™)
Y





OPS/images/fams-10-1418656/math_127.gif





OPS/images/fams-10-1467441/inline_21.gif
=max sup |ap(x.1)|
% = max b 14y





OPS/images/fams-10-1418656/math_124.gif
I
—nfnijerh),w,M

£
16k,
o Jtot v+ b5 gt

oz

6k|
=

(ot Pt + S5 f (et ¥ +lP0.0d

;
Joes v+ et

- (g + ¥ + lo)lx — Lo)(yr + ko)t

T

9
nj!(””’“"“"“
T

e .
+in nj(w,wu») 0.0t

T‘,,f (ot ¢+ I, )t

16k|

j (gt ¥+ 1o)(Lo, O + L)L, Dt

i
32k,
+ 3 [ [ty vt s mas
3
o 1
— - Io)(2x— — lp)dxdt
i njnj(p ¥+ )2 Lo)ox — Ip)

i
+ 1 [ [ v+ = Loyt
a

'
lﬁ|

— ) - dxdt.
i fn/4¢,+v+ )ox— Lot (66)

H





OPS/images/fams-10-1467441/inline_20.gif
iv=1

24 =

2 MEOLEA 0
8>





OPS/images/fams-10-1418656/math_125.gif
- -
oo nj !‘ (e lpgudrt+ 5% nj nj (ox—lg)(x—Lolgxct

v
:@fﬂ 19)2x — Lo)lps + ¥ + lo)dxdt
i

n
1

"
1
i nj nj (0x — lp)(2x— L)y + lo)dxdt. (67)





OPS/images/fams-10-1467441/inline_2.gif
g, by, by, €CQ0,TLI(Q),





OPS/images/fams-10-1418656/math_122.gif
T
16k,

+ a7 (px + ¥ + l)a(x — Lo)pedt
il

- f 6 T~ Lodguls Thdx

160
— 22 [ e x— Lodgelx, Tk, (69
PL3 nj





OPS/images/fams-10-1467441/inline_19.gif
(e @)





OPS/images/fams-10-1418656/math_123.gif





OPS/images/fams-10-1467441/inline_18.gif
[CAO)]





OPS/images/fams-10-1418656/inline_70.gif





OPS/images/fams-10-1418656/inline_69.gif
2 6k 20°CHA

+AC, +CiT)





OPS/images/felec-05-1459220/math_8.gif





OPS/images/fams-10-1418656/inline_7.gif
DeCO.T, H)QC 0T H,)





OPS/images/felec-05-1459220/math_7.gif





OPS/images/fams-10-1418656/inline_67.gif





OPS/images/felec-05-1459220/math_6.gif
Thrm = J 5 V0 (3:2) | VW, (%,2) X €, [dS,

B = [ Viha (6 2)V, (x,2)dS, ©





OPS/images/fams-10-1418656/inline_68.gif
o BCEL





OPS/images/felec-05-1459220/math_5.gif
Acy.
Auys

et Lo 0 Poun (%5 Z2) Fet (K ytmn ¥ )1
N TN ¥ (6 2 F b (K)o

©





OPS/images/fams-10-1418656/inline_65.gif
2200,
Cy=26+17P5 + T






OPS/images/felec-05-1459220/math_4.gif
1
zAu-‘I:Fz(‘(m“m‘;m&miw« o @






OPS/images/fams-10-1418656/inline_66.gif





OPS/images/felec-05-1459220/math_3.gif
3 Aun [r.. b= oSSm0 )





OPS/images/fams-10-1418656/inline_63.gif
LR
1:4)w





OPS/images/felec-05-1459220/math_2.gif
coskoux
T sin (k1 /2)

@





OPS/images/fams-10-1418656/inline_64.gif





OPS/images/felec-05-1459220/math_10.gif





OPS/images/felec-05-1459220/math_1.gif
Vin(2)Chn [0





OPS/images/fams-10-1418656/inline_62.gif
16
’ﬁ(x’[v)@





OPS/images/felec-05-1459220/inline_99.gif
wy = 0,08





OPS/images/felec-05-1459220/inline_98.gif
WHo





OPS/images/felec-05-1459220/inline_97.gif
w, /w»





OPS/images/felec-05-1459220/inline_96.gif
wy, = 2w,





OPS/images/felec-05-1459220/inline_95.gif





OPS/images/felec-05-1459220/inline_94.gif
Wo = Z2Wy





OPS/images/felec-05-1459220/inline_93.gif





OPS/images/felec-05-1459220/inline_92.gif





OPS/images/felec-05-1459220/inline_91.gif





OPS/images/felec-05-1459220/inline_90.gif
S





OPS/images/felec-05-1459220/inline_9.gif
9un(0.2) _
= ()





OPS/images/fams-10-1418656/math_104.gif
S TS
TEUD) + [ [ [ /5~y Gsdedsit
2t

T 7
= [ BU@)t+ [ [ HOE, D)dsat. (50)
s P





OPS/images/fams-10-1418656/math_102.gif
rl i rl
Eit) = o1 [ oidudt+py [ gidndt+py [ yiax
[rsan [ teacn]
1
+ o1 [ (x—lg)Ydx+
I

I i
ki [ty +loPdct [ ylax
/ /





OPS/images/felec-05-1459220/math_qu26.gif





OPS/images/fams-10-1418656/math_103.gif
s s o
Eat) = nnjwfdm‘t+hn/"fhdt+hnf"}dx
I
+oz!(w,—lu)’dx+

1 I
+ k[ (e v+ )Pdat a [ Vdx
/ /





OPS/images/felec-05-1459220/math_qu25.gif





OPS/images/fams-10-1418656/math_100.gif
i
HOO00) = [ (6305 1. s
i

I
+ [ 69,00~ .G
i

I
+ f (@6 9.8) — (@ ¥ @Nndx
s

.

+ f(fz(ia.v.w)—/;mw»u.d;
i
.

+ [ - b
i
.

+ [ @G- o
7





OPS/images/felec-05-1459220/math_qu24.gif
Fiom = Ky COLK M1 + Ky COLK 5D,





OPS/images/fams-10-1418656/math_101.gif





OPS/images/felec-05-1459220/math_qu23.gif





OPS/images/fams-10-1418656/math_1.gif





OPS/images/felec-05-1459220/math_qu22.gif
P $in Ky X €08 ko2, w — ew,

Voo (5:2) = | o ool e e





OPS/images/fams-10-1418656/math_10.gif





OPS/images/felec-05-1459220/math_qu21.gif
P cOs ki sinkey2, ew - ew,

b (:2) = | BT cou ks coskonz, mw - mw






OPS/images/fams-10-1418656/inline_81.gif
B(Ly.t)





OPS/images/felec-05-1459220/math_qu20.gif
sin(kyzm (B 7)),

sin(k, Ton

Fizmm (1) =






OPS/images/fams-10-1418656/inline_9.gif
el(0T.H) e (0.T.H,)





OPS/images/felec-05-1459220/math_qu2.gif
M-2-6  2nk  sink.u(L-2)
O X Kcoskunl

fn(5,2) = Y A





OPS/images/felec-05-1459220/math_qu19.gif





OPS/images/fams-10-1418656/inline_80.gif
B(Ly.t)





OPS/images/felec-05-1459220/math_qu18.gif
costkyim(B=¥)) o

Fam () = == ) o





OPS/images/fams-10-1418656/inline_79.gif
By 5= 8 (Ly.t)





OPS/images/fams-10-1418656/inline_8.gif
(@,





OPS/images/felec-05-1459220/math_qu17.gif
Faim () = ey






OPS/images/fams-10-1418656/inline_77.gif
{x) p=)
i





OPS/images/felec-05-1459220/math_qu16.gif
AAnieryi + Ko€riAnierys






OPS/images/fams-10-1418656/inline_78.gif
=8,
—8.0,
B-g.0er





OPS/images/felec-05-1459220/math_qu15.gif
ot kil | cot(kanwn/2)
T i

Fau (ko)






OPS/images/fams-10-1418656/inline_75.gif





OPS/images/felec-05-1459220/math_qu14.gif
cot(Keuws /2 )






OPS/images/fams-10-1418656/inline_76.gif
i)
B >





OPS/images/felec-05-1459220/math_qu13.gif
T AL,
2 cos 27K,
w, zkm :‘“k
m(k::;
f2)





OPS/images/fams-10-1418656/inline_73.gif





OPS/images/felec-05-1459220/math_qu12.gif
—2:80 o 2k coskauz
w, W Ko sin (Koygws /2 )

2= ¥ Aus





OPS/images/fams-10-1418656/inline_74.gif
Y e FO.T, HY0, L)





OPS/images/felec-05-1459220/math_qu11.gif
ER cos,
o 27k, oskan (L + x)
v Wr - K Sin Kyl

(5= ¥ A





OPS/images/fams-10-1418656/inline_71.gif
L(y) =R}






OPS/images/felec-05-1459220/math_qu10.gif
- z.s.., 2mk coskyu (L, - x)
s 22z

Jia (%,2) = Y Au R





OPS/images/fams-10-1418656/inline_72.gif





OPS/images/felec-05-1459220/math_qu1.gif
O Jhn O Jun
=y

+ Kol






OPS/images/felec-05-1459220/math_9.gif
2z
fua (5,2) = \E\E 7





OPS/images/felec-05-1459220/inline_89.gif
51





OPS/images/felec-05-1459220/inline_88.gif





OPS/images/felec-05-1459220/inline_87.gif
fres = 2.85





OPS/images/felec-05-1459220/inline_86.gif





OPS/images/felec-05-1459220/inline_85.gif





OPS/images/felec-05-1459220/inline_84.gif
X = 2.62





OPS/images/felec-05-1459220/inline_83.gif
b = wls - xlc





OPS/images/felec-05-1459220/inline_82.gif





OPS/images/felec-05-1459220/inline_81.gif





OPS/images/felec-05-1459220/inline_80.gif





OPS/images/felec-05-1459220/inline_79.gif





OPS/images/felec-05-1459220/inline_78.gif





OPS/images/felec-05-1459220/inline_77.gif





OPS/images/felec-05-1459220/inline_76.gif
(mw.)

) = ani (L + 1)





OPS/images/felec-05-1459220/inline_75.gif
WMD) = )2 (L + 1)





OPS/images/felec-05-1459220/inline_74.gif
=nn/L





OPS/images/felec-05-1459220/inline_73.gif





OPS/images/felec-05-1459220/inline_72.gif





OPS/images/felec-05-1459220/inline_8.gif
>





OPS/images/felec-05-1459220/inline_71.gif





OPS/images/fams-10-1467199/math_34.gif
)=

L(Dy)

iR =
Ly D)= G






OPS/images/fams-10-1467199/math_31.gif
(14)





OPS/images/fams-10-1467199/math_30.gif
L(D,)

W0 =0,

(13)





OPS/images/fams-10-1467199/math_3.gif





OPS/images/fams-10-1467199/math_29.gif
Ulr, =0, ¥,lr, <0.





OPS/images/fams-10-1467199/math_28.gif
M

1A





OPS/images/fams-10-1467199/math_27.gif
/uvmdzsﬂ.
)





OPS/images/fams-10-1467199/math_26.gif





OPS/images/fams-10-1467199/math_25.gif
D(L),





OPS/images/fams-10-1467199/math_33.gif
LDy )(udg) = 6aL{Dx)it + uL(Dx)fa+
LP(DJi(V, a" Yo + L2 (DY, ) + 15 (D)UY, a*)éq
+ 19DV, e+
L (D6a(V, aYii+ L (DY, @i + 1 DIV, )i
+ 1DV, ai+
L2 00UV, )V, e + 1L DUV, )V, @)t
LDV, )V, ¢ + LD DUV, AV, @)t
DUV, @)V, ¢ + L5 DIUV. @)Y, a Yo+

L2(D6a(V. a')(V, @i+ LY
LMDV, @)V, )i+ L5 DIV, &)Y, it
(

18
1 (D)6a(V, )V, it

¢
129D 80V, )V, d)it + L29(D)6a(V, @)V, aYii






OPS/images/fams-10-1467199/math_32.gif
[ ulp—o =1 W, Ip—0






OPS/images/fams-10-1467199/math_21.gif
Rj (LuT—u T de= l Lyu-vds— ,{ Lu

[ L A @ [ L. . . e
A A





OPS/images/fams-10-1467199/math_20.gif
Lgu=(v, a)u, Lyyyu:=(v, @)V, a")u,
Ta= 00 @)V OV,
Layu= (v, @)V, @)V, @)V, a*)u,






OPS/images/fams-10-1467199/math_2.gif
Agr* + ay A’ + a, A + azh + a,






OPS/images/fams-10-1467199/math_19.gif
/ Lu-vdx= / @ @)V, @Y, @), - Tds—
4 o
[0, . Tk
E
[t T s
E
[oa-u T T B s
s

/ -V, A, )V, @V, aydx
s





OPS/images/fams-10-1467199/math_18.gif
J 1u-vde= [ @, a9, @ ). - vir=
4 i

[0 . . e

&

- [ . - T
J





OPS/images/fams-10-1467199/math_17.gif
-
/[Luvv—u.Tv)dx: Z]LGA‘uvas"vdx:

2 k=03
s s
- /‘ . j Logu-o®vast ()
k=0g, k=0¢,

S ®,
+ 3 [ L oTvds
=14

J ) 3 )
+ Y [ Laogu- 07 vds+ 3 [ Lagu- 37 vds.
¥ e





OPS/images/fams-10-1467199/math_16.gif





OPS/images/fams-10-1467199/math_24.gif
h/“k:[Lm-¢+m;[.m¢+m;[-mﬁ+au[-mlw

mt[-,.,um .,umé‘[..,.,um‘[..mhm‘[m.m

st [t s [t

u/-.dmm/-.d:ws/u.bm/u.&m/ i [t

o b s i [ i [t [






OPS/images/fams-10-1467199/math_23.gif
lm WV, @)V, @V, &' = [ Loudst

@ N N o) .[ e i+ @, ), N, N, ) ! .

A D N

[ e e (@ N N

a

@ N DI 0 f e (@ 0 PN
a

@ N, AN, N ) [ s+ [, 0, N, N, a0

@ @, N N ) Z e oG, NP, NG, NP, ) ! e dot

@ X, 2N o) .[ e do G, X, e, N ) ! e dot

s [t [ stas [t fuedass [ dotass [ e
& a & a a &

s [ e derass [ e desans [ dosans [t [[undrans [ nder
3 o a a 3 &

[ fucds s [uctc
z 2 2z





OPS/images/fams-10-1467199/math_22.gif
Liv=(V,a'W, Lyv=(V, a’)(V, a')y,
L @)V, @)V, a')v.






OPS/images/fphy-12-1374481/math_30.gif
e SR () S 30)





OPS/images/fphy-12-1374481/math_3.gif
LHS=A[DO(( )|





OPS/images/fphy-12-1374481/math_29.gif
e " PR (L €)

e () |1 (29)





OPS/images/fphy-12-1374481/math_28.gif
e PR (e

ADP ()|





OPS/images/fphy-12-1374481/math_27.gif
S a(a A9 - T e rDreq, m).

27)





OPS/images/fphy-12-1374481/math_26.gif
v Py9e’.0)
Re (6o = A - Y "”‘f 2






OPS/images/fphy-12-1374481/math_25.gif
y b (O
Re(60) = A - ¥ 257

(@3





OPS/images/fphy-12-1374481/math_33.gif
P





OPS/images/fphy-12-1374481/math_32.gif
A|DFO(L ) + 9(ON(O) - {({,©)| =0, (32)





OPS/images/fphy-12-1374481/math_31.gif
DO ({,n)+ 9(ON(O) - (((,0)

(31)





OPS/images/fams-10-1467199/math_41.gif
LD =1x), Lot =0, Lyu =






OPS/images/fams-10-1467199/math_40.gif
Mieah=0= 0 Wg.an=0 =0 Wig.a=0 =0 Wig,ah-0 =0
(20)





OPS/images/fams-10-1467199/math_4.gif
@(x), W |rg = w(x), W |lrg = a(x), ], |ry = x(x), (2)





OPS/images/fams-10-1467199/math_39.gif





OPS/images/fams-10-1467199/math_38.gif





OPS/images/fams-10-1467199/math_37.gif





OPS/images/fams-10-1467199/math_36.gif





OPS/images/fams-10-1467199/math_35.gif
Do) (bg) = faf + UL(Dx)fe
+AD @) Ba0), + APW)(BGaq), + AP (Ndz0,  (16)





OPS/images/fams-10-1467199/math_42.gif





OPS/images/fphy-12-1374481/math_50.gif
&e(( 1) 88(6'!' 1,

DO )+ —55—+O(Ln) ==+ Z0 (L)

where 0<p<1 (50)






OPS/images/fphy-12-1374481/math_5.gif





OPS/images/fphy-12-1374481/math_49.gif
et ey ey’

O = oarpe ) TG

e ey

AT @)
earpe) arpen)





OPS/images/fphy-12-1374481/math_48.gif
et e/t et
R e A T TR S T A T
(48)

O((9) =





OPS/images/fphy-12-1374481/math_47.gif
(@7





OPS/images/fphy-12-1374481/math_46.gif
(6)





OPS/images/fphy-12-1374481/math_45.gif
=S, (3)





OPS/images/fphy-12-1374481/math_44.gif
fills) =" (4)





OPS/images/fphy-12-1374481/math_43.gif
et
ArResi (0.9 = €.(8,9) - &

L, [
oSTA..A x((,x)xT

104 (.9) A, 04 C.5)
% x

[a’ek

(@3





OPS/images/fams-10-1467199/inline_66.gif
¥ = {v: there exists some function u € D(L),such that \v = in (4, v =0, out of {3},






OPS/images/fams-10-1467199/inline_65.gif
k0
Ly =3 @yt i = 01,23
<





OPS/images/fams-10-1467199/inline_64.gif





OPS/images/fams-10-1467199/inline_63.gif
w(é)eZy,





OPS/images/fams-10-1467199/inline_71.gif





OPS/images/fams-10-1467199/inline_70.gif
(g, Ly, Ly, L) € H™R (00 x H* (30 x H™ (200 x H* 2 (80)),m= 4,





OPS/images/fams-10-1467199/inline_7.gif





OPS/images/fams-10-1467199/inline_69.gif
L, Ly L Iy € DO,





OPS/images/fams-10-1467199/inline_68.gif
w(E)=veZ,,





OPS/images/fphy-12-1374481/math_51.gif
51)





OPS/images/fams-10-1467199/inline_67.gif
w(&)

il
S





OPS/images/fphy-12-1374481/math_40.gif
1
)

[0 (Gs) 74, 0 s)

4,'009

e FA'Os)
0% -4+ %—]

[

7:1,[3%‘{"_"] o @





OPS/images/fphy-12-1374481/math_4.gif
LHS=A[DIO({ )|





OPS/images/fphy-12-1374481/math_39.gif
39





OPS/images/fphy-12-1374481/math_38.gif
[ED





OPS/images/fphy-12-1374481/math_37.gif
D70 (C1) +0.Gr)

where 0<ps1
(37)





OPS/images/fphy-12-1374481/math_36.gif
L1 RO §
a0 D Qe 3

LA0)
) I
o6
§DI0G0 30re) FCn
525 M8 K





OPS/images/fphy-12-1374481/math_35.gif
AResx (4.5) =

£ D0
e 40






OPS/images/fphy-12-1374481/math_34.gif
D00 9(QY(s) F(L.s)
o

AResy (0,5) = Ax((.5) - ).

-3

(34)





OPS/images/fams-10-1467199/inline_56.gif
<(Ga)#>== <O, =~ [ E (&), ¥ e DY),





OPS/images/fams-10-1467199/inline_55.gif
utl j=123.






OPS/images/fams-10-1467199/inline_54.gif
ulf!





OPS/images/fams-10-1467199/inline_62.gif
V(&) = L(EW(E), w(&)





OPS/images/fams-10-1467199/inline_61.gif
P
B
x5,
0





OPS/images/fams-10-1467199/inline_60.gif





OPS/images/fams-10-1467199/inline_6.gif





OPS/images/fams-10-1467199/inline_59.gif





OPS/images/fphy-12-1374481/math_42.gif
et
T AR
A.Rmt.n:e«,q-ﬂ- FAlAeC “T]

04,'0(0,9) #A, Lt,s)]
B S

@)





OPS/images/fams-10-1467199/inline_58.gif
ARG, =~ [(AN(), de = AR a





OPS/images/fphy-12-1374481/math_41.gif
(@)






OPS/images/fams-10-1467199/inline_57.gif
GL(D,)8, + AR (G )






OPS/images/fphy-12-1374481/math_7.gif





OPS/images/fphy-12-1374481/math_69.gif
-l 29 ‘“”)]@(Z'r)

L)) )

Bl mrasre)]]

169)






OPS/images/fphy-12-1374481/math_68.gif
- (fefenmmasa))]

8





OPS/images/fphy-12-1374481/math_67.gif
(8,16, D;'8, D;'®) = &(8y, Dj6y. '8y, ;'8 )
5(o{giomm e






OPS/images/fphy-12-1374481/math_66.gif
0(C1)= Y0

(66)





OPS/images/fphy-12-1374481/math_65.gif
Bz

et o

-+ A[0(0(¢n).{O(Cn) D' (Cn). DY (Tn)] )]

€5





OPS/images/fphy-12-1374481/math_64.gif
Ale(Gm]
o)
&

+A[0(0(n). DO (1) DO G 1) DYO. »n)]).

(64)





OPS/images/fphy-12-1374481/math_63.gif
O (0)=h, k=0,1,2,....m~1, (63)





OPS/images/fphy-12-1374481/math_62.gif
DI ((.n) = D(O((n). DI ). DO n). DO 1)), 0<puys ],
(62)





OPS/images/fphy-12-1374481/math_61.gif
" 1867

o) =5 TR T) BTGpT T

7T p 1) 2

TSt (pr ) TGp ) B

(61)





OPS/images/fams-10-1467199/math_11.gif
Lt = L)y + 819, + 820
4 830+ 840 + 85 + 86w, + 8790 + Bag






OPS/images/fams-10-1467199/math_10.gif
Loy =—Lxulag = —Livig:

Lyu=LOW + g} +axp:

Lyt = —L(v)o + B1w’ + ot + B3¢, + Badd. + P






OPS/images/fams-10-1467199/math_1.gif
1 )1
ou il LI

¥u
= g e b ey





OPS/images/fams-10-1467199/inline_9.gif





OPS/images/fams-10-1467199/inline_82.gif
22ty >8>0, (144 +et°) >4t





OPS/images/fams-10-1467199/inline_81.gif
to.t",





OPS/images/fams-10-1467199/math_15.gif
Loyt lrg= 0, Linuirg = 0, Lpyulrg = 0, Lyl = 0, (9)





OPS/images/fams-10-1467199/math_14.gif





OPS/images/fams-10-1467199/math_13.gif
L= (ux).4 + L, + ;u,u) lox € H3K),





OPS/images/fams-10-1467199/math_12.gif
y:ueH™Q) — (ulag, .. w" " lag) € H™
H™12(30) x H™32(3Q) x ... x HY/2(39),






OPS/images/fphy-12-1374481/math_60.gif
A@prl) o
& % 2(( T(pr1) )

O9) = 57 ™ Tt T

(60)





OPS/images/fphy-12-1374481/math_6.gif
LHS=A[Dz({,n)|.





OPS/images/fphy-12-1374481/math_59.gif
fi9 = et Ao
T(p+1)

(59)





OPS/images/fphy-12-1374481/math_58.gif
f(ls) = (58





OPS/images/fphy-12-1374481/math_57.gif
9

(57)






OPS/images/fphy-12-1374481/math_56.gif
(56)





OPS/images/fphy-12-1374481/math_55.gif
PO,
ArRes (0,9) = O(0.9) - 2 s,[ &)

(55)





OPS/images/fphy-12-1374481/math_54.gif
&






OPS/images/fphy-12-1374481/math_53.gif
UL 10
S| A BK(J)XT:I

(53)





OPS/images/fphy-12-1374481/math_52.gif
52
O((n) =

T





OPS/images/fams-10-1467199/inline_76.gif
(L (x), Ly (x) € (B < L (3CY)





OPS/images/fams-10-1467199/inline_75.gif
L(x)=Lg -





OPS/images/fams-10-1467199/inline_74.gif
L(x) = Iy -





OPS/images/fams-10-1467199/inline_73.gif
(L (x), Ly (x) € (B < L (3CY)





OPS/images/fams-10-1467199/inline_72.gif
L, L e Z(3C)),





OPS/images/fams-10-1467199/inline_80.gif





OPS/images/fams-10-1467199/inline_8.gif
Cy (€.





OPS/images/fams-10-1467199/inline_79.gif





OPS/images/fams-10-1467199/inline_78.gif
1
2(g-2)

T (- 2)- T, (& x) € Kerll j=12,3,4

L
29





OPS/images/fams-10-1467199/inline_77.gif
T,(-&x)





OPS/images/fphy-12-1374481/math_88.gif
anf )5 _2T2pe1)
B(pen) )
B o AP ps )T (6p 1)
390625\ "\ T ) TGp+ TP+ 1)
p(sper) | 15vE2
TP e 0 3. ])

)
__25¢Tpe1) 1007 pe DN (4ps1)
Tepe TGP +1) o+ 0TGP+ DI GP+1)
7500 (3p 1) 1575
B I .cam) By





OPS/images/fphy-12-1374481/math_87.gif





OPS/images/fphy-12-1374481/math_86.gif
O (Gm) = *Er e (tn) = —W.e,(w

wr(epe)
i G rtsp«n) o
- @51 (2p+1)

w0 () (7 0@ 1T ep 1)
- smzs( T(p+1)T@p+ 1) T(7p+1)

60T (5p +1)
Tp+ Dr(ep+

- o)

25T (4p+1)
Tp+)TGEp+ 1)
1007°T(2p + DI (4p+1)
T(pe 1) TG+ NIGP+1)
7500 (3p+ 1) )
T+ DI+ P+ 1)

(86





OPS/images/fphy-12-1374481/math_85.gif
roln) ae(tvr) |GH
o(¢n) = 50 4| -5 -0 (0. 2521 - Lo

(85)





OPS/images/fams-10-1467199/inline_35.gif
ueC™ (Y





OPS/images/fphy-12-1374481/math_84.gif





OPS/images/fams-10-1467199/inline_34.gif
rr





OPS/images/fphy-12-1374481/math_83.gif
e (L, FO((,
x(z er“f.‘m‘ﬂ[* E;Lq)

o2& Lo, )D

(83)





OPS/images/fphy-12-1374481/math_82.gif
s
O((n) =

Femn





OPS/images/fphy-12-1374481/math_81.gif
@)





OPS/images/fphy-12-1374481/math_80.gif
TO(( 90 n)
Djo(tn) = T - o0 2fE

~Lo@n), where 0<ps1 (80)
B





OPS/images/fphy-12-1374481/math_8.gif
Lus =Mz Enl ®






OPS/images/fams-10-1467199/inline_33.gif





OPS/images/fams-10-1467199/inline_32.gif
Lyt

LR (X) oy

X 2(%) |y € I (3K





OPS/images/fams-10-1467199/inline_31.gif
lim, o | u(x)ds, =
.





OPS/images/fams-10-1467199/inline_30.gif





OPS/images/fams-10-1467199/inline_3.gif





OPS/images/fams-10-1467199/inline_29.gif
Fu
o,






OPS/images/fams-10-1467199/inline_28.gif
py H™ — H*RR0) -





OPS/images/fams-10-1467199/inline_27.gif





OPS/images/fphy-12-1374481/math_79.gif
eyt ey e
oCn GG e )T(wl) o)
g
T

(79)





OPS/images/fphy-12-1374481/math_78.gif
(. n)

() + O, () +O:((,n) +O((,n) +





OPS/images/fphy-12-1374481/math_77.gif
g
r(p+1)
ey
1(p+3)r(p+1)
Gipr
w3 1)
g

@

0, (L) =






OPS/images/fphy-12-1374481/math_76.gif





OPS/images/fphy-12-1374481/math_75.gif
o{Gn)

2o oot gt
(e

e,





OPS/images/fphy-12-1374481/math_74.gif
A[Dre(n)]

1§ 0N
T\ &

oo






OPS/images/fphy-12-1374481/math_73.gif
3





OPS/images/fphy-12-1374481/math_72.gif
72





OPS/images/fphy-12-1374481/math_71.gif
ae(c LN Be(l L) LA

Di®(L.n) = -0 () —x—

a
.% e 0<pa1 o





OPS/images/fphy-12-1374481/math_70.gif
O(G.n) = fa (70)





OPS/images/fams-10-1418656/inline_56.gif





OPS/images/fams-10-1418656/inline_57.gif
neH (0, L)





OPS/images/fams-10-1418656/inline_54.gif
[{OEXCIORX )]





OPS/images/fams-10-1418656/inline_55.gif





OPS/images/fams-10-1418656/inline_53.gif
()= (@0, &,6)





OPS/images/fams-10-1418656/inline_61.gif
-~

%





OPS/images/fams-10-1418656/inline_6.gif
DeCO.T, H)QC 0T H,)





OPS/images/fams-10-1418656/inline_60.gif





OPS/images/fams-10-1418656/inline_58.gif
neH (L, L)





OPS/images/fams-10-1418656/inline_59.gif
-lo-i9





OPS/images/fphy-12-1374481/math_qu26.gif





OPS/images/fphy-12-1374481/math_qu25.gif
hy (() = DFO((,0),






OPS/images/fphy-12-1374481/math_qu24.gif
(€)= D{O((,0),





OPS/images/fphy-12-1374481/math_qu23.gif
o ({) = lim s°A((, 5) = ©((,0),





OPS/images/fphy-12-1374481/math_qu22.gif





OPS/images/fphy-12-1374481/math_qu21.gif
Ry (0,6)] S =y
i






OPS/images/fphy-12-1374481/math_qu20.gif
Ry (3,6 S s 0<ess





OPS/images/fphy-12-1374481/math_qu2.gif
AT A0 = O,

A@n)eedn





OPS/images/fphy-12-1374481/math_qu19.gif
h, (C) = DFO((,0).





OPS/images/fphy-12-1374481/math_qu18.gif
iy (() = DO ({,0).





OPS/images/fams-10-1467199/inline_46.gif
Il
I = Py,





OPS/images/fams-10-1467199/inline_45.gif
Il
I =)





OPS/images/fams-10-1467199/inline_53.gif





OPS/images/fams-10-1467199/inline_52.gif
D,





OPS/images/fams-10-1467199/inline_51.gif
ueC()





OPS/images/fams-10-1467199/inline_50.gif
W) =Gu





OPS/images/fams-10-1467199/inline_5.gif





OPS/images/fams-10-1467199/inline_49.gif





OPS/images/fams-10-1467199/inline_48.gif





OPS/images/fams-10-1467199/inline_47.gif
(ol (0]





OPS/images/fphy-12-1374481/math_qu17.gif
im e’(A[DPO((, p)|(e)).






OPS/images/fphy-12-1374481/math_qu16.gif
hy (() = DO ({,0).





OPS/images/fphy-12-1374481/math_qu15.gif
12 (0) = €PN €) = 7o (0) = €y (§) - 2o






OPS/images/fphy-12-1374481/math_qu14.gif
Q) = DiO((,0).





OPS/images/fams-10-1467199/inline_44.gif
(V.a"):

v,a' i, +(Tau,, =1,234,






OPS/images/fphy-12-1374481/math_qu13.gif
() = lim (" A(G,€) - € (0) - lim

B ((

<)






OPS/images/fphy-12-1374481/math_qu12.gif
D7TO((,0),





OPS/images/fphy-12-1374481/math_qu11.gif
y )
MG =Y o €






OPS/images/fphy-12-1374481/math_qu10.gif
Tip+1] 1
T[pri] e

tf2pe)
O E

ALO )] = ho ()5 + (O





OPS/images/fphy-12-1374481/math_qu1.gif
| e@memdn rise






OPS/images/fphy-12-1374481/math_9.gif
2.9

LHS = 'Z((,0) - ©






OPS/images/fams-10-1467199/inline_36.gif
L&) =ay +alil, +a bl & + a8 +a, 8 = (£,d) &8N L) E= (8. &) e R,





OPS/images/fams-10-1467199/inline_43.gif
Lo = (v,a")(V,a*)(V,a*)(V,a"





OPS/images/fams-10-1467199/inline_42.gif





OPS/images/fams-10-1467199/inline_41.gif





OPS/images/fams-10-1467199/inline_40.gif
v gty





OPS/images/fams-10-1467199/inline_4.gif
oo relT,)v-





OPS/images/fams-10-1467199/inline_39.gif





OPS/images/fams-10-1467199/inline_38.gif





OPS/images/fams-10-1467199/inline_37.gif
af.al),i=1234





OPS/images/fams-10-1418656/inline_26.gif
HY(0,
L,
) CC(
0,
), Ly
)





OPS/images/felec-05-1459220/inline_64.gif
A=150





OPS/images/fams-10-1418656/inline_27.gif
HY
0, Ly)





OPS/images/felec-05-1459220/inline_63.gif





OPS/images/felec-05-1459220/inline_62.gif





OPS/images/fams-10-1418656/inline_33.gif
Eltyg) ZE(0)





OPS/images/fams-10-1418656/inline_34.gif
(=





OPS/images/felec-05-1459220/inline_70.gif





OPS/images/fams-10-1418656/inline_31.gif
8, e H'0,L,) c I° (0, L)





OPS/images/felec-05-1459220/inline_7.gif
Chn





OPS/images/fams-10-1418656/inline_32.gif





OPS/images/felec-05-1459220/inline_69.gif





OPS/images/fams-10-1418656/inline_3.gif
M £46





OPS/images/felec-05-1459220/inline_68.gif





OPS/images/fams-10-1418656/inline_30.gif
(1
0,7y,
)





OPS/images/felec-05-1459220/inline_67.gif





OPS/images/fams-10-1418656/inline_28.gif
r
(0.1
)





OPS/images/felec-05-1459220/inline_66.gif





OPS/images/fams-10-1418656/inline_29.gif
HY
0, Ly)





OPS/images/felec-05-1459220/inline_65.gif





OPS/images/fphy-12-1374481/math_qu4.gif
> (O (1=10)" = ho 1= 1) + I (1= 1)+ s (1= )+ -





OPS/images/fams-10-1418656/inline_25.gif





OPS/images/fphy-12-1374481/math_qu34.gif
= e (0
e.,(t.vi:x‘[;',(g,%)]
L[e.0)
o [T]
1






OPS/images/fphy-12-1374481/math_qu33.gif
0 (G.n) = A° [1, (Z e“’@;n\)]

pas






OPS/images/fphy-12-1374481/math_qu32.gif
m (s""""ARes ((,5)) = 0,






OPS/images/fphy-12-1374481/math_qu31.gif
2ofl).

© h(©
* 2,5

D0 vove) FG

&





OPS/images/fphy-12-1374481/math_qu30.gif
D00 9YEes) F(ls)
ARes({.) = A(G.9) - ¥ = PO






OPS/images/fphy-12-1374481/math_qu3.gif
DrO((n) =17 0™ ((n), r20, m-1<psm,





OPS/images/fphy-12-1374481/math_qu29.gif
5ol M ©)

A (6.0) = 255+ S0






OPS/images/fphy-12-1374481/math_qu28.gif
y QO o
Ax(Gs) = Y 5





OPS/images/fphy-12-1374481/math_qu27.gif
i, (C) = DIPO((,0),





OPS/images/felec-05-1459220/inline_54.gif





OPS/images/fams-10-1418656/inline_17.gif





OPS/images/felec-05-1459220/inline_53.gif
L'y (2)nm





OPS/images/fams-10-1418656/inline_23.gif





OPS/images/felec-05-1459220/inline_61.gif





OPS/images/fams-10-1418656/inline_24.gif





OPS/images/felec-05-1459220/inline_60.gif





OPS/images/fams-10-1418656/inline_21.gif





OPS/images/felec-05-1459220/inline_6.gif
J hon





OPS/images/fams-10-1418656/inline_22.gif
1
SAT, T, HT(E,)





OPS/images/felec-05-1459220/inline_59.gif





OPS/images/fams-10-1418656/inline_2.gif
2,4 (O DR SR





OPS/images/felec-05-1459220/inline_58.gif





OPS/images/fams-10-1418656/inline_20.gif
®,
), € Hy = D(AYY





OPS/images/felec-05-1459220/inline_57.gif





OPS/images/fams-10-1418656/inline_18.gif
Range(I+T)=H





OPS/images/felec-05-1459220/inline_56.gif
V.





OPS/images/fams-10-1418656/inline_19.gif
=(D,,'¥,) e D(A)xH, =D(T)






OPS/images/felec-05-1459220/inline_55.gif
hagmn





OPS/images/fams-10-1418656/inline_46.gif





OPS/images/fams-10-1418656/inline_47.gif





OPS/images/fams-10-1418656/inline_44.gif





OPS/images/fams-10-1418656/inline_45.gif
[|@(.)|=C





OPS/images/fams-10-1418656/inline_51.gif
sup{dist (S,»,K): y€ B} =0





OPS/images/fams-10-1418656/inline_52.gif
&, (e 0. L)






OPS/images/fams-10-1418656/inline_5.gif
D4

H; CH,





OPS/images/fams-10-1418656/inline_50.gif
K=K(8)





OPS/images/fams-10-1418656/inline_48.gif





OPS/images/fams-10-1418656/inline_49.gif





OPS/images/fams-10-1418656/inline_36.gif





OPS/images/fams-10-1418656/inline_37.gif





OPS/images/fams-10-1418656/inline_35.gif
(=33





OPS/images/fams-10-1418656/inline_43.gif
[:163)





OPS/images/fams-10-1418656/inline_41.gif
D+ - D)= D) = (@,






OPS/images/fams-10-1418656/inline_42.gif





OPS/images/fams-10-1418656/inline_4.gif
[Hy(0,L)F





OPS/images/fams-10-1418656/inline_40.gif
o





OPS/images/fams-10-1418656/inline_38.gif
o





OPS/images/fams-10-1418656/inline_39.gif
Be (0T Hy) € L°((0,T) < (0,1))





OPS/images/fams-10-1418656/math_228.gif
& — @ strongly in C(0, T; [H'~*(0, o) x [H'~*(Lo, L)I*)
(134)





OPS/images/fams-10-1418656/math_229.gif
o + Wo + "™ wy — 0 strongly in H (0, Ly),





OPS/images/fams-10-1467441/math_37.gif
gt / KQ)fi(x)dx + f (K@) — K@l u)
4 2
— 3 a0
&

+ )":‘ (b DK (D) dr= F'(0), 1€ ©.T).  (29)
=





OPS/images/fams-10-1467441/math_29.gif
[ v = (](mu{’—ﬂﬂ—ia.,&.w;:u{;
& ar =
b=

3 Bl s uw) et

3 oy, Tl T, n) ax
F=1

=3[ (@wnr+
2
. .
+3 ﬂ/ ((n’.’(x))’ +ga;(‘o)x¢;(x)ﬂ,,(x))a
+ j (]u. O 4 3 e 3 s
4 & &

—n(x.,!’)u{') dxdt.

(22)





OPS/images/fams-10-1418656/math_226.gif
o = InL*(,T: H'(0,Lo)),
win Xy in1%°(0, T: H' (Lo, L)), (132)






OPS/images/fams-10-1467441/math_36.gif
/ (IZOKE) + falx DK(X) — @1 (6 K () — g2, u)K ()
2

= 37 gl Dt Ko — 3 by, Dt Ko ()
& &

—E'(D), te(0,T]. (28)





OPS/images/fams-10-1418656/math_227.gif
o = ¢ InL¥OT; H'(0, L)),
w™ 2% yin 190, T: H'(Lo, L)). (133)





OPS/images/fams-10-1467441/math_35.gif
M) / KW@ d=E"(0) + f (Z Ky (5 D,

=t

- Z(x,,wh;tm)u t+ K(¥)gr (6 0) + KWga(x, ) (27)
=t

- K@)h(x r)) dx





OPS/images/fams-10-1418656/math_224.gif





OPS/images/fams-10-1467441/math_34.gif
j (u,.v+ 3 aytc D

4 =1

+ 3 By Dty + @i (6 Y + @2l u,)v) dxdr (26)
fr=d

- j () + ol D) vdxdt
a





OPS/images/fams-10-1418656/math_225.gif





OPS/images/fams-10-1467441/math_33.gif
[ (D + Y e o)) de

< Azf (Iu‘,“lZ + g:h{ﬂ’) dudt.





OPS/images/fams-10-1418656/math_222.gif
k" (g 4 V' 4 [y bounded in L(0, T; Ly(Ly, L)),
131)





OPS/images/fams-10-1467441/math_32.gif
f (it + 3 a0, it + 3 by, i
4 b= =

en
+(pi(x ) — g1 (v u))is

+ (@20, (ugg))e) — @a(x, (14g2))e))ity) dx it






OPS/images/fams-10-1418656/math_223.gif
o™ 4+ ™ 4 [y, 20 in L7°(0, T; L2(0, L)),





OPS/images/fams-10-1467441/math_31.gif
f (v 3 aye it + 3 By Dt + (15 )
PO &

— @10 u)v + (2% (un)e) — @20 (1)) dxat = 0
(23)





OPS/images/fams-10-1418656/math_220.gif
wet — Pt boundedin L0, T: Lo(Lo, L)),





OPS/images/fams-10-1467441/math_30.gif
o< tmuntxy <3 [ (m(xn)‘

a

=t

437 a5 T T n) dx
. .
+3 f 0P+ Y a5, Ot (o0 |
) =

+f (i(m)u, D e it — 3 by Dt
I & &

—r(x ) — g2 — ) — ) de e

< [ mtme — ny .
s





OPS/images/fams-10-1418656/math_221.gif
k(g +y™ +1Mw™)  bounded in L(0, T: Ly(0, Ly)),
e (130)





OPS/images/fams-10-1467441/math_3.gif





OPS/images/fams-10-1418656/math_22.gif
Hy={® e Hy: ® € [H (0, L))", & € [H (Lo, L)]",
@'(0,1) = ®X(L,1) = 0, ' (Lo, 1)






OPS/images/fams-10-1418656/math_218.gif
v





OPS/images/fams-10-1467441/math_28.gif
0= Xy = [ (e200i) = gatxm0) G — )t
o

= [ (et = gae ) =m0~ e e,
ar

(1)





OPS/images/fams-10-1418656/math_219.gif
™ — [ in)





OPS/images/fams-10-1467441/math_27.gif
@1(x,u") = @i(x,u) in L*(Qr)as N — oo.





OPS/images/fams-10-1418656/math_216.gif
A,y o™, v, Wy ‘bounded in L(0, T H,),
(125)





OPS/images/fams-10-1467441/math_26.gif
f (wav+ 3 ey gy + Z by Dy + r(x )y

=t

v —flx, tyv) dxt

(19)





OPS/images/fams-10-1418656/math_217.gif
'

bounded in L%(0, T; H'(0, Lo)),
(126)





OPS/images/fams-10-1467441/math_25.gif
u' — u * —weakly in L(0, T, Hy ().

u — uy + —weakly in L°(0, T, H}(2),

w¥ — uweakly in L2(0, T, H)(2)), 18)
u’ — uy weakly in L2(0, T, H} (%)),

Y s uy weakly in 12(Qr).






OPS/images/fams-10-1418656/math_214.gif





OPS/images/fams-10-1467441/math_24.gif
Az 4‘7'“ (8nafe™™ 4+ max {sa? + 1203, o 126011
T 4 (2 + fo + dan) x
(1 + A2 Te ) min(1,ao))

+ f Y (nedluox () + (B + Dl () dx
Fe=

43 f Fex DPdxat.
Ea





OPS/images/fams-10-1418656/math_215.gif





OPS/images/fams-10-1467441/math_23.gif
]M:Faxm%jzljluif.u.nl*axsu )
J L=





OPS/images/fams-10-1418656/math_212.gif
PV — W + £ (W) = @2 1),  (%.1) € (Lo, L) x (0, T),
(122)





OPS/images/fams-10-1467441/math_22.gif
Fa=

te
/ZIIt"txr)ll
4

+ [ 5 (Shwr + P o) ax
&

o mm.jzl,‘”,z,,,,,,

(‘i “T’") J;w:.zw

3L; 30
+%f|u,lldxtﬂ+§f|/(xk)lldﬂ"-
J S

3 [ M+ﬁ°/2|f'(t-rllldx
o
*h

16)





OPS/images/fams-10-1418656/math_213.gif





OPS/images/fams-10-1467441/math_21.gif
j (G 3 a0 + 3 byt Dl
g b=} F=1

(15)
o + gm0 e = [ o0 .
g





OPS/images/fams-10-1467441/math_20.gif
/Zw,dws Ayl + A Te™T) min{1, a0}
/X —m





OPS/images/fams-10-1418656/math_211.gif
proy — oro + Lil@) = quixt). (1) € (0.Lo) x (0. 7).
(121)





OPS/images/fams-10-1467441/math_2.gif
= Y @50 D)y — (505 D)y + )
=1 =
St oleu) = i) +hh) xeQ teloT]






OPS/images/fams-10-1418656/math_239.gif





OPS/images/fams-10-1418656/math_24.gif
@ (x),  xe(0L)

YOS 020, relton





OPS/images/fams-10-1418656/math_29.gif





OPS/images/fams-10-1418656/math_3.gif





OPS/images/fams-10-1418656/math_27.gif





OPS/images/fams-10-1418656/math_28.gif





OPS/images/fams-10-1418656/math_25.gif
D(A) = [® € Hy: @ € H(0,Lo), &° € H (Lo, L),
Q@' (Lo, 1) = Q@ (Lo, 1),
Ny (@ (Lo, 1)) = No(@2(Lo, 1)), My (@1 (L, 1)) = Mo(®2 (Lo, 1)) ).





OPS/images/fams-10-1418656/math_26.gif
(20, A12B) = 1(Q (@) QuBY) + Ny (@), N;(8)
1 5
+ L@ a6
n
+ Q00), QB + (V00N
A =

+ Ly (02), 3,89
"





OPS/images/fams-10-1418656/math_240.gif
12 R BN St
=Xt B e ot
) = X 2 ) = g = o e

(X =0 =






OPS/images/fams-10-1418656/math_241.gif





OPS/images/fams-10-1418656/math_238.gif
DAl
)= gt + o=

823, 49 50

a4,
W=t L, ST
S T T T

7, »
T Zy),
ARy

W, s
B e

823 439)






OPS/images/fams-10-1418656/math_23.gif
I,
= Nl = 22:
> (@ +
I @I +
17
1j(@)
IP).





OPS/images/fams-10-1418656/math_236.gif





OPS/images/fams-10-1418656/math_237.gif
filg.¥0) = 49" =2, foluv,w) = du — Bu,
(g p0) =0, Iy w =0,
(o, ¥, @) wlw, (v, w) = 6|wlw.






OPS/images/fams-10-1418656/math_234.gif
W=, k" =4 Y =






OPS/images/fams-10-1418656/math_235.gif





OPS/images/fams-10-1418656/math_232.gif
Tl
[ [ ot = pigply asa
-
—
[ )] ot iy
»
- L (pi@Px0) — Frlpufl)(x,0)) dr
"
+ j (o2 P2)(5,0) — 1 (e PL)(x,0) d
o
T
.
+ [ [ mipeshasar
-
2
+ L /; Aottt
T
[ [ vcoomastaa
o Jo
P,
+ L L (i —o)B" — (o —ppL) it
+]TfL(/zm7u B — It ) ddt
[ ] X - )

= [ ety

of ! L (026 — rof) dct.

(135)





OPS/images/fams-10-1418656/math_233.gif
ke Tt
[ [ or-pouptasars [ Lm—ha,)uﬂ‘dnﬂ
1
+ / [Brex(t, Lo) — Pasee(t, Lo)] Bt Lo)dt
o
P T
.
+/;L A,.;,,_‘,ﬁM+L szump‘m
1
+ j; (Moo — Aather] (1 Lo)BE(E, Lo)it
T
- j; [h1eec — Aatheee] (1, Lo)B (o)t
T e
[ [ ot
o Jo
-
- L Y(—gallo, DB (Lo 1)
T e
. o)A
[ [ G000+ i) plasat
e
+ L /m (a1t — 1) + Ay (, —u,)) B2dxdt
-
+ / (IaulLo, 1, ~tx{Lo, T)) — hy(p(Lo, 0. pxlLo, T0) (Lo,
o
T .
. : :
<[ [Corantaas [ [ s arapiaa

.
+ [ [t 1) - (. 10] B Lot (136)





OPS/images/fams-10-1418656/math_230.gif





OPS/images/fams-10-1418656/math_231.gif





OPS/images/fams-10-1418656/math_192.gif
Filp.y,0) =lo+¥1"~lo + ¥ 1"+ loy " + o,
Fy(u, v, w) = |u+ vi* — |+ v* + luvl + |wl.





OPS/images/fams-10-1418656/math_193.gif
hlg. ¥,0) = +¥) —2p +¥) +2¢¥%
o,y w) = 4+ V) —2u+v) + 207,
(g, yr,0) = 4lp + ¥ — 2p + ¥) + 2079,
o, v, w) = 4+ P — 2+ v) + 20y,
lp.y.0) = ok,
(v, w) = 3|ww.






OPS/images/fams-10-1467441/inline_89.gif
ve L0, T, Hy(Q)





OPS/images/fams-10-1418656/math_190.gif





OPS/images/fams-10-1467441/inline_88.gif
&(8) = gy(t) — gy (@),





OPS/images/fams-10-1418656/math_191.gif





OPS/images/fams-10-1467441/inline_87.gif





OPS/images/fams-10-1418656/math_18a.gif
Fi=(fg.h): R — R, F=(F,F)

P =@y ) (OL) x Ry » B, P=(P1,Pa),
Rj= diaglpy, By pj). R = diaglpy, pr,p1, . Pr, p2) and
(0, y(vr,),0,0,0,0),






OPS/images/fams-10-1467441/inline_86.gif
D, w(xT), w(xT),





OPS/images/fams-10-1418656/math_19.gif
(Lo, 1) = ®*(Lo, 1),

Q@' (Lo 1) = Q@ (Lo, 1),
My(®* (Lo, 1)) = Ma(@2(La, 1),
Ni (@' (Lo, 1)) = Na(®2(Lo, 1)).





OPS/images/fams-10-1467441/inline_85.gif
BN = B(T+T,).





OPS/images/fams-10-1418656/math_188.gif
! @, strongly in L2(0,"

H(0,L)), & = 0.





OPS/images/fams-10-1467441/inline_84.gif
AHxT+E),





OPS/images/fams-10-1418656/math_189.gif
Tl
| [ [ 00w v ony e <
o do

T i
cw [ [ 1906 - el st — o
|





OPS/images/fams-10-1467441/inline_83.gif
ag(x,7+T), b (x,7)

B(x,T+T),





OPS/images/fams-10-1418656/math_186.gif
Yy (¥ )M soo 1120020 < CUIY PN oo, 1-1200.100))-





OPS/images/fams-10-1467441/inline_82.gif





OPS/images/fams-10-1418656/math_187.gif
RY) = A0 + (@) + F(@P) + p





OPS/images/fams-10-1467441/inline_81.gif
[@y +§(£X‘)’)dxdt =0,
o 0





OPS/images/fams-10-1467441/inline_80.gif
- M%) ] (@)? +§(ﬁx‘)’)dxdt =0,

&





OPS/images/fams-10-1418656/math_185.gif
Tt
f f 7O D)yt D
o Jo

* oo
o [ [ vae ot et o
[ ]





OPS/images/fams-10-1418656/math_183.gif
(e ¥, 4 ¥)(%,0) = (go. Yo, Uo, o) (x),
(@, Wrp, g, v )(x,0) = (01, ¥y, 1y, v1)(X),





OPS/images/fams-10-1467441/inline_8.gif
K e HHO)~H (D)





OPS/images/fams-10-1418656/math_184.gif





OPS/images/fams-10-1467441/inline_79.gif
ve L0, T Hy(Ch)





OPS/images/fams-10-1418656/math_181.gif
PUx, 0) = (g0, Yo, @p, Ug, Vo, Wo)(X),
®y(x, 0) = (@1, ¥y, w1, Uy, Vi, Wy )(X).





OPS/images/fams-10-1467441/inline_78.gif
&(8) = gy(t) — gy (@),





OPS/images/fams-10-1418656/math_182.gif
®0 = (p.y 0. W) inL%(0, T; Hy) asl— 0,

P X (g i wnupvow)  n L0, T: H,) asl— 0,





OPS/images/fams-10-1467441/inline_77.gif
(@(x,1),2()





OPS/images/fams-10-1418656/math_18.gif
= % Qu(®T) — INy (@)
— 3:My (@) + Q@)
— 0Ny (@) + IQu (")

I . )
A= aed - ad
— 0:Ma(97) + Q)
— 3N2 (@) + 1Qy(@?),





OPS/images/fams-10-1467441/inline_76.gif





OPS/images/fams-10-1418656/math_180.gif





OPS/images/fams-10-1467441/inline_75.gif
Il 8" lleyrozy < M5





OPS/images/fams-10-1418656/math_178.gif
P — oW + £2(W) = @x 1), (%1) € (Lo, L) x (0, T),
(110)





OPS/images/fams-10-1467441/inline_74.gif
CO. L L)





OPS/images/fams-10-1418656/math_179.gif





OPS/images/fams-10-1467441/inline_73.gif
A0,

LT,

T H (€Y
)





OPS/images/fams-10-1467441/inline_72.gif
")






OPS/images/fams-10-1418656/math_177.gif
Pyt — orox+ fil@) = quixt), (1) € (0.Lo) x (0, 1),
(109)





OPS/images/fams-10-1467441/inline_71.gif
C0, Ty Hy(CD)





OPS/images/fams-10-1418656/math_21.gif
=
Il = ol = Y 11/RiIE,
et





OPS/images/fams-10-1418656/math_210.gif





OPS/images/fams-10-1467441/math_19.gif
[ (0 + YR de< e, a3
/ Z





OPS/images/fams-10-1418656/math_208.gif





OPS/images/fams-10-1467441/math_18.gif
! Cacva [ 3 2ax
m(ﬁ e+ ,]gwmm\

2
+ [ P n.m)
!

max(2(Las + 1); (G + @)
min(Lag] -






OPS/images/fams-10-1418656/math_209.gif
M@ralo. ) = ProuxLo. 1) + Mlpllo, 1),
= oxllo. ) + y(—gulLo. 1) = (120)
hathee(Los 1) — Batirex(Lo, 1) + ha(u(Lo, 1), —tix (Lo, 1)),





OPS/images/fams-10-1467441/math_17.gif
/(Iu{’(x.x)F + Y e oR) dr < Ay
) &

] - )
+AQ[(|u:’| +§|uﬁ|)ax.a.





OPS/images/fams-10-1418656/math_206.gif





OPS/images/fams-10-1467441/math_16.gif
jM’u.x)mxunjz|xi,’(m)|2ax+zpnf2|14f,llaxa
) IE=1 P
= [P dx+a [ 3 @ dx+ [ Gl n)? dedt

nj !ﬁ' Q[

221+ 1) j ¥ Pebedt + (B + ) / 3P avar.
! =

a1





OPS/images/fams-10-1418656/math_207.gif





OPS/images/fams-10-1467441/math_15.gif
j (0106 4™) + ol u o dxat
&
5/(L..;|f‘|h4’|+1.u|¢,"|2)mn

&
= % f (B0 + Loy + DIYP) dxdt
@

=5/ (Li,.ynZIuﬁlmuz,. + murll) et
)\





OPS/images/fams-10-1418656/math_204.gif
1 — Prpuc + Mo — ¥ (—@udre + dhi (@, —¢x)
+hlp—ed = pxD+an(n, (%0 e 0.Ly)x ©.1),

(115)





OPS/images/fams-10-1467441/math_14.gif
: j I o)Pde L / 3 a0, s
a

b=
- j 3 e D+ j 3 by e

¥ = =
v j 1wt + j pale e (10)

f R+ L / 3 e o 0

. f Tt deat.





OPS/images/fams-10-1418656/math_205.gif
P2ttt — Prthtecs + Adlxre + dxla(U, —Ux) + Lo (U, —lix)
=pn+ancn), (e D) 0.1),
(116)





OPS/images/fams-10-1467441/math_13.gif
JIEEED TR0 SUCT 24
! &= b=t

1 o w0 + o) et = j Foo ¥ dx .
a8

©





OPS/images/fams-10-1418656/math_202.gif
P(x.0) = (9o, Yo, 0, Up: Vo, Wo) (X),
@(x,0) = (g1, ¥y, wy, Uy, V1, Wy ).





OPS/images/fams-10-1467441/math_12.gif
= — Uy gty = 0.
i luo — ug gy = 0. Im iy — w1 )





OPS/images/fams-10-1418656/math_203.gif
P(x.0) = (9o, Yo, 0, Up: Vo, Wo) (X),
@(x,0) = (g1, ¥y, wy, Uy, V1, Wy ).





OPS/images/fams-10-1467441/math_11.gif
j (vt + Z“v“ v+ Zb,(mr{!,
+¢.(u~w+ m(‘f'w).a f/(x. owtda,  ©
o) =ud, o) =ul,






OPS/images/fams-10-1467441/math_10.gif
—
M= g, N=1.2..
et





OPS/images/fams-10-1418656/math_201.gif
r € L¥(0.T: H (0, L)), 12 € L¥(0,T: H (Lo, L)),
(Lo, t) (Lo, t) for allmostallt > 0.

(R3)





OPS/images/fams-10-1418656/math_20.gif





OPS/images/fams-10-1467441/math_1.gif
Uy

1Ay + Ay,
NALl





OPS/images/fams-10-1418656/math_200.gif
z





OPS/images/fams-10-1467441/inline_97.gif
O (24, Y14y, + A,

Oty





OPS/images/fams-10-1418656/math_199.gif





OPS/images/fams-10-1467441/inline_96.gif





OPS/images/fams-10-1418656/math_2.gif
Prv — MV + Kilgx + ¥ + @) + YY) + Mile, ¥, @) = nix 1), x €(0,Lo). 1 > 0,
)





OPS/images/fams-10-1467441/inline_95.gif
| @» +Z(u Y)dadt =0,

Dran





OPS/images/fams-10-1418656/math_197.gif





OPS/images/fams-10-1467441/inline_94.gif
a-m7 | ((u,)’+z(u ¥)dxde <0
Gn





OPS/images/fams-10-1418656/math_198.gif
(p111) € (g1 € H (0, Lo), g € H (Lo, L), ¢1(0) = (L) =0,
o1 (Lo, 1) = ty (Lo, D) (13)






OPS/images/fams-10-1467441/inline_93.gif





OPS/images/fams-10-1418656/math_195.gif
2.2
PO = -1tk UK0O=0,

Hnl= Pt Dn =t
e R
nx0 =3, 0 =110,
nx0 =3 = L 10,

N

w(x,0)






OPS/images/fams-10-1467441/inline_92.gif





OPS/images/fams-10-1418656/math_196.gif
(0, o) € {g0 € H(0, Ly), up € H(Lo, L), ¢u(0) = tio(L)

3xn(0) = dxuo(L) = 0, dxgo(Lo, ) = detuo(Lo. )]+
an





OPS/images/fams-10-1467441/inline_91.gif
@y +§(,:X‘ V)dxde =0,
o 0





OPS/images/fams-10-1467441/inline_90.gif
(1- M%) ] (@)? *i(’& Y )ddt <0,

&





OPS/images/fams-10-1418656/math_194.gif
1
Y= ﬁs’» Isl < 10,

105, s = 10.





OPS/images/fams-10-1467441/inline_9.gif
Fxo) = ADe®+ A





OPS/images/fams-10-1467441/inline_51.gif
ve L0, T, Hy (),





OPS/images/fams-10-1467441/inline_50.gif
uy € 2(0p)





OPS/images/fams-10-1467441/inline_5.gif
1y € Hy(CY), € Hy (D).





OPS/images/fams-10-1467441/inline_49.gif
uy € 20,7, Hy(C) ~C 0, T, 2(CY),





OPS/images/fams-10-1467441/inline_48.gif
ue C0.TILH (D),





OPS/images/fams-10-1467441/inline_47.gif
IK(X)/,(x)dx %0,





OPS/images/fams-10-1467441/inline_46.gif
ve L0, T, Hy(Q)





OPS/images/fams-10-1467441/inline_45.gif
uy € 2(0p)





OPS/images/fams-10-1467441/inline_52.gif
u' € C0, ] Hy (),





OPS/images/fams-10-1467441/inline_44.gif
u, € 0,7 Hy(C) ~C (0. TL L)),





OPS/images/fams-10-1467441/inline_41.gif
|(EXeT 314, (D) P)dx <0





OPS/images/fams-10-1467441/inline_40.gif
ve L0, T, Hy (),





OPS/images/fams-10-1467441/inline_4.gif
£ €CQ0,TL Y





OPS/images/fams-10-1467441/inline_39.gif
3w, 3> 0, we L0, T Hy @) ~C (0. TL Z(CY), w, € L0, T, Hy () ~C 0. T L (D) wy € 2 (Cr)






OPS/images/fams-10-1467441/inline_38.gif
7 € 2 (0r)





OPS/images/fams-10-1467441/inline_37.gif
7, € L0, T3 Hy () ~C((0, T, 2 (),





OPS/images/fams-10-1467441/inline_36.gif
7 € C(0,T], Hy(Cw),





OPS/images/fams-10-1467441/inline_35.gif
j(eS)]





OPS/images/fams-10-1467441/inline_43.gif
u e C(0,T], Hy (<),





OPS/images/fams-10-1467441/inline_42.gif
s
[ Sl o drat <o,
o





OPS/images/fams-10-1418656/math_175.gif
(107)





OPS/images/fams-10-1418656/math_176.gif
Kilgx + ¥)lLo, 1) = RKa(ux + V)(Lo, 1),
AalLo, ) = Aave(Lo, 1), (108)






OPS/images/fams-10-1467441/inline_70.gif
A0,

LT,

T H (€Y
)





OPS/images/fams-10-1418656/math_173.gif
Pavit — Aavex + Kaltix + V) + (i v) = naix 1),
(1) € (Lo, L) x (0,T), (105)





OPS/images/fams-10-1467441/inline_7.gif
]K(x)u,(x)dx =E(0)





OPS/images/fams-10-1418656/math_174.gif





OPS/images/fams-10-1467441/inline_69.gif





OPS/images/fams-10-1418656/math_171.gif
Prve — My + Kilpx +¥) +y (¥ + le. ) = nix D),
(x,t) € (0,Lg) x (0, T), (103)





OPS/images/fams-10-1467441/inline_68.gif
A0,
L T)





OPS/images/fams-10-1418656/math_172.gif
Pl — Koty + V)x + [2(1, V) = pax. 1),
(1) € (Lo, L) x (0,T), (104)





OPS/images/fams-10-1467441/inline_67.gif





OPS/images/fams-10-1418656/math_17.gif





OPS/images/fams-10-1467441/inline_66.gif
btk 24k
0, :max<2zﬂ,%wzn+ L





OPS/images/fams-10-1418656/math_170.gif
pron — Kilgx + ¥)x +Nile, V) = prx 1),
(x,t) € (0,Lg) x (0, T), (102)





OPS/images/fams-10-1467441/inline_65.gif
"





OPS/images/fams-10-1418656/math_168.gif
3)





OPS/images/fams-10-1467441/inline_64.gif
Z*(x,0)=0, Z*(x,0

0,xeQ) m=2.





OPS/images/fams-10-1418656/math_169.gif
he-v.o)=hlg.¥).  Miey.0)=Mhig.¥).
ale.v.0) = 5i),

alu, o) = (), Iy, 0) = i),

(v, W) = g2 (w). (N6)






OPS/images/fams-10-1467441/inline_63.gif
(™ (x,8),g™())a,





OPS/images/fams-10-1467441/inline_62.gif
uy e IN(Qp)





OPS/images/fams-10-1467441/inline_61.gif
e 0, Ty Hy () ~C (0, T, 1, (),






OPS/images/fams-10-1467441/inline_60.gif
u™ € C((0,T, 1, Hy()),





OPS/images/fams-10-1467441/inline_6.gif
IK(x)un(x)dx = E(0)





OPS/images/fams-10-1467441/inline_59.gif
ve L0, T Hy(Ch)





OPS/images/fams-10-1467441/inline_58.gif
IK(X)/,(x)dx %0,





OPS/images/fams-10-1467441/inline_57.gif
i = [(A@) dr, @ =maz sup |ay |
o N





OPS/images/fams-10-1467441/inline_56.gif
E'(0)= E(0) = IK(x)un (x)dx, (B°Y (0)= B (0) = ] K(x) (x)dx





OPS/images/fams-10-1467441/inline_55.gif
E@= ]K(x)u'(x,z)dx,





OPS/images/fams-10-1467441/inline_54.gif
uy € 2(0p)





OPS/images/fams-10-1467441/inline_53.gif
uy € (0T, Hy () ~C(0.TL 2 (),





OPS/images/fams-10-1388414/inline_96.gif





OPS/images/fams-10-1388414/inline_95.gif
Il

lenmn by





OPS/images/fams-10-1388414/inline_94.gif





OPS/images/fams-10-1388414/inline_93.gif





OPS/images/fams-10-1388414/inline_92.gif





OPS/images/fams-10-1388414/math_10.gif
Dyu(x,f) = M=oy, D)dr— N0, t >0. (15)





OPS/images/fams-10-1388414/math_1.gif
D/C— rDI'C = div(aVC) —k—
+ Bo(x.S)C(x.Nds






OPS/images/fams-10-1388414/inline_99.gif
Gluy. 2.9)





OPS/images/fams-10-1388414/inline_98.gif
Fo7)





OPS/images/fams-10-1388414/inline_97.gif
AN e

P





OPS/images/fams-10-1388414/crossmark.jpg
©

|





OPS/images/fphy-12-1374481/math_qu9.gif
ARG = AlhoO1+ 4| Oy
aln O]+





OPS/images/fphy-12-1374481/math_qu8.gif
LHS=A{DFO((,0)|





OPS/images/fphy-12-1374481/math_qu7.gif
D" = g({n).





OPS/images/fphy-12-1374481/math_qu6.gif
+0)
SAG ) -






OPS/images/fphy-12-1374481/math_qu5.gif
AlDO (L n)]

TA( €) - €O 0) - e DIO(L, 0)





OPS/images/fams-10-1388414/inline_101.gif





OPS/images/fams-10-1388414/inline_100.gif
2
E(N/m)





OPS/images/fams-10-1388414/inline_10.gif
Do





OPS/images/fams-10-1388414/inline_1.gif
D;C-D}C





OPS/images/fams-10-1466569/math_33.gif
S st = Sentiru

el





OPS/images/fams-10-1466569/math_32.gif





OPS/images/fams-10-1466569/math_31.gif
(34)





OPS/images/fams-10-1466569/math_30.gif
Fd w— [ 1 — 1ank\ (-
c(n!)(:):§(m J*)Mzg(s.m”) =
=y
U

—1)"(CE)™,





OPS/images/fams-10-1466569/math_3.gif
pOx+h) =3 pu(0H",





OPS/images/fams-10-1466569/math_29.gif





OPS/images/fams-10-1466569/math_28.gif
e = @ = 5 = { ) = o = ot





OPS/images/fams-10-1466569/math_27.gif
X)(T2, %)

s
C(Ti T2)(s) = AT TS = ZZ P

— Y YT i

==





OPS/images/fams-10-1466569/math_35.gif
W _
= 3 ko,
—





OPS/images/fams-10-1466569/math_34.gif
T= i(r.))a‘*{
=





OPS/images/fams-10-1388414/inline_26.gif
3y
El





OPS/images/fams-10-1388414/inline_25.gif
A





OPS/images/fams-10-1388414/inline_24.gif





OPS/images/fams-10-1388414/inline_23.gif





OPS/images/fams-10-1388414/inline_22.gif





OPS/images/fams-10-1388414/inline_21.gif
& € C*([0,T],CHEH)





OPS/images/fams-10-1388414/inline_20.gif
(x)elly





OPS/images/fams-10-1388414/inline_2.gif





OPS/images/fams-10-1388414/inline_28.gif
(x)elly





OPS/images/fams-10-1388414/inline_27.gif
(x)elly





OPS/images/fams-10-1388414/inline_16.gif
Q)





OPS/images/fams-10-1388414/inline_15.gif
4

o
arady

T80y





OPS/images/fams-10-1388414/inline_14.gif
C

ettty

3

(Qr)





OPS/images/fams-10-1388414/inline_13.gif
[ p—





OPS/images/fams-10-1388414/inline_12.gif
K
M0, T





OPS/images/fams-10-1388414/inline_11.gif
115 llega,y





OPS/images/fams-10-1388414/inline_102.gif
el
S W)





OPS/images/fams-10-1388414/inline_19.gif
(x.t,8) e Ty xR





OPS/images/fams-10-1388414/inline_18.gif
(0





OPS/images/fams-10-1388414/inline_17.gif
Ve ((0,T), L, ()L, (0.T), 0 (C))





OPS/images/fams-10-1388414/inline_46.gif
w e CH(0.T],





OPS/images/fams-10-1388414/inline_45.gif
ve C([0,T].





OPS/images/fams-10-1388414/inline_44.gif
ve (Y0, T





OPS/images/fams-10-1388414/inline_43.gif
=w(t) e C*([0,T]






OPS/images/fams-10-1388414/inline_42.gif
D{v(t) € C(0,T])





OPS/images/fams-10-1388414/inline_41.gif
v(£)e ([0, TT,






OPS/images/fams-10-1388414/inline_40.gif
k() eCO.TD





OPS/images/fams-10-1388414/inline_4.gif





OPS/images/fams-10-1388414/inline_39.gif
 €CR (D)






OPS/images/fams-10-1388414/inline_38.gif
Q)





OPS/images/fams-10-1466569/inline_49.gif





OPS/images/fams-10-1466569/inline_48.gif





OPS/images/fams-10-1466569/inline_47.gif





OPS/images/fams-10-1466569/inline_46.gif
28)*(2k -y, keN,






OPS/images/fams-10-1466569/inline_45.gif
=g
=1y Vg





OPS/images/fams-10-1466569/inline_8.gif
=0
p(x)=3 4" € Kx]





OPS/images/fams-10-1466569/inline_7.gif





OPS/images/fams-10-1466569/inline_6.gif





OPS/images/fams-10-1466569/inline_50.gif





OPS/images/fams-10-1466569/inline_5.gif





OPS/images/fams-10-1388414/inline_36.gif
seC D





OPS/images/fams-10-1388414/inline_35.gif
21
p>maznt;
PRI

}





OPS/images/fams-10-1388414/inline_34.gif
e ™,





OPS/images/fams-10-1388414/inline_33.gif
e ™,





OPS/images/fams-10-1388414/inline_32.gif





OPS/images/fams-10-1388414/inline_31.gif





OPS/images/fams-10-1388414/inline_30.gif





OPS/images/fams-10-1388414/inline_3.gif





OPS/images/fams-10-1388414/inline_29.gif
FeCi(R)





OPS/images/fams-10-1466569/inline_39.gif





OPS/images/fams-10-1466569/inline_38.gif
=0

z

Cl

MLk
5

—





OPS/images/fams-10-1466569/inline_37.gif
uy = Caiy™ (ke Ny)





OPS/images/fams-10-1466569/inline_36.gif
Co= G+ *
D7(, )k eNo)





OPS/images/fams-10-1466569/inline_44.gif





OPS/images/fams-10-1466569/inline_43.gif
243!

TS T DIk





OPS/images/fams-10-1466569/inline_42.gif
e R A W C.ol
Gea1( v T w5 N





OPS/images/fams-10-1466569/inline_41.gif
e

41





OPS/images/fams-10-1466569/inline_40.gif
D={(t,x)eR* x>0,x" —duyt > 0}





OPS/images/fams-10-1388414/inline_37.gif
s e+ D)





OPS/images/fams-10-1466569/inline_4.gif





OPS/images/fams-10-1388414/inline_64.gif





OPS/images/fams-10-1388414/inline_63.gif





OPS/images/fams-10-1388414/inline_62.gif





OPS/images/fams-10-1388414/inline_61.gif





OPS/images/fams-10-1388414/inline_60.gif
plau)™





OPS/images/fams-10-1388414/inline_6.gif





OPS/images/fams-10-1388414/inline_59.gif





OPS/images/fams-10-1388414/inline_58.gif





OPS/images/fams-10-1388414/inline_57.gif





OPS/images/fams-10-1388414/inline_56.gif





OPS/images/fams-10-1466569/math_23.gif
(T @)= Z S,: =

S KT 4k+n)(r.x*1
S g

=Y.





OPS/images/fams-10-1466569/math_22.gif
N
ne
an®,

") =
c(r





OPS/images/fams-10-1466569/math_21.gif
@1





OPS/images/fams-10-1466569/math_20.gif
Tx)s"
cn s ,Z =






OPS/images/fams-10-1466569/math_2.gif





OPS/images/fams-10-1466569/math_19.gif





OPS/images/fams-10-1466569/math_18.gif
g (X))
e =3 e





OPS/images/fams-10-1466569/math_26.gif
=
¥ (T, )Ty, 29, nel,
=)

0, n

(TiTx") = 33)






OPS/images/fams-10-1466569/math_25.gif
T, =C ' (C(T))A(T)),





OPS/images/fams-10-1466569/math_24.gif





OPS/images/fams-10-1388414/inline_55.gif
DI(;
Vi)





OPS/images/fams-10-1388414/inline_54.gif
DI(;
Vi)





OPS/images/fams-10-1388414/inline_53.gif





OPS/images/fams-10-1388414/inline_52.gif





OPS/images/fams-10-1388414/inline_51.gif
3 (wywy)





OPS/images/fams-10-1388414/inline_50.gif
Dy (wyw,),





OPS/images/fams-10-1388414/inline_5.gif





OPS/images/fams-10-1388414/inline_49.gif
[H(Y4)]





OPS/images/fams-10-1388414/inline_48.gif





OPS/images/fams-10-1388414/inline_47.gif
w, € C([0.TT)





OPS/images/fams-10-1466569/math_13.gif
002 = [ Ao





OPS/images/fams-10-1466569/math_12.gif
/,(;):i/v.(l)e’“d;\: ijp.mmm





OPS/images/fams-10-1466569/math_11.gif
(10 = / PR, p e Rl





OPS/images/fams-10-1466569/math_10.gif
/' WFCldx < +00, n=0,12,.. @2





OPS/images/fams-10-1466569/math_1.gif
& (&) G o





OPS/images/fams-10-1466569/inline_9.gif
M)
M

Pu(x)=





OPS/images/fams-10-1466569/math_17.gif





OPS/images/fams-10-1466569/math_16.gif
=Y 1)"4r.{'>ﬁ.
)X o @3)





OPS/images/fams-10-1466569/math_15.gif





OPS/images/fams-10-1466569/math_14.gif
f],(x)dx: wO=1, /!f.lx)dx: *oP) =0, ke,

[ o =pon pexis





OPS/images/fams-10-1388414/inline_82.gif





OPS/images/fams-10-1388414/inline_81.gif
w= W=y )yl





OPS/images/fams-10-1388414/inline_80.gif
W=y






OPS/images/fams-10-1388414/inline_8.gif
toe





OPS/images/fams-10-1466569/inline_17.gif





OPS/images/fams-10-1388414/inline_79.gif
Ry a(t)





OPS/images/fams-10-1388414/inline_78.gif
7 ([eutdnye)





OPS/images/fams-10-1388414/inline_77.gif
()"





OPS/images/fams-10-1388414/inline_76.gif
El





OPS/images/fams-10-1388414/inline_75.gif





OPS/images/fams-10-1388414/inline_74.gif





OPS/images/fams-10-1466569/crossmark.jpg
©

|





OPS/images/fams-10-1466569/inline_16.gif
{@no





OPS/images/fams-10-1466569/inline_15.gif
[





OPS/images/fams-10-1466569/inline_14.gif
#40) =






OPS/images/fams-10-1466569/inline_13.gif
@, (x) € Cy (R)





OPS/images/fams-10-1466569/inline_12.gif
bl

M





OPS/images/fams-10-1466569/inline_11.gif
Mw_,





OPS/images/fams-10-1466569/inline_10.gif
P
D .=





OPS/images/fams-10-1466569/inline_1.gif
(B

ax

" Pu, 2
Y (axz)””(a;)ﬁ ity € N, Z_;,'”Rov ack





OPS/images/fams-10-1388414/inline_73.gif





OPS/images/fams-10-1388414/inline_72.gif





OPS/images/fams-10-1388414/inline_71.gif





OPS/images/fams-10-1388414/inline_70.gif





OPS/images/fams-10-1467199/math_9.gif
-
(. Ve — 0 L) = 3 < Loyt 00v 00, ©
=





OPS/images/fams-10-1388414/inline_7.gif
N(D)





OPS/images/fams-10-1467199/math_8.gif
-
3 < Lop v >s0= f/.wx.
= J





OPS/images/fams-10-1388414/inline_69.gif





OPS/images/fams-10-1388414/inline_68.gif





OPS/images/fams-10-1388414/inline_67.gif





OPS/images/fams-10-1388414/inline_66.gif





OPS/images/fams-10-1388414/inline_65.gif





OPS/images/fams-10-1467199/math_7.gif
[ (050 T7) tx= T <t sfrin. O
o =0





OPS/images/fams-10-1467199/math_6.gif
(Lt V) — @0 LV = 3 o1 309 (@)
=





OPS/images/fams-10-1467199/math_57.gif





OPS/images/fams-10-1467199/math_56.gif
ua’u

au La
1
—(1+e) 23t ar

— ety L

LA =,





OPS/images/fams-10-1467199/math_55.gif
u EI 3w 1w 3w
wig - (w2 ) z

Iy oHy 2 paZt
w P 5e ) ticaE TP






OPS/images/fams-10-1467199/math_54.gif





OPS/images/fams-10-1467199/math_53.gif





OPS/images/fams-10-1467199/math_52.gif
-
u(x):zl:q(i’r.(—w.x) e e x)) @
=





OPS/images/fams-10-1466569/inline_29.gif





OPS/images/fams-10-1466569/inline_28.gif





OPS/images/fams-10-1466569/inline_27.gif
e K[x]

=
[l





OPS/images/fams-10-1466569/inline_35.gif
]
K[ x]
€
v (%)





OPS/images/fams-10-1466569/inline_34.gif





OPS/images/fams-10-1466569/inline_33.gif





OPS/images/fams-10-1466569/inline_32.gif
F|@





OPS/images/fams-10-1466569/inline_31.gif
]
K[ x]
€
(%)





OPS/images/fams-10-1466569/inline_30.gif
ke
wie, ) =3y (x)e*





OPS/images/fams-10-1466569/inline_3.gif





OPS/images/fams-10-1388414/inline_91.gif





OPS/images/fams-10-1388414/inline_90.gif
k= 0,0 +Cmz=| 3l m,Z - (®





OPS/images/fams-10-1388414/inline_9.gif





OPS/images/fams-10-1388414/inline_89.gif





OPS/images/fams-10-1388414/inline_88.gif
maz(Ay Mgl , 3=A






OPS/images/fams-10-1388414/inline_87.gif
1+ . )= .
maz(Ay gl o 3 =tHlel .





OPS/images/fams-10-1388414/inline_86.gif
L=
5O=Ztmer





OPS/images/fams-10-1388414/inline_85.gif
R
2Cp(p-1)





OPS/images/fams-10-1388414/inline_84.gif





OPS/images/fams-10-1388414/inline_83.gif





OPS/images/fams-10-1466569/inline_19.gif





OPS/images/fams-10-1466569/inline_18.gif





OPS/images/fams-10-1466569/inline_26.gif





OPS/images/fams-10-1466569/inline_25.gif
e K[x]

=
[l





OPS/images/fams-10-1466569/inline_24.gif





OPS/images/fams-10-1466569/inline_23.gif
COE)=(T,
o






OPS/images/fams-10-1466569/inline_22.gif





OPS/images/fams-10-1466569/inline_21.gif
o
g@)=3 &z





OPS/images/fams-10-1466569/inline_20.gif
£eklz ]
S





OPS/images/fams-10-1466569/inline_2.gif





OPS/images/fams-10-1418656/math_150.gif
2 [ IgVdxdt+ 2L 7“#M+ﬂ Tml( )t
Mff B // ‘ s / e
a5 [ @
e j i f [

ki 2 L]
e ox ) ) o Iw)*(0,
+mnj(p o+ ](L""‘“an!"”*‘” 0.0t

¥
o [ ot p%; [ [ stasa
i
i

+;4jn/<w,+w+b)zm

ﬂ"‘ fw'(u,r)du”‘“" f\a}m:m
FIGPL [ o
+ B nj VAL, Nt
(ar, 208c2
+

T
(7 #+A,Cz+k,c%4)/j‘*}dﬂﬂ
o
[

at +C;ﬁ1) ] f\f’fM
” 13

T
+ [ [t -yt
I

<(@rcm+

+ C(R, T)lot + C(E(0) + E(T)).
(88)





OPS/images/fams-10-1418656/math_151.gif
I I F
nj B+ nf Bt < oy nj nj ()~ (It

+ My(R, T)lot + M3(E(T) + E(0)),





OPS/images/fams-10-1418656/math_15.gif





OPS/images/fams-10-1418656/math_158.gif
f e ANy
J B < 5 [ ]G0 — y Gt
] a0

L Mo(R. T)lot + Ms(E(T) + E(0)). (©3)





OPS/images/fams-10-1418656/math_156.gif
b b
[ Extrie = s [ trit-+ st o+ MaCe(T) + OO,
/ J





OPS/images/fams-10-1418656/math_157.gif
. I
B = / (e 2o, )t 4 f (4 v+ P (Lo, Dt
@ s

T T T T
2 :
+ / VLo, )t + f wh(Lo, Ot + n/ VLo, Bt + nf (Lo, Dt






OPS/images/fams-10-1418656/math_154.gif
i~ Diadx — f f o= Dyt
vis

wi(x — Lywydxdt

.
nf
T
o
2
2

whdxdt
(Lo)dt

f wiLo)dt o)

s—g =
Fr— P me—
g 3 3

+ I e | e
M 2 =
r h, 5
~s 5
Fe—c 3
IR
M
5 3]
Sz e
Fe—o M






OPS/images/fams-10-1418656/math_155.gif
oL
—k (x + v+ Iw)(x — Dyupexdt.
I

vy
—lazn/k[w,f:uyxfm‘m
- -
7)1.[fVn(xfl)VxM{»kl.[f{l‘xi’V{»M)(X*L)VxM
Wi Wi

-
—o nj 1.[ O — hou(x— Dt

T

+lkz/j(u,+v+lw)(fo)wM:

0

T
*szf4ux+v+tw)Ax—L)(u‘+v+1w)M
i

. -
—0o2 (wx— ) (x— L) (wx— Iu)dxdt — iy V(X — L)vydcat
i i
"
= = 10 f Onc— WLttt
“
§
k- L) f G+ v+ LWLt
“

y
+ il Lo) f G+ v+ ) (Lo)w(Lo)dt =
i

¥ gy
& (L7lﬂ)j(u‘+v+lw]1(l-n)d-f+%//(u,+v+lw]ldnﬂ
v

B

Ty i
a 2y =10 3
+ 3 [ fon s ZE2 fou - wpaga
Ve 3
T
+2 | [ vidxar
i
=1 [ i
e . / Lot~ lon(l ~ Lo) f(wxqu)(mu(u,).g
)
-
T L) / (e + v+ )LL)t
‘

¥
+ k(L — L) / (e + v+ W) ow(Lo)dt. (62)
J





OPS/images/fams-10-1418656/math_152.gif
Bi() = / (@ lpP Lo, + f (st ¥+ o Lo, Dt
+ [ VAot + [ wF(Londt+ [ yALo,tt
o fowone |

T
+ f Lo, t)dt.  (89)





OPS/images/fams-10-1418656/math_153.gif
- oL
-n nj '[ e Lt~k nf '[ (v ) D

T T
flmnfkj(w,—m)(x—L)uM+!'[(fz(u.m
— fali, ¥, W))(x — Lyuxdxdt
7L T
-5 f f (= Dvdxdt — 3 j f e
Vi i

. -
+kzn/!)(ul+v+‘w)k*L)VM+nd[(hz{u.V»w)

= hai

) (x — Lyvedxdt

T TL
-n nj I[ wi(x — Lywgdxdt — o nj ,[ (e — Ii)(x — Lwectxdt

+ Ik (ux + v+ Iw)(x — L)wydxdt + (@i, ¥, %)
jj i
— i1, ¥, W))(x — Lywydxdt =

.,
— 2 = D@5 )~ s 00
i
f
[ = DX~ G0N
[

.
=2 = DX ) = o 50
S





OPS/images/fams-10-1418656/math_140.gif
N T % T
m!!(M7WYM+%!!”§M+%!WMD&

; B
ol ol
+ 22 [ b0 pat + 22 n/ (ox = 10,00
'

H T

K K |
Ly e A 1o (0,
a nf{vx+w+m’uﬂn +‘lh!'(,, + v + 100, )

5, z i Tl

o1 f 2 o

+ 32 [ donas o [ [ o
o oo

PLopic
ki

+

T
f VLot +
o

202 T Tl .
oAt [vtaanacc [oio-ydopa
o 00

+ C(R, T)lot + C(E(0) + E(T)). (78)





OPS/images/fams-10-1418656/math_141.gif
e -
pic: n/ n/ Vit + f1C !‘ nf Vix— Lot
T i
FRvE nj nj Vectuddt +11C; nj nj e Lot
I
—k;Czn/n/{w+V+hz)(2x,la)VxM
P
-a !’ [ vies- o
rwo
+njnj 15§ ) — () 25— Lot
1
- ﬁ.cInjw.(n T)ex— Lot Tide

"
-G [ 0Cx— Lot 0 (9
J





OPS/images/fams-10-1418656/math_148.gif
- Hyrd
—c;ﬁ.n/n/&fdxdrdnc;nfn/wuwnﬂ

'
06 [ [t v+ gt
3

ry i
e nf nf /)~y + Cs nj nj &

— (@ §r @)yt

L L
= C;ﬂnf\lr.[z.o]\lr(z.oldxfC;ﬁf\hlx.'l)&k.ﬂdx (86)
H H





OPS/images/fams-10-1418656/math_149.gif
A.C)ij)v}hﬂs ‘J](.,k+w+mlm
o ln

i FLic [
+Cpy [ [ wraxit + —=2L [ 2w, nat
'n[!‘ & n/

i
v [ [0yt + w1t +clE0)+ £
i

(87)





OPS/images/fams-10-1418656/math_146.gif
T b
BiCilo [ 2 MGy [
S [ v ndt+ S22 [y nat
|
T
MGlo [ o
= / vAond
’

T T
<k [ [ (et v +l)dxt + (W GL +1Cy) [ [ viduit
[ I
T
+AC [ [ pidat
/1

o
v [ [0yt + w1t +ClE0)+ BT
i

(84)





OPS/images/fams-10-1418656/math_147.gif
o [ [ -
a‘njnj(m,—hp)‘dmw%nj! dxdr+—n mfu.,‘n.x

e f o F a0 | T / (o g0, 0

T

K K N
+Ef4vx+w+h)’ua.na+m (@x+ ¥ + 1P, Dt

T T
5”' f PRl )dt+- F', n/ nj GRdudtky / nj (oot
Fid f vitonar+ 229G j Vot

AGPL [ o
LA nj Vi, 0dt

T

5(% Mcz)“ +A.m+hdh)/jv}dxdr

ae
-
*(‘C‘*C‘”‘*C‘;‘»’.l)!!“"l"“’"

v
+¢ [ [0yt piot+ e+ ).
i

(85)





OPS/images/fams-10-1418656/math_144.gif
5

kic:

(px+ ¥ +lw)2x— laW,M'

S o
R

0

2
w+\(t+lm)1dxdt+k‘r%"“jj‘[r}dni ®
JJ





OPS/images/fams-10-1418656/math_145.gif
-
s [ [ e g
i

SR [
o oo :

yie
e[ [o@- v
JJ





OPS/images/fams-10-1418656/math_142.gif
- -
pice nf ! Vipudsit + G nj nj e — Lodsdt

T T
BiGlo 2

= —piC | [ yaxdt + V(Lo )t (80)

'n[ J 2 nj






OPS/images/fams-10-1418656/math_143.gif
- -
x,c«ffhxwmn.q]fwuu—mmm
Wi 0t

T T
MGalo [ MGlo [,
=220 [y i 23 njmxn,n
3

T
4@]]\4,}@:;. ()
JJ





OPS/images/fams-10-1467199/math_51.gif
@1





OPS/images/fams-10-1467199/math_50.gif
J 1R + LW s, = [ 1wl
4 4

- [EowQ a0+ Lt - 21as,
A





OPS/images/fams-10-1467199/math_5.gif
LDx)= ), @D, L7(Dx)= ) D'@)  (3)
= Pt





OPS/images/fams-10-1467199/math_49.gif
(29)






OPS/images/fams-10-1467199/math_48.gif
J (-t + iR = o, 8)
J





OPS/images/fams-10-1467199/math_47.gif





OPS/images/fams-10-1467199/math_46.gif
LD v

~HUDJo +]1x), Viag =0, Velag = 0,
Voulag = 0, Vovulag = 0. 26)





OPS/images/fams-10-1467199/math_45.gif





OPS/images/fams-10-1467199/math_44.gif
Ao=0, olg =g orla =¥, owla =0, wuwla = x-
(24)





OPS/images/fams-10-1467199/math_43.gif
f(l-;(t)Q(fﬁ’ -0+ LOQ(# - x) + Li(Q' (- - )+ (23)
in

HLo(Q" (- x)dS = j FIRET i,
7






OPS/images/fams-10-1418656/math_160.gif
. Hrd
[ o, vovar <o [ [ aoasar+ con i 09
/ JJ





OPS/images/fams-10-1418656/math_161.gif
-
f f (@) =yt < CE(0) + C(R, Tlot. (96)
e





OPS/images/fams-10-1418656/math_159.gif
- 'r
[ [tio—ympsa < (m) + [ o, oo ).
g ‘

(94)





OPS/images/fams-10-1418656/math_16.gif
i(Sx + & + In) are shear forces,
(e — ) are axial forces and
ut, are bending moments






OPS/images/fams-10-1418656/math_166.gif
Am disty(U(L), N) =0 and

Am disty(U(1), N)

(100)





OPS/images/fams-10-1418656/math_167.gif
foranyx € H;






OPS/images/fams-10-1418656/math_164.gif
o

TED < C j E(dt + O, Rlot.
J

(99)





OPS/images/fams-10-1418656/math_165.gif





OPS/images/fams-10-1418656/math_162.gif
T
f E(dt < CR ot + CCET) + E) ©
J





OPS/images/fams-10-1418656/math_163.gif
.
‘ nf ./ HO, D)t

L
= / E(dt + T°C(R)lot.  (98)
H





OPS/images/fams-10-1450581/inline_2.gif
E=o(W,.7, 0252t}





OPS/images/fams-10-1450581/inline_110.gif





OPS/images/fams-10-1450581/inline_19.gif
=0





OPS/images/fams-10-1450581/inline_18.gif
)0





OPS/images/fams-10-1450581/inline_17.gif
5





OPS/images/fams-10-1450581/inline_16.gif
(=T &7,

%





OPS/images/fams-10-1450581/inline_15.gif
R





OPS/images/fams-10-1450581/inline_14.gif
!
By’





OPS/images/fams-10-1450581/inline_13.gif
()
xm





OPS/images/fams-10-1450581/inline_12.gif
R






OPS/images/fams-10-1450581/inline_11.gif
("

JF

LR
E™,

etor P





OPS/images/fams-10-1450581/inline_109.gif
&,y





OPS/images/fams-10-1450581/inline_108.gif





OPS/images/fams-10-1450581/inline_107.gif
Elind

e0,7]





OPS/images/fams-10-1450581/inline_106.gif
(QF)





OPS/images/fams-10-1450581/inline_105.gif
E (MY





OPS/images/fams-10-1450581/inline_104.gif
Eer (MY) =1





OPS/images/fams-10-1450581/inline_103.gif
&MYt e[0,T)





OPS/images/fams-10-1450581/inline_102.gif
ap A2l





OPS/images/fams-10-1450581/inline_101.gif
& (MM





OPS/images/fphy-12-1490664/inline_47.gif





OPS/images/fphy-12-1490664/inline_46.gif





OPS/images/fphy-12-1490664/inline_45.gif





OPS/images/fphy-12-1490664/inline_44.gif





OPS/images/fphy-12-1490664/inline_43.gif





OPS/images/fphy-12-1490664/inline_42.gif





OPS/images/fphy-12-1490664/inline_41.gif





OPS/images/fphy-12-1490664/inline_40.gif
6.7x 10 "¢






OPS/images/fphy-12-1490664/inline_4.gif





OPS/images/fphy-12-1490664/inline_39.gif
E, =250 GPa





OPS/images/fams-10-1450581/inline_21.gif
aall






OPS/images/fams-10-1450581/inline_20.gif
7 =0





OPS/images/fams-10-1450581/inline_29.gif





OPS/images/fams-10-1450581/inline_28.gif
Fn

1 g
zkj og(1+ R





OPS/images/fams-10-1450581/inline_27.gif
!
|247)
R





OPS/images/fams-10-1450581/inline_26.gif
o &)
)





OPS/images/fams-10-1450581/inline_25.gif
o &
)





OPS/images/fams-10-1450581/inline_24.gif
R





OPS/images/fams-10-1450581/inline_23.gif
R k<N





OPS/images/fams-10-1450581/inline_22.gif
R 0ks N





OPS/images/fams-10-1418656/math_84.gif
E(t) = ; (ImO1 + T + 701 + [[(0)]12
+ 1D + [we(B)]1?) .





OPS/images/fams-10-1418656/math_83.gif
T
/ (Tl + [Tal? + W) (Lo, )t = C(EO) + E(T)),





OPS/images/fams-10-1489137/inline_25.gif





OPS/images/fams-10-1418656/math_82.gif
D (x,0) = P, h) — D2, D (x,0) = X, h) — D2, (39)





OPS/images/fams-10-1489137/inline_24.gif





OPS/images/fams-10-1418656/math_81.gif





OPS/images/fams-10-1489137/inline_23.gif
ST =>C j=1234





OPS/images/fams-10-1418656/math_80.gif





OPS/images/fams-10-1489137/inline_22.gif
725l





OPS/images/fams-10-1418656/math_8.gif
¢llo.t) = ullo.1), y(lot) =Wlo,1),  ollo,l) = wilo.1).
(8)





OPS/images/fams-10-1489137/inline_21.gif
1747 ||,





OPS/images/fams-10-1418656/math_79.gif





OPS/images/fams-10-1489137/inline_20.gif
v





OPS/images/fams-10-1418656/math_78.gif





OPS/images/fams-10-1489137/inline_2.gif





OPS/images/fams-10-1418656/math_77.gif
D3 Wit — Wy + (@, D) + V(G ) - B =0 (34)





OPS/images/fams-10-1489137/inline_19.gif
0 <V (g,) <00





OPS/images/fams-10-1418656/math_76.gif
BiVit — AaVex + 28, D"






OPS/images/fams-10-1489137/inline_18.gif
g, € HV (T





OPS/images/fams-10-1489137/inline_17.gif
725l





OPS/images/fams-10-1418656/math_75.gif
paTigy — koTiex + a0 ® . B ) + VH(C1a(x, 1) (32)





OPS/images/fams-10-1418656/math_74.gif





OPS/images/fams-10-1489137/inline_16.gif
flz) 2y e HV(T™Y





OPS/images/fams-10-1418656/math_73.gif
¢ = —lalx),

70 =500~ 1 / by =)
b






OPS/images/fams-10-1489137/inline_15.gif





OPS/images/fams-10-1418656/math_72.gif





OPS/images/fams-10-1489137/inline_14.gif
27 (z%)





OPS/images/fams-10-1418656/math_71.gif
B ) =360+ | @dr=B(x0) + e (x).





OPS/images/fams-10-1489137/inline_13.gif
7725 1= sup, 725 @)





OPS/images/fams-10-1418656/math_70.gif





OPS/images/fams-10-1489137/inline_12.gif
VEr(e®) e L, (T8





OPS/images/fams-10-1418656/math_7.gif
¢(0.1) = uL1) =0, ¥(01)
(0, ) = w(L, 1)

\L1)=0,

@





OPS/images/fams-10-1489137/inline_11.gif





OPS/images/fams-10-1418656/math_69.gif
1n the sense of distributions.





OPS/images/fams-10-1489137/inline_10.gif
& = (&) (&), (&) e,





OPS/images/fams-10-1418656/math_68.gif
P19y — o1(@x — lp) = 0 1n the sense of distributions on.
(0,Lg) x (0,T). (31)





OPS/images/fams-10-1489137/inline_1.gif





OPS/images/fams-10-1418656/math_67.gif
proy — loy(@x — lp)x = 0 almost everywhere on (0, Ly) x (0, T),
(30)





OPS/images/fams-10-1489137/crossmark.jpg
©

|





OPS/images/fams-10-1467441/math_92.gif
20
/ ((unz + Zm)l) drdt= My / Gora. o

Qnan





OPS/images/fams-10-1450581/inline_100.gif
&,y = £ (M (E (M) 0 <5<t





OPS/images/fams-10-1450581/inline_10.gif





OPS/images/fams-10-1489137/inline_43.gif





OPS/images/fams-10-1450581/inline_1.gif
(QF, (B)po. P)





OPS/images/fams-10-1489137/inline_42.gif
Lo<l





OPS/images/fams-10-1450581/crossmark.jpg
©

|





OPS/images/fams-10-1489137/inline_41.gif





OPS/images/fams-10-1418656/math_99.gif
Tho . -
E(U(T)) + [ [ (y (§) = y () sdxds.
1o

T
= BU®) + [ HOW, U6)ds, @)





OPS/images/fams-10-1489137/inline_40.gif





OPS/images/fams-10-1418656/math_98.gif
paWi — oWy — )y + Ia(tix + v + W) + 2, V, W)
— (i) =0 (48)





OPS/images/fams-10-1489137/inline_4.gif





OPS/images/fams-10-1418656/math_97.gif
Bavit — Aavex + Ka(tx + v+ IW) + (i, 9, W) — ha(ih, v, W)

(47)





OPS/images/fams-10-1489137/inline_39.gif





OPS/images/fams-10-1418656/math_96.gif
patigt — Koy +V + W)y — loa(wy — ) + 2, v, W)
— flil,’

(46)





OPS/images/fams-10-1489137/inline_38.gif
Imi, cImf,,





OPS/images/fams-10-1418656/math_95.gif
e — o1(ox — lp)c + ki (gx + ¥ + o) + 21(6, ¥, &)
v (45)






OPS/images/fams-10-1489137/inline_37.gif





OPS/images/fams-10-1418656/math_94.gif
Brv — M+ ki(px+ ¥ +10) +y () — y () + (6. ¥.@)
(44)






OPS/images/fams-10-1489137/inline_36.gif





OPS/images/fams-10-1489137/inline_35.gif





OPS/images/fams-10-1418656/math_93.gif
p1pn — kilgx + ¥ + lo)x — loy(wx — lg) + i (@, ¥, @)

— i@ @) =0 (43)






OPS/images/fams-10-1418656/math_92.gif
NUollg + 1Uollz < R





OPS/images/fams-10-1489137/inline_34.gif





OPS/images/fams-10-1418656/math_91.gif
K,

A

N

“2)





OPS/images/fams-10-1489137/inline_33.gif
L(m)°¢





OPS/images/fams-10-1418656/math_90.gif
K =01





OPS/images/fams-10-1489137/inline_32.gif
FeL @)





OPS/images/fams-10-1418656/math_9.gif





OPS/images/fams-10-1489137/inline_31.gif
e,





OPS/images/fams-10-1418656/math_89.gif
m < YEU v

s €R s#Es (D4)
5





OPS/images/fams-10-1489137/inline_30.gif





OPS/images/fams-10-1418656/math_88.gif
s o
foe- y(h));li!| <eteit e [ 60—y - s
J J





OPS/images/fams-10-1489137/inline_3.gif
L,(T%)





OPS/images/fams-10-1418656/math_87.gif
y&) —y(®)
P

=M s eR s #5. (D3)





OPS/images/fams-10-1489137/inline_29.gif





OPS/images/fams-10-1418656/math_86.gif
minthm int We g 7(¥n, Ym)






OPS/images/fams-10-1489137/inline_28.gif
el
% €8sk





OPS/images/fams-10-1418656/math_85.gif





OPS/images/fams-10-1489137/inline_27.gif
® X}

jes





OPS/images/fams-10-1489137/inline_26.gif





OPS/images/fams-10-1418656/math_47.gif





OPS/images/fams-10-1467441/math_73.gif





OPS/images/fams-10-1418656/math_46.gif
PO ) P x>,( )
B"”:(n r‘) (F(O)) w0 = p )





OPS/images/fams-10-1467441/math_72.gif
A 12’
| i axdyan < g (snade™

Qr

+max (8a + 1263, foyes 120l ) Tocs™
+0B2+ o+ )1+ AxToe™ ™) min(1, )

+na} / 3 o () dx (57)
EA=t

+(Bi+ 1)/Z|u,,(x)|2dx
F=t

+3 / g™ O + falx O dxdt, m=2.
O





OPS/images/fams-10-1418656/math_45.gif
TU

)@ (o)





OPS/images/fams-10-1467441/math_71.gif
"= ginC(0. o)), w™ — win ([0, To]; Ho(2)),
Ul — uy in L0, To: HY()) N C([0, Ty ; LH(<)).
(56)





OPS/images/fams-10-1418656/math_44.gif





OPS/images/fams-10-1467441/math_70.gif
8™ = &" 200 < & 18™ =& ot

Do — gy < &
=

2o + 14— Wligr < &

DI — uleqorygazen + 1™ = M lcgo 2o < &
=~





OPS/images/fams-10-1418656/math_43.gif
Fown) = Filple Dy Do),  xe L)
Falulx, 1), vix, 1), wx, 1), x € (Lo, L).





OPS/images/fams-10-1467441/math_7.gif
pil6 N = Lialsl  leilx. &) — @it )l < Ligls —nl, 1= 1,2,

(2(x,8) — @, n))E—n) =0





OPS/images/fams-10-1418656/math_42.gif
.
£0 = 3[R0 + 14" 00IP] + / Flox )





OPS/images/fams-10-1467441/math_69.gif
o
max g™~ "oy < Y IFlawmn
. i=mt1

Madnie\ PR
< (pae)” S w6

_ ( MaMsMs )5 oy
= \min{Lao)) 1— (m,1,)}

=)

ke lm=2





OPS/images/fams-10-1418656/math_41.gif
T T
w094 [ weoamm <o [ omeme e





OPS/images/fams-10-1467441/math_68.gif
o= [ (44""« 0P+ Y e :»2) ax
) &

. M

= minlLad

(MsTo)™ 2, m> 3. (54)





OPS/images/fams-10-1418656/math_40.gif





OPS/images/fams-10-1467441/math_67.gif
4

(m(0)F =

((f Z Ky (gl Dt .z,)'

( gm)/,(xm)l i
+ z":(x,,(x)b.,u.mx.i.”dx :
o il
+(/ mxm(gu*')—m(u“))dx)l
2

4 ( / K20 ) — g, dx)l), mz3.
2

(53)





OPS/images/fams-10-1418656/math_48.gif





OPS/images/fams-10-1418656/math_4.gif
pau — Koy +V + IW)x — loo(Wy — ) + [o(u, v, W) = pa(x. 1),
(4)





OPS/images/fams-10-1467441/math_66.gif
3y — ooz + 147 — oo rgazian
=t

ik ([
=X (Z 12 ootz + uqua.mmm)
g

[t V=

< (te ) 3 ¥ o=

=)

5‘"“)( MeMs )1 oaTo) "

min{laol ) 1 (MyTe)E
(52)





OPS/images/fams-10-1467441/math_65.gif
mEsn
g - w3 D Idlrey
=

=

& L
3 () s o
-1
MsMs);L")-‘IJV keN,m=2,
<o T—ontt





OPS/images/fams-10-1467441/math_63.gif
MsMg(MyTo)"

- (49)
‘min{1,ao)

f (e 0F + Y (et 0P de<
&
J





OPS/images/fams-10-1467441/math_62.gif
[ Yeraas
Qn =1

MsMg(MTo)"™ %
%





OPS/images/fams-10-1467441/math_61.gif
[ (e Leens ) acar

@

"
<asTy [0 < MMTOLTO™ mz2. @
J





OPS/images/fams-10-1467441/math_60.gif
k)

mik :
1= lzom = Y (f (H(n)’dr) <
=V o

mek 3 =
< 5 aonye < o>

—. kelmz3
el 1 — (MaTo)?





OPS/images/fams-10-1467441/math_6.gif
wl£I? < Y ajlx. D& < anllEIP
b=

BllEI” < Y byl &g < B,
=





OPS/images/fams-10-1467441/math_59.gif
To To

[erorazmm [ iora
3 1

"
<ono™ [POf @ < st @9
J





OPS/images/fams-10-1467441/math_58.gif
- H -2
P0rd= [ @07 d=6( [ Kfidx

[eora- [eoras{[rosos)
( / EORd+ maxmpzn: j (K (g, 1)
i =4

f 3t deat

Qry =

+n1nllzxmpz": / (K (g, 1) e f i]léﬁ‘dm

vLt A=

+L},,j(x(x))zdx / 1 dedt + 2
2 @

M 2
! (K2 dx .;!: luf P dxdt + nj ( ﬂ/ K{x)/;(x.!)dx) dt) = Mg,





OPS/images/fams-10-1467441/math_57.gif
/ (Eenr+ Z("'(x. )dc < f R,
4

(44)

mln[l





OPS/images/fams-10-1467441/math_64.gif
. m mik _ m,
1 - B lizny + 1 = 20

=
mik [
= 3 [ Xidion + Iz
i\ 0
ek I
<oan) 3 (wmem) oumy?
ot
5<n+|)(M;M¢Tn)’L")7P keN,m=>2
1 (MaTo)?





OPS/images/fams-10-1467441/math_56.gif
[ Seraas
o
j ora @)

Qn, =





OPS/images/fams-10-1418656/math_66.gif
¢x + lw = 0 almost everywhere on (0, Ly) x (0, T),

(29)





OPS/images/fams-10-1418656/math_65.gif
I
- j (R B0 — (Ri(@} ) — o), B O+

H 1
[ @@ Le@xaio] «
.

T
/(h(‘ﬂt + 1) = () y (Ot = 0.
H





OPS/images/fams-10-1467441/math_91.gif
b n
Jeorazm [ (ar+ Zm)‘) @ 09
i Qrian =1





OPS/images/fams-10-1418656/math_64.gif
L(®(1) = L(1

3 (IR0 (D1 + IAT= (D)

L
+ [ F(@(x.0)dx + (P, o(1)). (28)
s





OPS/images/fams-10-1467441/math_90.gif
f (i + Z 506 ity + Z By, Dt + (1 5 )
ahe =

(5 o))l

2 ) — 2, ()i e

= / OO dxat, © < [Ty; 2T1).

@
(74)





OPS/images/fams-10-1418656/math_63.gif
y(s)s>=0 foralls=£0.





OPS/images/fams-10-1467441/math_9.gif
f (u,,v+ 3 ay D + 3 by Dty + 10y
d & &

+ @2, u)v — flx,t)v) dxdt = 0 @)





OPS/images/fams-10-1418656/math_62.gif
fr, &, hy € C'(RY),

2





OPS/images/fams-10-1467441/math_89.gif
f (i + 3 a5 g+ 3 byl Dt + (151
: F=1 =1
—15 U )i
a0 ) — 25 ) Vi) et
= /ﬁ(x)f(k)l'qud& 7€ [0;2T1].
a

(73)





OPS/images/fams-10-1418656/math_61.gif





OPS/images/fams-10-1467441/math_88.gif
" o
/ ((i,)‘ + Zm)‘) wa<wn [@0Pa 0
& /

ar,





OPS/images/fams-10-1418656/math_60.gif





OPS/images/fams-10-1467441/math_87.gif
Jaorazw, [ ((a,)l + Z@y) o——
/ z

G,





OPS/images/fams-10-1418656/math_6.gif
paWit — 02(Wx — )y + o (tix + v+ Iw) + £2(u, v, W) = @2(x. 1),
(6)





OPS/images/fams-10-1467441/math_86.gif
a.,lx i+ Z B30 Dt + (15 o)

—1 (%, 1))
Hea(x, (uen)e) = @2 (% ()i dxdt

= /ﬁ(x)é(k):'q dxdt, T € [0; Ty].
3

(70)





OPS/images/fams-10-1418656/math_59.gif
1®(x, DI = CUIPollg, [Py llv)-

max
te[0.T] zel0.L]





OPS/images/fams-10-1467441/math_85.gif
—ly om
0] :( fxtx)/.(x):h) (/(zx,,(x)n.,u.»'uq
4 e

— K 0y, )
i
+KO)1 (5 1) — 1% 1)) + K2 ()

— o2, (), d-!)‘ el (©)





OPS/images/fams-10-1418656/math_58.gif
(@ (x, 1)) — F(®/(x, )] < Cmax(1(Po, Do)l (o, 1) ]12))
NI ) — DI Olles = 1,2,






OPS/images/fams-10-1467441/math_84.gif
/ (v + 3 ay D + 3 by
a &= b=
Herwu) — o1 u)y
o200 ) — 2 ) et
- / ARy drdt,
&

(68)





OPS/images/fams-10-1467441/math_83.gif
w(x1), if(x1) € Qp:
(e, if(6h € Qran:

u(x,t) =
u,,(x.t ), lf(l.k] € Quv—nry N>
al), it e[0T

iy | 92 0D

(O, iff € [N = DTLNT,





OPS/images/fams-10-1418656/math_57.gif





OPS/images/fams-10-1418656/math_56.gif





OPS/images/fams-10-1467441/math_82.gif
| Keue e dsdy = E o), rel0l ()

2





OPS/images/fams-10-1418656/math_55.gif
|F;(®/(x)) — Fi(®/(x))] < C(max(]|®]|4 || @ NS — &[], (27)





OPS/images/fams-10-1467441/math_81.gif
Ulaax(om)

0,

(66)





OPS/images/fams-10-1418656/math_54.gif
(v, +it®),0)— (I'v,),0), t—0





OPS/images/fams-10-1467441/math_80.gif





OPS/images/fams-10-1418656/math_53.gif
o
(MW +19),0) = | y(¥y(x) + ty (X)62()dx,






OPS/images/fams-10-1467441/math_8.gif
[rorasn [t ven@.  ©
o o =1





OPS/images/fams-10-1418656/math_52.gif
—A0. =6,
W) = .
SAW, + AW, + W, + T(W)
M(¥,) = SAW, + -






OPS/images/fams-10-1467441/math_79.gif
Use = Y@ (1)U — Y () (1) Usi)g
b= b=
+or(n ) + a0, Un) = 7 0Go(0) + £ (5 1), (k1) € Qry
(64)





OPS/images/fams-10-1418656/math_51.gif
T =%
AD,+ W, + T(W,

w.,





OPS/images/fams-10-1467441/math_78.gif
n o
/ ((inz + Zm)‘) wa<wn [G0Pa @
& /

ar,





OPS/images/fams-10-1418656/math_50.gif
Ul = oo provided gy < 00.





OPS/images/fams-10-1467441/math_77.gif
T n
/ @R M, j ((a,)‘ + Z@)’) ddt. (@)
/ =

G





OPS/images/fams-10-1418656/math_5.gif
Pavit — AaVex + Kol + v+ iW) + (4, V, W) = 12X, 1),

xe (Lo L)t > 0,

(5)





OPS/images/fams-10-1467441/math_76.gif
[ (s Y gt + 3 by g
dn it =1
(e ) — g1 5 Vi
Hpale ) — 20 () Vi) det
= [ fwionaa.
o

(61)





OPS/images/fams-10-1418656/math_49.gif





OPS/images/fams-10-1467441/math_75.gif
#0= ( [ xvico :h)il ( G Z‘ Ky (a2 0,
' =

— 3 (K Wby D)
P2
G ) 5 ) G )
g ) ). £ € 0.7, ()





OPS/images/fams-10-1467441/math_74.gif
f (v X ale Dty + )": by(X)iiz v
4 P =
Hepr (6 uy) — g1 (x ))v
gl () — 2 i) ) de e
- / Sty dxt,
G

(59)





OPS/images/fams-10-1388414/math_76.gif





OPS/images/fams-10-1388414/math_75.gif
gm,(m <o ( [ weas)o





OPS/images/fams-10-1388414/math_74.gif
-
1RAO) = ol + gl )1+ 22522 [ 2o
E lComn! d /; Il






OPS/images/fams-10-1388414/math_73.gif
Rm(:):l.’(jﬂpu" |D,udx)(k]‘
%(t):l:(jﬂl’l‘“zl’,udx)(kl
’R,(t):l{( jﬂ ;f,p.r'dx)n). [






OPS/images/fams-10-1388414/math_81.gif
1:( /; ! %U\/,xnu]dx)(k]

> l:( A y,""a,vmuwx)m—zr( /. y,"'a,‘"4,7uydx)m
-, m.z>uv(u).xx4,*"'( I ﬁwx)(:)

+ (ot =t ([ ey npwa)o. 6o





OPS/images/fams-10-1388414/math_80.gif
P Ny > [y
/; ST+ zLy, 51N * g





OPS/images/fams-10-1388414/math_8.gif
- =
Dii=D(pu) + Y Do) = Y DP (). (13)
~ ~





OPS/images/fams-10-1388414/math_79.gif
Roa(t)= [ polx )l e





OPS/images/fams-10-1388414/math_78.gif
I.’( j; p,""a,'o{rlm)m
o potPdx—v Jo IOV} Dophul) (D,
if 6

o ot dn)(6) — 6 [ 1 OMe) ) ),
W 0= i 1M

Jopoubdx, if 6=v,

L (fy powPd)(t), i 6=,






OPS/images/fams-10-1388414/math_77.gif
| 5 i [ gyl (oo,
[ |





OPS/images/fams-10-1388414/math_96.gif
Am < B™ T[1+ glc@, )] + B™  Am1. (513)





OPS/images/fams-10-1467441/math_53.gif
mint,an) [ (G0 + Y ) dx
’ &

o j S e
pE=
o .
< lllﬂxll'-zn: R +u2} [ (erreyen?) s
i &

+% !’ o) m= 2. )





OPS/images/fams-10-1388414/math_95.gif
e
. (elo.ml )
B=4CE, y(C'T ), A, o (/m‘dx






OPS/images/fams-10-1467441/math_52.gif
J i) — gatrar= et et < o [ 10 vt
J 4





OPS/images/fams-10-1388414/math_94.gif
f (3,0 < AE, 1 (C' TV ),
|





OPS/images/fams-10-1467441/math_51.gif
f (10 u™) — 1 0wz dxdt
&
= [ Luolemliz et
l

5](’%%@')&&6,‘)’)&&
&

SQ[(%;L{;)’+%§L{;)’)&&





OPS/images/fams-10-1388414/math_93.gif
A= Ol + Iy, + (GO0~ ')ﬁl/‘ 'Iﬂhlam.,u





OPS/images/fams-10-1467441/math_50.gif
o B [ m fim |,
.;[ Sy acar< L2 .,[ eppaars L2 nf mora

B[S i fgm
< ‘!g(m,wmu i nfu R





OPS/images/fams-10-1388414/math_92.gif
cr“"( f ..de)m < CAL TN (B ()0
A
= AE,_y (CP) 1]
SAE-u(CTT 1)
forall teloT),





OPS/images/fams-10-1467441/math_5.gif
f Ku(o dx=E(@),  te[0,T]. 6
o





OPS/images/fams-10-1388414/math_91.gif
]
¢= C[‘*Z To— )





OPS/images/fams-10-1467441/math_49.gif
[ Yoo+ Y b0ty
/ P>

i
Hepr (6 w™) = g1 (w2
Halo ") — g2 ")) dxat

= f/:(x)r"(r){,'dm. m>1.
o

(39)





OPS/images/fams-10-1467441/math_48.gif
[ ,m—l)z 2
nj Rt < My Q[ ( +Z(* )

re(0,Ty, m>3 (38





OPS/images/fams-10-1467441/math_47.gif
(G0 p——
k (grercoss)

7 ((I 3 Kyoay(x 1):"'dx)
(/ £ om0t dx)
+( Ko7 = i) ,1.')2

,
v ( [ KOl — ea( D) .a) )m‘ m=3 ()
7





OPS/images/fams-10-1467441/math_55.gif
n o
/ (L’;")‘ + Z(::)') dwar <o [0 m> 2.
& /

dr,
(42)





OPS/images/fams-10-1467441/math_54.gif
j (EPe 0P + Y Ene R ax
) &

<M /{f"{t))zd.h TeO Tl m=2 @
J





OPS/images/fphy-12-1374452/crossmark.jpg
©

|





OPS/images/fams-10-1388414/math_99.gif
if (ot)e Qrypn
i xe = Ty,





OPS/images/fams-10-1388414/math_98.gif
Iulica,,) = GAL





OPS/images/fams-10-1388414/math_97.gif
A < [B™ " 4 B™ ")y < B+ 4,
&

.
<cexp[|m[s+w1|§?|4p





OPS/images/fams-10-1388414/math_86.gif





OPS/images/fams-10-1467441/math_43.gif
j (v + Y ayo v + 3 by DU + 946 umy
PR 1 =1
+ ol ) ddt = ] (L0 o D)y dxdt,

a

rel0T)  m=1,
(34)





OPS/images/fams-10-1388414/math_85.gif
L ol (s e+ EE—22 ( f u*‘|w|’dx)m
S
s;:z. (Ly,ur.xx)m

G0+ gl ,)+cyl.“( /; u'dx)m





OPS/images/fams-10-1467441/math_42.gif
0= ( j KO dx)’l (E’n) + j ( Z.:ll(,j(x]a.,(x. !
2 o Vi

— 3y b0, D)+ K0 (™)
=

+K O~ K1) .a) Lte.Tl

(33)





OPS/images/fams-10-1388414/math_84.gif
= -
N
Roa(t) > /; Zl:n(x.t)ul’(x.k):k ;1, ( L ﬁul’dx)(t).





OPS/images/fams-10-1467441/math_41.gif
-
My =max | nmax sup Kyagix )| dx
o] (o)

+thn [P
I

2
3o [ (G det (K (b, ) | dxt
Lmﬂ/ ?«1'?.! LS

My
e
(/K(lm(x)di)
{
204
P e e e
Fo min{1, a0} N





OPS/images/fams-10-1388414/math_83.gif
1:( JaPw BN y,ll]ll!)(l) 2 o6 OUP (5 D

e ( A ﬁul’dx)[t)v





OPS/images/fams-10-1467441/math_40.gif





OPS/images/fams-10-1388414/math_82.gif
(.. — ot 7,)(/,," ! r,,rumz)n»r»





OPS/images/fams-10-1467441/math_4.gif





OPS/images/fams-10-1467441/math_39.gif
¢ [ Keoscoae= (£ 0
4

(0 o, — 30, 0
I'& b=

+ Kou (5,4%) + K (o), 1) — K(fa(x. 1) dx)v te @1
1)





OPS/images/fams-10-1467441/math_38.gif
£0 [ Ko =0y + [ (Z Ky a0z i
2 2\
= 5 (s e 0 + K1)
B2

+ K26, u) — Kfa(, r)) dx, te@©T).  (30)





OPS/images/fams-10-1467441/math_46.gif
o
Pt = (njx(xy.(x).xx) / (3 Ky@agta !
5 i

= > by (36)
=t

+K@) (1" = @i ™)

+ K@(pa(x ™) — gax, u™2)) dx.





OPS/images/fams-10-1467441/math_45.gif
=" =u" 00— u" (x1),
)= ") — N, m> 2






OPS/images/fams-10-1467441/math_44.gif





OPS/images/fams-10-1388414/math_90.gif
uP(x, t)dx 1 1
Jwee o <Ol +glg, )

+[zw—n1+|/ u""dxl
ICloo])

s (fpea)n, 61





OPS/images/fams-10-1388414/math_9.gif
(14)





OPS/images/fams-10-1388414/math_89.gif
v —pN).
0 = FEh

.2, N—1, teloT],

TN i,y (6)






OPS/images/fams-10-1388414/math_88.gif
A ..rm).x”xr( A rwﬂm)m < P+ et )

+lopo— "]TI [ wna |c“m+ gxr"'( I uax)m





OPS/images/fams-10-1388414/math_87.gif
L ,m.»dwt:( j; |v,1ﬁ|ldx)(:)
ik v
Sﬁnlnlnlla(ﬁ-n;:'. "( L u"dx)(rl

+aplt + et + oot [wa)o.





OPS/images/fams-10-1388414/math_115.gif
Gluorg:0) = 1+ gllm o, + Mollriog + el

T L i
wle= 3
€7 el prasa,, in3BCaase.





OPS/images/fams-10-1388414/math_114.gif
Wl ese 2 +Z||n Wl % ) +Z||lf‘ Wi,

< CGlup, ¢, ),





OPS/images/fams-10-1388414/math_113.gif
Diw— Lyw—K* Low=g(x,0)— flu) in Qr,
w0 =) in

W= gD or Mw+Kyx Mw—cow=@(x.1)
on AQr.





OPS/images/fams-10-1388414/math_112.gif
Dyt~ Lyu— K+ Lou+ M) =gxt) in Qr,

ux0)=0 in @

uxfH=0 or Mu+KixMu—cou=0 on 3Qr.
(6.1)





OPS/images/fams-10-1388414/math_111.gif
-
Il 220y + et o, + ; [LURTINES

¥
+ 3 10wl an)
=

< Cl1 + gl an + lglcan ]





OPS/images/fams-10-1388414/math_110.gif
ox.0) =vlxo +To/2). Fo)=g o +To/2),
FHE) = )i 120






OPS/images/fams-10-1388414/math_11.gif
p=0C, n=1+4+0C,





OPS/images/fams-10-1466965/math_11.gif
(10)






OPS/images/fams-10-1466965/math_109.gif
a3 = Go(X, 1)(2G,;!






OPS/images/fams-10-1466965/math_108.gif
W (3 1,K) = GGy —IkGo(2Gx+03)Gy +O(K),  k— 0.
(92)





OPS/images/fams-10-1466965/math_107.gif
Gi(G) = Jim = (A (L O)RICR 1.6) —






OPS/images/fams-10-1466965/math_106.gif
Golx 1) = S(3.1,0) = ( “ ")

Bz





OPS/images/fams-10-1466965/math_105.gif





OPS/images/fams-10-1466965/math_104.gif





OPS/images/fams-10-1466965/math_103.gif
VW (& 4,k) = —ikos + [o3, Mi] + O(k™"),

P





OPS/images/fams-10-1388414/math_118.gif
182 o) = Collin. & @)





OPS/images/fams-10-1388414/math_117.gif





OPS/images/fams-10-1388414/math_116.gif





OPS/images/fams-10-1466965/math_110.gif
(93)





OPS/images/fams-10-1388414/math_105.gif





OPS/images/fams-10-1388414/math_104.gif
Do — L10— Kx Loo = —Af*(0) +¢* (1) in Qg2
0(x,0) =0 in @
omH=0 on a%un.

(5.16)





OPS/images/fams-10-1388414/math_103.gif





OPS/images/fams-10-1388414/math_102.gif
—
D} e
L D DL L T

M

F LI M
=1

SCl+ g,

180 sy ) < €U+ I8lleany )
U t) =uxt) if (o6 e Q.






OPS/images/fams-10-1388414/math_101.gif
it
= CllMley + 1+ 18gnte g ] < CUL+ Ml st )
1C(@yr, ) = CIL+ Igllci@ry) )
SO =0 if xein

(5.15)





OPS/images/fams-10-1388414/math_100.gif
Detl— Litl— K # Lot = ®(x1) in Dsrypa,
40 =0 in & (5.14)
U(x, 1) =0 on Q.






OPS/images/fams-10-1466965/math_102.gif
- M
MG LK) = T+ =L + Ok

k= oo,





OPS/images/fams-10-1466965/math_10.gif





OPS/images/fams-10-1466965/math_1.gif
Uxt = U+ 0(U)xx





OPS/images/fams-10-1466965/inline_99.gif
u(x, ) =2(%(x,1),8)





OPS/images/fams-10-1466965/inline_98.gif
=





OPS/images/fams-10-1466965/inline_97.gif





OPS/images/fams-10-1466965/inline_96.gif
(re) ke B, (;, c)'y





OPS/images/fams-10-1466965/inline_95.gif
=





OPS/images/fams-10-1466965/inline_94.gif
&_(xt.k)





OPS/images/fams-10-1388414/math_109.gif
B(0)=0 If oe [77
2






OPS/images/fams-10-1388414/math_108.gif
Do — L15— K L2b
Bx0)=0 n
Bno) on a9,

(5.17)






OPS/images/fams-10-1388414/math_107.gif





OPS/images/fams-10-1466965/math_101.gif





OPS/images/fams-10-1388414/math_106.gif
F-A*=0 if xeQ, te][0,To/2],
e g0 O Wil
18 ety < €O+ gl )





OPS/images/fams-10-1466965/math_100.gif
(90)

al®f) BED
B t) @t






OPS/images/fams-10-1388414/math_26.gif
—
P06, 1) = po(5 1) + 3 o1,
=





OPS/images/fams-10-1388414/math_25.gif
pzo=0, pizo3=0 y=d4>0





OPS/images/fams-10-1388414/math_24.gif
p(x,1), pi(x, 1), yi(x, 1) € C([0, T],C(Q)):





OPS/images/fams-10-1388414/math_23.gif





OPS/images/fams-10-1388414/math_22.gif
ag, by € C**"2(Qy), g, a;, by € CHHITENE(Qy),






OPS/images/fams-10-1388414/math_21.gif
)
—Z &
Dastnnei <o

= &kl





OPS/images/fams-10-1388414/math_20.gif
£1= X #(0ix0F) + T a0 +ao(x ),
£2= X #(0ir0F) + T bix D +bo(x ),

M= X oyl 0N
a1





OPS/images/fams-10-1388414/math_2.gif
Clxo-clan), Y
ﬁﬁ%fﬁf:k if 9e0)

Lixt) if 6

D/ Clx. 1)






OPS/images/fams-10-1388414/math_19.gif
voe@n, vpe(0552) vt
S 12 M, = L2,
v <y, 0<pp <y <. <y <.

0<v<w <





OPS/images/fams-10-1388414/math_27.gif
F(&). 5@ =0 i Nzt
(&) =0, if N=0,






OPS/images/fams-10-1388414/math_16.gif
) Fo
W,
—mp[ Mobodoll: x#n, mmed ls[o.T]],
= =
i,

e s red, hte(oT]).
sup [ LAy gy |






OPS/images/fams-10-1388414/math_15.gif
CH(Q), WP(Q), L), C([0,T,X), W((0,T),X).





OPS/images/fams-10-1388414/math_14.gif





OPS/images/fams-10-1388414/math_13.gif
Nic[ e L
=%rta—y ru—u.)]’m—m)





OPS/images/fams-10-1388414/math_121.gif
0, (xf)eQr,





OPS/images/fams-10-1388414/math_120.gif
L ifh7.1 holds,

@) < Cluy —wl, C=
If'(€)l, ifh7.IT holds,





OPS/images/fams-10-1388414/math_12.gif
— W (= o))






OPS/images/fams-10-1388414/math_119.gif





OPS/images/fams-10-1388414/math_18.gif
IVilgy 212y = IVIiwa2io.n.L@) + VL (0.n.w22 (@)





OPS/images/fams-10-1388414/math_17.gif
Wlgiva

)

(o

||v||mn,,,,-..m+z{,,ﬁ(d,v),;1 L i=on,

= | Mewnea * 1P,
I AT e






OPS/images/fams-10-1388414/math_45.gif
(@, * @, (1) = wp, 16, (1), (1 % g 1) = @144, (1),
we, () > CTO!, (wp, * K)(f) < Cag, (1).





OPS/images/fams-10-1388414/math_44.gif
DYV, 1) = %(M4 V)0 = wi_a(OV-,0)
V) — w1_a (O 0) @)






OPS/images/fams-10-1388414/math_43.gif





OPS/images/fams-10-1388414/math_42.gif
v 1) e win-a *Wx.D)

arh
il

@ *V)x0) vt =





OPS/images/fams-10-1388414/math_41.gif





OPS/images/fams-10-1388414/math_40.gif
Dot

- =
(DD} u+ Y pile O u— Y 3,60},
= =





OPS/images/fams-10-1388414/math_4.gif





OPS/images/fams-10-1388414/math_39.gif
S






OPS/images/fams-10-1388414/math_38.gif





OPS/images/fams-10-1388414/math_37.gif
ue T (@), DJu,Dfu e ¥ (@)
M. i=1.N.






OPS/images/fams-10-1466965/inline_70.gif





OPS/images/fphy-12-1490664/inline_25.gif
ay =

- |





OPS/images/fams-10-1466965/inline_7.gif
e






OPS/images/fphy-12-1490664/inline_24.gif
Epag z Eya
i ey
x _J_I_],m(_ =

31z Kn(1-20) 70 \ sin(pz) n(1-20)p





OPS/images/fams-10-1466965/inline_69.gif





OPS/images/fphy-12-1490664/inline_23.gif





OPS/images/fams-10-1466965/inline_68.gif





OPS/images/fphy-12-1490664/inline_22.gif





OPS/images/fams-10-1466965/inline_67.gif





OPS/images/fphy-12-1490664/inline_21.gif
Alrviarl
= T





OPS/images/fphy-12-1490664/inline_20.gif





OPS/images/fams-10-1466965/inline_75.gif
(=





OPS/images/fams-10-1466965/inline_74.gif





OPS/images/fphy-12-1490664/inline_29.gif
tk,, £K,, Kk,





OPS/images/fams-10-1466965/inline_73.gif
d,(6)=d;





OPS/images/fphy-12-1490664/inline_28.gif
I,(k;r),K,(k;r)





OPS/images/fams-10-1466965/inline_72.gif





OPS/images/fphy-12-1490664/inline_27.gif





OPS/images/fams-10-1466965/inline_71.gif
(d)y=0





OPS/images/fphy-12-1490664/inline_26.gif
as =P~ + (s + 715" ), = a3 (1 + 155w





OPS/images/fams-10-1388414/math_36.gif
-3
Flc,>n.





OPS/images/fams-10-1388414/math_35.gif





OPS/images/fams-10-1388414/math_34.gif
1@l < Lt +1ul),
W) = ~Lo+ Lalult,
/() > —Ls.





OPS/images/fams-10-1388414/math_33.gif





OPS/images/fams-10-1388414/math_32.gif





OPS/images/fams-10-1388414/math_31.gif





OPS/images/fams-10-1388414/math_30.gif





OPS/images/fams-10-1388414/math_3.gif
L
iy [ =9 5 9ds i 62 0.)

Lxt) if 6

DC(x. 1)






OPS/images/fams-10-1388414/math_29.gif
Kt)yeC'([0,T]), K;eL(0,T).





OPS/images/fams-10-1388414/math_28.gif
£ECYT(@Qr), o T
o € CHE G0 o e et go






OPS/images/fams-10-1466965/inline_60.gif





OPS/images/fphy-12-1490664/inline_15.gif





OPS/images/fams-10-1466965/inline_6.gif





OPS/images/fphy-12-1490664/inline_14.gif





OPS/images/fams-10-1466965/inline_59.gif





OPS/images/fphy-12-1490664/inline_13.gif





OPS/images/fams-10-1466965/inline_58.gif





OPS/images/fphy-12-1490664/inline_12.gif





OPS/images/fphy-12-1490664/inline_11.gif





OPS/images/fams-10-1466965/inline_66.gif
d,(x6)





OPS/images/fams-10-1466965/inline_65.gif
(k)





OPS/images/fphy-12-1490664/inline_2.gif
r(Ry <r<R,)





OPS/images/fams-10-1466965/inline_64.gif
(k)





OPS/images/fphy-12-1490664/inline_19.gif
sin (7

=)





OPS/images/fams-10-1466965/inline_63.gif
=





OPS/images/fphy-12-1490664/inline_18.gif





OPS/images/fams-10-1466965/inline_62.gif
M-k





OPS/images/fphy-12-1490664/inline_17.gif





OPS/images/fams-10-1466965/inline_61.gif
(=





OPS/images/fphy-12-1490664/inline_16.gif





OPS/images/fams-10-1388414/math_63.gif
@1 y(t) — @1 (1)





OPS/images/fams-10-1388414/math_62.gif
Deut+2 Doty 1Dyt = 3 (pow) + 32, 3" (pi),
D= YN, 2N = (), (54)






OPS/images/fams-10-1388414/math_61.gif
Nl e 2inn g )+ Xima IDF Ul o 5y
X I ez o S Cl+ Il g ) 53)





OPS/images/fams-10-1388414/math_60.gif





OPS/images/fams-10-1388414/math_6.gif
u(x,0) = up(x) in Q
u=p(xh) on 9r mDBCse

or
Mu+Ky s Mu—qu=g(xf) on 3Qr in3BCaase,
(1.2)





OPS/images/fams-10-1388414/math_59.gif
@1, @, U = UL





OPS/images/fams-10-1388414/math_58.gif





OPS/images/fams-10-1388414/math_57.gif
ol v gz in the DBC case,
ol 9 Py
[ in the 3BC case.

N, T Taan





OPS/images/fams-10-1388414/math_56.gif
—
14y 200, + Wl gnge gy + 2 I iy
=

¥
+ 2Dl < CUliyan + 180 oy ) + ol
et





OPS/images/fams-10-1388414/math_55.gif





OPS/images/fams-10-1466965/inline_90.gif





OPS/images/fams-10-1466965/inline_9.gif





OPS/images/fams-10-1466965/inline_89.gif
By (x,2,4)





OPS/images/fams-10-1466965/inline_88.gif





OPS/images/fams-10-1466965/inline_87.gif





OPS/images/fams-10-1466965/inline_86.gif





OPS/images/fams-10-1466965/inline_85.gif
MM

7





OPS/images/fams-10-1466965/inline_93.gif
&, (xt.k)





OPS/images/fams-10-1466965/inline_92.gif





OPS/images/fams-10-1466965/inline_91.gif





OPS/images/fams-10-1388414/math_54.gif
2z vil-g)2-5
ge L@ e W@, pen, 7 F(ar),
men TP e,





OPS/images/fams-10-1388414/math_53.gif
if NzLM=1,
i N=OM=1;
if N=1LM=0.

P>






OPS/images/fams-10-1388414/math_52.gif
I ) wo) () = I (wawa)(6) — wa(0)
X w = 1 oman_o)0)
— 61 OV omwa)(),

I (0D w2)(0) = I owwa)(6) — wa O~ wy
— a1 Wy wa) ().





OPS/images/fams-10-1388414/math_51.gif
C(0.T)), if Dfw; € C([0. T,

D (v, 29
i), ,m,wz)e{’?mﬂ .





OPS/images/fams-10-1388414/math_50.gif
D} (wywa) = wi()Dgwa(f) + wa(0)D; wy(f)
)
+ g g ek
3 (wiw) = wi (D] wa(t) + wa(0)af i (£)

+ Jo(t; wi, ),

5
T —8)





OPS/images/fams-10-1388414/math_5.gif





OPS/images/fams-10-1388414/math_49.gif
" m® - wl)

)= ot o) = [ Pe

[rale) = a0l






OPS/images/fams-10-1388414/math_48.gif
Ny = Nt 6,6,]

n-6(t) — w16, (t) 2 0 forall
tefom
FN# )0 = SOV #)(0) + (p — DIPOND)
<pP i OENG #w)(0) forall
te (0.min{T. T},





OPS/images/fams-10-1388414/math_47.gif
3 VW(t) < 3 V(1) + (p — DWW (Dewy_s(t) < p¥ (1) w(t).





OPS/images/fams-10-1388414/math_46.gif
(k = wD)(1) = k(O)w(D) (@16 * [v— O)])()
+ O wwig * [ — VOD)D)
*[v—v(0)))1), te [0, T






OPS/images/fams-10-1466965/inline_80.gif
=





OPS/images/fphy-12-1490664/inline_35.gif





OPS/images/fams-10-1466965/inline_8.gif
-GuG






OPS/images/fphy-12-1490664/inline_34.gif





OPS/images/fams-10-1466965/inline_79.gif
R
Y





OPS/images/fphy-12-1490664/inline_33.gif





OPS/images/fams-10-1466965/inline_78.gif





OPS/images/fphy-12-1490664/inline_32.gif





OPS/images/fams-10-1466965/inline_77.gif





OPS/images/fphy-12-1490664/inline_31.gif





OPS/images/fams-10-1466965/inline_76.gif





OPS/images/fphy-12-1490664/inline_30.gif





OPS/images/fphy-12-1490664/inline_3.gif





OPS/images/fams-10-1466965/inline_84.gif
MM





OPS/images/fams-10-1466965/inline_83.gif
MM





OPS/images/fphy-12-1490664/inline_38.gif





OPS/images/fams-10-1466965/inline_82.gif





OPS/images/fphy-12-1490664/inline_37.gif
1, =300K





OPS/images/fams-10-1466965/inline_81.gif
=





OPS/images/fphy-12-1490664/inline_36.gif
=3200 kg/m’






OPS/images/fams-10-1466965/inline_39.gif





OPS/images/fams-10-1466965/inline_30.gif
&(2,6,k) = S(x(3,0,6.%)





OPS/images/fams-10-1466569/math_73.gif
K € My,






OPS/images/fams-10-1466569/math_72.gif





OPS/images/fams-10-1466965/inline_38.gif





OPS/images/fams-10-1466569/math_80.gif
%’: = Y+ D T, “27)
=





OPS/images/fams-10-1466965/inline_37.gif





OPS/images/fams-10-1466569/math_8.gif





OPS/images/fams-10-1466965/inline_36.gif





OPS/images/fams-10-1466569/math_79.gif
u(tx) =y wa ek, (426)

Fard





OPS/images/fams-10-1466965/inline_35.gif





OPS/images/fams-10-1466569/math_78.gif





OPS/images/fams-10-1466965/inline_34.gif





OPS/images/fams-10-1466569/math_77.gif
u ;37U
= (429)





OPS/images/fams-10-1466965/inline_33.gif





OPS/images/fams-10-1466569/math_76.gif
i(zb)‘(zk B
~






OPS/images/fams-10-1466965/inline_32.gif





OPS/images/fams-10-1466569/math_75.gif
1
Vazbt

(i(zmzp l)!u"*‘r‘.ﬂ) - / e fdy, jeN,
= -





OPS/images/fams-10-1466965/inline_31.gif





OPS/images/fams-10-1466569/math_74.gif
— ok, 8
e = Yook 1t = e a3y
rary — K





OPS/images/fams-10-1388414/math_72.gif
Ra1(0+Roa()+p(~ nmv( IA ur1|v.‘|'.xx)m<2m(:)
(59)





OPS/images/fams-10-1388414/math_71.gif
/pul’"(x.x)m,wi.ufyr‘u.x),n,udx
o A
(- 12 L W DIV, Py

- 1,
=3 [ et
>





OPS/images/fams-10-1388414/math_70.gif
Si= MW+ Kef)+g—Kxg F2= (L - Low,
§y=—Kx (L~ Lou, §o=FKx (L= Lo,
85 = KO @i * (o) + K + 01, % (ou),
¥
F6 = = Y IKO(@1—p; * () + K 5 o1 % ()]

=

u
§7 = YK @1-s * (o) + K 5 01 (o).
=





OPS/images/fams-10-1466965/inline_3.gif
P(xt,k)





OPS/images/fams-10-1388414/math_7.gif
(e = [ e = 9o
J





OPS/images/fams-10-1466965/inline_29.gif





OPS/images/fams-10-1466569/math_71.gif
i{k + D 6% = 0y k4 DK+ 2™ @.22)
bt —





OPS/images/fams-10-1388414/math_69.gif
L
Dutt+2 Dy — Lo =Y 8 68)
—





OPS/images/fams-10-1388414/math_68.gif
— a
f= g a(a,,(x~ na). Lo,

W= —2f(u) + ¢ — Dyt + (Ly — Lolu+ K # (L2 — Lo)u,





OPS/images/fams-10-1388414/math_67.gif
M wm). (57)
(1+e
Kt o1y < CIKN Gt 10 1)





OPS/images/fams-10-1388414/math_66.gif
legy) = €l + liglleg,,)) = €11+ Iglicg,)  (5:6)





OPS/images/fams-10-1388414/math_65.gif
(R 4 v — )T ),

(5.5)





OPS/images/fams-10-1388414/math_64.gif





OPS/images/fams-10-1466569/math_63.gif
4 (3k+4)7zk: 1
P I
T4 =1

341 1 k- +1
() s () e






OPS/images/fams-10-1466965/inline_28.gif
@ h1





OPS/images/fams-10-1466569/math_70.gif
u(tx) = Y wa ek, (@21)

Fard





OPS/images/fams-10-1466965/inline_27.gif
@ h -1





OPS/images/fams-10-1466569/math_7.gif
). pekixl @D





OPS/images/fams-10-1466965/inline_26.gif





OPS/images/fams-10-1466569/math_69.gif





OPS/images/fams-10-1466965/inline_25.gif





OPS/images/fams-10-1466569/math_68.gif
(4.19)





OPS/images/fams-10-1466965/inline_24.gif





OPS/images/fams-10-1466569/math_67.gif
=
g2, 1 1 kil
05 s = mgwn)(s«ﬁ)n)% " e

keN.





OPS/images/fams-10-1466965/inline_23.gif





OPS/images/fams-10-1466569/math_66.gif
*
(k+ Dyis = Y 3+ DOG—D)+ Dy ke N
=





OPS/images/fams-10-1466965/inline_22.gif





OPS/images/fams-10-1466569/math_65.gif
Y (31 29 [ak-p+1)_
weoma= 3 (V1) = (N2
«

=2 @+ DEK—+ Dy ke N,
=





OPS/images/fams-10-1466965/inline_21.gif
(e





OPS/images/fams-10-1466569/math_64.gif
: (J*H),L,
k TRk +Gk+4)
203k + 90k +1)

= Gk ORGk+ DR+ 20K+

2k +1) (n“)

T k+20Gk+4) \2k+3

__2k+D)  (3k+0+1)_2k+D)
EERE T A (RSN E by =)

o _ Gt Uy
= =






OPS/images/fams-10-1466965/inline_50.gif





OPS/images/fphy-12-1490664/fphy-12-1490664-g002.gif
P





OPS/images/fams-10-1466965/inline_5.gif





OPS/images/fphy-12-1490664/fphy-12-1490664-g001.gif





OPS/images/fams-10-1466965/inline_49.gif





OPS/images/fphy-12-1490664/crossmark.jpg
©

|





OPS/images/fams-10-1466569/math_90.gif
=) ) &)

o, my, m, ms € No, Zm, =0, aek
=






OPS/images/fams-10-1466965/inline_57.gif
ey





OPS/images/fams-10-1466965/inline_56.gif





OPS/images/fphy-12-1490664/inline_10.gif





OPS/images/fams-10-1466965/inline_55.gif
=





OPS/images/fphy-12-1490664/inline_1.gif
=
n

A
1=





OPS/images/fams-10-1466965/inline_54.gif





OPS/images/fphy-12-1490664/fphy-12-1490664-g006.gif





OPS/images/fams-10-1466965/inline_53.gif





OPS/images/fphy-12-1490664/fphy-12-1490664-g005.gif





OPS/images/fams-10-1466965/inline_52.gif
(r(), ke B, Gy, )}





OPS/images/fphy-12-1490664/fphy-12-1490664-g004.gif





OPS/images/fams-10-1466965/inline_51.gif





OPS/images/fphy-12-1490664/fphy-12-1490664-g003.gif





OPS/images/fams-10-1466965/inline_40.gif
ey





OPS/images/fams-10-1466569/math_83.gif
Z(k+ D 165475 = Z 3 6ra+ Di6T +2)

==
(6T + 3), e, tig, i, 571K, (4.30)





OPS/images/fams-10-1466965/inline_4.gif
F=00





OPS/images/fams-10-1466569/math_82.gif
C=Y Y g™, (@29)

0 =k





OPS/images/fams-10-1466569/math_81.gif
Fu -
o =~ 2Ok DK+ 26k + Dus e, 429)
—





OPS/images/fams-10-1466965/inline_48.gif





OPS/images/fams-10-1466965/inline_47.gif





OPS/images/fams-10-1466569/math_9.gif





OPS/images/fams-10-1466965/inline_46.gif
(e






OPS/images/fams-10-1466569/math_89.gif
ey = K+ 177 ) (n + Dldn + Ditg gy, k€ No.
ok





OPS/images/fams-10-1466965/inline_45.gif





OPS/images/fams-10-1466569/math_88.gif
kiSgk
Dkt
S (n ) an

Z(kﬂ)wm E ng o





OPS/images/fams-10-1466965/inline_44.gif





OPS/images/fams-10-1466569/math_87.gif
u(t,x) = Y sk, (433)
—





OPS/images/fams-10-1466965/inline_43.gif





OPS/images/fams-10-1466569/math_86.gif





OPS/images/fams-10-1466965/inline_42.gif
&D(x,1,k)





OPS/images/fams-10-1466569/math_85.gif
du '\
(). s





OPS/images/fams-10-1466965/inline_41.gif
W,k





OPS/images/fams-10-1466569/math_84.gif
g1 = —(k+1)7" ) (674 + 1)(674 +2)(674 + 3)ur,
=
U, gy U,






OPS/images/fams-10-1466569/math_44.gif
u(t. 0=y w0,
—





OPS/images/fams-10-1466569/math_43.gif
— e
u(tx) =) s = 244)"“7
— —






OPS/images/fams-10-1466569/math_42.gif
(kt Dty = (D™T™a ) ) oy - Yo -

==

<D O (3 + Dy
=

Uy -

<D 4 1)y + 1)
(=3
1 2) - (g + 2ty -
+ Y (003 + 1) (n + 1)1y +2)-+- (noy +2)
=4

(104 +3) - (N + il -+~ t





OPS/images/fams-10-1466569/math_41.gif
() (@) () —ommprx

6 ki
Uy -
© Y B+ 1) (WP + Dt g,

=1

S DOy + 1)

(=4
91+ (i, + 2Dy -
X (01 + 1) (10 + Dl +2) - (o +2)

(101 +3)- - (10 + Dl -+ -ty S*HHEE, (4.3)





OPS/images/fams-10-1466569/math_40.gif
W= Y Y eyt 87O,
==y

—

(D >

i

BB+ 1) (M, + Vit -~ g, ST,

o
(5) =X Tom+v-
=t

(i + D07+ 2 (1 + 2Dty -ty 750247,
Bu\"™ <

ﬁ) —Cm Y Y oy + 1)y + )

f=1A
o+ 2 i 2
1oy +3)+ - (o, + il -+ kg, ST,





OPS/images/fams-10-1466569/math_4.gif





OPS/images/fams-10-1466569/math_39.gif
[ ——
;"‘ =Y+ Dugaad™ U (42)
=

:,: = =3k D,
=

=
aT'; =)k + 1k + 2)ugd™ e,
=

Py =
s = = Yk Dk 20k ™
—





OPS/images/fams-10-1466569/math_38.gif
) = 3w, @)

el





OPS/images/fams-10-1466569/math_37.gif
(ut,),p() = () pl)*
—





OPS/images/fams-10-1466569/math_36.gif
W
7 = 2 oo
—





OPS/images/fams-10-1418656/math_32.gif





OPS/images/fams-10-1418656/math_31.gif





OPS/images/fams-10-1418656/math_30.gif
(Lo, 1)) = Q,(®=(Lg, 1)),





OPS/images/fams-10-1418656/math_39.gif





OPS/images/fams-10-1418656/math_38.gif
there exists. — R such that
there exists & = 0 such that F(a) >

—sforallac R; (N2)






OPS/images/fams-10-1418656/math_37.gif
fis &> hi:R° — Rarelocally Lipschitz, i.e.,
Ifila) — fi(b)] < L(K)|a — b|, provided |al,|b] < K;  (N1)





OPS/images/fams-10-1418656/math_36.gif
I
— [(R®,,B)()dt — (RD,, BO)) + ) (A2, AV2B) (1)t +
3

S @B O + [ (F@), B)®dt — [ (P.B) (D = 0;
©4)





OPS/images/fams-10-1418656/math_35.gif
Fr = {B € L“(0, T; Hy), By € L*(0, T; H,), B(T) = 0}





OPS/images/fams-10-1418656/math_34.gif
Jim max (1196, 0 = @6 0llg + 11970 = @i Dlly) =0






OPS/images/fams-10-1418656/math_33.gif





OPS/images/fams-10-1466569/math_62.gif
2 (y+2)__ 26+t 1 (341
y+2\ j )T M@+n@+ " j+r\ i)

i e N,





OPS/images/fams-10-1466569/math_61.gif
4 (3k+4) Zk: 2
*+d F+2
- L5+

342 2 3k—j+2
() s (). e





OPS/images/fams-10-1466569/math_60.gif
*
(k+ gy = Y Gj+ DGk —1) + Dig_j, k€ No. (4.16)
rd





OPS/images/fams-10-1466569/math_6.gif





OPS/images/fams-10-1466569/math_59.gif
§(k+l)uma"“r" = i zk:
= G
2% 3+ 1) (3k—))+ D845,

(4.15)





OPS/images/fams-10-1466569/math_58.gif
u(t.x) = Y wa ek, (@14)

Fard





OPS/images/fams-10-1466569/math_57.gif





OPS/images/fams-10-1466569/math_56.gif
o
du _ (o
—=(=). (4.12)
at (ax) @12)





OPS/images/fams-10-1466569/math_55.gif
S ol By @
T 1R 23
0= 3 Gt = Y el
P





OPS/images/fams-10-1466569/math_54.gif
=
= Yy ke Mo, (@10
=





OPS/images/fams-10-1466569/math_53.gif
*
(k+ Duger = K+ 1)) wjugj, ke No. (49)
=





OPS/images/fams-10-1466569/math_52.gif
= .
Y@+ D = K+ DY we
= =1





OPS/images/fams-10-1466569/math_51.gif
.
(k+ Dk = Y G+ Dy, ke No. (48)
=





OPS/images/fams-10-1466569/math_50.gif
Yk g1 = + SR (47)
= @+ D

e+ D1 >

pard frarfeard





OPS/images/fams-10-1466569/math_5.gif





OPS/images/fams-10-1466569/math_49.gif
u(t,x) = Y sk, (456)
—





OPS/images/fams-10-1466569/math_48.gif





OPS/images/fams-10-1466569/math_47.gif
(44)





OPS/images/fams-10-1466569/math_46.gif
o 3 v
axax A

e = K-'piy (va(x)

Vi NX)





OPS/images/fams-10-1466569/math_45.gif
v v 3
R O e

an Pu P
""""E‘ﬁ‘ﬁ)'





OPS/images/fphy-12-1490664/math_qu7.gif
BoGla)K; — as )(K; — as Jlo(ksRy)
g (- 12) (1 - 12) [To (ksRy JKo(ksRy) — Io( ks Ry )Ko(ks Ry )|






OPS/images/fphy-12-1490664/math_qu6.gif
B BoGls)(k; - as )(k3 - as Mlo(kaRy)
5 e (R-R)(E — k) o tkaRy KatkaRo) — TolkaRa KatkaRe)]





OPS/images/fphy-12-1490664/math_qu5.gif
. BoGs)(k; - a5 (k3 - a5 )lo(kRy)
@t (K2 — ) Iy ky Ry)Kolks R) — Toks Ry)KolkyRy)]

A=





OPS/images/fphy-12-1490664/math_qu4.gif
. BaGE(K; - as)(k; —as)Ko(ksRy)
2 e (B k)2 — ) TalksRy)Ko(ksRa) ~ To(ksRo)Ko(ksRy )]





OPS/images/fphy-12-1490664/math_qu3.gif
B BoGs)(ki - as ) (k3 - a5 )Ky(kR,)
o P I TR TR R AT R TR FATAR T





OPS/images/fphy-12-1490664/math_qu2.gif
Gs)(k; - a5 (k3 - a5 )Ky (ki Ry)
astg (12— K2) (k2 — ) [Io(ky Ry)Kolky Ra) — Totky Ry)Ko Ky Ry)]






OPS/images/fphy-12-1490664/math_qu1.gif
(m,ﬁ,,'.e,./);4:"(».“17,,,,‘w)1 7o) 2 (rm),






OPS/images/fphy-12-1490664/math_9.gif
©





OPS/images/fams-10-1450581/math_27.gif
mm:zm—n><( ) G exp (—(hs — 2o)Tm— )

)

<™ lexp (—a. o






OPS/images/fams-10-1450581/math_19.gif
o =inf [k >0 £ 5"}

-
gmz...f[bggﬂ,ﬂk






OPS/images/fams-10-1450581/math_26.gif
(Ny=2m—1)

- -t
< gyt [T e
M=k '





OPS/images/fams-10-1450581/math_25.gif





OPS/images/fams-10-1450581/math_24.gif
PNt = 2m)

[ oy
A S

R e A T

5/”1 ety Mt Tt gy gy
—

= Gore” /[.m-

xp (Gt = 20)lo— b + ba-.+ o)) dl . ot
-

P pET—
[ emers

N Gt i}
e

st T — (1 — e GiloTym

G =30

=
e (£
&

P
= Gore T [
o

= (or1)"e





OPS/images/fams-10-1450581/math_23.gif
(13)





OPS/images/fams-10-1450581/math_22.gif
(G

o
by

)t e

|

(12)





OPS/images/fams-10-1450581/math_21.gif
P(Nr:k)sddnrp( S ) an





OPS/images/fams-10-1450581/math_20.gif





OPS/images/fams-10-1450581/math_2.gif
@





OPS/images/fams-10-1450581/inline_92.gif
A= (Gh+80-5)





OPS/images/fams-10-1450581/inline_91.gif
4=[ @Gr+a0-E)Xds





OPS/images/fams-10-1450581/inline_90.gif
M=o xam,





OPS/images/fams-10-1450581/inline_9.gif
R =1





OPS/images/fams-10-1450581/inline_89.gif
exp(nj;w(u)dm - ?];ai (u)du), £ €[0,T]





OPS/images/fams-10-1450581/inline_88.gif
LS





OPS/images/fams-10-1450581/inline_87.gif
-3





OPS/images/fams-10-1450581/inline_86.gif





OPS/images/fams-10-1450581/inline_85.gif
o
[nA}d<M>, <00





OPS/images/fams-10-1450581/inline_84.gif
-3





OPS/images/fams-10-1450581/inline_83.gif





OPS/images/fams-10-1450581/inline_82.gif





OPS/images/fams-10-1450581/inline_81.gif





OPS/images/fams-10-1450581/inline_80.gif
o7-7)-L o)





OPS/images/fams-10-1450581/inline_8.gif
RN





OPS/images/fams-10-1450581/inline_79.gif
el il





OPS/images/fams-10-1450581/inline_78.gif
(oW, - iz L£€[0.T])





OPS/images/fams-10-1450581/inline_77.gif
B





OPS/images/fams-10-1450581/inline_76.gif
(U ¢ e[0,T])





OPS/images/fams-10-1450581/inline_75.gif
bl





OPS/images/fams-10-1450581/math_18.gif





OPS/images/fams-10-1450581/math_17.gif





OPS/images/fams-10-1450581/math_16.gif
6o = Infit > 01Y; # Yol 6,
— 8, n>1

MYt > Gp—y: e # Yo, )






OPS/images/fams-10-1450581/math_15.gif
(10)






OPS/images/fams-10-1450581/math_14.gif
/(50%{»51“* Yos, U =ow, - 2L,

- g;w(mymy.e (121 < k= N.UE =0





OPS/images/fams-10-1450581/math_13.gif
Ur = logXo + U} + U,
U _ logxo + UO 4 )





OPS/images/fams-10-1450581/math_12.gif
o
Govs 48101 = Vs + 0w~ 2L,

Ur = log(Xy) = log(Xo) +





OPS/images/fams-10-1450581/math_11.gif
%

o _ (BT, (5T
B — (3 +0(37))

+(¥ +o (%)) ()





OPS/images/fams-10-1450581/math_102.gif
!
{

1l-a
1p-1

)

10
0@+p-1)"

)

e T

T+ mlat fo 1) = mlat B 1)
70— o+ f— 1" 7y + 70l + B — 1)





OPS/images/fams-10-1450581/math_101.gif
7 = (o, m)






OPS/images/fams-10-1450581/math_100.gif





OPS/images/fams-10-1450581/math_10.gif





OPS/images/fams-10-1450581/math_1.gif
2






OPS/images/fams-10-1450581/inline_99.gif
E (M™Y.





OPS/images/fams-10-1450581/inline_98.gif





OPS/images/fams-10-1450581/inline_97.gif
v =A=AIT 1
)





OPS/images/fams-10-1450581/inline_96.gif
E(M)





OPS/images/fams-10-1450581/inline_95.gif





OPS/images/fams-10-1450581/inline_94.gif
U,=lim¥,

i
28





OPS/images/fams-10-1450581/inline_93.gif





OPS/images/fams-10-1450581/inline_56.gif
| i
AE A
Aall

=&





OPS/images/fams-10-1450581/inline_55.gif
E M etory





OPS/images/fams-10-1450581/inline_54.gif





OPS/images/fams-10-1450581/inline_53.gif
A ={(n(@)....n(@)oeQ) cR™





OPS/images/fams-10-1450581/inline_52.gif
PNy »m)+ PP vy > m) <£12





OPS/images/fams-10-1450581/inline_51.gif
Pl o)





OPS/images/fams-10-1450581/inline_50.gif
Fmllyer - ta ) P(Ny = 20m)

- (A





OPS/images/fams-10-1450581/inline_5.gif
()
xm





OPS/images/fams-10-1450581/inline_49.gif
Fomltys

)





OPS/images/fams-10-1450581/inline_48.gif
w0 = Ny





OPS/images/fams-10-1450581/inline_46.gif





OPS/images/fams-10-1450581/inline_45.gif
Bl Jo) =P =k





OPS/images/fams-10-1450581/inline_44.gif





OPS/images/fams-10-1450581/inline_43.gif





OPS/images/fams-10-1450581/inline_42.gif
bl (o 0T,

tel
v N





OPS/images/fams-10-1450581/inline_41.gif
=0





OPS/images/fams-10-1450581/inline_40.gif
(¥ k2 0)





OPS/images/fams-10-1450581/inline_4.gif
xm





OPS/images/fams-10-1450581/inline_47.gif





OPS/images/fams-10-1450581/inline_39.gif
(2D





OPS/images/fphy-12-1374452/math_18.gif
AP ra ()] = XA ) - Y e (0D Da g 0.
=

18)





OPS/images/fphy-12-1374452/math_17.gif
Fa(ln)| = €FAGe)

< ()2DirDa((,0), 0<ps1. (17






OPS/images/fphy-12-1374452/math_16.gif
a(,0) D,als.0)

LHS=PAGe) 16






OPS/images/fams-10-1450581/inline_74.gif
0,1<i<NN>=L





OPS/images/fams-10-1450581/inline_73.gif
R 1=is W)





OPS/images/fams-10-1450581/inline_72.gif
| ) Ay, ) TR,
&





OPS/images/fams-10-1450581/inline_71.gif
~leay <R < g,





OPS/images/fams-10-1450581/inline_70.gif





OPS/images/fams-10-1450581/inline_7.gif





OPS/images/fams-10-1450581/inline_69.gif
Uf= T log1+ R,
2





OPS/images/fphy-12-1374452/math_24.gif
(En) = 1o (O + (D) [ ]Hm() e

-
Tpe 1]





OPS/images/fams-10-1450581/inline_68.gif





OPS/images/fphy-12-1374452/math_23.gif
(@






OPS/images/fams-10-1450581/inline_67.gif
Uz(t):a'/V,—ét





OPS/images/fphy-12-1374452/math_22.gif
LHS=€?AGe)- Y & C)2Dlrag,0), @)





OPS/images/fams-10-1450581/inline_66.gif
(@7 +8,0- 149 o





OPS/images/fphy-12-1374452/math_21.gif
LHS =& A[DSa(Cn)) - 2522

@





OPS/images/fphy-12-1374452/math_20.gif
LHS=A[D!g(Ln)|





OPS/images/fphy-12-1374452/math_2.gif
aa(L

DIB(Gn) - a(C) 2 o, where 0<ps1 (2





OPS/images/fphy-12-1374452/math_19.gif
LHS = A[D?(D;")|.





OPS/images/fams-10-1450581/inline_65.gif
(@7 +8,0- 149 o





OPS/images/fams-10-1450581/inline_64.gif
Mo





OPS/images/fams-10-1450581/inline_63.gif
BN, om





OPS/images/fams-10-1450581/inline_62.gif
(=T &7,

tel
v N





OPS/images/fams-10-1450581/inline_61.gif
xe(O,%_)





OPS/images/fams-10-1450581/inline_60.gif
Mo





OPS/images/fams-10-1450581/inline_6.gif
5





OPS/images/fams-10-1450581/inline_59.gif
WMo





OPS/images/fams-10-1450581/inline_58.gif





OPS/images/fams-10-1450581/inline_57.gif
7 =1-r"





OPS/images/fphy-12-1374452/math_38.gif
A|DTa({,n) + 8(ON (a) - {({a)| =0, (38)





OPS/images/fphy-12-1374452/math_37.gif
D¥a({,n) + 9(ON (a) - {({, a)

(37)






OPS/images/fphy-12-1374452/math_36.gif
e SR () S (36)

i





OPS/images/fphy-12-1374452/math_35.gif
e PR (L)

ADS P a ()|l (35)





OPS/images/fphy-12-1374452/math_34.gif
e PR (Lye) = €A[D Pa ()| (34)





OPS/images/fphy-12-1374452/math_42.gif
n hy h, v ()

Dt YW _F,

P

@)






OPS/images/fphy-12-1374452/math_41.gif
@, @ Q)
rara -

Dis0 90Y () _FGs)
R B

AResy (0.5) =

()





OPS/images/fphy-12-1374452/math_40.gif
DaG.0)  9QY(s) F&.s)

AResy ((5) = Ax(G9) = Y.

(0






OPS/images/fphy-12-1374452/math_4.gif
Dja(G) -

+a(ln) =

)
35(! )

- 2a({n)

dalln)
e E

@





OPS/images/fphy-12-1374452/math_39.gif





OPS/images/fphy-12-1374452/math_28.gif
iy (0) = lim (" A(L €) - "o (0)). (28)





OPS/images/fphy-12-1374452/math_27.gif
0 (0) = A (Le) - e (§) -~ - 228D

@)






OPS/images/fphy-12-1374452/math_26.gif
1o (D) = EA(Gye) - o) - T2

(26)





OPS/images/fphy-12-1374452/math_25.gif
ho (0) = lim € A((,€) = a((,0).

(25)





OPS/images/fphy-12-1374452/math_33.gif
KPR ({6)

§ et *zyr.x((.u)).
(E‘K”»A((.()—):ﬂ "y
- 33)





OPS/images/fphy-12-1374452/math_32.gif
v Dy a(s.0)
Re(0) = AGe) - Y L

32





OPS/images/fphy-12-1374452/math_31.gif
y b (O
Re(60) = A - ¥ 257

1)





OPS/images/fphy-12-1374452/math_30.gif
h2 (0) = lim € (e"A({ ) - €7 ho (O) - " "1y (0).  (30)





OPS/images/fphy-12-1374452/math_3.gif





OPS/images/fphy-12-1374452/math_29.gif
i () = lim (e A{Dja( ) | (€)).





OPS/images/fphy-12-1374452/math_58.gif
297 sinh (V30) + mm(%) 437 m(%))
()

-3 m() () ()

(58)





OPS/images/fams-10-1450581/inline_36.gif
i,
rep.]





OPS/images/fphy-12-1374452/math_57.gif
(57






OPS/images/fams-10-1450581/inline_35.gif
T o





OPS/images/fphy-12-1374452/math_56.gif
0w (09) %

a4 ]
%

(56)





OPS/images/fams-10-1450581/inline_34.gif
E M etory





OPS/images/fphy-12-1374452/math_55.gif
A,‘Rm((.x\:ad(,ﬂ*f) '[
2, a.((,s)]
x

a‘.m(,sr]

2, [
—:,A,[A,, (XN

—lA,[A;'a.u.n x

A, (G x)]
E ES

(55)





OPS/images/fams-10-1450581/inline_33.gif
T pn





OPS/images/fphy-12-1374452/math_54.gif
oo Oy 1
. (F)s
| gt

ES

ARes(6.) = B(G.9) r
——A,[A () x

(59





OPS/images/fams-10-1450581/inline_32.gif
(=T &7,

tel
v N





OPS/images/fphy-12-1374452/math_53.gif
ARes (§,5) = aGs) -

x
aA;) ;}(:. xv] 0

- %AW[A;‘B{(J) x

aA,,‘a((.x)]

ol
-] [A,, w09 x

(53)





OPS/images/fams-10-1450581/inline_31.gif
g
(47)
Ul





OPS/images/fphy-12-1374452/math_52.gif
(52)





OPS/images/fams-10-1450581/inline_30.gif
W, 0k <)





OPS/images/fams-10-1450581/inline_3.gif
(=T &7,

%





OPS/images/fams-10-1450581/inline_38.gif
@™o





OPS/images/fams-10-1450581/inline_37.gif
" pory





OPS/images/fphy-12-1374452/math_60.gif





OPS/images/fphy-12-1374452/math_6.gif





OPS/images/fphy-12-1374452/math_59.gif
‘(0=

(els)-

@
(g s

e





OPS/images/fphy-12-1374452/math_48.gif
()





OPS/images/fphy-12-1374452/math_47.gif
(o) = -zn(%,”)





OPS/images/fphy-12-1374452/math_46.gif
(6





OPS/images/fphy-12-1374452/math_45.gif
(3)





OPS/images/fphy-12-1374452/math_44.gif
DA - a() =S

0, where 0<psi (44





OPS/images/fphy-12-1374452/math_43.gif
Da(ton) - S5 2p(@n) Z ol TR0
(43)





OPS/images/fphy-12-1374452/math_51.gif
(51

23,4+





OPS/images/fphy-12-1374452/math_50.gif
‘%"“’"(7;')'%7 '

pitn -yl j—,&[&‘n((.x) x w -0

(50)





OPS/images/fphy-12-1374452/math_5.gif
3“(( L))

ip(cn) - TG -

B Te?

B =5

+an2en

where 0<psl (5





OPS/images/fphy-12-1374452/math_49.gif
~tanh|
(G- —

Bl

2 [ R
»;AW[A, Bt x 2]
-;—,Aq[&‘al(u) x

Q)
sped

)





OPS/images/fphy-12-1374452/inline_1.gif





OPS/images/fphy-12-1374452/fphy-12-1374452-t009.jpg
¢ Exact Solution via ARPSM Solution via NI Error of ARPSM Error of NITI
0 0904837 0904833 0904838 4084702 x 10 8196404 x 107
01 0900317 0900313 0900317 4064296 x 10 8155456 x 107
02 0886801 0886797 0886801 4003280 x 10 8033021 x 107
03 0864424 086442 0864424 3902265 x 107 7830323 % 107
04 083341 0833407 0833411 3762260 x 10 7.549388 x 107
05 079407 0794066 079407 3584663 x 10 7193021 x 107
06 0.746795 0.746791 0.746795 3371250 x 10°° 6.764784 x 107
07 0692058 0692055 0692058 3124152 % 10 6268955 % 107
08 0630406 0630403 0630406 2.845839 x 10 5710489 x 107
09 0562456 0562453 0562456 2539091 x 10 5004966 % 107
1 0488886 0488884 0488886 2206974 x 10 4428536 x 107






OPS/images/fphy-12-1374452/fphy-12-1374452-t008.jpg
Exact Solution via ARPSM Solution via NI

Error of ARPSM Error of NITI

~0.16833 ~0.167222 ~0.168333 1.10741 x 107 3696719 x 10
~0.280623 [ ~0281497 ~0.2806 873114 x 107 | 235178 x 107
~0.486192 -0.4863 -0486203 107858 x 10 1.10037 x 107
~0.601091 ~0.600827 ~0.601101 263961 x 107 1.09383 x 107
~0.645005 ~0.644866 ~0.64501 138579 x 10 4595277 x 107
~0.659736 ~0.659686 ~0.659738 | 5.03434 x 107 [ 1579266 x 10
~0.664472 ~0.664456 ~0.664473 1.65695 x 10 5113121 x 107
~0.665974 ~0.665969 ~0.665974 5293155 x 10 1625110 x 107
~0.666448 ~0.666447 ~0.666448 1675265 x 10 | 5135233 x 10
~0.666598 ~0.666597 ~0.666598 [ 5286714 x 107 1619737 x 10
~0.666645 ~0.666645 ~0.666645 1.666822 x 107 [ 5105984 x 10~






OPS/images/fphy-12-1374452/fphy-12-1374452-t007.jpg
(¢ Exact Solution via ARPSM Solution via NI Error of ARPSM Error of NITI
0 0057671 0019245 00577992 38426 x 107 128215 x 107
1 ~0.477403 -0.485778 0477423 837532 x 107 2,019 x 107

2 0799406 0786667 ~0.799453 127395 x 107 470166 x 10~
3 -093212 092399 ~0932137 812967 x 107 173049 x 107
4 0978098 0974959 ~0978104 31397 x 107 5352795 x 10
5 ~0993046 ~0.991992 ~0.993047 105378 x 107 1658912 x 10
6 0997803 ~0997464 ~0997804 338725 x 107 5193659 x 107
7 0999307 ~0.9992 ~0.999307 107415 x 107 1633154 x 107
8 0999782 ~0999748 ~0999782 339184 x 10° 5143237 x 10
9 -0999931 099992 ~0999931 106961 x 107 1620533 x 10
10 0999978 ~0999975 ~0999978 3371538 x 10° 5106775 x 10






OPS/images/fphy-12-1374452/fphy-12-1374452-t006.jpg
Exact  Error for p = 0.7  Error for p 8  Error for p

0 0768024 0846151 0.904838 0904837 | 0.136814 0.0586866 8.196404 x 107
0.1 0764187 0.841924 0.900317 0900317 | 013613 0.0583935 8155456 x 107
02 0752714 0.829284 0.886801 0.886801 0134087 00575168 8033021 x 107
03 0733721 0.808359 0.864424 0.864424 | 0130703 0.0560655 7.830323 x 107
04 0707397 0779356 | 0.833411 0.83341 | 0.126014 0.054054 | 7.549388 x 107
05 0.674004 0742567 0.79407 07907 | 0120065 00515024 7.193021 x 107
06 0633877 0698358 0.746795 0746795 0.112917 00484362 6764784 x 107
07 0587417 0647172 0.692058 0692058 0.104641 0.044886 6268955 x 107
08 0535087 0589519 0.630406 0630406 | 0.0953191 0.0408874 5710489 x 107
09 0477411 0525976 0.562456 0562456 ‘ 00850448 0.0364802 [ 5094966 x 107

1 0414965 0457177 0.488886 0.488886 00739208 00317085 4428535 x 107






OPS/images/fphy-12-1374452/fphy-12-1374452-t005.jpg
Error for p Error for p

0 ~0.185755 -0223388 ~0.168333 ~0.16833 00174257 0.0550588 3.696719 x 10
1 ~0.244633 ~0218856 ~0.2806 -0.280623 00359901 0.0617679 235178 x 10°°
) ~0.452665 -041593 -0.486203 ~0.486192 00335271 00702618 | 1.10037 x 107
3 ~0.586225 ~0.568506 ~0.601101 ~0.601091 00148658 00325849 1.09383 x 107
4 -0.63978 -0633398 ~0.64501 ~0.645005 000522512 00116074 4595277 x 10°°
5 ~0.658032 ~0.655934 ~0.659738 ~0.659736 0.00170465 0.00380259 1.579266 x 10
6 ~0.663929 ~0.663259 ~0.664473 ~0.664472 0.000543121 000121313 5.113121 x 107
7 ~0.665802 ~0.66559 ~0.665974 ~0.665974 0.000171756 0000383797 1.625110 x 107
8 ~0.666394 ~0.666327 ~0.666448 ~0.666448 0.000054188 0.000121101 5.135233 x 10
9 ~0.666581 ~0.66656 ~0.666598 ~0.666598 0.0000170833 00000381799 1.619737 x 10
10 ~0.66664 ~0.666633 ~0.666645 ~0.666645 5384415 x 10 0.0000120339 5.105984 x 10"






OPS/images/fphy-12-1374452/fphy-12-1374452-t004.jpg
Error for p

Error for p

0 0272091 0164818 00577992 0057671 021442 0.107147 1.28215 x 107
1 ~0.295097 ~0389151 -0477423 ~0477403 0182306 0.0882524 2019 x 107

2 ~0.708802 ~0.75667 -0.799453 ~0.799406 0.0906041 0.0427366 470166 x 10
3 ~0.897194 -091615 -0932137 -0.93212 00349263 0.0159702 1.73049 x 107
4 ~0966249 -0972757 -0.978104 -0.978098 0.0118497 000534151 5352795 x 10°°
5 ~0.989219 ~0991329 ~0.993047 ~0.993046 000382694 0.00171643 1.658912 x 10
6 ~0.996587 -0997259 ~0.997804 -0.997803 0.00121556 0000544298 5.193659 x 107
7 ~0.998923 ~0999135 ~0.999307 ~0.999307 0.000384038 0000171873 1.633154 x 107
8 -0.99966 -0999727 -0.999782 -0.999782 0.000121125 00000541997 5.143237 x 10°*
9 ~0.999893 ~0999914 ~0.999931 ~0.999931 0.0000381823 00000170845 1.620533 x 107
10 -0.999966 -0999973 -0.999978 -0.999978 0.0000120342 5384530 x 10 5.106775 x 10~






OPS/images/fphy-12-1374452/fphy-12-1374452-t003.jpg
Exact  Error for p = 0.7  Error for p 8  Error for p

0 0766688 0.846069 0.904833 0904837 | 0.138149 0.058768 4084702 x 107
0.1 0762858 0841843 0.900313 0900317 | 0137459 00584744 4064296 x 107
02 0751406 0.829204 0.886797 0.886801 0135395 00575965 4.003280 x 107
03 0732445 0.808281 0.86442 0.864424 | 0131979 00561432 3902265 x 10
04 0706167 0779282 | 0.833407 0.83341 | 0.127244 00541289 | 3762260 x 10
05 0672832 0742496 0.794066 07907 | 0.121237 00515738 3584663 x 10
06 0632775 0.698291 0.746791 0746795 0.114019 00485033 3371250 x 10
07 0586396 064711 0.692055 0692058 0.105662 00449482 3124152 x 10
08 0534157 0589462 0.630403 0630406 | 00962495 0040944 2845839 x 107
09 0476581 0525925 0.562453 0562456 ‘ 0.0858749 00365308 [ 2539091 x 107

1 0414243 0457133 0.488884 0.488886 00746423 00317525 2206974 x 107






OPS/images/fphy-12-1374452/inline_11.gif





OPS/images/fphy-12-1374452/inline_10.gif
m, p € R, J;"F





OPS/images/fphy-12-1374452/fphy-12-1374452-g007.gif





OPS/images/fphy-12-1374452/fphy-12-1374452-g006.gif





OPS/images/fphy-12-1374452/fphy-12-1374452-g005.gif





OPS/images/fphy-12-1374452/fphy-12-1374452-g004.gif





OPS/images/fphy-12-1374452/fphy-12-1374452-g003.gif





OPS/images/fphy-12-1374452/fphy-12-1374452-g002.gif





OPS/images/fphy-12-1374452/fphy-12-1374452-g001.gif





OPS/images/fphy-12-1374452/fphy-12-1374452-t002.jpg
Error for p

Error for p

0 ~0.185574 -0.17303 -0.167222 -0.16833 00172443 000469991 110741 x 107
1 ~0.243365 ~025392 ~0.281497 -0.280623 00372584 0.0267034 873114 x 107
2 ~0417304 ~045346 -0.4863 ~0.486192 0.0688879 00327323 1.07858 x 107
3 ~0.558867 ~0.58303 ~0.600827 ~0.601091 00422232 0.0180605 263961 x 107
4 ~0.628493 -0638135 ~0.644866 ~0.645005 ] 0016512 000687014 1.38579 x 107
5 ~0.654163 ~0657436 ~0.659686 ~0.659736 000557297 0.00229987 5.03434 x 10
6 ~0.662677 ~0.663733 ~0.664456 ~0.664472 0.00179478 0000738806 1.65695 x 10~
7 ~0.665405 ~0.66574 ~0.665969 ~0.665974 0.000569503 0000234246 5.293155 x 10
8 ~0.666268 ~0.666374 ~0.666447 ~0.666448 0.000179867 00000739638 1.675265 x 10
9 ~0.666541 ~0.666575 ~0.666597 ~0.666598 0.0000567238 00000233238 5.286714 x 107
10 ~0.666627 ~0.666638 ~0.666645 ~0.666645 0.0000178804 7351942 x 10 1.666822 x 107






OPS/images/fphy-12-1374452/fphy-12-1374452-t001.jpg
Error for p Error for p

0 00863506 00541023 0019245 0057671 0.0286796 0.00356862 3.8426 x 107

1 0419688 ~0.438783 ~0.485778 ~0477403 0057715 00386201 837532 x 107
2 ~0.648303 ~0.720368 0786667 ~0.799406 0151104 00790382 1.27395 x 107
3 0839619 0887199 ~092399 -093212 00925014 00449212 8.12967 x 107
4 ~0942015 ~0.960967 0974959 om0 0.0360838 00171318 31397 x 107

5 0980877 0987308 ~0991992 ~0.993046 00121688 000573704 105378 x 107
6 ~0.993885 ~0.99596 ~0997464 0997803 000391798 0.00184308 338725 x 107
7 0998064 0998723 ~09992 ~0999307 000124312 0,000584379 107415 x 10
8 ~0.999389 ~0.999597 ~0999748 ~0999782 0,000392607 0.00018452 339184 x 10
9 0999807 ~0999873 ~099992 ~0999931 0000123814 0.0000581869 1.06961 x 10
10 0999939 099996 ~0999975 ~0999978 00000390284 0.0000183412 3371538 x 10






OPS/images/fphy-12-1374452/fphy-12-1374452-g008.gif





OPS/images/fphy-12-1374452/inline_9.gif





OPS/images/fphy-12-1374452/inline_8.gif
A[DPa($,n)] = ePA(L€) - Yo

-l<psr,reN





OPS/images/fphy-12-1374452/inline_7.gif
AlJPa(l,n)] = 252





OPS/images/fphy-12-1374452/inline_6.gif
(), 0O





OPS/images/fphy-12-1374452/inline_5.gif
D,? = Dy.Dy.

D} (r — times)






OPS/images/fphy-12-1374452/inline_4.gif
pel





OPS/images/fphy-12-1374452/inline_3.gif





OPS/images/fphy-12-1374452/inline_23.gif
®(a, D", D", D"
(&, D}, D}, D} ax)





OPS/images/fphy-12-1374452/inline_22.gif
D;"a({, 1)





OPS/images/fphy-12-1374452/inline_21.gif
a({,n) Dla(l,n), D" (1)





OPS/images/fphy-12-1374452/inline_2.gif
pel





OPS/images/fphy-12-1374452/inline_19.gif
e A[Dycaa(, tau)]|<T, on 0<e<s





OPS/images/fphy-12-1374452/inline_18.gif
AlDPa(C,n)] (€)





OPS/images/fphy-12-1374452/inline_17.gif
e’ A[D* VPa( m]0<p<]





OPS/images/fphy-12-1374452/inline_16.gif
D,? = Dy.Dy.

D} (r — times)






OPS/images/fphy-12-1374452/inline_15.gif
pel





OPS/images/fphy-12-1374452/inline_14.gif





OPS/images/fphy-12-1374452/inline_13.gif
¢ = (51,(2

o) ERP, peN





OPS/images/fphy-12-1374452/inline_12.gif
pel





OPS/images/fphy-12-1374452/inline_20.gif
] ), Dla(, ), D' (S, ), D a(C, 1)
1 v e
)
(e
), D}t (.
(«,
)

«,
(al (¢





OPS/images/fphy-12-1374452/math_116.gif
G e

e





OPS/images/fphy-12-1374452/math_115.gif
pen) = A"[l("f B0 AT s 2GR

B I )





OPS/images/fphy-12-1374452/math_114.gif
) :x‘[: (Z L9,

-B(& 'l)

da((.m)
=5

)] o





OPS/images/fphy-12-1374452/math_113.gif
A[Dpn)] =

~B(Cn)

i

e

)
x

FBEn)

TR 2y 2

aen®,

)
o






OPS/images/fphy-12-1374452/math_112.gif
Feoka, A[" G, g 2LE

L ST ) R






OPS/images/fphy-12-1374452/math_111.gif





OPS/images/fphy-12-1374452/math_110.gif





OPS/images/fphy-12-1374452/math_11.gif





OPS/images/fphy-12-1374452/math_109.gif





OPS/images/fphy-12-1374452/math_108.gif
da(lm) da(ln)
- pen

(108)





OPS/images/fams-10-1466965/math_30.gif
Qx k) = (-la’q(u) + ﬁ)‘n = (lldullqu.!) + ﬁ) a3,





OPS/images/fams-10-1466965/math_3.gif





OPS/images/fams-10-1466965/math_29.gif
(b1 — Ddy (26)






OPS/images/fams-10-1466965/math_28.gif
(@3)





OPS/images/fams-10-1466965/math_27.gif
GVG' + GG =

!
P2 @
kgl — g1 = ) = ik
35 2+ ) + T Ty
PRER I
2ikg \ &5 0

o o —e T + 1 1)
9\, + T~ ) 0

(24)





OPS/images/fams-10-1466965/math_26.gif
@)






OPS/images/fams-10-1466965/math_34.gif





OPS/images/fams-10-1466965/math_33.gif





OPS/images/fams-10-1466965/math_32.gif





OPS/images/fams-10-1466965/math_31.gif
I~
- T ) + T ) o

0 ey,
C A

1 0 —e M+ = )
o \emom +7- ) 0 -

27)





OPS/images/fphy-12-1374452/math_107.gif
v = (7(-) R
et

N ’”‘”‘(ﬁ TG 1)

e a0)





OPS/images/fphy-12-1374452/math_106.gif
o). S )
(Bt e )

T e ) @

L 108





OPS/images/fphy-12-1374452/math_105.gif





OPS/images/fphy-12-1374452/math_104.gif





OPS/images/fphy-12-1374452/math_103.gif
 Be{ma()-eprr(pe2
enrt (LD

,’“"“(w))
Tpen) )

I
{fents) ke
o N T

o8





OPS/images/fphy-12-1374452/math_102.gif
<

B(Cn) = —gank’( 5 ) - + Al a(@n) 22

(02)





OPS/images/fphy-12-1374452/math_101.gif
w(Cn) = -Ianh(%)
2 atn) a(Cn) B n)
a2 a2 o 2EY
(101)





OPS/images/fphy-12-1374452/math_100.gif
”‘/J“’([nl Al
pen)- [ (B 252

(C.n) )
t,n)a"fT’])] (100





OPS/images/fphy-12-1374452/math_10.gif
LHS = A[Da({,n)|





OPS/images/fphy-12-1374452/math_1.gif
Da(ton) - S5 - 2p(@n) Z ol TR0

)





OPS/images/fams-10-1466965/math_20.gif
GVG ' + G,G! (17)





OPS/images/fphy-12-1490664/math_68.gif
(We_col > [We_gl 2 1wy pl > Iwav|





OPS/images/fams-10-1466965/math_2.gif
+ 20,

[





OPS/images/fphy-12-1490664/math_67.gif
i =1 [Fr] = S5 e /(e ) @





OPS/images/fams-10-1466965/math_19.gif
GUG '® + GG 'd, (16)





OPS/images/fphy-12-1490664/math_66.gif
(62





OPS/images/fams-10-1466965/math_18.gif





OPS/images/fphy-12-1490664/math_65.gif
(61)






OPS/images/fams-10-1466965/math_17.gif
(14)





OPS/images/fphy-12-1490664/math_64.gif
(60





OPS/images/fphy-12-1490664/math_63.gif
Y k(K - ) [Ado(kRy) + BKo(kiR)] = 0 (59)






OPS/images/fams-10-1466965/math_25.gif
b e )
mx.f): = z./mw





OPS/images/fams-10-1466965/math_24.gif
Q%K) = —GUG™ = tkq(x, 1) (“) :") — ikqlo oy, (21)





OPS/images/fphy-12-1490664/math_8.gif
(Enerotea) = (-

®





OPS/images/fams-10-1466965/math_23.gif
(20)






OPS/images/fphy-12-1490664/math_70.gif
(66)





OPS/images/fams-10-1466965/math_22.gif
(19)





OPS/images/fphy-12-1490664/math_7.gif
@)





OPS/images/fams-10-1466965/math_21.gif





OPS/images/fphy-12-1490664/math_69.gif





OPS/images/fams-10-1466965/math_50.gif
_ (1+ 1R’ TR
ln(x),( B T) @s)





OPS/images/fams-10-1466965/math_5.gif
v=(.)

Aty —

@





OPS/images/fams-10-1466965/math_49.gif
M, (x,1,k) = M_(x,t,k)e” Q=R (k)e@xtb - ke R, (44)





OPS/images/fams-10-1466965/math_48.gif
keR (3)





OPS/images/fams-10-1466965/math_47.gif
Utk >
LD 5D (xt,k).  Imk>0,

A= (6‘:’«.:.1:)“’ “')‘ mk <0.

(42)






OPS/images/fams-10-1466965/math_46.gif
SR SO (ot ke (41)






OPS/images/fams-10-1466965/math_45.gif
eR. (40)






OPS/images/fams-10-1466965/math_44.gif





OPS/images/fams-10-1466965/math_52.gif
Resi_i, MO( 1,0 = e B MO 1k), (47)






OPS/images/fams-10-1466965/math_51.gif





OPS/images/fphy-12-1374452/math_15.gif
6.9

LHS = 'Z({,0) - s






OPS/images/fphy-12-1374452/math_14.gif
Las=MzGn]

a9






OPS/images/fphy-12-1374452/math_13.gif
(13)





OPS/images/fphy-12-1374452/math_122.gif
BL.1) = cos(D) +

cos(On” _ cos(n ™

Tap+1) TCps1)

Tp+1)





OPS/images/fphy-12-1374452/math_121.gif
cos (O

= cos()+





OPS/images/fphy-12-1374452/math_120.gif





OPS/images/fphy-12-1374452/math_12.gif
LHS=A[Dz({,n)|.





OPS/images/fphy-12-1374452/math_119.gif





OPS/images/fphy-12-1374452/math_118.gif
)






OPS/images/fphy-12-1374452/math_117.gif
) = cos(@) + A|ZEEN | o5 r y BEN)
pen)=cos)+ A ZE e 2pen R

)3«1(( n_ ,,)35(;(6'7)

B ar





OPS/images/fams-10-1466965/math_40.gif





OPS/images/fams-10-1466965/math_4.gif
O = VP,





OPS/images/fams-10-1466965/math_39.gif
(35)






OPS/images/fams-10-1466965/math_38.gif





OPS/images/fams-10-1466965/math_37.gif
B otk=1+ [ MFRERG0F (bt F Mg, (33)





OPS/images/fams-10-1466965/math_36.gif
. LB, 08, (e LIRSy, (32)






OPS/images/fams-10-1466965/math_35.gif
Balotk =1+ [ RO, 05, (5t HetH-DiRgy,  (31)





OPS/images/fams-10-1466965/math_43.gif
k)~ QUELK) g f)pQUxtk) -

keR





OPS/images/fams-10-1466965/math_42.gif
(38)





OPS/images/fams-10-1466965/math_41.gif
@7)






OPS/images/fams-10-1466965/math_14.gif





OPS/images/fphy-12-1490664/math_38.gif
(247D )V 0w o (2 + D5 |Vigh ay w= 0





OPS/images/fams-10-1466965/math_139.gif
_JERG — k)
1+ IE?

5 (13)






OPS/images/fphy-12-1490664/math_37.gif
ffro o a=1  NormalDer
TSP I R ey
i) 0sa<i  Capuo-Fabriso C-P) | @






OPS/images/fphy-12-1490664/math_36.gif
Wrn
|

_ W (nn

ol = =

(36)





OPS/images/fams-10-1466965/math_147.gif
Kol? Wl KPP
T Amk)t T (mk)? A(mk) (Imk;)?

(Reki?
Tmk )R





OPS/images/fams-10-1466965/math_146.gif
tk1Flens L1
SamE (zﬂmn)' a





OPS/images/fphy-12-1490664/math_44.gif
(40





OPS/images/fams-10-1466965/math_145.gif
po_lul
IEF = imEe

e,





OPS/images/fphy-12-1490664/math_43.gif





OPS/images/fams-10-1466965/math_144.gif
—ttmk (54
.






OPS/images/fphy-12-1490664/math_42.gif
(s + T"W)VVWHa, s+ ™0)VP+a,






OPS/images/fams-10-1466965/math_143.gif
(x4 )






OPS/images/fphy-12-1490664/math_41.gif





OPS/images/fams-10-1466965/math_142.gif
ax laf? amk(segs)

e B L Li— (116)
% T EPEATEDS





OPS/images/fphy-12-1490664/math_40.gif
s LAl YL LT

Zn (L ppp)| 2 2y






OPS/images/fams-10-1466965/math_141.gif
o _ o, Imk  EG O
M40 =3+ T TR T





OPS/images/fphy-12-1490664/math_4.gif
@





OPS/images/fams-10-1466965/math_140.gif
(114)






OPS/images/fphy-12-1490664/math_39.gif
(v -p)o= (1472 )=~






OPS/images/fams-10-1466965/math_138.gif
(112)





OPS/images/fams-10-1466965/math_13.gif
U = U+ (U )y, t>0, —o00<Xx<+00, (12)





OPS/images/fphy-12-1490664/math_28.gif
T

(28





OPS/images/fphy-12-1490664/math_27.gif
=1

R G (f’( ).a)

-e)
Vi

@)





OPS/images/fams-10-1466965/math_137.gif
By =ki — EBiy

- [
By = E(Byy — ki)





OPS/images/fphy-12-1490664/math_35.gif
A gl biact ChmialCioc-C) o3






OPS/images/fams-10-1466965/math_136.gif
(110)






OPS/images/fphy-12-1490664/math_34.gif
L) =T = [ S0 dn o1





OPS/images/fams-10-1466965/math_135.gif
(109)






OPS/images/fphy-12-1490664/math_33.gif
33





OPS/images/fams-10-1466965/math_134.gif
(108)

'k — Bu
("






OPS/images/fphy-12-1490664/math_32.gif
(32





OPS/images/fams-10-1466965/math_133.gif
X =X+ =3+






OPS/images/fphy-12-1490664/math_31.gif
(V=)o =2+ 12 Jlo-a (1 +#DV] @)





OPS/images/fams-10-1466965/math_132.gif
A= =

_Bp(x 1) (106)
2%





OPS/images/fphy-12-1490664/math_30.gif
(1+ DI )V Vw4 a, (1 + 7D )V + a,n

(30)





OPS/images/fams-10-1466965/math_131.gif





OPS/images/fphy-12-1490664/math_3.gif
t - 1,).where
4 (T-T,).whe @)





OPS/images/fams-10-1466965/math_130.gif
ik 2

A o)) =
) = 1+ 3l






OPS/images/fphy-12-1490664/math_29.gif
@9
(eropvi|





OPS/images/fams-10-1466965/math_16.gif
ulx,t) — 0,

X — 00,





OPS/images/fphy-12-1490664/math_58.gif
> RAL(ER) +BK(kR)] =0 e






OPS/images/fams-10-1466965/math_159.gif
Cu+ Buky +K
~(iz + Buky)






OPS/images/fphy-12-1490664/math_57.gif
IR, ,:

(53)





OPS/images/fams-10-1466965/math_158.gif
- E D k) s ok )
P e e eri

(126)






OPS/images/fphy-12-1490664/math_56.gif
(52)
wR,,s) = Vow(ns)|






OPS/images/fams-10-1466965/math_157.gif
(125)






OPS/images/fphy-12-1490664/math_55.gif





OPS/images/fphy-12-1490664/math_54.gif
w(0,0) = Vwir 0| _, =wla,t) = Vwinn| (50






OPS/images/fams-10-1466965/math_165.gif
X&) =

1— 166842 — 8¢+ (6 + 1 — 4%)
T+ 166542 4 405+1(38 + 2 + 48% + 1642 — 41(3 + 2%))

k14





OPS/images/fams-10-1466965/math_164.gif
Wx0=

2024 — t+ 43+ 405 (1 — 42 + 1)
1+ 16e5%+2 4 4e%5+1(38 + 2 + 48% + 1632 — 4(3 + 2%))






OPS/images/fphy-12-1490664/math_62.gif
Y (K ~as) [4u(kiR:) + BKo(kiR)] = 0 (58)






OPS/images/fams-10-1466965/math_163.gif
Bu = [20E1 Kk — k)" — 2k,
+ QR BF — FiEF + 10k B — 3k EF — FyEF + T PP

I+ kilFP)k —Fo)?
Bia = [-Flky K1) + FUE— Pk — ?.)‘l%-
G = DB T +
+ (<R + 30Ky [2EF — [y IF2 + RoEP — alky? + [k, [PEF
— 3B + KEF) (K — K)? l‘).
(ks — TR F — By — F) + Bk — o)
'

(KyE+ 3Bk, — Fky))]





OPS/images/fphy-12-1490664/math_61.gif
5 KAL) + B (k) =

7






OPS/images/fams-10-1466965/math_162.gif
14 (2EF+2EF— |F|* —6|E|*)(ky—ky )"+ |E|*(ky—ky)*. (130)






OPS/images/fphy-12-1490664/math_60.gif
Y Kk - ) [Ado(kR,) + BKy(kiRy)] =0 (56)






OPS/images/fams-10-1466965/math_161.gif
Cut +Buki + ki = E(Ci2 + Buki)(k — k1),

Cua + Bk = F(Cur + By + Kk — B,

By + 2k = —EQCp2 + Buo(ki +K1)) + F(Cra + Biok),

Bz =BGy + Bunlhy + 1) + 20kt ) — FCy + Bus + ).
(129)






OPS/images/fphy-12-1490664/math_6.gif
®





OPS/images/fams-10-1466965/math_160.gif
Bu+2h) |,
-5 )T\
ot
(B + 21k = )

s






OPS/images/fphy-12-1490664/math_59.gif
(K ~as) [4u(kiRi) + B(kiR)] = 0 (55)






OPS/images/fams-10-1466965/math_15.gif
up(x) -0, x— xo0,





OPS/images/fphy-12-1490664/math_48.gif
(VV 4+a, )w+a,Ve=0





OPS/images/fams-10-1466965/math_149.gif
t 1 2K
P+ ——s=———log—. (119)
s e





OPS/images/fphy-12-1490664/math_47.gif
strs a=1 NormalDerivative(N - D)
s+ 0sa<l  ClssialCaputo (C-C)
e

Arv T

@3

0sa<l  Caputo-Fabrizio(C~F)





OPS/images/fams-10-1466965/math_148.gif
e

=
a2

(118)





OPS/images/fphy-12-1490664/math_46.gif
(@)





OPS/images/fphy-12-1490664/math_45.gif
(@)





OPS/images/fams-10-1466965/math_156.gif
(129)






OPS/images/fams-10-1466965/math_155.gif





OPS/images/fphy-12-1490664/math_53.gif
K — (@, + as )K" + a, k- a,a.






OPS/images/fams-10-1466965/math_154.gif
euibuk 2
M©) = ( ki





OPS/images/fphy-12-1490664/math_52.gif
W(rs) = 3 (2 - as) [Ado(kir) + BKo(kir)] (48





OPS/images/fams-10-1466965/math_153.gif





OPS/images/fphy-12-1490664/math_51.gif
() = 7%)’: K [Ado(kr) + By (k)] 7





OPS/images/fams-10-1466965/math_152.gif
(121)

m?f?.






OPS/images/fphy-12-1490664/math_50.gif





OPS/images/fams-10-1466965/math_151.gif
KBy o Bkt
Far e
= T






OPS/images/fphy-12-1490664/math_5.gif
e





OPS/images/fams-10-1466965/math_150.gif
=3 =
Bukscy  Eeghicn |
=72 T






OPS/images/fphy-12-1490664/math_49.gif
(V' -a. )p+a,V'w=0





OPS/images/fphy-12-1490664/inline_8.gif





OPS/images/fphy-12-1490664/inline_7.gif





OPS/images/fphy-12-1490664/inline_63.gif





OPS/images/fphy-12-1490664/inline_62.gif





OPS/images/fphy-12-1490664/inline_61.gif





OPS/images/fphy-12-1490664/inline_60.gif





OPS/images/fphy-12-1490664/inline_6.gif





OPS/images/fphy-12-1490664/inline_59.gif
Ty = V.02





OPS/images/fphy-12-1490664/inline_58.gif





OPS/images/fphy-12-1490664/inline_57.gif
Ty = V.02





OPS/images/fphy-12-1490664/inline_56.gif





OPS/images/fphy-12-1490664/inline_55.gif
<t and ft,>t






OPS/images/fphy-12-1490664/inline_54.gif
t, = (0.8,1.2)





OPS/images/fphy-12-1490664/inline_53.gif





OPS/images/fphy-12-1490664/inline_52.gif





OPS/images/fphy-12-1490664/inline_51.gif





OPS/images/fphy-12-1490664/inline_50.gif





OPS/images/fphy-12-1490664/inline_5.gif





OPS/images/fphy-12-1490664/inline_49.gif
Ty = V.02





OPS/images/fphy-12-1490664/inline_48.gif





OPS/images/fams-10-1466965/math_129.gif
5 )+o(k1> (103)





OPS/images/fams-10-1466965/math_128.gif
(102)





OPS/images/fphy-12-1490664/math_26.gif
o(r,2.0) = sin( 2= ) gr.t) 26)





OPS/images/fphy-12-1490664/math_18.gif
',.,m,vivzw.ww( | ,,,,,)

1200 -¢%)
e

=0 (18)





OPS/images/fams-10-1466965/math_127.gif
Il
BuP + Bl

ety

) (101)





OPS/images/fphy-12-1490664/math_25.gif
(25)






OPS/images/fams-10-1466965/math_126.gif
(100)

M) = (






OPS/images/fphy-12-1490664/math_24.gif
e+ EggtE..

—Vw





OPS/images/fams-10-1466965/math_125.gif
(99)






OPS/images/fphy-12-1490664/math_23.gif
Oep=e,=e=0 (@)





OPS/images/fams-10-1466965/math_124.gif





OPS/images/fphy-12-1490664/math_22.gif
2D owtnn ) @)

(1t )





OPS/images/fams-10-1466965/math_123.gif
G = q(WI + Wu) + g lul” = qu s + giizu + geuit = (qlul*)y.






OPS/images/fphy-12-1490664/math_21.gif
o0 = Eo(147°D7) | =

(@





OPS/images/fams-10-1466965/math_122.gif
n(’xr):—%(Lm(q‘;—.”—l)de):

e
- / (e, O = — [t O





OPS/images/fphy-12-1490664/math_20.gif
o, = Ey(1+7DF)

(20





OPS/images/fams-10-1466965/math_121.gif
(%)l = (i)





OPS/images/fphy-12-1490664/math_2.gif
@)





OPS/images/fams-10-1466965/math_120.gif





OPS/images/fphy-12-1490664/math_19.gif
SrBTo(1+ D7) o,
Ko "

9





OPS/images/fams-10-1466965/math_12.gif
o M -l —u 2 ulfuy
Loan

L A1 — ugity)lul?,

T+ 20ulia,






OPS/images/fams-10-1466965/math_119.gif





OPS/images/fphy-12-1490664/math_17.gif
st NomalDervative(N - 1))
Dsact  ClsclCapuoc-C) a7)

0sa<t  Copuio-Fabriso(C-P)





OPS/images/fams-10-1466965/math_118.gif





OPS/images/fphy-12-1490664/math_16.gif





OPS/images/fams-10-1466965/math_117.gif
g = (qlul*)y,





OPS/images/fphy-12-1490664/math_15.gif
as)

o Bl |
L W2

n)’um-v‘;,_





OPS/images/fams-10-1466965/math_116.gif





OPS/images/fphy-12-1490664/math_14.gif
()





OPS/images/fams-10-1466965/math_115.gif





OPS/images/fphy-12-1490664/math_13.gif
a3






OPS/images/fams-10-1466965/math_114.gif
1
5 GolGr, 3],






OPS/images/fphy-12-1490664/math_12.gif
-

o [ oo -EES 2(12)]





OPS/images/fams-10-1466965/math_113.gif
v

GoasGy HG\H+;Gn[G|.°)])Q‘+O(k]» k0.





OPS/images/fphy-12-1490664/math_11.gif
an

cowis=





OPS/images/fams-10-1466965/math_112.gif





OPS/images/fphy-12-1490664/math_10.gif
[ = ovae--KES[(Z Pt o] 10






OPS/images/fams-10-1466965/math_111.gif





OPS/images/fphy-12-1490664/math_1.gif
SrsR,0s0<s2n,-hj2szsh/2}





OPS/images/fphy-12-1490664/inline_9.gif





OPS/images/fams-10-1467426/inline_16.gif
(S H)





OPS/images/fams-10-1467426/inline_159.gif
(S H)





OPS/images/fams-10-1467426/inline_158.gif
63





OPS/images/fams-10-1467426/inline_157.gif





OPS/images/fams-10-1467426/inline_156.gif
(g g 101





OPS/images/fams-10-1467426/inline_155.gif
(g g 101





OPS/images/fams-10-1467426/inline_154.gif
ge b (S, H)





OPS/images/fams-10-1467426/inline_153.gif
u€ L (S0 e (8 H ) ~H (S5 H)





OPS/images/fams-10-1467426/inline_152.gif
(A)





OPS/images/fams-10-1467426/inline_151.gif
g € Ly - 0.y, H)





OPS/images/fams-10-1467426/inline_150.gif
26746





OPS/images/fams-10-1467426/inline_15.gif
L8V





OPS/images/fams-10-1467426/inline_149.gif





OPS/images/fams-10-1467426/inline_148.gif





OPS/images/fams-10-1467426/inline_147.gif
(A)





OPS/images/fams-10-1467426/inline_146.gif
Gu, € H'(S, H)





OPS/images/fams-10-1467426/inline_145.gif
d()=05"a((t-14)18)20





OPS/images/fams-10-1467426/inline_144.gif
EIGEL





OPS/images/fams-10-1467426/inline_143.gif
s.(z):g%





OPS/images/fams-10-1467426/inline_142.gif
8
eCHR)





OPS/images/fams-10-1466965/inline_104.gif
x(%,8)





OPS/images/fams-10-1466965/inline_103.gif





OPS/images/fams-10-1466965/inline_102.gif





OPS/images/fams-10-1466965/inline_101.gif
(re) ke B, (;, c)'y





OPS/images/fams-10-1466965/inline_100.gif
1y (x) € WH(R)





OPS/images/fams-10-1466965/inline_10.gif





OPS/images/fams-10-1466965/inline_1.gif
o R





OPS/images/fams-10-1466965/fams-10-1466965-g003.gif





OPS/images/fams-10-1466965/fams-10-1466965-g002.gif





OPS/images/fams-10-1466965/fams-10-1466965-g001.gif





OPS/images/fams-10-1466965/crossmark.jpg
©

|





OPS/images/fams-10-1450581/math_99.gif
E(av[j;lo!wf Daw, — %j:wn l)ldul
frxw{a /:'wtu)dw.f"{j:'w‘(u)du] 74)
:l(@{/‘a(Xu*’l)qu* 5/‘&.‘“)1@,
4,1;{ fx(u)dw.f—j E(u)du])

I





OPS/images/fams-10-1450581/math_98.gif
Gt 2| 2 (0 o [ oo 0 [ 7]

—np| /-(uw ’/""“])I ) ]






OPS/images/fams-10-1450581/math_97.gif





OPS/images/fams-10-1450581/math_96.gif
£ G- X7,
7’|’]
= X[ (M) £ (M9

S
o 1% = XIT] =

x (np ot s
[!f(( a4 8100 = Yt oW, — W) — Zt— 9] — 1|,
I : W) -
=X u")(np[j: olg+ DAW, /”1 )ll l)‘ ]
[t a]

eple [ o Lo [
5 lo’m|)|:r,]::mu






OPS/images/fams-10-1450581/math_95.gif
E(er (M¥)er (M9)) =E(er (MY)) =1,





OPS/images/fams-10-1450581/math_94.gif
i E(er (w*)l.mﬁn)
~ (ke ( [ st~ [ ) o) =1

(26)





OPS/images/fams-10-1450581/math_93.gif
e (M) er (W) =2 (er ()R (Er (M"’)I"m""()l)s)





OPS/images/fams-10-1450581/math_92.gif
(1+am¥) epl-an”’y

LB g S






OPS/images/fams-10-1450581/math_91.gif
o
T

1 e (M) er (M)






OPS/images/fams-10-1466965/inline_113.gif
=





OPS/images/fams-10-1466965/inline_112.gif
M(2,6,k)—>0





OPS/images/fams-10-1466965/inline_111.gif





OPS/images/fams-10-1466965/inline_110.gif





OPS/images/fams-10-1466965/inline_11.gif





OPS/images/fams-10-1466965/inline_109.gif
)
x(8]





OPS/images/fams-10-1466965/inline_108.gif
4





OPS/images/fams-10-1466965/inline_107.gif
&





OPS/images/fams-10-1466965/inline_106.gif





OPS/images/fams-10-1466965/inline_105.gif
4(%,6)





OPS/images/fphy-12-1374452/math_qu18.gif
hy (() = D,Fa((,0).





OPS/images/fphy-12-1374452/math_qu17.gif
lim e*(A{D;"a({, p)|(€)).






OPS/images/fams-10-1450581/math_72.gif
0.1},
te
(M)

A= L





OPS/images/fams-10-1450581/math_71.gif





OPS/images/fams-10-1450581/math_70.gif
dQr _ T _a ("
E,exp(q L otwaw, — % L wu)au). 0





OPS/images/fams-10-1450581/math_7.gif
®)





OPS/images/fams-10-1450581/math_69.gif
o
Z,: E [xf””]' ot





OPS/images/fams-10-1450581/math_68.gif
¥l
o~
; (m,w -1 (nfw')’) +an,





OPS/images/fams-10-1450581/math_67.gif
¥l
U S g (142). re 071
2





OPS/images/fphy-12-1374452/math_qu25.gif
({) = D"a((,0),





OPS/images/fams-10-1450581/math_66.gif
-ﬁ,m:gjmg(-HM).,s[g.r).





OPS/images/fphy-12-1374452/math_qu24.gif
Q) = Dia((,0),





OPS/images/fams-10-1450581/math_65.gif





OPS/images/fphy-12-1374452/math_qu23.gif
o (€) = lim s"A((, ) = a(C, 0),





OPS/images/fams-10-1450581/math_64.gif
u' (80380 + 8101 - ¥2) .k| < (t— w) max(sy,51).





OPS/images/fphy-12-1374452/math_qu22.gif





OPS/images/fphy-12-1374452/math_qu21.gif
Ry (0,6)] S =y
i






OPS/images/fphy-12-1374452/math_qu20.gif
Ry (3,6 S s 0<ess





OPS/images/fphy-12-1374452/math_qu2.gif
KNG =a@n) = 5= A n)ee™dn






OPS/images/fphy-12-1374452/math_qu19.gif
i, (C) = DFa((,0).





OPS/images/fams-10-1450581/math_63.gif
S U Ly
GUIY 4 3 Uy N
> YU’ N o,





OPS/images/fams-10-1450581/math_62.gif
YU aeRm= 0,05t <. <ty =T
frd





OPS/images/fams-10-1450581/math_61.gif
Ut d gt





OPS/images/fams-10-1450581/math_60.gif
[ (509 480 (1= ¥ s o [ v, 4500 = vy N





OPS/images/fams-10-1450581/math_6.gif





OPS/images/fams-10-1450581/math_59.gif
=t
[3:,,(.4*»).4'10‘ < KOO ) 0, o
&

o (72 1 () af < BT gy
fese





OPS/images/fams-10-1450581/math_58.gif
7= ) = 5 (5 (6 )
& &

S (5 S ) S ()
e =

ST (v () T ()

P2
= [ (ot s (1))
e )

Sy
X





OPS/images/fams-10-1450581/math_57.gif
2
=

+X) =x+ plx)x,





OPS/images/fams-10-1450581/math_56.gif
Jimlimsap  sup BN (1Y — v e v =

0 N-vou xe(o1]0ss-t<h






OPS/images/fams-10-1450581/math_55.gif





OPS/images/fphy-12-1374452/math_qu5.gif
A[DPa(Ln)]

AL €) - €7 a({,0) - e Dia((,0)





OPS/images/fphy-12-1374452/math_qu4.gif
(=) + 1 =) + = 1)






OPS/images/fphy-12-1374452/math_qu36.gif
YRR (Z ﬂ:'ﬁf’)} -






OPS/images/fphy-12-1374452/math_qu35.gif
@ (&) :A"[}, (T};






OPS/images/fams-10-1450581/math_90.gif
(M) = exp 7 =30 £ (M)
=& (M) (£, (M@)o <5<t





OPS/images/fams-10-1450581/math_9.gif
LR —exp () 7 e (A0 ) a— v @





OPS/images/fams-10-1450581/math_89.gif
"
=0 j; WAy, (M®), = o?






OPS/images/fams-10-1450581/math_88.gif
=[] 0+aMyepl-aAMy}= [| (1+AYw)exp(—AYu),

et et





OPS/images/fams-10-1450581/math_87.gif
AF() = lim 2BV O 2T
1o t ’





OPS/images/fams-10-1450581/math_86.gif
P dy)f(y) € C(E),





OPS/images/fams-10-1450581/math_85.gif
m | P dy)f () =f(),
il






OPS/images/fams-10-1383106/fams-10-1383106-g001.gif





OPS/images/fams-10-1450581/math_84.gif
KA, — KA, n— o.





OPS/images/fams-10-1383106/crossmark.jpg
©

|





OPS/images/fams-10-1450581/math_83.gif
wie( L)

.
- .x.,[ﬂr'/; (Bo¥s +81(1— Y)aw,

"
[ eomana- m)‘dsl.






OPS/images/fphy-12-1374452/math_qu9.gif
L
Ala(6)] = Alha(@1+ Al @
‘A[Im()r[v' I]]





OPS/images/fams-10-1450581/math_82.gif
o°
BoYy +81(1— Y) — - () —





OPS/images/fphy-12-1374452/math_qu8.gif
LHS = A[Dfa({,0)].





OPS/images/fphy-12-1374452/math_qu7.gif
D" = g({n).





OPS/images/fphy-12-1374452/math_qu6.gif
u(( 0)

A~






OPS/images/fphy-12-1374452/math_qu28.gif





OPS/images/fphy-12-1374452/math_qu27.gif





OPS/images/fphy-12-1374452/math_qu26.gif





OPS/images/fams-10-1450581/math_81.gif
E [exp (/00
oW + [ (Y + 8101 — Ya) — G2 — Frdu)[5,] =






OPS/images/fams-10-1450581/math_80.gif
o o =nfon(o [ vomn = [[ebun)
A N
(24)






OPS/images/fams-10-1450581/math_8.gif
o





OPS/images/fams-10-1450581/math_79.gif
E (arp («r L " pwaw, — "71 L ) v?(u).xu) |3)

- (v /; " pwdw, — o? L f%(u)du).





OPS/images/fams-10-1450581/math_78.gif
o ot [T
E!xp(n L stmte, - f vl(u)du) @)






OPS/images/fams-10-1450581/math_77.gif
E
EglX; — X:I%:] = @)





OPS/images/fams-10-1450581/math_76.gif
(%

—2Y.+:—;(17Y.)).us [0.7).

@)





OPS/images/fphy-12-1374452/math_qu34.gif





OPS/images/fams-10-1450581/math_75.gif
= (- foa) e [ [[oon -

x [T a-2am)exp (LAM,f hlmmf).
Pt 2





OPS/images/fphy-12-1374452/math_qu33.gif





OPS/images/fams-10-1450581/math_74.gif
[
(M)
= [
[ o
7 tds,
B
B
o
]





OPS/images/fphy-12-1374452/math_qu32.gif
lim (s™7"“AResy ({,5)) = 0,





OPS/images/fams-10-1450581/math_73.gif





OPS/images/fphy-12-1374452/math_qu31.gif
lim 7" AResy (4,5 = lim, ;w(""f’ a2

GRS
e o™

LIQVE_FE9
g

a0






OPS/images/fphy-12-1374452/math_qu30.gif
L2V Fs)

ARes(8,5) = A(G.) -






OPS/images/fphy-12-1374452/math_qu3.gif





OPS/images/fphy-12-1374452/math_qu29.gif
5ol M ©)

A (6.0) = 255+ S0






OPS/images/fams-10-1383106/inline_18.gif
C=43%10"





OPS/images/fams-10-1450581/math_33.gif





OPS/images/fams-10-1383106/inline_17.gif
o(x)(@(x) py(x), € L (CY)





OPS/images/fams-10-1450581/math_32.gif





OPS/images/fams-10-1383106/inline_16.gif
G >0





OPS/images/fams-10-1450581/math_31.gif
BN <dy e < oo
et





OPS/images/fams-10-1383106/inline_15.gif





OPS/images/fams-10-1450581/math_30.gif
B(N, = k) < dcke Tk, (15)





OPS/images/fams-10-1383106/inline_14.gif
lim @(x)p(x,6)=C>0





OPS/images/fams-10-1450581/math_3.gif
" -
X::Xaew(f (Go¥e+511 = ¥ +0 Wi — Tot).
|

@)





OPS/images/fams-10-1383106/inline_13.gif
1
@ (x)py(x) € L2(CY





OPS/images/fams-10-1450581/math_29.gif
Eexp (n, 2ol
) <oo.
1)





OPS/images/fams-10-1450581/math_28.gif
FiNp=2m—1)

P
< holhor)"™ e T
o)™ e (Ar,\.) oA Tm—Gio-a)T

- ﬁ)’csz:ruu,m
A
_ (%) canes
=(5 ‘arp(—(ua.)r”" “1)





OPS/images/fams-10-1450581/math_36.gif
prlkor.. kam) = 5% (r 7t;‘}z)("‘w (r 4%‘#’) X x
e (1o ) SRR (1 )™ (1)
e (=3 Gk 4 — )+l k)

it~ 08 )
(=) (1Y ey (u. - mg‘,w%’)

(1) (1= eF) e (m - mg(fwf,’")






OPS/images/fams-10-1450581/math_35.gif
»lam)
= Tam(lorty = for- -+ fom — fam1)
— Age 00 M=) 3 g-tollim—tom-1)gh(T-t2n)

L2ml!

-
= dolkom)"e M  exp ((h — ) Z(—m,) .
=





OPS/images/fams-10-1450581/math_34.gif
£2m(los - - Lam)
h»n(Zh)l""l,(”" bl < b Tames = T, 0= < 2m)
=Pl > T—(to+ ...+ tum)

|....n( 25,1 <)

g hotim g (T—{to+t o)

g0ty o






OPS/images/fams-10-1383106/inline_21.gif
C=16*10"





OPS/images/fams-10-1383106/inline_20.gif
C=4.2%10"





OPS/images/fams-10-1383106/inline_2.gif





OPS/images/fams-10-1383106/inline_19.gif
C=17*10"





OPS/images/fams-10-1383106/fams-10-1383106-g006.gif





OPS/images/fams-10-1383106/fams-10-1383106-g005.gif





OPS/images/fams-10-1383106/fams-10-1383106-g004.gif





OPS/images/fams-10-1383106/fams-10-1383106-g003.gif





OPS/images/fams-10-1383106/fams-10-1383106-g002.gif





OPS/images/back-cover.jpg
Frontiers in
Applied Mathematics and Statistics

Investigates both applied and applicable
mathematics and statistical techniques

Explores how the application of mathematics and
statistics can drive scientific developments across.
data science, engineering, finance, physics,

biology, ecology, business, medicine, and beyond

Discover the latest
Research Topics

Ropied Mathematics

and Statistics

Frontiers

Avenue du Trbunal-Fédéral 34
1005 Lausane, Switzerland.
frontersinorg

Contactus

+41(0121 5101700
frontersin oro/about/contact






OPS/images/fams-10-1383106/inline_12.gif
(@(x)py (x), € L ()





OPS/images/fams-10-1383106/inline_11.gif
lim @(x)p(x,6)=0





OPS/images/fams-10-1383106/inline_10.gif
0= py(x) € L2(Q)





OPS/images/fams-10-1383106/inline_1.gif
Oy >R





OPS/images/fams-10-1383106/fams-10-1383106-g007.gif





OPS/images/fams-10-1383106/inline_38.gif





OPS/images/fams-10-1450581/math_53.gif
PN (wn, ny” 0)*1{"’7”, (@™ — 1ym,

P (Y2 = 0 v = 1) = 2 — 7@ _





OPS/images/fams-10-1383106/inline_37.gif
[r@s@a=[ r@8@d :%/@
! !





OPS/images/fams-10-1450581/math_52.gif
A CE BT R o

B (v =0y =1)
=B (YM =0y = 1),





OPS/images/fams-10-1383106/inline_36.gif
o
[r@s@2





OPS/images/fams-10-1450581/math_51.gif
PO (Y3 - ¥V > [ V10 = 0) =B (Vi) =W =)

— B (v =1 7 =),





OPS/images/fams-10-1383106/inline_35.gif
G

T





OPS/images/fams-10-1450581/math_50.gif
P [y - vV = | v =0).





OPS/images/fams-10-1383106/inline_34.gif





OPS/images/fams-10-1450581/math_5.gif
e = =log(Xo) + ) Jlog (1+
U = log(
o) =
8(Xo) 3
x
; (1+)

k
+X
X Tog 1+ K7)

)





OPS/images/fams-10-1383106/inline_33.gif
V:F(x)%





OPS/images/fams-10-1450581/math_49.gif
Jim lim: sup.
R st sto) e i<h






OPS/images/fams-10-1383106/inline_32.gif
el a.
~ @) = (F(x) )





OPS/images/fams-10-1450581/math_48.gif
|r 7 < b < Ty 0 <j < mNe<m)

B9 (207 < 4 < o0,

0,021 2n8, < m)

e
= 3
ey






OPS/images/fams-10-1383106/inline_31.gif
0<C

L LG,
T inf w(x)






OPS/images/fams-10-1450581/math_47.gif





OPS/images/fams-10-1450581/math_54.gif
200 (0, 2 ) ( et "‘7"’1')

2—a™ " 2—a™





OPS/images/fams-10-1450581/math_46.gif
AT < m".





OPS/images/fams-10-1383106/inline_4.gif
z
()]





OPS/images/fams-10-1383106/inline_39.gif





OPS/images/fams-10-1383106/inline_28.gif
A(Ry) =e*





OPS/images/fams-10-1450581/math_43.gif
W(ﬂ.:x,.nstsnjfl‘m(Y:ﬂ:nﬁstsn <s,
N (16)





OPS/images/fams-10-1383106/inline_27.gif
z,(x£)€C®(CYy)





OPS/images/fams-10-1450581/math_42.gif





OPS/images/fams-10-1383106/inline_26.gif
)
z,4(x) €





OPS/images/fams-10-1450581/math_41.gif
M
eyl

2m+1
oot = (F) T Drthrerob)| <
m
lexp (u. —M)Z(—l)’t,)
=
z..
—exp (u. — o) Z(—M,"") +
=
z..
+aep ((A. — %) Z(—m,"") =
=
z..
:B(exp(o.—mz:(—w(rrt,"”)) -1
=

< n (=

+o)






OPS/images/fams-10-1383106/inline_25.gif
Jx+e

@, (x)="—
Fx)





OPS/images/fams-10-1450581/math_40.gif
) 1}’:,) <8,
=





OPS/images/fams-10-1383106/inline_24.gif





OPS/images/fams-10-1450581/math_4.gif
x"
E:(l{»ﬂf’") (1+52Y). @





OPS/images/fams-10-1383106/inline_23.gif





OPS/images/fams-10-1450581/math_39.gif





OPS/images/fams-10-1383106/inline_22.gif





OPS/images/fams-10-1450581/math_38.gif
N

Ty (1= %) = igear
) -

<en





OPS/images/fams-10-1450581/math_37.gif
(%) e ey

B ( ™
_ 1 enE\"
TN ) ( /N )

L mym






OPS/images/fams-10-1450581/math_45.gif
rj

miKk=0:1p < §j < Ty ).

(18)





OPS/images/fams-10-1450581/math_44.gif
[B(¥s

0<i=mN <m)  (17)

@:n.nsxsn.m Sm) <e/2





OPS/images/fams-10-1383106/inline_30.gif
V:F(x)%





OPS/images/fams-10-1383106/inline_3.gif
K+l g

1
bxt)= o (f (@)= 2Neg(x) = =0





OPS/images/fams-10-1383106/inline_29.gif
2 &
~oW— P





OPS/images/fphy-12-1374452/math_78.gif
@8)





OPS/images/fphy-12-1374452/math_77.gif
@7)





OPS/images/fphy-12-1374452/math_76.gif
A (€9 69 - - 5| 2P|

Lol

s )BA" (G

Y mw ~
L e R

(76)





OPS/images/fphy-12-1374452/math_75.gif
- S,A,[A;‘m(,:)

24w (G
X

U [ o o 24 Gy
‘X—,Aq[A, BC9 =5

-0,

L PR )
| A auz.nT]—

(75)





OPS/images/fphy-12-1374452/math_74.gif
ARes(@.9) = (G - 50 -

[A,‘ﬂ (8,5)

24, (£,

.Sl,,qq A4,'B ()

1 \ 4B
| A =5 =0,

(74)





OPS/images/fphy-12-1374452/math_73.gif
cos()

ARes(§,9) = a(ds) -

,1&[,@,“,3)“'7

3.‘ a((.s)]
A.[A pic9 2]
Ny A,[A NPt N"] oo





OPS/images/fphy-12-1374452/math_72.gif
@





OPS/images/fphy-12-1374452/math_71.gif
L =123 @)





OPS/images/fphy-12-1374452/math_70.gif





OPS/images/fphy-12-1374452/math_79.gif
@)





OPS/images/fphy-12-1374452/math_68.gif





OPS/images/fphy-12-1374452/math_67.gif





OPS/images/fphy-12-1374452/math_66.gif





OPS/images/fphy-12-1374452/math_65.gif





OPS/images/fphy-12-1374452/math_64.gif
i) - - 20 M pen
va@n 2N o, where 0<ps1 (64






OPS/images/fphy-12-1374452/math_63.gif
Dza(ton) - 2281 _a(g,n)
i)

+a(ln) =






OPS/images/fphy-12-1374452/math_62.gif
pion- 7o) o ()

ey,
st o 2 Y| 7.) o Co )
. l;l‘uh n VAT +1)

w(&)-1+ )






OPS/images/fphy-12-1374452/math_61.gif
o) ()
“(Gn) = 206T(28+ 1)
a0 (L) (e (S)
. W5+ 1) 108123 +1)

ste(&) 7 e
ol vEE) )





OPS/images/fphy-12-1374452/math_7.gif
A[DFa(en)] = €PAG0) - 3 e D a(,0,0< ps 1, (7





OPS/images/fphy-12-1374452/math_69.gif





OPS/images/fphy-12-1374452/math_97.gif
A[Dja(Gn)]

- :7(@ LU [a a(t.n)

o ”)a«« D,y aen )amzn)D o





OPS/images/fphy-12-1374452/math_96.gif
©6)





OPS/images/fphy-12-1374452/math_95.gif
©3)





OPS/images/fphy-12-1374452/math_94.gif
DIA(Gn) =  where 0<ps1 (94)





OPS/images/fphy-12-1374452/math_93.gif
Ba((\ LI

+ P =5





OPS/images/fphy-12-1374452/math_92.gif
©)





OPS/images/fphy-12-1374452/math_91.gif





OPS/images/fphy-12-1374452/math_90.gif





OPS/images/fphy-12-1374452/math_9.gif
LHS=A[Da(ln)|.





OPS/images/fphy-12-1374452/math_89.gif





OPS/images/fphy-12-1374452/math_88.gif
«(Cn)= Y @ )





OPS/images/fphy-12-1374452/math_87.gif
)= L Alo{an taabnteaotacn)] )
p





OPS/images/fphy-12-1374452/math_86.gif
Ala(C)

£ oA[ﬂ:(-((,w)‘D(-(«"'tl»ﬂ('-(«‘,w)»lll'nlw)|).

-





OPS/images/fphy-12-1374452/math_85.gif
(85)





OPS/images/fphy-12-1374452/math_84.gif
Da(,n) = ®(a(ln). Dpa(lon). D'a(lon). D'a(lon)) 0< puy<1,
(84)





OPS/images/fphy-12-1374452/math_83.gif
_ 4 o8O _ cos(Or™ _ cos()r
B = o+ F S " Tap s ) T(p s

. )






OPS/images/fphy-12-1374452/math_82.gif
cos(O " cos(O ™ cos(On” . (g3
x(Gon) = cos(+ TS T T T T ) )





OPS/images/fphy-12-1374452/math_81.gif
cos(Q)

®1)





OPS/images/fphy-12-1374452/math_80.gif
(80





OPS/images/fphy-12-1374452/math_8.gif
AIDa(lin)] = €Al €) - a((,0) - €""Da({,0). (8)





OPS/images/fams-10-1467426/inline_139.gif





OPS/images/fams-10-1467426/inline_138.gif
Jeothy





OPS/images/fams-10-1467426/inline_137.gif
el
(Sl





OPS/images/fams-10-1467426/inline_136.gif





OPS/images/fams-10-1467426/inline_135.gif
Z(;
Sy





OPS/images/fams-10-1467426/inline_134.gif
(A)





OPS/images/fams-10-1467426/inline_133.gif
8, (6) € 3D, ()





OPS/images/fams-10-1467426/inline_141.gif
{5





OPS/images/fams-10-1467426/inline_140.gif





OPS/images/fams-10-1467426/inline_14.gif





OPS/images/fphy-12-1374452/math_qu16.gif
hy (() = D" a(C,0).





OPS/images/fphy-12-1374452/math_qu15.gif
12 (0) = €PN €) = 7o (0) = €y (§) - 2o






OPS/images/fphy-12-1374452/math_qu14.gif
(€)= Dia((,0).





OPS/images/fphy-12-1374452/math_qu13.gif
() = lim (" A(G,€) - € (0) - lim

B ((

<)






OPS/images/fphy-12-1374452/math_qu12.gif
D a((,0),





OPS/images/fphy-12-1374452/math_qu11.gif
y )
MG =Y o €






OPS/images/fphy-12-1374452/math_qu10.gif
Tlp+1

1
Ala(@m)] = ho(©) 5+ 1 (O

Tpet] 1
T2p+1] art

+ha(0)





OPS/images/fphy-12-1374452/math_qu1.gif
| a@merdn nses






OPS/images/fphy-12-1374452/math_99.gif
=[5 (z

. 2, ) 2L

L) n)D]

a0 [-va(t,

6«((. )

©9)





OPS/images/fphy-12-1374452/math_98.gif
A[DiB(Gn)] =

‘me[ alt. ")aa(z'n]) 98)





OPS/images/fams-10-1467426/inline_129.gif
gy (£) € D(3Dy)





OPS/images/fams-10-1467426/inline_128.gif





OPS/images/fams-10-1467426/inline_127.gif
fy € HN(Su H)





OPS/images/fams-10-1467426/inline_126.gif
FAOERIO)





OPS/images/fams-10-1467426/inline_125.gif
ueHy (S H)





OPS/images/fams-10-1467426/inline_124.gif





OPS/images/fams-10-1467426/inline_132.gif
14
di(t) €





OPS/images/fams-10-1467426/inline_131.gif
8, (6) € 3D (8, ()





OPS/images/fams-10-1467426/inline_130.gif
&y e (S H)





OPS/images/fams-10-1467426/inline_13.gif





OPS/images/fams-10-1467426/inline_1.gif
[P





OPS/images/fams-10-1467426/crossmark.jpg
©

|





OPS/images/fams-10-1466965/math_99.gif
(89)






OPS/images/fams-10-1467426/inline_105.gif
Fel}0T.H)





OPS/images/fams-10-1467426/inline_104.gif
Fel}0T.H)





OPS/images/fams-10-1467426/inline_103.gif
(A)





OPS/images/fams-10-1467426/inline_102.gif
9Dy H— 2%





OPS/images/fams-10-1467426/inline_101.gif
(A)





OPS/images/fams-10-1467426/inline_100.gif
(A)





OPS/images/fams-10-1467426/inline_10.gif
L (8X)





OPS/images/fams-10-1466965/math_90.gif
$(x,t,k) = Glx, ) Pos(x, t,k)e” DR, ()o@l (81)





OPS/images/fams-10-1466965/math_9.gif
(8)






OPS/images/fams-10-1466965/math_98.gif
(;./z)(‘,],l..,.zknr'mnmmb D (s8)





OPS/images/fams-10-1466965/math_97.gif





OPS/images/fams-10-1466965/math_96.gif





OPS/images/fams-10-1466965/math_95.gif
P " i (B0 % uGn
B 1K) = GOx(i 0,.0) (1 - zut( o 1‘“)))

oK), k- 0. (85)





OPS/images/fams-10-1466965/math_94.gif





OPS/images/fams-10-1466965/math_93.gif
B-(x6K) = Glx 1) (&m0 — 2k

e [Py ey
( en=eog e ey pay | )+

o). (83)





OPS/images/fams-10-1466965/math_92.gif
Bonth) = Gﬁ!)(l*llk(/ Tlwldy  w
— [ay) )

o), (82)





OPS/images/fams-10-1466965/math_91.gif





OPS/images/fams-10-1467426/inline_119.gif
8;(0 €30, (W; ()





OPS/images/fams-10-1467426/inline_118.gif





OPS/images/fams-10-1467426/inline_117.gif





OPS/images/fams-10-1467426/inline_116.gif
A,





OPS/images/fams-10-1467426/inline_115.gif
Ay





OPS/images/fams-10-1467426/inline_123.gif





OPS/images/fams-10-1467426/inline_122.gif
(A)





OPS/images/fams-10-1467426/inline_121.gif
W(E) =0 (&)





OPS/images/fams-10-1467426/inline_120.gif
s
(0) = wy
‘;]1





OPS/images/fams-10-1467426/inline_12.gif
D' (intS, V)





OPS/images/fams-10-1467426/inline_109.gif
e M~HNO,T. H)





OPS/images/fams-10-1467426/inline_108.gif





OPS/images/fams-10-1467426/inline_107.gif
&(8) € 0D 4 (w(D)





OPS/images/fams-10-1467426/inline_106.gif
gel}(0,T.H)





OPS/images/fams-10-1467426/inline_114.gif
iy, Vi,





OPS/images/fams-10-1467426/inline_113.gif
W(0)=w,





OPS/images/fams-10-1467426/inline_112.gif
FO-B@EwE)





OPS/images/fams-10-1467426/inline_111.gif
F10)





OPS/images/fams-10-1467426/inline_110.gif
W)€ D(AD )





OPS/images/fams-10-1467426/inline_11.gif
Eig.60. X).





OPS/images/fams-10-1466965/math_70.gif





OPS/images/fams-10-1466965/math_7.gif





OPS/images/fams-10-1466965/math_69.gif
(@)

SODi= @R +40 @)
o





OPS/images/fams-10-1466965/math_68.gif
—o@G k) = G ndP k). (6D






OPS/images/fams-10-1466965/math_67.gif
n(k,):dn(?o‘,“(k,)— R ?o‘Z’(k,)) o,

G





OPS/images/fams-10-1466965/math_66.gif
u‘“(‘nf L
o Eb' 5§12
PG, (60)





OPS/images/fams-10-1466965/math_65.gif
3 (5,1, ke (59)





OPS/images/fams-10-1466965/math_64.gif
det (Vb ST 1K).





OPS/images/fams-10-1466965/math_63.gif





OPS/images/fams-10-1466965/math_62.gif
MP ) =M™ + M7 (k= k) + M (k = k) + Ok — ),
7)





OPS/images/fams-10-1466965/math_61.gif
+ 8} + Ok — k), (56)





OPS/images/fams-10-1466965/math_60.gif





OPS/images/fams-10-1466965/math_6.gif
©





OPS/images/fams-10-1466965/math_59.gif
FHGELE)  (59)





OPS/images/fams-10-1466965/math_58.gif
Res,_y MV 6LK) —ige T B HD@E LK), (53)






OPS/images/fams-10-1466965/math_57.gif
Are P
QLR = |kx+m)1n





OPS/images/fams-10-1466965/math_56.gif
(51)





OPS/images/fams-10-1466965/math_55.gif





OPS/images/fams-10-1466965/math_54.gif





OPS/images/fams-10-1466965/math_53.gif
Res, - MO (.1, ) TEMO LT @)






OPS/images/fams-10-1466965/math_89.gif
Boalxtb) = ik [~ Sl 0 OPdy - 2u(x)
+0(K2)

2nn [Py,
(80)





OPS/images/fams-10-1466965/math_80.gif
L
i+ 703 = Voo, @)





OPS/images/fams-10-1466965/math_88.gif





OPS/images/fams-10-1466965/math_87.gif
Fos(xtk) =1+

DB, 1, )Fos (5.1, KieEE 7y,
ioo
(78)





OPS/images/fams-10-1466965/math_86.gif
(77)





OPS/images/fams-10-1466965/math_85.gif





OPS/images/fams-10-1466965/math_84.gif





OPS/images/fams-10-1466965/math_83.gif
Qa(x.hk)::(lbﬁ» L





OPS/images/fams-10-1466965/math_82.gif
Vo=

k(L =l —u— 2ikluluy
T 2kl k(1 — luP)lu? )

73)





OPS/images/fams-10-1466965/math_81.gif
? 2u,
lue?)”





OPS/images/fams-10-1466965/math_8.gif





OPS/images/fams-10-1466965/math_79.gif





OPS/images/fams-10-1466965/math_78.gif
MAGH =

Yy
))eness]

(69)






OPS/images/fams-10-1466965/math_77.gif
26
2 &,

(68)

)





OPS/images/fams-10-1466965/math_76.gif
MG =
[a,m‘"(x:,k,) + (/x, 2 (15(— ﬁ)) W(nk,)]

5

(67)





OPS/images/fams-10-1466965/math_75.gif
(66)





OPS/images/fams-10-1466965/math_74.gif
(63)






OPS/images/fams-10-1466965/math_73.gif
TP 5 VI A
M*)ﬁae ’Swf,gﬂu )

W@ - 18 Fg 4 g+ or - PR
wk—k) + O —K)®






OPS/images/fams-10-1466965/math_72.gif
i <) 2
V6 k) - 2k = (.1, +

S FO G k),





OPS/images/fams-10-1466965/math_71.gif
0267 + U612 + U262)
i e
(d); 2 + d(U" &2 + U292, (63)






OPS/images/fams-10-1467426/inline_68.gif
09, Y51





OPS/images/fams-10-1467426/inline_67.gif
I’
ot H
JH)





OPS/images/fams-10-1467426/inline_66.gif
(e, 6:7)





OPS/images/fams-10-1467426/inline_65.gif
(M.






OPS/images/fams-10-1467426/inline_64.gif
(S H)





OPS/images/fams-10-1467426/inline_63.gif
=W
" o





OPS/images/fams-10-1467426/inline_62.gif
L8V





OPS/images/fams-10-1467426/inline_61.gif
Wy W
Y o





OPS/images/fams-10-1467426/inline_60.gif
(M.






OPS/images/fams-10-1467426/inline_6.gif
lzal





OPS/images/fams-10-1467426/inline_59.gif
09 15





OPS/images/fams-10-1467426/inline_58.gif
w e L, (S H)





OPS/images/fams-10-1467426/inline_57.gif
we L (8V)





OPS/images/fams-10-1467426/inline_56.gif
(S H)





OPS/images/fams-10-1467426/inline_55.gif
(W)





OPS/images/fams-10-1467426/inline_54.gif
L8V





OPS/images/fams-10-1467426/inline_53.gif
(M.






OPS/images/fams-10-1467426/inline_52.gif
I(0.T;8)





OPS/images/fams-10-1467426/inline_51.gif
Wy W
Y o





OPS/images/fams-10-1467426/inline_50.gif
(M.






OPS/images/fams-10-1420671/math_39.gif
card(X,) = 2.





OPS/images/fams-10-1420671/math_4.gif





OPS/images/fams-10-1467426/inline_86.gif
(A)





OPS/images/fams-10-1420671/math_37.gif
Py C Dis.





OPS/images/fams-10-1467426/inline_85.gif





OPS/images/fams-10-1420671/math_38.gif





OPS/images/fams-10-1467426/inline_84.gif





OPS/images/fams-10-1420671/math_35.gif





OPS/images/fams-10-1467426/inline_83.gif
(A)





OPS/images/fams-10-1420671/math_36.gif





OPS/images/fams-10-1467426/inline_82.gif
v leV <V





OPS/images/fams-10-1420671/math_33.gif





OPS/images/fams-10-1467426/inline_81.gif
(A)





OPS/images/fams-10-1420671/math_34.gif
Disy, € X (16)





OPS/images/fams-10-1467426/inline_80.gif
(A)





OPS/images/fams-10-1420671/math_31.gif





OPS/images/fams-10-1467426/inline_8.gif
L (8X)





OPS/images/fams-10-1420671/math_32.gif





OPS/images/fams-10-1467426/inline_79.gif
(A)





OPS/images/fams-10-1467426/inline_78.gif
vy in VS lim d0y)220)





OPS/images/fams-10-1467426/inline_77.gif
(A)





OPS/images/fams-10-1467426/inline_76.gif
(A)





OPS/images/fams-10-1467426/inline_75.gif





OPS/images/fams-10-1467426/inline_74.gif





OPS/images/fams-10-1467426/inline_73.gif
09, Y51





OPS/images/fams-10-1467426/inline_72.gif
[T





OPS/images/fams-10-1467426/inline_71.gif





OPS/images/fams-10-1467426/inline_70.gif
09, Y51





OPS/images/fams-10-1467426/inline_7.gif





OPS/images/fams-10-1467426/inline_69.gif
W, € C(T-k, T H)~E (T-kT.0),





OPS/images/fams-10-1466965/inline_203.gif
x(%,8)





OPS/images/fams-10-1466965/inline_202.gif
Imu(%,t)





OPS/images/fams-10-1466965/inline_201.gif
= (717;%)#*“





OPS/images/fams-10-1466965/inline_200.gif
E(x )= %e"“ﬂ





OPS/images/fams-10-1466965/inline_20.gif
s
e





OPS/images/fams-10-1466965/inline_2.gif
o R





OPS/images/fams-10-1466965/inline_199.gif





OPS/images/fams-10-1466965/inline_198.gif





OPS/images/fams-10-1466965/inline_197.gif
x(%,8)





OPS/images/fams-10-1466965/inline_196.gif
|@(%,8)|





OPS/images/fams-10-1383106/math_31.gif





OPS/images/fams-10-1383106/math_4.gif





OPS/images/fams-10-1383106/math_39.gif
jﬁ(&ﬂdt{c,]:é(z)dxlmdlk}a
J s





OPS/images/fams-10-1383106/math_38.gif
f\f’(x)z’ dx< f\f’(x)%zx(x)dx.
J J





OPS/images/fams-10-1383106/math_37.gif
%nj‘l'(x]:ltix+$nf/(x)‘l'(x)(—l)2dx+ﬁ

(2.10)





OPS/images/fams-10-1383106/math_36.gif
V=o' [ =k — i asx— 0,
nfﬁr m!% g





OPS/images/fams-10-1383106/math_35.gif
. / VR e+ j/(x)w(x)(f)ldx:

(/(x)‘l'(x) . —(m(xW(x)ran)L

to ! 22 (th m(x)w(x)))





OPS/images/fams-10-1383106/math_34.gif
bt < %s’m(/ nx)(:%')za,)?
J





OPS/images/fams-10-1383106/math_33.gif
“x.0) gxh’m(jp(x)(‘%)ldx)?
re





OPS/images/fams-10-1383106/math_32.gif
[ (ur‘w-,?w R (”i’)z) v < oo

o





OPS/images/fams-10-1383106/math_51.gif
. o (R [Fomt (R i (3 )|
R A= T

arcsin(/ ;).





OPS/images/fams-10-1383106/math_50.gif





OPS/images/fams-10-1383106/math_5.gif
Rl S PN )
a(x) g e g bl






OPS/images/fams-10-1466965/inline_177.gif





OPS/images/fams-10-1466965/inline_176.gif





OPS/images/fams-10-1466965/inline_175.gif





OPS/images/fams-10-1466965/inline_174.gif





OPS/images/fams-10-1466965/inline_173.gif
=





OPS/images/fams-10-1466965/inline_172.gif





OPS/images/fams-10-1466965/inline_171.gif





OPS/images/fams-10-1383106/math_58.gif





OPS/images/fams-10-1466965/inline_170.gif





OPS/images/fams-10-1383106/math_57.gif
—AT(),

§7(s) + I($)S'(s) = —AS(s) (32)





OPS/images/fams-10-1466965/inline_17.gif





OPS/images/fams-10-1383106/math_56.gif





OPS/images/fams-10-1466965/inline_169.gif
u(x, ) =2(%(x,1),8)





OPS/images/fams-10-1383106/math_55.gif





OPS/images/fams-10-1383106/math_54.gif
B si?(3/s) i Ro>o,

il i Ry=o0.






OPS/images/fams-10-1383106/math_53.gif
2/ Frarcsin((/ghext) i Ro>0,

2/2NxE if Ry






OPS/images/fams-10-1383106/math_52.gif
se(@s), te(@T),

€AY
0. telo.1].





OPS/images/fams-10-1383106/math_41.gif
=2 [ ([ (] )~ sy s





OPS/images/fams-10-1383106/math_40.gif
%%!wmx)(;)zdu%njmm«x)(%(nx)%))zdx
(¢(x)ﬂx>%;§—

%w»’(x)#w(:—i)z) |: o f {m(x),'(x))’Fl(x)(%y:k
J





OPS/images/fams-10-1466965/inline_168.gif





OPS/images/fams-10-1466965/inline_167.gif
u(x, ) =2(%(x,1),8)





OPS/images/fams-10-1466965/inline_166.gif
x(%,8)





OPS/images/fams-10-1466965/inline_165.gif





OPS/images/fams-10-1466965/inline_164.gif





OPS/images/fams-10-1466965/inline_163.gif





OPS/images/fams-10-1466965/inline_162.gif





OPS/images/fams-10-1383106/math_49.gif
[ (vwseo +911)Hx)(:i;')z) &<+

o





OPS/images/fams-10-1466965/inline_161.gif





OPS/images/fams-10-1383106/math_48.gif
INESY
/... 4;)(3) ar< Cz/?n‘x)dxfonllt >
J s





OPS/images/fams-10-1466965/inline_160.gif





OPS/images/fams-10-1383106/math_47.gif
a{m’(x)(%)’dz < ﬂ%{fﬁmguﬂw(%ya
S [ 2(x) .

nf(£97) &





OPS/images/fams-10-1466965/inline_16.gif
+ 61,






OPS/images/fams-10-1383106/math_46.gif
A’ﬂx)ﬁx)(%)ldxs & A’o{x)ﬂx)(%‘)zdx
+ P





OPS/images/fams-10-1383106/math_45.gif
c,{m:js;,(x['m%)a





OPS/images/fams-10-1383106/math_44.gif
ﬂ/%vzdxéCr(l?alnjm(x)ﬂx)(%)zdxwimvﬂ):ﬂ.





OPS/images/fams-10-1383106/math_43.gif
i (www(;)z + w(x):‘) ot

(%(ﬂ;)%))2a+ Laan=o @





OPS/images/fams-10-1383106/math_42.gif
: {G(x)ﬁx)(?) muw)( (F(t) ))

=4/ (x)‘p(x)(ﬁ) 3





OPS/images/fams-10-1383106/math_71.gif





OPS/images/fams-10-1383106/math_70.gif





OPS/images/fams-10-1383106/math_7.gif
0 in @ (21





OPS/images/fams-10-1383106/math_69.gif
.
(1T) = n0)$(0) = (04 (0) +¢(0)¢'0) j nb)dt =0,
J





OPS/images/fams-10-1383106/math_68.gif
!:, f S0 dudt = 2o f f (Fexpg () + 2Ng(x)pg () i,
o





OPS/images/fams-10-1466965/inline_195.gif
L1 et

P I S L.
Ry=% prwe )





OPS/images/fams-10-1466965/inline_194.gif
22tk itl

i





OPS/images/fams-10-1466965/inline_193.gif
E(%,6) = —g et





OPS/images/fams-10-1466965/inline_192.gif
4(%,6)





OPS/images/fphy-12-1373111/fphy-12-1373111-g001.gif





OPS/images/fphy-12-1373111/fphy-12-1373111-g002.gif
—eon
. B
s,






OPS/images/fams-11-1584781/inline_1.gif





OPS/images/fphy-12-1373111/crossmark.jpg
©

|





OPS/images/fphy-12-1373111/fphy-12-1373111-g005.gif





OPS/images/fphy-12-1373111/fphy-12-1373111-g006.gif





OPS/images/fphy-12-1373111/fphy-12-1373111-g003.gif





OPS/images/fphy-12-1373111/fphy-12-1373111-g004.gif





OPS/images/fams-10-1466965/inline_191.gif
x(%,8)





OPS/images/fams-10-1466965/inline_190.gif
4(%,6)





OPS/images/fams-10-1466965/inline_19.gif
=M
i)





OPS/images/fams-10-1397374/inline_10.gif
P =B, B,





OPS/images/fams-10-1466965/inline_189.gif
x(R0)=F+

T4e





OPS/images/fams-10-1397374/inline_1.gif
3 Y





OPS/images/fams-10-1466965/inline_188.gif
4(%,6)





OPS/images/fams-11-1584781/crossmark.jpg
©

|





OPS/images/fams-10-1397374/crossmark.jpg
©

|





OPS/images/fams-10-1466965/inline_187.gif





OPS/images/fams-10-1383106/math_9.gif





OPS/images/fams-10-1383106/math_8.gif
a
—Py(1) = —(2N — R+ DP(1). @2)





OPS/images/fams-10-1383106/math_61.gif
U"(s) + q()U(s) = AUGs),
ul(o) U'(s:

s€(0,51),

33)





OPS/images/fams-10-1383106/math_60.gif
VO =pHOSE) 46 = lﬁf,(tun‘t‘m)





OPS/images/fams-10-1383106/math_6.gif
e =
@ = ( Rf w@(@)VA(x) .xx) -





OPS/images/fams-10-1383106/math_59.gif





OPS/images/fams-10-1466965/inline_186.gif
E(%,6)=—e"?





OPS/images/fams-10-1466965/inline_185.gif
x(%,8)





OPS/images/fams-10-1466965/inline_184.gif
4(%,6)





OPS/images/fams-10-1466965/inline_183.gif
£ At
(A+agGR-——)e
Fla = ik

(e~ k)"





OPS/images/fams-10-1466965/inline_182.gif
g
ae ™

BRO= g






OPS/images/fams-10-1466965/inline_181.gif





OPS/images/fams-10-1466965/inline_180.gif
=





OPS/images/fams-10-1383106/math_67.gif
iy
P = 2t Y e (o)
Fed





OPS/images/fams-10-1466965/inline_18.gif





OPS/images/fams-10-1383106/math_66.gif
e Wk(x)“-e’"”sm(n{ki» )%ﬁﬁ’))





OPS/images/fams-10-1466965/inline_179.gif





OPS/images/fams-10-1383106/math_65.gif
-
w0 =Y ae o
~





OPS/images/fams-10-1466965/inline_178.gif





OPS/images/fams-10-1383106/math_64.gif
(5.0 = Y e )
=





OPS/images/fams-10-1383106/math_63.gif
" T
(k+ )% s~ HY
sin(Z(k+ 1)s).






OPS/images/fams-10-1383106/math_62.gif
P(k+1)% Uils) ~ sin(Z(k + $)s),






OPS/images/fams-10-1397374/inline_26.gif
3 Y





OPS/images/fams-10-1466965/inline_139.gif





OPS/images/fams-10-1397374/inline_25.gif
9= (slye,





OPS/images/fams-10-1466965/inline_138.gif
4(%,6)





OPS/images/fams-10-1397374/inline_24.gif
9= (slye,





OPS/images/fams-10-1466965/inline_137.gif
4(%,6)





OPS/images/fams-10-1397374/inline_23.gif
3 Y





OPS/images/fams-10-1466965/inline_136.gif





OPS/images/fams-10-1397374/inline_22.gif





OPS/images/fams-10-1466965/inline_135.gif
%) = a(x)






OPS/images/fams-10-1397374/inline_21.gif
Jin






OPS/images/fams-10-1466965/inline_134.gif
¢ =q,%+q,





OPS/images/fams-10-1397374/inline_20.gif
Jm






OPS/images/fams-10-1466965/inline_133.gif





OPS/images/fams-10-1466965/inline_132.gif





OPS/images/fams-10-1466965/inline_140.gif
=





OPS/images/fams-10-1466965/inline_14.gif
g =(uf q),





OPS/images/fams-10-1397374/inline_29.gif
Je






OPS/images/fams-10-1397374/inline_28.gif





OPS/images/fams-10-1397374/inline_27.gif
9= (slye,





OPS/images/fams-10-1397374/inline_16.gif
3 Y





OPS/images/fams-10-1466965/inline_129.gif
P (R(x,2),0%, (x,6)






OPS/images/fams-10-1397374/inline_15.gif





OPS/images/fams-10-1466965/inline_128.gif





OPS/images/fams-10-1397374/inline_14.gif
[S:4€5)





OPS/images/fams-10-1466965/inline_127.gif





OPS/images/fams-10-1397374/inline_13.gif
_Bal@
T E@





OPS/images/fams-10-1466965/inline_126.gif





OPS/images/fams-10-1397374/inline_12.gif
T
(10, )
2=





OPS/images/fams-10-1466965/inline_125.gif





OPS/images/fams-10-1397374/inline_11.gif
3 Y





OPS/images/fams-10-1466965/inline_124.gif
=





OPS/images/fams-10-1466965/inline_123.gif





OPS/images/fams-10-1466965/inline_131.gif
LY





OPS/images/fams-10-1466965/inline_130.gif





OPS/images/fams-10-1466965/inline_13.gif
I-x—0





OPS/images/fams-10-1397374/inline_2.gif
3 Y





OPS/images/fams-10-1397374/inline_19.gif





OPS/images/fams-10-1397374/inline_18.gif
s = (st ,






OPS/images/fams-10-1397374/inline_17.gif
s = (st ,






OPS/images/fams-10-1397374/math_19.gif





OPS/images/fams-10-1466965/inline_159.gif





OPS/images/fams-10-1397374/math_18.gif
—a 0 @






OPS/images/fams-10-1466965/inline_158.gif





OPS/images/fams-10-1397374/math_17.gif





OPS/images/fams-10-1466965/inline_157.gif





OPS/images/fams-10-1397374/math_16.gif





OPS/images/fams-10-1466965/inline_156.gif





OPS/images/fams-10-1397374/math_15.gif
(1.10)





OPS/images/fams-10-1466965/inline_155.gif
E(xt)





OPS/images/fams-10-1397374/math_14.gif





OPS/images/fams-10-1466965/inline_154.gif
x(%,8)





OPS/images/fams-10-1397374/math_13.gif





OPS/images/fams-10-1466965/inline_153.gif
4(%,6)





OPS/images/fams-10-1397374/math_12.gif
Pri1(X)Pn(t) — Pu(X)Pri (1)

— 9

> PPN = ansr
e





OPS/images/fams-10-1466965/inline_152.gif
B8





OPS/images/fams-10-1397374/math_11.gif
Pny1(3) — AnPald)
o

ez, 7)





OPS/images/fams-10-1466965/inline_151.gif
B(%.6)





OPS/images/fams-10-1466965/inline_150.gif





OPS/images/fams-10-1397374/math_2.gif





OPS/images/fams-10-1397374/inline_9.gif
[S:4€5)





OPS/images/fams-10-1466965/inline_149.gif
B(%.6)





OPS/images/fams-10-1397374/inline_8.gif
[S:4€5)





OPS/images/fams-10-1466965/inline_148.gif
B8





OPS/images/fams-10-1397374/inline_7.gif
3 Y





OPS/images/fams-10-1466965/inline_147.gif





OPS/images/fams-10-1397374/inline_6.gif
3 Y





OPS/images/fams-10-1466965/inline_146.gif
det M (k) =1





OPS/images/fams-10-1397374/inline_5.gif
3 Y





OPS/images/fams-10-1466965/inline_145.gif
A





OPS/images/fams-10-1397374/inline_4.gif
D, = det(s,

1
e





OPS/images/fams-10-1466965/inline_144.gif





OPS/images/fams-10-1397374/inline_30.gif
Jtar






OPS/images/fams-10-1466965/inline_143.gif





OPS/images/fams-10-1397374/inline_3.gif
3 Y





OPS/images/fams-10-1466965/inline_142.gif
=





OPS/images/fams-10-1466965/inline_15.gif





OPS/images/fams-10-1466965/inline_141.gif





OPS/images/fams-10-1397374/math_10.gif
(16)





OPS/images/fams-10-1397374/math_1.gif
e
= f Ndu(), neZy.





OPS/images/fams-10-1383106/math_21.gif
o W% whearn
teo.), @7

xed.

Eley





OPS/images/fams-10-1383106/math_20.gif
| pexdr > oast— oo
J





OPS/images/fams-10-1383106/math_2.gif
:)] +p(LH=0, te[0,T], (12)





OPS/images/fams-10-1383106/math_19.gif
()= (@ (0P Nz < Callox)po(x)—Clly2(e forall £ > T





OPS/images/fams-10-1383106/math_18.gif
|tx)plx ) = Clize) < Crlle)polx) = Cllizg) forallt = 0.
(2.6)





OPS/images/fams-10-1383106/math_17.gif
w(x)p(x,t) — Ostronglyin H'(Q)ast — +00.  (2.5)





OPS/images/fams-10-1383106/math_16.gif
w? (x)p(x, ) — 0 strongly in L2(2) as f — +oc.





OPS/images/fams-10-1383106/math_15.gif
)y ] (2820





OPS/images/fams-10-1383106/math_14.gif





OPS/images/fams-10-1383106/math_13.gif
N=1, Ry=20 and 0 < py(x)e L (Q).





OPS/images/fams-10-1383106/math_11.gif
Flx): = zm«{m = (Rl ® i g o,

and F(x) = e 2 if Ry =0,

o

lim f(x)Ps(x).






OPS/images/fams-10-1383106/math_10.gif





OPS/images/fams-10-1383106/math_1.gif
9
2 LZ fop - Lwp i @ (LD






OPS/images/fams-10-1383106/inline_9.gif
<"'V>uf iN:





OPS/images/fams-10-1383106/inline_8.gif
p(x,) e C0,T] L ()





OPS/images/fams-10-1383106/inline_7.gif





OPS/images/fams-10-1383106/inline_6.gif
W2 (€))





OPS/images/fams-10-1383106/inline_5.gif
Hy(n)





OPS/images/fams-10-1383106/inline_40.gif
y=2x





OPS/images/fams-10-1383106/math_12.gif
Py(x) = - where w(x)

(24)





OPS/images/fams-10-1466965/inline_119.gif
=





OPS/images/fams-10-1466965/inline_118.gif
F P (R k)





OPS/images/fams-10-1466965/inline_117.gif
P





OPS/images/fams-10-1466965/inline_116.gif





OPS/images/fams-10-1466965/inline_115.gif
P





OPS/images/fams-10-1466965/inline_114.gif
|@f +| 8= det 3 (0






OPS/images/fams-10-1466965/inline_122.gif





OPS/images/fams-10-1466965/inline_121.gif





OPS/images/fams-10-1466965/inline_120.gif
P





OPS/images/fams-10-1466965/inline_12.gif





OPS/images/fams-10-1383106/math_30.gif
nfﬂx)(;)ldxs e’ﬁmnjr(x)(%‘)laxﬁ Oast— 4+

(2.9)





OPS/images/fams-10-1383106/math_3.gif





OPS/images/fams-10-1383106/math_29.gif
[ dr< Cp(l?a)fm(x]( )dxvm.hv{l)*
a

where  Co(Ro) = {ﬁ‘;({;"g)k





OPS/images/fams-10-1383106/math_28.gif
%; F(t]( ) tix+7/m(t](al(ﬂx);7i])ldx:n





OPS/images/fams-10-1383106/math_27.gif
;;ém}(g)ldu * {m(t](%(k‘(t]%))z:h
= Fzz|





OPS/images/fams-10-1383106/math_26.gif
o ¢ T
A‘ (W2 Ndx < e mgm"(ll:é(t]dxﬁouk»

400,





OPS/images/fams-10-1383106/math_25.gif
Lo o
)([25) = ([ e mon—n+nFas
([ ([ 5)= ([ ema ¥
s
(fr'z‘"‘(m,u —o+0fa) <
. s
([ o1 )+ 07 ) ([ o1 -+ E )
r (] P )(! P )

s
<01+ 1)’%(/ a1 -0+ 0B ) <,





OPS/images/fams-10-1383106/math_24.gif
AlRo) < CulRo) < 4A(Ro) with  A(Rp) =

([ ) %)





OPS/images/fams-10-1383106/math_23.gif
[oriwzas< cumo [ H*’(:Ti)l"‘
J





OPS/images/fams-10-1383106/math_22.gif
dx=

s [oriwace o [ ro(5E
3

a





OPS/images/fams-10-1420671/math_18.gif





OPS/images/fams-10-1420671/math_19.gif
d)eX)=((X,foad) € X)





OPS/images/fams-10-1420671/math_16.gif





OPS/images/fams-10-1420671/math_17.gif





OPS/images/fams-10-1420671/math_14.gif





OPS/images/fams-10-1420671/math_15.gif





OPS/images/fams-10-1420671/math_13.gif





OPS/images/fams-10-1420671/math_21.gif





OPS/images/fams-10-1420671/math_2.gif





OPS/images/fams-10-1420671/math_20.gif





OPS/images/fams-10-1420671/inline_3.gif





OPS/images/fams-10-1420671/inline_4.gif





OPS/images/fams-10-1420671/inline_1.gif





OPS/images/fams-10-1420671/inline_2.gif
d*: IRy xRy —[0,00),





OPS/images/fams-10-1397374/math_93.gif





OPS/images/fams-10-1420671/crossmark.jpg
©

|





OPS/images/fams-10-1420671/math_11.gif





OPS/images/fams-10-1420671/math_12.gif





OPS/images/fams-10-1420671/math_1.gif





OPS/images/fams-10-1420671/math_10.gif
1(i,]) = d{J,K)





OPS/images/fams-10-1420671/math_28.gif





OPS/images/fams-10-1420671/math_29.gif





OPS/images/fams-10-1420671/math_26.gif
Px C Fy.





OPS/images/fams-10-1420671/math_27.gif





OPS/images/fams-10-1420671/math_24.gif





OPS/images/fams-10-1420671/math_25.gif





OPS/images/fams-10-1420671/math_22.gif





OPS/images/fams-10-1420671/math_23.gif





OPS/images/fams-10-1420671/math_3.gif





OPS/images/fams-10-1420671/math_30.gif





OPS/images/fams-10-1397374/math_67.gif
S0+ )

SHet

= _Ssieb)
@






OPS/images/fams-10-1467426/inline_26.gif
D' (intS, V)





OPS/images/fams-10-1397374/math_68.gif





OPS/images/fams-10-1467426/inline_25.gif
(S H)





OPS/images/fams-10-1467426/inline_24.gif
L8V





OPS/images/fams-10-1397374/math_66.gif
Si(Si-1 + bia) = Sii+bia#0 and S #£0,

forallie N. (3.3)






OPS/images/fams-10-1467426/inline_23.gif
LSV





OPS/images/fams-10-1397374/math_74.gif





OPS/images/fams-10-1397374/math_72.gif
1(Sic1 + biny)






OPS/images/fams-10-1467426/inline_31.gif
Hy (8.H)





OPS/images/fams-10-1397374/math_73.gif
—Si(Si—y + biy]






OPS/images/fams-10-1467426/inline_30.gif
Wl (8.7) < C(S. H)





OPS/images/fams-10-1397374/math_70.gif
Si

forallie N,





OPS/images/fams-10-1467426/inline_3.gif
Vi Y





OPS/images/fams-10-1397374/math_71.gif
—S a
oS + o)
SO s

el @
= cu= Sisi+0) E
SR e -






OPS/images/fams-10-1467426/inline_29.gif
Hy (S, H) cC(S H)





OPS/images/fams-10-1397374/math_69.gif
(34)





OPS/images/fams-10-1467426/inline_28.gif
(S H)





OPS/images/fams-10-1397374/math_7.gif





OPS/images/fams-10-1467426/inline_27.gif
LSV





OPS/images/fams-10-1397374/math_57.gif
e i
j wm'm:,gi,:; % l AduG) forallne .






OPS/images/fams-10-1467426/inline_199.gif





OPS/images/fams-10-1397374/math_58.gif
(217)





OPS/images/fams-10-1467426/inline_198.gif





OPS/images/fams-10-1467426/inline_197.gif





OPS/images/fams-10-1397374/math_64.gif





OPS/images/fams-10-1397374/math_65.gif
1
Sot+by
ay

and U=

Si+b
1
@

S0 @
-5 @
(32)





OPS/images/fams-10-1467426/inline_22.gif
(S H)





OPS/images/fams-10-1397374/math_62.gif
0. (2.20)

ag(bgy —by) and b, =2(a, ,—ap),






OPS/images/fams-10-1467426/inline_21.gif
L8V





OPS/images/fams-10-1397374/math_63.gif





OPS/images/fams-10-1467426/inline_202.gif





OPS/images/fams-10-1397374/math_60.gif
x(f) = %1% — g N





OPS/images/fams-10-1467426/inline_201.gif
Li=ess upys 150,78 | ey





OPS/images/fams-10-1397374/math_61.gif
(2.19)





OPS/images/fams-10-1467426/inline_200.gif
RRF(e)]





OPS/images/fams-10-1397374/math_59.gif
=

du ()
()= j :7‘:

-
Mu{)) 1 A-z 1 zdp(2)
m.j pra n»:"““‘”ﬁ‘/_j

e .
' 2 Fanw) s+
:El |du(A)+Elf s






OPS/images/fams-10-1467426/inline_20.gif
D' (intS, V)





OPS/images/fams-10-1397374/math_6.gif





OPS/images/fams-10-1467426/inline_2.gif
v ¥





OPS/images/fams-10-1397374/math_87.gif
(3.11)





OPS/images/fams-10-1467426/inline_46.gif
(M.






OPS/images/fams-10-1397374/math_88.gif
@
Aty o, L j.du @)






OPS/images/fams-10-1467426/inline_45.gif
I(0.T:5)





OPS/images/fams-10-1397374/math_85.gif
- =S5 =0 = [ 2auO).
== f @
A dp()
75"/‘





OPS/images/fams-10-1467426/inline_44.gif
(M.






OPS/images/fams-10-1397374/math_86.gif
e Y
gy — — [ a1k g0
/ () = / 2 ®0)





OPS/images/fams-10-1467426/inline_43.gif
B BB





OPS/images/fams-10-1467426/inline_42.gif
lim
=





OPS/images/fams-10-1397374/math_84.gif
du(3) =

~
)
<),

(3.10)





OPS/images/fams-10-1467426/inline_41.gif
[P





OPS/images/fams-10-1397374/math_92.gif
(b1 — by2)y
—S=2a ~a) and b_ =2a, ~a@), keN
(3.14)





OPS/images/fams-10-1397374/math_90.gif
X (f) = gt 17k — gt

L





OPS/images/fams-10-1467426/inline_5.gif
Wy [y 221 e





OPS/images/fams-10-1397374/math_91.gif





OPS/images/fams-10-1467426/inline_49.gif
09 15





OPS/images/fams-10-1397374/math_89.gif





OPS/images/fams-10-1467426/inline_48.gif
we (0,7, B)~C (0,71, By)





OPS/images/fams-10-1397374/math_9.gif





OPS/images/fams-10-1467426/inline_47.gif
(0,7, B)





OPS/images/fams-10-1397374/math_77.gif
forallne M.  (3.7)





OPS/images/fams-10-1467426/inline_36.gif
wel @6 X)





OPS/images/fams-10-1397374/math_78.gif





OPS/images/fams-10-1467426/inline_35.gif
ve (bt X)





OPS/images/fams-10-1397374/math_75.gif
(A) = AP(2) = ULPX) = AP(A) = LULP(A) = ALP(A) =

= Jdpld ;) = ApD(2),






OPS/images/fams-10-1467426/inline_34.gif
0w € LitLy)





OPS/images/fams-10-1397374/math_76.gif
Po(3)

y % PG)
) = £pe) = )
Sotb )
@ X
o)
P+ Mm(n Ao
o0y
o B g | | |
6y
oy 2 0 .






OPS/images/fams-10-1467426/inline_33.gif
vowe D4, H)





OPS/images/fams-10-1467426/inline_32.gif
W (S.0)





OPS/images/fams-10-1397374/math_82.gif
p()

89 p() = 58

Py

) +50). pi) € CI2). (39)






OPS/images/fams-10-1397374/math_83.gif
—SpSp—1 = —S& (A1), forallne M.





OPS/images/fams-10-1467426/inline_40.gif
o ds
[ R





OPS/images/fams-10-1397374/math_80.gif





OPS/images/fams-10-1467426/inline_4.gif
W =W





OPS/images/fams-10-1397374/math_81.gif





OPS/images/fams-10-1467426/inline_39.gif
]s Be)de = +o





OPS/images/fams-10-1397374/math_79.gif
Si = (e0, ) "e0) = (60, L"e0) = (e0, L(LL)™ ' theo)
= (70, ("= So)eo) = —Solen, )"~ e0) = —Sosi-4
forallne M.





OPS/images/fams-10-1467426/inline_38.gif
Be L (S;R)





OPS/images/fams-10-1397374/math_8.gif
bo ay
a b o »

a by "






OPS/images/fams-10-1467426/inline_37.gif
w()v(yg € Daty)





OPS/images/fams-10-1397374/math_38.gif
Pi(0)#0 forallje &y,





OPS/images/fams-10-1397374/math_36.gif
—(0).  (26)






OPS/images/fams-10-1467426/inline_178.gif
fen (S H)





OPS/images/fams-10-1397374/math_37.gif
Pal®)  Paaf0)
P20 Pak(0)
1

Py(0) = P i(0)

= 1)‘£~ . %p,,k(n).

(e






OPS/images/fams-10-1467426/inline_177.gif
u'ely (S H)





OPS/images/fams-10-1397374/math_34.gif
!
P = 0] 5 @5)
g





OPS/images/fams-10-1467426/inline_176.gif
ueIf (5.0





OPS/images/fams-10-1397374/math_35.gif
Py(0) =

Pn(0)  Par(0)
Pui(0) Pra(0)

B _

e





OPS/images/fams-10-1467426/inline_175.gif
fely @),





OPS/images/fams-10-1397374/math_32.gif
S
OB






OPS/images/fams-10-1467426/inline_174.gif
u €3, (0)





OPS/images/fams-10-1397374/math_33.gif
Pt (0 O &% PO
RO @ @ RO
bt —Buk— uper + Bur 1

e Teot1 et Teer

by Section (23))






OPS/images/fams-10-1467426/inline_173.gif





OPS/images/fams-10-1397374/math_30.gif
P2(0) h| a0 P20
DIOMASY TOM A 0]
Rt
by






OPS/images/fams-10-1467426/inline_172.gif
u, € I2.(0)





OPS/images/fams-10-1397374/math_31.gif





OPS/images/fams-10-1467426/inline_171.gif
uel (J)





OPS/images/fams-10-1467426/inline_170.gif
I o
19 llgpegay= 9 Ky +1 701 )





OPS/images/fams-10-1397374/math_3.gif





OPS/images/fams-10-1467426/inline_17.gif
LSV





OPS/images/fams-10-1467426/inline_169.gif
W (Q)={ve Q)
)
ve
Q)]
v,
e L
(©)
).





OPS/images/fams-10-1467426/inline_168.gif
L.





OPS/images/fams-10-1467426/inline_167.gif
([





OPS/images/fams-10-1467426/inline_166.gif
[; D, )t 20





OPS/images/fams-10-1467426/inline_165.gif
v, =





OPS/images/fams-10-1467426/inline_164.gif
(v cF





OPS/images/fams-10-1467426/inline_163.gif





OPS/images/fams-10-1467426/inline_162.gif





OPS/images/fams-10-1467426/inline_161.gif
TESVR,






OPS/images/fams-10-1467426/inline_160.gif
[v,v']e 8Dy





OPS/images/fams-10-1397374/math_56.gif
A
du'P(2) = b:du().). (2.16)





OPS/images/fams-10-1467426/inline_189.gif
1% llgpogay
1% llgnagay 521 % o





OPS/images/fams-10-1397374/math_48.gif
JPP() = ULPP/() = APP(G) =
= Lup?P6) = 1 (LPP () = & (LPP () = 2P(R).





OPS/images/fams-10-1467426/inline_188.gif
At
% o





OPS/images/fams-10-1397374/math_54.gif
&¥ = —6.
(2.15)





OPS/images/fams-10-1467426/inline_196.gif
VE(E=p|Ef? ¢, LR






OPS/images/fams-10-1397374/math_55.gif
1
+6(" forallne N





OPS/images/fams-10-1467426/inline_195.gif
JIAGETY





OPS/images/fams-10-1397374/math_52.gif
D= fi forallne . @14)






OPS/images/fams-10-1467426/inline_194.gif
vy, € Q)





OPS/images/fams-10-1397374/math_53.gif
sn = (e0,]"e0) = (€0, (LU)"€0) = (e0, L(UL)""" Ueo)
= (LTe0, IP)" ' Byeo) = boleo, U

&






OPS/images/fams-10-1467426/inline_193.gif





OPS/images/fams-10-1397374/math_50.gif
i PO
PP = pa>+Z( 1)"P() ]‘[1, P_(,\)+Zmya)

(2.13)





OPS/images/fams-10-1467426/inline_192.gif





OPS/images/fams-10-1397374/math_51.gif
Pi(0)

P T @i, <n>
1 Past(MPa(0) = Pal(3)Pus1(0)
o0 x

PP = P+ Z

Z POP() =






OPS/images/fams-10-1467426/inline_191.gif





OPS/images/fams-10-1397374/math_49.gif
1 Po(2)

“ho1 Py
PPG)=L'P)= | hh —h 1 ()

—hbl bls <15 1 P3(2)

Po(3)
Py(0) — i Po(3)
= Pa(3) = bPy() + L Po(2)
P3(3) = BP2(3) + BlsPy(2) - halsPo()

o)

[
%





OPS/images/fams-10-1467426/inline_190.gif
At
% o





OPS/images/fams-10-1397374/math_5.gif





OPS/images/fams-10-1467426/inline_19.gif
@ = [ S OPOar





OPS/images/fams-10-1397374/math_46.gif
PPo)= :n)Pn+l (1)Pa(0) — - PnlA)Pn 1 (ﬂ). @12)





OPS/images/fams-10-1397374/math_47.gif
N
I 1
bl —h 1
—hbls bl ko1

Ty (AN
i o






OPS/images/fams-10-1467426/inline_187.gif





OPS/images/fams-10-1467426/inline_179.gif
a1, vV —>2"





OPS/images/fams-10-1397374/math_44.gif





OPS/images/fams-10-1467426/inline_186.gif
g (&) =r(r-0s" >0





OPS/images/fams-10-1397374/math_45.gif
Gl = U=
U=y = U;=0y Tloralje

BAS





OPS/images/fams-10-1467426/inline_185.gif
g ()=





OPS/images/fams-10-1397374/math_42.gif
= b foralljeN.
@10





OPS/images/fams-10-1467426/inline_184.gif
JAGET





OPS/images/fams-10-1397374/math_43.gif
W 1
v 1
o )
P =uvL= Al e |-

wnh
huy wtvh v

= s vy . | = (DY EQuation 23]

wnh @
huy  w+vh 6

bus wstvss |






OPS/images/fams-10-1467426/inline_183.gif
£55 0P, 120,78 | 2





OPS/images/fams-10-1397374/math_40.gif
LU — UL =J¥






OPS/images/fams-10-1467426/inline_182.gif
Lo (S, () ~Hy, (82 22(C)





OPS/images/fams-10-1397374/math_41.gif
/== @9






OPS/images/fams-10-1467426/inline_181.gif
u'ely (S H)





OPS/images/fams-10-1397374/math_39.gif
70






OPS/images/fams-10-1467426/inline_180.gif
ueIf (5.0





OPS/images/fams-10-1397374/math_4.gif
Po(3)

1oand Pyx)






OPS/images/fams-10-1467426/inline_18.gif
D' (intS, V)





