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Editorial on the Research Topic
 Topological Soft Matter



In recent years, topology has acquired more and more importance in hard-condensed matter systems such as superconductors or photonic materials [1, 2]. Yet it also plays a central role in soft, non-crystalline materials. The behavior of many soft materials relies on vector fields, such as the nematic director in liquid crystals, velocity in fluids or in active particles, deformation in soft solids, or the orientation of fibers. All these fields can host singularities, or topological defects [3], which are crucial in determining the properties and behavior of soft systems [4]. The goal of this Special Topic is to bring together perspective from soft matter scientists on the role of topological defects in soft materials, focusing especially on metamaterials, liquid crystals, and active matter.

When thinking about topological materials, topological insulators immediately come to mind [5]. Soft analogs of such materials are provided by topological mechanical networks, or phononic metamaterials, where the propagation of mechanical deformations is suppressed in the bulk material but allowed at the boundaries, thus creating edge modes similar to those found in topological insulators. An example of such a material is described in the work by Ronellenfitsch and Dunkel, which shows the emergence of chiral edge modes in mechanical networks. These systems open new perspectives for the design of phononic metamaterials with exotic properties such as negative Poisson's ratio, negative effective mass, or gapped vibrational spectra.

Liquid crystals also offer fascinating perspectives in the design of photonic metamaterials, where matter and light can interact in unusual ways. Liquid crystal defects are characterized by strong elastic interactions and can therefore be used to direct the self-assembly of colloidal particles into complex 3D-architectures, with an optical index that is modulated at the scale of the light wavelength. Do et al. study defects in smectic-A liquid crystals, called oily streaks, to understand how nanoparticles are trapped and assembled within the defect.

Topological defects exist in all vectorial fields, but can defects from different fields crosstalk and interact? This crucial question has recently been addressed in different ways. Piccirillo et al. present an example of crosstalk between singularities in liquid crystals and phase singularities in optics, showing that the manipulation of liquid crystal defects can be a powerful tool to control optical beams.

Beyond applications, liquid crystals also constitute real laboratories to test predictions on topological defects and understand their behavior and interactions, since liquid crystal defects are observable and controllable [6]. This collection shows two important examples of this fine control. On the one hand, Pieranski and Godinho show a “defect collider” to study the annihilation between “dowsons,” special topological defects in nematic liquid crystals whose dynamics resemble that of vortices in superconductors. On the other hand, the work by Harth and Stannarius presents a detailed study of the dynamics of defect interaction in smectic-C liquid crystal films, thus focusing on a nearly 2-dimensional system.

The ability to control liquid crystal defects comes from the existence of experimental tools to manipulate defects and from the development of predictive tools resulting from the understanding of the liquid crystal free energy. The work by Sussmann and Beller provides a detailed characterization of a new simulation tool to minimize the Landau-deGennes free energy, especially suited for capturing defects in confined nematic liquid crystals and in liquid crystals with imposed surface alignment.

A new open question in soft matter is to understand the role that topological defects have in the organization of active systems and living matter [7]. Defects in living systems appear at several length-scales, from lipid domains to cells, and at all length-scales there is evidence that they drive self-organization. Sengupta offers a perspective focusing on the micro-scale, highlighting the role that defects have in the interaction between microbes and their microenvironment.

Liquid crystal organization of biological material is also the subject of the work by Khadem and Rey, which focuses on the liquid crystalline behavior of tropocollagen, a polymer present in cells' extracellular matrix. This polymer forms rigid structures that create liquid crystal assemblies and drive the orientation of collagen fibers. The role of condensed liquid crystalline phases both in the cell cytoskeleton and in the extracellular matrix is still debated, and this paper sheds light on the energy of condensation of tropocollagen in various micro-environments.

Although the organization of biofibers in the cell cytoskeleton is responsible for the cell mechanical properties, complex cell functions, such as motility or replication, require the presence of force-generators, which bring the system out-of-equilibrium. A bioinspired “active nematic” has recently been developed by mixing microtubules with kinesin motors [8]. Here topological defects behave as self-propelled particles that control the flows in the material. In this out-of-equilibrium system, questions such as defect-mediated self-assembly of colloidal particles need to be reformulated. The work by Hardoüin et al. focuses on the formation and the dynamics of a line defect around a colloidal particle, paving the way for future research in the field.

Through examples of the behavior of topological defects in mechanical metamaterials, liquid crystals, and active matter, we hope to raise more questions and interest in the role that soft matter systems can play in understanding both the mechanism of formation of topological defects and their practical importance for materials technology and biology.
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The collagen triple helix is a ubiquitous biomacromolecule used in acidic aqueous solutions as precursor in the fabrication of artificial compact bone and cornea and in tissue engineering. The primary architecture of these highly structured solid tissues is formed during the cholesteric liquid-crystalline stage of their morphogenesis. The theoretical platform that describes the coupled dynamics of phase-ordering and mass transfer developed, implemented and validated here can be used for optimal material design and plays a significant complementary role to future experimental studies. Based on uniaxiality assumption, we have recently developed and validated a theory for the free energy tailored for acidic collagenous dispersions. Here we significantly expand and generalize our previous study, by including biaxiality since cholesteric phases must have a degree of biaxiality. In this work, we first modify the proposed interchain interaction and excluded-volume contribution by use of the addition theorem for spherical harmonics. Then, the Euler-Lagrange minimization followed by expansion around I/N* transition allows us to construct the free energy of ordering in terms of the phenomenological Landau–de Gennes formulation. Finally, we use the time-dependent Ginzburg-Landau equations to study the non-Fickian evolution of a single two dimensional cholesteric tactoid through a shallow quench from the isotropic to biphasic region of the phase diagram. Although equilibrium biaxiality is considerably low for these long-pitch cholesterics, we found that during self-assembly the biaxial order parameter achieves significant larger values than the equilibrium value. Additionally, the relaxed director field becomes both onion-like and defect-less, which is consistent with the twisted bipolar structure observed experimentally. The self-assembly simulations demonstrate that the formulated theoretical platform is not only consistent with previous theoretical and experimental studies but also able to be used to explore new routes for non-equilibrium collagen self-assembly. Taken together, this study deepens our understanding of cholesteric (chiral nematic N*) mesophase in acidic solutions of tropocollagen, and suggests a systematic spatio-temporal model that is capable of being used to extract the engineering principles for processing of these sought-after biomaterials.

Keywords: biaxiality, liquid-crystalline self-assembly, collagen-based bioinspired materials, cholesteric tactoids, Landau–de Gennes model, time-dependent Ginzburg-Landau model, chiral nematic nucleation and growth, uphill diffusion


INTRODUCTION

Type I Collagen is composed of three left-handed polypeptide helices (denoted by [α1(I)]2 [α2(I)]) twisted together to yield a right-handed triple helix. This rod-shaped biomacromolecule, also known as tropocollagen, commonly has a 1.5 nm bare diameter and 300 nm height. The tropocollagen falls into the class of fibrous proteins and is abundantly found in both soft and hard human's tissues, namely cornea, tendon, cortical bone, and more [1]. Over the past two decades, biomimetic fabrication of collagen-based biomaterials has received considerable attention in view of the abundant critical applications such as artificial bone [2–5] and cornea [6, 7] reconstruction. Moreover, for in-vitro replication of these collagenous biological tissues, there is fortunately no concern about supply because tropocollagen can be readily accessible through mammalian and non-mammalian resources [8]. Consequently, numerous promising applications of biomimetic fabrication of collagenous biomaterials [9–11] in conjunction with the availability of precursor play a central role in the drive to create the bioinspired collagen-based materials.

The structural pattern of tropocollagen rods bestows great structural-relation properties on collagenous biological materials and biomaterials. Furthermore, their structures are analogous with architecture of tropocollagen in liquid-crystalline states [12], hence these materials are called “solid analogs.” This correspondence establishes the role and impact of liquid-crystalline morphogenesis [13–15] and singles out liquid-crystal-based biomimetic material process engineering as a promising route to enhance the quality of collagen-based biomaterials or even to explore new ones [3, 16–19].

Normally, tropocollagen is immiscible in aqueous solutions due to its hydrophobicity. To attain a stable aqueous isotropic phase, which is the starting point of biomimetic fabrication, hydrophobicity of tropocollagen must be reduced by being dispersed in acidic solutions. Basically, numerous amine function groups that are good proton receptors are found along the tropocollagen backbone. Once these functional groups are protonated, the intrachain repulsion causes that, the semi-flexible (worm-like) backbones become uncoiled and essentially rigid rods. The existing interchain repulsion also impedes aggregation, in other words the rods have an effective diameter between two or three times the bare one [20–22]. Finally, due to being charge-carrier rigid rod-like molecules, tropocollagen is capable of exhibiting lyotropic cholesteric phase organization. For example, for an acetic acid concentration of [AC] ≈ 2, 900 mM, a phase transition from isotropic to chiral nematic (N*) takes places at tropocollagen concentrations of [C] ≈ 88 mg/ml [21].

Although the primary architecture of these versatile biomaterials are formed at the molecular level (i.e., mesophasic stage), the focus has been at the tissue level [23] and studies on molecular level are few [21, 22]. Furthermore, to the best of authors' knowledge, theoretic studies of cholesteric self-assembly of aqueous acidic tropocollagen solutions have not been carried out, which also reflects the case of chiral nematic phase ordering in general [24–26]. To address this gap, we have recently developed, implemented, and validated a theoretical model tailored for self-assembly of tropocollagen dispersed in acidic aqueous solutions [20]. This thermodynamic theory [20], which is based on the uniaxiality assumption, has integrated microscopic mechanisms of mixing entropy and enthalpy, attraction, repulsion, twisting, excluded-volume, and chirality. In the present study, we lift the uniaxiality assumption by generalizing the free energy that includes biaxial effects. This is crucial for cholesteric materials because chiral nematic phase is described by two vectors: the director (n) and the chiral axis (h), additionally cholesterogens are intrinsically biaxial as discussed by Wulf [27] and Wright and Mermin [28]. Incorporation of the biaxial order parameter into the cholesteric self-assembly deserves consideration because biaxiality influences pattern-formation even in nematic mesophase, such as interfacial biaxiality under tangential director orientation [29–32], the biaxial core of singular disclinations [31, 33], and sometimes more pronounced biaxiality under time-dependent conditions than under static equilibrium [34]. For the above reasons we first include biaxiality in the model formulation stage and then focus on its emergence in bulk, defect core, and interfacial regions; which are of significant importance in all structured materials [30, 33, 35–37].

In our previous validated work [20], we showed that our thermodynamic model of acidic collagen solutions captures two key features: (i) the expected chimney diagram predicted by Flory and found experimentally for many lyotropic rod-like liquid-crystalline polymers [38], and (ii) the parabolic bi-phasic funnel in aqueous acidic collagenous solutions under increasing pH, where cholesteric tactoids (drops) emerge from isotropic phases. Study of cholesteric tactoids is important because of three main reasons: (i) tactoid formation process must occur in to chimney and funnel phase diagrams, which are the fingerprint of rod-like macromolecules. Thus, these cholesteric drops are a crucial element in the validation of thermodynamics of rod-shaped rigid macromolecules; (ii) these stable but deformable drops serve a sources of material properties information such as bulk Frank-Oseen-Mermin elasticity [27], novel coupled gradient contributions between nematic order parameter and collagen concentration, and the cholesteric pitch; (iii) characterizing and understanding the emergence, growth, annihilation, and coalescence of tactoids are essential to future developments of collagen-based material processing. To focus on collagen tactoids, as shown in Figure 1, we then target the dynamic of self-assembly through a shallow quench from isotropic phase into the bi-phasic funnel of the previously obtained phase diagram [20]. In contrast to the better known single component monomeric thermotropic tactoids, in the present case concentration is a conserved transport variable that need to be included. For this purpose, we formulate the coupled phase ordering/mass transfer Model C [39, 40] in order to derive the governing equations of collagen self-assembly. Afterward, we impose proper auxiliary conditions (e.g., initial and boundary conditions for the computational domain) on the obtained governing equations to capture a thorough spatio-temporal evolution of a single cholesteric tactoid—see Figure 2. This evolution has two steps: (i) emergence of a cholesteric nucleus in a continuous isotropic phase, (ii) followed by the formation of a stable chiral nematic tactoid coexisting with the isotropic phase.


[image: image]

FIGURE 1. Phase diagram of tropocollagen in acidic aqueous solutions. The black solid lines are binodal curves and the black dashed line is phase transition boundary. The quench point and the evolution path are shown by a red square and a blue solid line, respectively. This figure is adapted from Khadem and Rey [20]. The schematics denote the isotropic phase at low collagen concentrations, a typical micron-sized cholesteric drop in an isotropic bulk at intermediate concentrations, and the chiral nematic (N*) or cholesteric phase at higher concentrations.
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FIGURE 2. Schematic of the computational domain, in which a small chiral nematic drop is initially seeded, and allowed to naturally grow in coexistence with an isotropic phase.



In this work we restrict simulations to a single collagen tactoid with the aim of contributing to the evolving understanding of chiral phase ordering [24, 25, 41]. The simulations are also restricted to 2D. In principle, 3D spatio-temporal simulations can give a full picture of tactoid formation stages. Yet, from practical viewpoint, the present phase ordering/mass transfer coupled non-linear model with nano-to-micron scales becomes essentially intractable [42]. Furthermore, we have previously shown [43–45] that 2D simulations can provide invaluable predictions, and as discussed later on, in this study the important metrics of size, shape, and structure are not lost when using our 2D simulation box. In particular, we capture bulk disclinations, interfacial anchoring, interfacial biaxiality, growth modes, and self-selected shapes. Hence, this 2D study gives a necessary foundation for future 3D simulations.

The paper is organized as follows. Section Continuum Methodology for Simulation of Liquid-Crystalline Self-assembly of Tropocollagen Dispersed in Acidic Aqueous Solutions presents the methodology used in the formulation of self-assembly, including: (1) Formulation of the free energy for a system consisting of charged cholesterogen dispersed in a mixture of water solvent and mobile ions—see subsections Long-Range Description of Molecular Alignment to Total Free Energy Tailored for Tropocollagen Self-assembly in Acidic Aqueous Solutions. Subsection Long-Range Description of Molecular Alignment defines the Q-tensor. In Free Energy Contributions for Pure Charged Cholesterogens; Incorporation of Biaxial Order Parameter, the free energy of pure charged cholesterogen is developed taking into account the biaxial order parameter. In Mixing Free Energy of Binary Dispersions Consisting a Charged Cholesterogen and Small-Sized Solvent, the obtained free energy is generalized for a mixture of charged cholesterogen and small-sized solvent. In Total Free Energy Tailored for Tropocollagen Self-assembly in Acidic Aqueous Solutions, we discuss and incorporate other free energy contributions involved in the evolution of mesophasic state, such as the elasticity of Frank-Oseen-Mermin [28] and gradient contributions, and formation of the I/N* interface. Thus, in Total Free Energy Tailored for Tropocollagen Self-assembly in Acidic Aqueous Solutions, the total free energy of system is formulated [2]. Formulation of governing equations along with the appropriate auxiliary conditions for simulation of liquid-crystalline self-assembly in which a cholesteric nucleus of tropocollagen is initially seeded and allowed to spontaneously growth in coexistence with isotropic phase—see subsections Governing Equations for Kinetics of Self-assembly; Orientational Relaxation, and Uphill Diffusion to Computational Details. In Governing Equations for Kinetics of Self-assembly; Orientational Relaxation, and Uphill Diffusion, the governing transport equations (Model C) are formulated. Finally, subsection Computational Details presents the implementation of self-assembly simulation for nucleation and growth of a single cholesteric tactoid coexisting with an isotropic phase. Section Results and Discussions, presents results of emergence and growth of a cholesteric tactoid. Lastly, the conclusions and nomenclature are summarized in sections Conclusions and Nomenclature, respectively.



CONTINUUM METHODOLOGY FOR SIMULATION OF LIQUID-CRYSTALLINE SELF-ASSEMBLY OF TROPOCOLLAGEN DISPERSED IN ACIDIC AQUEOUS SOLUTIONS


Long-Range Description of Molecular Alignment

The long-range orientational order in a liquid-crystalline phase is parameterized by a second-order symmetric traceless tensor called Q-tensor [14, 15, 46].

[image: image]

where δ is the Kronecker delta. The orientation of a mesogen is characterized by the orthogonal director triad of (n, m, l). The degree of alignment along the uniaxial director, n, and biaxial director, m, are S and P, respectively. Due to the quadrupolar symmetry of Q-tensor, it possesses the salient feature of head-tail invariance of molecular alignment (i.e., n ≡ −n, m ≡ −m, and l ≡ −l). The largest absolute eigenvalue of Q-tensor equals to 2S/3 and the corresponding eigenvector is equivalent of uniaxial director, n. The difference between the absolute medium and smallest eigenvalues is 2P/3 and the eigenvector corresponds to the second largest absolute eigenvalue is biaxial director, m. Thus, in the isotropic and ordered phases, the Q-tensor becomes the 3 × 3 zero matrix, Q = 0, and non-zero matrix, Q ≠ 0, respectively.

The uniaxial and biaxial order parameters are also defined in terms of directors/Q-tensor or the normalized orientational distribution function on the unit sphere, ψ(u), for any given molecular orientation, u:

[image: image]
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dΩ = sin(θ) dθdφ represents a solid angle, and θ and φ are the polar and azimuthal angles. Δ(θ, φ) is defined as 3sin2(θ)cos(2φ)/2. As explained below, P2(cos(θ)) and Δ(θ, φ) are representative of uniaxiality and biaxiality, respectively. In addition, the normalized distribution function, employed in Equations (2, 3), implies following constraint [47]:

[image: image]
 


Free Energy Contributions for Pure Charged Cholesterogens; Incorporation of Biaxial Order Parameter

The total dimensionless Helmholtz free energy per particle, [image: image], for a dispersion comprising NA charged cholesterogens is [20, 48, 49]:

[image: image]

where β, [image: image], and cA stand for thermal energy, standard chemical potential and number density, respectively. The last three terms in Equation (5) account for the contribution of molecular orientation (i.e., uniaxiality and biaxiality) in the mesophasic state. σ(ψ(u)) describes the decrease of orientational entropy upon alignment of the mesogenic molecules.

[image: image]

Since we focus on rod-like rigid mesogen, the second virial approximation is capable of accurately describing the excluded volume effect, given by Odijk [49] and Drwenski et al. [50]:

[image: image]
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[image: image] is the average excluded volume defined as [image: image] in which L and Deff denote contour length and effective diameter of tropocollagen. Deff has a dependence on the bare diameter, D = 1.5 nm, and concentration [20]. To take biaxiality into consideration, in accordance with Drwenski [51, 52] and Matsuyama and Crystals [53], we make use of the addition theorem for spherical harmonics to express the angle between two rods, γ, in terms of the polar, θ, and azimuthal, φ, angles in spherical coordinate:

[image: image]

First term in Equation (8) is independent from azimuthal angle and represents uniaxiality. Second term is related to biaxial contribution and has the dependence on both polar and azimuthal angles.

The intermolecular interaction and angle between rods interchangeably affect each other because the electrostatic repulsion and twisting favors perpendicular orientation while the van der Waals attraction prefers the parallel alignment (i.e., nematic phase) [49, 50, 54]. Hence, based on our previous work [20] and [51], we suggest the net interchain potential expressed by

[image: image]

where υA is the volume of an individual rigid rod, [image: image]. U'elc and U'MS are parameters of electrostatic repulsion and a positive constant, respectively. The contribution of intermolecular interaction, M(ψ(u)), is then obtained by taking average over all possible rod configurations [20]:

[image: image]

U = Uelc − UMS is called the potential of the orientation-dependent intermolecular interactions where Uelc and UMS are the strength of electrostatic repulsion and Maier-Saupe constant that is a positive constant independent of temperature. Note that Q:Q is related to uniaxial and biaxial order parameters by 2(S2+P2/3)/3.

We note that the effective diameter reflects the intermolecular repulsion, or to put it another way, the effective thickness of the attached ions on the backbone of tropocollagen. This effective thickness is called double-layer thickness, ακ-1 [49, 50]:

[image: image]

α and κ-1, which are defined as follows, are parameter of double-layer thickness and Debye screening length, respectively:
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where λB, Navo, ϵ, m, Z, Ei(•), γE, and Λ are the Bjerrum length, Avogadro's number, ionic strength, molar concentration, charge number, the exponential integral defined as [image: image], Euler constant equals to 0.5772, and linear charge density. A detailed account of parameters' values, their selection and physical significance and physical properties for aqueous acidic collagen I solutions is given in Khadem and Rey [20].



Mixing Free Energy of Binary Dispersions Consisting a Charged Cholesterogen and Small-Sized Solvent

The mixing free energy of the binary solution is given by Matsuyama and Kato [48]

[image: image]

where [image: image], [image: image] and [image: image] are free energies of solution, pure anisotropic component dispersed in isotropic state and isotropic component, respectively. Thus, in this subsection, we shall first derive the free energy of solution, and then formulate the mixing free energy of a binary dispersion by use of Equation (13).

Substituting Equations (7, 10) into Equation (5) leads to the free energy of pure charged chiral nematic rods. The free energy for binary mixture of charged chiral mesogen and small-sized solvent (water in our case)—denoted by subscript A and I, respectively—is then formulated as

[image: image]

Equation (14) is not usable unless the unknown normalized distribution function, ψ(u), is known. To formulate the normalized distribution function, the total free energy of system subjected to the normalizing constraint, given by Equation (4), is minimized using Euler-Lagrange method. This minimization yields an irreducible algebraic integral equation expressed by

[image: image]

Simplicity of free energy expression is essential since our ultimate objective is the self-assembly simulation which in itself is computationally complex. A heavy computational load is expected because the self-assembly process covers a wide range of length scale (i.e., ranging from nano- to macro-scale) and it may go through a variety of complex microscopic mechanisms [41, 55–59]. Thus, to improve tractability, we expand the functional part of Equation (15), Γ(γ), in terms of the second Legendre polynomial by use of Equation (8):

[image: image]

Having substituted Equation (16) into Equation (15), the normalized distribution function is obtained:

[image: image]

where the I00 is a definite integral defined as

[image: image]

W is known as the net cholesteric potential, which is similar to Khadem and Rey [20] and can be parameterized as

[image: image]
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ϕA is the effective volume fraction and [image: image]. αW is assumed to only be dependent on concentration of acid throughout the evolution—a reasonable assumption because αW is mainly affected by concentration of acid [20].

Next the mixing free energy, Equations (20a–c), is obtained by use of Equations (13, 14, 17). Detailed account of such algebraic derivation are given in Khadem and Rey [20] and Odijk [48]. Note that hereafter, for convenience, we use ϕ to represent the effective volume fraction of tropocollagen—it can be related to the concentration of tropocollagen in units of mg of tropocollagen pre ml of solution by C = ϕ/αc where αc is a unit conversion factor. The dimensionless mixing free energy density is:

[image: image]
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where n stands for number of segments on tropocollagen backbone. [image: image] and [image: image] describe different physics; the former explains the phase separation which is the well-known Flory-Huggins equation and the latter controls the phase transition (i.e., homogenous contribution). In the absence of biaxiality, P = 0, the obtained mixing free energy, Equations (20a–c), is reduced to the validated free energy functional given in Khadem and Rey [20] which was validated with experimental data of tropocollagen and with previous theoretical studies. It is worth mentioning that with further assumptions the obtained free energy density leads to the formulation given in Matsuyama and Kato [48] as well as the well-established theory of Onsager—see ESI of Khadem and Rey [20] for further discussion. For numerical tractability, similar to Matsuyama [51] and Matsuyama and Kato [48], we make use of a Taylor expansion in vicinity of I/N* to expand Equation (20c) in a power series of order parameters, SiPj–the resulting polynomial is the phenomenological Landau-de Gennes (LdG) theory [60]:
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Although self-assembly simulations by use of the Equations (21a–d) is appreciably more tractable than with Equation (20c), it should be noted that the used expansion may affect the accuracy of simulations in the cases of deep quenches. However, this study only focuses on the self-assembly of shallow quenches into biphasic region which is a narrow region around I/N* boundary, see Figure 1.

An order-disorder phase transition takes place if and only if W = αWϕ = αWαcC > 5 to make the coefficient of second invariant of Q-tensor, a, negative. The derived LdG coefficients satisfy two general theoretical expectations; (1) the first-order phase transition (i.e., B ≠ 0), and (2) two minima correspond to isotropic and ordered phases (i.e., A<0 and C>0) [46]. Furthermore, in the cholesteric phase, W can be about 10, and under such conditions the proposed LdG coefficients becomes similar to the well-established lyotropic LCP Doi's model, were b ≈ c [14, 15, 61].



Total Free Energy Tailored for Tropocollagen Self-Assembly in Acidic Aqueous Solutions

In addition to [image: image] which is capable of describing phase separation and an order–disorder phase transition, for constructing the total free energy of mesogenic solutions, the contributions of gradients should be taken to account [62–64]:
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[image: image]

[image: image]

[image: image]

[image: image] is the coherence length in which a3 stands for the volume of each lattice unit and Li are elastic constants. [image: image] is dimensionless gradient in which [image: image] denotes a macroscopic length scale and the spatial domain is scaled by [image: image], [image: image] and [image: image] where Lϕ is cost of interfacial formation and Lϕ−Q represents coupling constant. The total free energy as well as the evolution of chiral nematic phase for tropocollagen are mesoscopic because it retains both microscopic length scale, ξ, in a nanometer range and macroscopic length scale, h0, in the range of micrometers.



Governing Equations for Kinetics of Self-Assembly; Orientational Relaxation, and Uphill Diffusion

Simulations of pattern-formation in fibrous composites, including collagen-based tissues, were first carried out by De Luca and Rey [61, 64, 65]. Their approaches were based on diffusionless evolution of mesophase, and capable of predicting macroscopic architecture of these materials to a great extent. However, recent studies have revealed the imperative role of diffusion in accurately capturing the growth of order-disorder interface [43, 45]. Hence, for the purpose of realistic self-assembly modeling, in this subsection, we formulate the spatio-temporal evolution of tropocollagen in which the Q-tensor augmented with a mass transfer equation.

The cholesteric micro-structures in collagenous biomaterials are formed through the liquid-crystalline self-assembly stage. Two simultaneous mesoscopic mechanisms govern this thermodynamically driven assembly. First, mass transfer mechanism allows tropocollagen macromolecules to diffuse into cholesteric phase (i.e., tropocollagen-rich phase) from isotopic phase (i.e., tropocollagen-lean phase). The mentioned demixing is known as uphill or non-Fickian diffusion and reduces the total free energy of system. Second, orientational relaxation mechanism induces cholesteric architecture inside the formed high-concentration domain. To describe these two phenomena; two coupled fields are required. First, the conserved scalar field of concentration, C, or equivalently volume fraction, ϕ, governing the phase separation. Secondly, the non-conserved tensorial field of Q-tensor by which the orientation of tropocollagen biomacromolecules is primarily specified. The spatio-temporal evolution of {Q, ϕ } is found using the time-dependent Ginzburg–Landau (TDGL) formalism, also known as model C in Hohenberg and Halperin classification [39, 40]. The dimensionless form of model C adjusted for self-assembly simulation reads [17, 61, 64, 66, 67]:

[image: image]
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[image: image] represents functional derivative. [image: image] is dimensionless time defined as [image: image]where t is time, [image: image]in which the mobilities of Q and ϕ are MQ and Mϕ, respectively. Additionally, the superscript [s] indicates that the functional derivative must be symmetric traceless in order to be consistent with the nature of Q-tensor—for any given second rank tensor T[s] = (T + Tt)/2 − Tr(T)δ/3 where superscript t denotes transpose.

The system given in Equations (23a,b) is a set of six coupled non-linear PDEs. Equation (23a) accounts for the spatio-temporal evolutions of the orientational tensor order parameter. This equation is the compact tensorial form of five independent second-order PDEs. Furthermore, Equation (23b) is a fourth-order PDE, known as the Cahn-Hilliard equation, to describe the concentration field by which the chiral nematic and isotropic phases gradually evolve through the uphill diffusion mechanism.



Computational Details

Here we elaborate on the simulation of nucleation and growth of an isolated cholesteric tactoid in a continuous isotropic phase. This simulation consists of a diffusional phenomenon coupled with structural relaxation. The general schematic representation of this implementation is illustrated in Figure 2.

As above mentioned, the biomimetic formation of collagen-based tissues starts with dissolving tropocollagen in acidic aqueous solutions to obtain the isotropic phase. In such condition, a nucleus is thermodynamically allowed to grow, providing its radius is greater than a critical value. In that case, as a single tactoid grows, the tropocollagen rods diffuse from collagen-lean phase to collagen-rich phase, in turn, the isotopic and cholesteric phases become depleted from and enriched in tropocollagen, respectively. The diffusion of tropocollagen from lean phase (isotropic phase) to rich phase (cholesteric phase) continues till a point where the chemical potentials of two phases become identical.

As illustrated in the Figure 2, we consider the bulk of system as a square with [−0.5 0.5] × [−0.5 0.5] normalized by h0. Each pair of sides are subjected to the periodic boundary condition. Initially Q = 0 and the phase is isotropic. Afterwards, an initial cholesteric tactoid is seeded by a circular Gaussian distribution with FWHM (full width at half maximum of Gaussian function) greater than the critical drop diameter. The seeding is expressed:

[image: image]

[image: image]

Ξ and Ξ, that are, respectively, a second rank symmetric traceless random tensor and scalar random number, are included in the modeling to represent the fluctuations existing in a real system. The subscript e indicates the equilibrium condition given by:

[image: image]

[image: image]

In accordance with l = n × m, le is computed as [0 0 1]. Equations (24a,b, 25a,b) describe a nucleus whose center placed at position (x0, y0) at a concentration equivalent to the effective volume fraction of ϕch. For convenience, we choose the center at (x = 0, y = 0). The concentration of tropocollagen from the center, which is a cholesteric phase, gradually decreases along the radius to the concentration of continuous isotropic phase, ϕiso. This approach for simulating the initial nucleus was adapted from Wincure and Rey [30, 31, 33]. In order to make sure that the initial drop is sufficiently large, we choose the σx = σy = σ and obtain σ in way that FWHM equals two times the critical diameter: [image: image]. Classical Nucleation theory [68] provides a rough estimation of the critical radius of a drop as expressed by [image: image] in which γi and Δμiso−Cho are the interfacial tension and the chemical potential difference between isotropic and cholesteric phase [68, 69]. Additionally, Equation (24b) yields the quenched concentration as ϕq = ∬CD ϕ|t = 0 dxdy/∬CD dxdy in which CD denotes the entire system (computational domain). Consequently, ϕiso plays an appreciable role in the size of tactoid because its value affects the initial amount of tropocollagen existing in the system.

Furthermore, the total conservation of mass is imposed by:

[image: image]

Simulation parameters used in this study are summarized in Table 1—also readers are referred to the Khadem and Rey [20] for detailed account of parameters selection in order to accurately capture the available experimental data.



Table 1. The material properties and parameter values used in the present paper.

[image: image]




Although the [image: image], [image: image], and L2/L1 have not been documented for tropocollagen, we choose common values which satisfy the energy transformation constraint [70–72]:

[image: image]

Equations (24a,b) in conjunction with the above-explained conditions are solved with an adaptive finite elements technique with biquadratic basis functions (General PDE solver of COMSOL Multi-physics 5.3a). Furthermore, to acquire the acceptable spatial resolution, we considered at least 50 elements per pitch which resulted in nearly 104 triangular elements, and temporal resolution was carried out by the Backward Euler method. Convergence, accuracy, and stability were checked using standard techniques—for further information on the method and solution approach, please see the accompanying Supplementary Material.




RESULTS AND DISCUSSIONS

In this section, the dynamics of mesophasic evolution and the resulting equilibrium configuration for a shallow quench from the isotropic phase into the cholesteric phase in the presence of one small cholesteric seed are given and discussed (see Figures 1, 2).

Figures 3a–d show snapshots of a growing tactoid corresponding to dimensionless times 0, 900, 960, and 1,100, respectively. Figure 3a shows the initial condition of a small chiral nematic drop seeded in a large isotropic phase area. Note that only a small section of the computational domain, in which the self-assembly is supposed to take place, is shown in Figure 3. The computational domain is actually chosen as a fairly large square with length of h0 = 100 μm in order to make sure that the existing amount of tropocollagen in the system is sufficient for formation of a single cholesteric tactoid with diameter of the order of 30 μm—as experimentally observed [21]. The size of initial seed must be greater than a critical value in order for the drop to grow based on the mechanism of uphill diffusion, otherwise downhill diffusion takes place and the initial drop is dissolved in isotropic phase.


[image: image]

FIGURE 3. The spatial distributions of order parameters, S and P, in conjunction with the director configuration at the early growth of cholesteric tactoid shown in (a–d). In the first column, the uniaxial configuration, n, of tropocollagen macromolecules are represented by rods whose color (blue to red) shows the uniaxial order parameter, S. To complete the understanding about the configuration of rods in xy-plane, in the second column, the z component of n is shown by use of a monochromatic blue spectrum. In last column, the monochromatic cyan denotes the variation of biaxial order parameter during the time evolution. (e) Illustrating the color bars for S, nz, and P, the used coordination of system and length-scale bar.



Although the initial configuration of rods is chosen as twisting around x-axis, see Figure 3a1, the rods prefer to be aligned in a concentric configuration, as shown in Figure 3b1. During the early growth of the tactoid, rods attempt to radially twist—the helicoidal axes are along the radii of the circular tactoid. Yet, rods placed at the center of drop exhibit orientational frustration. This frustration emerges in [image: image], Figure 3b1, and yields a τ+1 cholesteric defect. As the tactoid grows, the central rods resolve the orientational frustration with an escaped configuration (see Figure 3d1) known as a non-singular λ+1 cholesteric disclination. These important predictions may be difficult to be captured experimentally due to intrinsic size length scale resolutions when using optical methods [73–75].

Figures 3a2–d2 show the z component of uniaxial director, n. The figures show that the central director regions evolves slower and lags the radial helix formation that results in tangential interfacial orientation experimentally observed for tropocollagen tactoids [37]. The tangential orientation minimizes the interfacial free energy at n.k = 0 where k is the interfacial normal vector. This tangential configuration, n.k = 0, emerges when the coupling coefficient, [image: image]<0 [21, 71, 72, 76]. The structure of the 2D tactoid is a radial helix, with tangential interface orientation at the edge and non-singular escape orientation at its center.

Of particular interest to this study is incorporation and analysis of biaxial order parameter during the evolution of the cholesteric tactoid. In the third column of Figures 3a3–d3, the spatial variation of biaxial order parameter, P, is shown in the early stages of growth. The biaxial order parameter becomes particularly noticeable at the interface and at the defect core. Thus, we found that although the equilibrium biaxiality for rod-like macromolecules is small [27, 51], during the phase ordering it takes a larger value than its equilibrium; the difference between dynamical and equilibrium values for biaxiality may be up to three orders of magnitude.

In the course of time, the Q-tensor is relaxed, mass transfer ceases and the structure equilibrates, as shown in Figure 4. As depicted in Figures 4a1,b, the equilibrium configuration of tropocollagen rods becomes concentric, also known as onion-like. This defectless configuration, which has a non-singular λ+1 cholesteric disclination at its center, thoroughly matches with the xy-cross-section of Twisted Bipolar Structure (TBS) given in Sec et al. [77]. Moreover, the experimental POM image reported in Gobeaux et al. [21] confirms TBS for the 3D tropocollagen tactoids. Consequently, the resulting 2D configuration, shown in Figures 3, 4, is consistent with experimental observation. Figure 4a1 shows that the size of tactoid is also consistent with experimental results given in Gobeaux et al. [21]. As can be seen, the diameter of tactoid contains three pitches that each of which has a length of 10 μm. Therefore, the tactoid shape becomes a nearly 30 μm spherulite. Figure 4c represents the equilibrium concentration field. Although a gradient of concentration exists in the interface, the drop remains intact and stable in the isotropic phase. This feature verifies that the growth of cholesteric tactoid is according to the mechanism of uphill diffusion. Figure 4d demonstrates that the equilibrium biaxial order parameter P in the interface is nearly 0.04, however its value sharply decreases to 10−4 confirmed by previous theoretical studies [27, 51].


[image: image]

FIGURE 4. The equilibrium spatial distributions of (a1) uniaxial order parameter, S, and the relaxed uniaxial director, n, (b) z component of uniaxial director, (c) concentration, and (d) biaxial order parameter, P. (a2) showing the magnified rotation of tropocollagen placed in the yellow dash-line box. (a3) indicating the non-singular escaped λ+1 disclination emerges at the center of tactoid. (e) Representing the color bars for S, nz, P, and C, the used coordination of system and length-scale bar.



Through the entire evolution we find: (1) the interfacial uniaxial order parameter is approximately Sc = 0.39 that is quite close to the critical uniaxial order parameter reported in Khadem and Rey [20] and Gobeaux et al. [21]; (2) The biaxial order parameter at the tactoid's interface is at all times greater than in the interior. The only exception is during initial defect nucleation where biaxiality pronouncedly appears at the core and edge of the 2D drop.

According to the principle of minimum free energy, the kinetic of a spontaneous process follows a path over which the free energy progressively decreases and ends up in a minimum at equilibrium. Figure 5 illustrates the averaged free energy contributions through the phase ordering process of tropocollagen dispersed in the constant concentration of 2.9 M acetic acid. These spatial averages are defined as

[image: image]

The formation of the single cholesteric drop is the interplay of five free energy contributions. The entropic and enthalpic contributing factors in isotropic phase separation are described by Flory-Huggins theory, [image: image]. The LdG theory, [image: image], also accounts for the homogeneous effect of phase transition. The spatial averages of these contributions are shown by [image: image] and [image: image], respectively. The monotonic decrease in [image: image] and [image: image] shows that the phase separation and phase ordering are energetically favorable. In addition, it emphasizes on the lyotropic nature of phase ordering in acidic collagenous dispersions; rods are spontaneously accumulated in cholesteric phase, in turn, removed from the isotropic phase. Hence, [image: image] which is the summation of all contributions, is considerably affected by contributions of phase separation and phase ordering.


[image: image]

FIGURE 5. The dynamics of the averaged free energy contributions, given in Equation (28), through a shallow quench from an isotropic state into cholesteric phase—the quench point and evolution path are shown in Figure 1. The solid lines correspond to the left y-axis and dash lines should be referred to the right y-axis.



In spite of these energetically favorable contributions, formation of I/N* interface and cholesteric configuration inside the tactoid require energy costs which are reflected as penalty terms in the net free energy; see Equations (22a–d). The green solid line in Figure 5, [image: image], depicts the cost of interface formation (i.e., mass gradient zone shown in the Figure 4c). This cost is nearly 40 percent of the energy reduction in either phase separation, [image: image], or phase ordering, [image: image], thus the interfacial formation cost can be compensated. Furthermore, the black dash line, [image: image], and the purple dash line, [image: image], stand for the average costs for the onion-like configuration of rods inside the chiral nematic tactoid and the tangential configuration in interface, respectively. As seen, the formation cost of the interfacial parallel anchoring, [image: image], is ~2% of the interior cholesteric energy, [image: image].



CONCLUSIONS

Building on our prior work [20], in this study, we have developed and validated a theoretical framework to study the spatio-temporal phase ordering of tropocollagen dispersed in acidic aqueous solutions into 2D drops. By use of the addition theorem for spherical harmonics (Equation 8), we first incorporated the biaxial order parameter P (Equation 3) into the orientational entropy (Equation 6), the second virial approximation Equations 7a–c), and the intermolecular interaction (Equation 10). We then obtained the LdG coefficients (Equations 21a–d), and formulated the net free energy of system, (Equations 21a–d). To capture the kinetic of the emerging 2D tactoids size, shape, and structure, we relied on the proposed net free energy and phase ordering/mass transfer process (Model C) to establish the governing equations, Equations (23a,b), which were numerically solved under the mentioned auxiliary conditions elaborated in subsection Computational Details.

Figures 3a–d reveal two findings. First, the physical origin for the non-singular escaped λ+1 disclination. Basically, in the early evolution a τ+1 defect emerges at center of nucleus. As time progresses, the central directors go through a defect shedding stage and the τ+1 cholesteric defect evolves into the escaped λ+1 disclination. Second, at the interface and defect core region, the biaxial order parameter takes appreciably large value in the early evolution. Furthermore, Figures 4a1–a3,b demonstrate that the resulting equilibrium state of collagen tactoid is an ~30 μm spherulite in which the rod-shaped macromolecules are aligned in concentric configuration, consistent with experimental observations [21]. Taken together, these results contribute to the development of optimized processing protocols for collagen-based materials and their material property characterization.
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When dispersed in thermotropic nematic liquid crystal oils, surfactant-ladden aqueous droplets often lead to the formation of a equatorial ring disclination in the nearby nematic matrix as a result of a balance between elasticity and interfacial energy. In this experimental work, the aqueous phase contains an extract of cytoskeletal proteins that self-assemble into an active quasi-two-dimensional shell featuring self-sustained periodic flows. The ensuing hydrodynamic coupling drives the surrounding liquid crystal and triggers oscillations in the disclinations. We describe the dynamic modes of the disclinations under different driving conditions, and explore their pathway to collapse under flow conditions.
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1. INTRODUCTION

Nematic liquid crystals (NLCs) are liquids whose molecules organize with long-range orientational order, which is locally characterized by a director field, [image: image] [1]. The latter is typically controlled by means of the boundary conditions on the confinement walls or through the action of electric or magnetic fields. The equilibrium distribution of [image: image] is established through the minimization of bulk and interfacial energies compatible with topological constraints dictated by confinement, which may lead to frustrated configurations and the appearance of defects [2]. Although technological applications of these materials are based on their use in defect-free systems, significant current research efforts in Condensed Matter Physics are centered in the preparation and control of tunable defect assemblies, with potential use in the development of metamaterials [3].

A particular case of frustrated geometries in NLCs is obtained by preparing nematic colloidal suspensions [4, 5]. These are systems in which the ordered mesophase, which is typically oriented in a homogeneous fashion by means of the anchoring conditions on bounding plates (far field), is disrupted by the presence of sub-millimeter solid [6–13] or liquid [14–16] inclusions. Realizations include from spherical to more complex geometries such as fractal-like shapes, from sparse to dense colloidal ensembles, from spontaneous to tailored self-assembly [9, 17–20]. Except from the preparation of assemblies of driven colloidal particles [21] or defects [22], or the study of defects formed under flow conditions [23], most research on nematic colloids has focused on stable, equilibrium structures.

Recently, we brought a nematic emulsion out of equilibrium by dispersing aqueous droplets of an active gel in a nematic liquid crystal [24]. The active gel, which is prepared from an in-vitro reconstitution of cytoskeletal proteins develops, under suitable conditions, an active layer with nematic order at the water/oil interface, denoted active nematic (AN) [25, 26]. At the inner side of the spherical droplets, the resulting AN shell exhibits self-sustained flows that are transmitted hydrodynamically into the surrounding nematic matrix. As a result, the ring disclination (Saturn ring, SR) that, in our case, surrounds the dispersed droplets [27–29] is perturbed from its (equilibrium) equatorial position, into different oscillations modes. With the support of numerical simulations, our earlier study revealed a feedback mechanism between the orientation of the SR, determined by the nematic far field, and the spatial arrangement of the AN shell, which led to sustained periodic oscillations of the SR. However, such regimes were not the norm in the experiments, and often driven SR became unstable and collapsed into a dipolar configuration.

In this article, we provide a thorough revision of the different dynamic modes of SR driven by the underlying AN shell, the possible dynamic states, which involve both synchronous and asynchronous oscillations, and the different pathways that lead to the collapse of the SR into a dipolar point-like defect configuration.

The article is structured as follows. After a succinct description of the used materials and employed experimental methods, we describe the main features of the emulsified droplets, including the structure of the underlying AN shell. Then, we describe the observed dynamic modes of the SR, both stable and unstable, and their dependence on control parameters. Finally, we focus on the long term behavior of the dynamic SR.



2. MATERIALS AND METHODS


2.1. Active Material

The active system we used consisted of an active gel formed by an aqueous suspension of tubulin microtubules, dimeric kinesin molecular motors, and the non-adsorbing depleting agent polyethylene glycol (PEG), which concentrates the microtubules into bundles, hundreds of micrometers long [25]. Precise details of the experimental procedures leading to the preparation of all materials can be found elsewhere [24]. In brief, microtubules were polymerized from tubulin purified from bovine brain (a gift from Brandeis University Biological Materials Facility) in the presence of 0.6 mM of Guanosine-5-[(α, β)-methyleno]triphosphate (GMPCPP), which promotes the formation of short microtubules, 1−2 μm in length, required for the formation of the active material. About 3% of the tubulin is labeled with the fluorophore Alexa-647. Heavy chain kinesin-1 (K401-BCCP-6His) from Drosophila Melanogaster was in-house purified from Escherichia coli that contained the plasmid WC2 from the Gelles Laboratory (Brandeis University, MA, USA). The kinesin was biotinilated and incubated with streptatividin to obtain dimeric clusters, which would act as cross-linkers when mixed with the microtubule suspension. The active mixture was completed with 20 kDa PEG that acted as a depleting agent, Adenosine Triphosphate (ATP) that drove the activity of the gel, anti-bleaching agents, and an enzymatic ATP-regenerating system to maintain a constant activity in the mixture for hours. In order to emulsify the active aqueous suspension in the liquid crystal oil, suitable surfactants were added to the active mixture to ensure a biocompatible water/oil interface and to determine the anchoring conditions for the liquid crystal molecules in contact with the droplets. To promote the desired homeotropic (perpendicular) anchoring, PEGylated phospholipids were used at a concentration 0.2 %w/v.



2.2. Liquid Crystal-Based Emulsions

As dispersing oil phase, we used 4-Cyano-4'-pentylbiphenyl (5CB, Synthon chemicals), which features a nematic phase at room temperature. In order to enhance the homeotropic anchoring on the aqueous droplets surface, about 0.4 w/w% of stearic acid was dissolved in the mesogen. The emulsion was prepared by combining the active gel and the oil in a 1 mL centrifuge tube at a ratio 1:30, and mixed by the action of a vortex stirrer at room temperature.



2.3. Sample Preparation and Characterization

Liquid crystal cells were assembled by gluing two parallel glass plates together with a spacing of 140 μm set by double-sided adhesive tape. The inner side of the plates was treated to promote planar anchoring of the NLC by rubbing a previously spin-coated and baked layer of poly-vinyl alcohol. After the cell is filled by capillarity with the active emulsion, the openings are sealed using UV-curing adhesive. Microscopy observation was performed using a Nikon E400Pol multimode microscope. Fluorescence was used to visualize the AN layer while brightfield was employed to visualized the SR disclinations. The latter is typically preferred to polarized microscopy, which we have occasionally employed, since it results in a more homogeneous appearance of the disclination along all its length. Time-lapse acquisition is performed with an Andor Zyla 4.2 Plus camera controlled with the open-source software ImageJ Micro-Manager [30], which is also employed for further image processing and analysis.




3. RESULTS AND DISCUSSION

Dispersed in the mesogenic oil, spherical aqueous droplets promote homeotropic anchoring of the NLC director on their surface due to the employed surfactants (see section 2). This results in a topological mismatch with the homogeneous planar far-field imposed by the boundary conditions on the cell plates. As a result, a ring disclination forms around the droplet's equator, perpendicularly to the NLC far-field direction (Figure 1A). As discussed below, this configuration is metastable [28], and may relax to a less energetic dipolar configuration where the SR collapses as a point-like defect near the North or the South pole of the droplet. Inside the aqueous droplets, the filament bundles formed by fluorescent microtubules crosslinked with kinesin clusters are pushed toward the water/oil interface by the depleting action of PEG. This process is usually studied on a flat interface, leading to the formation of an AN layer a few microns thick, where the filaments are intrinsically prone to buckling instabilities due to internal extensile active stresses. This results in the unbinding of complementary pairs of semi-integer defects, with the +1/2 defects creating flow while the negative counterparts being simply advected [26]. In Figure 1B, some defects present in the observation window of a flat AN, in an independent experiment, are marked. In particular, the tip of +1/2 defects is indicated with a red triangle that points in the direction of the local defect trajectory.


[image: Figure 1]
FIGURE 1. (A) Sketch of the nematic director field lines around a dispersed droplet of aqueous based active material that imposes homeotropic anchoring conditions. The NLC has a homogeneous far field oriented in the vertical direction in this sketch. The confining plates are parallel to the plane of the sketch. The droplet, which is visualized with fluorescence microscopy, has a diameter of 80 μm. The homeotropic anchoring conditions on the droplet surface lead to the formation of a line disclination that wraps around the equator. (B) Structure of an Active Nematic layer forming at a flat water/oil interface, with the core of some positive (red empty triangles) and negative (blue full circles) semi-integer defects being marked. The ruler is 20 μm long. (C) Approximate director field lines of the Active Nematic shell observed in the droplet of (A). In red, the core of the two visible +1/2 defects is sketched. (D) Theoretical rendering of the four +1/2 defects that organize the flows in active shells present in droplets of this size. Solid triangles correspond to visible defects while empty triangles correspond to hidden defects.


The average distance between defects in the AN is characterized by the so-called active length scale [31, 32], which balances the active stresses and the elastic modulus of the filaments [33, 34]. When topology demands the coexistence of a given number of defects, this length scale determines the smallest confinement compatible with the AN. This is important, for instance, in the case of the soft confinement of AN in contact with anisotropic interfaces patterned with disks [35], or in spherical shells [24, 36], which is the relevant case for our purpose.

Wrapping of a two-dimensional nematic on a closed spherical surface requires a net topological charge +2 of the defects present in the director field [37, 38]. In the case of an AN shell, where only semi-integer defects are possible, the simplest conformation compatible with this topological constraint involves four +1/2 defects that will be placed at the vertices of an imaginary rotating tetrahedron in the steady state [36, 39] (Figures 1C,D). Because of the above-mentioned intrinsic active length scale, droplets that are too small cannot accommodate the four defects required for a stable active nematic shell, and droplets that are too large, enable the unbinding of more than four defects, resulting in turbulent-like flow regimes [26, 40]. For the material parameters used in our active preparation, we have found optimal to restrict our studies to droplets with diameters in the range 60–120 μm.

On the other hand, the distance between the disclination and the droplet surface will be instrumental to the coupling between the SR and the underlying active flow, with stronger coupling presumably occurring for SRs that are closer to the droplet. For strong anchoring conditions, this distance is proportional to the droplet size [27, 28], and is determined by the balance between NLC elasticity, represented by an elastic constant K, the radius of curvature of the director field distortions around the droplet, R, and the anchoring strength on the droplet surface, W, through the dimensionless ratio WR/K [1, 2]. For weak anchoring, the homeotropic surface alignment condition will not be satisfied, which results in distortions with small curvature that lead to the disclination stabilizing closer to the surface. In our experiments, W is determined by the nature and concentration of the employed surfactants. In earlier experiments [24], we tested the use of surfactants that led to conical, rather than homeotropic, anchoring, resulting in SR that were closer to the droplet surface and did not exhibit the high energy oscillation modes we report here. In the current study we have restricted to the use phospholipid-based surfactants, which we have found to offer a richer collection of dynamic SR regimes.

Interestingly, we have found a disparity of behaviors in droplets of similar sizes within a single preparation. A possible source for this dispersion is an heterogeneous droplet composition during the emulsification process, which we have assessed by preparing ensembles of droplets of nearly identical size by means of a microfluidic droplet generation device (Figure 2A). We observe disparities in the fluorescence intensity from different droplets, which points to the heterogeneous composition of the encapsulated active aqueous phase. In the example shown in Figure 2A, the continuous phase is a fluorinated oil, which offers better chemical compatibility than the NLC oil with the microfluidic device. For the purpose of the present work, in which we study the behavior of isolated droplets, we have resorted to more traditional emulsification methods, leaving the assembly of lattices of identical active droplets in NLC for future work in which coupling, synchronization, and frustration in driven SR will be explored. In the emulsions prepared by shaking the mixture, droplet sizes feature a broad distribution (Figure 2B), but enough droplets of the suitable size range are obtained for the qualitative study reported here.


[image: Figure 2]
FIGURE 2. Sources of heterogeneity of the active emulsions. (A) Heterogeneous composition of monodisperse active droplets prepared using microfluidic techniques and dispersed in an isotropic oil. The ruler is 100 μm long. (B) Size distribution of droplets in a typical active nematic emulsion prepared using traditional emulsification techniques. The field of view is 3 mm wide.


In the presence of active stresses, the AN shell develops periodic cortical flows [24, 36]. The latter propagate, through hydrodynamic coupling, both into the aqueous and into the NLC bulk phases. As a result, the SR is set into motion and the steady influx of energy may lead to a wealth of dynamic modes. The presence of the plate walls is likely to affect the flow profile in the NLC. Because of the antagonistic NLC anchoring conditions on the droplets and on the plates, homeotropic and planar, respectively, elastic repulsion prevents the droplets from fully sedimenting on the bottom plate [41]. When the continuous phase is an isotropic oil [25], active droplets self-propel erratically on the supporting surface. Such motion is not observed in our case, presumably due to the elastic repulsion due to the NLC matrix, although the higher viscosity of the NLC will also contribute to hamper such self-propulsion. Moreover, the use of cell gaps much larger than the droplets considered in our study ensures that friction on the complementary plate can also be neglected.

In Figure 3 we display the range of dynamical regimes observed for the activated SR. For each case, a panel with an experimental micrograph and one with a sketch highlighting the main features of the corresponding regime is illustrated. The experimental micrographs are obtained with brightfield and parallel illumination to enhance the ring disclination. The elastic energy in the NLC matrix increases with the length of the SR, and this has an increasing trend from panel A till panel E.


[image: Figure 3]
FIGURE 3. Different dynamic structures of the perturbed Saturn Rings. Sketches on the left and micrographs on the right are included with each case. (A) Single mode (m = 2) synchronous oscillations. (B) Multi-mode synchronous oscillations. (C) Multi-mode asynchronous oscillations. (D) Multi-valued single wrapping of the SR. (E) Multi-valued multiple wrapping of the SR. (F) SR has fragmented into multiple disconnected disclinations and loops. (G) SR has collapsed into a point defect to the South of the droplet. Scale bars, 20 μm.


In Figures 3A–C, we report regimes in which the SR distortion can be considered 1D, in the sense that it can be described by a uni-valued function of the angular coordinate around the droplet's equator. Among these regimes, the first two correspond to synchronized dynamics between the SR and the underlying AN. This dynamics is better put into evidence in the least energetic regime (Figure 3A), where SR oscillations are characterized by a single distortion mode. These distorted SRs lack rotational symmetry, which allows to observe slow degenerate rotations of the dynamic SR about the North-South droplet axis, thus changing the point-of-view, and thus the perception of the oscillating SR and allowing to more clearly assess its oscillation mode (Figure 4). The synchronization between the oscillations of the AN and those of the driven SR are clearly evidenced in fluorescence images. In Figure 5 we show three different fluorescence micrographs that span one half cycle of the SR oscillation. We observe that the SR transits past its equilibrium plane at the same time that the AN is aligned either parallel or perpendicular to this plane, and the SR is farthest from equilibrium when it is being driven by two +1/2 defects moving in antiparallel directions in the underlying AN (Figure 5B). With the help of numerical simulations, we recently demonstrated that this tight coupling between the AN and SR oscillatory dynamics is only possible if a feedback mechanism orients the AN shell with respect to the SR [24].


[image: Figure 4]
FIGURE 4. Simulated perception of the Saturn Ring disclination. Different single-mode oscillations are reconstructed at the highest amplitude of deformation for two point-of-view observations, φ. Deformation modes are m = 1 (A,B), m = 2 (C,D), m = 4 (E,F). (B,D,F) correspond to points of view rotated 45° clockwise with respect to (A,C,E), respectively.



[image: Figure 5]
FIGURE 5. Coordination between the SR and AN orientation during synchronized oscillations. Fluorescence micrographs with three snapshots of the AN oscillation. The SR is sketched as a red line. The dashed lines in (A) and (C) represent the two complementary states of the active shell where filaments are aligned, while panel (B) includes the distorted SR configuration. The droplet has a diameter of 80 μm.


More energetic multi-mode oscillations can also be observed (Figure 3B). On average, such configurations are found by increasing the AN activity, which can be tuned by increasing the ATP concentration. In Figure 6 we compare the dynamics of two droplets that feature synchronous oscillations, found in active nematic emulsions with [ATP] = 140 μM and 1,400 μM, respectively. In the analysis in Figure 6B we find that the oscillations observed in Figure 6A feature a single mode with frequency f ≃ 14 mHz. On the other hand, in Figure 6D we see that the oscillations observed in Figure 6C are multimode, with a leading frequency f ≃ 60 mHz and three of its harmonics present in the spectrum. This change in leading frequency with the corresponding change in ATP concentration is consistent with the results obtained in an earlier detailed analysis performed with flat AN layers, where the inverse of a intrinsic time scale of the system was found to scale linearly with the activity parameter, which is related in a non-linear way with the concentration of ATP [42].


[image: Figure 6]
FIGURE 6. Effect of activity on the SR dynamics. (A) Polarizing micrograph of a single mode oscillating SR driven by an AN shell with [ATP] = 140 μm, and the corresponding power spectrum of the oscillations (B). (C) Polarizing micrograph of a multimode oscillating SR driven by an AN shell with [ATP] = 1,400 μm, and the corresponding power spectrum of the oscillations. (D) Scalebar, 50 μm. See also Video S1.


As the deformations of the SR become more energetic, the synchronization with the underlying AN can be lost (Figure 3C), resulting in severely distorted SRs. This regime is often unstable, and it may either revert back to synchronous oscillations or, more likely, develop into more complex asynchronous modes, where the SR cannot be described by a single-valued function of the spherical azimuthal coordinate (Figures 3D,E), as it can be for the simpler geometries in (Figures 3A–C). In these more complex modes, highly distorted SR may develop large folds but still be wrapped just once around the droplet (Figure 3D), or even be wrapped multiple times around the droplet (Figure 3E). This latter configuration is reminiscent of the multi-wrapping of SR due the helical twist of the director field in cholesteric liquid crystal layers [43], where the equilibrium spacing between consecutive turns is set by the cholesteric pitch. However, these are two very different systems since, in the case of our active nematic emulsions, the spacing between consecutive SR turns is a non-equilibrium feature, and it never reaches a steady state. As seen in Figure 7, the SR progressively increases its length and wraps an increasing number of times around the droplet, until the pitch between neighboring turns of the disclination reaches a limit value. Such configuration is unstable, and the SR can snap and link neighboring turns of the disclination, forming a shrinking fold. Such process is dynamic, and can be repeated numerous times. A possible subsequent outcome is a fragmentation of the SR into disconnected disclination loops (Figure 3F). In equilibrium, these would normally shrink and annihilate but, because of the underlying AN flow, and because of surface impurities, the loops can remain for extended periods of time.


[image: Figure 7]
FIGURE 7. Dynamics of the wrapped SR. (A–C) Progressive increase of the number of turns around the droplet of a SR of increasing length. (D–F) Two neighboring parts of the SR from ajdancent turns snap, and the resulting fold in the disclination shrinks. Red arrow points to the tip of the shrinking fold. Scalebar, 20 μm. See also Video S2.


A SR disclination is not the only distortion compatible with homeotropic anchoring conditions on the droplet surface. Indeed, another possibility is a hyperbolic point defect located near either pole of the droplet (Figure 3G), called hedgehog defect [5]. Upon preparation of the active nematic emulsions, we observe that a similar number of droplets with either type of defects coexist. As the emulsion ages, this distribution changes, and progressively most droplets feature a point-like defect. As a matter of fact, SRs appear less stable and some of them are observed to eventually transit to hedgehog-like defects [28]. The opposite transition, however, is never observed. We explain this phenomenon by the tendency of line disclinations to shrink in order to minimize the elastic energy per unit length associated to director field distortions.

Our experiments show that the kinetics of the collapse of a SR to a point-like defect strongly depends on the dynamic regime of the SR. Synchronous oscillation regimes may never develop into a point defect, while highly-wrapped, asynchronous regimes, which may involve SRs that wrap several times around the droplet, are invariably seen to collapse into a point-like defect. Schematically, we can rationalize this scenario by considering that an energy barrier must be overcome by the SR in order to collapse into a point-like defect. In Figure 8, we have organized the different observed SR configurations in increasing order of elastic energy. As discussed, the equilibrium SR is not the lowest energy level. Below it, we find a sequence of states in which the SR moves from the equatorial position toward a pole, progressively shrinking, i.e., decreasing the NLC elastic energy, until it collapses into a point-like defect. Activated SRs have an average energy above the equilibrium state. Since synchronous oscillation regimes seldom destabilize, their energy levels allow to qualitatively describe a band (shaded in Figure 8) that must be overcome for the SR to evolve into the dipolar defect. Certainly, during their oscillations, SR increase their average energy, which reaches a steady state. Eventually, the fuel of the underlying AN, ATP, encapsulated in the droplet, will run out, and the average energy falls back to the equilibrium value as the SR ceases to oscillate. Two trajectories with stable oscillations in this schematic energy landscape are qualitatively traced in Figure 8. For more energetic configurations, such as for the asynchronous oscillation regime, the energy level may cross the edge of the protected region, and the SR may irreversibly collapse to a point-like defect (red trajectory in Figure 8). Finally, the fact that highly distorted SR regimes are always unstable suggests that their energies invariably reach levels above the stable band, and SRs in these dynamic regimes will evolve into a point-like defect well before activity vanishes due to ATP consumption in the AN shell.


[image: Figure 8]
FIGURE 8. The different dynamic configurations of the system are sketched and ordered in terms of the length of the SR, which determines the elastic energy landscape. The shaded region represents regimes with stable SR oscillations. Solid and dashed lines represent possible pathways in the evolution of the SR, as described in the text. At long times (ATP running out), the SR may either return to its equilibrium conformation or collapse into a dipole.




4. CONCLUSIONS

In this manuscript we have described experiments in which Saturn ring disclinations, often encountered in colloids dispersed in nematic liquid crystals, are brought far from equilibrium by the encapsulation of droplets containing an aqueous active suspension of cytoskeletal proteins. Under the used experimental conditions, well-characterized in previous studies, this material condenses as an active nematic shell with periodic self-sustained flows that propagate into the passive nematic phase. As a result, the Saturn ring is set into motion and the steady influx of energy leads to a rich array of dynamic modes. The latter span from simple synchronous oscillations in which the disclination remains close to its equilibrium length, to situations in which the length increases steadily, even wrapping several times around the spherical inclusion. In such cases, the metastable quadrupolar defect might eventually collapse into a dipolar configuration.

The dynamic state of the driven Saturn ring depends on the energy influx received from the underlying active nematic layer. This energy depends on the activity and on the efficiency of the coupling between the active and the passive fluids. While the former can be tuned with the concentration of ATP in the aqueous phase, the latter can be influenced by the nature and concentration of the surfactants that decorate the water/oil interface. We have found, however, that the emulsification process leads to a dispersion in the droplet composition, resulting in a disparity of behaviors.

In this manuscript, we have focused on the dynamics of driven disclinations around individual droplets. Our work should pave the way for the future study of collective effects that should arise when multiple disclinations are linked [44]. This would allow to explore the effects arising from synchronization and topological frustration of knotted driven Saturn ring disclinations.
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Mass-spring networks (MSNs) have long been used as approximate descriptions of biological and engineered systems, from actomyosin networks to mechanical trusses. In the last decade, MSNs have re-attracted theoretical interest as models for phononic metamaterials with exotic properties such as negative Poisson's ratio, negative effective mass, or gapped vibrational spectra. A numerical advantage of MSNs is their tuneability, which allows the inverse design of materials with pre-specified bandgaps. Building on this fact, we demonstrate here that designed MSNs, when subjected to Coriolis forces, can host topologically protected chiral edge modes at predetermined frequencies, thus enabling robust unidirectional transmission of mechanical waves. Similar to other recently discovered topological materials, the topological phases of MSNs can be classified by a Chern invariant related to time-reversal symmetry breaking.

Keywords: mechanical networks, topological matter, Chern insulator, classical mechanics and quantum mechanics, edge modes


1. INTRODUCTION

Topological mechanics [1] is a rapidly growing research field that studies classical analogs of topological effects in quantum many-body physics [2]. A prime example are spectrally gapped mechanical systems that can host topologically protected zero modes at their boundaries [3–5], similar to localized electronic excitations in the quantum spin Hall effect [6]. Another important class of examples are solid- or fluid-mechanical systems with broken time-reversal symmetry, which can exhibit chiral edge modes at finite frequency [7–10], analogous to the (anomalous) quantum Hall effect [11, 12]. Because these edge modes are topologically protected and robust against the introduction of defects, they may provide a powerful tool for the resilient localized transmission of sound signals in elastic materials [13].

Over the last 5 years, substantial progress has been made in the understanding of topological phenomena in a wide variety of classical systems, ranging from mechanical systems with lattice symmetry inspired by quantum analogs [14, 15] and amorphous networks [9, 16] to active systems [7, 17, 18], electrical circuits [19–21], and even ocean waves [22]. Many of the recently discovered mechanical topological insulators rely on a known underlying lattice structure [7, 14] or curvature [22] to induce the required gaps in their excitation spectra. From a practical perspective, it would be interesting to design and build more general structures with desired topological properties.

Complementing recent work aimed at engineering continuum topological insulators [23], we consider here the design of topological excitations in bandgap-optimized [24] mass-spring networks (MSNs). Specifically, we will demonstrate that MSNs with an inversely designed bandgap can host topologically protected finite-frequency edge modes, and convert non-robust non-topological edge modes into robust topological edge modes when time-reversal symmetry is broken. While many traditional topological materials, including those based on a hexagonal lattice like the Haldane model [25], do not possess the mode conversion property, this desirable feature is frequently encountered in our designed MSNs.

In the remainder, we focus on the dynamics of periodic crystals of 2D mechanical balls-and-springs networks. In all cases, the spring stiffnesses of these MSNs were numerically tuned such that the excitation spectrum exhibits a band gap (using the algorithm introduced in [24]). In formal analogy with quantum Hall systems [11, 12], we will then break time reversal symmetry by placing the MSN into a rotating frame, with the Coriolis forces acting equivalently to an external magnetic field. To study and characterize the topological phase transition and the emerging protected chiral edge modes in detail, we will (i) numerically calculate the non-zero Chern invariant associated to the topological phase, (ii) demonstrate the dynamics of the localized chiral edge excitations in numerical simulations, and (iii) explicitly identify those dynamical edge modes that are related to topological protection. The underlying inverse-design framework [24] uses a generic linear response optimization and is, therefore, broadly applicable. Promising candidates for experimental implementations are mechanically coupled phase oscillators under Coriolis acceleration, such as hydrodynamic spin lattices of walking droplets [26] or gyroscopic mechanical metamaterials [8, 10].



2. DYNAMICS OF MECHANICAL NETWORKS

MSNs provide a generic modeling framework for many physical systems. The potential energy of an MSN with E springs is given by

[image: image]

where ke is the stiffness of spring e, ℓe is its current length and [image: image] is its preferred rest length. Here, we are interested in the dynamics near the equilibrium configuration where all springs are at their rest lengths, [image: image], corresponding to the masses being at positions [image: image]. Expanding in small deviations [image: image] and neglecting frictional effects, we obtain the linearized equations of motion,

[image: image]

where K is the stiffness matrix of the network and m is the mass of the balls (we assume identical masses throughout). The vector u generally has dN components, where d is the dimension of space and N is the number of masses. From now on, we specialize to the case d = 2. The stiffness matrix can be further decomposed as [image: image], where Q is the equilibrium matrix encoding the network geometry and [image: image] is the diagonal matrix of spring stiffnesses [27]. Neglecting thermal fluctuations throughout, the subsequent discussion focuses on macroscopic topological metamaterials, similar to those realized experimentally in Chen et al. [28]. In principle, it is possible to incorporate thermal or non-thermal noise [18] and/or more general nonlinear potentials, such as in the elastic Lennard-Jones model [29], provided these admit linearizations in the form of Equation (1).

The MSN dynamics, specifically its harmonic response and its phononic modes, are encoded in the eigenmodes

[image: image]

where ωj are the eigenfrequencies. If the network is a crystal consisting of Nc periodically repeated unit cells with lattice vectors Rℓ, the dynamical problem can be simplified by performing a lattice Fourier transform [27],

[image: image]

where we decompose the rest positions xi = Rℓ + vn. Here, ℓ indexes the unit cell and n indexes the degree of freedom within the unit cell. The wavevector [image: image] with bi ∈ ℤ lies in the first Brillouin zone, Ni is the number of unit cells in the ith dimension, and the reciprocal lattice vectors satisfy Ki · Rj = 2πδij for the primitive lattice vectors Rj. The Fourier transform decouples the eigen-problem Equation (2) for different wavevectors k and leads to a phononic band structure ωn(k).

The band structure ωn(k) is of great interest both scientifically and for engineering applications because it efficiently encodes the elastic response of the infinite network. Specifically, band structure engineering allows for explicit tuning of wave propagation in acoustic materials and can be used to design, for instance, waveguides, acoustic cloaks, or selective sound suppression. Whereas in a generic band structure, the shape and frequency of the acoustic modes depends strongly on the details of the dynamics, topological modes are protected by an integer invariant, which cannot change through continuous changes of the interaction parameters.

Although the physical realizations of topological insulators are vast already in the quantum case [2, 12], the possible invariants and topological phases have been completely classified [30]. In linear topological mechanics, a similar scheme exists as long as the dynamical matrix is positive definite [1]. For our MSNs, this condition is always satisfied. In the following, we shall focus on one particular class of classical topological band structures for two-dimensional systems.



3. PLANAR CHERN INSULATORS

Topological band structure is intimately related to the theory of Berry phases, or geometrical phases [31]. While a full account of the underlying theory is beyond the scope of this paper, the fundamental result can be stated for a linear dynamical system [image: image] with Hermitian matrix H(r) which depends on some parameter r. The band structure topology is then encoded in the eigenstates of this effective ‘Hamiltonian’ H, and can be characterized by calculating an integer topological invariant, the Chern number. We now give a brief sketch of this calculation.

If the system is prepared in an instantaneous eigenstate H(r)u(r) = λ(r)u(r) and the parameter r is varied adiabatically along a closed curve [image: image] in parameter space, then the solution will always remain in the instantaneous eigenstate. After traversing the curve, the solution will pick up a phase factor [image: image] with

[image: image]

This is the celebrated Berry phase with A(r) the Berry connection (superscript H denotes the Hermitian transpose). While the Berry connection changes under reparametrizations of the curve (gauge transformations), the phase is invariant up to 2π, and therefore in principle a physical observable. One particular parameter space of interest is the Brillouin zone of a crystal. In two dimensions, the BZ has the topology of a torus, such that any curve connecting k and k + K is closed (because wavevectors k and k + K are equivalent if K is a reciprocal lattice vector). By Stokes' theorem, Equation (3) can then be expressed as a surface integral independent of the curve,

[image: image]

where

[image: image]

is called the Berry curvature. Equation (4) defines the Chern number χ, which is an integer modulo 2π, and characterizes the eigenstates {u(k)}k∈BZ. Thus, because in a crystal each eigenstate parametrized by the wavevector k corresponds to a band, it is possible to assign a topological Chern number χn to each band n. This Chern number does not change under perturbations of the matrix H(k), unless bands cross. Then, the eigenstates are no longer non-degenerate and the above analysis fails.

The Chern number defined by Equation (4) is nonzero only if the dynamics are not time-reversal invariant. If the system has time reversal invariance, Ω(k) is an odd function of k, and the integral over the Brillouin zone vanishes.

For systems with many bands and a gap between bands n′ and n′ + 1, the key insight [32] is then that one can associate an invariant to the gap itself, namely

[image: image]

which can only change if the gap closes due to a perturbation of H(k). The gap-Chern number C characterizes the bulk of a gapped crystal. Near a boundary to another gapped crystal with a different C or to the vacuum, the topology of the system must therefore change locally by closing the gap. This argument implies the existence of modes that are localized to the boundary between different topological phases and located in the bulk gap. Because these modes are tied to the bulk topological invariants, they are robust and must always exist, regardless of the specific shape of the boundary. We note that while for historical reasons the notion of adiabatic changes of parameters was invoked to define the Chern number, no actual adiabatic processes are necessary for it to exist, and it makes sense for any Fourier-transformed Hamiltonian.

For numerical purposes, the above integrals can be discretized while retaining their gauge-invariant characteristics [33]. This way, Chern numbers can be computed robustly and quickly with reasonably coarse discretizations of the Brillouin zone. In addition, any Chern number numerically computed in this way will automatically be an integer.

In the remainder, we demonstrate that such topologically protected edge modes can indeed exist in mechanical networks which have been tuned to exhibit bandgaps at specified frequencies, opening up an inverse-design pathway toward explicitly programmable topology.



4. INVERSE BANDGAP DESIGN

There are many mechanical systems that possess topological gaps by virtue of their lattice structure. Here, we consider a different approach by tuning a desired gap into the spectrum of a mechanical network through numerical Linear Response Optimization (LRO) [24]. Starting from a basic lattice topology such as a triangular grid or a randomized unit cell topology defining mass points and springs (Figure 1), the spring stiffnesses ke are numerically optimized to produce a gapped material between two desired bands. Applying the numerical LRO approach introduced and described in detail in Ronellenfitsch et al. [24], we minimize the average response of the network at frequency ω,

[image: image]

where [image: image] is the linear response matrix to harmonic forcing with frequency ω and Tr(·) is the matrix trace. Numerically minimizing Equation (5) over the individual spring stiffnesses [image: image] while fixing a certain ωn < ω < ωn+1 for eigenmodes ωn is then equivalent to maximizing a spectral gap between the nth and (n + 1)th eigenvalue. Generalizing from spectral gaps to bandgaps, since the Fourier transform is a linear map that block-diagonalizes [image: image], the trace in Equation (5) is replaced by a sum over the traces over the responses at each individual wavevector k, [image: image]. For practical purposes, this sum is truncated, and only traces over a small number of wavevectors are actually used in the numerical optimization. To avoid the spring stiffnesses converging to either zero or infinity, we additionally impose bound constraints 0.1 ≤ ke ≤ 1.0, and employ the Limited-memory Broyden–Fletcher–Goldfarb–Shanno algorithm [34] to perform the numerical optimization. Particle masses are set to unity (m = 1).


[image: Figure 1]
FIGURE 1. Bandgap tuned networks and topological band structures. (A) Tuned spring stiffnesses (indicated by line thickness) on the basis of triangular grids with 4 × 4 unit cells were tuned to have band gaps. (B) The final band structures exhibit band shapes reminiscent of band inversion. (C,E) Tuned network on top of a topology based on the Delaunay triangulation of a randomized point set. (D,F) The band structure again appears to exhibit band inversion. All three networks undergo a topological phase transition as time-reversal symmetry is broken.


The above LRO approach generalizes to arbitrary network topologies and dimensions [24]. Throughout this paper, we will illustrate general ideas by focusing on three specific examples of bandgap-tuned networks: One with a regular triangular grid unit cell topology, and two different randomized unit cell topologies (Figures 1A,C,E). All three networks were optimized to exhibit a bandgap at some predetermined frequency. Despite some notable differences between them, their band structures all show features reminiscent of band inversion (Figures 1B,D,F), a characteristic that is often (but not always) present in topological band structures [35–37].

Adopting band inversion as an indicator for the potential existence of a topological transition, all that remains to do is to break time-reversal invariance of the system dynamics by introducing a suitable interaction. In the case of electronic systems, an externally applied magnetic field can provide such a symmetry-breaking interaction [12]. A classical formal counterpart considered in the remainder is the Coriolis force [38] which breaks the time reversal symmetry of the MSN dynamics when the mechanical network is placed in a rotating frame [14].



5. MECHANICAL NETWORKS IN ROTATING FRAMES

To sketch the general procedure for formulating the MSN dynamics in a rotating frame, we first consider a point mass in a harmonic potential with stiffness K confined to the x–y plane, and under the influence of a constant rotation perpendicular to the plane, Ω = (0, 0, Ω). Let x be the position of the point mass as measured from the rotational axis. Then, Newton's equations of motion in the rotating frame take the form

[image: image]

The Coriolis force is

[image: image]

where

[image: image]

encodes the cross product and we introduced the 2D vector x′. Similarly, the centrifugal force is -Ω∧(Ω∧x′) = Ω∧(ΩΓx′,0) = -Ω2(Γ2x′,0) = Ω2(x′,0). Clearly, the fictitious forces lie in the plane of rotation, so that from now on we can analyze the system in 2D. Dropping the primes, Equation (6) then yields the in-plane equations of motion

[image: image]

We can now generalize from a single particle to the full MSN dynamics by collecting all the x coordinates of the point masses in the network into the first N components of the 2N-component vector x, and all the y coordinates into the second N components. Then the matrix Γ takes the form

[image: image]

where [image: image] is the N × N identity matrix, and K now denotes the stiffness matrix such that Equation (7) remains formally unchanged.

We would like to express these equations in terms of small displacements around an equilibrium configuration. In doing so, we need to take into account that the equilibrium configuration is changed by the rotation. To find the new equilibrium positions x* in the rotating frame, we set [image: image] and solve for x*,

[image: image]

Thus, a steady state exists unless the rotation frequency Ω2 resonantly matches one of the eigenfrequencies of the stiffness matrix K. In the absence of resonance, we introduce displacements u = x − x*, and find their equations of motion,

[image: image]

Here, the stiffness matrix was shifted due to the centrifugal force, and a new Coriolis term has appeared.

In the following, we further assume slow rotations compared to the smallest eigenmode of interest, typically the frequency of the gap, and neglect the term proportional to Ω2 [image: image] 1. This leads to the final equations of motion,

[image: image]

The Coriolis term proportional to [image: image] is responsible for breaking time-reversal symmetry in this classical system (the transformation t ↦ −t maps [image: image] to [image: image] but leaves all other terms invariant), analogous to the Lorentz force in a quantum electron gas [12]. Because the eigenmodes of Equation (8) cannot be computed directly by inserting a harmonic ansatz, we must resort to the equivalent first order system

[image: image]

where y = (u, w)⊤, [image: image], and D is the dynamical matrix, the eigenmodes of which can be readily computed.

Equation (9) can be brought into a form manifestly equivalent to the Schrödinger equation by introducing the change of variables [1],

[image: image]

where the matrix square root [image: image] is well-defined because K is positive-semidefinite. Under this change of variables, the dynamics becomes

[image: image]

where the “Hamiltonian” H is manifestly Hermitian. This form makes explicit the connection between classical mechanical and quantum systems, as now the machinery of quantum mechanics is applicable to Equation (10).

Below, we illustrate and analyze the generic consequences of time-reversal symmetry breaking via rotation for three distinct mechanical networks based on the inversely designed unit cells in Figure 1. We will see that the corresponding MSNs undergo a topological phase transition when the rotation frequency exceeds a critical value, resulting in topologically protected gapless modes that are exponentially localized at the boundary of samples.



6. TOPOLOGICAL EXCITATIONS IN ROTATED NETWORKS

The three mechanical networks from Figure 1 exemplify typical phenomena encountered with mechanical Chern networks. For each of them, a topological phase transition occurs at some finite 0 < |Ωc| < 0.1, independent of the sign of Ω. This is due to the fact reversing the sign of the rotation frequency Ω is equivalent to reversing time t ↦ −t, and therefore mirrors the band structure, ω(k, Ω) = ω(−k, −Ω). In particular, this means that one can use the sign of Ω to control the unidirectional propagation of excitations: A wave packet will reverse direction when the sign of Ω is flipped. In the topological phase |Ω|> Ωc, all of the considered networks have a gap-Chern invariant C = ±1, which we calculated using the numerical procedure outlined in Fukui et al. [33].

Generally, edge bands can be visualized by taking an infinite periodic crystal in 2D and restricting to a ribbon-like slice that is finite in one direction with open boundary conditions (Figure 2G). The resulting 1D crystal now possesses a one-dimensional band structure in which localized edge modes are directly visible. Mode localization can be measured by the participation ratio [image: image] of the eigenvector u(k). The ratio λ is large if the mode is localized to few elements of the vector, and small if it is spread over many elements of the vector.


[image: Figure 2]
FIGURE 2. Topologically protected edge bands. Considering the same networks as in Figure 1, we constructed ribbon-like 1D crystal realizations that are infinitely periodic in one lattice direction, and of finite extent (12 unit cells wide) with open boundary conditions in the other direction; see example in (G), which corresponds to 12 horizontally concatenated units of the network in Figure 1E periodically continued along the vertical direction. (A–F) The resulting one-dimensional band structures consist of bulk bands that are delocalized (dark blue) and localized edge bands (green and yellow). All bands are colored according to the how localized the corresponding modes are, with the localization of a mode u(k) being measured by the participation ratio [image: image] where index n runs over all vertices in the unit cell of the ribbon. (A,B) Correspond to the optimized network topology in Figure 1A; (C,D) correspond to the network topology in Figure 1C; (E,F) correspond to the network topology in Figure 1E. Generically, networks designed via LRO can and will have localized edge modes even in the topologically trivial regime |Ω| < Ωc, see (A,C,E). However, when the topological phase transition is crossed at some nonzero rotation rate |Ω| = Ωc, topologically protected localized bands appear as evident from (B,D,F). We note that the frequency of rotation is always smaller than the gap frequency [image: image], justifying our approximation.


For all three example networks from Figure 1, the corresponding 1D crystals exhibit two bands of localized modes in the bulk gap in the topological phase |Ω| > Ωc (Figures 2B,D,F). The two bands host wave packets with opposite group velocity vg = dω/dk, and are localized at opposite edges of the semi-infinite ribbon system. They thus correspond to one single chiral edge excitation. The match between the bulk gap-Chern number C = ±1 and the number of edge excitations (more precisely, the difference between clockwise and counter-clockwise edge modes) is a direct manifestation of the celebrated bulk-boundary correspondence [32, 39].

We further note that although the existence of |C| protected edge bands is guaranteed in the topological regime |Ω| > Ωc, this does not preclude unprotected edge states in the trivial phase |Ω| < Ωc. To illustrate this fact explicitly, consider the example in Figures 2E,F. The band structure for Ω = 0 in Figure 2E is topologically trivial (C = 0) but exhibits features two localized edge bands, which are converted into the topologically protected bands in Figure 2F as one crosses the phase transition at finite |Ω| = Ωc > 0.

All three networks analyzed in Figures 1, 2 have in common that they support only a single chiral edge mode, the direction of which can be reversed by changing the sign of Ω. Additional simulation scans suggest that this is typical of mechanical networks designed with the LRO scheme: Among all bandgap-designed networks that exhibited a topological transition, we never observed a case with |C| > 1. This empirical finding is consistent with results from previous studies which reported that larger Chern numbers are typically associated with materials that possess long-range interactions or with systems that are periodically quenched or driven [40]. Mechanical networks with long-range interactions could, in principle, be designed by introducing additional bonds that connect beyond the nearest neighbor unit cells. While certainly intriguing, such “non-local” networks are beyond the scope of the present study.

The wave packets hosted by the topological edge bands of our short-range MSNs can be excited dynamically by forcing a semi-infinite or a finite network near the boundary at a frequency inside the bulk gap. As a specific example showcasing this generic effect, we consider the mechanical network from Figure 1C and construct a finite realization consisting of 12 × 12 unit cells. To demonstrate the robustness of the topological modes, we remove three unit cells from the left side boundary to introduce a boundary perturbation (Figure 3A). We then numerically simulate the forced dynamics

[image: image]

where the forcing vector f = (1, 0, …, 0, 1, 0, …, 0)⊤ is zero except for the x and y components of one single node near the bottom left corner. We pick Ω = 0.15 such that the network is in the topological phase, and ω = 0.71 inside the bulk gap. The window function h(t) = sin(πt/150)Θ(150 − t), where Θ(t) is the Heaviside Theta function, slowly turns on the forcing at t = 0, and turns it off entirely at t = 150. The forcing injects energy into the network at the frequency ω, which preferentially excites edge modes and creates a wave packet that travels unidirectionally along the edge of the network (Figures 3B–E, Supplemental Video 1). In particular, due to the topological protection of the edge modes, the precise shape of the boundary does not matter for the existence of these wave packets. Back-scattering modes are suppressed, and the wave packet is able to travel around the perturbation in the boundary (Figures 3B,C). As anticipated at the beginning of this section, the chirality of these wave packets is controlled by the sign of the rotation rate Ω (Supplemental Video 2). If the network is put in the topologically trivial regime, no edge modes exist and the energy injected by forcing does not create a chiral traveling wave packet (Supplemental Video 3).


[image: Figure 3]
FIGURE 3. Traveling excitation in a rotating mechanical Chern network. We simulated the dynamics of an MSN consisting of 12 × 12 unit cells as shown in Figure 1C and analyzed in Figures 2C,D. To create an edge defect, a number of unit cells was removed from the left boundary. Simulations of Equation (11) were performed in the topological regime with Ω = 0.15; see also Supplemental Video 1. (A) Between t = 0 and t = 150, a single node in the bottom left corner is harmonically forced with a frequency ω = 0.71 in the bulk gap; see Figure 2D. (B–E) Starting at t = 150, a localized excitation travels along the edge of the mechanical Chern insulator, moving over a local perturbation of the boundary.


The dynamical behavior described above is encoded in a set of eigenmodes u with Du = iωu that are exponentially localized to the boundaries of the system, and where ω lies in the bulk gap. For the three networks shown in Figure 1, we again constructed finite realizations consisting of many unit cells in a square array, and computed the eigenmodes of the finite dynamical matrix D from Equation (9). For all three networks, we identified modes inside the bulk gap which were then found to be localized at the boundary (Figures 4A–C). To demonstrate exponential localization in each case, we analyzed a slice of the eigenmodes in y direction. Plotting the logarithm of the average node displacement [image: image] as a function of the x position of the node confirms an exponential decay of the node displacement with distance from the boundary (Figure 4D).


[image: Figure 4]
FIGURE 4. Exponential localization of edge modes in rotating tuned mechanical Chern networks. We construct finite realizations consisting of (A) 12 × 12 and (B,C) 14 × 14 unit cells of the three networks from Figure 1, and plot a single eigenmode of the dynamical matrix D from Equation (9) with a frequency inside the bulk gap. The values of Ω are Ω = 0.1 (A), Ω = 0.15 (B,C), in the topological regime. The sizes and colors of the circles are proportional to the magnitude of the local node displacement [image: image], where u = (ux, uy) is the eigenmode. Each network hosts topological modes entirely localized at the boundary. (D) We consider a small slice in y direction of the networks from (A–C) and again plot the magnitude of the local node displacement. For all three networks, the magnitude decreases approximately exponentially in the bulk, demonstrating localization of the modes to the boundary.




7. CONCLUSIONS

We have demonstrated the existence of topologically protected chiral edge modes in the gaps of inversely designed mechanical networks, and have characterized their dynamical properties. For the network realizations considered here, we found that band inversion near the gap was a robust predictor for a topological phase transition induced by sample rotation. The direction of rotation enables control over the chirality of the edge excitation, and topological protection of the edge excitations was confirmed in direct numerical simulations and through calculations of an appropriate Chern invariant.

We hope that the present work can serve as a stepping stone toward the precise inverse programming of topological features into discrete disordered metamaterials. Instead of constructing gapped materials on the basis of known lattices by using certain features of the band structure (e.g., band inversion) as indicators of potential topological transitions, we envision that Linear Response Optimization [24] may eventually allow the direct tuning of such properties by implementing the desired topological characteristics into the optimization objectives.
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Numerical modeling of nematic liquid crystals using the tensorial Landau-de Gennes (LdG) theory provides detailed insights into the structure and energetics of the enormous variety of possible topological defect configurations that may arise when the liquid crystal is in contact with colloidal inclusions or structured boundaries. However, these methods can be computationally expensive, making it challenging to predict (meta)stable configurations involving several colloidal particles, and they are often restricted to system sizes well below the experimental scale. Here we present an open-source software package that exploits the embarrassingly parallel structure of the lattice discretization of the LdG approach. Our implementation, combining CUDA/C++ and OpenMPI, allows users to accelerate simulations using both CPU and GPU resources in either single- or multiple-core configurations. We make use of an efficient minimization algorithm, the Fast Inertial Relaxation Engine (FIRE) method, that is well-suited to large-scale parallelization, requiring little additional memory or computational cost while offering performance competitive with other commonly used methods. In multi-core operation we are able to scale simulations up to supra-micron length scales of experimental relevance, and in single-core operation the simulation package includes a user-friendly GUI environment for rapid prototyping of interfacial features and the multifarious defect states they can promote. To demonstrate this software package, we examine in detail the competition between curvilinear disclinations and point-like hedgehog defects as size scale, material properties, and geometric features are varied. We also study the effects of an interface patterned with an array of topological point-defects.

Keywords: Landau-de Gennes modeling, nematic, topological defect, numerical modeling, GPGPU


1. INTRODUCTION

Nematic liquid crystals' combination of fluidity and orientational order both underlies nematics' widespread technological applications and endows them with topological defects, localized breakdowns in the orientational order stabilized by the medium's broken symmetries. The topological defects of nematics have been integral to the study of liquid crystals since the field's infancy [1].

Besides their role as tabletop physical realizations of profound topological ideas, nematic topological defects—including disclination lines, point-like hedgehogs, and surface-bound boojums—are of great interest for their importance in nematic colloidal suspensions [2]. These composite materials, formed by suspensions of colloidal particles or nanoparticles in nematics, promise new routes to directed self-assembly and self-organization. Nanoparticles in nematics are pushed by elastic forces to assemble in pre-existing defect lines, meaning that sculpted disclinations provide a path to controlled nanoparticle assembly. Applications include plasmonic properties for metamaterials [3, 4], molecular self-assembly [5], and quantum-dot assembly in microshells [6, 7]. Even greater complexity arises in the cases of colloidal particles in the size range of tens of nanometers to several microns, which often have companion topological defects and which interact through forces mediated by nematic elasticity. Self-assembled structures of colloidal particles with companion defects include bound pairs, chains [2, 8] and triclinic 3D crystals [9]; with the aid of laser tweezers, other configurations such as 3D crystals with tetragonal symmetry [10] and sophisticated disclination knots [11–14] can be stabilized. Tailored self-assembled colloidal structures hold promise as optical metamaterials for photonics applications, such as photonic bandgap crystals and microlasers [15–18].

Nematic defect configurations can also be controlled by non-trivial boundary surfaces [19]. Substrate patterning strategies include topographic variations such as “lock-and-key” docking sites for colloidal particles [20–22] and chemical patterning where the boundary condition shifts abruptly [23, 24]. Complex director fields, including disclinations, can be prescribed on a substrate by photoalignment [25] or by scribing with an atomic force microscope [26]. Confinement in geometries such as capillaries [27], droplets [28], shells [29], and thin films [30] produces a wealth of point- and line-defect behaviors stabilized by topology and energetics.

The rapidly expanding variety of experimentally created nematic defect configurations has benefited greatly from the understanding provided by robust modeling approaches. One set of approaches is based on the Frank-Oseen elastic free energy, which penalizes deformations of the nematic director [image: image], and which in its simplest form reads

[image: image]

The superscript (1) refers to the approximation of a single elastic constant K in this expression. However, the [image: image] symmetry of nematics presents challenges for this model in the presence of disclinations with half-integer winding number, especially if their locations are not known beforehand.

This difficulty is resolved by the Landau-de Gennes (LdG) model, the theoretical approach which is the focus of this work and which we review in section 2. The LdG framework takes as its order parameter the second-rank traceless nematic order tensor Qij(x), and is well-suited to modeling arbitrary disclination configurations, as well as biaxial nematics and the blue phases [15, 31]. While little is known analytically about free energy minimizers in LdG theory in any but the simplest geometries [32, 33], numerical minimization of the LdG free energy has been fruitfully applied over a wide range of systems [10–12, 15, 21, 34–48]. Additionally, flow dynamics of nematics, including active nematic systems, can be modeled by supplementing the LdG free energy with hydrodynamical equations as formulated by Beris and Edwards [49] or by Qian and Sheng [50] and solved by methods such as lattice Boltzmann [51–55], multiparticle collision dynamics and related off-lattice methods [56–58], or finite difference and finite element approaches [59, 60]. Some methods incorporate a fast relaxation of the momentum compared to the director, to account for the separation in time scales for these relaxations in typical molecular liquid crystals [52, 61].

The broad usefulness of the LdG theory goes hand in hand with a significant limitation of scale: Resolving defects at a priori unknown locations requires the simulation lattice spacing to be comparable to or smaller than the size of the defect core, the region in which nematic order breaks down, which in thermotropic nematics is typically a few nanometers. This is often thousands of times smaller than the individual micron-scale colloidal particles of interest. Therefore, a faithful rescaling of the experimental system in numerics would require of order at least 109 lattice sites even for configurations involving only a small number of such colloids.

Accessing such experimentally relevant lattice sizes presents computational challenges not often seen in the simulations of glassy and polymeric soft matter systems. The demands on system memory quickly become prohibitive: simply maintaining the five independent degrees of freedom at each lattice site and storing the necessary change in those variables from one minimization step to the next at 109 lattice sites requires 80 GB—more than on most current commodity desktops and larger than the memory capacity of any CUDA-capable GPU1. Additionally, there is a large direct computational cost of even simple manipulations acting on so many degrees of freedom; this contributes to the significant wall-time required for most numerical energy minimizations and presents challenges for efficient exploration of parameter spaces and colloidal particle positions.

Consequently, LdG numerical modeling is typically applied to systems significantly scaled down, with respect to a fixed defect core size, as compared with the experiments that they are intended to model. While important qualitative insights about defects and director fields can often be obtained by scaling down the experimental dimensions, the change in size ratios makes quantitative prediction challenging. There can also be major qualitative differences. The most well-known of these is the form of the companion defect to a particle with homeotropic (normal) anchoring: Micron-scale particles typically have hyperbolic hedgehog companions (in the absence of confinement or external fields) [2], whereas particles in the few hundred nm or smaller size range have disclination loops in the “Saturn ring” configuration [62, 63]. This constitutes a major challenge in modeling systems with multiple colloid-hedgehog pairs. Experimental work on high-aspect ratio colloidal particle shapes observes both hedgehogs and disclination loops, but numerical modeling has been limited to the line defect case [35, 38–43, 64, 65]. Adaptive mesh refinement in finite-element simulations can help to avoid computational and memory expense in regions not near defects [66] but typically does not remove the need to scale down.

In this work we present an open-source finite difference-based implementation of LdG free energy minimization with non-trivial boundary conditions, “openQmin” [67], using a combination of approaches designed to address the challenges described above. It is written for heterogeneous CPU and GPU operation to target two complementary research goals. First, it offers a user-friendly GUI environment for rapid prototyping of topological defect configurations as a function of liquid crystal parameters, boundary geometry, and the presence of colloidal inclusions. Simultaneously, it targets large-scale systems using OpenMPI [68] to support parallelization across both CPU and GPU resources to scale up to the supra-micron length scales of experimental relevance. We employ efficient minimization algorithms, such as the Fast Inertial Relaxation Engine (FIRE) method, to maintain reasonable convergence times even for large-scale parallelized calculations.

The remainder of the paper is structured as follows. We begin with a review of the LdG theory in section 2. Section 3 lays out our numerical approach, first discretizing the LdG theory for a finite-difference method, and then outlining our use of minimization algorithms and OpenMPI parallelization. In section 4 we present two sample studies demonstrating the effectiveness of this approach. We first perform a classic analysis of the companion defects to homeotropic spherical particles at varying system sizes, and then examine the effects of a boundary patterned with surface disclinations in a supra-micron-scale system. Section 5 briefly describes the GUI version of openQmin with an example of the rapid prototyping workflow it enables. Finally, in section 6, we discuss both the range of use we foresee for openQmin and some future directions for additional physics that could be studied in this framework.



2. LANDAU DE-GENNES THEORY FOR NEMATIC LIQUID CRYSTALS

Here we give a brief overview of those aspects of the LdG theory used in our numerical approach. The theory is of course well-established [69] and its use in a finite difference numerical free energy minimization scheme is described in several sources; the reader is directed to Ravnik and Žumer [47] for a thorough explanation.

Uniaxial nematic liquid crystals are characterized by orientational ordering of nematogens (molecules or suspended anisotropic particles) along a director, [image: image], which is a unit vector with the identification [image: image] = -[image: image]. To respect that symmetry consistently, which is important at disclinations of half-integer winding number, we take as order parameter not a director but a second-rank tensor. This is the traceless, symmetric tensor field Q(x), whose lattice discretization is the fundamental object of the LdG modeling approach. Q is related to [image: image] by [70]

[image: image]

Here, S is the degree of uniaxial nematic order, and SB is the degree of biaxial order distinguishing a preferred direction [image: image], perpendicular to [image: image], from [image: image]. The nematic director can be recovered as the eigenvector corresponding to the largest eigenvalue of Q, which equals S. Most nematics are unaxial, so the equality SB = 0 is true in the absence of distortions and represents a good approximation away from defects. In this uniaxial limit, Equation (2) reduces to

[image: image]
 
2.1. Phenomenological Free Energy Density

The LdG theory constructs a phenomenological free energy [image: image] as a functional of Q(x). We can write this functional schematically as [47, 70]:

[image: image]

The first integral, over the volume of the nematic, has three free energy density terms incorporating respectively the energetic costs arising from deviations away from the thermodynamically preferred degree of nematic order S = S0, from elastic distortions, and from external fields. The second integral, summing over all boundary surfaces Sα in contact with the nematic, incorporates the anchoring energy associated with each interface, including the surfaces of colloidal particles; its form may be different for different surfaces. We address each component in turn.


2.1.1. Bulk Free Energy

The first free energy density term in Equation (4) gives a Landau free energy for the isotropic-nematic phase transition, written in terms of rotational invariants of Q in a Taylor expansion about the isotropic, Q = 0 state [71]:

[image: image]

The parameter [image: image], where [image: image] is the temperature at which the isotropic phase is destabilized. In the uniaxial limit fbulk becomes a polynomial in the degree of order,

[image: image]

which is minimized either by S = 0 or by

[image: image]

In the nematic phase, the absolute value of

[image: image]

provides a free energy penalty per unit volume to the melted cores of defects, where S → 0.



2.1.2. Distortion Free Energy

The distortion free energy density models the elasticity of the nematic phase, and represents the LdG counterpart to the Frank-Oseen free energy density. The latter, in full generality up to second derivatives of [image: image], is

[image: image]

The parameters in this expression are the splay (K1), twist (K2), bend (K3), and saddle-splay (K24) elastic constants, and the spontaneous chiral wavenumber q0 which is non-zero in the cholesteric and blue phases. Other common conventions for the saddle-splay energy density replace K24 in Equation (9) by either 2K24 or 2(K2 + K24). Equation (9) reduces to Equation (1) under the “one-constant approximation” K1 = K2 = K3 = K24 ≡ K and q0 = 0. The one-constant approximation is a reasonable simplification for many molecular liquid crystals, where K1, K2, and K3 typically differ by less than a factor of 5 [72, 73].

The most general form of fdistortion that we employ, following Poniewierski and Sluckin [74], Mori et al. [48], and Mottram and Newton [70], includes all gradient terms of quadratic order in Q allowed by symmetry, plus one term at cubic order:

[image: image]

where Einstein summation over repeated indices is implied, and ϵ is the Levi-Civita tensor. Equation (10) corresponds in the uniaxial limit to Equation (9) with the identifications [48]

[image: image]

The one-constant approximation in the absence of spontaneous chiral ordering sets L2 = L3 = L4 = L6 = 0, leaving the much simpler and more computationally efficient form

[image: image]

which corresponds in the uniaxial limit to Equation (1) with [image: image].

Taking this simpler form of the distortion energy density, we estimate the defect core size by considering a distorted uniaxial nematic configuration at S = S0 with [image: image] varying with typical gradient 1/ℓ. Roughly speaking, the energy well depth f0 (Equation 8) gives the threshold value for fdistortion at which distortions become so energetically costly that a local melting of nematic order occurs instead. This length ℓ = ξN, the nematic correlation length (or coherence length), sets the size of the defect core:

[image: image]
 

2.1.3. External Fields Free Energy

The response of the nematic to an external magnetic field H or an external electric field E is modeled by the free energy density term

[image: image]

where Δχ and Δε are the anisotropic parts (difference in principal values corresponding to [image: image] and its perpendicular directions) of the magnetic susceptibility tensor and dielectric tensor, respectively [34], and μ0 and ε0 are respectively the magnetic permeability and electric permittivity of free space. (We omit here the terms for the isotropic parts of these tensors, as they do not couple to Q). In the uniaxial limit, the right-hand side becomes [image: image] (again dropping isotropic terms with no coupling to [image: image]). Positive Δχ or Δε will favor alignment of [image: image] with H or E.



2.1.4. Boundary Free Energy

Boundary surfaces, including the surfaces of embedded colloidal particles, generally impose an anchoring surface energy density fboundary representing the surface tension's dependence on the director at the surface. In terms of the director, a common modeling choice for the anchoring energy is the Rapini-Papoular form [image: image] where [image: image] is the surface normal vector and |Wα| is the anchoring strength of surface α [75]. Homeotropic (normal) anchoring follows from WRP > 0, whereas WRP < 0 creates degenerate planar anchoring, which equally favors every direction perpendicular to [image: image]. The same anchoring functional can favor a different anchoring direction, for example an in-plane direction in the case of oriented planar anchoring, using WRP > 0 with the replacement of [image: image] by the favored direction.

In LdG theory, for homeotropic or other oriented anchoring, the Rapini-Papoular form is generalized as the Nobili-Durand surface anchoring form [76],

[image: image]

where [image: image] is the anchoring strength of surface α and the surface-preferred Q-tensor, Qα, is usually taken to be [image: image], with [image: image] or some other surface-preferred director.

For degenerate planar anchoring, the Nobili-Durand form is not suitable, and we use instead the following free energy due to Fournier and Galatola [77]:

[image: image]

where [image: image] and [image: image] is the projection onto [image: image] via [image: image] for [image: image]. Assuming Q is uniaxial with S = S0, the Rapini-Papoular anchoring is recovered with [image: image].





3. NUMERICAL APPROACH


3.1. Overview

The primary contribution of this work is the presentation of an open-source numerical implementation that exploits the embarrassingly parallel structure of the lattice discretization of the above phenomenological theory. Our implementation, combining CUDA/C++ [78] and OpenMPI [68], was written with extreme flexibility in mind to allow users to accelerate simulations large and small using combinations of available CPU and GPU resources in either single- or multiple-core configurations.

The foundation of the software package, “dDimensionalSimulation,” is a set of generic classes meant to execute simulations of N interacting units, each consisting of d scalar degrees of freedom, using data structures appropriate for efficient execution on either CPU or GPU resources. These generic classes serve as the template for models which instantiate the dN total degrees of freedom, forces which compute interactions between degrees of freedom, updaters which can change the degrees of freedom (e.g., by implementing equations of motion), and simulations which tie objects of these various types together. The present work focuses on implementing the details of these classes to carry out lattice-based LdG modeling to find energy-minimized configurations of equilibrium nematics in the presence of various boundary conditions. The general structure we have employed was chosen to allow flexibility in future development, for example to derive new model classes which include not only the Q-tensor but also density and velocity degrees of freedom, as would be appropriate for modeling active nematic systems [53–55, 60].

In addition to writing efficient code to carry out the required lattice-based minimizations of the Q-tensor field in a domain, we also advocate the use of the graphical user interface (GUI) we developed to rapidly prototype and explore the effects of particular boundaries, colloidal inclusions, and external fields that may be of experimental interest. The GUI allows a wide variety of user operations—adding boundary objects at any stage of the simulation, starting and stopping minimization, adding or removing external fields at will—all while visualizing the resulting defect structure and recording configurational details. A snapshot of the GUI is shown in Figure 1, and more details of the available features are given in section 5. We envision that this capability will allow for rapid prototyping of experimental geometries in the search for particular controllable defect states; running on a single GPU allows real-time visualization of lattices in the low-millions of total sites. We have also included several example files that use the code in a non-GUI mode; these can then use OpenMPI to parallelize across either CPU or GPU resources to scale up to lattices that represent supra-micron-scale liquid crystal systems.


[image: Figure 1]
FIGURE 1. Snapshot of the graphical user interface provided by openQmin, here shown simulating the defect structure near a pyramidal colloid above a topographically non-trivial boundary, all with oriented anchoring along user-specified directions to approximately model homeotropic surfaces.




3.2. Lattice Discretization and Energy Minimization

The finite difference lattice calculations employed in this work use a regular cubic lattice discretization of space, with a Q-tensor defined at each site [image: image]. The lattice spacing Δx can be related to physical quantities through a natural non-dimensionalization of the free energy density, [image: image], which implies a non-dimensionalization of the elastic constants [image: image]. In the one-constant approximation, we thus have [image: image]. In this work we set [image: image]. To model 5CB, following Ravnik and Žumer [47] we take A = −0.172 × 106 J/m3, B = −2.12 × 106 J/m3, C = 1.73 × 106 J/m3, and [image: image] where S0 ≈ 0.53. These give a lattice spacing of Δx ≈ 4.5 nm, which is at the few-nm scale of the defect core in 5CB. Note that the non-dimensionalization of all constants by an energy scale |A| and a length Δx is implicitly made for all values in openQmin, including in the GUI.

The symmetry and tracelessness of Q leaves five independent degrees of freedom, which we take to be [image: image] at each of the N lattice sites in the simulation domain. We write the local free energy density [image: image] in terms of these five independent variables, so that the symmetry and tracelessness of Q are automatic (rather than being maintained by projection operations following update steps [47]). We also label each site with an integer “type,” indicating whether it is a bulk site, a boundary site, or a site inside an object (for instance, the interior of a colloidal inclusion, or part of a bounding surface), depending on the geometry of the problem. Only bulk and boundary sites are “simulated sites,” meaning Q is defined there.

We discretize the total free energy, [image: image], using a finite-difference approach over the 5N independent variables. For the distortion terms we allow the user to select either the more general expression, Equation (10), or the more computationally efficient expression of Equation (11). For the terms in fdistortion which contain spatial first derivatives of Q, we consider first-order forward and backward finite difference approximations,

[image: image]

Here [image: image] is the unit vector in the xk direction, and [image: image] is the site where the calculation is taking place. The choice of a regular cubic lattice makes these derivative approximations straightforward to calculate. The forward and backward finite differences are each compatible with the simulation domain only if ([image: image]), [image: image], respectively, are simulated (bulk or boundary) sites. We then take, as the discretized expression of f, Equation (4) averaged over all forward and backward finite difference expressions for each of k = 1, 2, 3 that are allowed by the geometry of the simulation domain. A bulk site, therefore, has a local free energy averaged over 23 such combinations, while a boundary site has fewer. We use these averages over different expressions for the finite differences, rather than using a single centered finite difference formula ([image: image], because using the latter form in Equation (11) produces no terms coupling [image: image] to its nearest neighbors, of the form [image: image]. This use of the centered first derivative expression would therefore create an artificial (and undesirable) lattice doubling effect in our approach, with even sites and odd sites evolving independently. For curved boundaries such as on spherical colloidal particles, well-known inaccuracies are introduced in the finite difference calculations by the discretization of boundaries as sites in the cubic lattice [79]. Specifically, errors of order O(Δx) in [image: image] are introduced, leading to truncation errors of O(1) (which do not diverge as the lattice spacing is refined) in the first derivative approximations of Equation (16).

Finally, we minimize [image: image] as a cost function over the 5N independent variables [image: image], i = 1, …, 5, j = 1, …, N. The gradient of [image: image] in this 5N-dimensional space is calculated by explicitly differentiating the expression for [image: image] with respect to each [image: image] degree of freedom. This explicit differentiation of a cost function is an alternative to the approach of analytically deriving local forces (molecular fields) from the Euler-Lagrange equations, projecting to recover symmetry and tracelessness, and then discretizing those expressions. While the Euler-Lagrange equations have separate forms for the bulk and the boundaries, in the approach used here forces are derived from the cost function in formally the same way for bulk and boundary sites.

We emphasize that by discretizing space, we can directly map the problem of solving the LdG partial differential equations to finding the minima of a complex energy landscape (where the Q-tensors on each lattice site are the degrees of freedom). For instance, many PDE solvers implement steepest descent relaxation, which can be directly interpreted as overdamped molecular dynamics at zero temperature. This allows us to turn to the wealth of existing algorithmic approaches from the field of non-linear optimization, including minimization techniques such as quasi-Newton methods (conjugate), gradient descent, and momentum-based techniques such as Nesterov's accelerated gradient [80]. Since our aim is to be able to scale up to large systems, we ignore minimizers which require second-order derivatives of the cost function, and we find that even limited-memory quasi-Newton methods such as L-BFGS impose too-strong a memory requirement for many of our purposes. Additionally, while conjugate gradient is appealing in having only marginal extra memory requirements and being much faster than simple gradient descent, it involves frequent line searches that require expensive repeated evaluations of the free energy density and imposes additional parallelization costs.

Thus, although we have implemented many of the above-named minimizers in openQmin, we focus our attention on the use of the Fast Inertial Relaxation Engine (FIRE) method of energy minimization [81]. FIRE falls into the class of “gradient plus momentum”-style minimization algorithms, and it additionally rescales the “velocity” (fictitious additional variables introduced to make the analogy with molecular dynamics even more complete and corresponding to the velocities at which the Q-tensor components change) of the degrees of freedom and adaptively changes the size of the time step itself based on the behavior of the force and velocity during the most recent update. For convex optimization problems the addition of inertia can be proven to enhance convergence [82], although for more complex energy landscapes in general little can be proven. Thus, while it is a heuristic approach, FIRE has been shown to be competitive with (or even faster than) conjugate gradient minimization [81, 83, 84], all while maintaining an extremely light additional memory footprint and being highly amenable to parallelization across multiple cores or multiple GPU units. Note that FIRE was originally developed with atomistic simulations in mind, but it is increasingly being used more generally, including in the solution of PDEs [85] and in machine learning applications [86]. By the straightforward mapping mentioned above we are able to directly apply the pseudocode presented in Algorithm 1.


Algorithm 1: Pseudocode for FIRE minimization [81].

[image: Algorithm 1]

We first demonstrate this efficient minimization in Figure 2, where we compare the system energy and average norm of the force on the degrees of freedom during the minimization of a lattice of N = 2503 sites in a cubic geometry with periodic boundary conditions. To make a fair comparison, we have performed both a FIRE and a gradient descent (GD) minimization on the same system using separately tuned minimization parameters for each algorithm. We use the same hardware for each simulation, and report the minimization progress in terms of the wall-clock time taken. Although it is sometimes common to report efficiency in such comparisons in units of function calls, for algorithms with very different numbers of arithmetic operations (each FIRE iteration requires more than twice the number of arithmetic operations compared to GD) such comparisons are often misleading.


[image: Figure 2]
FIGURE 2. (Red) Energy relative to the uniform texture with preferred nematic order, [image: image], and (blue) the norm of the residual force vector, [image: image], for bulk nematic (lattice size is N = 2503), starting from a randomly initialized configuration, as a function of wall-clock time. Solid lines are minimizations using FIRE and dashed lines are those using gradient descent. As described in the text, we have tuned the minimization parameters (step size, etc.) for each algorithm separately and use identical hardware to make a one-to-one comparison.


As Figure 2 makes clear, even in the trivial case of finding the uniform nematic ground state for a system with no boundary terms from a system initialized with random Q-tensors at each lattice site, FIRE provides orders of magnitude improvement in the time taken to find minima. This performance of our default minimizer is not restricted to simple, bulk states of the liquid crystals. As we demonstrate in Figure 3 for a handful of simple (and well-studied) arrangements of colloidal inclusions and boundaries, FIRE is very rapidly able to find these more complex minima, too. As with any non-convex optimization solver, though, no guarantees are made by FIRE about avoiding particular local minima in favor of a true global minimum. Where this is a concern, we adopt the standard approach of minimizing from multiple different random initializations. Particularly when coupled with a GPU, the substantial acceleration of FIRE-based minimizations enables the usefulness of the GUI, as the evolution of defect structures in response to user-instigated changes can be seen in real time.


[image: Figure 3]
FIGURE 3. (A) Energy relative to the minimized energy for three different geometries as a function of wall-clock time, in a lattice of size N = 2503 and starting from a randomly initialized configuration. As in Figure 2, solid lines are minimizations using FIRE and dashed lines are those using gradient descent. As depicted in (B) showing the minimized configurations, the three sets of lines correspond to (Blue) two spherical colloids between parallel plates, all with homeotropic anchoring, (Red) the interior of a spherical droplet with homeotropic anchoring, and (Purple) a spherocylinder with homeotropic anchoring between parallel plates with degenerate planar anchoring. These images were created using the “multirankImages.nb” Mathematica file included in the repository for making simple visualizations.


Although numerical simulations of this size have been commonly used to make contact with experiments, in single-core operation it is impractical to simulate lattices much larger than N ~ 3003, with the limiting factor being the wall-clock time required for CPUs and memory constraints for GPUs. Given a simulation with [image: image] degrees of freedom and spreading the work across P processing units (either GPUs or CPUs), achieving ideal [image: image] scaling requires both low-latency communication between processors and algorithms that are themselves linear in [image: image]. Fortunately, lattice-based models with only nearest- and next-nearest-neighbor interactions are trivial to parallelize using a pattern common to, e.g., spin glasses [87]. We use a standard spatial decomposition of the total number of lattice sites into rectilinear sub-regions (typically cubes, although other spatial partitions are easily implemented and may be preferable for some simulation geometries). Each processing unit is assigned to one of these subregions, and is responsible for controlling and updating the lattice sites in that subregion. It also maintains information about the state of the “halo” of lattice sites that are neighbors, nearest-neighbors, and next-nearest neighbors of lattice sites at the boundary of the subregion it controls. Standard OpenMPI protocols [68] are used during each simulation step to communicate information about the state of these halo sites to and from each processing unit in optimized sequences of uni-directional transfers.

We now assess how our method's efficiency scales as the problem size is increased. Although strong scaling (Amdahl's law)—in which the total problem size is kept fixed and P is increased—is often important, it is well-established that the structure of the near-neighbor lattice interactions we simulate is embarrassingly parallel. Our real aim is to scale up the problem size itself and use many processors to simulate lattices that approach experimental scales. As such, weak scaling (Gustafson's law)—in which the amount of work per processing unit is kept constant—is the relevant test.

One challenge to mention here is that when targeting energy minima—as opposed to simply advancing a molecular dynamics simulation for a fixed number of time steps—the number of minimization steps itself grows with the total system size. In general the convergence properties of different minimizers in non-convex settings are highly non-trivial. For simple geometries we are able to numerically probe this scaling—for instance, we find that in the absence of any boundary the number of minimization steps to achieve a target small force tolerance scales with the linear size of the system, whereas in the presence of a spherical colloid it scales roughly with L3/2. In general, though, the approximate scaling may be hard to ascertain (and may depend on the target threshold for declaring a configuration to be in a minimum).

Turning instead, then, to the per-minimization-step timings, we present the weak scaling performance of openQmin in Figure 4, where we compute the total number of lattice-site updates (i.e., N times the number of simulated time steps) during a minimization in which we fix Np, the number of lattice sites per processing unit, at several values and vary P. Consistent with a globally cubic simulation, we parallelized across P = 13, 23, 33, 43, 53, 63, 73, 83, 93, 103 processors on the Comet XSEDE cluster, and studied computational performance for [image: image]. As expected, there are systematic drops due to increased communication costs as one goes from 1 core to multiple cores to multiple nodes, but openQmin recovers ideal linear scaling of lattice updates with P as P grows very large. Additionally, there is a systematic degradation of performance for small Np, since in that case there is a more unfavorable ratio of halo sites to controlled sites for each processor.


[image: Figure 4]
FIGURE 4. Weak scaling performance of openQmin on Comet, in total number of lattice site updates [i.e., (time steps)×(ranks)×(Np)] per second vs. the number of CPU processes, P, for a constant number of lattice sites per process. The points from dark red to light blue correspond to [image: image] lattice sites per rank. The dashed gray line corresponds to ideal ∝P scaling.


Note that when we set the characteristic lattice spacing to correspond to 4.5 nm, the largest system simulated in this study, [image: image], corresponds to a simulation domain of volume 1,424 μm3.




4. SAMPLE STUDIES


4.1. Companion Defects to Homeotropic Spherical Colloids

In this section we apply openQmin to the question of whether a hyperbolic hedgehog or a Saturn ring disclination loop provides the minimum-energy form of the topological companion defect to a homeotropic spherical colloid. As mentioned above, a larger colloid radius a favors the dipolar configuration with a hedgehog, whereas smaller a favors the quadrupolar configuration with a Saturn ring. As a result, the common rescaling of experimental dimensions to smaller a/ξN in numerical modeling risks obtaining qualitatively different topological defect configurations. Besides increasing the simulation box size, altering the modeled material constants can restore qualitative agreement between experiment and simulation. Here we explore the issue in detail, using openQmin to systematically investigate the stability of hedgehogs relative to Saturn rings over a range of sizes and material parameters.

The dipolar configuration with a hyperbolic hedgehog is the ground state for homeotropic colloidal particles near or above the micron scale [2]. Terentjev's prediction of the alternative quadrupolar director field configuration with a Saturn ring disclination loop [62] can be stabilized for large particles by confinement or external fields [88, 89]. Stark [63] demonstrated numerically using the Frank-Oseen free energy that the Saturn ring becomes metastable relative to the dipole for a [image: image] 720 nm, with a defect core size rc = 10 nm. For a [image: image] 270 nm, the Saturn ring becomes the global ground state.

While the elastic energies of the two configurations are complicated to express, the Saturn ring is additionally penalized by a simple core energy per unit length, or line tension, γ = πK/8 [63, 69]. Because the Saturn ring maintains a radius rd just slightly larger than that of the colloidal particle, rd ≈ 1.1a [63], the total defect core energy penalty Ec = 2πrdγ ∝ Krd of the Saturn ring grows linearly with the colloid radius. In contrast, the hyperbolic hedgehog has no defect core dimension growing in size with the colloidal particle, helping to stabilize the dipole over the Saturn ring at larger colloid sizes.

In order to numerically model multi-particle configurations in the dipolar size regime—if we cannot exploit crystal symmetries to obtain a small unit cell [10, 45]—we must either scale up the simulation volume to larger lattices, or stabilize the dipole at smaller particle sizes. We can achieve the latter by altering the materials-constant ratios [image: image], [image: image] in Equation (5). Together, these two ratios determine S0 via Equation (7), as well as the non-dimensionalized free energy density of the nematic ground state [image: image] with the energy well depth f0 defined as in Equation (8).

By varying [image: image] and [image: image] such that S0 remains fixed, we alter the energetic cost per unit volume of melted nematic order in defect cores, |f0|. The defect core size rc varies with the nematic correlation length ξN, which, from Equation (12), scales as [image: image]. Thus, an increase in |f0| implies a decrease in the defect core size, which means effectively that the ratio a/rc of the particle size to the defect core size is increased without changing the size of the simulation lattice. The dipolar configuration is therefore expected to remain stable at smaller particle sizes. This technique was used in Luo et al. [37] to model a dynamical transition from Saturn ring to dipole as a colloidal particle approaches an undulated boundary, at simulation box sizes up to 50 times smaller than the experimental dimensions.

The results of this study are shown in Figure 5, which we parameterize by varying [image: image] at fixed S0 = 0.53 [i.e., setting [image: image]], along with the size of the spherical colloid and the lattice size. We test the stability of hyperbolic hedgehogs by initializing the surrounding lattice sites in the dipolar defect configuration suggested by Lubensky et al. [90], performing an energy minimization, and testing whether the resulting configuration has remained in the hedgehog state or transitioned to a Saturn ring configuration (thus, testing the meta-stability of the dipolar defect state as a function of system parameterization). At the values [image: image], [image: image] commonly used in modeling of 5CB [47], we find that the lower limit of hedgehog meta-stability is a ≈ 74 lattice spacings, or about 330 nm. In this sample study we have imposed a large but finite anchoring strength at the colloid's surface. Weaker anchoring strength will affect the results, with a “surface ring” configuration replacing the dipole at low anchoring strength [63].


[image: Figure 5]
FIGURE 5. Stability of dipolar defects around a spherical colloidal inclusion at fixed S0 = 0.53 as a function of dimensionless bulk free energy density constant [image: image], colloid size a, and linear system size L, with a and L in units of the lattice spacing. Regions of parameter space with (meta-)stable dipolar configurations are shown with blue diamonds, stable quadrupolar configurations are shown with red circles. (Left) For fixed lattice size of N = 2753, we vary the dimensionless bulk free energy density constant [image: image] and the colloidal radius a. (Right) For fixed ratio of colloidal radius to linear system size, a = 0.22 × L = 0.22 × N1/3, we vary [image: image] and L. Particularly for the larger values of a, one can see dependence of hedgehog meta-stability on L, indicating the importance of far-field distortions and boundary conditions (here, periodic).


We have also tested the meta-stability of the quadrupolar defect configuration by initializing the system in a Saturn ring configuration and minimizing, but we have not observed the spontaneous appearance of hedgehog defects from such simulations, indicating at least the meta-stability (if not absolute stability) of Saturn rings over the entire parameter range studied here. In addition to the effect of defect core size mentioned above, slight deviations in hedgehog meta-stability as a function of lattice size at fixed [image: image] and a seen in Figure 5 indicate the importance of far-field distortion terms on the (meta-) stability of defect configurations.



4.2. Patterned Boundary Conditions

To demonstrate the modeling of patterned boundaries in openQmin, we examine a square array of alternating ±1 disclinations imprinted as a spatially varying anchoring direction on a planar substrate. Such an array was created experimentally by the authors of Murray et al. [26], by scribing lines into a polyimide surface with an atomic force microscope. As in that experiment, we give the opposing surface degenerate planar anchoring. In openQmin, these boundary conditions are specified at each boundary lattice site through a user-prepared text file (see section 5 below). We employ periodic boundary conditions in the horizontal directions, and the anchoring strength W at both surfaces is set to make the extrapolation length K/W roughly equal to the lattice spacing.

Figure 6A shows the result of minimizing a cell of thickness h = 224 lattice spacings, corresponding to ≈1 μm for 5CB, and a spacing d between defects equal to h. We create an 8 × 8 array of defects, so the total volume modeled is 64 μm3, larger than the maximum size achievable with single core minimizations on a typical CPU (≈10 − 20 μm3). Simulating several unit cells of the substrate patterning in this way allows us to observe a labyrinthine configuration of half-integer disclination lines near the plane of the substrate, connecting neighboring surface-defects. Meanwhile, some disclination lines are vertical, traveling between the two surfaces and imprinting a [image: image] or [image: image] defect profile on the top surface. The stopping condition for the minimization here was a somewhat modest force tolerance, allowing these large-system-size studies to be completed in less than 24 hours. While clearly not completely equilibrated, the horizontal disclination labyrinth is similar to a domain wall texture observed experimentally in Murray et al. [26], which may also be kinetically trapped. Absent from the texture in Figure 6A is the ±1 non-singular escaped configuration, which did appear in the experiments.


[image: Figure 6]
FIGURE 6. Numerically computed disclination configurations near planar substrates patterned with square arrays of alternating ±1 surface disclinations. The opposite planar boundary (transparent square) has degenerate planar anchoring. (A) An 8 × 8 array of surface disclinations with spacing equal to the cell thickness. (B) A 2 × 2 array of surface disclinations with spacing equal to six times the cell thickness. (C) A 4 × 4 array of surface disclinations with spacing equal to half the cell thickness. Configurations in (A–C) are partially energy-minimized. Disclinations are colored blue. Axes values are given in units of the lattice spacing. In each row, the second panel shows a top view of the disclinations in bulk and the director field in the plane of the patterned substrate; the third panel shows a top view of the director field on the opposite surface, along with the half-integer disclination points (if any) in that surface. These images were made using the “visualize.py” Python script included in the repository for taking saved configurations and making simple visualizations from the command line.


The energetic cost per unit length of disclination lines implies that the vertical configuration is favored by smaller cell thickness h. Indeed, as shown in Figure 6B, when we decrease h/d from 1 to [image: image], only vertical disclinations appear, in pairs of [image: image] or [image: image] disclinations from the “splitting” of the ±1 surface defects. This defect splitting was sometimes observed in Murray et al. [26] in place of the escaped configuration. Conversely, as shown in Figure 6C, only horizontal disclinations appear when h/d is increased to 2. Extensions to even larger defect arrays, to curved boundaries, and to spatially non-uniform anchoring types can be explored in the same manner in openQmin.




5. RAPID PROTOTYPING WITH GUI INTERFACE

Figure 1 shows a screenshot of the graphical user interface in action; the Supplemental Video and accompanying narrative transcript of the video in Supplementary Data Sheet 1 shows a representative demonstration of its use. Here we discuss some of its current functionality. Initialization dialog boxes allow the user to set the simulation size, the computational resource to use (CPU or GPU, auto-detecting whether CUDA-capable resources are available for use), and parameters for the bulk and distortion free energy density. This generates a random bulk configuration of Q-tensor lattice sites with periodic boundary conditions. For the visualization pane the user can specify the density and magnitude of directors to draw (taken to be the direction of the largest eigenvector of Q at each site), and can freely rotate and zoom in on the configuration, as well as highlight in blue defects defined locally by regions where the largest eigenvalue of Q falls below some threshold.

In the top left are buttons allowing the user to specify parameters from one of two energy minimization techniques to use (FIRE and Nesterov's Accelerated Gradient Descent); the resulting dialog boxes are populated with values that we typically find to be efficient for default parameter choices in the bulk and distortion energies, although some amount of tuning may be quite beneficial (particularly when changing the distortion terms L2 through L6). The “Minimize” button performs the requested energy minimization (either until a target force tolerance is attained or the maximum number of iterations is reached), with the option to visualize the results only at the end or to watch the minimization proceed. The “File” dialog box allows the currently visualized state of the system to be saved for separate analysis or processing.

Note that menu items allow any of the terms in the energy functional governing the simulation, Equation (4), to be changed on the fly. This allows, for example, the user to first minimize a system with some values of the distortion constants and then perform repeated minimizations as those values are changed, observing the stability or meta-stability of defect structures as this is done.

Two buttons allow the user to introduce boundaries and colloidal inclusions into the system. “Simple” objects are spheres and flat walls with either normal homeotropic or degenerate planar anchoring conditions. Arbitrarily complex boundary conditions (taking any shape, with degenerate planar and homeotropic anchoring conditions not restricted by the direction of the surface normal) can be added by preparing a simple text file that the program can read in – an example script that generates the custom boundary file used in Figure 1 is included in the “/tools” directory of the project's GitHub repository [67].

With boundaries and colloids (“objects”) in place, some manipulations of these objects are accessible via drop-down menus. The positions of these objects within the simulation can be directly modified, so the user could place an ellipsoidal particle, perform a minimization, change the position, re-minimize the system, and record the different energy minima attained. We include an option to automate this type of operation (which can be used to build up the potential of mean force from the liquid crystal and colloid interactions) for convenience. A near-term addition will be allowing objects to move according to the integrated stresses at their surface (or according to the energetic results of various trial moves); the user will then be able to separately “Minimize” just the liquid crystal sites or “Evolve [the] system” by allowing both liquid crystalline and colloidal degrees of freedom to change simultaneously.

Finally, to facilitate moving from GUI prototyping to larger-scale MPI studies, we have included the ability to record system initialization and sequences of commands entered in the graphical user interface, and then save this sequence of commands as a new file that can be separately compiled and executed in non-GUI operation. This file has its own set of command line options, primarily so that it can be made to work as an MPI executable and so that the system size of the simulation it represents can be rescaled to a larger value. We highlight this GUI-prototyping approach as a visual alternative to the scripting-language approaches of molecular-dynamics packages like LAMMPS [91] or HOOMD-blue [92] for specifying complex sequences of system initialization, energy minimizations, and the introduction of objects, fields, and boundary conditions. We believe that this seamless visual-prototyping-to-MPI-scalable pipeline will be beneficial to researchers interested in accessing experimental-scale simulations.



6. DISCUSSION

As demonstrated in our sample study, openQmin utilizes MPI to enable LdG modeling at typical size scales of experimental relevance, at the ~ 10 μm range, with fast convergence enabled by the FIRE algorithm. Besides the colloidal defect configurations and patterned boundaries discussed here, another immediate use is for the study of cholesterics, where typically fewer than ten pitches can fit inside a simulation box using a single processor, but using openQmin tens of pitches can be modeled. While it may not be realistic at present to frequently conduct simulations with 103 processors, using openQmin on computer clusters will facilitate demonstration of how numerical results scale with system size, allowing reasonable extrapolations to experimental scales.

For modeling at the ~ 1 μm range or smaller, openQmin's combination of FIRE with GPU computing offers a substantial speedup, enabling users to manipulate the simulated conditions in a GUI environment and observe the change in energy-minimized configurations. The GUI is useful for running “real-time” tests of proposed configurations which can then be modeled at larger scales with MPI.

Likewise, the GUI will also be useful to experimentalists in quickly identifying more optimal properties of nematics, colloidal particles, boundaries, etc. in order to achieve targeted topological or self-assembled configurations. In general, numerical modeling can aid experimental studies not only in developing theoretical understanding of nematic structures and energy landscapes, but also in performing high-throughput searches through these design spaces. For example, geometric compatibility conditions favoring lock-and-key assembly of particles and patterned walls [21, 37], or particle design promoting assembly into photonic crystals, can be optimized more efficiently in numerics, to help guide the increasingly sophisticated uses of fabrication techniques such as photolithography and two-photon polymerization [93]. An ambitious but important direction for future development is therefore to efficiently explore design parameter spaces in numerical modeling, possibly employing genetic algorithms and techniques from machine learning.

There are some near-term directions for future development of openQmin that we anticipate will increase the usefulness of this open-source software to the liquid crystals research community. An expanded library of Q-initialization options will facilitate investigations of chiral liquid crystals, topologically entangled or knotted defect configurations [11–14], and periodic defect arrays [26, 94], for example. A major advance would be adding a flow field coupled to Q by Beris-Edwards nematodynamics, for investigations of microfluidic geometries and active nematics.

Incorporating motion of colloidal particles into the modeling is another area for useful developments. In the experimental system, energy is minimized not only over Q but also over the positions and (if applicable) orientations of colloidal particles. At present, openQmin takes these latter degrees of freedom as input parameters, and a free energy landscape can be mapped either informally using the GUI or more systematically on a computer cluster. Thus one desired future improvement is to allow overdamped translation and rotation of colloidal particles within the program, downhill in the energy landscape, based on trial moves or on estimated nematic elastic stresses felt by the particle [46]. The trial move approach, requiring several re-minimizations of Q at each time step, is made less cumbersome by improved convergence speed of the FIRE algorithm.

Finally, we hope that openQmin's GUI interface will be useful in physics education. Interacting with a fast and “hands-on” version of the numerical modeling, students at the undergraduate or beginning graduate level can quickly gain experience and intuition for liquid crystals. This will help to capitalize on the position of liquid crystals as one of the most accessible, and visualizable, physical realizations of abstract topological ideas relevant to many areas of physics.
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Dowsons are ±2π point singularities of the unitary complex order parameter eiφ characterizing the so-called dowser texture in a thin nematic layer with homeotropic boundary conditions. Dowsons are therefore similar to disclinations in freely-standing smectic C films or to vortices in two-dimensional superfluids or superconductors. Using especially tailored setups called dowsons' colliders, pairs of dowsons of opposite signs are generated and set into motion on counter-rotating trajectories leading to collisions. In a first approximation, the velocity of dowsons is orthogonal and proportional to the local phase gradient [image: image]. The outcome of collisions, i.e., either annihilation or bypass, depends on the distance of trajectories Δφ in terms of the phase: for Δφ < π a collision of a pair of dowsons leads to their annihilation, while for Δφ > π the dowsons are passing by. This rule is valid only for quasi-static stationary wound up textures and can be easily broken by application of a Poiseuille flow in an appropriate direction.

Keywords: nematic, topological defects, dowser texture, complex order parameter, collider, annihilation


1. DOWSONS: DEFECTS OF THE DOWSER TEXTURE


1.1. The Dowser Texture

As stressed by de Gennes in his pioneering paper on classification of topological defects [1], superfluids (or superconductors) (Figure 1A) and smectics A (Figure 1B) are characterized by complex order parameters |Ψ|eiφ. Later, smectics C (Figure 1C) have been added to this list. Beside phases in the thermodynamic sense, the complex order parameter characterizes also textures of a homeotropic nematic layer above the Freedericks transition (Figure 1D) as well as the so called dowser texture in a nematic layer with homeotropic boundary conditions (Figure 1E).
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FIGURE 1. Topological defects in systems characterized by complex order parameters: (A) vortices in a superconductor [2], (B) dislocation in a BPI crystal, (C) disclination in a smectic C free-standing film, (D) umbilic in a homeotropic nematic layer above the Freedericks transition, (E) dowson in the dowser texture.


The dowser texture, known as the quasi-planar texture for decades [3], was believed unduly to be unstable, with respect to the homogeneous homeotropic texture, so that it has been scarcely studied in past. Recent work [4] proved that in practice the quasi-planar texture is only metastable and can be preserved indefinitely in certain conditions. Experiments with this persistent version of the quasi-planar texture have unveiled its remarkable qualities such as its sensitivity to magnetic [5], mechanical [6], or electric [7] perturbations. For this reason, as well because of the resemblance with the wooden dowser tool, the persistent version of the quasi-planar texture was dubbed “the dowser texture.”



1.2. Dowsons d+ and d−: the +2π and −2π Singularities of the Phase Field φ(x, y, t) of the Dowser Texture

The dowser texture is fully characterized by the azimuthal angle φ of the unitary two-dimensional dowser field d = (cosφ, sinφ) (Figure 1E) which is equivalent to the phase φ of the complex order parameter eiφ.

Thanks to the birefringence of nematics, the phase φ(x, y, t) of the dowser field d(x, y, t) is directly observable in polarized light so that its +2π and −2π topological singularities are easily identifiable [5]. Let us note that when considered in three dimensions of the nematic layer, these singularities of the 2D dowser field d(x, y) appear as nematic monopoles [8], that is to say, point singularities of the 3D director field n(x, y, z, t).

In the present work, devoted to motions and collisions of topological singularities of the dowser field we will call them shortly “dowsons.” Moreover, for the sake of concision, we will use notations “d+” and “d−” corresponding to the +2π and −2π versions of dowsons.

Let us stress that in contradistinction with the dowser texture, the phase φ(x, y) of the complex order parameter in superconductors is not an observable quantity and only its +2π and −2π singularities, that is to say vortices, can be imaged, for example, with a squid-tip AFM because they carry in their normal core the quanta of the magnetic flux h/(2e) [2].



1.3. Trajectories and Collisions of Dowsons

Previous experiments with dowsons [4, 5] have shown that pairs of dowsons “d+” and “d−” can be easily generated, set into motion and brought into collisions. In certain conditions collision of pairs of dowsons (d+,d−) can result in their annihilation. Here, we will explore these processes by means of especially tailored setups called “dowsons' colliders” (see section 2.1 and Figure 4).

The principal role of dowsons' colliders consists in driving motions of dowsons which is achieved by a controlled winding of the phase of the dowser field. Indeed, like vortices in superconductors which are set in motion by phase gradients (the Lorentz force is exerted on a flux quantum by a transport current proportional to the phase gradient), the motion of dowsons is also driven by phase gradients.



1.4. Single Dowsons Inserted in a Wound Up Dowser Field

This is explained on the first example shown in Figure 2 where one dowson d+ is imbedded in a wound up dowser texture. Before considering forces involved in the motion of this dowson d+, let us emphasize that its structure depends on the phase φi = φ(xi, yi) at the insertion point (xi, yi). Figures 2A–C show that for φi = 0 the structure of the dowson d+ is radial with the field d directed outward. For φi = π/2 the structure becomes circular anticlockwise (see Figures 2D–F) and for φi = π it is radial directed inward (see Figures 2G–I).
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Figure 2. (A–I) Dowson +2π imbedded in a wound up dowser texture. (A,D,G) Radial, orthoradial, and antiradial configurations of the dowson d+ alone. The orthoradial configuration has the lowest elastic energy [5]. (B,E,H) Phase field of the dowser texture wound up in y direction: φ = 2πy/λ. (C,F,I) The wound up phase field with the dowson d+ imbedded respectively at y = 0 (C), y = λ/4 (F), and y=λ/2 (I). (J–O) Dowson -2π imbedded in a wound up dowser texture. (J,M) Configurations of the dowson d− depend on the phase φi = φ(xi, yi) at the insertion point (xi, yi). They result from rotation by the angle φi. (K,N) Phase field of the dowser texture wound up in y direction: φ = 2πy/λ. (L,O) The wound up phase field with the dowson d− imbedded respectively at y = 0 (L) and y=λ/4 (O).


In Figure 2 the dowser field is wound up in the y direction [image: image] so that the phase φi = φ(xi, yi) does not depend on the coordinate xi of the insertion point. Therefore, lines defined by yi = const are isophasic and can be considered as isophasic trajectories of the dowson. In the general case of an arbitrarily wound up dowser field, one can still define isophasic lines by equation

[image: image]

When the dowson d+ is moving on such isophasic trajectories, its structure (radial, circular, or spiral) remains the same. Therefore, the isophasic trajectories can be alternatively called isoform. This second denomination is more convenient in practice: when the orientation of the cross-shaped isogyres of a dowson remains the same, its trajectory is isophasic.

Similar consideration on the insertion of one dowson d− into a wound up dowser field (illustrated by Figures 2J–O) leads to the conclusion that the “hyperbolic” structure of the dowson d− rotates as a whole when φi varies. Such a transformation of the dowson d− does not change its elastic energy so that trajectories of the dowson d− are not submitted to elastic constraints.

On the contrary, as stated above, the structure of the dowson d+ varies with φi. Therefore, due to the elastic anisotropy, the elastic energy of the dowson d+ depends on φi so that its trajectories are submitted to an elastic constraint. As we will point out below, dowsons d+ tend to follow isophasic trajectories.

In Figure 2C, the dowson d+ is located at the left extremity of a 2π wall. The elastic energy stored in this wall is relaxed when the dowson d+ moves to the right because the wall is shortened by this means.

Qualitatively, a wall of width λ exerts on the dowson d+ the force which is of the order of the elastic energy per unit length stored in it:
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During the motion of the dowson with velocity v, the driving force τel is opposed by another one τvisc resulting from the viscous dissipation:

[image: image]

Therefore, the velocity of the dowson is given by:
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In conclusion, the velocity of the dowson should be independent of the local thickness but should decrease as 1/λ with the local width λ of the wall.

When instead of the dowson d+, the dowson d− is imbedded in the same wound un dowser field (see Figure 2J), it is positioned at a right extremity of the 2π wall and therefore will move to the left.



1.5. Pair of Dowsons (d+,d−) Inserted in a Wound Up Dowser Field

Figure 3 represents the case of a pair of dowsons d+ and d− inserted in the same wound up dowser field. Analytically, the phase field of the wound up dowser texture with the pair of d+ and d− dowsons inserted respectively at points (x±, y±) can be expressed as

[image: image]

When the two dowsons are far enough, i.e., when |x+ − x−| > λ, they move on trajectories defined by y(t) = y+ and y(t) = y−. We can thus define the distance of trajectories as
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in terms of the length or as

[image: image]

in terms of the phase. The set of seven pictures in Figures 3A–G illustrates graphically this concept of the distance of trajectories leading to collisions.


[image: Figure 3]
FIGURE 3. Collision of a pair of dowsons d+ and d− imbedded in a wound up dowser texture. The distance of their trajectories in terms of the phase difference Δφ varies between 0 to 3π from (A–G). The color code for the phase is given in (H).




1.6. Aims of Experiments With Dowsons' Colliders

One of aims of our experiments performed with dowsons' colliders is to find conditions which determine the outcome of collisions [9, 10]. When Δφ = 0 (see Figure 3A), the two dowsons are located at extremities of the same 2π wall. It seems therefore that annihilation of the (d+,d−) pair must occur. Inversely, when Δφ > π (see Figure 3G), the two dowsons are located at extremities of two distinct 2π walls so that the annihilation of such a pair will be avoided. We will thus generate experimentally numerous pair collisions with the aim to find the annihilation cross section of dowsons.

Before that, we will focus on the primary aim of our experiments which consists in observing motions of dowsons and measuring their velocities. Knowing that the elastic force driving their motion is inversely proportional to the wave length λ of the wound up texture, we have to wind up the dowser texture more or less expecting that the velocity of dowsons should increase when the phase gradient grows.




2. DOWSONS' COLLIDERS


2.1. Experimental Setups
 
2.1.1. The Double Dowsons' Collider

The first setup shown in Figure 4A, called here “Double Dowson Collider” or DDC, was developed during the study of the rheotropism of the dower texture [6]. It consists mainly of a convex lens (50 mm in diameter) and of a glass slide (25 × 75 × 1mm) supported at one end by a translation stage as shown in Figure 4A. The radius of curvature of the convex lens is 140 mm. A droplet of a nematic (5CB) is held by capillarity in the gap between the lens and the slide. Typically the diameter of the squeezed droplet is 10 mm and its thickness in the center (regulated by means of the translation stage) is of the order of a few μm. The glass slide is set into vibrations by the force exerted on small magnets by the magnetic field of the coil. Due to the mirror symmetry [with respect to the (x,z) plane] of this device, only the flexural modes of vibration ζ = ζ(x, t) are excited in it.


[image: Figure 4]
FIGURE 4. Dowsons' colliders. (A) The first version developed during studies of the rheotropism of the dowser texture [6]. Here, we will call it the Double Dowson Collider (DDC). (B) The second version tailored for production of circular trajectories of dowsons. We refer to it as the Circular Dowsons' Collider (CDC). (C,D) Approximative representations of the rheotropic torque Γ(x, y) in DDC and CDC. (E,F) Typical wound up dowser textures obtained with DDC and CDC.


As explained in Pieranski et al. [6], vibration of the slide (in its flexural modes) results in two harmonic motions at the drop center: 1—modulation of the gap thickness and 2—rotation around the y axis. By this means, two Poiseuille flows, radial and dipolar, shifted in phase by π/2, are driven simultaneously. The resulting effective flows are elliptical: clockwise and anticlockwise in the two halves of the droplet symmetrical with respect to the mirror plane (x,z).

The rheotropic (weathercock-like) behavior of the dowser field results in rotation of the dowser field d with the angular velocity ω(x, y, t) = dφ/dt depending on the (x,y) position in the droplet. In the DDC, the torque Γ(x,y,t) exerted by the elliptical Poiseuille flow on the dowser field can be approximated, heuristically, by the function fDDC(r) cos(θ), with [image: image], [image: image] and θ = arctan(y/x), plotted in Figure 4C. A typical pattern of a wound up dowser texture observed in experiments between crossed polarisers is shown in Figure 4E. It is symmetrical with respect to the (x,z) plane.



2.1.2. The Circular Dowsons' Collider

For the purpose of the present study of collisions of dowsons, we developed a second setup (see Figure 4B) tailored for production of a circularly wound up pattern. As we will see below, trajectories of dowsons in this Circular Dowsons' Collider are circular and respectively clockwise and anticlockwise for the d+ and d− defects.

In this second setup, the mirror symmetry is broken by its structure. The magnet is now located at one extremity of an additional glass slide (10 × 75 × 1mm) which is attached at its second extremity to the principal glass slide. The force fexc exerted by the coil on the magnet produces now also a torque fexcΔy which drives the torsional mode of the principal glass slide. As the flexural and torsional modes have different eigenfrequencies, the π/2 phase shift between them can be obtained by an appropriate choice of the excitation frequency, which typically is of the order of 360–440 Hz. In such a case, the motion of the principal glass slide at the center of the drop is conical: the normal to it [image: image] precesses on a cone centered on the z axis. The Poiseuille flow in the droplet is now circular (orthonormal) with the amplitude (and sense) depending on the distance r from the drop center.

In the first approximation, the torque Γ(x,y,t) exerted by the elliptical Poiseuille flow on the dowser field can be represented, heuristically, by the function fCDC(r) = d(fDDC/dr) which plotted in Figure 4D.




2.2. Experiments With the Double Dowsons' Collider
 
2.2.1. Velocity of Single Dowsons on Straight Trajectories

As shown in Figure 5E the isogyres' pattern of the dowser field wound up in the double dowsons' collider is (almost) symmetrical with respect to the mirror plane (x,z). Therefore, when a single dowson is imbedded in the wound up dowser field in the vicinity of this plane, the 2π wall to which it is attached is parallel to the x axis as discussed in the Introduction (see Figure 2). This is the case in the series of five pictures in Figures 5A–E showing the motion of a single dowson d+ “pulled” by a 2π wall along the x axis.


[image: Figure 5]
FIGURE 5. Motion of the dowson d+ in the phase gradient generated in the dowson collider DDC. The series of five pictures shows successive positions of the dowson d+ at: (A) t = 0 s, (B) t = 380 s, (C) 520 s, (D) 620 s, and (E) 700 s. For a better visibility, small areas in vicinity of the dowson have been enlarged in pictures (B–E). (F) Plot of the velocity of the dowson d+ vs. the local wave length of the wound up dowser texture. The continuous red line represents the fit to the power law v = Aλα with α = −1.24. The dashed blue line corresponds to α = −1.


These pictures are extracted from a video containing 55 pictures recorded at intervals of 20 s. Using all of them, we measured the velocity v of the dowson and the width λ of the 2π wall to which it is attached. The result, v(λ), is plotted in Figure 5F. Arrows labeled from a to e indicate measurement points corresponding to the five picture above.

From the Equation (4) in the section 1.4 we expect that the velocity of the dowson should grow as v ~ λ−1 with the local wave length λ of the wound up phase field. The dashed line in the diagram of Figure 5F represents the best fit to this law. Clearly, the slope of the measured variation v(λ) is slightly steeper. We have therefore tempted to fit experimental results with a more general power law v ~ λα. The continuous line represents the fit with α = −1.24 which clearly is better than the one with α = −1.



2.2.2. Dowsons' Sprint

In the search for reasons of this discrepancy, we performed another experiment which could be called “the dowsons sprint.” It starts with a simultaneous generation of a row of (d+,d−) pairs in a wound up dowser texture by means of a shear flow applied in the y direction (see Figures 6A,B). (We postpone the detailed discussion of this issue to another paper.) At t = 0 s, the dowsons d+ “in statu nascendi” are aligned on a slightly curved line AB while the dowsons d− are aligned on another line CD parallel to AB. As expected, all dowsons d+ start to move to the left while the dowsons d− move to the right.


[image: Figure 6]
FIGURE 6. Dowsons race. (A) Central portion of the dowser texture wound up in the DDC. It can be seen as a stack of 2π walls. (B) Collective generation of (d+,d−) pairs by application of a transient shear flow (in y direction) which “breaks” simultaneously all 2π walls. (C) At the beginning of the race, dowsons d+ (or d−) are moving with the same velocity. (D) Odd-even instability: odd dowsons (i = 2n+1) stay behind even dowsons (i = 2n) because they become about three times slower. (Collaboration with Elise Hadjefstatiou and Lisa-Marie Montagnat).


For the purpose of the further discussion we will label seven neighboring dowsons d+ on the start line AB with an integer index i = 1,2,3,…(see Figure 6C).

At the very beginning of this race, the motion of dowsons is driven exclusively by shortening of the 2π walls connected to them, as discussed in the section 1.4. Therefore, they have therefore the same velocity vi = const and conserve their alignment on the curved line which is moving to the left as a whole.

However, soon after the departure, an instability occurs: the set of all dowsons is split into two subsets defined by the parity of the index i and, for example, dowsons with i odd (see Figure 6D) begin to move more slowly than those with i even. This retardation of odd dowsons (with i = 2n+1) is easy to understand: the width λ2n+1 of the 2π walls to which they are attached is twice larger then that of the even dowsons λ2n.

If the force fi pulling dowsons was determined only by the width λi of the 2π walls to which they are attached, the ratio of velocities v2n/v2n+1 should be 2. However, measurements of the dowsons' velocity have shown that v2n/v2n+1 ≈ 3.

Explanation of this apparent discrepancy involves a more detailed evaluation of the elastic energy released during the motion of dowsons. If the “lanes” left behind faster dowsons stayed free of distortion, the force acting on them would remain constant during the race. However, as shown in Figure 6D, these lanes are filled by enlargement of the lanes of slower dowsons. The corresponding amount of the released elastic energy per unit length is equal to the force f2n+1 pulling slower dowsons. In conclusion, the elastic force f2n acting on faster dowsons is not two but three times larger than f2n+1. A more detailed discussion of the dowsons' race is postponed to another article.



2.2.3. Are Trajectories of Dowsons Isophasic?

In experiments with dowsons' colliders, the 2π walls can be defined as bundles of four adjacent isogyres; when one crosses one of such bundles, the phase varies by 2π.

In the vicinity of the mirror symmetry plane (x,z) of the Double Dowson Collider, the 2π walls are parallel to the x axis so that the dowsons d+ and d− are moving on straight isophasic trajectories. However, as we know already from section 2.1 (see Figure 4C), the whole dowser texture, wound up in the Double Dowsons' Collider, can be seen as made of 2π walls forming closed loops in the absence of defects. Let us suppose that a pair (d+,d−) of dowsons has been generated by breaking one of these 2π walls. Pulled in opposite directions by the broken 2π wall these dowsons will move apart. Will their trajectories remain isophasic? If it was the case, they would remain connected to the same 2π wall which would became shorter and shorter so that, finally, the two dowsons would meet and annihilate. Such a behavior was indeed observed in first experiments with the dowser texture wound up by a rotating magnetic field [5].

As we will see below, experiments with dowsons' colliders have shown that trajectories of dowsons are not necessarily isophasic so that they do not remain connected to the same 2π wall. Therefore, when after a half turn of the wound up dowser texture the two dowsons of the pair meet again, the distance of their trajectories Δφ in terms of the phase is not necessarily zero so that their annihilation is not granted.



2.2.4. The First Evidence for Non-isophasic Trajectories of Dowsons

The issue of non isophasic trajectories of dowsons was raised for the first time in experiments with the DDC. Let us consider a typical experiment illustrated in the Figures 7A,B by a view of one of the two target patterns of the wound up dowser texture. We identify here four dowsons d+ and three dowsons d−. On this background we represented by rows of circular markers successive positions, recorded at intervals of 30 s, of dowsons d+ (Figure 7A) and d−(Figure 7B).
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FIGURE 7. Trajectories of two dowsons, d+ and d−, in the DDC. Circular markers indicate successive positions of dowsons at time intervals of 30 s. Trajectories start from larger markers labeled “S” and end at markers labeled “E.” (A) The dowson d+ circulates in the clockwise direction of the phase winding. (B) The dowson d− circulates in the opposite, anticlockwise direction. Its trajectory starts in the vicinity of the center of the target pattern and ends at the periphery. Clearly such a trajectory is not isophasic. (C) Segment of the trajectory inside the dashed frame displayed in (A). (D) Blue crosses: velocity of the dowson d+ from (A) plotted vs. the width λ of the 2π wall pulling on it. Continuous blue line: the best fit to the power law with the exponent α = −1.14. Red crosses and the red line: reminder of the data from Figure 5. The dashed black line corresponds to α = −1.


Several conclusions can be drawn from this figure:


1. Dowsons d+ and d−, pulled by 2π walls, circulate in opposite directions, as expected.

2. The velocity of dowsons is correlated to the local width λ of 2π walls, as expected.

3. The trajectory of the dowson d+ is parallel to isogyres while the one of the dowson d− is crossing isogyres. In other words, the trajectory of the dowson d+ seems to be isophasic while that of the dowson d− is not isophasic.

4. The non isophasic behavior of dowsons d− is even more obvious when one considers the one labeled with a dashed circle in Figure 7. It is located in the center of the target pattern and this central position is dynamically stable during the phase winding. Now, as during the phase winding, the angular velocity ω = dφ/dt is the largest here, this central position is obviously not isophasic. Consequently, the maltese cross (formed by four isogyres) of this dowson is rotating as a whole with the angular velocity ω.



Knowing that the circular markers in Figure 7 indicate successive positions of dowsons at time intervals of 30 s, the velocity v of dowsons has been determined. Simultaneously the local width λ of the 2π walls pulling on dowsons has been measured in this Figure 7A. Results obtained with the dowson d+ are plotted with blue crosses in Figure 7D. The best fit to the power law v ~ λα plotted with the blue plain line was obtained with α = −1.14. On the same diagram of Figure 7D we have plotted once again (with red crosses and a red line) results shown previously in Figure 5.




2.3. Experiments With the Circular Dowsons' Collider

The most recent experiments performed with the Circular Dowsons' Collider confirmed these conclusions but also unveiled other remarkable properties of the dowsons dynamics. In particular, we have found that the result of the phase winding process in the Circular Dowsons' Collider depends on the initial state of the dowser field as well as on the amplitude of the excitation. In general, for topological reasons (homeotropic boundary conditions at the nematic/air interface of the meniscus), the dowser field can contain only an odd number 2n+1 of dowsons d+ and an even number 2n of dowsons d−. We will show below that two different dynamically stable states C-B1 or C-B2 can be reached when, respectively, n = 0 and n > 0.


2.3.1. Cladis-Brand Stationary State C-B1: One Dowson d+ Orbiting Around the Target Pattern

In the simplest case of n = 0, one dowson d+ is located initially at the center O of the drop and the dowser field has the radial configuration imposed by the cuneitropisme [4] of the dowser texture. This radial configuration also satisfies the homeotropic boundary conditions at the nematic/air interface on the edge of the droplet (see Figure 8A).
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FIGURE 8. Cladis-Brand state C-B1 obtained by winding of the dowser texture in the Circular Dowsons' Collider. (A) Initial radial configuration of the dowser field. (B) Beginning of the winding in the anticlockwise direction. The initial configuration is slightly perturbed by a -π/2 rotation in the center. (C) The first isogyre nucleated in the center is growing. (D,E) Continuation of the winding. Remark: As for energetic reasons the dowson d+ cannot change easily its configuration, it conserves its phase staying at the periphery of the growing target pattern. (F) Dynamically stable Cladis-Brand state C-B1. The continuing phase growth in the center of the target pattern is absorbed by the orbiting dowson which acts as a phase sink.


When the rheotropic driving torque due to the circular Poiseuille flow is applied to the dowser field, it starts to rotate with the angular velocity ω(r, t), varying with the distance r from the center as shown in Figure 4D. Rotation of the dowser field is thus clockwise in the center at r=0, then the angular velocity ω(r, t) decreases and changes its sign at r = rc (dashed circle in Figure 8B). As a result, the maltese cross formed by four isogyres shown in Figure 8A is deformed: its four arms become spiral as shown in Figure 8B. Later, the dowson d+ leaves the center O and a target pattern of loop-like isogyres starts its growth from the center O: one after another, new isogyres' loops are nucleated at the center O and their radii are growing (see Figure 8).

If ω(0, 0, t) is the phase growth rate at the center O, then the rate of nucleation of 2π walls (each made of four isogyres) is ω(0, 0, t)/(2π).

During this winding process, the dowson d+ is pushed (elastically) by isogyres toward the periphery of the target pattern as shown in Figure 8. By this means, its position inside the evolving phase field φ(x, y, t) remains isophasic. This behavior results from the elastic anisotropy of the nematic. Indeed, as shown in Figure 2 the configuration of the dowson d+ depends on the phase φi at the point of its insertion into the wound up phase field. From Pieranski et al. [5] we know that the elastic energy of the dowson d+ depends on its configuration. As energetically the orthoradial configurations (clockwise or anticlockwise) are the best ones, the dowson tends to conserve its position at φ = π/2(modπ).

Simultaneously, pulled by the 2π wall to which it is attached, the dowson d+ begins its orbiting motion with velocity v (see Figure 8E) around the target pattern made of concentric 2π walls. The orbiting dowson d+ can be seen as a “phase sink”: after each whole turn around the target pattern, one 2π wall is “swollen.” If T is the period of the orbit, then we can define the phase sinking rate as 2π/T.

During the winding process, the phase growth rate ω(r, t) decreases because the rheotropic torque is opposed by the growing elastic torque. Simultaneously, the sinking rate increases because the orbiting dowson is moving faster pulled by the narrowing 2π wall.

The dynamically stable (stationary) phase field φ(x, y, t) is achieved when the phase growth rate at the center equals the sinking rate due to the orbiting dowson d+ : ω(0, 0, t) = 2π/T (see Figure 9). As Cladis and Brand have formerly discovered in free standing smectic C films the same configuration of a +2π defect orbiting around a target pattern [11] we propose to call it “The Cladis-Brand state 1” or shortly C-B1.
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FIGURE 9. Cladis-Brand [11] dynamically stable state C-B1 of the phase winding in the Circular Dowsons' Collider. (A) Spatio-temporal cross section taken along the dashed line defined in Figure 8F. Four new isogyres are nucleated at the center O during one period T of the orbiting motion of the dowson d+. (B) Blow up of the rectangular domain defined with a dashed line in (A). λ is the width of a 2π wall composed of four oblique trajectories of isogyres. During one period T = 30 min, the 2π wall is shifted by λ to the right. (C) Successive positions of the dowson d+ recorded as colored dots at intervals of 10 s during three periods of its orbital motion. The three colors of dots correspond to the three periods T of the orbital motion. (D) Blow up of the rectangular domain defined with dashed line in (C).




2.3.2. C-B2: Second Version of the Cladis-Brand Stationary State

At first sight, upon the action of the rheotropic torque Γr(r), the dowser field should rotate in the anticlockwise direction for r > rc, rc being defined in Figure 4D. It seems therefore that new isogyres could nucleate also in the annular area near the second extremum of the torque Γr(r). In the experiment discussed above and illustrated by the series of six pictures in Figure 8, this is not the case: new isogyres nucleate only at the first extremum of Γr(r) located in the center O at r = 0.

Explanation of this experimental fact is very simple. Beside the rheotropic torque driving the rotation of the dowser field, there is also the cuneitropic torque Γc = (πK/h)g × d (see [4]) tending to orient the dowser field d in the direction of the thickness gradient g, that is to say in the radial direction r of the sphere/plane geometry of the sample (this is the case in Figure 8A). This cuneitropic torque vanishes at r=0 for symmetry reasons but is finite at r > rc. For a given r, it reaches its maximum value Γcmax = (πK/h(r))|g(r)| when d is orthogonal to g. In the experiment of Figure 8, for r > rc the rheotropic torque is smaller than Γcmax so that rotation of the dowser field is hindered there. In another experiment illustrated by the series of six pictures in Figure 10, the rheotropic torque was much larger so that nucleation of new isogyres occurred also in the secondary extremum of the rheotropic torque.


[image: Figure 10]
FIGURE 10. Generation of the second Cladis-Brand dynamically stable state by the phase winding in the Circular Dowsons' Collider. (A) At the beginning of the winding, the “residual” d+ dowson is close to the edge of the droplet. It is connected to the center O by a 2π wall. (B–D) Upon application of a strong excitation, the phase is wound up simultaneously in clockwise direction for r < rc and anticlockwise direction for r > rc. (E,F) Emergence of the second Cladis-Brand dynamically stable state with the dowson d+ orbiting around an extended double target pattern. The outer and inner target patterns are made of one spiral-shaped 2π wall connecting the dowson d+ with the center of the droplet.




2.3.3. Triplet Stationary State: Two Dowsons d+ Orbiting Around One d− in the Center

Experiments with the Circular Dowsons' Collider unveiled a third stationary state (see Figure 11). To reach it, the winding process has to be applied to the dowser field with n>0, that is to say containing at least two dowsons d− and one dowson d+ when n = 1.


[image: Figure 11]
FIGURE 11. Generation of the dynamically stable “triplet” configuration of dowsons during the phase winding in the Circular Dowsons' Collider. (A) First, the Cladis-Brand configuration of one orbiting d+ dowson is generated as shown in Figure 8. (B) Application of a transitory shear flow to the Cladis-Brand state results in generation of three additional dowsons pairs (d+,d−). One these pairs is labeled as “+” and “−.” (C) Annihilation of the (d+,d−) pair labeled in (B). The second (d+,d−) pair is labeled as “+” and “−.” (D) Annihilation of the (d+,d−) pair labeled in (C). Only three dowsons are left. (E) Continuation of the winding process. (F) Dynamically stable trio of three dowson: two dowsons d+ are orbiting around the dowson d− which stays in the center.


For reasons which so far have been not fully understood, during the winding, the dowson d− is attracted to the center O [maximum of ω(r, t)] and stays there while the two dowsons d+, on the contrary, are pushed to the periphery of the growing pattern. Let us emphasize that in this new configuration the winding process does not require nucleation of new isogyres. The phase growth in the center is now due to rotation of the dowson d− located there. This mechanism is similar to the Frank-Read model of crystal growth in which a spiral step, attached to a dislocation emerging on a crystal facet, is rotating.

When n is larger than 1, the (d+,d−) pairs in excess with respect to n = 1 are eliminated by annihilation during the winding process as shown in Figures 11B–D.

Like in the Cladis-Brand process, the stationary triplet state is reached when the phase growth rate in the center, due to the rotation of the dowson d−, is fully compensated by the orbital motion of the two dowsons d+ acting as phase sinks. In this stationary state, the two dowsons d+ are located on the same orbit (see Figure 12D) and have therefore the same angular velocity ωd+. The total phase absorption rate is therefore 2ωd+. Therefore, if the d− dowson in the center rotates with the angular velocity ωd− then in the stationary state one has:

[image: image]

so that

[image: image]

This equality is illustrated by in Figures 12A,B.


[image: Figure 12]
FIGURE 12. Dynamics of the stable triplet configuration of dowsons. (A,B) Two pictures of the wound up dowser texture taken at an interval of 5 min. In this interval, the dowson d− in the center rotated by π/2, while the dowson d+ on their orbits made only 1/8th of the whole turn. (C) Spatio-temporal cross section taken along the dashed line CS defined in (A). The inset shows that the orbiting dowson d+ acts as a phase sink: after each crossing of the line CS by one of orbiting dowsons d+, four isogyres are suppressed. Simultaneously four new isogyres are emitted by the dowson d− rotating in the center O. (D) Successive positions of the two dowsons d+ recorded at intervals of 10 s during one period of their orbital motions. The two inset show that velocities of the two dowsons d+ are the same. (E,F) To check that the two dowsons d+ are isophasic, a divergent Poiseuille flow was applied to the wound up dowser field shown in (E).






3. GENERATION, COLLISIONS, AND ANNIHILATION OF DOWSONS' PAIRS

The dynamically stable states of the Circular Dowsons' Collider are convenient for studies of generation of dowsons and of their subsequent collisions which can lead to annihilation. Indeed, like positrons and electrons in a hadron collider, dowsons d+ and d− are moving in the Circular Dowsons' Collider on respectively clockwise and anticlockwise trajectories so that they can undergo collisions that can result in annihilation of dowsons pairs.

By a collision we mean an event during which the linear distance l+− between two dowsons, d+ and d−, decreases and becomes of the order of the winding wave length λ.


3.1. Generation of One (d+,d−) Pair

For the purpose of clarity of the forthcoming discussion, let us consider the example represented in Figure 13 which shows in the Figure 13A, a view of the wound up dowser field shortly after generation of just one dowsons pair. The process of generation itself is illustrated by the series of five pictures (Figures 13C–G). It is triggered by a rapid and short forth-and-back motion of the oscillating glass slide applied to the wound up texture visible in Figure 13C. During the motion, the image of the isogyres' pattern becomes fuzzy (Figure 13D) but shortly after that, at the beginning of the relaxation (Figure 13E), one can distinguish seven 2π walls thinned by the perturbation.


[image: Figure 13]
FIGURE 13. Generation and collision of a dowsons' pair in the Circular Dowsons Colider. (A) Wound up dowser field with a pair of dowsons “in statu nascendi.” (B) After a half turn of their orbits, the d+ and d− dowsons are coming to a collision. (C–G) Generation of the dowsons pair. (H–L) Collision of the pair without annihilation.


As discussed in Pieranski et al. [6] thinning of 2π walls is due to the rheotropism of the dowser texture, that-is-to-say, to its sensitivity to Poiseuille flows. Anticipating a more detailed discussion in section 3.5 we infer that at the beginning of the relaxation a transitory Poiseuille flow 2π walls occurred.

An excessive thinning of one of the 2π walls leads to its breaking shown in Figure 13E. Subsequently the two dowsons generated by this means are moving in opposite directions on initially isophasic trajectories.



3.2. Collision of a (d+,d−) Pair

As the isogyres pattern in the wound up Cladis-Brand state is made of concentric rings, one could think that after a half turn of their orbits (see Figure 13B), the freshly generated dowsons should come to a collision on isophasic trajectories. The series of five pictures (Figures 13H–I), shows clearly that this is not the case: there is a Δφ ≈ 2π distance (see Figure 13H), in terms of the phase, between trajectories of the two dowsons coming to their collision. We postpone discussion of this paradox to another paper.

In meantime, let us just say that the two dowsons coming to collision are pulled by two distinct 2π walls so that annihilation is avoided.



3.3. Rules for Collisions of (d+,d−) Pairs

When more than one pair of dowsons is generated simultaneously, the subsequent collisions occur at variable distances Δφ of trajectories. From observations of many of such collisions with −2π < Δφ < +2π we inferred the following rules:


1. Bypass: When |Δφ| > π, the annihilation is avoided and the dowsons are passing by (see Figures 14A–I).

2. Annihilation: When |Δφ| < π, the annihilation occurs (see Figures 14J–R).

3. Critical: When |Δφ| = π, the outcome of the collision is random.




[image: Figure 14]
FIGURE 14. Criterium for the outcome of collisions. (A–I) When |Δφ| > π, annihilation is avoided. Here, |Δφ| ≈ 3π/2. Pictures taken at intervals of 10 s. (J–R) When |Δφ| < π, annihilation occurs. Here, |Δφ| ≈ π/2. Pictures taken at intervals of 5 s.




3.4. Influence of Poiseuille Flows on Collisions of Dowsons Pairs, Experiment

The rules formulated above apply to pairs of dowsons moving inside a very slowly evolving stationary wound up dowser field.

Knowing from former experiments that the dowser texture is very sensitive to Poiseuille flows [6] we used this property, called rheotropism, to influence the outcome of dowsons collisions. As an example we point out in the series of 20 pictures in Figures 15A–T that the annihilation, which should occur in terms of the collisions' rules applied to the pair of dowsons in Figure 15A, can be avoided by application of a Poiseuille flow in an appropriate direction.


[image: Figure 15]
FIGURE 15. Influence of Poiseuille flows on collisions of dowsons. (A–T) Experiment. Evolution of the dowser field before, during and after application of a Poiseuille flow. (U–W) Simulation. Pair of dowsons without flow (U) and in the presence of flows in left and right drections.


Indeed, at the beginning of the experiment (see Figures 15A–D) dowsons d+ and d− coming to collision are almost isophasic and are connected by a 2π wall which is shortening. The outcome of the forthcoming collision seems unavoidable: an annihilation. However, an application of the Poiseuille flow [image: image] in the left direction [parallel to the dowser field in the middle of the wall (d+,d−)], has a very striking effect well visible in pictures Figures 15E–L: the wall connecting the dowsons pair as well as the whole system of isogyres is split in such a manner that the two dowsons are reconnected to two new, different 2π walls. These walls, narrowed by the Poiseuille flow, pull strongly on dowsons which move rapidely on distinct trajectories separated now by 2π, in terms of the phase. After cessation of the flow (Figures 15M–T) the system of isogyres relaxes: the trajectories of the two dowsons become almost isophasic again but they diverge now.



3.5. Influence of Poiseuille Flows on Collisions of Dowsons Pairs, a Model

Theoretically, this experiment can be modeled as follows. At the beginning of the experiment, the phase field can be is expressed as before (see Equation 5):

[image: image]

with (x+, y+) = (−5, −π/4) and (x−, y−) = (5, π/4) so that

[image: image]

This initial field is depicted in Figure 15U using the color code defined in Figure 2A. Application of the Poiseuille flow of the amplitude vmax in the -x direction perturbs the field φo(x, y). The rheotropic torque exerted by this Poiseuille flow on the field φ(x, y)o can be written as:

[image: image]

In the first approximation, the resulting elastic distortion is proportional to this torque so that the perturbed phase field can be written as:

[image: image]

with δφ ~ vo. The graphic representation of φpert(x, y) in Figure 15V shows an agreement with the experimental picture in Figure 15I.

Let us stress that when the Poiseuille flow is applied in the inverse, +x direction, our model predicts that the 2π wall connecting the dowsons' pair is no split but narrowed as shown in Figure 15W so that the annihilation is accelerated.

These simulations are in agreement with our experiments: the outcome of the forthcoming collisions can be chosen at will by application of Poiseuille flows in appropriate directions.




4. CONCLUSIONS

The present paper is by no means exhaustive in the matter of generation, motions, and collisions of dowsons. Nevertheless, it raises new issues concerning (1) laws of motion of dowsons driven by phase gradients and (2) laws ruling the outcome of dowsons' collisions.

In particular, there is a huge difference in the behavior of dowsons d+ and d− during phase winding. The dowsons d+ cannot rotate because of the elastic anisotropy so that they tend to escape from the winding up phase field and are going to areas where the phase growth rate is zero. In the case of a unique dowson d+, this leads to the Cladis-Brand stationary states in which the orbiting dowson d+ absorbs the phase generated by the dowsons' collider.

The behavior of the dowson d− seems to be a contrary one and much more enigmatic. Indeed, experiments showed that during the winding process the dowsons d− is attracted to the area in which the phase growth rate is maximal. By this means another stationary state, with the dowson d− in the center (acting as a phase source) and two dowsons d+ orbiting around it (acting as phase sinks), can be reached. This gyrophilic behavior of the dowson d− remains to be explained.

The law ruling translational motion of dowsons on their orbits needs also further clarification. Theoretically, in the first approximation, the velocity v of dowsons should be proportional to the local phase gradient ∇φ = 2π/λ: v ~ λα with α = −1. Experiments have shown however that in practice the exponent α is smaller than −1. This discrepancy is probably due to interactions between moving dowsons which certainly play the major role during the dowsons sprint discussed in section 2.2.2.

From observations of dowsons pairs (d+d−) moving on counter-rotating orbits, a rule for the outcome of their collisions, i.e., either annihilation or bypass, was inferred. The distance of trajectories Δφ in terms of the phase appeared as the pertinent parameter: for Δφ < π a collision of a pair of dowsons leads to their annihilation, while for Δφ > π the dowsons are passing by. However, this rule is valid only for quasi-static stationary wound up textures and can be easily broken by application of a Poiseuille flow in an appropriate direction.
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Liquid Crystal (LC) topological defects have been shown to trap nanoparticles (NPs) in the defect cores. The LC topological defects may thus be used as a matrix for new kinds of NP organizations templated by the defect geometry. We here study composites of LC smectic dislocations and gold NPs. Straight NP chains parallel to the dislocations are obtained leading to highly anisotropic optical absorption of the NPs controlled by light polarization. Combining Grazing Incidence Small Angle X-ray scattering (GISAXS), Rutherford Back Scattering (RBS), Spectrophotometry and the development of a model of interacting NPs, we explore the role of the Np size regarding the dislocation core size. We use NPs of diameter D = 6 nm embedded in an array of different kinds of dislocations. For dislocation core larger than the NP size, stable long chains are obtained but made of poorly interacting NPs. For dislocation core smaller than the NP size, the disorder is induced outside the dislocation cores and the NP chains are not equilibrium structures. However we show that at least half of these small dislocations can be filled, leading to chains with strongly enhanced electromagnetic coupling between the NPs. These chains are more probably stabilized by the elastic distortions around the defect cores, the distortion being enhanced by the presence of the grain boundary where the dislocations are embedded.

Keywords: liquid crystals, nanoparticles, topological defects, smectic dislocations, gold, LSP resonance


1. INTRODUCTION

Composites made of liquid crystals (LCs) and nanoparticles (NPs) are studied a lot nowadays [1–5]. One idea is to allow for controlled modification of the LC properties, which can be photonic properties but also elasticity, conductivity, magnetic properties or phase transition of LC [6–10]. The other idea is to take advantage of the anisotropy of the LC matrix or of its easy activation under external parameters (temperature, electric field) to build original anisotropic NP organizations [11, 12] or/and activable NP organizations [13]. Controlled NP organizations can allow for a control of plasmonic resonance when metallic NPs are concerned through the control of the nanorod orientation [14] or of the electromagnetic coupling between NPs for nanospheres and nanorods [11, 15]. In such a context LCs with topological defects have attracted attention because they might serve as templates for specific nanoparticle (NP) assemblies. Trapping of NPs within topological defect cores indeed allows for the release of the defect energy and the stabilization of the composite systems [16–20]. As a result LC topological defects may be used for new kinds of NP organizations templated by the defect geometry [21–24]. In return the study of composites made of a LC matrix with topological defects and NPs can bring information on the topological defects themselves, in particular on the size, structure and energy of the defect core [3, 25], still mainly unknown [26].

In this article, we focus on smectic dislocations. Oriented arrays of smectic dislocations are formed in the so-called smectic oily streaks [27]. Composites made of smectic oily streaks and gold NPs have been shown to lead to the formation of NP chains, for gold nanospheres [11, 21] and end-to-end oriented gold nanorods [15], trapped in the linear and oriented dislocation cores. NP chains are interesting specific assemblies because of their anisotropy but are not easy to obtain since under Van der Waals interactions nanospheres form hexagonal networks, whereas nanorods form side by side assemblies. In the case of metallic NP chains, Localized Surface Plasmon (LSP) resonance becomes highly anisotropic and controlled by light polarization [11, 15, 21]. The trapping process by topological defect cores can be not only generalized to different NP shapes (from NP spheres to NP rods) but also to different NP natures. It has been shown that semiconducting nanorods also are oriented along a single direction in smectic oily streaks. The release of disorder core energy does not depend on the shape and on the NP nature. It thus allowed for the control of the polarization of semiconducting single-photon emitters [12]. We now explore the role of the NP size. The trapping efficiency by defect cores is expected to decrease when the NP size becomes larger than the defect core [28]. We study composites made of gold NPs of diameter D = 6 nm in smectic oily streaks composed of an array of different kinds of dislocations in order to confront the respective roles of NP size and dislocation core size. Using combined Grazing Incidence Small Angle X-ray scattering (GISAXS), Rutherford Back Scattering (RBS), Spectrophotometry and the development of a model of interacting NPs, we compare the structure and stability of NP chains formed in dislocations of different core sizes. Different features are revealed depending on the respective sizes of NPs and dislocation cores. For large dislocations, larger than the NP size, long and stable NP chains are formed but with poorly interacting NPs. For small dislocations, a strong electromagnetic coupling between NPs occurs due to the disorder induced outside the dislocation core. However the NP chains maybe not an equilibrium state but instead a metastable state stabilized by the large elastic distortion around the dislocation core.



2. MATERIALS AND METHODS


2.1. NP Synthesis

1, 2, 3, 4-tetrahydronaphthalene (tetralin, 99% Aldrich), Chlorotriphenylphosphine Au (I) (98%) and tert-butylamine borane (97%) were obtained from STEM chemicals. Dodecanethiol (DDT), oleylamine, HAuCl4 (98%), hexane, were obtained from Sigma-Aldrich, Toluene (98%) from Riedel de Haen. Ethanol (99.85%), chloroform (99.2%) from VWR. All reagents were used as received without further purification. For the NPs of diameter D = 6 nm the synthesis is based on reference [29]. Fifty mg of HauCl4 are mixed in a three neck flask with 5 mL of oleyalmine and 5 mL of tetralin and degassed at room temperature. The flask is dipped in an ice bath. The temperature controller is put in the ice bath rather than in the three neck flask. Meanwhile, 22 mg of tertbutylborane is mixed with 0.5 mL of oleylamine and 0.5 mL of tetratlin. The mixture is sonicated until the full dissolution of the salt. The three neck flask is put under Ar. The borane solution is injected promptly. The solution changes color to brown and then to purple. Sonication is continued for 36 min. 0.5 mL of DDT is added to stop the reaction growth. The content of the flask is mixed with 5 mL of ethanol and then centrifuged. The formed pellet is redispersed in toluene. NPs of diameter D = 6 nm and polydispersity 9% were obtained as shown by SAXS measurements performed on synchrotron Soleil.



2.2. Composite Film Preparation

The samples were created by depositing a droplet of a mixture of 8CB (4-n-octyl-4′-cyanobiphenyl, smectic LC at room temperature, c = 0.02 M) and gold NPs in toluene (concentration varying from 5.5 × 1010 NPs μL−1 to 1.6 × 1011 NPs μL−1) onto a polyvinyl alcohol (PVA) polymer film, initially spin-coated and rubbed on a glass substrate (1.8 cm2).



2.3. Optical Microscopy and Micro-Spectroscopy Techniques

We measure the extinction properties of the samples using a Maya 2000 pro spectrometer coupled to an upright optical microscope (Leica DMRX) to probe 40 × 40 μm2 areas. The signal was collected through an air objective (×50, NA = 0.85). The composite films were excited with linearly polarized light either along or perpendicular to the oily streaks. To extract the wavelength associated with the LSPR, the normalized spectra were fitted with a gaussian curve.



2.4. Dipole Coupling Model

The distance between the nanoparticles associated with a given LSP resonance wavelength, λ was calculated using a dipole coupling model in the quasistatic approximation (NPs diameter D ≪ λ) [30]. In this approximation the multipolar interactions between the nanoparticles as well as the retardance effect are not considered, this latter assumption being obviously correct due to the small size of the NPs. In this case the resonance condition is characterized by [30]:

[image: image]

with ϵ the Au NP dielectric function, ϵm the dielectric function of an homogeneous surrounding medium. S is the lattice sum of the NPs assembly, the NPs being associated with punctual dipoles. S depends on the geometry of the assembly and accounts for the electromagnetic coupling between the NPs [31]. For an infinite chain of NPs with a polarization parallel to the chains, the sum in equation (1) is S ≈ 4.8. For monolayers associated with an infinite hexagonal network, the sum S is S ≈ 5.5 [31, 32].

The Au NP dielectric function was recalculated based on Johnson and Christy data [33] to take into account the small size effect and the influence of the chemical interface, leading to broadening and blue-shifted LSPR of the isolated NPs in toluene (Figure S1) [21, 34].



2.5. Finite Element Calculations

For the calculations based on finite elements we have used the commercial software HFSS by ANSYS. Different chains of N nanoparticles with a diameter D = 6 nm and separated by a gap s were modeled. The number of particles was varied between 2 and 10 and the gap between 1 and 6 nm. The nanoparticles were modeled as spheres with the optical constants of gold and placed in the centre of a 400 × 400 × 400 nm3 box filled with a medium with a constant refractive index of 1.51. Radiating boundaries were applied to the box and a plane wave polarized along the chain of nanoparticles was used as illumination. The optical response was calculated between 460 and 660 nm then the ohmic losses integrated over all the nanoparticles were computed to determine the position of the plasmon resonance.



2.6. X-Ray Diffraction

X-ray diffraction measurements were carried out at the SIXS beamline on the SOLEIL synchrotron facility. On SIXS beamline, the photon energy was fixed to 18 keV and the X-ray beam size to 300 × 300 μm2. The measurements were performed with the substrate almost parallel to the X-ray beam, in GISAXS (Grazing Incidence Small Angle X-ray Scattering) configuration [11].



2.7. Rutherford Backscattering Spectroscopy

The Rutherford Backscattering Spectrometry measurements were performed with the 2.2 MV Van de Graaff accelerator of the SAFIR platform of Sorbonne Université. RBS measurements were performed by positioning the samples perpendicularly to a beam of alpha particles with an energy of 1,800 keV, a diameter of 0.5 mm, a current of 40 nA and a charge of 4 μC. The measurements were performed with the ion beam incident normal to the sample surface and the backscattered ions were detected by a surface-barrier detector placed at a scattering angle of 165°. The energy calibration and solid angle of the detector are deduced from the measurement of a reference sample of 5.64 × 1015 bismuth atoms cm−2 implanted into silicon.




3. SMECTIC OILY STREAKS

We have used arrays of oriented defects of 8CB (4′-octyl-4-biphenylcarbonitrile) thin films deposited on rubbed poly(vinyl alcohol) (PVA) surfaces, the so-called smectic oily streaks. Due to hybrid anchoring at the two interfaces (air/8CB and 8CB/PVA, respectively), the smectic layers become curved in flattened hemicylinders perpendicular to the anchoring on the substrate, itself defined by the rubbing of the PVA substrate (Figure 1) [35–37]. These flattened hemicylinders, with a typical periodicity of several hundreds of nanometers, can be detected by polarized optical microscopy between crossed polarizers, leading to the observation of parallel stripes (Figure 1A). Their internal structure has been determined using combined X-ray diffraction and ellipsometry measurements [27]. It is characterized by the presence of two rotating grain boundaries per hemicylinder, buried within the smectic film, which profile has been precisely established by X-ray diffraction (in red in Figure 1B) [27]. Along each rotating grain boundary, three edge dislocations parallel to the hemicylinder axis (i.e., oriented along the Ox direction—Figure 1B) are expected (blue points in Figure 1B). This is due to a different number of rotating and flat smectic layers from each part of the grain boundary. They are of different Burgers vector depending on their localization along the rotating grain boundary. A first dislocation of Burgers vector, b with b/d = 2 (d is the intra-smectic layer spacing) is located in the first half of the rotating grain boundary, the nearest to the substrate. The two other dislocations lie close to the summit of the rotating grain boundary (b/s ≈6). They are separated from each other by a distance of ~50 nm and it has been shown that the rotating grain boundary profile does not depend on the thickness of the smectic film [27].


[image: Figure 1]
FIGURE 1. (A) Polarized optical microscopy image of oily streaks observed from the top of a 150 nm-thick sample. Each stripe along OX corresponds to one hemicylinder and two hemicylinders in perspective are represented (B) Detail in side-view [in the (Y, Z) plane] of the smectic layers stacked in one given flattened hemicylinder for a typical thickness of 230 nm. Two rotating grain boundaries are shown in red, including dispersed edge dislocations (blue spots). A central grain boundary is underlined in green [27].




4. CHAIN FORMATION

Gold NPs of diameter D = 6 nm, covered by dodecanethiol ligands, have been first deposited on rubbed PVA. As shown by GISAXS measurements obtained on Soleil synchrotron facility (SIXS beamline - see the section Materials and Methods) and in agreement with electron microscopy measurements (Figure 2), the NPs form an hexagonal network on the substrate. Three pairs of rods are observed, (10), [image: image], (11), [image: image] and (20), [image: image], being in the ratio 1, [image: image] and 2. They are the signature of the hexagonal network. The position of the (10) rod at 0.92 nm−1 leads to an inter-NP gap s = 1.93 ± 0.05 nm, in perfect agreement with other measurements from the literature [38–40]. s is slightly larger than the length of the straight dodecanethiol, 1.8 nm, showing that within the NP network the ligands could be not too distorted but at least they are strongly interdigitated. The light extinction curve (Figure 2B) displays the LSP resonance of the NPs organized in an hexagonal network at λ = 558 nm. In comparison with the LSP resonance of gold NPs dispersed in toluene (λo = 516 nm, Figure S1), a red-shift is evidenced, in relation with the electromagnetic coupling between the NPs in the hexagonal network. It can be used to extract the inter-NP gap value in the dipolar approximation considering that the hexagonal networks are large enough to be considered as infinite for the LSP properties (see Materials and Methods) [41–43]. The 1.9 nm value consistent with X-ray results is recovered by using an optical index of n = 1.51 indeed close to the one of disordered dodecanethiol (n = 1.46). This is in agreement with an optical index dominated by the grafted dodecanethiol ligands around the NPs [11, 44].


[image: Figure 2]
FIGURE 2. (A) GISAXS signal of the NPs without LC, revealing the rods associated with the NP hexagonal network. (B) Light extinction of a network of NPs deposited on rubbed PVA substrate without LC. The LSP intensity varies depending on the measured area but not the wavelength resonance value (λ = 558 nm) except for the smallest intensity associated with the smallest NP domains. This demonstrates that, for λ = 558 nm, the hexagonal networks are large enough to be considered as infinite for the LSP properties. In inset is shown a Scanning Electron Microscopy (SEM) picture obtained with the same NPs when they were deposited on a Si substrate covered by rubbed PVA, also showing formation of an hexagonal network of NPs.


In contrast with NPs deposited on rubbed PVA without LC, when NPs are inserted in 8CB smectic oily streaks (see section Materials and Methods), the light extinction becomes anisotropic. Figure 3A shows a typical extinction spectrum (probed area of 40 × 40μm2). For a polarization of the incident light perpendicular to the oily streaks (black spectrum), the extinction maximum is slightly shifted to a lower wavelength compared to the one of NPs dispersed in toluene (λo = 516 nm, Figure S1), with LSP resonance at λ⊥ ≈ 500 nm. In contrast, a clear red-shift of the LSP resonance is observed for a parallel polarization, with λ∥ ≈ 550 nm. This indicates that a significant coupling between NPs occurs only in the direction parallel to the oily streaks, in relation with the formation of chains all parallel from each other and parallel to the dislocations [11, 21]. The spectral positions of extinction maxima taken from different zones of two samples are represented in red in the graph of λ∥ as a function of λ⊥ (Figure 3B). It appears that while λ⊥ varies only little from one area to another, λ∥ changes substantially, with a maximum for λ∥ equal to 562 nm. This value for the chains is larger than the value obtained for the 2D monolayer without LC, λ∥ = λ⊥ = 558 nm. However for the same inter-NP gap and the same optical index, we would expect a higher LSP resonance wavelength for infinite NP hexagonal networks with respect to infinite NP chains. This latter wavelength is itself higher than for finite NP chains. The assumption of a same optical index in LC and without LC is very likely to be valid for two reasons: firstly it is known that the optical index is dominated by the grafted ligands with respect to the environment beyond the ligands [11, 44]. Secondly the optical index n = 1.51 should not be modified by the surrounding 8CB because the optical index expected in LC for a parallel polarization is close to the ordinary index of 8CB, no = 1.52, itself close to n = 1.51. The inter-NP gap in the NP chains formed in oily streaks is consequently in average smaller than without LC. There is a LC-induced shortening of the inter-NP gap in the NP chains. This result is in contrast with the same measurements made with smaller NPs of diameter D = 4 nm [11]. Either an equal or a larger inter-NP gap, depending on the preparation conditions, was obtained in the LC with respect to the network formed on rubbed PVA without LC [11].


[image: Figure 3]
FIGURE 3. (A) Normalized light extinction spectrum obtained in 8CB oily streaks containing gold NPs of diameter D = 6 nm. Superimposed gaussian fits are shown for the determination of the resonance wavelength. In black is the extinction for light polarization perpendicular to the 8CB oily streak stripes, in red for parallel polarization. (B) The different obtained extinction resonance measurements for NP chains represented by the (λ⊥, λ∥) values, obtained for NPs with diameter D = 6 nm embedded in 8CB oily streaks.




5. CHAIN MODEL

In order to interpret these results, we consider that NP chain formation corresponds to a trapping of NPs in dislocations. The strength and efficiency of the linear trapping by dislocation cores has been previously highlighted by the fact that nanorods are aligned parallel to 8CB oily streaks. They are thus perpendicular to the nematic director but parallel to the defect cores, which is a strong indication of trapping by the linear defect cores [12, 15]. This is confirmed by the formation of NP chains, either made of nanorods [15] or of nanospheres of diameter D = 4 nm [11, 21]. We now observe the same phenomenon with larger NPs of diameter D = 6 nm but with a LC-induced shortening between NPs in contrast with NPs of diameter D = 4 nm. Trapping of NPs by dislocation cores may be kinetically favored by the known gradient of elastic distortion that attracts the NPs within the topological defect core [3, 19, 45]. However are the NP chains formed in the dislocation cores stable? In order to understand the structure and stability of NP chains, being trapped in dislocations, in particular the induced inter-NP gap that drives the electromagnetic coupling between the NPs, we have built a simple model that considers interacting NPs in LC. This model specifically takes into account the role of the LC in presence of topological defects. It is a model that has been built in order to understand the key parameters at the origin of the observed phenomena: NP chain formation and LC-induced shortening of the inter-NP gap. However since the interpretation of the details of the observed phenomena is not required, we have decided to only crudely consider the interaction of the NP chains with the surrounding LC, considering only two components: the favorable expulsion of disordered matter in the dislocation core; the unfavorable disorder induced by the NPs in LC if the NP size is larger than the dislocation core. We neglect in particular the details of the LC order variation and of the LC distortion around the defect core.

The energy of a NP chain made of N NPs separated by an inter-NP gap s, each NP being covered by a monolayer of ligands of length l (Figure 4A) can be estimated as follows: In a network of NPs, the equilibrium distance between the NPs is primarily controlled by the usual Van der Waals attraction between two NPs, balanced by the steric repulsion, both being mostly managed by the ligands around the NPs [46, 47]. We also have to take into account the mixing between the ligands leading to a model of interacting soft spheres [48]. In the case of ligands swollen by the solvent during the growth of the NP network, the usual parabolic curve of the energy of two interacting NPs is obtained as a function of s, the inter-NP gap [48]. If we consider toluene as solvent and gold NPs of diameter D = 6 nm covered by dodecanethiol, this leads to a well-marked equilibrium at s = 1.9 nm [38], in agreement with our combined X-ray and optical absorption measurements (Figure 2). In the presence of LC, two additional terms must be considered.


[image: Figure 4]
FIGURE 4. (A) Model of the NPs with dodecanethiol ligands of length l and model of the NP chain with the disordered zone along the length δ shown beyond the ligands, of surface S shown in green. The dislocation core is schematically shown in blue. (B) Comparison of the surfaces of NP chains and NP FCC cube facets.


Firstly the energy related to the localization of the NP chain within the dislocation core, EDef. This localization is favorable for the NPs since it allows the release of the disordered LC molecules of the core [16–18, 20]. As a result we expect the NPs to occupy the largest space as possible in the dislocation core to save the maximum of the dislocation core energy per unit of length, EDC [11]. The length of the NP chain is ((N − 1)(s + D) + D + 2l) (Figure 4A). If the NP chain is embedded in the dislocation core of radius rc, the volume of disordered matter, VDC expelled by the presence of the NP chain is:

[image: image]

We can write:

[image: image]

Secondly, the energy term related to the disorder induced by the NP within LC, EDis. It has already been shown that gold NPs of diameter D = 4 nm, covered by dodecanethiol ligands, may induce some disorder in a LC without topological defects. This disorder in return leads to a shortening of the inter-NP gap, in order to decrease in average the size of the LC disordered zone [49]. This disorder may be at the origin of the easy aggregation of NPs in LC, depending obviously on the nature of the ligands around the NPs [3, 50–52]. When the NP chains are embedded in the dislocation core, if the NP size (D + 2l) is strictly larger than the defect core diameter 2rc, we expect that some disorder may be created in the LC around the dislocation core. The volume of the disordered zone created in the LC, beyond the NP ligands is schematized on Figure 4A. The disorder may extend along a distance δ in the LC beyond the ligands. The disordered volume is thus equal to δ × Schain, with Schain, the surface of the disorder zone (see Figure 4A). If we neglect the surfaces at the extremities of the disordered cylinder since it may mainly correspond to the surface of the dislocation core, [image: image]. There is an energy to pay for the creation of this disordered volume: Edis = δ × edis × Schain, with edis the disorder energy per unit of volume. Consequently:

[image: image]

If (D + 2l) ≤ 2rc, there is no disorder induced in LC in relation with NPs of size smaller or equal to the dislocation core, Edis = 0. We only have to consider the overall energy E(s) = (N − 1)e(s) + EDef, with e(s) the energy corresponding to the soft sphere model for a given inter-NP gap, s [38, 48]. dE/ds = 0 and [image: image] < 0 leading to a decrease of de(s)/ds with respect to the equilibrium at s = 1.9 nm without LC. As a result, we expect an increase of s, the inter-NP gap, the NPs occupying the largest possible space within the dislocation core. This is the case of gold nanospheres covered by dodecanethiol of diameter D = 4 nm [11].

If (D + 2l) > 2rc, the NP size is larger than the dislocation core size, disorder is induced outside the core. The equilibrium established without NPs becomes differently modified in LC. If d/ds(EDef + Edis) = (N − 1)(π(D + 2l)δedis − EDC) < 0, s is increased; if π(D + 2l)δedis − EDC > 0, s is decreased. With NPs of diameter D = 6 nm, we find a decrease of s with respect to NP networks formed without LC in contrast with NPs pf diameter D = 4 nm. This brings two conclusions:

- In smectic oily streaks there are dislocations of core size intermediate between the NP sizes associated with gold diameters D = 4 nm and D = 6 nm.

- The corresponding dislocation core energy per unit of length, EDC < π(D + 2l)δedis, with D = 6 nm and l the length of the dodecanethiol in LC.

A second issue is: Are the NP chains equilibrium structures?

If (D + 2l) ≤ 2rc, they are obviously equilibrium structures. The energy of N NPs potentially inducing disorder in LC is reduced when they are embedded in the dislocation core.

If (D + 2l) > 2rc, this is not obvious. As shown by Figure 4B, the surface of the disordered zone induced by a FCC cube of edge made of N NPs is clearly smaller than the one of N2 chains made of N NPs. This should favor aggregation of NPs instead of formation of NP chains trapped in dislocation cores, except if the dislocation core energy per unit of length, EDC is large enough to compensate the disorder induced by a chain outside the defect core. To obtain formation of stable chains, we expect for N2 chains made of N NPs, neglecting the variation of entropy between N2 chains and a single FCC cube:

[image: image]

In other words:

[image: image]

SFCC being the surface of a FCC cube made of N3 NPs. This suggests that:
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The calculation of the surface of a FCC cube thus leads to:
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If N is large enough this transforms into:

[image: image]

With the other inequality obtained above, we finally have:

[image: image]

This result shows that it is not possible to create very long chains (N close to infinity) being equilibrium structures. The decreasing of the inter-NP gap in the NP chains observed in the smectic oily streaks is indeed driven by the value of π(D + 2l)δedis − EDC that can not be strictly zero. To create equilibrium long chains (N large), the dislocation core energy per unit of length, EDC must be close to edisδπ(D + 2l). In order to satisfy both inequalities edis and EDC must be large enough.



6. DISCUSSION

Smectic oily streaks are composed of 2 similar dislocations at the summit of the rotating grain boundary (Burgers vector b, b/d ≈ 6, with d the inter-smectic layer spacing, d = 3.16 nm in 8CB), coexisting with another dislocation, of smaller Burgers vector (Burgers vector b, b/d ≈ 2) nearer to the substrate (Figure 1B). The diameter of the dislocation cores, 2rc is generally expected to be close to the dislocation Burgers vector [53, 54]. With a Burgers vector b/d = 1, 2rc has indeed been shown to be very close to d for smectic C edge dislocations [55] and for smectic A screw dislocations [56]. If the NPs would induce disorder outside the defect core for the three dislocations of the oily streaks, this would imply that all the dislocation core radii would be smaller than the half of the NP size D + 2l with l the dodecanethiol length in 8CB. The dodecanethiol length in 8CB is not known but can be considered as ranging between 1 nm, its highly stretched value [46] and 1.8 nm its extended value. (D + 2l) ≈ 8–10 nm is not more than 3 times d, the 8CB inter-smectic layer spacing. This is largely too small to account for two times the core radius of a dislocation of Burgers vector b such that b/d ≈ 6. This demonstrates that the hypothesis of only one kind of dislocation inducing disorder outside the core is highly more probable. It must be the smallest one, the dislocation of Burgers vector b, with b/d ≈ 2 and we finally obtain an estimation of the corresponding dislocation core radius, rc. 2rc may range between the NP size associated with the gold diameter D = 4 nm and the NP size with the diameter D = 6 nm. Considering the dodecanethiol length as ranging between 1 and 1.8 nm, this leads to 6 nm < 2rc < 9.6 nm. The fact that similar LC-induced decrease in the inter-NP gap has been observed for NP diameters D = 5 nm (see Figure S2) even allows to decrease the inequality to 6 nm < 2rc < 8.6 nm. This is in very good agreement with the presence of dislocations of core radius, rc such that 2rc ≈ 2d = 6.3 nm, in smectic oily streaks, associated with a Burgers vector b, with b/d = 2.

As a result, the preferred dislocations for NP trapping are the largest dislocations where the largest amount of disorder energy is saved in the presence of NPs and no disorder is induced outside the defect core. They are equilibrium structures for NPs of diameter D = 6 nm. The smallest dislocations may be filled by NPs at high NP concentration only when the largest dislocations may be already significantly filled. A large number of NPs is thus required to explain the observed decrease of inter-NP gap revealed by the λ∥ measurements of the NP chains shown in Figure 3B. We have used Rutherford Backscattering Spectroscopy (RBS) experiments (see Materials and Methods) to obtain the average number of gold atoms in the smectic oily streaks. We have found in average 1300 NPs μm−2 for one of the two samples presented in Figure 3B. Assuming an inter-NP distance of D + 1.4 = 7.4 nm, 1.4 nm being the average inter-NP gap in the chains (see below), it can be calculated that a linear defect of length 1 μm contains up to approximately 140 NPs. As a result, for the LC thickness of 170 nm found for the corresponding composite oily streak sample, the period of oily streaks being of the order of 550 nm [27], the critical concentration necessary to entirely fill the 6 dislocations of one hemicylinder (Figure 1B) is 1530 NPs μm−2. 1300 NPs μm−2 corresponds to 85% of the 6 linear dislocations shown in Figure 1B being fully filled by NPs confirming a significant filling of the small dislocations in addition to the large ones. If we consider the large dislocations as being almost fully filled by NPs, this leads to a half filling on average for the small dislocations.

Despite the larger NP filling in large dislocations, the average LSP measurements of highest λ∥ presented in Figure 3 are expected to be dominated by the NP chains in the small dislocations. These latter chains are the only ones subjected to strong electromagnetic coupling between NPs. λ∥ = 550 nm is the LSP resonance value calculated in the dipolar approximation with infinite chains of inter-NP gap s = 1.9 nm and with a dipolar index n = 1.51, 1.9 nm corresponding to the equilibrium inter-NP gap without LC. The expected increase of the inter-NP gap in the large dislocations without induced disorder outside the defect core should lead to λ∥ significantly smaller than λ∥ = 550 nm. In agreement with coexisting NP chains of large inter-NP gaps in large dislocations together with NP chains of small inter-NP gaps in small dislocations, all extinction data are enlarged toward the low wavelength values (Figure 3A), the low wavelength values being associated with the NP chains in the large dislocations. In contrast the maximum λ∥ shown in Figure 3B, λ∥ = 562 nm may be dominated by the NP chains trapped in the small dislocations. λ∥ ranging between 540 and 562 nm as shown on Figure 3B may be associated with different local concentrations of NPs in the small dislocations. This may be associated with different lengths of NP chains in the small dislocations for a same sample of average filling of the dislocations of 85%.

The average length of the NP chains in the small dislocations is not known. In order to use the maximum λ∥ of 562 nm to extract an inter-NP gap value and use it for an estimation of the energy per unit of length of the small dislocations, EDC, with the assumption that they form equilibrium structures, we have considered different possible average lengths for the NP chains. If the chains are long enough to be considered as infinite for LSP properties [41–43], the dipolar approximation with a dipolar index n = 1.51 leads to s = 1.4 nm. For numbers of NPs in the chains, N, which can not be considered as infinite, the wavelengths of the LSP resonances of chains of gold NPs were calculated with finite element methods (see Materials and Methods). The variations Δλ of the position of the LSP resonance of the NP chains with respect to the position for isolated NPs λo were then fitted to a plasmon ruler [57]:

[image: image]

where the decay rate τ = 0.324 the exponent ν = 0.55 and the scaling parameter β = 0.16 were adjustable parameters. Figure S3 gives the variations of the calculated Δλ in nm as a function of [image: image] together with the plasmon ruler.

We obtain s = 1.3 nm for N = 10. It is hard to account for an inter-NP gap smaller than s = 0.6 nm, the value that has been found without topological defects in cholesteric films with NPs of diameter D = 4 nm. This latter case, s = 0.6 nm, corresponds to N = 5. We can then use the previously calculated energy curve of interacting NPs without LC, e(s), as a function of the inter-NP gap, s, for gold NPs of diameter D = 6 nm with grafted dodecanethiol in toluene [38]. It leads to the observed equilibrium inter-NP gap of s = 1.9 nm without LC but also gives the evolution of e(s) in case of departure of s with respect to s = 1.9 nm. Using in LC the fact that:
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allows to obtain:

If N = 10 and s = 1.3 nm [38], [image: image]

If N = 5 and s = 0.6 nm [38], [image: image]

If the NP chains in the small dislocations are equilibrium structures they must also respect inequality (8), leading (with l = 1.8 nm) to:

[image: image]

edis and EDC necessary to obtain equilibrium NP chains consistent with the measured optical absorption in the composites oily streaks/gold NPs, λ∥ = 562 nm, finally only poorly depend on the NP chain length. They appear very large. With the rough assumption that the zone around the dislocation core is transformed into a nematic zone, in agreement with recent results obtained with a screw dislocation [56] and neglecting the elastic nematic distortion within this zone, edis is the Landau-de Gennes penalty: edis = 0.73 kT nm−3, for 8CB at 25°C [58]. Taking l as 1.8 nm, we need δ ≈ 6nm to reach π(D + 2l)δedis > 145kT nm−1 which is two times the intra-layer spacing. Measurements of the core energy of dislocations are still scarce. The total energy of dislocations, including the core energy, has been measured as a function of the Burgers vector in 8CB free standing films. It confirmed that it is proportional to the Burgers vector [59]. For a Burgers vector b/d = 1 the energy per unit of length is 5 kT nm−1 [59]. Here we find EDC at least 16 times larger for a Burgers vector only two times larger. Such a large value may be due to the complex structure of oily streak dislocations associated with a large disorientation of the smectic layers from each part of the dislocation (Figure 1). Another assumption is that the NP chains in the small dislocations are not an equilibrium structure in relation with the induced disorder outside the core. They could be only kinetically favored by the attraction toward the defect core occurring due to the elastic distortion around the dislocations [3, 19, 45]. The fact that the dislocations are embedded in rotating grain boundaries may strongly enhance this phenomenon, through the presence of additional elastic distortion.



7. CONCLUSION

Combining GISAXS, spectrophotometry, RBS measurements and the development of a model of interacting NPs, we present a comprehensive description of composites made of gold NPs with a given diameter D = 6 nm in an array of different kinds of smectic dislocations (with different Burgers vectors). If the NP concentration is small, only the large dislocations are filled and long chains may be formed. They are favorable equilibrium structures because no disorder is induced outside the defect core but they consist of only poorly interacting NPs. If the NP concentration is large enough, the small dislocations can also be filled and we demonstrate up to 85 % of the dislocations being filled without any aggregation outside the core. We demonstrate that such high filling of the dislocations by the NPs leads to the coexistence of different NP chains in the smectic film, long NP chains with large inter-NP gap coexisting with smaller chains with a shortened inter-NP gap that can become as small as 1.4 nm. As a result the plasmonic properties of the composite are dominated by the small chains due to the LC-induced enhanced electromagnetic coupling between the NPs in the small dislocations. Using a model that takes into account the modifications of the interactions between NPs associated with their localization in the smectic dislocations, we confirm the presence of dislocations of Burgers vector b, b/d = 2, the “small” dislocations. We also demonstrate that the NP chains formed in the “small” dislocations are most probably not equilibrium structures. This is due to the disorder outside the defect core which is responsible for the observed LC-induced shortening inter-NP gap. However these NP chains might remain stable over time due to the elastic distortion around the rotating grain boundary that might play the role of the energy barrier for the trapped NPs.
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Figure S1. Extinction in toluene of the NPs of diameter 6 nm.

Figure S2. The different obtained extinction measurements for NP chains represented by the (λ⊥; λ||) values, obtained for NPs with diameter D = 5 nm, for which the extinction of hexagonal networks without LC is at λ⊥ = λ|| = 558 nm.

Figure S3. 2s/(N − 1)D as a function of Delta lambda, calculated (in blue) with finite element method compared with the plasmon ruler (in red).



REFERENCES

 1. Bisoyi HK, Kumar S. Liquid-crystal nanoscience: an emerging avenue of soft self-assembly. Chem Soc Rev. (2011) 40:306–19. doi: 10.1039/B901793N

 2. Lagerwall JPF, Scalia G. A new era for liquid crystal research: applications of liquid crystals in soft matter nano-, bio- and microtechnology. Curr Appl Phys. (2012) 12:1387–412. doi: 10.1016/j.cap.2012.03.019

 3. Blanc C, Coursault D, Lacaze E. Ordering nano-and microparticles assemblies with liquid crystals. Liquid Cryst Rev. (2013) 1: 83–109. doi: 10.1080/21680396.2013.818515

 4. Lewandowski W, Wojcik M, Górecka E. Metal nanoparticles with liquid-crystalline ligands: controlling nanoparticle superlattice structure and properties. ChemPhysChem. (2014) 15:1283–95. doi: 10.1002/cphc.201301194

 5. Choudhary A, Singh G, Biradar AM. Advances in gold nanoparticle–liquid crystal composites. Nanoscale. (2014) 6:7743–56. doi: 10.1039/C4NR01325E

 6. Sridevi S, Prasad SK, Nair GG, D'Britto V, Prasad BLV. Enhancement of anisotropic conductivity, elastic, and dielectric constants in a liquid crystal-gold nanorod system. Appl Phys Lett. (2010) 97:151913. doi: 10.1063/1.3499744

 7. Mishra M, Kumar S, Dhar R. Effect of dispersed colloidal gold nanoparticles on the electrical properties of a columnar discotic liquid crystal. RSC Adv. (2014) 4:62404–12. doi: 10.1039/C4RA11541D

 8. Tomašovičová N, Timko M, Mitróová Z, Koneracká M, Rajňak M, Éber N, et al. Capacitance changes in ferronematic liquid crystals induced by low magnetic fields. Phys Rev E. (2013) 87:014501. doi: 10.1103/PhysRevE.87.014501

 9. Mouhli A, Ayeb H, Othman T, Fresnais J, Dupuis V, Nemitz IR, et al. Influence of a dispersion of magnetic and nonmagnetic nanoparticles on the magnetic Fredericksz transition of the liquid crystal 5CB. Phys Rev E. (2017) 96:012706. doi: 10.1103/PhysRevE.96.012706

 10. Ramanuj M, Jayanta H, Anil H, Binod G, Ragini D, Debanjan B, et al. Dielectric properties of a strongly polar nematic liquid crystal compound doped with gold nanoparticles. Liquid Cryst. (2018) 45:1661–71. doi: 10.1080/02678292.2018.1478995

 11. Coursault D, Blach JF, Grand J, Coati A, Vlad A, Zappone B, et al. Towards a control of anisotropic interactions between soft nanospheres using dense arrays of smectic liquid crystal edge dislocations. ACS Nano. (2015) 9:11678–89. doi: 10.1021/acsnano.5b02538

 12. Pelliser L, Manceau M, Lethiec C, Coursault D, Vezzoli S, Lemenager G, et al. Alignment of rod-shaped single photon emitters driven by line defects in liquid crystals. Adv Funct Mater. (2015) 25:1719–26. doi: 10.1002/adfm.201403331

 13. Lee E, Xia Y, Ferrier RC Jr, Kim HN, Gharbi MA, Stebe KJ, et al. Fine golden rings: tunable surface plasmon resonance from assembled nanorods in topological defects of liquid crystals. Adv Mater. (2016) 28:2731–6. doi: 10.1002/adma.201506084

 14. Liu Q, Yuan Y, Smalyukh II. Electrically and optically tunable plasmonic guest Host liquid crystals with long-range ordered nanoparticles. Nanoletters. (2014) 14:4071. doi: 10.1021/nl501581y

 15. Rozic B, Fresnais J, Molinaro C, Calixte J, Umadevi S, Lau-Truong S, et al. Oriented gold nanorods and gold nanorod chains within smectic liquid crystal topological defects. ACSNano. (2017) 11:6728–38. doi: 10.1021/acsnano.7b01132

 16. Yoshida H, Tanaka Y, Kawamoto K, Kubo H, Tsuda Fujii A, et al. Nanoparticle-stabilized cholesteric blue phases [Article]. Appl Phys Express. (2009) 2:121501. doi: 10.1143/APEX.2.121501

 17. Karatairi E, Rozic B, Kutnjak Z, Tzitzios V, Nounesis G, Cordoyiannis G, et al. Nanoparticle-induced widening of the temperature range of liquid-crystalline blue phases. Phys Rev E. (2010) 81:041703. doi: 10.1103/PhysRevE.81.041703

 18. Rozic B, Tzitzios V, Karatairi E, Tkalec U, Nounesis G, Kutnjak Z, et al. Theoretical and experimental study of the nanoparticle-driven blue phase stabilisation. Eur Phys J E. (2011) 34:1–11. doi: 10.1140/epje/i2011-11017-8

 19. Senyuk B, Evans JS, Ackerman PJ, Lee T, Manna P, Vigderman L, et al. Shape-dependent oriented trapping and scaffolding of plasmonic nanoparticles by topological defects for self-assembly of colloidal dimers in liquid crystals. Nano Lett. (2012) 12:955–63. doi: 10.1021/nl204030t

 20. Cordoyiannis G, Rao J i VS, Kralj S, Dhara S, Tzitzios V, Basina G, et al. Different modulated structures of topological defects stabilized by adaptive targeting nanoparticles. Soft Matt. (2013) 9:3956–64. doi: 10.1039/c3sm27644a

 21. Coursault D, Grand J, Zappone B, Ayeb Hand L'evi G, F'elidj N, Lacaze E. Linear self-assembly of nanoparticles within liquid crystal defect arrays. Adv Matt. (2012) 24:1461–5. doi: 10.1002/adma.201103791

 22. Evans JS, Ackerman PJ, Broer DJ, van de Lagemaat J, Smalyukh II. Optical generation, templating, and polymerization of three-dimensional arrays of liquid-crystal defects decorated by plasmonic nanoparticles. Phys Rev E. (2013) 87:032503. doi: 10.1103/PhysRevE.87.032503

 23. Gharbi MA, Manet S, Lhermitte J, Brown S, Milette J, Toader V, et al. Reversible nanoparticle cubic lattices in blue phase liquid crystals. ACS Nano. (2016) 10:3410–15. doi: 10.1021/acsnano.5b07379

 24. Mundoor H, Sheetah GH, Park S, Ackerman PJ, Smalyukh II, van de Lagemaat J. Tuning and switching a plasmonic quantum dot sandwiched in a nematic line defect. ACS Nano. (2018) 12:2580–90. doi: 10.1021/acsnano.7b08462

 25. Lacaze E, Coursault D. Control of nanoparticle self-assemblies using distorted liquid crystals. In: Lagerwall JPF, Scalia G, editors. Liquid Crystals with Nano and Microparticles. Series in Soft Condensed Matter. Singapore: World Scientific (2016). p. 186–222.

 26. Rahimi M, Ramezani-Dakhel H, Zhang R, Ramirez-Hernandez A, Abbott NL, de Pablo JJ. Segregation of liquid crystal mixtures in topological defects. Nat Commun. (2017) 8:15064. doi: 10.1038/ncomms15064

 27. Coursault D, Zappone B, Coati A, Boulaoued A, Pelliser L, Limagne D, et al. Self-organized arrays of dislocations in thin smectic liquid crystal films. Soft Matter. (2016) 12:678–88. doi: 10.1039/C5SM02241J

 28. Ravnik M, Alexander G, Yeomans J, Zumer S. Three-dimensional colloidal crystals in liquid crystalline blue phases. Proc Natl Acad Sci USA. (2011) 108:5188–92. doi: 10.1073/pnas.1015831108

 29. Peng S, Lee Y, Wang C, Yin H, Dai S, Sun S. A facile synthesis of monodisperse Au nanoparticles and their catalysis of CO oxidation. Nano Res. (2008) 1:229–34. doi: 10.1007/s12274-008-8026-3

 30. Kreibig U, Vollmer M. Optical Properties of Metal Clusters. Vol. 25. Springer Series in Materials Science. Springer (1995).

 31. Topping J. On the mutual potential energy of a plane network of doublets. Proc R Soc London A. (1927) 114:67–72. doi: 10.1098/rspa.1927.0025

 32. Van der Hoff BME, Benson GC. A method for the evaluation of some lattice sums oocurring in calculations of physical properties of crystals. Can J Phys. (1953) 31:1087–04. doi: 10.1139/p55-064

 33. Johnson PB, Christy RW. Optical constants of the noble metals. Phys Rev B. (1972) 6:4370–9. doi: 10.1103/PhysRevB.6.4370

 34. Garcia MA, de Ia Venta J, Crespo P, LLopis J, Penades S, Fernandez A, et al. Surface plasmon resonance of capped au nanoparticles. Phys Rev B. (2005) 72:241403. doi: 10.1103/PhysRevB.72.241403

 35. Michel JP, Lacaze E, Alba M, de Boissieu M, Gailhanou M, Goldmann M. Optical gratings formed in thin smectic films frustrated on a single crystalline substrate. Phys Rev E. (2004) 70:011709. doi: 10.1103/PhysRevE.70.011709

 36. Michel JP, Lacaze E, Goldmann M, Gailhanou M, de Boissieu M, Alba M. Structure of smectic defect cores: x-ray study of 8CB liquid crystal ultrathin films. Phys Rev Lett. (2006) 96:027803. doi: 10.1103/PhysRevLett.96.027803

 37. Zappone B, Lacaze E. Surface-frustrated periodic textures of smectic- a liquid crystals on crystalline surfaces. Phys Rev E Stat Nonlin Soft Matt Phys. (2008) 78:061704. doi: 10.1103/PhysRevE.78.061704

 38. Goubet N, Richardi J, Albouy PA, Pileni MP. Which forces control supracrystal nucleation in organic media? Adv Funct Mater. (2011) 21:2693–704. doi: 10.1002/adfm.201100382

 39. Gauvin M, Wan YF, Arfaoui I, Pileni MP. Mechanical properties of Au supracrystals tuned by flexible ligand interactions. J Phys Chem C. (2014) 118:5005–12. doi: 10.1021/jp411896c

 40. Wen T, Zhang D, Wen Q, Liao Y, Zhang C, Li J, et al. Enhanced optical modulation depth of terahertzWaves by self-assembled monolayer of plasmonic gold nanoparticles. Adv Opt Mat. (2016) 4:1974–80. doi: 10.1002/adom.201600248

 41. Lin S, Li M, Dujardin E, Girard C, Mann S. One-dimensional plasmon coupling by facile self-assembly of gold nanoparticles into branched chain networks. Adv Mater. (2005) 17:2553–9. doi: 10.1002/adma.200500828

 42. Bonell F, Sanchot A, Dujardin E, Péchou R, Girard C, Li M, et al. Processing and near-field optical properties of self-assembled plasmonic nanoparticle networks. J Chem Phys. (2009) 130:034702. doi: 10.1063/1.3046291

 43. Barrow SJ, Funston AM, Gómez DE, Davis TJ, Mulvaney P. Surface plasmon resonances in strongly coupled gold nanosphere chains from monomer to hexamer. Nano Lett. (2011) 11:4180–7. doi: 10.1021/nl202080a

 44. Mulvaney P. Surface plasmon spectroscopy of nanosized metal particles [Review]. Langmuir. (1996) 12:788–800.

 45. Voloschenko D, Pishnyak OP, Shiyanovskii SV, Lavrentovich OD. Effect of director distortions on morphologies of phase separation in liquid crystals. Phys Rev E. (2002) 65:060701. doi: 10.1103/PhysRevE.65.060701

 46. Schapotschnikow P, Pool R, Vlugt TJ. Molecular simulations of interacting nanocrystals. Nano Lett. (2008) 8:2930–4. doi: 10.1021/nl8017862

 47. Schapotschnikow P, Vlugt TJH. Understanding interactions between capped nanocrystals: Three-body and chain packing effects. J Chem Phys. (2009) 131:124705. doi: 10.1063/1.3227043

 48. Khan SJ, Pierce F, Sorensen CM, Chakrabarti A. Self-assembly of ligated gold nanoparticles: phenomenological modeling and computer simulations. Langmuir. (2009) 25:13861–8. doi: 10.1021/la9008202

 49. Pendery JS, Merchiers O, Coursault D, Grand J, Ayeb H, Greget R, et al. Gold nanoparticle self-assembly moderated by a cholesteric liquid crystal. Soft Matt. (2013) 9:9366–75. doi: 10.1039/c3sm51736e

 50. Qi H, Hegmann T. Multiple alignment modes for nematic liquid crystals doped with alkylthiol-capped gold nanoparticles. ACS Appl Mater Interfaces. (2009) 1:1731–8. doi: 10.1021/am9002815

 51. Khatua S, Manna P, Chang WS, Tcherniak A, Friedlander E, Zubarev ER, et al. Plasmonic nanoparticles liquid crystal composites. J Phys Chem C. (2010) 114:7251–7. doi: 10.1021/jp907923v

 52. Draper M, Saez I, Cowling S, Gai P, Heirich B, Donnio B, et al. Self-assembly and shape morphology of liquid-crystalline gold metamaterials. Adv Funct Mat. (2011) 21:1260–78. doi: 10.1002/adfm.201001606

 53. Kléman M. Points, Lignes, Parois dans les Fluides Anisotropes et les Solides Cristallins. No. vol. 1 in Points, lignes, parois dans les fluides anisotropes et les solides cristallins. Orsay: Éditions de physique (1977).

 54. Holyst R, Oswald P. Dislocations in uniaxial lamellar phases of liquid crystals, polymers and amphiphilic systems. Int JMod Phys. (1995) 9:1115–573.

 55. Zhang C, Grubb AM, Seed AJ, Sampson P, Jákli A, Lavrentovich OD. Nanostructure of edge dislocations in a smectic-C* liquid crystal. Phys Rev Lett. (2015) 115:087801. doi: 10.1103/PhysRevLett.115.087801

 56. Repula A, Grelet E. Elementary edge and screw dislocations visualized at the lattice periodicity level in the smectic phase of colloidal rods. Phys Rev Lett. (2018) 121:097801. doi: 10.1103/PhysRevLett.121.097801

 57. Jain PK, Huang W, El-Sayed MA. On the universal scaling behavior of the distance decay of plasmon coupling in metal nanoparticle pairs: a plasmon ruler equation. Nano Lett. (2007) 7:2080–8. doi: 10.1021/nl071008a

 58. Thoen J, Marynissen H, Van Dael W. Temperature dependence of the enthalpy and the heat capacity of the liquid-crystal octylcyanobiphenyl (8CB). Phys Rev A. (1982) 26:2886–905.

 59. Géminard JC, Laroche C, Oswald P. Edge dislocation in a vertical smectic film: line tension versus film thickness and Burgers vector. Phys Rev E. (1998) 58:5923–5.

Conflict of Interest: The authors declare that the research was conducted in the absence of any commercial or financial relationships that could be construed as a potential conflict of interest.

Copyright © 2020 Do, Missaoui, Coati, Resta, Goubet, Royer, Guida, Briand, Lhuillier, Garreau, Babonneau, Goldmann, Constantin, Croset, Gallas and Lacaze. This is an open-access article distributed under the terms of the Creative Commons Attribution License (CC BY). The use, distribution or reproduction in other forums is permitted, provided the original author(s) and the copyright owner(s) are credited and that the original publication in this journal is cited, in accordance with accepted academic practice. No use, distribution or reproduction is permitted which does not comply with these terms.












	
	ORIGINAL RESEARCH
published: 21 April 2020
doi: 10.3389/fphy.2020.00094






[image: image2]

Geometric-Phase Waveplates for Free-Form Dark Hollow Beams

Bruno Piccirillo1*, Ester Piedipalumbo1,2 and Enrico Santamato1


1Department of Physics “E. Pancini”, Università di Napoli Federico II, Naples, Italy

2Istituto Nazionale di Fisica Nucleare (INFN)-Sezione di Napoli, Naples, Italy

Edited by:
Uroš Tkalec, University of Ljubljana, Slovenia

Reviewed by:
Nina Kravets, UMR5798 Laboratoire Ondes et Matière d'Aquitaine (LOMA), France
 Qi-Huo Wei, Southern University of Science and Technology, China

*Correspondence: Bruno Piccirillo, bruno.piccirillo@fisica.unina.it

Specialty section: This article was submitted to Soft Matter Physics, a section of the journal Frontiers in Physics

Received: 30 November 2019
 Accepted: 12 March 2020
 Published: 21 April 2020

Citation: Piccirillo B, Piedipalumbo E and Santamato E (2020) Geometric-Phase Waveplates for Free-Form Dark Hollow Beams. Front. Phys. 8:94. doi: 10.3389/fphy.2020.00094



We demonstrate the possibility of creating optical beams with phase singularities engraved into exotic intensity landscapes imitating the shapes of a large variety of diverse plane curves. To achieve this aim, we have developed a method for directly encoding the geometric properties of a selected curve into a single azimuthal phase factor without passing through indirect encryption methods involving lengthy numerical procedures. The outcome is utilized to mold the optic axis distribution of a liquid-crystal-based inhomogeneous waveplate. The latter is finally used to sculpt the wavefront of an input optical gaussian beam via the Pancharatnam-Berry phase.
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1. INTRODUCTION

Light sculpting has gained increasing importance in both fundamental and applied optics [1]. Engraving singularities in optical beams, in particular, has paved the way for multiple applications in both classical and quantum optics, most of which relate to the angular momentum of light. Singular Optics has gradually become an independent research field and now aspires to become a fundamental cornerstone of modern photonics. Optical singular beams have proven to be invaluable for non-contact manipulation over micro- and nanoscale [2, 3], which has enormous implications for modern nanophysics, crystal growth, and metamaterials, to give just a few examples. Furthermore, the infinite dimensionality of the orbital angular momentum (OAM) space has paved the way for increasing the data capacity of both free-space and fiber-optic communications [4] and for developing novel efficient protocols for classical [5] as well as quantum information processing [6–8]. No less important, optical singularities have been successfully utilized for super-resolution imaging [9, 10], on-chip optical switching [11–13], advanced microscopy [14, 15], and material machining [16–18].

Needless to say, the great potential of singular optics—and, more generally, of sculpted light—has been progressively unlocked over time, through the development of increasingly efficient and versatile tools for shaping the optical wavefronts. The most prominent technologies currently available for shaping spatial modes are computer-generated holograms (CGHs) displayed on spatial light modulators (SLMs)—based on dynamic phase control—and Pancharatnam-Berry phase (or geometric phase) Optical Elements (PBOEs). Indeed, several methods are nowadays available to fabricate geometric-phase optical elements for wavefront shaping, ranging from subwavelength metal stripe space-variant gratings [19] to multilayer plasmonic metasurfaces [20] and Spatially Varying Axis Plates (SVAPs) based on liquid crystals [21–26].

In the present paper, we introduce a method for designing SVAPs enabling the generation of scalar optical beams with non-linear azimuthal phase structures, giving birth to phase singularities engraved within non-cylindrically symmetric intensity profiles. Indeed, the cylindrical symmetry typical of the intensity profile of helical beams springs from their linear azimuthal phase profile, eiℓϕ. Helical beams have helical wavefronts —hence the name—and carry an OAM of ℏℓ per photon, ℓ being an integer, and ϕ the azimuthal polar angle around the beam propagation direction.There are multiple families of helical beams, which differ in their radial dependencies. Well-known examples are Laguerre-Gaussian (LG) beams [27, 28], Bessel and Bessel-Gaussian (BG) beams [29], and the wider class of Hypergeometric-Gaussian (HyG) beams [30], to name just a few. A helical beam with an azimuthal index ℓ has an ℓ-fold rotational symmetry, and its OAM spectrum accordingly includes only the component ℓ. With the light beam wavevector denoted as k, the azimuthal component of the linear momentum is ℏkϕ per photon: it does not depend on ϕ but only on the distance from the beam axis. The energy flux is therefore rotationally invariant around the beam axis, yielding the well-known cylindrically symmetric doughnut-shaped profile. An azimuthally non-uniform kϕ, in contrast, will break such symmetry and will give birth to an optical wavefront with a non-uniform helical phase structure, which will result, in its turn, in a non-cylindrically symmetric intensity profile. An OAM spectrum will broaden as a consequence of such symmetry breaking.

To impart a non-linear azimuthal structure, we have developed a phase design method aimed at encoding the geometric properties of a plane curve in order to create an intensity profile imitating the shape of the curve. We presently demonstrate that such an approach enables the direct determination of the phase profile required to reshape the intensity profile of a light beam as well as its OAM spectrum according to one's wishes. Here, in fact, we avoid passing through indirect methods for encoding the amplitude and phase of the target field into a single phase function [31], though the price to be paid is that only some features of the intensity profile and of the OAM spectrum will be precisely determined. Despite these apparent limitations, our method spontaneously leads us to introduce the concept of dark hollow beams with tailored intensity profiles or “Free-Form Dark-Hollow” (FFDH) Beams. A detailed study of the optical properties of FFDH beams will be reported elsewhere. Here, we focus on the generation of such beams by using the aforementioned SVAPs, of which q-plates [32] are probably the most famous examples. Liquid crystal-based SVAPs combine high conversion efficiency with exceptional manageability for overall high performance. Our SVAPs were fabricated by adopting a “direct-write approach," as defined in Kim et al. [21]. However, we would like to emphasize that our focus is presently on the method developed to determine the transmittance phase function. Specifically, an arbitrary superposition of azimuthal modes amounts to a complex function of ϕ with both an amplitude and a phase, i.e.,
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Several approaches, mostly based on the Gerchberg-Saxton algorithm, are usually adopted to obtain a pure phase function providing an acceptable approximation for Equation (1) [33]. In what follows, we describe a method to directly generate a dark hollow beam in which the shape of the dark zone is basically inherited from the shape of a selected plane curve. This is achieved without resorting to inverse algorithms such as those mentioned above. They can be proved to be promising devices of potential interest for multiple applications ranging from super-resolution microscopy to directional selective trapping [34], as well as material processing and optical coronagraphy, not to mention the applications in classical and quantum communications [35, 36]. As an example, we consider the case of Stimulated Emission Depletion (STED) microscopy, in which super resolution is achieved by the selective deactivation of fluorophores through an excitation beam filling the internal zone of a doughnut-shaped de-excitation spot. Replacing the doughnut with an FFDH beam, the illumination area would acquire a non-circular shape, suitable for optimally sending photons to zones where they are really required and/or to prevent them from damaging the surrounding areas.



2. FREE-FORM AZIMUTHAL PHASE SHAPING

The question arises of to what extent the transverse intensity profiles or the OAM spectrum of a light beam can be molded by manipulating a purely azimuthal phase factor eiψ(ϕ), ψ(ϕ) being an arbitrary function of the azimuthal coordinate ϕ. Such a phase factor does not enable the exploration of all the possible field distributions, even approximately, since ψ is assumed to be independent of the distance r from the beam axis [31, 37]. As above mentioned, in this work, we aim at introducing a toy method based on geometric intuition to determine the most appropriate azimuthal phase factor eiψ(ϕ) required to generate dark hollow beams with arbitrary shapes or, as we have baptized them, FFDH beams. To this purpose, we need a “dough cutter” for partitioning the plane around the beam axis into a number of sectors—“slicing the doughnut.” One can then distribute the transverse intensity of light among the several sectors according to one's wishes and necessities. Molding the intensity of light within each sector is necessary for tailoring the boundaries of the dark region around the axis—“shaping the hole of the doughnut.” The portions of light within different sectors can be disconnected from each other or not. Metaphors aside, our “dough cutter” is the azimuthal component ℏkϕ(ϕ) of the photon linear momentum as a function of ϕ, i.e.,
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Assuming ψ(ϕ) is proportional to the orientation angle Θ(ϕ) of the unit normal to some plane curve γ described by ϕ-dependent parametric equations, then all the relevant features of kϕ(ϕ) can be gathered from the rotational symmetry properties of γ and from the local radius of curvature—the latter being related to both kϕ and its derivative. Such a geometric approach has the advantage that Θ(ϕ)—and therefore the plane curve it comes from—needs not to be determined, on a case-by-case basis, as a solution of an inverse problem. Rather, it can be helpful to use a representation of the curve in polar coordinates, with some free parameters that can be tuned to match as much as possible the target intensity profile.


2.1. Curve Selection

Multiple choices are available. Good options are Lamé curves or their generalizations. A Lamé Curve, also known as a superellipse [38], is a closed curve retaining the geometric properties of semi-major axis and semi-minor axis, typical of an ellipse, but with a different shape. In polar coordinates it is described by the equation
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where a, b, and n are positive reals.

In 2003, J. Gielis introduced a single parametric equation—dubbed the “superformula”—describing multiple plane curves of the most varied kinds to study forms in plants and other living organisms [39]. The mathematical expression of the superformula, in polar coordinates, is
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where ρ is the distance of a point of the curve γ from the origin of the coordinate system as a function of the azimuthal angle ϕ, m is an integer, n1, n2, and n3 are three integers controlling its local radius of curvature, and, finally, the positive real numbers a and b parameterize the radii of the circumferences respectively inscribed and circumscribed to the curve γ. For even m = 2k, Equation (4) describes a curve γ2k closing over the interval [0, 2π). γ2k is rotationally symmetric by an angle 2π/k. For odd m = 2k+1, γ2k+1 closes over the interval [0, 4π). When a = b and n1 = n2, γm exhibits an m-fold rotational symmetry Cm. As all the free parameters in Equation (4) can vary, the generated curves can be deeply diverse. No doubt the curves could be grouped according to a criterion based on the order of the their rotational symmetry. For m = 4, a = b, and n2 = n3>2, for instance, the superformula simply returns the superellipses first introduced by G. Lamé in 1818 [38]. For fixed values of m, a, and b, however, the signs and the absolute values of n1, n2, and n3 can dramatically change the topological properties of the curves. Besides, a peculiar feature of the superformula is the fact that, independently of m, when n2 = n3 = 2, it always degenerates into a circumference when a = b or into an ellipse otherwise. Here, we are not interested in the mathematical peculiarities of the superformula but rather in taking advantage of its “shape-shifter” capabilities.

Encrypting the geometrical properties of the selected curves into the optical phase. Assume γ(a, b, m, n1, n2, n3) is the curve described by the superformula for some values of the free parameters. The normal unit vector n = (nx, ny) of the curve is given by
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where [image: image] is the derivative of ρ with respect to ϕ. Denoting as Θ(ϕ) the angle that n forms with the x−axis, we set the optical phase ψ(ϕ) to be
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Consequently, by varying the free parameters in Equation (4), multiple phase profiles can be designed and FFDHs accordingly generated. The realized phase profiles exhibit a modulation with the same symmetry properties as the curve γ. In the following, we show that the m-fold symmetry characterizing the phase modulation also affects the intensity profile of the generated beam. Light intensity, indeed, is expected to be equally partitioned among the m equally spaced sectors of the phase profile.

In Figure 1, this geometry-to-phase transfer procedure is sketched in the case a = b = 1, m = 5, n1 = 1/2, and n2 = n3 = 4/3. The rippled helical wavefront arising from Equation (6) is shown in Figure 2B for the same values of the parameters and is compared to the smooth helical wavefront corresponding to a doughnut beam with ℓ = 2 (Figure 2A). The latter can be easily shown to come from a circumference.


[image: Figure 1]
FIGURE 1. Schematic of the encryption procedure of the symmetry properties of a plane curve into the azimuthal phase of a light beam. In (A), as an example, we show t and n, i.e., the tangent and the normal unit vectors to the curve at the point P, respectively. n forms an angle Θ(ϕ) with the horizontal axis. In (B), we show the transverse phase profile ψ(ϕ) = 2Θ(ϕ; 1, 1, 5, 1/2, 4/3, 4/3) (Equation 6). The latter can be regarded as the superposition of the phase modulation 2ΔΘm(ϕ) (C) and the helical phase profile 2ϕ (D).



[image: Figure 2]
FIGURE 2. Helical wavefronts corresponding to a circumference (A) and to the curve represented in Figure 1A(B).


This structure primarily affects the OAM spectrum, which includes only the components (ℓ−m)±km, with k being an integer (Figure 3) and ℓ being the OAM index corresponding to the background helical mode. Specifically, in Figure 3, the OAM power spectrum [image: image] of the generated FFDH is presented. In classical optics, the quantity [image: image] is the fraction of the total power of the optical field component carrying an OAM proportional to l. In quantum optics, it is the probability that a photon in the beam carries an OAM of ℏl. The actual values of [image: image], as reported in Figure 3, have been determined numerically, by Fourier expansion of the azimuthal phase factor reported in Equation (5). The skew rays follow the paths dictated by kϕ.


[image: Figure 3]
FIGURE 3. OAM power spectrum arising from the azimuthal phase profile corresponding to the parameter values a = b = 1, m = 5, n1 = 1/2, and n2 = n3 = 4/3.





3. FREE-FORM AZIMUTHAL (FFA) SVAPS

We now focus on the experimental methods for generating optical beams with the phase structure prescribed by Equation (6). To reshape a TEM00 laser beam according to our wishes, we opted for a properly tailored SVAP. The latter is a half-wave retardation plate in which the direction-angle of [image: image] of the optic axis is spatially variant [23, 24, 26]. When a circularly polarized input beam passes through the plate, it acquires a geometric phase factor [image: image]. The sign in the exponent depends on the handedness of the incident beam polarization [image: image], which is reversed by the SVAP [25]. For a comprehensive view of the mechanism underlying wavefront reshaping via the Geometric or Pancharatnam-Berry Phase, we address the reader to Piccirillo et al. [25]. In essence, molding the phase of a SVAP amounts to patterning the optic-axis so that its direction-angle is locally equal to half the prescribed optical phase. In order to fabricate a liquid-crystal SVAP for generating FFDH beams, the optic-axis angular distribution must be set to
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In Figure 4, we show the optic-axis pattern of a SVAP corresponding to Θ(ϕ; a = 1, b = 1, m = 5, n1 = 1/2, n2 = 4/3, n3 = 4/3) (Figure 4A) and, for comparison, the contribution to such a pattern of the modulation only (Figure 4B). Figure 5A shows a microscope image of the SVAP under crossed polarizers, with a birefringent λ-compensator inserted between the SVAP and the analyzer. The λ-compensator has a path difference of 550 nm and therefore introduces a π retardation at that wavelength. The fast axis forms a 45° angle to the axis of the analyzer. When the compensator is put in, the sample changes its color depending on its orientation. The changes in color are based on optical interference. This method fully unveils the optic axis pattern underlying the SVAP (Figure 4A) because, differently from the simple crossed-polarizers method, it enables the orthogonal orientations of the optic axis to be distinguished between.


[image: Figure 4]
FIGURE 4. Optic axis patterns deduced from Equation (7) for the parameter values a = b = 1, m = 5, n1 = 1/2, and n2 = n3 = 4/3. (A) Optic axis pattern for a SVAP imparting to an input beam the geometric phase 2ϕ+2ΔΘm(ϕ) (Figure 1B). (B) Optic axis pattern for a SVAP imparting the geometric phase 2ΔΘm(ϕ) (Figure 1C).



[image: Figure 5]
FIGURE 5. Experimental observation of the optic axis distribution of the SVAP (a = b = 1, m = 5, n1 = 1/2, and n2 = n3 = 4/3). (A) Microscope image of the SVAP between crossed polarizers + birefringent compensator plate at 45°. This image reveals the optic axis pattern underlying the SVAP (Figure 4A), which is displayed in the image overlay. The image was recorded when illuminating the sample with white light, sandwiched between crossed polarizers, and inserting, between the sample and the analyzer, a birefringent λ-compensator (λ = 550 nm) with the optic axis rotated by 45°. The arrows in the lower left corner sketch the axes orientations of the input linear polarizer (black arrow), the output analyzer (red arrow), and the λ-compensator (blue arrow). (B) Optical transverse phase profile associated with the optic axis pattern in (A)—the same as in Figure 1B—here replicated for the sake of comparison.


Though pure-phase holograms displayed on SLM could be used to create FFDH beams, fabricating optical devices based on Geometric Phase has proved to be not only the best-performing choice but also the most natural, since the unit normal distribution deduced from a generating curve is directly translated into an optic axis pattern. As an example, we have here chosen curves generated via the superformula to take advantage of a large variety of shapes grouped under the same equation. A similar method, however, can be applied to any other curve or family of curves.



4. INTENSITY PROFILES

As mentioned above, by adding a periodical azimuthal phase modulation to the phase of a helical beam, the cylindrical symmetry typical of the intensity profile of a doughnut is broken. In fact, each photon at distance r from the beam axis suffers a change in its azimuthal linear momentum kϕ that depends periodically on the orientation of the meridional plane it starts from. As kϕ has the same period as ρ(ϕ) in Equation (4), the resulting transverse intensity profile becomes periodic as well. What's more, the details of the profile of kϕ are inherited from the azimuthal rate of change of the unit vector normal to the curve, also meaning that the inflections of the intensity profiles will be inherited from the local curvature of the generating curve. This enables a one-to-one correspondence to be set between the geometric properties of the generating curve and the transverse intensity profile of the beam, especially as far as the dark region is concerned. In Figure 6A, we show the intensity profile of the beam experimentally generated for the parameter values a = b = 1, m = 5, n1 = 1/2, and n2 = n3 = 4/3 at distance z = 1 m from the SVAP for a circularly polarized input TEM00 Gaussian mode with a plane wavefront and radius w0 = (1.50±0.04) mm. For comparison, Figure 6B shows the theoretical intensity profile predicted by calculating the Fresnel transform of the optical field
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for the same parameter values. The faint striped structure surrounding the core profile originates by diffraction from the abrupt azimuthal changes in the transverse phase profile shown in Figure 5B.


[image: Figure 6]
FIGURE 6. Comparison between the experimental (A) and theoretical (B) intensity profiles of the beam generated through the SVAP with the optic axis pattern shown in Figure 4A at distance z = 1 m, for the values a = b = 1, m = 5, n1 = 1/2, and n2 = n3 = 4/3 of the curve parameters and for an input gaussian beam with a plane wavefront and radius w0 = (1.50±0.04) mm.




5. CONCLUDING REMARKS

We have shown the possibility of generating dark hollow beams with a large variety of intensity landscapes by using a single azimuthal phase factor without passing through numerical methods for optical field encryption. The method is based on a geometric approach in which the intensity profile around the beam axis is supposed to imitate the shape of a selected closed curve. Also, the OAM spectrum is affected by the shape of the generating curve. If the generating curve has m-fold rotational symmetry, the OAM spectrum will include only components with multiple of m within a global shift determined by the OAM index of the unperturbed helical mode. Liquid-crystal SVAPs turn out to be the most natural choice for implementing such a method, since the unit vector normal to the generating curve comes to be copied over the axis pattern. Applications of FFA SVAPs can be easily devised, in particular, for manipulating non-spherical objects trapped by optical tweezers—as unwanted rotations of micro-objects could then be avoided—as well as for increasing contrast in optical coronagraphy—as properly tailored dark-hollow beams with line singularities along radial directions could be exploited to split the intensity distribution around the optical axis.
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We review the interactions and dynamics of topological defects in liquid crystals (LCs) in quasi-two-dimensional (2D) geometries. Such spatial restrictions can be realized in thin freely suspended smectic C films, in thin sandwich cells filled with nematic LCs, and under specific boundary conditions in LC shells embedded in aqueous solutions. Random defect patterns can be created by thermal quenching of the samples from lower ordered into higher ordered phases. On the other hand, well-defined isolated defect configurations for the study of elementary interaction steps can be prepared by using simple mechanical techniques. Observation by polarizing microscopy is straightforward. Spatial dimensions of the experimental systems as well as time scales are convenient for observation. The continuum theory of LCs is well-developed so that, in addition to the experimental characterization, an analytical or numerical description is feasible. From interactions and dynamic features observed in these LC systems, general conclusions on defect dynamics can be drawn.
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1. INTRODUCTION

Topological defects occur in a wide variety of physical systems, ranging from soft matter [1–6] to quantum systems [7–10], superfluid liquids [11–14], and thin magnetic films [15–17] to cosmology [18–22]. Often, the coarsening of defect patterns that form after symmetry-breaking phase transitions determines the establishment of long-range order in the system. The dynamical properties of such patterns are far from being trivial. A promising concept to find a universal description is to look for general features of defect patterns and their interactions in different systems [20–25]. For that purpose, a system in which universal features of defects can be studied relatively easily and in a quantitative way is of great advantage. Some liquid crystal (LC) phases are promising candidates by virtue of their easy handling, straightforward observation, convenient relaxation time scales, and diversity of structures. They allow for studying defect interactions and coarsening dynamics of topological defect patterns with conventional optical polarizing microscopy. Ensembles of very different kinds of defects in LC phases have been described (e.g., [1–5, 26–33]). The observation of pattern coarsening by mutual annihilations of topological point defects in such systems allows for the direct study of “scaling solutions,” providing models for the evolution of monopoles, multipoles, and textures. Isolated defect pairs can be created to study their mutual interactions as the elementary steps of pattern coarsening. Beyond such defect interactions, mixed structures of defects and inclusions of various shapes and sizes or influences of container boundaries can add further levels of complexity. It is possible to add a mass (of attached inclusions) to defects, to set spatial restrictions, and to exploit defects for structural stabilization of two-dimensional or three-dimensional colloids.

A considerable simplification for the analysis of basic features of defect dynamics is the restriction to quasi-two-dimensional (2D) systems, i.e., samples in which the extension in the third dimension is negligible with respect to the typical defect distances and core sizes and samples that can be considered uniform in the third dimension. We focus here on defects in this category of 2D systems, even though this excludes the rich variety of three-dimensional defect structures found in colloidal systems with nematic hosts in flat cells [3, 4, 34, 35] or other geometrical restrictions [36–39]. We also disregard dislocations, which are 3D defect structures formed by smectic phases, but restrict ourselves to disclinations. Finally, we have limited this review to conventional, “passive” LC materials and disregard active nematics (e.g., [41, 42]). The focus of this review is on smectic LCs in thin-film geometry, but we also discuss some quasi-2D nematic systems in sandwich cells, where the character of the director field is sufficiently 2D. Examples of optical images of topological defects in LC films are seen in Figure 1. Topologically, they are classified by the defect strength or topological charge S, which is equal to the number of full rotations of the liquid-crystal director on a closed path around the defect core. Defects of a given strength S may be further distinguished by a phase θ1 (Figure 2). An advantage of smectic freely suspended films over nematics is that experiments with nematics in sandwich cells are not easy to interpret because of the three-dimensionality of the geometric problem. Defects, even if they are well-localized in the cell midplane, usually extend from one glass plate to the other. Interactions with the boundaries, such as pinning, and a preferential alignment or 3D director field distortions near the cell walls have to be taken into account. No-slip boundary conditions for material flow will make the dynamics much more complex than in freely suspended films, for which we can neglect coupling to a surrounding fluid in most cases. The same applies if the defects are located at a confining boundary; their geometry will, in this case, be more 3D in nature. Smectic C mesogens, on the other hand, can form stable, quasi-two-dimensional (2D) freely suspended films (FSFs) similar to soap films when they are stretched across a solid frame [45]. Since their first detailed description by Young et al. [46], they have proven very useful in manifold investigations. Stable films can be as thin as two molecular layers.


[image: Figure 1]
FIGURE 1. (A) Snapshot of a non-equilibrium arrangement of nine defects in a SmC freely suspended film, all with topological strength +1. The defects repel each other, and the pattern rapidly expands, with eight defects moving radially outward and one remaining in the center. The defect cores are labeled by small circles (see text). Figure adapted from Stannarius and Harth [32]. (B) Pair of two defects of opposite topological strengths, −1 (left) and +1 (right) in a SmC freely suspended film. The defects attract each other and finally annihilate, leaving a defect-free uniform texture. Figure adapted from Missaoui et al. [43]. Both images were recorded with crossed polarizers and a diagonally inserted wave plate. (C) Depolarized reflected microscope images of islands in a SmC freely suspended film. The islands contain tangential clockwise (L) and counterclockwise (R) c-director fields and central +1 defects, each island has an accompanying outer −1 defect. Reproduced from Silvestre et al. [29] with permission, copyright American Physical Society. (D) Coarsening of umbilical defect patterns in a nematic cell with homeotropic anchoring and an electric field normal to the cell plane. The director of the material with negative Δε is driven into the cell plane, forming numerous umbilic ±1 disclinations. Reproduced with permission from Dierking et al. [44], copyright American Physical Society.



[image: Figure 2]
FIGURE 2. Sketches of topological defects with strengths ±1 and ±1/2 with different phases θ1. The phase of +1 defects changes their structure qualitatively (see top row images), left: “radial,” right: “tangential” configuration. For all defects of strengths S ≠ 1, a non-zero phase θ1 is equivalent to a simple rotation of the defect by an angle θ1/(1−S). The half-integer defects are prohibited in vector fields such as the [image: image] director field of smectic C phases.




2. FUNDAMENTALS

2.1. Liquid Crystal Phases and Their Continuum Description

Since there are excellent textbooks that describe the physics of liquid crystals, we recollect here only a few basic features that are necessary to understand the nature, structure and dynamics of defects in LC phases. For a deeper introduction into the properties and theoretical description of LCs, the reader is referred to standard books (e.g., [47, 48]).

The relevant thermotropic LC phases in the context of this review are nematic (N), smectic C (SmC), and smectic C* (SmC*) liquid crystals. Nematics have a molecular arrangement without long-range positional order, and the local preferential orientation of the molecular long axes (the optical axis) is characterized by the director field [image: image]. Conventional nematic phases are non-polar, belong to the symmetry group D∞h, and the directions [image: image] and [image: image] are equivalent. The ground state of a conventional non-chiral, infinitely extended nematic sample is a spatially uniform alignment of [image: image]. Spatial distortions of the director lead to contributions to the elastic free energy density w in the form

[image: image]

with the elastic constants for splay, K11, twist, K22, and bend, K33, of the order of a few pN. Such distortions can be caused, for example, by the boundary conditions in finite samples, by the existence of topological defects, by application of electromagnetic fields, or by shear flow.

At solid or liquid boundaries, or at free surfaces, the director may adopt preferential orientations. Those are described by boundary conditions, which may be strong (analogous to Dirichlet type boundary conditions), fixing the orientation of the director, or weak (analogous to Robin boundary conditions), fixing a certain relation between the director and its spatial derivatives. For weak anchoring, the director can deviate from its preferred orientation at the cost of an increased elastic energy.

Additional terms may occur in chiral or polar phases. Another term with the saddle-splay elastic constant K24 can be transformed into a surface integral of the free energy, it is thus only dependent on the director orientation at boundaries and can be neglected when the director is rigidly anchored. It may play a role in the vicinity of defect cores. Except near singular points of this director field, one can assume that [image: image]. In 2D geometry, with [image: image], the free energy density equation reduces to

[image: image]

In one-constant approximation, where the elastic constants are set equal to K11 = K33 = K,

[image: image]

and the minimum of the free energy can be found from the solutions of the Laplace equation Δθ = 0. Singular points of the director field mark defects. In their vicinity, the nematic order parameter goes down and the continuum model requires the introduction of a tensor order parameter [49–53]. We will not consider the nanoscopic structure of the defect cores here. In many situations, it is practical to make the reasonable approximation that the director is pinned at the boundary of a circle with radius rc around the defect core, and the actual core region is omitted.

Another important property of nematics is their electric and magnetic anisotropy. In the simplest case of uniaxial nematics, the dielectric permittivity adopts the form

[image: image]

In the case Δε = ε∥ − ε⊥ > 0, the electric torque drives the director toward a parallel or antiparallel orientation respective to the electric field; in the opposite case, the director is pushed toward a perpendicular orientation. Similarly, the diamagnetic susceptibility [image: image] is a tensor that governs the reorientation of the director in an external magnetic field. Finally, the uniaxial nematic phase is birefringent, with different ordinary and extraordinary refractive indices. This allows optical studies with polarizing microscopy (see section 2.3 below).

Thin SmC films can be treated with the same concept, where a unit vector along the projection of [image: image] onto the film plane takes over the role of the nematic director. This is appropriate as long as the director orientation is uniform along the film normal, which is fulfilled in micrometer or sub-micrometer thin SmC films and in SmC* films that are much thinner than their helical pitch. We now consider the projection [image: image] of [image: image] onto the film plane, with variable length depending on the tilt angle β (see Figure 3). The free energy expansion in the film is [54, 55]

[image: image]

where the Landau parameters A < 0 and C > 0 set the equilibrium length of [image: image], viz. the equilibrium tilt angle [image: image] of [image: image] respective to the layer normal. Their magnitude describes the resistance against changes of β. At non-zero tilt, one can define a unit vector [image: image], the c-director (Figure 3), which is a true vector 1. Approaching the core of a defect in the c-director field, [image: image] drops to zero, i.e., the material in the core is locally in the smectic A (SmA) phase (β → 0). Note that there are only splay and bend of [image: image] in the 2D system. With the new constants [image: image], [image: image], and [image: image] one obtains

[image: image]

This free energy density is similar to Equation (2). In one-constant approximation, KS = KB = K, the SmC free energy density has the same form as in the nematic case (Equation 3).


[image: Figure 3]
FIGURE 3. C-director and optical appearance when the planar film is observed with crossed polarizers (top) and with crossed polarizers and diagonally inserted phase plate (bottom).




2.2. Geometries

The conventional geometry to study nematics is that of thin sandwich cells, with cell gaps between few μm and several hundred μm. The director can be anchored homeotropically at both cell plates, or planarly at one plate, homeotropically at the other (hybrid anchoring), or anchored planarly at both plates. The planar anchoring can have a preferential direction in the plane, or it can be azimuthally degenerate. Two examples are depicted in Figure 4A.


[image: Figure 4]
FIGURE 4. (A) Geometry of nematic cells with planar (top) and hybrid (bottom) anchoring. The mesogens are sketched as ellipsoids. (B) Geometry of a planar freely suspended SmC film in air. The front edge of the solid film support has been omitted for visualization of the layered film structure.


There are various methods to produce defects in nematic cells. The easiest one is a rapid phase transition from the isotropic into the nematic phase across the clearing point, either by a temperature quench or by application of high pressure to trigger this transition [20, 21]. It is advantageous in such experiments to have either homeotropic anchoring conditions at the cell plates (director normal to the surfaces) or planar, azimuthally degenerate anchoring. A rich pattern of string defects occurs after the disorder–order transition. These are three-dimensional and of complex geometry. The problem in this experiment is to achieve a well-defined temperature quench. In Chuang's studies [20, 21], no particular surface treatment was reported. Pargellis et al. [56] improved the experiment by well-defined surface treatment of the sapphire windows to ensure homeotropic boundary conditions of the director in the nematic phase. The temperature was quenched by cooling one of the plates below the clearing point and keeping the second one above that point so that a phase boundary between isotropic and nematic states was established and kept in the middle between the cell plates. After this temperature quench, the director adopted degenerate planar boundary conditions at the nematic-isotropic (N-I) interface. Defects that form spontaneously in the nematic move to the N-I interface. Owing to broken mirror symmetry of the anchoring conditions on both interfaces, the 3D director field includes tilt, and only integer-strength defects can form.

This experimental technique was further improved by Nagaya et al. [57, 58] and later employed by Dierking et al. [44, 59]. Their experiments were performed under isothermal conditions in a homeotropic cell within the nematic phase. The authors used materials with negative dielectric anisotropy Δε = ε∥ − ε⊥ < 0 and applied an electric field along the cell normal. The director remained anchored homeotropically at the cell plates but was driven out of the field direction in the cell center. The maximum director deflection toward the planar orientation was then in the cell midplane. It was not necessary to fix temperature gradients in a sophisticated way to keep the phase boundary in the cell center as in Pargellis et al. [56]. The geometry of the umbilics that form was such that only integer-strength disclinations were possible (Figure 1D). We note that umbilics are, strictly speaking, not defects because they do not contain singularities of the director field. In a 2D projection, however, they behave in many respects like point defects and show similar interactions.

In all these types of nematic sandwich cells, one has to consider the peculiar boundary conditions for the nematic at the glass plates. The director field is therefore in general three-dimensional. Not only is the director anchored at the plates, but the flow field also has 3D character because of its no-slip boundary conditions. Even though many studies of defect dynamics have been performed in nematic cells (e.g., [20, 21, 44, 59–67]), these limitations must be clearly recognized [62, 68, 69]. A different geometry for nematics is that of spherical shells of few μm thickness and diameters of the order of 100 μm, which are filled with, and suspended in, surfactant solutions [40, 70]. There, one can adjust planar, degenerate, or hybrid boundary conditions to create defect structures of the director field. The spherical geometry requires a total topological charge of +2 in the director field at any surface with planar components of [image: image]. The closed nature of the nematic layer imposes special restrictions to the arrangements of topological defects [71–77]. In smectic shells with homeotropic anchoring, layers arrange in an onion-like structure. The layer arrangement is usually more complex for hybrid or planar anchoring of [image: image] [40, 73]. This special geometry of LC shells will not be considered in the following because of its many peculiarities that are unrelated to defect behavior in the flat 2D geometry.

Smectic C phases offer several advantages over nematics when one is interested in a quantitative determination of defect interactions, dynamics, and annihilation processes. These materials can form FSFs with huge aspect rations, either as planar films (Figure 4B) or bubbles. These films are ideal model systems to study defect dynamics: they can be prepared with thicknesses that are uniform on a molecular scale. The local orientation is well-described by a continuum theory of a 2D unit vector field [image: image]. Film thicknesses are between a few nanometers and several micrometers depending on the preparation conditions. Since all relevant forces scale linearly with the film thickness, the dynamics of the point disclinations are independent of film thickness as long as air drag can be neglected. Lateral widths of the films can be chosen in the millimeter and centimeter ranges so that influences of the boundaries on the local defect dynamics can be controlled. Spatial dimensions of defect patterns in the micrometer range and time scales of annihilation experiments of few seconds offer convenient observation conditions.

The spatially uniform alignment of the c-director is the ground state. Boundary conditions at the film holder may impose certain c-director distortions or even require the necessity of a defect in the film. If the film is disturbed, e.g., by quenching it into a lower symmetry phase [78–81], by a sudden air blow causing complex shear flow patterns in the film plane [82–84], or by rapid changes of the film geometry in presence of inhomogeneous director fields [32, 43, 85], point disclinations can be generated.

Pargellis et al. [78] performed experiments in SmC FSF. Defects were created by temperature quenches from SmA into SmC. Some of the disadvantages of this technique are difficulties to avoid spatial temperature inhomogeneities during the quench, which may evoke Marangoni effects, and advection of the film with airflow. In order to avoid these complications, Muzny [80] studied defects produced with a mechanically induced phase transition from SmA to SmC. Films were spanned across a circular frame and could be deflected by an overpressure of a few Pascal to SmC sphere caps. Upon sudden release of the overpressure, the caps collapsed to flat films, thereby reducing their surface. The consequence was a rapid transition from SmC to the SmA phase. Upon reducing the mesogen tilt angle β very quickly to zero, the film thickened and partially compensated for surface area reductions. Within few milliseconds after collapse, the SmC phase was re-established, and a c-director texture with multiple defects appeared. Wachs [81] performed similar experiments with the same technique in very thin (two-layer) SmC films.

An alternative is the preparation of islands (circular thicker film regions), which can be achieved by air flushes [84] or by a reduction of the film area of very thin films [86, 87]. Since the c-director is anchored at the island borders, each island necessarily contains a +1 defect in equilibrium. A compensating −1 defect is formed in the film surrounding the island. Defects can also form spontaneously, starting from a periodically distorted director structure in film menisci [88–91]. Such defects can migrate into a uniform film region (see Figure 5A). Multiple +1 defects can be pinned in small thinner regions (“holes”) of an otherwise uniform film [32], as in Figures 5B,C.


[image: Figure 5]
FIGURE 5. Arrays of +1 point defects pinned at layer steps of free-standing SmC films: (A) A continuous director distortion extends from a stripe pattern in a band of decreasing thickness (white arc in a), connected to the meniscus at the film holder, across a plateau of homogeneous thickness (striped region in the middle of a), and ending in several +1 point defects at a thickness step toward the thinner film seen in black on the right. The region near the stripe ends is enlarged in (c). Image size of (c) 455 × 367 μm2. Figure reproduced from Maclennan [88], copyright IOP Publishing. (B) Defects trapped around a circular film thickness step (yellow dashes), with its connection to the meniscus (below the black dashed line). Crossed polarizers parallel to the edges, with wave plate at 45°, scale bar 50 μm. Adapted from Harth [91]. (C) Stripe array with 12 trapped +1 defects in the central region, left: in equilibrium (the thinner region enclosed by the film thickness step is not resolved); right: after the film is slightly expanded, the 12 individual defects are visible. Because of KS > KB, they are all tangential. Black and white circles mark +1 with opposite sense of rotation of [image: image], yellow dashes indicate the main layer step trapping the defects. Crossed polarizers parallel to the edges, image dimensions 72 × 72 μm2. Microscopy images taken from Stannarius and Harth [32], copyright American Physical Society, annotations from Harth [91].


A simple technique to produce defect pairs is to touch the films with a thin fiber [43]. At the contact spot, the fiber circumference may enforce a preferential tangential or radial anchoring of the c-director and a compensating nearby −1 defect. If one moves the fiber far enough away from the latter defect before the film is released, a conjugated pair remains.

A very peculiar exception are materials that exhibit a sign change of one of the elastic constants, for example, the bend elastic constant. In such a material, the uniform ground state is no longer energetically favored, a film with uniform texture will spontaneously develop defect pairs connected by inversion walls [93]. A similar spontaneous formation of defects in a uniform film was described by Dolganov et al. [94] and attributed to a spontaneous bend term in a chiral smectic C* material.



2.3. Observation Techniques

The optical anisotropy in the film plane is determined by the orientation of the c-director, which reflects the tilt azimuth. This allows optical observation of the c-director field by means of polarizing microscopy in transmission or reflection. Figure 3 sketches the c-director and the optical appearance of a SmC film when observed with crossed polarizers (top), or crossed polarizers and a diagonal λ wave plate (bottom). Without the phase plate, the texture is fourfold degenerate, and with the phase plate it is two-fold.

The c-director field is extracted from transmission images under crossed polarizers as in Figure 5C, or with an additional diagonally inserted full wave plate (550 nm, slow axis from top right to bottom left), as in the examples shown in Figures 1A,B, 5B. With the phase plate, the films appear bluish where the c-director is diagonal bottom-left to top-right or vice versa, and they appear orange where the c-director is oriented diagonal from bottom-right to top-left or vice versa. It is impossible to distinguish the directions [image: image] and [image: image] at normal incidence. When the c-director field corresponding to a certain texture is plotted in the following, the sense of direction of [image: image] was chosen arbitrarily in each experiment. This is no problem as long as this selection is consistently maintained within each experiment, because the free energy, force, and torque equations do not depend upon the sign of [image: image]. An alternative is Depolarized Reflected Light Microscopy (DRLM), with the same limitations (see images in Figure 1C).

In nematic cells, the situation is in principle similar, but the director is usually not uniform along the cell normal. The optical axis may thus have spatially varying polar and azimuthal angles. The optical intensity in transmission depends in a more complex fashion on [image: image]. In a crude approximation, one may usually presuppose that textures under crossed polarizers reflect the orientation of the in-plane components of [image: image]. This is fulfilled when the director field is uniform along the cell normal.

Then, textures and defects have appearances very similar to those of the c-director given in Figure 3, with the c-director replaced by the director projection: Dark regions indicate that the projection of the nematic director onto the cell plane is along one of the polarizers. Bright regions reflect diagonal projections. If [image: image] is perpendicular to the cell plane everywhere, the texture under crossed polarizers is uniformly black.

A more elaborate analysis reveals that the transmitted intensity does not only vary with the phase lag between ordinary and extraordinary wave in the cell and the polarizer orientations. One also has to take into account that in-plane variations of [image: image] modulate the spatial refractive index profile. In contrast to thin smectic films, this may generate refraction and intensity modulations of transmitted light even in absence of polarizers so that defects may be visible even in unpolarized light.




3. THEORETICAL MODELS

3.1. Quasi-Equilibrium Configurations and Forces of Defect Pairs

Continuum models of the nematic and smectic C phases form the theoretical basis of the description of defect dynamics. The simplest assumption made in many models is that the motion of the defects is overdamped and adiabatic. There is no inertia related to the director reorientation or defect core motion. Defects move with a velocity determined by the balance of elastic forces that arise from the gradients in the potential and counteracting viscous forces caused by director reorientations and possible coupling to flow. Each snapshot of the director field can be assumed to represent a free energy minimum under the condition of fixed defect core positions (sometimes including a given flow field). Such interaction forces can be generated, e.g., by fixed anchoring conditions of the director at a boundary near the defect. In a pair of defects of equal or opposite topological charges, their elastic interaction forces drive mutual attraction or repulsion.

The interaction between two disclinations was first calculated under the simplifying assumption of equal splay and bend elastic constants, i.e., KS = KB = K, in the absence of material flow. The director field is taken as a linear superposition of the single-defect solutions of the director field [95]. For individual defects with topological charge Si positioned at the origin (0, 0), these individual solutions have the form

[image: image]

where φ is the angle between [image: image] and the x axis, and θi is the phase of the defect. For two defects of topological charges S1 and S2 at positions [image: image] and [image: image], this yields

[image: image]

The two arctan functions yield the angles of the position vectors [image: image] and [image: image] with the x axis. This solution is sketched in Figure 6A for S1 = +1 (left), S2 = −1 (right) and θ∞ = −π/2 (the c-director angle in infinity). The problem with this type of solutions is that it produces only defect pairs whose phases match, i.e., the c-director along a straight line connecting the defects is constant, since the arguments of the two arctan functions in Equation (7) remain constant on the straight line connecting the defect cores. This is only a specific subset of the solutions of the general problem, where defects can have any phases.


[image: Figure 6]
FIGURE 6. (A) Two defects with matching director fields, i.e., they can be written as a simple superposition of the solutions for two single conjugate defects. (B) Two defects whose phases do not match: the director changes along the straight line connecting the two cores.


For two such specific defects with strengths S1 and S2, separated by a distance R, the mutual attractive or repulsive force per film thickness is [96, 97]

[image: image]

It acts along the separation vector [image: image], where [image: image] are the positions of the two cores. Thus, the two defects are expected to approach or move away from each other on straight paths. In nematics, the defect strengths can have integer or half-integer values. In SmC films, owing to the polar character of the c-director, point defects can only have integer strengths. Disclinations of the same sign repel, those of opposite signs attract each other, with forces inversely proportional to the distance R.

Equations (7), (8) describe defect pairs with “ideal” orientations respective to each other, and with “ideal” orientation of [image: image] to the far director field. The basic models that led to Equation (7) assume that the superposition of two interacting defects is the only director field deformation present. This is correct only if the orientations “match,” i.e., the θ is constant along the line connecting the two cores, as sketched in Figure 6A. These models cannot describe the effects of mutual orientation mismatches (with regard to the phase angles θ1,2 of both defects) such as those sketched in Figure 6B. In practice, one has to take into account that phases of interacting defects in general do not match. The effects of these mutual orientations were first discussed by Vromans and Giomi [99]. They argued that half-integer defects have a generic orientation (“tilt”), which affects their interactions qualitatively. It changes the trajectories of mutually attracting or repelling pairs so that their motion is no longer along the interconnecting line (Figure 7).


[image: Figure 7]
FIGURE 7. Temporal evolution of a pair of mutually repelling +1/2 defects (A–C) and mutually attracting ±1/2 defects (D–F), simulated with Neumann boundary conditions, and an initial separation of the defects of 1/3 of the computed region. Red arrows indicate the “tilt,” a quantity introduced to describe the defect orientations. Even though the interconnection vector is initially horizontal in the images, the defect trajectories are curved, and the direction of defect motion noticeably differs from that vector. The image was reproduced from Vromans and Giomi [99], with permission of the Royal Society of Chemistry.


Tang and Selinger [100] extended this idea and generalized it to arbitrary defect strengths. They introduced tensors of rank n|1 − S| to characterize the orientation of defects of strength S in n-atic phases (phases with an orientational order parameter of n-fold symmetry). In the non-polar nematic phase, S = +1/2 defects are described by a vector, −1/2 defects by a tensor of rank 3. In polar nematics and SmC, the +1 defect is a scalar, the −1 defect is a tensor of rank 2. Tang and Selinger derived explicit expressions for the director field around defect pairs with different orientations and for the elastic energy depending on the defect orientation parameters. The analytical solutions were found using a conformal mapping technique [100], which works only under the condition of elastic isotropy (KS = KB).

We use their concept to discuss effects of defect orientations on interactions of conjugated pairs, S1 = −S2 = S. The equilibrium solutions are [100]

[image: image]

where the angle φD defines the direction of [image: image] respective to the x axis (Figure 6B), and rc is the defect core radius. It is assumed that rc is very small compared to R. The director field at circles with radius rc around the cores is described by equations of the form of Equation (6). The terms −Sπ and +Sπ in the definitions of δθ and θ0 arise from the correct choice of the quadrants of the arctan functions used in Tang and Selinger [100]. The first line of Equation (9) plus θ0 reproduces the solution for pairs with mutually matching orientations (Equation 7). The second line with the parameter δθ/2 is a solution of the Laplace equation with fixed boundary conditions θ = 0 at the core of the S1 defect and θ = δθ at the core of the S2 defect.

These equilibrium solutions are exact, but they lead to a boundary condition of the director field at infinity θ∞ = δθ/2 + θ0 = (θ1 + θ2 + Sπ)/2 that depends upon the phase angles of the two defects. This is no problem unless one wants to describe realistic experimental systems where the director far from the conjugated pair is usually homogeneous and independent of the defect positions and orientations. In order to realize such fixed boundary conditions, we rotated the solutions of Equation (9) to fix θ∞. Without loss of generality, we chose [image: image] [primed angles refer to the rotated system (x′, y′)]. In the primed system rotated by −θ∞, the defect phases become

[image: image]

Some representative solutions are visualized in Figure 8 for ±1 defect pairs and more in Missaoui et al. [43]. In the special case S = 1, the equations simplify to [image: image] and [image: image], the phase angle of the scalar +1 defect is preserved. One can easily verify that [image: image] gives the correct boundary condition [image: image] in all cases. The phase mismatch δθ, i.e., the angle by which the director reorients on the straight line connecting the two cores, remains invariant under rotations of the coordinates. It is one of the two essential parameters for the pair orientation. The second important parameter describing the defect pair is the orientation of the connection vector [image: image] with respect to the far director. We will refer to [image: image] as the misalignment angle. It becomes

[image: image]

It is useful to introduce the misalignment parameter [image: image]. The most important result of this analysis is that according to Equation (11), the mismatch δθ and the misalignment δϕ are not independent of each other in equilibrium. The mutual phases of the conjugated defects and the orientation of the defect pair in the external director field are strictly related. Defect pairs in equilibrium adopt a mismatch angle in accordance with their positions in a given external director field.


[image: Figure 8]
FIGURE 8. Static director fields around matching and mismatching defect pairs obtained by Equation (9) (top) with δθ = (π/2, 0, −π/2) from left to right in a homogeneous external director field indicated by the pink arrow below the plots. The red dot marks the +1 defect and the blue dot the −1 defect. The bottom row shows their appearance between crossed polarizers with diagonal phase plate. The image was reproduced from Missaoui et al. [43].


The elastic free energy of a film of thickness h, associated with the distorted configurations of a defect pair, is [100]

[image: image]

where the first term represents the usual elastic energy for matching defects with topological charges ±S. The second term is the effect of mismatch, which generates a torque. Again, the equilibrium also fixes [image: image], the orientation of the topological dipole in the surrounding director field, thus the rotation of the −1 defect and the orbit of both defects around the annihilation center cannot be separated in this model. At defect separations that are large compared to rc, the torque is

[image: image]

The previous derivation presupposed one-constant approximation. Two aspects have to be considered: Already Chandrasekhar [101] noticed that an elastic anisotropy causes a torque if the predominant elastic deformation between the defects is unfavorable. This holds true even if this pair is aligned and has matching phases. Second, defects with topological charge S = +1 have a peculiarity: the director field in the vicinity of the core can either be pure splay for θ1 = {0, ±π}, or pure bend for θ1 = ±π/2. Since the deformation energy diverges near the core, the director will be pinned there, either radially or tangentially. All other types of defects are less affected by elastic anisotropy. The director field structure slightly changes when KS ≠ KB, but the energy of isolated defects does not depend on their phase angle θi. Because of their symmetry, director fields near the S = +1 defect core are unaffected by elastic anisotropy, but all other types contain splayed and bent regions in their vicinity. Regions related to the smaller elastic constant are compressed, while those related to the larger elastic constant expand to minimize the elastic energy. The director field around an isolated S = −1 defect in presence of an elastic anisotropy α = (KS − KB)/(KS + KB) changes to [102]

[image: image]

with a prefactor q determined by (S − 1)φ[π, q] = −2φ[π, q] = π. We note here that the combination of defect phase match and alignment concepts with elastic anisotropy, with material flow and with finite system size is currently almost unexplored. This requires further theoretical effort. Gartland et al. [98] derived a general energy-based framework to determine the force acting on point defects in nematics. They noted that the static director fields considered above will, in general, not be identical to the dynamic director field configurations during defect annihilation, particularly not in presence of backflow (see next section). Tang and Selinger [103] exemplarily calculated a correction term describing the director field change due to a motion of ±1/2 defects at constant velocity in presence of material flow. Thus, simply deducing the annihilation dynamics from the energy landscapes of static solutions for the director field may not be adequate.



3.2. Defect Dynamics

After having obtained the equilibrium director configurations for defect pairs in given distances and orientations, we now discuss their dynamics: It is a widely used concept to assume that interacting defects moving in the LC system pass equilibrium configurations of the director fields in an adiabatic way. The specific drag force (per film thickness) on a defect of topological strength S moving with velocity v in a film at rest is [104]

[image: image]

L is a characteristic system size. Flow is neglected here, the one-constant approximation is used, and γ1 is the rotational viscosity. Pleiner [105] derived an equivalent equation for a defect moving in a SmC film, with γ1 as the rotational viscosity of the c-director. The problem with this equation is its logarithmic divergence with L, which requires setting some long-distance cut-off. Ryskin and Kremenetsky [106] proposed a correction that leads to

[image: image]

with the Ericksen number Er = γ1vrc/K. Note that, since the defect is an immaterial object, it does not involve material transport in this approximation. Thus, shear viscosities do not enter the drag force equation.

The balance of the elastic force Fe and the drag forces Fdrag on both defects yields the velocity

[image: image]

for each defect. According to Equation (17), two disclinations of opposite charge approach each other with velocities essentially inversely proportional to the separating distance R (disregarding the velocity dependence of Er). With Ṙ = 2v, one obtains

[image: image]

where t0 is the annihilation time.

A more accurate model has to incorporate several aspects: first, the approximation that a moving defect has the same director configuration as a defect at rest needs to be checked [107]. Second, the defect velocities are influenced by the elastic anisotropy α = (KS − KB)/(KS + KB) ≠ 0 [6, 55]. Third, backflow effects cannot be neglected in most situations (except in Langmuir films where the subphase effectively inhibits such material transport).

An elastic anisotropy α ≠ 0 will cause a difference in the velocities of the defects of the pair, even when the film material is at rest. Because of their symmetry, +1 defects are unaffected. The altered director configuration around a −1 disclination (Equation 14), however, influences the specific drag force in Equation (15). Brugues et al. [6] obtained for ±1 defects moving with velocity v in a restricted domain with radius Rd

[image: image]

respectively, independent of the direction of motion. This effect was already observed in simulations by Svenšek and Žumer [55]: The +1 defect will move faster toward the annihilation point than the −1 defect, irrespective of the sign of the elastic anisotropy α.

However, the differences in defect velocities caused by elastic anisotropy are small compared to flow-coupling effects in SmC FSFs or effectively 2D nematic films. In particular, as the defects move, coupling between the inhomogeneously changing director field and the velocity field (so-called backflow) plays a significant role. Defects of different strength couple to the flow field in different ways. Using a tensor order parameter description, simulations of Toth et al. [51] showed that, in a 2D nematic, the +1/2 defect moves faster than its −1/2 counterpart.

The coupled problem of director reorientation and flow is described by the Ericksen-Leslie equations, see, for example, Stewart [108] for a comprehensive discussion. These equations have to be treated numerically in general. Few analytical results exist [109–111] regarding the asymmetry of the motion of the defects in a conjugated pair [109, 111] and the qualitative structure of the backflow field [110]. The sign of the velocity field at the defect position depends on the topological charge: the fastest flow occurs in front of the positive defect toward and behind the negative defect away from the partner [110]. Coupling director reorientation and flow can speed up the relaxation significantly and it induces vortices in the flow field accompanying the moving defects, as first predicted by Denniston et al. [52]. The qualitative effect of backflow on the defect velocities is similar for defect lines and umbilics in nematics and point defects in SmC FSFs: while backflow increases the velocity of the positively charged defect, motion of the negative defect is hardly affected by backflow, often even reduced [51, 53, 55, 112, 113]. Due to the structure of the equations, the scaling of the defect separation [image: image] with time to annihilation is preserved until the defects approach so closely that their core regions start overlapping. Svenšek and Žumer [55] studied the influence of the Ericksen-Leslie viscosities and elastic anisotropy on ±1 defect pair annihilation in a SmC film numerically on a short spatial scale of initial separations.

Qualitative results are summarized in Figure 9B. Compared to the reference case without flow [Figure 9A, graph (a), and Figure 9B, graph (c)], both elastic anisotropy and flow slow down the −1 defect and accelerate the +1 defect. The annihilation points are shifted toward the initial position of the −1 defect. In general, symmetric terms of the stress tensors, e.g., the complete elastic stress tensor in one elastic constant approximation, affect motion of both defects in the same way, thus they do not contribute to an asymmetric annihilation process [55]. The γ1 term in the viscous stress tensor is antisymmetric. It dominates the flow coupling during annihilation: the generated flow carries both defects with the same velocity in the same direction [55]. This enhances flow near the +1 defect while reducing flow near the −1 defect. The efficiency of backflow increases with the ratio of γ1 to the isotropic viscosity α4. The flow driven by the above terms does not depend on the phase θ1 of the +1 defect (Equation 6). The viscosity coefficient γ2 = α2 + α3 becomes relevant when the phase of the +1 defect is varied: a tangential +1 defect annihilates faster than a radial one with its partner (compare curves e and f in Figure 9B). For general phase angles θ1, the induced flow field even breaks the symmetry respective to the axis connecting the defects [53]. The situation is qualitatively the same for annihilating ±1/2 lines in 2D nematics [53]. The coarsening of defect patterns is only slightly accelerated by hydrodynamic effects, and the R(t) scaling behavior is unchanged [114], at least when R ≫ rc. It is also common to 2D nematics and SmC models that initialization of the simulation with an equilibrium director field of given defect positions causes significant transient deviations from the expected scaling behavior [53, 55].


[image: Figure 9]
FIGURE 9. Effect of elastic anisotropy (left) and flow parameters (right) on defect annihilation of a (+1/−1) pair. (A) no flow, (a) α = 0, (b) α = 1/3, (c) α = 3/5, (d) α = 7/9 (e) α = 15/17, (f) same as (d) in right image, for comparison. (B) (a) θ1 = 0, α = 0, (b) θ1 = π/2, α = 0, (c) without flow, α = 0, (d) θ1 = 0, α = 0 with rotational viscosity γ1 doubled, (e) θ1 = 0, α = 2/3, (f) θ1 = π/2, α = −2/3. Images reproduced from Svenšek and Žumer [55], copyright American Physical Society.


An alternative, coarse-grained approach to describe defect dynamics is based on Rayleigh dissipation functions, as outlined by Vertogen [115], Sonnet and Virga [116], and Tang and Selinger [103]. Tang and Selinger [103] recently employed this technique to predict the motion of disclinations, including their reorientation, treating the defects as effective “particles”. The authors considered passive nematics where the drag on ±1/2 disclinations is shown to depend upon the orientation of the defects relative to the surrounding director field (a feature that is closely connected with the mismatch and misalignment angles discussed above). The study describes a coupling of translations and rotations in the defect dynamics. In addition, an extension of the model to active nematics was developed by introduction of an activity coefficient.

The influence of an in-plane aligning electric field on the annihilation of ±1/2 disclinations was described for 2D nematics with weak degenerate planar anchoring [63, 117]. The director distortion in-between the pair is compressed to a wall of relatively constant width along the connecting axis. This leads to a different scaling regime where the energy decreases linearly with decreasing wall length, and the defects approach each other at constant velocity [63]. Speed anisotropy between the defects is caused mainly by backflow and not by elastic anisotropy.

Umbilic distortions in nematics with negative Δε in homeotropically aligned cells with an electric field normal to the cell are in many respects similar to SmC defects. However, in the former, one always has to consider 3D effects due to the finite cell gap, evoked by boundary conditions on the director and flow fields [59]. The dynamics also depend on the electric field strength, which sets the core size of the umbilic structure [59]. When bend is favored to splay in the nematic, the elastic anisotropy speeds up the −1 umbilic [59]. Remarkably, this is opposite to the behavior of ±1/2 disclinations in nematic cells and ±1 disclination pairs in SmC FSFs.

When the elementary process is known, one may draw conclusions from pair annihilations to the coarsening of random patterns with multiple defects. For that purpose, a distribution of defects with a given density ρ(t) per unit area is considered, and its scaling with time is analyzed statistically. In a given film area, ρ ∝ ℓ−2 depends upon some characteristic length ℓ related to the average defect distance. Coarsening proceeds as a sequence of individual annihilation steps of neighboring conjugated strings or point defects. From scaling arguments, considering the energy dissipation rate and the defect energy of a network of string defects in a nematic, a decay of the defect density with ρ(t) ∝ t−1 was predicted [20] in 2D. The typical length scale in such a system increases with t1/2.




4. EXPERIMENTAL RESULTS

A number of 2D experiments were performed in nematic cells under different anchoring conditions (e.g., [20, 21, 44, 56–59, 62, 63, 118, 119]), mainly focused on pair annihilation and on coarsening statistics. Irrespective of the apparent simplicity of the experimental realization, only a few experimental studies have examined point defects and their interactions in smectic C FSFs (e.g., [32, 78–81, 86, 120]) to test the above described theoretical models and predictions. However, there has been considerable work on inclusions in SmC FSFs where self-organization caused by topological interactions has been investigated. We refer the reader to a recent review by Dolganov et al. [33] and to the review by Bohley and Stannarius [121].

Finally, there are a few publications on defects in Langmuir films (e.g., [6, 122]), which share many properties with thin smectic films, viz. their quasi-2D geometry and homogeneity in normal direction. The c-director can rotate freely at the interfaces. On the other hand, the coupling to the subphase inhibits flow. We have grouped the experiments in this section by the arrangement of defects instead of the mesophase in which they are formed.


4.1. Single Disclinations

Structure and dynamics of single disclinations in nematic and smectic phases have been studied by several techniques. While with polarizing microscopy the core structures of conventional nematics are not accessible, transmission electron microscopy (TEM) can visualize such structures after they were frozen quickly into a crystalline state [123–127]. Often, this technique is employed with polymeric liquid crystals where the structure transfer to the solid phase is easier to achieve. Recently, experiments were also reported for chromonic liquid crystals [127]. Since the long-range interactions of defects are hardly affected by the inner core, we have disregarded this aspect in the following section. At greater distances, the director structure can either be determined with polarizing microscopy or by decoration of the distortions with inclusions [26, 128].

In thin SmC films surrounded by a uniform meniscus, topology requires a total topological charge +1 within a flat smectic film. An energetically favorable state is a single +1 defect near the film center. This holds similarly for defects enclosed in smectic islands or holes (Figure 1C).


4.1.1. Structure of Single Disclinations

The +1 disclinations in LCs have a peculiarity: they are invariant to rotations, irrespective of an elastic anisotropy. In case of α ≠ 0, they choose the configuration with lower energy, which in nematics can be either splay or bend depending upon the material parameters K11 and K33. In smectic C, non-polar materials have KB < KS because the bend constant contains contributions from [image: image] director twist (see line above Equation 5), which are less energy costly. This may be opposite in strongly polar SmC* materials where the spontaneous polarization tends to avoid splay. When this polarization is perpendicular to [image: image], it increases the effective bend constant [129]. However, even though radial and tangential configurations represent the equilibrium states, a strong enough torque exerted by the external director field may distort the defect and may even cause the c-director to flip θ1 by ±π at the defect core. For such a jump over the potential wall, a sufficiently strong distortion is needed. This can be realized by spinning the c-director in a circular film with strong anchoring at the outer meniscus by means of electric or magnetic fields [130, 131]. When the field is switched off, the +1 defect that is necessarily present in the film because of the boundary conditions moves to the center. The phase difference between the defect core and the film boundary (seen as a spiral pattern, Figure 10) can only relax if the c-director reorients at the meniscus or at the defect core. The spiral contracts toward the center and increases the torque near the core until the barrier is surmounted and the phase mismatch is relieved by π. Note the strong deformation near the core in the second image of Figure 10, immediately before the flip. In practically all other experimental situations where SmC defect pair or pattern dynamics are considered, such strong distortions are absent; thus the c-director remains pinned tangentially at the +1 core, either clockwise or counterclockwise. In Figures 1A, 5C, the clockwise (CW) and counterclockwise (CCW) tangential defects are marked with black/white circles. Since the sign of [image: image] cannot be distinguished in reflection microscopy at normal incident light, the assignment is not unequivocal. The black circle may mark a CCW defect and white circles CW defects or vice versa.


[image: Figure 10]
FIGURE 10. Central +1 defect in a radially distorted director field within a SmC FSF. Images taken during relaxation in 4 s steps. The phase of the defect relative to the film border is initially 2π, it slips to π in the last image. Dark and bright green regions reflect horizontal and vertical c-director orientations, respectively, in these pictures. The relief on the right shows the time dependence of the radial phase profile in the film center. Image adapted from Eremin et al. [131].




4.1.2. Diffusion of Single Defects

The position of disclinations in FSFs is subject to Brownian diffusion in a potential given by the elastic energy landscape which is defined by the boundary conditions. Diffusive motion is counteracted by viscous drag due to director reorientations [79, 80, 105]. A single +1 defect in the center of a circular film shows normal diffusion with a linearly time-dependent mean square displacement (MSD) as long as this displacement is small compared to the film radius. Diffusion coefficients are of the order of 10−11m2/s [80]. At longer times, the confining potential of the film boundaries takes effect, and the MSD saturates. Central defects within islands experience particularly strong confinement. Wachs [81] showed that the diffusion constant for extremely thin films significantly increases under reduced ambient pressure, while the elastic constant remains roughly unaltered. This evidences that the material flow driven by inhomogeneous director reorientations in the film couples to flow of the ambient gas. This coupling mechanism is similar to that of the subphase of Langmuir films, yet the effect is much weaker. Similar film thickness dependent effects on the mobility of inclusions in quasi 2D membranes [132, 133] can be described within the Saffman-Delbrück/Hughes-Pailthorpe-White theory [134]. If this conclusion is correct, then Equations (15, 16) underestimate the drag forces on defects under normal atmosphere substantially, at least in thin FSFs.




4.2. Defect Pairs

When one analyzes the published studies of pair annihilation in nematics, it is striking that most pairs are in mutually matching orientations, which is most probably no coincidence. We do not exclude, however, the possibility that these particularly simple configurations had been intuitively selected by the experimenters. We are going to discuss the matching, aligned pairs first before returning to the mismatch problem afterwards in section 4.2.2.


4.2.1. Annihilation Dynamics

When external disturbances are negligible, the defect separation R obeys the square root law (Equation 18), in good approximation both in nematics [44, 62, 68] and in uniformly thick SmC FSFs [43, 80, 81]. However, when either strong planar anchoring with a preferential alignment is present in a cell [62], or when an aligning external electric field [59, 63] breaks the azimuthal symmetry in the cell plane, R scales linearly with (t0 − t). The distortion connecting the defects is compressed to a narrow wall and reducing the wall length is the dominant source of energy reduction.

In very thick SmC FSFs, arrays of layer dislocations can play the role of an external field [78]. Pargellis et al. studied 10–40 μm thick films that were most probably not uniform in thickness. In such films, dislocation arrays tend to force the c-director in a preferential orientation parallel to layer steps, i.e., normal to the thickness gradient. Distortions are squeezed into narrow walls [135]. The square-root law (Equation 18), describes only pairs which are separated by less than the wall widths.

Regardless of the existence of a field, the positively charged defects always move faster than the negatively charged ones, in accordance with theory. The dominance of backflow over elastic anisotropy in this asymmetry was demonstrated for umbilics in a cholesteric material [68]. The asymmetry of umbilic velocities in external fields is set by visco-elastic parameters of the material, not by field-induced structural changes [59].

Annihilation of ±1/2 disclination pairs was also analyzed in lyotropic nematics within a rather thick (100 μm) glass capillary with planar anchoring [118, 119]. Interestingly, averaging numerous experiments produced a scaling [image: image]. The reasons for the deviations can be manifold, e.g., fluctuations in the lyotropic [118, 119] or more complex defect interactions, such as mismatching mutual orientations in defect pairs (next paragraph) or inhomogeneous surrounding director fields. The defect separation was of the order of the cell thickness in these experiments, and the geometry is thus rather 3D. Defect velocities fluctuate more strongly than in thermotropic LCs, with evidence of long-range correlations [119].

Smectic C FSFs appear to be well-suited to study annihilation with full backflow coupling. Nevertheless, a quantitative analysis of annihilation dynamics and comparison to viscous and elastic material parameters to test existing models [55] is still missing. The few existing studies have confined themselves to the qualitative confirmation of the scaling law. In Missaoui et al. [43], a velocity ratio of +1 and −1 defect of about 1.8 was reported in qualitative agreement with theory. In extremely thin films, deviations from the t1/2 scaling were found at small separations [81].

Material flow is inhibited in Langmuir films [6, 122]. This allows to quantify the velocity asymmetry caused by elastic anisotropy. In small circular islands, defect interactions and annihilation were observed after island coalescence. Qualitatively, the results agree with predictions [6, 55].



4.2.2. Defect Matching and Alignment

As the theoretical models in section 3.1 predicted, the defect orientation and the alignment of the pair in the far director field are important parameters for the quasi-equilibrium states. The previous section showed that the concept of defect pairs passing different quasi-equilibria is useful for pairs that are perfectly oriented with respect to each other. The hypothesis that the angular mismatch might play a role in the dynamics was probably first uttered by Wachs [81]. In practically all experimental studies, the problem of orientation matching was disregarded, but one can discover examples in published papers: In Pargellis' 1992 experiments ([78], Figures 10, 12 in there), the annihilation of several pairs definitely does not follow straight paths. A wall connecting the pair rotates in the film plane. Similar mismatch can be identified in Dierking et al. [44], Figure 3B, even though this aspect was not mentioned in those papers.

A systematic experimental study of defect pairs in different mutual orientations and different positions respective to the far field was performed by Missaoui et al. [43]: essentially, defect pairs always adopt an orientation with respect to each other that is related to their alignment with the far field. Misalignment causes curved trajectories, and, on the way to annihilation, the defects move on either clockwise or counterclockwise bent paths depending upon the sign of δθ ≈ −δϕ (Figure 11). This differs quantitatively from the theoretical prediction δϕ = −δθ/2. Possible reasons are that either the one-constant approximation α = 0 used in Equation (9) is a too strong simplification for the material used (α ≈ 0.4), the assumption of an adiabatic approach is incorrect, or the finite film size affects the pair orientation.


[image: Figure 11]
FIGURE 11. (A–C) Matching defect pair, δθ = 0, in perfect alignment, δϕ = 0. Times refer to the annihilation event, white circles in (C) mark the positions where (A,B) were recorded. (D–F) Same for mismatching, misaligned pair with initial angles δθ = +65°, δϕ = −36°, (G–I) mismatching, misaligned pair with initial angles δθ = −50°, δϕ = +79°. The white bar in (A) marks 50 μm, in (D,G) 100 μm. Black arrows indicate the orientation of the far director. Images reprinted from Missaoui et al. [43].


The static equilibrium solutions are certainly not exact when flow is present [55]. We note that in realistic coarsening scenarios, the director field surrounding adjacent pairs is influenced by all neighbors. Then, misalignment effects may be averaged out to a certain extent, while the mismatch between the partners remains an important parameter.




4.3. Multidefect Arrays

A previous investigation [32] of repulsive interactions of defects of identical topological charges S = +1 has shown some limitations of the classical defect interaction models in liquid crystals [61, 95, 97] but a good agreement of the predicted square-root law of the time dependence of the characteristic quantities. Defects were collected initially in a small spot of a smectic C film: the film contained a circular area of reduced film thickness, a so-called “hole” comprising defects with total topological charge N. In this hole, N defects of charge +1 each were located along the boundary. The situation is shown in Figure 5C. In different experiments, N was varied between 4 and 12. The defects repel each other but cannot enter the surrounding thicker film regions because their elastic energy increases linearly with film thickness. On the other hand, they prevent the hole from shrinking and extinction because they counteract a reduction of the hole radius. By manually destroying the hole [32], the defects are freed and they explode in a regular pattern (Figure 1A) on straight radial trajectories. It was found that the velocities are well-described by a square-root law R ∝ t1/2 with R being the distance from the central spot that contained the defects and t the time after extinction of the hole. It was further observed that because of the pinning of the c-director at +1 defect cores, interactions to farther away defects are partially screened by nearer ones. Finally, it was demonstrated that multiple +1 defects with tangential anchoring cannot be described as a superposition of solutions of single defects. They necessarily include additional distortions of the surrounding director field that are not considered in the classical interaction models. The latter two features are not relevant in systems with elastic isotropy, where +1 defects can adjust θ1 without barriers. They are, however, characteristic for any systems that require strictly tangential or radial vector fields around their +1 defects.



4.4. Coarsening of Complex Patterns

In an attempt to mimic cosmic string dynamics and the coarsening of complex string defect patterns, Chuang et al. [20, 21] studied nematics between sapphire plates. Rapid phase transitions from the isotropic phase were triggered either by a temperature quench or high pressure. The boundary conditions at the surfaces were not specified. They were presumably planar degenerate. In the nematic phase, a rich pattern of string defects occurred after the disorder-order transition. These defects were three-dimensional and of complex geometry. Nevertheless, the authors analyzed the 2D images and considered the mean density ρ of defects per area. They confirmed a coarsening ρ(t) ∝ t−1, as predicted by scaling arguments within an approximate model. In the late stages of coarsening, there were clear deviations from the t−1 scaling law, and ρ(t) dropped even faster than the t−2 scaling predicted for 3D systems. Comparable experiments by Pargellis et al. [56] were performed under well-defined boundary conditions. Defects of strength ±1 emerged at an isotropic-nematic interface in the cell midplane. The authors were able to obtain accurate quantitative data of the 2D defect density ρ(t). Approximately 1 min after the quench, this density followed the predicted t−1 decay. In an improved experimental geometry, Nagaya et al. [58] and Dierking et al. [44, 59] studied coarsening of defect patterns under isothermal conditions. Umbilics were formed in a material with Δε < 0 exposed to an electric field along the cell normal. In a 2D view, the authors consider the umbilics as defect patterns. These structures can be regarded as integer-strength defects (see Figure 1). The ρ ∝ 1/t coarsening law was confirmed. Similar coarsening experiments in SmC FSFs were reported by Pargellis et al. [78]. The films were comparably thick (of the order of 103 layers). Defects were created by temperature quenches. The texture between defect pairs showed an unusual appearance: instead of structures comparable to those found by other authors, the director distortions were localized in narrow inversion walls. This changes the defect dynamics qualitatively. The likely explanation of this discrepancy was given in section 4.2.1. One consequence was that the coarsening statistics changed qualitatively, the decay of ρ(t) became exponential. Since a reproducible thickness profile is difficult to control in very thick films, it is preferable to study defect pattern coarsening in submicrometer thin, uniform films.

Muzny [80] studied defect pattern coarsening in homogeneously thick FSFs with a purely mechanical preparation technique that does not involve temperature changes. The decay of the defect density ρ(t) ∝ t−1 in random many-defect patterns was confirmed in these experiments. The fact that the coarsening dynamics is rather similar in all these experiments, irrespective of the sample geometries, defect preparation methods and types of defects seem to indicate that the ρ ∝ t−1 scaling is a robust result that is independent of details of the elementary annihilation steps.




5. SUMMARY

Models and experiments of 2D nematic and SmC defect interactions and dynamics were compiled in this review. The nematodynamic equations require that the defect separation R of an isolated conjugated pair scales as [image: image] with the time to annihilation, irrespective of the presence of flow. This holds true as long as no other length scales enter the description, such as lateral confinement, the vicinity of defect cores, the Saffman length of advected air layers, or widths of inversion walls generated by external electric fields. The square-root scaling was confirmed in many experiments with smectic films and nematics in sandwich cells. Material flow accelerates the motion of the positively charged defect and decelerates the negative counterpart; the annihilation point is thus shifted toward the negatively charged defect. The dominating term is related to the ratio γ1/α4. Elastic anisotropy has a similar effect, which is usually much weaker than flow coupling. Both predictions qualitatively agree with experiments. Nematics confined to sandwich cells often suffer from a more or less 3D character of the director field. Real quasi-2D systems can be realized using free-standing smectic C films or Langmuir films. The former display full flow coupling, as the surrounding fluid is often negligible, whereas the latter eliminate flow in the film plane through coupling to the bulk water phase.

Most of the existing models of defect dynamics disregard the mutual orientation of the defects and the pair's orientation in the far director field. They also do not account for the special fixed configurations of +1 defects (preferentially tangential or radial), which influence the relaxation dynamics qualitatively. Recent studies have brought this problem into focus [43, 99, 100]. The theory predicts curved defect trajectories and rotations of the defects on the way to annihilation. Quantitatively, there are some discrepancies between model and experiments, suggesting that a single-elastic constant approach without flow oversimplifies the physical situation. Pinning of the phase of +1 defects in general requires additional director distortions in configurations of multiple defects, altering the repulsion dynamics [32]. The influence of lateral confinement as well as a possible coupling to thermal fluctuations or a surrounding low-viscosity fluid still need to be incorporated in the models of thin films.

Defect diffusion has been studied in FSF [79–81]. In thick films, normal diffusion with coefficients of the order of a few μm2/s was observed, while in very thin films of only few molecular layers, coupling of flow to the ambient air seems to attenuate the diffusive motion.

This review has focused on systems where defect dynamics is driven by interactions with the surrounding director field and flow driven by the director dynamics. An interesting extension with promising perspectives is the study of systems where defects are generated, moved, and recombined by flow fields of external origin, such as active nematics [41, 136], and microfluidic systems where external flow can tune the topology of the samples [137]. In addition, the vast field of disclinations interacting with solid or liquid inclusions in liquid crystals has been completely left open here. Comprehensive reviews of static arrangements of solid or liquid inclusions in combination with defects can be found in Dolganov et al. [33] and Stannarius and Harth [92]. The dynamics of such symbiotic structures deserve considerable interest in future studies. Another promising perspective to consider when preparing self-assembled structures is the well-controlled creation of defect patterns with proper surface structuring of nematic cells [138]. Such structures can be switched electrically, and diffraction properties of nematic cells can be influenced by means of electric fields.
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FOOTNOTES

1For simplicity, we will use the term director in smectic films synonymously to denote the c-director.
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Topology transcends boundaries that conventionally delineate physical, biological, and engineering sciences. Our ability to mathematically describe topology, combined with recent access to precision tracking and manipulation approaches, has triggered a fresh appreciation of topological ramifications in biological systems. Microbial ecosystems, a classic example of living matter, offer a rich test bed for exploring the role of topological defects in shaping community compositions, structure, and functions spanning orders in length and time scales. Microbial activity—characteristic of such structured, out-of-equilibrium systems—triggers emergent processes that endow evolutionary and ecological benefits to microbial communities. The scene stealer of this developing cross-disciplinary field of research is the topological defects: singularities that nucleate due to spontaneous symmetry breaking within the microbial system or within the surrounding material field. The interplay of geometry, order, and topology elicit novel, if not unexpected dynamics that are at the heart of active and emergent processes in such living systems. In this short review, I have put together a summary of the key recent advances that highlight the interface of active liquid crystal physics and the physical ecology of microbes; and combined it with original data from experiments on sessile species as a case to demonstrate how this interface offers a biophysical framework that could help to decode and harness active microbial processes in true ecological settings. Topology and its functional manifestations—a crucial and well-timed topic—offer a rich opportunity for both experimentalists and theoreticians willing to take up an exciting journey across scales and disciplines.
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INTRODUCTION

Microbes mediate and dictate a broad range of processes in ecology, medicine, and industry. The urgent need for devising better antibiotics, the development of bioremediation approaches for anthropogenic disasters such as oil spills, application of microbes toward sustainable ecosystems, and the need to coherently assess how microbes govern the dynamics of soil, plant, marine, and human ecosystems—all require an articulate understanding of the vital functions that microbes carry out. Microbial activity spans multiple scales [1–3]: from community dynamics playing over millimeter to meter scales, down to sub-cellular organelles with characteristic lengths of hundreds of nanometers (Figure 1). A significant proportion of these microbes—from prokaryotic bacteria making up different biotopes, to eukaryotic phytoplankton in flow—occupy highly dynamic natural habitats, where a combination of periodic and stochastic variations in their micro-environments shape the species fitness, succession, and selection [4, 5]. Since Pasteur formalized the nexus between microbiology and materials (in this case, food materials) [6], the scientific and industrial pursuit of biotechnology at the interface of microbes and materials has continued unhindered. This lasting advancement was realized in part due to the discovery of diverse microbial taxonomies within different contexts [7–9], and elucidation of the intricate community structures therein, also known as the microbiota, or more commonly, microbiome [10, 11]. Alongside, a close understanding of the biophysical attributes of the environment has enabled valuable insights into microbial behavior and physiology in a dynamic environment. At the scale of a microorganism, the local micro-environment can be generalized as a spatially structured complex soft material, with internal energies spanning equilibrium thermal energies (kBT, the product of the Boltzmann constant, kB, and the temperature, T) [12–14], to out-of-equilibrium active environments [1, 15, 16]. Ranging from 1 nm to 100 μm—five orders of length scale—micro-structural complexity coexists with microbial complexity in vast majority of natural and nature-inspired microbial ecosystems. Key microorganisms, or the core microbiota, from a range of applied microbial settings, have yielded plethora of information on optimal physiology and fitness, relevant from a fundamental microbial perspective [17]. Together with the rapid progress in sequencing and omics tools, this has led to a systematic and high throughput analysis of microbial metabolism and response pathways [18]. Yet microbiology and microscale physics have rarely been considered as an ensemble—a single composite biophysical system—that underpins the natural and synthetic microbial processes. Bulk of the existing studies—both experimental and modeling—have considered one or the other, and thus, relatively little is known about the active biophysics that govern the microbiome dynamics in general, and the microbe-environment interactions in particular. Specifically, by analyzing microbial ecosystems through the lens of active matter physics, two distinct uncharted biophysical themes emerge: (1) Activity and emergence in microbial consortia: how emergent properties are triggered (or hindered) in communities of multiple players (species) with distinct biophysical traits; and (2) Microbial behavior and physiology in relation to the dynamic micro-environments they are part of. In other words, can we harness environmental dynamics to tune microbial activity and emergent properties? Both the themes, interfacing microbial ecology and active matter physics, went unexplored this far, despite their relevance and potential impact. The holy grail will be to develop a mechanistic framework that could decouple the two scenarios and reveal the relative influence of consortium species vis-a-vis the environmental attributes. In an integrative approach, the species in a consortium could be considered a part of the microbial environment itself. Nonetheless, an unambiguous understanding of each species in a microbial community, and their relation to the micro-environment, will be crucial in assessing their contribution to the environmental variables.


[image: Figure 1]
FIGURE 1. Microbial active matter. Microbial active matter spans multiple scales: from communities comprising populations of multiple species (A), to microbial populations of single species (B), down to individual cells (C) Out-of-equilibrium physics underpins biophysical processes at sub-cellular scales, regulating phase separation, organelle compartmentalization, and microbial shape-shifting (D) and directional molecular transport by the cytoskeletal elements (E). The scale bar in green represents the decreasing system length scales on moving from the microbial community to the cytoskeletal elements. (F) Microbial shape and its modulation are critical determinants of behavior and physiology, shown here for phytoplankton that can carry out rapid morphological transformation from asymmetric (left) to symmetric (right) shape as a response to hydrodynamic cues. Such transformations are mediated by the active reorganization of the cytoskeleton. Chloroplasts surrounding the cell membrane of photosynthetic phytoplankton species appear as blobs (false colored in green), imaged here using chlorophyll autofluorescence. (G) Microbial shape in a monoclonal culture can be intrinsically heterogeneous, as captured in an expanding colony of rod shaped bacteria. The growth conditions play a key role in tuning the aspect ratio of cells, a metric of microbial shape. (H) Cell aspect ratio determines the size of self-organized nematic microdomains in a growing bacterial colony. The colors denote local cell orientations, as per scheme shown in the color wheel. (I) Topological defects in an expanding bacterial colony. (+) sign indicates +1/2 integer defects and (•) indicates −1/2 topological defects, which appear at the intersection of nematic microdomains. (D,H are adapted from the author's work [1, 2], and E from Jin et al. [3], with permissions from the Nature Publishing Group, Creative Commons CCBY license and John Wiley and Sons, respectively).


In a biophysical context, microbes can be generalized as microscale biological active matter that expends energy to perform tasks and processes information to execute physiological functions, ultimately enabling them to maintain biological fitness. Microbes have thus been considered as model systems, based on which theories for active matter systems have been developed [19–23]. Broadly classified under prokaryotes (unicellular organisms without membrane-bound nucleus) and eukaryotes (uni- or multicellular organisms possessing membrane-bound nucleus), microbes can be planktonic (motile), or sessile (non-motile), inhabiting different ecosystems. Motility imparts cells the ability to actively propel, aided by plethora of propulsion mechanisms [24]. On the other hand, non-motile microbes could be surface attached, or rely on passive mechanisms for locomotion. Over the recent years, there has been a growing interest to understand the dynamics of microbial systems with higher complexities: coexisting motile and non-motile species [25–27], microbes in complex fluids [28–30], and active response and feedback between microbes and their micro-environments [1, 16, 19, 31]. Despite the unprecedented progress over the last decade, the field of microbial biophysics faces conceptual challenges on the way, specifically in linking the physics of active matter to the biology of microbial ecosystems in natural or nature-inspired ecosystems. A close scrutiny would reveal that microbes, as they exist today in their natural habitats, have emerged from eons evolution, guided by the interplay of physics and genetics [32]. Thus, for a consequential application of the theory in true biological settings, an appreciation of the role of the environmental variations and the underlying molecular pathways, in addition to the material and mechanical attributes of the cells, will be vital. Engaging biomolecular approaches in tandem with microbial biophysics will trigger an iterative feedback where the knowledge of biological pathways will inform new and update existing theory, and vice versa; ultimately enabling predictive approaches for microbial biophysics [33, 34]. Furthermore, bridging theory with the biophysical experiments has been hindered by the multiplicity of microbial traits and processes that act simultaneously, affecting both the consortia members and the micro-environment [34]. Our ability to move from experiment-specific theory to general principles of microbial biophysics could garner much wider attention from both aisles of the scientific community, ultimately offering an integrative framework for microbial ecology. These challenges have offered untapped opportunities for the active matter community, which could allow existing theories to be validated and iteratively updated to capture true biological systems. The objective of this article is 3-fold: (1) to summarize key recent works on microbial active matter, with a focus on the role of geometric and topological features; (2) present selected original results that capture the topological facets in microbial systems, in particular sessile bacteria; and (3) conclude with a perspective on the topological framework, and its promise in future studies on microbial systems.



MICROBIAL ECOLOGY: A TOPOLOGICAL PERSPECTIVE

Microbes occupy every part of our biosphere, often as a part of complex community structures, interacting closely with dynamic micro-environments via physico-chemical cues. The ability of microbes to respond and adjust to environmental changes spanning vastly different scales (individual to community scales; from generational to evolutionary time scales), is a conundrum that has long intrigued biologists and physicists alike. Consequently, understanding how microbes interface, exchange, and communicate with their local surroundings is central to the grand quest for a theory of microbial ecology. On the timeline of microbial ecology, it is rather recent that cellular and sub-cellular biophysics has started to emerge as a key player, propelling our understanding of microbial lifestyles and strategies under biotic and abiotic variations in their environment. Recent advances in molecular and imaging techniques have started to uncover the functional role of active biophysics in microbial ecosystems, specifically in the context of topological defects [35–37], yet we lack a mechanistic framework that could explain, generalize, and predict microbial fate under environmental fluctuations. Microbiology and microscale biophysics work in tandem in everyday ecological settings, though they have rarely been considered as an ensemble parameter for analyzing microbial ecology. Of particular significance to microbe-environment interactions is phenotypic plasticity [38]—the ability of microbes to dynamically tune biophysical attributes, namely, morphology, cell size, motility, or surface-association, without altering the genotype (i.e., the genetic makeup remains same). Variations in phenotypes, the composite of observable characteristics or traits in an organism, arise due to differential expressions of the genetic code due to interactions with the environment [39–42]. Its fundamental role in establishing a link between organisms and their environment has been reported in all forms of life: from simple unicellular bacteria [42] and photosynthetic phytoplankton [1, 3], to highly organized multicellular eukaryotes [43].

At a functional level, phenotypic plasticity imparts individual cells, or populations, the capacity to cope with physiological requirements (for instance, necessitated by cellular age), or changes in the environmental conditions (e.g., response and adaptation). In the context of active matter physics, plasticity of phenotypes is analogous to tunable activity spanning different timescales—either at individual or collective levels. Figure 1 presents the relative scales of organization in aquatic phytoplankton. An example of phenotypic plasticity—asymmetric and symmetric morphotypes—that emerge rapidly in motile phytoplankton exposed to turbulent hydrodynamic cues is shown in Figure 1F [1]. The transition from an asymmetric to a symmetric cell shape depends on the properties of the external cue and the physiological state of the cells, which as depicted in Figure 1E, is potentially mediated by the intracellular cytoskeletal matrix. The nature of the cytoskeletal element, in combination with the orientational order of the cytoskeletal network, determine the cell geometry, playing a fundamental role in sensing and transmission mechanical perturbations [44, 45]. Physiologically, cytoskeletal organization and its dynamics mediate crucial functions in marine microorganisms [46–49]. Recent reports have suggested that cytoskeletal organization regulates biomineralization [46], and shapes mineralized [47] and labile [48, 49] forms. The secretion of biomineralized elements is tuned—in contrasting manners—by the disruption of the actin and microtubule networks. However, if and to which extent cytoskeletal order and emergent topological constraints, contribute to the transport processes involved, are yet to be explored. This could be particularly interesting in light of anisotropic diffusion in intra-cellular environments, known to facilitate the encounter and interaction of spindle-associated proteins [50]. Linking cytoskeletal order and organization to cellular physiology and functions will enable an integrative understanding of microbial behavior and lifestyles, while furthering our comprehension of multiscale complexities in nature for potential material science applications.

Phenotypic variations are commonplace among prokaryotes too, both at single cell and population scales. In absence of changes in their micro-environment, individual cells in a microbial population can exhibit intrinsic phenotypic heterogeneity [2, 51]. As shown in Figure 1G, within an expanding colony of bacteria under steady conditions (nutrients and temperature), cells can exhibit intrinsic differences in the cell aspect ratio, i.e., the ratio of length to width of the cell. Additionally, phenotypic heterogeneities can emerge as a consequence of the ecological constraints, with different cell morphologies competing for limited resources. Recent results suggest that microbial populations comprising morphologically distinct shapes can undergo spatial structuring [52], with potential ramifications on the cell lineage and fitness. Additional heterogeneities in phenotypes can co-exist, or co-emerge, including different cell structures (e.g., size and number of flagella), motility, surface attributes (e.g., adhesive properties), and growth rates. Taken together, phenotypic traits and variations therein, lead to a rich biophysical landscape where the interplay of microbial activity, geometry, and local order trigger emergent behavior and functions.

For surface-associated bacterial colonies, the generation and propagation of growth-induced active stress is determined by the activity (cell division rate) and the cell geometry, characterized by the ratio of cell length over width, or the aspect ratio (Figure 1H) [2]. The emergence of microdomains is mediated by two competing forces: the steric forces between neighboring cells and the extensile stresses due to cell growth, which, respectively, tend to favor cell alignment and disrupt the local orientational order of the system. The aspect ratio of cells in a colony determines the overall size (area) and spatial distribution of emergent nematic microdomains. Thus, for a given number of bacterial cells, an increase in the aspect ratio results in fewer number of nematic microdomains, each of which is however larger in size. The interplay of growth stresses and the steric interactions results in an exponential distribution of the domain areas, with a characteristic length scale proportional to the square root of the ratio between the orientational stiffness of the system and the magnitude of the extensile active stress. For a given size of the colony, the tradeoff between the size of the bacterial cells and that of the nematic microdomains determine the total number of topological defects. The defects nucleate at the intersection of three (or occasionally, four) distinctly oriented nematic microdomains, as shown in Figure 1I, where the +1/2 and −1/2 topological defects are indicated by the (+) and (•) signs. The position and nature of the defects can be determined using a two-step analysis involving identification of the microdomain intersections (step 1), and then evaluating the angular rotation of bacterial cells around this intersection over a physical rotation of 2π around the same point (step 2). Figures 2A,B, respectively, track the nucleation and the number of topological defects emerging in an expanding bacterial colony over multiple generations (indicated by G). Using time lapse imaging technique (imaging the colony at regular time intervals), the growth rate and dynamics of the defects can be studied over multiple generations. The total number of topological defects (sum of +1/2 and −1/2 integer defects) increases non-linearly over time, with a rate proportionate to the exponential growth of the colony (shown in the inset of Figure 2B).


[image: Figure 2]
FIGURE 2. Topological feedback in microbe-matrix ensemble. Close packing of microbes with anisotropic shape trigger spontaneous formation of topological defects. (A) Time lapse snapshots of a growing bacterial colony of non-motile E. coli strain (NCM 3722 delta-motA), where G refers to the generation time (i.e., the number of cell doubling events). Here the cells divide every ~45 min. As the colony expands, topological defects emerge spontaneously, either at the periphery or within the bulk of the colony. The defects nucleate at the intersection of 3 or more distinctly oriented microdomains, which are indicated here by (+) and (•) signs, for +1/2 integer and −1/2 integer topological strengths, respectively. (B) The total number of topological defects (sum of +1/2 and −1/2 integer defects) increases close to exponentially with time (represented here by the generation number, G), and near linearly to the corresponding cell number in the colony. The corresponding bacterial cell numbers are plotted on a log scale, in the inset. (C) As the cells keep dividing, the growth-induced mechanical stresses reorganize the topological defects within the colony, triggering active cell flows within the colony, revealing a patchy flow landscape with counter-rotating vortical regions. The relative strength of the active flows is indicated by the heat map scale bar. (D) The local active flow field, with the arrow-heads indicating the direction of the emergent flow, color coded according to the flow speed. Stronger flows are observed in regions with higher density of topological defects. (E) Topological defects overlaying active flow field couple with and the surrounding matrix (F). The degree of order in the surrounding matrix, shown here for four distinct cases (clockwise)—nematic (N), cholesteric (C), and lyotropic liquid crystal materials (L), and a complex anisotropic substrate with topographical features (liquid crystal elastomers, T)—underpin the strength of the topological coupling. Stronger microbe-matrix coupling leads to higher feedback stability. Topological defect coupling, in combination with the growth induced mechanical stresses, introduce a novel biomechanical framework to analyze microbial physiology and behavior, both of which could be potentially tuned by the topology of the local micro-environment.


The constellation of topological defects and their dynamics within colonies of different bacterial morphologies have been described as two and three dimensional active nematic systems [51, 53–55]. Theoretically, the shape of growing bacterial colonies was explained using continuum approach wherein cells were treated as active gel growing in an isotropic liquid [53]. Friction, between cells and with the underlying substrate, was found to be a key determinant of the defect dynamics, which ultimately regulated the colony morphology. Growth of bacterial monolayers under soft agarose surfaces demonstrated that topological defects were created at a constant rate, with the motility of +1/2 defects biased toward the colony periphery [54]. More recently, studies on bacterial monolayers were extended to analyze multilayer morphologies, capturing the early developmental stages of bacterial biofilms [51, 55, 56]. Analytical modeling and numerical simulations have revealed that the transition from mono to multilayered morphology (in bacterial colonies of rod-shaped cells) is triggered by a competition between the growth-induced in-plane active stresses and vertical restoring forces due to the cell-substrate interactions [51]. Although the transition is localized and mechanically deterministic for small colony sizes, asynchronous cell division renders the process stochastic in larger colonies. In the limit of high cell numbers, the occurrence of the first division in the colony can be approximated as a Poisson process, the rate of which gives the order parameter of the transition, revealing the mixed deterministic-stochastic nature of the process. For bacterial colonies of chain-shaped cells, the multilayered structure emerged due to an interplay of mechanical stress accumulation and friction, resulting in buckling and edge instabilities [55]. The buckling sites were characterized by nucleation of topological defects that initiated the formation of three-dimensional sporulation points.



ACTIVE MICROBIAL FLOWS: DYNAMICS OF TOPOLOGICAL DEFECTS

The spontaneous formation of nematic microdomains in an expanding bacterial colony nucleates topological defects in the local orientational field. In passive liquid crystals, the coupling between the hydrodynamic and nematic fields determines the dynamics of the topological defects and their influence on the viscoelastic properties of the fluid [57]. This often leads to exotic hydrodynamic ramifications: charge-dependent defect speeds, low Reynolds number cavitation phenomenon and coupling between singularities across disparate fields [58–60]. Topological defects in active nematic systems differ fundamentally from their passive counterparts, on the following two fronts [61]: (i) defects in active nematic systems act as motile self-propelled particles with their motility (speed) proportional to the activity; and (ii) defects in active nematic systems can nucleate continuously due to the local energy input. Consequently, the total number of topological defects (or defect pairs) keeps increasing with time. As defect tracking experiments have revealed [54, 62, 63], −1/2 and +1/2 topological defects possess different intrinsic motilities: while −1/2 defects are observed to be advected with the expansion of the colony, the +1/2 defects have a sustained biased motility, the direction of which is determined by the extensile nature of the active stresses.

As the cells divide, the growth-induced active stresses reorganize the topological defects within the colony, triggering active vortical flows within the colony. In experiments, the local nematic director and the position of the topological defects can be captured using time lapse imaging. The image data are analyzed using particle image velocimetry technique, and the emergent flows are visualized using a heat map that captures the flow magnitudes as shown in Figure 2C. The relative strength of the active flow domains is indicated by the accompanying color scale. The patchy flow landscape spatially correlates with the position of the topological defects, following the numerical predictions [2, 64], with the average patch size correlated with the mean separation of the topological defects. A closer look at the flow domains reveals the presence of counter-rotating vortical regions (Figure 2D), that emerge due to spontaneous disruption of the local orientational order. The regeneration and transformation of the topological defects allows sustained elastic and hydrodynamic interactions. In general, such flow fields can be broken down into radial and tangential components, through continuum modeling of the experimental data. Along the radial direction, the flow is predominantly expansive owing to the cell growth, whereas no net circulation is captured along the tangential direction [2].

Recent experimental and theoretical studies in a range of living systems have shown that local order and topology can underpin biological functions at cellular and sub-cellular scales [35–37, 50, 65, 66]. The dynamics of phenotypic plasticity can be analyzed in the framework of liquid crystallinity, where local anisotropy, order, and topology underpins emergent mechanics at population, individual and sub-cellular scales. Despite the lasting evidence that liquid crystals are ubiquitous in, and intrinsic to, almost all biological structures [67], their potential role in mediating phenotypic plasticity is largely unexplored, thus, leaving open a major gap in our efforts to understand the physics of life. Material topology, a salient attribute of liquid crystalline systems, goes beyond geometric shape, and can fundamentally impact the biophysics in microbial systems including mechanical pliability of colonies, transmission of mechanical stresses, and transport of molecules and particles (e.g., bacteriophages), all of which are crucial determinants of a cell's physiological state and fitness. A majority of current models of biologically active systems are based on particles possessing single, time-independent phenotypic traits: accounting for time-dependent phenotypes, observed frequently in natural and synthetic microbial systems, should allow development of new models that are not only richer in physics, but also a step closer to real microbial systems.



TOPOLOGICAL FEEDBACK: CROSS-TALK BETWEEN MICROBE AND ITS MICRO-ENVIRONMENT

Microbes inhabit highly diverse ecosystems where periodic and stochastic variations in the environmental parameters determine cellular fitness, survival, and succession. Light availability, ambient temperature, fluid flow, and material compliance are typical abiotic factors that define the conditions of microbial environments (or the matrix). Unlike laboratory settings, where environmental factors are well-defined, controllable and tractable over time, natural parameters seldom represent steady state conditions. To bring out the functional role of active matter physics in microbial ecology, microorganisms need to be studied in relation to their environments, accounting for the spatial and temporal dynamics of the matrix attributes. From a biophysical standpoint, a vast majority of microbial matrices is composed of biopolymers, amphiphilic lipids, cytoskeletal and muscle proteins, collagens and proteoglycans, and liquid crystal phases (primarily, lyotropic, or cholesteric phases) [68]. These building blocks for microbial matrices are inherently anisotropic, possessing long-range order with concomitant fluidity. The structured, out-of-equilibrium settings, combined with the inherent fluidity, render them akin to liquid crystal materials. More generally, variations in the environmental parameters can trigger topological transformations in the microbial matrix itself, thus initiating a topological feedback—an active cross-talk of underlying topological features of the microbial matter and the micro-environment. Conceptually, the framework for topological feedback was proposed recently in nematic micro-flows, where singularities across different fields interacted in a coexisting setting [59]. Similar dynamics is expected to be at play in microbial ecosystems, wherein topological singularities are coupled across the microbial system and its surrounding matrix, leading to feedbacks that could regulate microbial behavior and physiology.

Recent experiments along this line have been conducted with motile bacteria dispersed in liquid crystalline medium [69, 70]. The results have demonstrated that microbial activity (motility in this case) couples with the topology of the local environment, ultimately biasing microbial migration. Depending upon the local topological characteristics, the cells were found to accumulate in the vicinity of +1/2 topological defects, and escape regions of topological −1/2 defect. The ability to regulate bacterial motion by imposing topological constraints in the surrounding environment offers a novel route to trap or transport natural and synthetic swimmers in anisotropic liquids. Consequently, patterns of topological defects could be further designed to tune the emergent order of surface-associated bacterial colonies or of dense populations of motile swimmers, to give rise to a novel class of active matter system.

Beyond the exciting premise of engineering model active matter systems that can be tuned by matrix topology, or hydrodynamics or both, the coupling between microbial activity and matrix properties can have more fundamental implications. The dynamic feedback between the material and microbes can regulate the behavior and physiology of microbes in a population or community, offering fitness benefits based on microbial phenotypes. As depicted in Figures 2E,F preliminary results by the author [71] indicate that the organization of topological defects in the surrounding matrix influences the spatial and temporal dynamics of the topological defects in the microbial colony. Since a growing colony of non-motile bacteria spontaneously forms a network of topological defects, the dynamics and organization of the defects is modified by the constraints posed by the surrounding matrix. Dynamic landscapes of topological defects in a microbial colony can cross-talk with the network of topological defects—imposed or spontaneously formed—in the surrounding matrix, influencing the active cell flow properties and molecular transport regimes. A number of liquid crystalline materials can be used as potential testbeds for microbe-matrix interaction studies, which when combined with micro-fabricated templating, could provide a rich diversity of topological and topographical landscapes on which microbial dynamics can be studied (Figure 2F).



CONCLUSIONS AND PROSPECTS

The advent of cross-disciplinary multi-scale experimental approaches has enabled simultaneous characterization of microbial behavior, physiology and their habitats spanning multiple length and time scales. We are able to investigate and analyze living materials undergoing a major makeover—thanks to the physics of liquid crystals—that has propelled a growing exploration of topology-mediated physics in both fundamental studies and potential applications aimed at tailoring material attributes down to the molecular scale. Our ability to zoom into the micro-scale dynamics will help reveal how microbial environment—both structural and topological—shape the non-equilibrium dynamics, and over longer timescales, equilibrium microbial landscapes for single species or microbial consortia. Crucially, in a converse setting, we are on the verge of uncovering if (and how) micro-scale structural attributes in a given matrix—both topological and topographical—mediate microbial phenotypes, physiology, and population fitness. A further boost in this direction could be provided by incorporating machine learning approaches to study microbe-material interfaces, including deep neural networks for feature recognition and tracking; or recurrent nets and random forests for analysis of time series. As highlighted in a recent Review [72], the promise and prospects of machine learning in active matter research is still in its infancy, however there is a growing interest in exploring this avenue, which has proved valuable in a number of other areas of research. By looking at the ensemble of microbes and their surrounding matrix, active topological feedback can be revealed, with potentially far-reaching implication in the fields of medical, food, and environmental biotechnology. Taken together, the topological framework discussed here represents a rich and dynamic parameter space for material-microbe interactions, still awaiting exploration.
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