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Editorial on the Research Topic
Analytical and Numerical Methods for Differential Equations and Applications

In the last few decades, new mathematical problems and models, described by differential equations,
have brought to light applications in many areas including Physics, Chemistry, Engineering,
Biomedicine, and Economics, among others.

This research topic shows the large amount of different types of differential equations, thus it
contains a selection of papers with recent advances in subjects as different as delay differential
equations, nonlinear partial differential equations (PDEs), studied analytically or numerically, or
because of their applications, fractional PDEs, and q-differential equations, etc. We would like to
thank all the contributors of this issue, and also the referees. They all worked hard to shed some
light on these topics for young researchers who would like to investigate some of these areas.
Thus, in this research topic, readers can find papers on varying numerical methods and
applications.

Delay differential equations (DDEs): During the last few years, there have been many studies on
DDEs. A very special type of retarded delay differential equations called fuzzy hybrid retarded
equations are studied in [1]. For these equations, numerical schemes based on Runge-Kutta schemes
are a good option to obtain accurate solutions.

Recent advances in stochastic or fractional ODEs and PDEs have been published in the last few
years. In this special issue, researchers can find two papers on a fractional PDEs model by [2] and [3],
solved numerically with different procedures.

Many scientific papers study PDEs, their applications, and also analytical procedures to
study their properties. Thus, an analytical solution of the Biswas-Arshed equation is obtained
in [4]. This is a non-linear PDE with important applications in physics. In a similar topic, the
variable-coefficient Heisenberg ferromagnetic spin chain (vcHFSC) equation is considered in
[5]. This equation is also a nonlinear PDEs method, and it can be solved with Lie-algebra
groups.

However, many other nonlinear PDEs are transformed into large systems of nonlinear
ordinary differential equations (ODEs), where efficient solvers are necessary. In some cases,
these PDEs need to be solved in complex geometries, a recent approach is described in [6], where
a new procedure to solve nonlinear parabolic PDEs in triangles is explained. But, in other cases,
research groups focus their works on the applications of these PDEs such as in [7]. For example,
many physical (such as the magneto-hydrodynamics [MHD] problem analyzed in [8]),
industrial, or complex economical situations can be modeled by nonlinear PDEs. Chemistry
is another very important area; in Awais-Kuman, the authors modelized the peristaltic flow
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dynamics of (Cu-H20) nanofluid in a homogeneous porous
medium. They solved their model numerically in order to be
able to physically interpret how the different parameters that
appear in their equation affect the outcome. Another
important area of interest is mechanics, thus two papers in
this research topic are related with this field: In a study by
Alanazi et al. [9], a g-differential problem is solved with
applications in Newtonian mechanics and Mushtaq et al.
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The form-| version of the new celebrated Biswas-Arshed equation is studied in this
work with the aid of complex envelope ansatz method. The equation is considered
when self-phase is absent and velocity dispersion is negligibly small. New Dark-bright
optical soliton solution of the equation emerge from the integration. The acquired solution
combines the features of dark and bright solitons in one expression. The solution
obtained are not yet reported in the literature. Moreover, we showed that the equation
possess conservation laws (Cls).

Keywords: complex envelope ansatz, dark-bright optical soliton, Biswas-Arshed equation, conserved vectors,
multiplier, numerical simulations

1. INTRODUCTION

The study of dynamical systems in non-linear physical models plays an important role in optical
fibers, electrical transmission lines, plasma physics, mathematical biology, and many more [1].
This is motivated by the capacity to model the behavior of these systems and other under different
physical conditions [2]. These systems are represented by non-linear equations. Seeking the exact
solutions of non-linear evolution equations has been an interesting topic in mathematical physics,
and the solutions of corresponding models are the ways to well describe their dynamics. Several
results have been reported in the last few decades [3-24]. The main principle for the existence
of solitons in metamaterials, optical fibers, and crystals is the existence of a balance between
non-linearity and dispersion. It is obvious that some situations may lead to. Recently, Biswas and
Arshed [3] put forward a new model for soliton transmission in optical fibers in the event when
self-phase modulation is neglible in the absence of non-linearity.

The third-order model in the absence of self-phase modulation that will be studied in this paper
is given by [3, 4]:

iV + aWx + YUt + 1[0 Yaer + 8Wane] — QY PP + (Y 1)) + 0¥ Y] = 0. (1)

The function v (x, t) representing the dependent involving ¢ an x which denotes the temporal and
spatial components. The first term represents the temporal evolution of the wave, y represents
the(STD) coeflicient, « is the coefficient of GVD and o is the coeflicient of the third order
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dispersion, § is the coeflicient of spatio-temporal 30D (ST-30D),
Q is the effect of self-steepening. Finally, 1 and 6 provide the
effect of non-linear dispersion. Dark, bright, combo and singular
soliton solutions of Equation (1) have been reported in Biswas
and Arshed [3] and Ekici and Sonmezoglu [4]. But to the best
of our knowledge, the dark-bright optical soliton and Cls of
the equation have not been reported. In this work, this special
solution combining the features of dark and bright optical soliton
in one expression will be recovered by applying a suitable ansatz.
The Cls of the equation will be derived using the multiplier
method [8, 9].

2. DARK-BRIGHT OPTICAL SOLITON

In order derive the dark-bright soliton solution of the equation,
we consider the ansatz solution given by Li et al. [5]:

V() = A1) x &, (2)
with

W(x, t) = —kx + wt + v. (3)
In Equation (2), ¥ denotes the phase shift, k denotes the wave

number, w represents the frequency and v is the phase constant.
We now utilize the ansatz put forward from Li et al. [5]:

A(x,t) = iB + Atanh[n(x — vt)] + ipsech[n(x — vt)], (4)

where v represents the velocity and 7 is the pulse width. In the
even when A — 0 or p — 0, the Equation (4) transforms to a
bright or dark soliton solution. The intensity of A(x;, t) is given by

2
[A(x, t)| = A+ ﬁz + 2Bpsech[n(x — vi)] + (,02 — kz)sechz[n(x —vt)]

(5)

lel?

FIGURE 1 | 3D surface of solution Equation(24) by selecting the parameter
valuesof n =0.1,A=0.1,0 = 1,2 =0.1.

The non-linear phase shift ¥y, is represented by

B + psech[n(x — vt)]]
Manh(n(x — vt)]

YNL = arctan [ (6)

Putting Equation (2) into Equation (1) leads to

— Ao+ kk(a + ko) = (v + k8)w) + k(6 + 1 + Q) |A]® + 2iQAA,) —
i((—1+k(y + k8)Ar + (ko + 3ko) — (v + 2k8)w + (0 + pu + Q) |AP) Ax+
i((y + 2k8)Axt + (o + 3ko — 8w)Awx + i (§Asxt + T Axxx))) = 0.

7)

Now, putting Equation(4) into Equation(7), expanding the
result and equating the combination of coefficients of sech(r)
and tanh(t), we acquire the independent parametric equations
represented by:

Constants:

—if (w+k(—yo+kla + ko —sw) + (B> +1?)
0 +un+9Q))=0,(8)

sech(t) :
—ip (0 +k(—yo+kia + ko — So) + (387 + 1?)
O+un+9Q)) =0,
sech?(7):

iv(—=1 + k(y + k8))nr — 3k*nio — ni

(—yw+ B2+ 220 + 1+ Q) +

k(—20mx + 280w + B> = 3p>)(6 + pu + Q) =0,
(10)

sech’(7):

ip(—an® 4+ v(y + 2k8)n* — 2810 + kA% — 2Bniu
+kA\2p — kOp? — kpp? — 3kn’o +
Snw — 2BnA2 4+ kA2Q — kp?Q) = 0,

(11)

sech*(7):

ink 202 (v8 — &) + (h — P)A + p)O + 1 + Q) =0,
(12)
tanh(7) :
_A(w+k(—yw+k(a+ka —80))—}—(,324-)»2)
O +p+R)) =0,
(13)

tanh(7)sech(t) :

p(W(=1 4+ k(y + k§))n — 3k%no — 2k(an — Snw
+BAO + pn + Q) = n(—=yo +
WO+u+QD+B20+n+3Q)) =0, (14
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tanh(z)sech?(7) :

(=2an?x 4+ 2v(y + 2k8)n* ) + kOA® + kA3 — 2Bn6p*

—kOrp? — 2Bnup® — kiup? — 6kn*ro

+28n* Ao + (A2(2Bn + kL) — (681 + kA)p*)R) = 0,
(15)

tanh(7)sech®(7) :

np (5n*(v8 — o) + (A — p)(A + p)(O + 1+ 3Q)) =0,
(16)

tanh?(7)sech(t) :

—inp(n(—a +v(y +2k8) —3ko +8w) —2BAR) =0, (17)

tanh?(t)sech?(7) :

—2inx 20*(v8 — o) + (h — p)(h + p)R2) =0,  (18)

tanh®(7)sech(z) :

n’p(—vé +0) =0, (19)

where 7 = n(x — vt). From the solution of Equations(8)-(19),we
observed that § = 0. but, for a dark-bright optical soliton to
exist, we require both p # 0 and A # 0. For the sake of
compatibility, we considered the case when p = A from the
solutions of Equations(8)-(19). We acquire the velocity as

v=—p0+n1+9), (20)
the wave number is represented by

w
k= et (@)

We also acquire the value of § and « as

5= a (22)
PO+ r+ Q)

a=—yp 0 +p+Q). (23)

The dark-bright optical soliton to the model reads:

Y(xt) = {irsech[n(x + tA2(0 + pu + )] + Atanh[n(x + 220 + n + Q))]}

Xei(9+tw+7)\z(€j_‘;+m). (24)
¥t
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FIGURE 3 | contour plot in spherical coordinates of solution Equation (24) by

selecting the parameter values of n = 0.1,A =0.1,0 = 1,Q = 0.1.

08k o

045
04
0.35
03
0.25
0.2

0.15

a=] 0.1

-1 -0.8 -0.6 -0.4 -0.2 0

FIGURE 2 | The contour surface of solution Equation (24) by selecting the parameter values of n = 0.1,A = 0.1, = 1,Q = 0.1.
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and the intensity gives

Yol =22 (25)
The phase shift is represented by
sech[n(x + tA%(0 + u + Q)]
= t . 26
Ynr = arctan [tanh[n(x + 220 + n + Q)] (26)

The dark-bright soliton Equation (24) represents a soliton
combining the features of dark and bright solitons in one
expression. The constant § = 0 implies a pronounced
“platform” underneath the soliton under non-zero boundary
conditions and its asymptotic value approaches A as [t| — oo.
To analyze the dynamics behavior of the soliton solution
Equation (24), we have made numerical evolutions for some
perturbations to show the evolution of the dark-bright optical
soliton solution. Figures 1-3 shows the profiles surfaces
of the dark-bright soliton Equation (24). The obtained
soliton Equation (24) possesses the structure of the physical
properties of dark and bright optical solitons in the same
expression. These solitons appear temporal solitons observed in
optical fibers.

3. CONSERVATION LAWS

In this part, we will utilize the multiplier to derive the Cls [8, 9].
To achieve this aim, we apply

Yxt) = u(x, t) + iv(x, t), (27)

to transform Equation (1) to a system of PDEs. Putting Equation
(27) into Equation (1), we acquire:

—up + 2 + Quvuy + (0 + Q)uPug + (0 + 2 + 3Q) vy

+Y Uyt + Uty — SUxxt — T Uxpx = 0.

up + (=0 — 21 — 3Q)1Puy + (=0 — Q)v?uy, — 2(1 + Q)uvuy
+Y Uyt + Uxy + Sty + Ol = 0.

(28)
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This paper constructs the numerical solution of particular type of differential equations
called fuzzy hybrid retarded delay-differential equations using the method of Runge-Kutta
for fourth order. The concept of fuzzy number, hybrid-differential equations, and delay-
differential equations binds together to form our equations. An example following the
algorithm is presented to understand the Concept of fuzzy hybrid retarded delay-
differential equations and its accuracy is discussed in terms of decimal places for easy
understanding of laymen.

Keywords: hybrid, fuzzy, retarded delay, differential equations, numerical solutions, fourth order, Runge-Kutta
Method

1. INTRODUCTION

In this manuscript a system is modeled with the concept of retarded delay differential equation
and we study it using fuzzy numbers. Nowadays hybrid systems play a vital role in communication
systems and retard delay differential equation was considered to be unavoidable in modeling any
biological models. In this paper these two separate mathematical concepts were combined under
one roof called fuzzy. We call these system of differential equation as fuzzy hybrid retarded delay
differential equations (FHRDDE).

The basic properties of fuzzy sets, fuzzy differential equations, fuzzy mappings were studied
by various authors [1-7]. We recall that Pederson and Sambandham [8], Abbasbandy and
Allahviranloo [9], Al Rawi et al. [10], Bellan and Zennaro [11], and Jayakumar et al. [12]
have treated the hybrid, fuzzy, delay, fuzzy delay differential equation numerically, respectively.
Prasantha Bharathi et al., studied various types of fuzzy delay differential equations in Prasantha
Bharathi et al.[13, 14]. Different methods were used by some authors for solving Hybrid fuzzy
differential equations without delay like [15] and [16]. Besides, L.C. Barros regularly studied fuzzy
differential equations [15, 17-19]. In Pederson and Sambandham [8], the authors defined and
solved the problem of hybrid fuzzy IVP. We extended this hybrid fuzzy IVP to fuzzy hybrid retarded
delay IVP. In addition to that of hybrid term A (zg(t)), the retarded delay term zg(t—4) is also used.
So, there occurs some changes in the Runge-Kutta method which can be seen by comparing section
3 with Pederson and Sambandham [8].

The organization of the manuscript is given below. The section 2 treats the fuzzy hybrid retarded
delay-differential systems. The section 3 shows the method of Runge-Kutta for fourth order (R-
K-4) for dealing a FHRDDE and the section 4 holds algorithm and numerical example to prove
the theory.
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2. FUZZY HYBRID RETARDED
DELAY-DIFFERENTIAL SYSTEMS

According to Al Rawi et al. [10] the retarded delay differential
equations are defined in the form of aygDzy(t) + bozu(t) +
bizy(t — 8) = f(t). When f(t) = 0, it becomes homogeneous
for every first order delay differential equation. Here we take
f(t) as hybrid term and it was termed as hybrid retarded delay
differential equations where the constants are given by ap = 1,
bop = =1, b1 = —1, f(t) = A(zg(t)). Throughout the paper
any function of the form fy(t) represents the hybrid function
satisfying the properties of fuzzy set proposed by Zadeh as
followed by Pederson and Sambandham [8] defined over the
hybrid term A (zg(t)) and delay term zg (f — §).
Let us consider the following FHRDDE for « € [0, 1]

Dzy(t) = [f(t, za (1), A(zu(1), zu(t — 8))]%, t = to,
zy(t) = ¢(t), —6 <t =<t (1)
zp(to) = z0 = P(to),

where A(zy(t)) is the hybrid function and zy(t — §) is the
delay function involving the delay term §. More over the Hybrid
function is the function involving two or more sub functions
acting differently in specific interval defined over the main
functions interval. i.e., The sub functions of main function
acts differently in the different sub intervals of main function’s
domain. In the numerical example below, we have taken the
hybrid function A (zy(t)) = m(t).A(z(t)) where m(t) and A (z(t))
will vary for different values defined over the interval ¢t € [to, t,,].
The delay term § varies in the interval (to, t,]. za(t) = @(1) is
the initial function and zy(ty) = zo = ¢(t) is the initial value
defined at ty. It is obvious that

Dzu(t) = [f(t;¢(1), Alzr (1)), zu(t — 8))1%,

—§<t<t, 0<a<l.

It follows that for [f(t,zu(t), A(zu(1)),z(t — §))]*. Now we
can define the above fuzzy valued function Dzy(f) ie.,
[f(t,zu(t), A(zu(t)), zu(t — 8))] as follows

[f(t,za(®), A(zu()), zu (t — 8))]*
minf(t, v (), A(va()), v (t — 6)) :
vh(t) € (z5(1), Zu (D)%),

A(va (1)) € (Alzy (D)), AzZu (D)%),
va(t — 8) € (zy(t — 8)*, zu(t — 8)%),
max f (t, vi (1), A(va(1), v (t — 6)) :
vh(t) € (z5(1), Zu (D)%),

A(va (1)) € (Alzg (D)), AZu (D)%),
va(t — 8) € (z(t — 8)*,zu(t — 8)%),

for zpy € E with a- level sets [z]* = [z, 2], 0 <o <1

D(zf) (1) = min(f (£, vu (£), A(vu (D)), v(t — 5)) :
va(1) € (zg(®)* za (1)), A(va(1))
€ (Alzy (D)%), Azu(H)*))
va(t — 8) € (zy(t — 8)%,Zu(t — 8))),
D(z{p)(1) = max(f(t, vi(£), Avu (D), ve(t — 6)):
vH(1) € (zg ()% za (1)), A(va(1))
€ (Alzy (D)%), Azu (D)),
vh(t = 8) € (zy(t — 8)*,Zu(t — 8)Y)).

3)

forteTand0 <a < 1.

3. FOURTH-ORDER FUZZY TYPE
RUNGE-KUTTA METHOD (R-K-4)

We recall that the R-K-4 plays a vital role in solving differential
equations. Also, it holds good for any dynamical system involving
delay differential equations. We use the R-K-4 for a FHRDDE (1).
Here we use a new simplified form of R-K-4. We define

4
Zie T e = Z WiK]'(tn; zr (ty; @),
=1
4
Zhyiia — 2ty @ = ) WiKj(tn; 2 (a3 @),

j=1
where wy, wy, w3, and wy are simple constants and

Kj = (min Rj, maxR;),j = 1,2,3,4.

R] = hf(t, VH(t), A(VH(t))» VH(t - 8)’)’j =1L

h
Rj = I’lf(t + 5, VH(t)) A(VH(t))) VH(t - 8)> )’] =23
Rj = hf<f + b v (1), Alvu (1), va(t — 5)x>>f =4

Such that,

vE(t) € [z (ten; @), ZH(tn; )], j = 1.

vy(t) € [gjfl,ﬁj,l],j =2,3,4.

vy(t —8) € [zy(tin — 8 @), zH(tk, — 85 )], j = 1.
vt —38) € [gj_l,ﬁj_l],j =2,3,4.

vH(t) € [z (tos @), Zu(tos @)],j = 1,2,3, 4.

where,

Kj .
]\]j = Z+?,]:1,2.
Nj = z+Kj,j=3.

N;j € <Mj(tk,n»ZH(tk,n: @)), Nj(ti > 2(tin: 0!))),

Kj S <Kj(tk,n§H(tk,n; Of))afj(tk,n’ Z(tk,n; O{))),
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Ze <§H(tk,n; 0()) z(tk,n; 0())

Next we define the followings

P = K\ (t,zy(t; o)) + 2K, (t, zu(t; @) + 2K;(t, zu(t; @)
+ K4(t’ ZH(t; (M)),

Q = Ki(t,zu(t; @) + 2Ks(t, zu(t; @) + 2K3(t, zu(t; @)
+ Ka(t, zu(t; @)).

The exact solution at ¢, is given by

P
Zy(tygr; @)=Zy(ty; @) + 5

(4)
7 N —Tor(t Q
Za(tn1: @)=Zu(tn; ) + -
The approximate solution has the following form
p
zp(tntr: )~zy(tn @) +
()

Q

ZH(thg1; )Xz (ty; ) + 5

where P and Q are given by
P = Pl(tn, Zyy(tn; @), Z, (£ @))]
and

Q = Ql(tn, Zyy(tn; @), Zp, (; )],

respectively.

4. ALGORITHM AND THE NUMERICAL
EXAMPLE

This section consists of an algorithm followed by an example to
understand the proposed theory.

Algorithm (R-K-4):

Step:1 Fix N=10,

Step:2 Calculate hby h = %

Step:3 Set t; = i« hfori = 0, 1,..., n and compute z(t;).

Step:4 Take fg as initial point and 2 as the initial value.

Step:5 Compute K, K3, K3, Ky, z(t;) using Runge-Kutta method,
explained in previous section.

Step:6 Calculate the upcoming iterations using z(ti+1) = z(f;) as
described in previous section.

Step:7 Repeat the steps, Step:2, Step:4 and Step:5 for t; < t,,.
Step:8 Quit the process at t; > t,.

The Numerical Example
Consider the FHRDDE,
Sambandham [8], namely

extended from Pederson and

Dzy(t) = [zu(t) + Alza(t) +z(t —1)]*, 0 <t <3,0<a <1,
() = [(g + %"‘)ef,% ~5e, -1stso ©)

The hybrid function is defined as A(zg(t)) = m(t).A(z(t)) as
mentioned in section 2 where,

fort € [0, 3].

0, fort=0,
Av(t) = { v, fort e (0,3].
Then the above Equation (6)

lzu() + mOA®)) +2(t-1)]", 0<t<3,0<a <1,
6 4o ;9 oy
[(g + ?)e »(g - g)e B

Dzy (1)
i (7)

zh(t)

—-1<t<0.

The exact solution of (7) is given by

e[-10],

te[0,1],

sin rr) _ ecos rrt) 1 1)]’ te [1,2], (8)

[
(%(_ﬁ“r‘eﬂﬁ'f‘tz 28t+2et 3+Zesm(nt)

B 2e(2—1) cos (rrt)

(9 azr3 _%+%_?+4))’
§+§)
(l(—ﬁ-i-i—i-tz 2€t+2t 3+2esln(nt)
2 e T
2_
_26(7T 23cos(nt) _ % " % _ % +4)]) L e [2’3]’

where Zy (t; @) = [Z (t; @), Zp (15 @)].

Let zy (n; @) = [zy (n; @), zg (n; @)] and,

2n 2n 20
iash . shm iy
A=y (@) A=) :(HSm(Tn, Bi=aq § :(e< 2,
s=0 s=0

2n ht
oy sh (n—10)H (HCOS(S )
Bz=6226( 23), By =( 34—622(
s=20 s=20
2n shor 20 , 40 ,
_ N bl _ (—1+3) — (—2+3)
Bs =3 ;:(HSM( 5 )), D1 =1 ;(6 2)), Dy =¢4 522;)(6 2’)

2n h
s (30 — (HCos(s )
D3:CSE (e73+32)), Dy = (

GO, s 3o (OE)
T

s=40 s=20
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TABLE 1 | Comparing the exact and the approximate solution.
Approximate Exact
o's zy (n; @) Zn (n; o) Zy (t; @) Zy (t; o)
0 6.62032538253014 9.93048807379521 6.62032351488858 9.93048527233288
0.1 6.84100289528115 9.82014931741971 6.84100096538487 9.82014654708473
0.2 7.06168040803215 9.70981056104421 7.06167841588116 9.70980782183659
0.3 7.28235792078316 9.59947180466870 7.28235586637744 9.59946909658845
0.4 7.50303543353416 9.48913304829320 7.50303331687373 9.48913037134030
0.5 7.72371294628516 9.37879429191770 7.72371076737002 9.37879164609216
0.6 7.94439045903617 9.26845553554220 7.94438821786630 9.26845292084402
0.7 8.16506797178717 9.15811677916670 8.16506566836259 9.15811419559588
0.8 8.38574548453818 9.04777802279119 8.38574311885887 9.04777547034773
0.9 8.60642299728918 8.93743926641569 8.60642056935516 8.93743674509959
1 8.82710051004019 8.82710051004019 8.82709801985145 8.82709801985145
(HS (Sh?‘[ )
D6 = (3 Z(HSIH(*) D7 = C¢6 Z ), 9 T T T T T
s=40
sl - Exact o
L * RK4 ,
The approximate solution is given by !
6 - -
zp () =
6 | da =
[(§+%) G+§)] (-10=n=0), T 57 1
[(§+2%) (20 + h(Al + Az)),
(34 %)+ s +42)] (1< < 10) of -
[(5+%) ; 5l |
(20 + h(n —10) — & (6n — 1) + h( Y B;)),
i=1
9 2r ]
(5+%) .
(ot hn=10) = flon =)+ (LB (M=n=2)©) | e
t
6 | 4 2" (400) 1, H
[(§+ %) @+ (P (—2) -+ 7)) , . - .
7 FIGURE 1 | Comparing approximate solution with the exact solution (for
+h(10 — 2) + 1 Y (D)), h=01,a=1atte0,3).
i=1
2
5 5 2~ (400) L m
(5 +§)@+ ((r 572 NA=2+3)
+h +h D;)) |, 21 < n < 30), . 2 3
(10-%) 1;( i))] ( ) Consider another H = (1 + h + h7 + hé ,24)10 €
[to, tu], ie, t € [0,3], h = 01 Set n = 10t and
where the coefficients are written as zn(108) = zp(n).
1/6,5=0,2n 1/6,5 = 20. 5. CONCLUSION
o = 2/3,s=13,.,2n—1. ¢ = 2/3,s=1,3,.,19.
1/3,s=2, 4, . 2n —2. 1/3,s=2,4,..,18. We have used the R-K-4 method to find the numerical solution of
1/6, s = 20,2n. 1/6,5 = 2n FHRDDE. We presented the Table 1 only for t = 3, h = 0.1 for
o= 2/3,s=21,23,.2n— 1. = 23, s = 1,3,.02n — 1. a € [0,1]. The values of zy for t € [0, 3] are plotted in Figure 1
1/3, 5= 22, 24)"_)27[ _2 1/3, s = 2,4,..,2n— 2. for « = 1 and in Figure3 for « € [0,3]. The comparison
of the solutions represented in Figure 1 for non-fuzzy IVP and
1/6, s = 20,40. 1/6, s = 40,2n the Figure 2 for fuzzy IVP prove the accuracy of R-K-4 with
= 2/3,5=21,23,..,39. ¢ = 2/3,s=4143,.,2n = 1. 4pat of the exact solution. From the Table 1 we can conclude
1/3, s =22,24,..,38. 1/3,s=42,44,..2n = 2. hat the accuracy of the method proposed is about four decimal
—1/6, s = 40,2n. places. Also if we increase the order of the Runge-Kutta method
6 = —2/3, s =41,43,..,2n — 1. the accuracy of our numerical solutions will increase. The
—1/3,s =42,44,..,2n — 2. analytical and numerical results obtained by this paper ensures
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2(t)

FIGURE 2 | Comparing the approximate solution with the exact solution (for
h=01,a€(0,1]att=3).

0.8

0.6

0.4

0.2

0.l
10

2(t)

FIGURE 3 | Approximate solution by R-K-4 (for h = 0.1, « € [0, 1] for
t €0, 3)).

the hybrid system with time lag (delay) can be solved. Thus, we
can solve properly any FHRDDE using the R-K-4 method. We
followed [10] to write the retarded delay differential equation
in regular homogeneous form and we added a hybrid term
to make it as non-homogenous equation which in turn makes
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Current research is intended to examine the hydro-magnetic peristaltic flow of
copper-water nanofluid configured in a symmetric three-dimensional rotating channel
having generalized complaint boundaries incorporating second-order velocity slip
conditions and temperature-dependent viscosity effects. Strong magnetic field with Hall
properties, viscous dissipation, thermal radiations, and heat source/sink phenomenon
have been studied. Constitutive partial differential equations are modeled and then
simplified into a coupled system of ordinary differential equations by employing lubrication
approximation. Consequential governing model is tackled numerically, and the results for
flow quantities and Nusselt number are physically interpreted via graphs and bar charts
toward the assorted parameters. Interpreted numerical results indicate that velocity
components are accelerated with augmentation in first- and second-order velocity slip
parameters and variable viscosity parameter, while it is reduced with a rise in Grashof
number possessing dominant effects in the central region. Also, the temperature of the
fluid increases with an increase in temperature-dependent viscosity effect.

Keywords: nanofluid, peristalsis, rotation, slip conditions, hall effects, variable viscosity

INTRODUCTION

Peristalsis is a transport process of a decisive kind for moving fluids inside a conduit that occurs
due to its surface deformation. Analysis of peristalsis has gained plausible importance in the last
few years due to its wide applications in medical and chemical fields. Peristalsis comes from the
Greek word “Peristalsiskos,” which means spontaneous squeezing and grasping along the flexible
walls of tabular structures. It is a self-regulating and necessary procedure that is precisely useful
to move food in the digestive system, with commercial peristaltic pumping and blood pumping
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in the heart-lung machine, where it is essential to split the fluid
from the walls of the pumping device and move forward without
being infected due to the collision with the machinery. The
idea of peristalsis has been pioneered by Shapiro et al. [1] and
Latham [2], primarily. From then on, several researchers and
scientists have studied the peristaltic transport under different
aspects and assumptions. Representatively, mixed convection
and Joule heating effects on peristaltic transport of water-
based nanofluid by assuming convective boundary conditions
have been examined by Hayat et al. [3]. Eventually, magneto-
hydrodynamics (MHD) peristaltic transport of electrically
conducting fluids is paramount in the medical field. Abbas
et al. [4] have inspected peristalsis of blood transport carrying
nanoparticles with magnetic field effects through a non-uniform
channel, which is applicable in drug delivery. Further, magnetic
field effects on ciliary-induced peristaltic motion of nanofluid
with second law analysis have been investigated by Abrar et al.
[5]. For strong magnetic field and rarefied medium, electric
conductivity of the magnetic fluids becomes anisotropic due
to which Hall current appears prominently and this has been
initially presented by Hall [6]. Recently, Hall effects on peristaltic
transport of Carreau fluid through a channel were examined
by Hayat et al. [7]. The incompressible Eying-Powell fluid
is used to fill the channel. A distinctive description in this
regard is given in Hayat et al., Rashidi et al., Hasona and
Qureshi et al. [8-12].

Fluids have a major role in augmentation of heat transfer rate
in several physiological applications involving heat transfer in
connection with peristalsis such as oxygenation, hemodialysis,
photodynamic therapy, etc. In this regard, suspension of
nanoparticles including metal oxides, metals, and carbide/nitride
etc. are of the essence to boost up the thermal properties
of ordinary fluids like water, engine oil, ethylene glycol,
etc. and friction reduction, which enhances the bioactivity
and bioavailability of therapeutics. In biomedical processes,
nanotechnology is used as a substitute during envisioning
accurate medication of rheumatoid arthritis and it makes
selective targeting possible to damaged joints. Awais et al.
[13] examined analytically and numerically the boundary
layer Maxwell nanofluid transport over stretchable surface
presuming the impacts of heat generation/absorption. Awais
et al. [14] analyzed slippage phenomenon in the flow of non-
Newtonian nanofluid over a stretchable surface. Hayat et al.
[15] studied the nanofluid on the stretched surface. They
analyzed the flow in the presence of magneto-hydrodynamics
and chemical reactions. The generative/absorptive thermal
effects have been analyzed. Several attempts in this regime
have been made by investigators [16-20]. Recently, Shah
et al. [21, 22] studied thermally and electrically conducting
nanofluid and heat transfer in different geometries with
their applications.

In many physiological and medical procedures, since no-slip
boundary conditions do not remain authentic, slip effects are
important [23-25]. Moreover, variable viscosity is significant
when the physical properties of fluids vary significantly with
the distance and temperature and thus studied intensively
by researchers [26-29]. None of the above-cited attempts

include combined effects of variable viscosity and second-
order velocity slip through a channel with generalized wall
properties; therefore, it is the subject of research in this
study along with the peristaltic flow of nanofluid within a
rotating frame. Modeled system of partial differential equations
is a simplified lubrication approach and analyzed numerically
by employing NDSolve command in MATHEMATICA based
on the standard shooting method with fourth-order Runge-
Kutta integration procedure. Several graphical illustrations and
tables have been prepared to present the real insight of the
current investigation.

MATHEMATICAL FORMULATION OF
PROBLEM

Consider peristaltic flow dynamics of (Cu-H;0) nanofluid in
a homogeneous porous medium through complaint channel
walls sculptured as spring-backed plates having temperature of
upper/lower walls as T1/T¢. The nanofluid and channel rotate
with uniform angular speed €2 parallel to the z-axis (Figure 1).
Flow occurs by expansion of waves having speed ¢, wavelength
A, and amplitude a parallel to the walls placed at z = £ having
the form:

z=xn(xt) = £[d+ asin(zTﬂ(x —ct))], (1)

in which t and d stand for time and half channel width,
respectively. Moreover, magnetic field By is applied along
the z-direction. In view of these facts, conservation laws of
mass, momentum, and energy in the presence of generalized
Hall properties, rotation, dissipative, radiative, internal
heat generation/absorption, and buoyancy effects are of the
form [30-33]:

ou

+3w_
0x

E_O (2)

A

T=T, 4

FIGURE 1 | Physical interpretation of the problem.
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where modified pressure P involving centrifugal effect is given by

+q)>

ﬁ:P—%sz(xz-i—yz). )

Moreover u, v, and w symbolize the velocities in the respective
directions, while of, ki, & A1, m, o*, k*, T, Ty, and &,
respectively, represent the electrical conductivity, permeability
of porous medium, gravitational force, effective thermal
conductivity, Hall effect, Stefan-Boltzmann constant, mean
absorption coeflicient, fluid temperature, mean temperature
of nanofluid, and internal heat generation/absorption effects.
The relations for effective density p7, specific heat Cpeﬁ,,
thermal conductivity Kz, effective viscosity .z with
« as variable viscosity parameter and thermal expansion
coeflicient By for the dual phase flow model of the nanofluid
are [29]:

peff = (L=B)op +¢0p, (0Cp) g = (1 =)0 Cp); + ¢(0Cp)

Keg B Kp + 2kf — 2¢(Ky — Kp) My exp[—a(T — Th)]

K K2k oK —K) Pt
(B = (1= ) (pB)s + ¢ (pB),. (8)

As the wall properties decompose the pressure as rigidity,
stiffness, and damping, thus expression for motion of generalized
complaint boundaries is [29, 30]:

4

2 2
3 /8

—+m s +d—+
x ot

FIGURE 2 | (A-D) Effects of M, Gr, m, and ¢ on u(z).
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In the above relation, L is the operator that symbolizes the
movement of elastic walls possessing viscous damping force, Py
represents the pressure outside the elastic walls due to muscular
tension, T expresses the longitudinal tension per unit area, m’
is mass of the plate, d is the wall damping coefficient, 8’ is
the flexural rigidity, and k is the stiffness effect. Utilizing the
generalized complaint wall-pressure relation in Equation (3) with

the assumption that Py = 0, we get

oL dp
dx  ox (10)
_ pypexp[—a(T — Tp)] [82u N azu]
O a-¢)® 0x2 | 922
AlofB% Wy exp[—a(T — Ty)]u
70 A —
1+ (Aym)? (et Aum) (11— ¢k
d
+ 8(pB)er (T — Tin) — [(1 = $)pr + dpp ) [671: - ZQV] .

12}

10}
a=0.0,0.01,0.02, 0.03

-1.0 =05

FIGURE 4 | Effects of « on u (2).
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-0.5 0.0 0.5
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FIGURE 3 | (A-D) Effects of Ky, ay, as, and T’ on u(z).
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Scaling transformations utilized in the above equations are

x z d 2P ct
x*:,,y*:Z, ==, 8=—,p= , = —,
A A d » cufh »
u*:E, V*:K, w*:ﬂ, ﬂ*zﬁ»
c c c d
T—Tn, Ty + Ty o o)
= ——r Tp=——,01"=—, =,
T —T, " 2 R R
,31 B
Bt = —, B =—. (11)
d
Here, o1, a2, f1, and By, respectively, express first-order

velocity slip, second-order velocity slip, secondary velocity slip,
and thermal slip parameters (T}, To) are upper and lower wall
temperatures while § is wave number. Further, introducing
stream function ¥ such that u 8'// = 5% and
suppressing bar notations for ease, conservatlon laws with
the assumption of long wavelength and small inertial forces,
we reach:

andw

o B | _81 exp(—a(T — Top) 82714)
2T |:(1 ¢)+¢p i|V— ox (1— )2 (322
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[ . Aymy | — ———— OV
1+ (Am)? (1-¢)°K; 3z
+ GHT — Tp), (12)
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2T {(1—¢)+¢pfi|”— 3y 1—¢p° o2
A M? 81//) exp(—a(T — Ty))v
R ) ===V (13
1+MWVG+IMW a—ork P
4 920 Brexp(—a(T — Ty)) [ 99\
(“‘2 * ER) (ﬁ) TRk (E) o

+Brexp( a(T - To))<3 l”) —0 (14)

(1—-¢)** 922

d
& denotes the Reynolds number,
Re Qd Qd

In the above equations, Re =

8= represents wave number, IJ is the Taylor number,
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FIGURE 5 | (A-D) Effects of M, m, ¢, and Ky on v(z).

35F ‘
3.0p
25¢
20p

15p

1.0p

al K =02, 04, 06, 08

0.0p

=05 0.0

Frontiers in Physics | www.frontiersin.org

21

January 2020 | Volume 7 | Article 249


https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://www.frontiersin.org/journals/physics#articles

Awais et al.

Hall Effects on Peristaltic Nanofluids

_ of . _ 40*T?
M = Byd /7% e (T=Ty)] 18 the Hartman number, R = k*Kf'”

is radiation parameter, K; = [% is the permeability parameter,

Pr = py exp[—a(T — To)]% is the Prandtl number, Br = EcPr

expresses the Brinkman number, Ec = stands for the

_d
Cr(T1—To)

2
Eckert number, &; = ﬁ shows heat generation/absorption
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parameter, m = ?—3 is the Hall parameter, and Gr = % 8(pB)g , 0p
is the Grashof number. Moreover, the nanofluidics parameters A; +2T | A=)+ ¢,07 v, atz=dn, (17)
and A, are expressed as 8 9 99 )
+ L =0, 0Py =t~ atz=.
o (1—¢)>° 3z dz 2
P 35, — ¢ Ky + 2k — 26(K; — Kp) (18)
1 Py _1g Ky +2K; + ¢(Ky — Kp)
f °f where  (Ej, Ea, E3, E4, Es)  exposed the dimensionless
(15)  wall parameters.
The wall properties for nn = 1 + &Sin (2nw (x —t)) with ¢
. . . i ‘L’d3 mlCd3
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FIGURE 6 | (A-C) Effects of 81, «, and T’ on v(2).
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NUMERICAL RESULTS AND DISCUSSION

A series of analysis is physically interpreted in this section
in order to understand behaviors of primary and secondary
velocities, temperature, and heat exchange rate against involving
parameters for x = 0.2, t = 0.1, ¢ = 0.3, ¢ = 0.01, E;
0.03, B, = 0.02, E3 = 0.01, E4 = 0.03, E5 = 0.02.

Analysis of Axial Velocity

The physical behavior of the axial velocity component is exploited
in Figures2-4 for various substantial parameters with the
numerical values « = 0.03,0; = 0.01, a; = —0.01,8; =
B 0.02, m 1.0, M 2.0, Gr=3.0,Br=0.01, T’
1.0, R 0.1, & 0.3, K; 0.5. Figure 2A depicts the
consequence of applied magnetic field on velocity associated
with Hartmann number M. Enhancement in values of M
makes the impact of Lorentz force strong, which opposes the
body forces with dominant retarding effects, and therefore,
axial velocity is observed as a decreasing function of M. It
is described in Figure 2B that velocity at the boundaries of

channel shows almost a negligible variation against Gr, whereas
it is trimmed down in the center of the channel, which
clearly shows that thermal convection opposes the flow in an
important manner. Variational trend of velocity toward Hall
parameter m is noticed in Figure 2C. Effective viscosity of
copper nanoparticles abbreviates with rise in values of m, which
consequently reduces magnetic damping force, and thus, velocity
seems to be accelerating. Furthermore, an augmentation in
nanoparticle volume fraction (¢) offers more resistance to the
fluid transport, which drops the flow velocity. This trend is
represented in Figure 2D. Behavior of u (z) for non-identical
values of permeability parameter K; is illustrated in Figure 3A.
Large values of porosity parameter lessen frictional effects as well
as lead to high permeability, which causes flow rate to accelerate.
The effect of hydrodynamic slip parameter «; on velocity is
depicted physically in Figure 3B. One can notice that as the
values of slip parameter enlarge, fluid flows smoothly since it
indicates that fluid velocity is unaffected by surface motion and
that slippage reduces the resistive forces. A relevant behavior
of second slip parameter «; is exposed in Figure 3C as well.
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FIGURE 7 | (A-D) Effects of M, m, ¢, and Ky on 6 (z).
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An increase in o, accelerates flow in the vicinity of the lower
half of the channel while a completely conflicting trend is seen
in the region of the upper half. It is depicted in Figure 3D
that velocity in axial direction is reduced for rising values of
rotation parameter T’. It validates physically that a flow in the
perpendicular direction is generated due to angular velocity with
consequences in axial flow abbreviation. Moreover, it can be seen
interestingly that velocity has its maximum values in absence of
rotation. The effect of variable viscosity parameter is shown in
Figure 4 in which velocity u (z) rises due to reducing frictional
forces with increment in «.

Secondary Velocity

Effect of rotating motion induces a velocity component
perpendicular to axial direction, which is known as secondary
velocity v(z). In order to understand physical insight of secondary
velocity against pertinent parameters for numerical values @ =
003,01 = 0.1, 0y = 0.1, 8] = B = 0.02,m=1.0, M = 2.0,
Br=0.1,Gr=3.0,7 = 1.0,R = 0.1, & = 03, K; = 0.5,
Figures 5, 6 are prepared. Figure 5A presents secondary velocity
v(z) as a decreasing function of M whereas Hall effects enhance

the secondary velocity as noticed in Figure 5B. Moreover,
inspection of other plots in Figures 5, 6 signifies that physical
behaviors of velocity v (z) for escalating values of ¢, K1, Bi, a,
and T’ as well as motivation behind such behaviors are similar
to those for axial velocity. Also, graphical estimation reveals that
maximum velocity occurs in the middle region of the channel.

Temperature Distribution
Variational trends of dimensionless temperature distribution
toward the influence of substantial parameters in case of

¢ = 002, 1 = 001, v, = -0.01, /31 = ,32 =
05 m = 20, M = 20, Gr=3.0,Br=0.01, T/ =
1.0, R = 02, ¢ = 03,andK; = 0.5 is plotted and

presented in Figures 7-9. As demonstrated in Figure 7A, the
temperature of the fluid decreases owing to the enhancing values
of Hartmann number. This happens because magnetic field
clustered the nanoparticles, thereby increasing viscous effects
that reduce average kinetic energy leading to temperature rise.
An increment in 6 (z) corresponding to enlargement in Hall
parameter is seen in Figure 7B. It is of factual significance
that augmentation in m enhances electrical conductivity, i.e.,

-1.0 -05 0.0 0.5 1.0
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" 4

FIGURE 8 | (A-D) Effects of 82, a, Ry, and Br on 6 (2).
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TABLE 1 | Numerical values of thermal properties of copper and water.

Phase pkgm=3) C(jkg~' K™") KWm-'K™") BK ') x10"® o(@m)"
Water 997.1 4,179 0.613 210 0.05
Copper 8,933 385 401 16.65 5.96 x 107

TABLE 2 | Comparison of results for —ke /k¢6'(0) with Tanveer et al. [27] when
a=uap =E4 =E5 = &1 =Gr=R=0.

¢ M m K4 Present results Tanveer et al. [27]
0.0 1.0 1.0 0.8 0.352189 0.352191
0.02 0.381989 0.381991
0.04 0.413208 0.413211
0.1 0.0 0.516370 0.516373
0.5 0.516282 0.516284
1.0 0.516065 0.516068
1.0 0.0 0.515520 0.515523
0.2 0.515060 0.515063
0.4 0.514906 0.514908
1.0 1.0 0.516113 0.516115
2.0 0.516979 0.516981
3.0 0.517233 0.517235

number of free electrons to conduct electric current increases
and correspondingly rising conduction rate leads to temperature
increase. Figure 7C exposed a reduction in temperature for rise
in ¢ due to increasing thermal exchange rate. More to the point,
an increase in porosity parameter increases the permeability
of channel walls and corresponds to larger time relaxation,
which enhances resistive effects and, hence, temperature dropoff.
This fact can be observed in Figure 7D. A corresponding
enhancement in temperature profile vs. gradually mounting
values of thermal slip parameter is observed in Figure 8A. This
behavior is consistent with the physics of the problem that a rise
in B, leads to a reduction in retarding effects and dominates
the temperature difference between fluid and boundaries of
the channel due to which temperature rises accordingly. The
purpose of Figure 8B is to explore the impact of the non-
uniform viscosity parameter on 6 (z), which serves to boost the
temperature markedly due to the fact that « is inversely related
to viscous forces and its growing values reduce such forces.
Obstinately, Figure 8C signifies a contour of the variation in 6 (z)
for increasing values of R; evolving. It is known that an increase
in R values corresponds to a drop in mean absorption parameter
prominently and in so doing refers to less energy absorption and
temperature decreases accordingly. Further, Figure 8D portrays
the variation in 6 (z) toward Br. It is seen that temperature
absolutely grows for the increase in Br due to increasing thermal
energy generated by internal friction of fluid.

Deviation in a few of the emerging parameters for heat
transfer rate is probed as well. For this purpose, bar charts
are structured and exhibited in Figures 9A-E. An increment
in rate of heat exchange for increasing values of &; and ¢ is

expressed in Figures 9A,B due to internal heat production and
ever-increasing thermal conduction, accordingly. Figures 9C,D,
respectively, depict a decreasing trend in heat transfer rate as
the values of o and Ry become larger while an acceleration
is reported for B, as demonstrated in Figure 9E. Additionally,
experimental numerical values of thermal properties are
articulated in Table 1. A comparative analysis has been carried
out and results are displayed in Table2. A very good
agreement is observed between existing results and those of
Hayat et al. [27].

CONCLUDING REMARKS

Peristaltic flow dynamics of Cu-H,O nanofluid through channel
with complaint walls having porous medium in a rotating frame
is investigated in the presence of Hall current along with some
physical factors. Major outcomes are recapped as:

O Enhancement in slip parameters o, o3, and f; has
consequences in axial and secondary velocity acceleration
while the impact of Gr shows a decrease in axial velocity.
Variation in M and T’ corresponds to a decrease in velocities
as well as temperature but the profiles show a conflicting
trend toward m.

Increase in values of K| enhances velocities and drops fluid
temperature, whereas consequences of ¢ depict a dropoff in
velocities as well as temperature.

Comparatively, both the axial and secondary velocities
correspond to a similar variational trend.

Dimensionless temperature distribution increases toward a
rise in B,, Br, o, and &), whereas a conflicting variation is
noticed for R,.

Heat transfer rate is maximum in the vicinity of the surface
of the channel for boosting values of ¢, ¢, and «, but it
decreases for radiation and thermal slip parameters.

Both velocity and temperature fields exhibit their maximum
values in the central region of complaint walled channel.
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The quantum calculus, g-calculus, is a relatively new branch in which the derivative
of a real function can be calculated without limits. In this paper, the falling body
problem in a resisting medium is revisited in view of the g-calculus to the first time.
The g-differential equations describing the vertical velocity and distance of the body are
obtained. Accordingly, exact expressions for the vertical velocity and the vertical distance
are provided. The solutions are expressed in terms of the small g-exponential function
which is an elementary function in the g-calculus. The dimensionality of the obtained
formulae of the velocity and the distance are also analyzed. In addition, the present exact
solutions reduce to the corresponding solutions in classical Newtonian mechanics when
the quantum parameter g tends to one.
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1. INTRODUCTION

Basically, the regular calculus uses limits in calculating the derivatives of real functions. However,
the calculus without limits is nowadays known as quantum calculus or g-calculus. Historically, in
the eighteenth century, Euler obtained the basic formulae in g-calculus. However, Jackson [1] may
have been the first to introduce the notion of the definite g-derivative and g-integral. Currently,
there is a significant interest in implementing the g-calculus due to its applications in several areas,
such as mathematics, number theory, and combinatorics [2]. Ernst [3, 4] pointed out that the
majority of scientists who use g-calculus are physicists. Baxter [5] introduced the exact solutions
of several models in Statistical Mechanics. Bettaibi and Mezlini [6] solved some g-heat and g-wave
equations. Many interesting results in such area of research were also introduced by several authors
in the literature [7-12].

In this paper, we aim to extend the applications of the g-calculus to study the falling body
problem in a resisting medium. This problem and also the full projectile motion have been
investigated by several authors [13-17] using various definitions in fractional calculus. However,
the present paper may be the first to analyze the falling body problem in view of the g-calculus.

The basic formulae in g-calculus will be used to analyze the motion of a falling body in a resisting
medium. Moreover, it will be shown that the exact solutions for the vertical velocity and distance
reduce to the classical ones as ¢ — 1. The paper is organized as follows. Section 2 presents the main
aspects of the g-calculus. Sections 3 discusses the application of the g-calculus on the falling body
problem. Section 4 includes an additional analysis. Finally, section 5 outlines the conclusions.
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2. THE MAIN ASPECTS OF THE
q-CALCULUS

Letq € Rand n € N, then [n], is defined as (first chapter in [18])

[n], = : (1)

and as ¢ — 1, we have

%er} [n]q = n. (2)

The g-factorial [n]4! of a positive integer # is given by

[n]lg! = [1]g x [2]g x [3]g x - -+ x [n],. (3)

The definition of g-differential is df(t) = f(t) — f(qt) and the
g-derivative of a function f(¢) is defined by [18]

_ dof () _ f(1) —f(q0)

DO == =T

t#0, (4)
such that
éiinl Dyf(t) = f'(1), (5)
if f is differentiable at ¢, and we have at ¢ = 0 that
Dyf(0) = }gl(l) Dgyf (t). (6)
According to (4) we have
Dyt" = [n]g " 1. (7)

The small g-analog of the exponential function e’ denoted by
e4(1) (also called the small g-exponential function) is given as

4
o)=Y ®)

= [ilq!

The definite Jackson g-integral is defined by
| s == x 3" drig. ©)
0 ,
j=0

and according to (4) and (9), we have

/0 Dyf (1) dyt = f(x) — £(0). (10)

The indefinite Jackson g-integral of the small g-exponential
function eg4(at) is given as [18]

/eq(at) dgt = é eqlat) +c (11)

where c is a real constant. The correctness of dimensionality of
the physical quantities is actually guaranteed by the definition (4).

3. THE FALLING BODY PROBLEM

Consider the falling of an object of mass m in the Earth
gravitational field through the air from a height / with initial
velocity vy. The classical equation of motion for the particle is
given by [15, 16]

(12)

where k is a positive constant and its dimensionality is the inverse
of seconds, i.e., [k] = s~!. The initial conditions are given as
V(O) =0,

z(0) = h, (13)

where z(t) is the vertical distance of the particle at arbitrary time

t and % = v(t). The equation of motion (12) in view of the

quantum calculus becomes

d,
qv’:—g—kv,

Q. 0,1].
dt q€(0,1]

(14)

In order to solve Equation (14), we assume the solution in the
series form:

o
v(t) =) ant", (15)
n=0
and therefore
dgv s
- = Z[”]qantn_ls
dqt n=0
o0
= Z[n]qant”_l, where [0]; =0,
n=1
o0
= Z[n + 1]gans1t". (16)
n=0
Substituting (15) and (16) into (14), yields
o0 [e.¢]
Dt Hganiat" = —g — kY ant”, (17)
n=0 n=0
or
o0 o0
[1]ga1 + Z[n + 1gan1t" = —g — kao — kZant", (18)
n=1 n=1
which gives
—g—k
a = £ aO)
[1q
—kay,
apt1 = s n>1, 19
S Py 1, (19)
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From (19), we have

o = —kay _ (—1)2kg+(—k)2a0
21, 1,21,
s — —kay _ (—1)3k2g+(—k)3a0
BP 1140214031,
o = —kas _ (-1)*3g + (—k)*a
(4], (1]4[214[31404]4
(=1)"k"" g + (—k)"ag
N TR TN A P

This n-term coefficient can expressed in terms of the g-factorial
[n]g!as

(1R 4 (—R)ag

an, = , n>1. (21)
[”]q!
The instantaneous velocity is obtained as
oo
v(t) =ag+ Zant”,
n=1
o0
(=D"k""'g + (—k)”ao] "
=ap+ |: t
; [n]g!
g/ (=kt)" + kt)”ao]
=ao+ >
Z |: [n]q~
(22)
which can be written as
oo
(= kt)”
vt = a0 + (§ + ) Z (23)
— !

In terms of the small exponential function e4(—kt), we have

vt = a0+ (§ +a ) [eq(—kn) — 1]. (24)

Applying the first initial condition in (13) on (24), we obtain
ao = vo and therefore v(t) becomes

vt =0+ (§ +w0) [eg(—k) = 1] (25)
which can be simplified as
- _&, (& _
Wt = -2+ (k + 70 ) eq(—kt). (26)

The vertical distance z(t) in quantum calculus is governed by,

~$y (‘% +v0) eq(—ko),

p (27)

Dyz(t) =

where v(t) = Dyz(t). Integrating (27), it then follows;

/Ot Dyz(t) dgt = /Ot (—‘%) dgt + (‘% + va) /Oteq(—kt) dgt,

(28)
and hence,
¢ t
_ _g L g _eq(—kt)
21 —2(0) = k [[1]q]0+(k+vo)[ k :|0) )
or
B () B ) (40
Ap=h-7 ([1]q> + () ( e k) @0
ie.,
t
z(t) =h— ‘% + - p (‘% + Vo) (1 - eq(_kt))’ (1)

where [1]; = 1. The exact solutions (26) and (31) should be
reduced to the corresponding solutions in classical Newtonian
mechanics when ¢ — 1. In addition, if the acceleration due
to gravity is measured in ms~2, then the vertical velocity in
(26) must has dimension ms~! and the vertical distance in
(31) must has dimension m. These issues are addressed in the
following section.

4. ANALYSIS AND APPLICATIONS

First of all, we investigate the solutions (26) and (31) when g — 1.
In this case, the small exponential function e, (—kt) reduces to the

kt

standard exponential function e in classical calculus. Hence,

(26) becomes

W) ==3+(w+5)e™,

p p (32)

which is the analytic expression for velocity in the case of the
classical Newtonian mechanics (see Equation 16 in reference
[15]). Besides, the vertical distance in (31) reduces to

z(t)=h—g—t+%(‘g_i_v())(l_e—kt))

k k (33)

which is also the analytic expression for the vertical distance
in the classical Newtonian mechanics (see Equation 17 in
reference [15]).

In addition, in the case of no air resistance, i.e., the parameter
k vanishes, we obtain from (32) that

kt e M —1
V()lkso = %E}Y(l) voe " +g p ,
N i e—kt —1
= im ,
0 gk»o k
5 —te K
=vn+t ] 1 ’

=wv — gt.

(34)
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Also, the vertical distance in (33) in the absence of air
resistance becomes

= tk k 1 — gkt
z(O)|kso =h+ lim gtk + (g + kvo)(1 — e™™") ,
k—0 k2

[vo —gt+ [(g + kvo)t — 1/0] ekt

= h 1 >
+ ki% 2k
[ — (g + kvo)t — vo| te™* + votekt
b+ lim (g 0) 0] 0 )
k—0 2

A )

=h+ vt — %gtz. (35)
Here, it should be noted that UHopital’s rule was applied to
calculate the above limits. The Equations (34) and (35) are the
same of the corresponding equations for the vertical velocity
and vertical distance in Newtonian mechanics in the absence of
air resistance.

Regarding the dimensions of the g-forms of v(¢) and z(t)
in (26) and (31), respectively, it should be first to specify the
dimensions of the quantities e;(—kt) and (1 — ez(—kt)) as
indicated below:

[kt] = [k] x [s] =s! x s = Scalar,
[eq(—kt)] = Scalar,

[1 — eq(—kt)] = Scalar.

(36)

By this, e;(—kt) and (1 — e4(—kt)) are dimensionless quantities,
i.e., eq(—kt) and (1 — e4(—kt)) are scalar quantities. Accordingly,
v(t) in (26) always has dimension ms~! for all values of the
quantum parameter q. Also z(¢) in (31) always has dimension
m Yq € (0,1]. The correctness of dimensions of the g-
vertical velocity and the g-height was actually guaranteed by the
definition (4) without any need to involve an auxiliary parameter
as in the literature [15, 16].

Although the present model of the falling body problem seems
simple, the authors believe that the current work is worthy of
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Hospital, China Mediical University, Taichung, China, ¢ Center of Excellence in Theoretical and Computational Science
(TaCS-CoE), SCL 802 Fixed Point Laboratory, King Mongkut’s University of Technology Thonburi (KMUTT), Bangkok,
Thailand, ° Department of Mathematics, College of Science and Arts, King Abdul-Aziz University, Rabigh, Saudi Arabia,

% Center of Excellence in Theoretical and Computational Science (TaCS-CoE), SCL 802 Fixed Point Laboratory, King
Mongkut’s University of Technology Thonburi (KMUTT), Bangkok, Thailand

This article presents the fractional Laplace transform with the help of new iterative method
(NIM) is extended for an estimated solution of coupled system of fractional order PDEs.
The time fractional Whitham-Broer—Kaup system is taken as a test example where
derivatives are given in the Caputo sense. Numerical results found by the proposed
method are compared with that of ADM, VIM, and OHAM. Numerical consequences
display that the proposed method is reliable and operative for solution of fractional order
coupled system of PDEs. The proposed method shows better accuracy in even two
iterations compared to the methods given above.

Keywords: fractional Whitham-Broer-Kaup equations, coupled system of time fractional PDEs, new iterative
method, fractional calculus (FC), Whitham-Broer-Kaup system, Caputo sense, ADM, VIM and OHAM

INTRODUCTION

As we know that many technical and engineering issues that arises in day-by-day existence are
modeled via mathematical tools form fractional calculus (FC), i.e., fractional calculus can be used
to simulate various real phenomena involving long memory, e.g., using fractional derivative, one
can model HIV/AIDS model based on the effect of screening of unaware infectives [1]. Maximum
problems that arise are non-linear, and it is not usually probable to locate systematic results of
such problems since some researchers introduced new approaches for finding the exact solution of
FPDEs [2]. However, these methods also have some drawbacks, and we cannot use it for any type
of problems. To fulfill these need, researchers introduced many semi analytical techniques such as
HPM [3], HPTM [4], HAM [5], FDM [6], RPSM [7], etc.

NIM was introduced by Daftardar-Gejji and Jafari in 2006 and is also known as the D] method
for the solution of non-linear equations. This method is the modification of ADM in which the
complex Adomian polynomials are replaced by Jafari polynomials. Therefore, we have no need to
compute tedious Adomian’s polynomial in each iteration.

In this presentation, we have extended the applications of the D] method to a solution of coupled
WBK equations of fractional order using the fractional Laplace Transform. Using the Laplace
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transform for fractional PDEs is effortless compared to the
Riemann Liouvelle integral operator for fractional PDEs as well
as a system of fractional PDEs.

The fractional-order WBK equations describe the propagation
of shallow water waves [8] with different dispersion relations. The
WBK equations are of the form:

Dfu 4 uuy + vy + buy =0

D(EYV + (Uv)y + Altgrx — bvxx =0,

where u(x, t) denotes the horizontal velocity, v(x, t) is the height
that deviates from the equilibrium position, 4, b are real constants
that are represented in different diffusion powers, and D0 <
a < 1 is the Caputo derivative operator. For « = 1, we get the
usual WBK equations. It is also essential to show that whena = 1
and b = 0, we have fractional order modified Boussinesq (MB)
equation, and when a = 0, b = 15 , we get the fractional order
approximate long wave (ALW) equation. These equations took
the attention of many researchers in recent decades [9-11].

The present paper is divided into five sections. The
Fundamental Theory of Proposed Method section is devoted to
the analysis of the DJ method as well as the implementation
of the Laplace transform for fractional PDEs are given. In the
Application of Laplace Transform with DJ method to Fractional
Whitham-Broer-Kaup Equations section, the application of
Laplace transform to FPDEs are given. In the Results and
Discussion section, the results of the proposed method are
compared with VIM, ADM, and OHAM solutions for time-
fractional WBK, time fractional MB, and time-fractional ALW
equations, while in the Conclusion section, the conclusion of the
work is given.

FUNDAMENTAL THEORY OF PROPOSED
METHOD

New Iterative Method [12-16]

Daftardar-Gejji and Jafari consider the following equation [12]:
Consider the equations of the form:

vi = fi+6i(v,v) +& (v, v2), i=12 (1)
wheref; are known functions, ¢;,§; are linear and non-linear
functions of v;. Assuming that equation (1) have a solution of the

series form:

Decomposition of non-linear operators is as follows:

o0
gD vij | =& (vi0,v20)

j=0
o0 j j j—1 j—1
Y L&D vy vk | =& D vie Y vk |
j=1 k=0 k=0 k=0 k=0
e.¢]
=Y Gy (4)
j=0
j j
where Gig = & (vi,0,v20) and Gij = & X vige 2 vax | —
k=0 k=0
j—1 j—1
Ei Z vl,ka Z Vz,k aj > 1. i= 1) 2.
k=0 k=0
Hence, equation (1) is equivalent to:
o0 o0 o0
D ovii=fit+ Y si(vipvy) + D Gij ®)
j=0 j=0 j=0
Further, the recurrence relation is defined as follows:
vio = fis
Vi1 = 6i (v1,0,v20) + Gio»
viz = 6i (i1, v21) + Gt (6)

The kth-order approximation is given by:

k—1
V; = Z UiJ.
j=0

For convergence analysis, we refer to Daftardar-Gejji and Jafari
[13] where explanatory example is solved.

Laplace Transform and Fractional Partial
Differential Equations [4]

Consider the following equations:

Divi(x, t) + gvilx, t) + §vilx, t) = 0, (7)
oo
v,-=Zv,-,j, i=1,2. (2) O0<ac=<1l,
=0 with ICs.
Since ¢; is linear, so we write it as:

vi(x,0) = fi(x). (8)
00 o0 where ¢ is the linear operator, & is the non-linear operator, and
G Z (vijova)) | = Z gi (Vi 12)), (3)  Dfvi(x, 1) is the Caputo fractional derivative of a function v;(x, ),

=0 =0 which is defined as:
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t
Divite ) = I(n—a) /((t
0

(mn—1<a<nmneN).

)

Using the property of Laplace transform for Caputo fractional

derivatives is:

L[DYv;i] = s”L[vi(x, t)] — Zvik(x, 0F)se—1-k,

n—1

k=0

(10)

Taking the Laplace transform on both sides of equation (10)

we get:

LID{vi(x, )] + L{gvi(x, )] + L[Evi(x, t)] = 0. (11)

Using equation (10), we have:

1 1 1
LiviCe )] = —vi(x, 0) = S Llgvilx, O] — ZLIEvi(xs ). (12)

Taking the inverse Laplace transform on both sides of equation
(12), we get:

TABLE 1 | Second-order DJ solution for u(x, t) in comparison with ADM, VIM, and OHAM solutions at & = 1 for WBK equation.

x,1)

Absolute error
of ADM [17]

Absolute error
of VIM [18]

Absolute error
of OHAM [19]

Absolute error of
2nd-order NIM

0.1,0.1)
0.1,0.3)
(0.1,0.5)
0.2,0.1)
(0.2,0.3)
(0.2,0.5)
(0.3,0.1)
(0.3,0.3)
(0.3,0.5)
(0.4,0.1)
(0.4,0.3)
(0.4,0.5)
(0.5,0.1)
(0.5,0.3)
(0.5,0.5)

1.04892 x107*
9.64474 x107°
8.88312 x107°
4.25408 x107*
3.91098 x107*
3.60161 x107*
9.71922 x107*
8.93309 x 107
8.22452 x 107
1.75596 x107°
1.61430 x107°
1.48578 x107°
2.79519 x107°
2.56714 x107°
2.36184 x107°

1.23033 x107*
3.69597 x107*
6.16873 x107*
1.19869 x107*
3.60098 x10~*
6.01006 x 10~
1.16789 x1074
3.50866 x 107
5.85610 x 107
1.13829 x107*
3.41948 x107*
570710 x107*
1.10936 x107*
3.33274 x107*
5.56235 x107*

1.07078 x107*
3.04565 x107*
4.81303 x107*
1.04388 x107*
2.97260 x10~*
4.70138 x107*
1.01776 x107*
2.90150 x107*
4.59590 x10™*
9.92418 x107°
2.83229 x107*
4.49118 x107*
9.67808 x107*
2.76492 x107*
4.38895 x107*

1.67111 x107'?
451196 x107""
2.08888 x10710
1.57879 x107'2
4.26227 x10~ "
1.97328 x1071°
1.49181 x107'?
4.02799 x107 "
1.86481 x1071°
1.41043 x107'?
3.80803 x 107"
1.76298 x1071°
1.33388 x107'?
3.60145 x107""
1.66734 x10710

TABLE 2 | Second-order DJ solution for u(x, t) in comparison with ADM, VIM, and OHAM solutions at & = 1 for MB equation.

(]

Absolute error
of ADM [17]

Absolute error
of VIM [18]

Absolute error
of OHAM [19]

Absolute error of
2nd-order NIM

0.1,0.1)
(0.1,0.3)
(0.1,0.5)
(0.2,0.1)
(0.2,0.3)
(0.2,0.5)
0.3,0.1)
(0.3,0.3)
(0.3,0.5)
(0.4,0.1)
(0.4,0.3)
(0.4,0.5)
(0.5,0.1)
(0.5,0.3)
(0.5,0.5)

8.16297 x10~/
7.64245 x1077
7.16083 x 1077
3.26243 x107°
3.05458 x107°
2.86226 x107°
7.33445 x107°
6.86758 x107°
6.43557 x107°
1.30286 x107°
1.22000 x107°
1.14333 x107°
2.03415 x107°
1.90489 x107°
1.78528 x107°

6.35269 x107°
1.90854 x10™*
3.18549 x 107
6.18930 x107°
1.85945 x107*
3.10352 x 107
6.03095 x107°
1.81187 x1074
3.02408 x107*
5.87746 x107°
1.76574 x107*
2.94707 x107*
5.72867 x107°
1.72102 x1074
2.87241 x107*

6.35267 x107°
1.90854 x107*
3.18548 x107*
6.18931 x107°
1.85945 x107*
3.10352 x107*
6.03098 x107°
1.81187 x107*
3.02408 x107*
5.87749 x107°
1.76574 x107*
2.94708 x107*
5.72865 x 107
172102 x107*
2.87240 x107*

457301 x1071°
1.23478 x107 "
571662 x 107"
4.32265 x 10718
1.16698 x 107"
5.40272 x107 "
4.08618 x107'®
1.10335 x 107"
5.10809 x 107"
3.86524 x107'8
1.04358 x10~ "
4.83143 x 107"
3.65707 x107'®
9.87438 x 10712
45715 x107 "
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DY u+ uuy + vy + buy, =0,
Dfv 4 (uv)y + Aty — by, = 0. (14)

Vi t) = vix,0) L—I[S%L[gvi(x, 01l

- L—l[siaL[svi(x, Hll. (13)

Now, we apply a new iterative technique that was derived in the
New Iterative Method section.

APPLICATION OF LAPLACE TRANSFORM

WITH DJ METHOD TO FRACTIONAL

WHITHAM-BROER-KAUP EQUATIONS

Problem 3.1: Time Fractional WBK Equation

Subject to ICs

u(x,0) = A — 2Bk coth(k§&),
v(x,0) = —2B(B + b)k>csch®(k§),

(15)

where 8 = Va+ b, & = x+ cand A, ¢, k, are any constants.
For o« = 1, the exact solution of the system is as follows:

TABLE 3 | Second-order DJ solution for u(x, t) in comparison with ADM, VIM, and OHAM solutions at o« = 1 for ALW equation.

(x,1) Absolute error Absolute error Absolute error Absolute error of
of ADM [17] of VIM [18] of OHAM [19] 2nd-order NIM
(0.1,0.1) 8.02989 x107° 3.17634 x107° 3.17634 x107° 1.20348 x10~1°
(0.1,0.3) 7.38281 x107° 9.54273 x107° 9.54269 x107° 3.25026 x 1072
(0.1,0.5) 6.79923 x107° 1.59274 x10~* 1.59274 x10~* 1.50478 x10~ "
(0.2,0.1) 3.23228 x107° 3.09466 x107° 3.09465 x107° 1.13895 x 1013
(0.2,0.3) 2.97172 x107° 9.29725 x107° 9.29723 x107° 3.07447 x1071?
(0.2,0.5) 2.73673 x107° 1.55176 x107* 155176 x107* 1.42339 x10~""
(0.3,0.1) 7.32051 x107° 3.01549 x107° 3.01549 x107° 1.07747 x10~13
(0.3,0.3) 6.73006 x107° 9.05935 x107° 9.05932 x107° 2.90939 x107'?
(0.3,0.5) 6.19760 x107° 1.51204 x10~* 1.51204 x10~* 1.34695 x10~ "'
(0.4,0.1) 1.31032 x10~* 2.93874 x107° 2.93874 x107° 1.02029 x10713
(0.4,0.3) 1.20455 x10~* 8.82871 x107° 8.82870 x107° 2.75424 x107'?
(0.4,0.5) 1.10919 x10~* 1.47354 x107* 1.47354 x107* 1.27514 x10~""
(0.5,0.1) 2.06186 x10~* 2.86433 x107° 2.86432 x107° 9.66033 x10~ '
(0.5,0.3) 1.89528 x107* 8.60509 x107° 8.60506 x107° 2.60846 x10~1?
(0.5,0.5) 1.74510 x107* 1.43620 x107* 1.43620 x10~* 1.20763 x10~ "

TABLE 4 | Second-order DJ solution for v(x, t) in comparison with ADM, VIM, and OHAM solutions at « = 1 for WBK equation.

x,t) Absolute error Absolute error Absolute error Absolute error of
of ADM [17] of VIM [18] of OHAM [19] 2nd-order NIM
(0.1,0.1) 6.41419 x107° 1.10430 x107* 5.86860 x107° 3.28081 x107'?
(0.1,0.3) 5.99783 x107° 3.31865 x 1074 3.04565 x 1074 8.85812 x 10~
(0.1,0.5) 5.61507 x107° 554071 x1074 3.08812 x107* 4.10099 x1071°
0.2,0.1) 1.33181 x1072 1.07016 x1074 5.56884 x107° 3.07768 x107 2
0.2,0.3) 1.24441 x1072 3.21601 x107* 2.97260 x107* 8.30963 x 107"
(0.2,0.5) 1.16416 x1072 5.36927 x 107 2.92626 x 107 3.84706 x 10710
(0.3,0.1) 2.07641 x1072 1.03737 x107* 5.28609 x107° 2.88849 x10~1?
(0.3,0.3) 1.93852 x1072 3.11737 x10~* 2.90150 x10~* 7.79908 x 10~
(0.3,0.5) 1.81209 x1072 5.20447 x10~* 2.77382 x107* 3.6107 x10710
(0.4,0.1) 2.88100 x 1072 1.00579 x107* 5.01929 x107° 2.71246 x1071?
(0.4,0.3) 2.68724 x1072 3.02245 x107* 2.83229 x107* 7.32356 x 107"
(0.4,0.5) 2.50985 x 1072 5.04593 x 1074 2.63019 x107* 3.39055 x1071°
(0.5,0.1) 3.75193 x1072 9.75385 x107° 476741 x107° 2.54828 x107'?
(0.5,0.3) 3.49617 x1072 2.93107 x1074 2.76492 x107* 6.88039 x 10~
(0.5,0.5) 3.26239 x1072 4.89335 x 1074 2.49480 x107* 3.18537 x1071°
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u(x,t) = A — 2Bk coth(k(¢ — At)),
v(x, t) = —2B(B + b)k*csch?(k(€ — A1)).

(16)

Applying Laplace transform and inverse Laplace transform to

equation (3.1), we have:

u(x, t) = u(x,0)

L7 g (s Dt ) v ) b 1)1,

v(x,t) = v(x,0) +L—1[SiaL[— ((u(x, OV(x, 1),

=+ auxxx(x, t) - bvxx(x) t))]]

(17)

Now, using the basic idea of the DJ method discussed in the
Fundamental Theory of Proposed Method section, we have:

uy = A — 2Bk coth(k&),

vo = —2B(B + b)k*csch? (k&), (18)
B —2Bk2t* ) csc W2 (k(x + ¢))
m= Il +a) ’ (19)

" 4Bk 1Y csc h? (k(x + ¢))(—(b + B)x coth(k(x + ¢))

T T+a)
— (a+ b — BYKQ + 3csc B (k(c + X)), (20)

TABLE 5 | Second-order DJ solution for v(x, t) in comparison with ADM, VIM, and OHAM solutions at « = 1 for MB equation.

1)

Absolute error
of ADM [17]

Absolute error
of VIM [18]

Absolute error
of OHAM [19]

Absolute error of
2nd-order NIM

0.1,0.1)
0.1,0.3)
(0.1,0.5)
0.2,0.1)
(0.2,0.3)
(0.2,0.5)
(0.3,0.1)
(0.3,0.3)
(0.3,0.5)
(0.4,0.1)
(0.4,0.3)
(0.4,0.5)
(0.5,0.1)
(0.5,0.3)
(0.5,0.5)

5.88676 x107°
5.56914 x107°
5.27169 x107°
118213 x1074
111833 x1074
1.05858 x10™*
1.78041 x107*
1.68429 x107*
1.59428 x107*
2.38356 x107*
2.25483 x107*
2.13430 x107*
2.99162 x107*
2.83001 x107*
2.67868 x 107

1.65942 x107°
4,98691 x107°
8.32598 x107°
1.60813 x107°
4.83269 x107°
8.06837 x107°
1.55880 x107°
4.68440 x107°
7.82068 x107°
151135 x107°
454174 x107°
7.58243 x107°
1.46569 x107°
4.40448 x107°
7.35317 x107°

1.65942 x107°
4.98691 x107°
8.26491 x10~*
1.60812 x107°
4.83269 x107°
7.94290 x107*
1.55880 x107°
4.68439 x107°
7.63646 x107*
1.51135 x107°
454174 x107°
7.34471 x107*
1.46569 x107°
4.40448 x107°
7.06678 x 107

259213 x107 '8
6.99872 x 1072
3.24016 x 107"
2.43233 x1071°
6.56712 x10712
3.04035 x 107"
2.28336 x107'®
6.16531 x107'2
2.85432 x 107"
2.14485 x107'®
5.79099 x 1072
268103 x10~ "
2.01559 x1071®
5.44208 x 10712
251949 x107 "

TABLE 6 | Second-order DJ solution for v(x, t) in comparison with second-order ADM, VIM, and OHAM solutions at « = 1 for ALW equation.

(]

Absolute error
of ADM [17]

Absolute error
of VIM [18]

Absolute error
of OHAM [19]

Absolute error of
2nd-order NIM

0.1,0.1)
(0.1,0.3)
(0.1,0.5)
(0.2,0.1)
(0.2,0.3)
(0.2,0.5)
0.3,0.1)
(0.3,0.3)
(0.3,0.5)
(0.4,0.1)
(0.4,0.3)
(0.4,0.5)
(0.5,0.1)
(0.5,0.3)
(0.5,0.5)

481902 x107*
450818 x 107
422221 x107*
9.76644 x 107
9.13502 x 107
8.55426 x 107
1.48482 x107°
1.38858 x107°
1.30009 x107°
2.00705 x107°
1.87661 x107°
1.75670 x107°
2.54396 x107°
2.37815 x107°
2.22578 x107°

8.29712 x107°
2.49346 x107°
416299 x107°
8.04063 x107°
2.41634 x107°
4.03419 x107°
7.79401 x107°
2.34220 x107°
3.91034 x107°
7.55675 x107°
2.27087 x107°
3.79121 x107°
7.32847 x107°
2.20224 x107°
3.67658 x107°

8.29711 x107°
2.49345 x107°
416298 x107°
8.04063 x107°
2.41634 x107°
4.03418 x107°
7.79400 x107°
2.34219 x107°
3.91084 x107°
7.55675 x107°
2.27087 x107°
3.79121 x107°
7.32846 x107°
2.20224 x107°
3.67658 x107°

6.71962 x10
1.81427 x107'2
8.39947 x10712
6.30876 x 1074
1.70328 x107'?
7.88563 x 1072
5.92521 x1074
1.59992 x107'?
7.40708 x107'2
5.56907 x 1074
1.50359 x107'2
6.96112 x107'2
523618 x 1074
1.41377 x107'?
6.54527 x10712
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uy = !
(T'(1 + @)2I'(1 + 2a)T(1 + 3a)
(k(x + ) 4BKA " A2(D(1 4 200))% + (—20(a + b* — BYK 422 —
(4(a + b* — BHK® + A2) cos h(2k(x + )T (1 + ))’T'(1 + 3a))),
(21)

(2BK 2% coth(k(x + c)) csc h*

vy = BE*#?% csc ho(k(x + ¢))

1
[«/;F(1 T T 3a)23+2a3k2taA csc h(k(x + ¢))

r(% + a)(16(a + b* — B>k cosh(k(x + ¢))

+2(a + b* — Bk cosh(3k(x + ¢))
+(b 4+ B)A(2 sinh(k(c + x)) + sinh(3k(x + ¢))))

2 2\7.2

—3(b+ B)A% + 2(4(13b — 7B)(a + b* — B*)k?

+(b + B)A?) cosh(2k(x + ¢)) + (4(b — B)(a + b* — B*)k?
+(b 4 B)A?) cosh(4k(x + ¢))

+4(a + b* — BY)kr(10 sinh(2k(x + ¢)) + sinh(4k(x + ¢))))].

Three terms approximate the solution for equation (14):

U= up + uy + uy,
v=1vy+ v+ . (23)

We take k = 0.1,A = 0.005,a = b = 1.5andc = 10 in the
above problem.
Problem 3.2: Time Fractional MB Equation

Dfu+ uuy + vy =0,
D?V + (uv)y + g = 0, (24)

Subject to ICs

u(x,0) = A — 2k coth(k¢&),
v(x,0) = —2k? csc h2 (k). (25)

where § = x + cand k, X, ¢ are arbitrary constants.
For o = 1, the exact solution of the system is as follows:

u(x,t) = A — 2k coth(k(& — At)),
v(x, 1) = —2k% csc K2 (k(§ — At)). (26)

According to the D] method described in the Fundamental
Theory of Proposed Method section, we have:

u(x,t) = u(x,0) + L7} [S%L[— (u(x, Dux(x, 1) + ve(x, )11,

v(x,1) = v(x,0) + L [S%L[— (e, DV D) + e D)1,

(27)
so that
uy = A — 2k coth(k(x + ¢)),
vo = —2k* csc W2 (k(x + ¢)), (28)
2 2.0 2
= - k“t* A csch (k(x+C)), (29)
r(l+a)

4131 ) coth(k(x + ¢)) csc h2(k(x + ¢))

b= . (30)

r+ o)

b — 26312932 csc M (k(x + ¢))  4k2t* coth(k(x + ¢))(T(1 + 2a))?
2T I (1 +2a) (D1 +@))’T(1 + 30)
— sinh(2k(x + ¢))}, (31)

4k 12432 csc h* (k(x + ¢))
V) =
ra+2a)
2k21% (3 4 2 cosh(2k(x + ¢))) esc B2 (k(x + ) (T'(1 + 2a))?

{—2 — cosh(2k(x + ¢)) +

}.(32)
(P(1 + @)’ (1 + 3a)
Three terms approximate the solution for equation (25):
U= upg + up + uy,
v=vy+ v+ . (33)
Problem 3.3: Time Fractional ALW Equation
o 1
Dtu—i—uux—i—iuxx—i—vxzo,
1
D?V + (uv), — EVxx =0, (34)
subject to Ics
u(x,0) = A — kcoth(k&),
v(x,0) = —k% csc h2(kE). (35)

where £ = x 4 cand A, ¢, k are arbitrary constants.
For o = 1, the exact solution of the system is as follows:
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FIGURE 2 | 2D curves for u(x, t) part of (A) WBK equation, (B) MB equation, (C) ALW equation at x = 1.
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u(x, t) = & — kcoth(k(§ — At)),

v(x, 1) = —k? csc B2 (k(& — A1)). (36)

According to the D] method described in the Fundamental
Theory of Proposed Method section, we have:

B 2k* 12902 cse Wt (k(x + ¢))

vy = (1 20) {—2 — cosh(2k(x + ¢))
+ :

(M1 + ) T + 3a)

(3 4 2 cosh(2k(x + ¢))) esc K2 (k(x + )T (1 + 2a)))}.

2toc

u(x, t) = u(x, 0) (42)
1 1
+L7! [STL[_(L’(X’ Dux(x, 1) + vx(x, 1) + Euxx(x» 1l Three terms approximate the solution for equation (26):
1, 1 1
v(x, 1) = v(x,0) + L 1[STOJL[—((u(x, EV(x, 1), — EVxx(x) tH1].
(37) u = ug+ uy + uy,
v=v)+ v+ va. (43)
So that
Values of the parameters are taken to be same as problem 3.1.
ug = A — kcoth(k(x + ¢)),
vg = —k? csc K2 (k(x + ©)), (38)
0 RESULTS AND DISCUSSION
The DJ method is experienced upon the fractional WBK,
20 2
Uy = _k £%4 esc b (k(x + C)), (39) MB, and ALW equations. Mathematical 7 have been used for
M1 +a) most computations.
Tables 1-3 show the estimation of absolute errors of the
2k31% ) coth(k(x + ¢)) csc B2 (k(x + ¢)) second-order DJ solution with ADM, VIM, and second-
vi=-— I'(l+a) > (40)  order OHAM solutions for u(x,t) of fractional WBK, MB,
and ALW equations at « = 1, respectively. Tables 4-6
shows the estimation of absolute errors of second-order DJ
wy = —— K222 csc kA (k(x + ©)) solution with ADM, VIM, and second-order OHAM solutions
1+ 2a) for v(x,t) of fractional WBK, MB, and ALW equations at
2k2t% coth(k(x + 0))(I'(1 + 2a))? . a = 1, respectively. The tabulated results show that the
2 — sinh(2k(c + x))},(41) d-ord i lutions by the DJ method
(T'(1 4+ @))’T'(1 + 3a) second-order approximate solutions by the D] method are
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FIGURE 3 | 2D curves for v(x, t) part of (A) WBK equation, (B) MB equation, (C) ALW equation at x = 1.
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FIGURE 4 | Absolute error curves for coupled (A) WBK equation, (B) MB equation, (C) ALW equation at x = 50.

closer to exact solutions than those of ADM, VIM, and
OHAM solutions.

Figures 1A-C show the coupled surface of the second-
order approximate solution by NIM for u(x,t) and v(x,t),
part of WBK, MB, and ALW equations at o 1,
respectively. Figures2, 3 show the 2D plots of the second-
order approximate solution by NIM for u(x,t) and v(x,t) of
WBK, MB, and ALW equations at x 1 and different
values of «, respectively. Figures 4A-C show the absolute
error graph for the coupled WBK, MB, and ALW equation
at x = 50.

It is clear from 2D figures that as the value of « increases to 1,
the approximate solutions tend closer to the exact solution.

CONCLUSION

The D] method converges rapidly to the exact solution
at lower order of approximations for the WBK system.
The results obtained by the proposed method are very
encouraging in assessment with ADM, VIM, and OHAM.
As a result, it would be more appealing for researchers to
apply this method for solving systems of non-linear PDEs
in different fields of science especially in fluid dynamics
and physics. The accurateness of the technique can more
be improved by taking higher-order estimation of the
proposed method.
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The Global Attractor of the
Allen-Cahn Equation on the Sphere

David Medina’ and Pablo Padilla?*

" Tecnoldgico Nacional de México/ITS Perote, Perote, Mexico, ? Departamento de Mateméticas y Mecanica, lIMAS-UNAM,
Mexico City, Mexico

In this paper we study the attractor of a parabolic semiflow generated by a singularly
perturbed PDE with a non-linear term given by a bistable potential, in an oval surface; the
Allen-Cahn equation being a prototypical example. An additional constraint motivated by
a variational principle for closed geodesics originally proposed by Poincaré arising from
geometric considerations is introduced. The existence of a global attractor is established
by modifying standard techniques in order to handle the constraint. Based on previous
work on the elliptic case, it is known that when the perturbation parameter tends to zero,
minimal energy solutions exhibit a sharp interface concentrated on a closed geodesic.
We provide numerical simulations using Galerkin’s method. Based on the analytical and
numerical results we conjecture that, when the perturbation parameter tends to zero
and for large times, the transition layers of the solutions of this PDE consists of closed
geodesics or a union of arcs of such geodesics, thus characterizing the structure of
the attractor.

Keywords: attractors, parabolic semiflow, closed geodesics, Galerkin method, oval surfaces

1. INTRODUCTION

The qualitative study of dynamical systems in infinite dimensions has been of fundamental
importance. In the case of dynamical systems associated with partial differential equations of
evolution having variational structure, many of the ideas and methodologies of gradient-like
systems can be extended to infinite dimensions. In particular, the study and characterization of
attractors is of special interest.

In this paper, we prove the existence of the global attractor of the parabolic equation
associated to:

—EAu+ W (u) =0, (1)

on an oval surface M! (see Figure 1) where u: M — R, 0 < € < 1, A represents the Laplace-
Beltrami operator on M and W (u) is a non-linear term, which in particular includes the Allen-Cahn
non-linearity. The flow will be considered in a space of functions satisfying a geometric constraint
to be explained later.

Equation (1) arises in many contexts among which we may mention materials science,
superconductivity, population dynamics, and pattern formation.

An important case for W(u) is given by W(u) = (1 — u%)2, which has been widely studied
both analytically and numerically for example in Hutchinson and Tonewaga [1] and Padilla and
Tonewaga [2] and references therein.

!A closed and compact surface enclosing a strictly convex set in R>.
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FIGURE 1 | Example of an oval surface in R®.

In a bounded domain @ C R”, n > 2, with suitable initial
and boundary conditions, in Bronsard and Kohn [3], it is shown
that, when € — 0, the solution u of (1) separates €2 in two regions
where u &~ 1 and u & —1, respectively, and the transition layer,
moves with normal velocity equal to its principal curvatures.
A similar behavior occurs on an oval surface for non-trivial
solutions of (1). Using results in Hutchinson and Tonewaga [1]
and Padilla and Tonewaga [2], in Garza-Hume and Padilla [4]
it is established that, when € — 0, non-trivial minima of the
corresponding energy function (with a suitable restriction) have
a transition layer located at the shortest closed geodesic.

This fact is obtained using the variational structure of
the problem, because (1) is the Euler Lagrange equation of

the functional:
€ 2 1
Ec(u) = —|Vul*+ -W(u) ),
M 2 €

in a suitable functional space.

For € — 0, functions u with uniformly bounded energy
E.(u) < Ep, can be proved to be close to 1 in most of
the domain, except for a transition curve. The proof follows
from a classical result in differential geometry due to Birkhoft
that guarantees the existence of a closed geodesic on a surface
diffeomorphic to the sphere (see Poincaré [5] where the
corresponding variational principle was first conjectured, later
demostrated by Berger and Bombieri [6]):

(2)

Proposition 1. Suppose that y is a closed curve on M that
under the Gauss map, g, divides the unit sphere in two parts
of equal measure. Assume further that among all the curves
satisfying the above conditions, y has minimal length. Then y is
a closed geodesic.

This fact suggests a natural constraint for the problem under
consideration. The function u belongs to the space of functions
that satisfies:

[ g ondy =0, ®
s
where g is the Gauss map.

On the other hand, solutions of (1) correspond to stationary
points of the associated gradient flow:

U = eAu — éW’(u). (4)
The main goal of this paper is show the existence of the
attractor of the associated parabolic equation to (1) (i.e., Equation
4), and conjecture its structure in terms of functions that
possess transition layers determined by closed geodesics or arcs
of geodesics. In other words, given any initial condition, the
corresponding parabolic semiflow determined by (4) approaches
a function with transitions in geodesics. This will be done by
considering the special case in which M = $? and W(u) =
(1 — u?)%. This will simplify both the analysis and the numerics.
From now on we consider solutions of (4) satisfying the
constraint (3). Under the above restrictions, it becomes:

fu:O,
S2

which will be incorporated into the equation later on as a
Lagrange multiplier. As a first step, we will proof the existence
of an attractor for (4) under the constraint (5). We will recall
some standard facts in dynamical systems theory, Sobolev spaces
on Riemannian manifolds as well as Gronwall’s inequality, which
are presented in the following section. This is done for the
sake of completeness and to introduce notation and may be
skipped by readers familiar with dynamical systems and analysis
on manifolds.

Having shown the existence of the attractor, some numerical
experiments are performed using the Galerkin method. A few
words are in order regarding the limitations of our numerical
approach. Even when in principle the method should be
applicable for any initial condition, we only considered some that
already exhibit a relatively well-defined interface. The aim of the
numerical simulations is to make plausible our conjecture on the
structure of the global attractor and a more detailed study of the
method is not carried out. As for the analytical approach, we
remark that the problem of establishing the existence of a global
attractor for other surfaces or manifolds in similar situations
seems to be a reasonable extension of the methods and ideas
here presented. In particular for the case of surfaces with non-
zero Euler characteristic as is done in Del Rio et al. [14] for the
elliptic case.

®)

2. GENERAL RESULTS

2.1. Semigroups of Operators
The notation and terminology used in this section is adapted
or quoted from Temam [7], although arguments and results in
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Sell and You [8] and Robinson [9] are also used. Since these are
standard results and references, no explicit references are made.

We will consider dynamical systems whose state is described
by an element u(t) of a metric space H. In most cases, and
in particular for dynamical systems associated with partial or
ordinary differential equations, the parameter ¢ (the time or the
timelike variable) varies continuously in R or in some interval of
R. Usually the space H will be a Hilbert or Banach space.

The evolution of the dynamical system is described by a family
of operators S(t), t > 0, that map H into itself and enjoy the usual
semigroup properties:

{ S(t 4 s) = S(t) - S(s) Vs, t > 0. ©)
S(0) =1, Identity in H.

If ¢ is the state of the dynamical system at time s, then S(¢)¢ is
the state of the system at time t 4 s, and

u(t) = S(t)u(0)
u(t +s) = S(t)u(s) = S(s)u(t), s,t > 0.

(7)
(8)

The semigroup S(¢) will be determined in our case by the solution
of a PDE. The basic properties of the operators S(¢) which are
needed will be established in the next subsection but, for the time
being, we assume that:

S(t) isa continuous (non-linear) operator from H into itself

Vi > 0. 9)

These operators may or may not be one-to-one; the injectivity
property is equivalent to the backward uniqueness property for
the dynamical system. When S(¢), t > 0, is one-to-one we denote
by S(—t) its inverse which maps S(t)H onto H; we then obtain a
family of operators S(t), t € R, which have the property (6) on
their domains of definition, Vs, t € R. It is clear that for t < 0,
the operators S(t), are not usually defined everywhere in H.

Definition 1. For uy € H the orbit or trajectory starting in uy is
the set |~ S(t)uo.

Definition 2. When it exists, an orbit or trajectory ending at ug
is the set (- o S(—1) L ug.

Definition 3. For uy € H or for A € H, the w-limit set of u (or
A) is
(o) = [ S®uo,
>0 t>s
or
o(A) = JsmA4,
s>0 t>s

where closures are taken in H.

Definition 4. When it exists, the «-limit set of ug € H or
A CHis

a(ug) = [ |JS(=1)"uo,

s<0 t<s

or
a(A) = ﬂ U S(—t)~LA.
s<0 t<s

Proposition 2. ¢ € w(A) if and only if there exists a sequence of
elements of ¢, € A and a sequence t, — 00 such that

S(ty)pn — ¢ asn — oo. (10)

Remark 1. Analogously, ¢ € «(A) if and only if there exists a
sequence Y, converging to ¥ in H and a sequence t, — 00, such
that ¢, = S(t,)¥, € A, Vn.

Definition 5. A fixed point, or an equilibrium point is a point
uy € H such that

S(Hug = ug Vt > 0.

2.2. Invariant Sets
We say that a set X C H is positively invariant for the semigroup
{8(D)}e=0 if

S(HX C XVt>0.

It is said to be negatively invariant if {S(t)},>¢ if
S(HX D XVt > 0.

When the set is both positively and negatively invariant, we call it
an invariant set or a functional invariant set.

Definition 6. A set X C H is a invariant set for the semigroup
{S(")} =0 if

S(HX =XVt > 0.

The simplest examples of invariant sets are equilibrium points,
heteroclinic orbits and limit cycles.

Lemma 1. Assume that for some subset A € H, A # ), and for
some ty > 0, the set | ;- S(t)A is relatively compact in H. Then
w(A) is non-empty, compact, and invariant.

2.3. Absorbing Sets and Attractors
Definition 7. An attractor is a set A € H that enjoys the
following properties:

1. Ais an invariant set.
2. A possesses an open neighborhood U/ such that, for every
ug € U, S(t)ug converges to A as t — oo. This means that:

dist (S(t)ug, A) — 0,

ast — o0.

The distance in (2) is understood to be the distance of a point
to a set:

dist (x, A) = inf d(x,y),
yeA

d(x, y) denoting the distance of x to y in H.
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Definition 8. If A is an attractor, the largest open set I/ that
satisfies (2) is called the basin of attraction of A. Alternatively,
we say that A attracts the points of I4.

Definition 9. It is said that A uniformly attracts a set B C U if
d( B, A) — 0

ast — o0.

d (By, B1) is now the semidistance of two sets:

d(By, B1) = sup inf d(x,y).
xeBy YEBI

The convergence in the above definition is equivalent to the
following: for every € > 0, there exists t. such that for t >
te, S(t)B is included in U, the e-neighborhood of .A. When no
confusion can occur we simply say that A attracts 3.

Definition 10. We say that A € H is a global (or universal)
attractor for the semigroup {S(¢)};=¢ if A is a compact attractor
that attracts the bounded sets of H (and its basin of attraction is
then all of H).

It is easy to see that such a set is necessarily unique. Also such
a set is maximal for the inclusion relation among the bounded
attractors and among the bounded functional invariant sets. For
this reason it is also called the maximal attractor.

In order to establish the existence of attractors, a useful
concept is the related concept of absorbing sets.

Definition 11. Let B be a subset of H and U/ an open set
containing B. We say that B is absorbing in U if the orbit of
any bounded set of I enters B after a certain time (which may
depend on the set):

VBycU Bybounded
3 t1(By) such that S(t)By C B, Vt > t1(By)

We say also that 3 absorbs the bounded sets of /.

The existence of global attractor A for a semigroup {S(t)}s>0
implies that of an absorbing set. Indeed, for € > 0, let V¢ denote
the e-neighborhood of A (i.e., the union of open balls of radius ¢
centered on A). Then, for any bounded set By, d(S(t)By,.A) — 0
as t — 00; hence d(S(t)By, A) < £ for t > t(e) and S(H)By C Ve
for such ts. This shows that Ve is an absorbing set.

Conversely, it is a standard result that a semigroup that
possesses an absorbing set and enjoys some other properties
possesses an attractor.

In order to prove existence of an attractor when the existence
of an absorbing set is known, we need further assumptions
on the semigroup {S(#)};>0, and we will make one of the
two following:

e The operators S(t) are uniformly compact for t large. By this we
mean that for every bounded set B there exists t) which may
depend on 5 such that

(11)

UJsos

t>to

is relatively compact in H.

Alternatively, if H is a Banach space, we may assume that S(t)
is the perturbation of an operator satisfying (11) by a (non-
necessarily linear) operator which converges to 0 as t — oo.
More precisely:

e If H is a Banach space and for every t, S(t) = S1(t) + Sa(t)
where the operators S; (-) are uniformly compact for ¢ large and
S»(t) is a continuous mapping from H into itself such that the
following holds:

For every bounded set C C H,

re(t) = sup |S2()¢ly — 0 (12)

¢peC

ast — 00.
Of course, if H is a Banach space, any family of operator
satisfying (11) also satisfies (12) with S, = 0.

Theorem 1. Assume that H is a metric space and that the
operators S(t) are given and satisfying (6), (9) and either (11) or
(12). We also assume that there exists an open set U and a bounded
set B of U such that B is absorbing in U.

Then the w-limit set of B, A = w(B), is a compact attractor
which attracts the bounded sets of U. It is the maximal bounded
attractor in U (for the inclusion relation).

Furthermore, if H is a Banach space, if U is convex, and the
mapping t +> S(t)ug is continuous from R into H, for every ug
in H; then A is connected too.

The proof of this theorem is carried out through several steps,
which can be found in Temam [7].

2.4. Sobolev Spaces in Riemannian
Manifolds

The notation and terminology used in this section can be found
in Hebey [11] and Aubin [12].

Let (M,g) be a smooth Riemannian manifold. Given k an
integer, and p > 1 real, set

) = {u € C®(M):Vj = 0,...,k,/ |ViulPdv(g) < oo}.
M

When M is compact, one clearly has that Cf (M) = C°°(M) for
anykandanyp > 1.Foru € Cf(M), set also

k , 1/p
g = ([ wwraw) .
]:

We define the Sobolev space Hi as follows:

Definition 12. Given (M, g) a smooth Riemannian manifold, k

an integer, and p > 1 real, the Sobolev space Hi is the completion
ofCi with respect to || - ||H£.

Note here that one can look at these spaces as subspaces of
LP(M), in which the norm of LP(M), || - ||, is defined by

1/p
||u||p=</M|ulpdV(g)> .
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Definition 13. Given (E, ||-||g) and (F, ||-||F) two normed vector
spaces with the property that E is a subspace of F, we say that the
embedding of E in F is compact if bounded subsets of (E, || - ||g)
are relatively compactin (F, ||-||r). This fact is writtenas E CC F.

This means that bounded sequences in (E, || - ||[g) possess
corvergent subsequences in (F, || - ||f). Clearly, if the embedding
of Ein F is compact, it is also continuous, i.e., if there exists C > 0
such that for any x € E, ||x||r < C||x||E.

The following theorem is needed in order to prove the
existence of the attractor of the equation in consideration.

Theorem 2. Let (M,g) be a smooth, compact Riemannian n-
manifold. For any real numbers 1 < q < p and any integers
0>m <k ifl/p=1/q— (k—m)/n, then H}(M) CC Hp,(M).
In particular, for any q € [1,n), H?(M) CC LP(M) where
1/p=1/q—1/n.

The first part of the
following consequence:

above theorem has the

Corollary 1. For any q € [l,n), H/(M) CC H?(M), thus
H} (M) CcC LP(M) forallp > 1.

2.5. Differential Inequalities
The following inequality is derived from Gronwall’s lemma and
will be used later on.

Lemma 2. Let y a positive absolutely continuous function on
(0, 00) which satisfies:

y4+yy<s,

withp > 1,y > 0, 8 > 0. Then, fort > 0,

1/p
W) < (;) +(y(p— e,

Proof: If y(0) < (y/8)V/P, then y(t) < (y/8)Y/P, ¥t > 0.If y(t) >
(v/8)V/P, then there exists ty € (0,00) such that y(t) > (y/8)/P
for 0 < t < to, and y(t) < (y/8)'/F for t > t,.

For t € [0, to] we write z(t) = y(t) — (y/8)/P > 0 and since
(a4 b)f > aP + bP fora,b > 0, p > 1, we have

W=+ /) =2 +y/e.
Hence

z/+yzpsy/+y<yp—§) <0,
and then by integration

1 1

(P! < < ,
2 Pyp—1t vp—Dt

This implies the desired result for t € [0,#], and since, this
inequality holds for ¢t > t, the lemma is proved.

3. EXISTENCE AND STRUCTURE OF
ATTRACTOR

The main result is the following in which the existence of a global
attractor is shown for equation (4) subject to constraint (5).

Theorem 3. The semigroup {S(t)};>o associated with (4) - (5)
possesses a maximal attractor which is bounded in Hf(SZ),
compact and connected in L*(S?). Its basin of attraction is the
whole space L*(S?), and attracts bounded sets osz(Sz).

Proof: The existence of a solution proposed equation is
equivalent to finding the minimum of:

infE.(u) = inf/

M

€ 1
<f|Vu|2 + 7w<u)>

2 €
forallu e H f (M), subject to the constraint:

Glu) = /M u()f () = 0,

where f(y) is the Jacobian determinant of the transformation of
$? into M. This determinant can be considered to be positive, and
this factor is the Gaussian curvature in y.

For fixed € > 0, the existence of this minimum is
a consequence of this functional satisfies the Palais—Smale
condition (see Struwe [13]), is bounded below and the constraint
defines a closed lineal subspace.

On other hand it should be noted that:

iEe(u) = —e/ u? < 0. (13)
S2

dt
This last statement ensures the existence of a global solution for
t > 0. This is sufficient to define the associated semiflow to
given equation.

Another way to verify the above statement, is to first prove
the existence and uniqueness of a solution of (4)-(5) subject to a
suitable initial condition; then the backward uniqueness in order
to show existence for all t € R. Finally apply the theorem 4 for
the characterization of global attractor.

In the usual way, we shall see the existence of an absorbent set
in L2(S?) and subsequently, the compactness of the mentioned
semigroup, according to theorem 1.

The Euler-Lagrange equation associated to (2) with the
constraint (3) (for each ¢;), contain a Lagrange multiplier A;
as follows:

4 5
ut—eiAu-i-;(u —u)+Af =0. (14)
1
In Del Rio et al. [14], it is shown that these multipliers are
bounded. This fact will be used later.

In order to prove the existence of an absorbing set in L2(S?),
we multiply (2) by u and integrate over S2. Using Green’s formula
we obtain:

1d 2 2 4 4 2
—— v —(u* — Aifu) =0, (15
2dt||u||L2+€Z/sz| ul +/SZ <e,-(” u’) + Aifu (15)
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where || - ||;2 denotes the norm L(S?).

By a standard corollary (see for instance 1) Hf(Sz) cC L3(8?),
therefore there exists a constant ¢y such that [|u]|;2 < col|ul| H2>
and there exists a ¢j such that:

/2 ul? < / V. (16)
S N

An estimate of the third integral in (15) is required, for which the
following inequality is used:

1 1
—ifu < =22 4 —i,
TS

and by Holder’s inequality, fora C > 0:

4 4 1 1
2 o) <(24t 2 7)\.2/‘ 2
/;2 <6,’ Ifu>_<6,‘+2>/SZu +2 ! Szf

<C /u4+C,
SZ

and for certain A, B > 0:
4 4
/ (—(u4—u2)+ki]‘u) Z—/ ut—cC l/ ut+C=
2 \ € € Js2 N
2

4
() s
€; s2

Thanks to (15) and the previous relationship, we conclude that
there exists a ¢ > 0 such that:

1d 2 2 4 4 /
——|ull7, + € Vul® + —u —c ) <
S Il ,/SZ| | fs Jut—d) =

1d 2 2 4 4 2
= v —(u* - Aifu ) = 0.
2dtllulleJrfz/Szl ul +/Sz<ei(u u’) + Aifu

Thus:
1d 2 2 4 4 /
—— i \Y —u" - <0,
ol e [+ [ (Zut-¢) <

this meaning that:

1d 2 2 4 4 /
EEHMHLZ—}_EZ._/SZ'VM' —|—/S2 (gu <4md. (17)

According to (16) concluded from (17), there exists a ¢, =
2(47c}) such that:

d 2€i 2
—lullf + SHlullf < 6.
dt o

By using the classical Gronwall lemma, we obtain that:

2€; &2 2€;

2 2 i 251 !
u(t < ||u exp| ——t )+ 1 —ex t .
|| ()||L2_|| 0||L2 P( C% ) 2¢; ( p( C% ))

Therefore:

/2
64

26,‘ '

limsup [|u(t)|| 2 < po, p§ =
t—00

There exists an absorbing set By in L?(S?), namely, any ball of
L?(8?) centered at 0 of radius R > py, as if B is a bounded set of
L*(S%), included in a ball B(0, R) of L*(S?), then S(t)B € B(0, p})
for t > to(BB, py), with

; c 1 < R? >
o=—mh|———).
26 \(pp)? = g

In order to prove the uniform compactness of operators, we
proceed using by an argument proposed by B. Nicolaenko
(see Temam [7]) and making use of the absorbent
set in L%(S?) whose existence was established in the
previous paragraph.

By Holder inequality:

2
/u‘*>L /u2 .
S2 Y 4 s2

Analogously to (15), we conclude that:

y+yyss,
where y = ||u||%2,y = %, § = 8mc}. Lemma 2 shows that:
yA\1/2 1
t) < (—) —, Vi > 0.
y(b) < 5 + ”

Let p, be a real number greater than (y/ 8)Y/2 and

1 12\ 7!
et (A=)
0 Y (Pz s )

The above relations show that for any set B of L?(S?), bounded
or not, S(¢)B is included in the ball 13, centered at 0 of radius p,,
ift > To, thus demostrating the existence of an absorbent set in
H2(S%). The uniform compactness of operators S(t) follows from
the fact that a bounded set B is included in a ball B(0, R) for all
t > ty, that which is bounded in H f (§2) and relatively compact in
L2(S?) (corollary 1). The existence of the global attractor follows
from theorem 1.

Having shown the existence of a global attractor,
the question of characterizing its structure arises. This
question can be answered provided there is a suitable
Lyapunov functional.

Definition 14. A Liapunov functional for {S(#)};> on a set F C
H is a continuous function F: F — R such that:

1. For each u, € F, the function t — F(S(H)ug) is
non-increasing.
2. If F(S(t)uy) = F(u;) for some v > 0, then u; is a fixed point

of {S(£)}1=0, i.e., S(H)u; = uy, Vt > 0.
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FIGURE 2 | Spherical coordinates using longitude 6 and latitude ¢.

The following standard theorem establishes the structure of
the attractor.

Theorem 4. Let there be a given semigroup {S(t)}s=o which enjoys
the properties (6), (7). We assume that there exists a Lyapunov
functional as in the definition 14, and a global attractor A C F.
Let &€ denote the set of fixed points of the semigroup. Then

A= ML(E).

Furthermore, if € is discrete, A is the union of £ and of the
heteroclinic curves joining points of £ and

A= M.

ze€

Remember that, M (X) is the set (maybe empty) of points u,
which belongs to an orbit {u(t), t € R} such that d(u(t),X) — 0
ast — o0.

The details of this proof can be found in Temam [7] theorem
4.1 in chapter 7, Robinson [9] theorem 10.13, Ladyzhenskaya [17]
theorem 3.2, or Sell [8] theorem 72.1.

4. THE EQUATION IN S?

Once the existence of an attractor is proved, in this section
we provide a numerical method for its characterization. In this
implementation the Galerkin method is used.

§? is parametrized with spherical coordinates by
(rcosf cos ¢, sin6 cos g, rsing), where 0 < 6 < 2my -5
¢ < 7 (see Figure 2).

=<

Then, the Laplacian in these coordinates is given by:

—ﬁ£$<<0mwm—)
5 1 u
3 (P09 (s ) 5)
e ()2)
Frs 3%

_ %u  20u 1 9%u
a2 r2 cos ¢ 002

1 %u  tan¢ du
r2 0¢)? r2 ¢’

v or

Using ¥ = 1 in the above expression, the Laplace-Beltrami
operator in S? is obtained:
1 9%u 82u ¢
= ——— tan ¢ —
cos2 ¢ 3602 ' 3¢p? 8¢
Then (4) becomes:
ou 1 3%u Lo 82u ¢ 4 (1 2 = 0
— —| ——— tan ——u(l—u")=0.
ot cos? ¢ 002 ¢ 8¢ €

(18)
By implementing Galerkin’s method, we can approximate the
attractor. This is done by projecting Equation (18), with a suitable
initial condition on a finite dimensional subspace, thus reducing
it to a system of ordinary differential equations. The details are
provided in the next section.

5. GALERKIN METHOD

The idea is to obtain a finite dimensional reduction of (18). One
way to do this is using Galerkin method, which will be described
below (for more details see Kythe et al. [15] and Evans [10]).

We consider the problem:

u 1 9%u u ) u (1 2) 0
5~ (g * o~ om0 ~ 00 =

on$? x (0,T] (19)

u(@,¢) =g0,¢)en $? x {t =0}. (20)

Assume that the funtions wy = wi (6, ¢), (k = 1,...) are smooth,
{wk}]fo:1 is an orthogonal basis of Hf(Sz) and an orthonormal
basis of L?(8?). For instance, we could take {wil2, to be the
complete set of eigenfunctions of A in S2.

Fix now a positive integer m. We will look for an
approximation u,, of the form

un(t) = ux, t) = Y _ dy,(Owg (1)

k=1

where we will select the coeflicients d’,‘n(t), 0O <t <T k=
1,...,m) so that:

dk (0) = (g, wy) (22)
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and

(uy, (), wi) + Bl (8), wis t] = (£(2), wi). (23)

Here (-,-) denotes the inner product in L*(S?), ' =

%, Blu,,, wg; t] is the bilinear form:

1 2wt 32w, ouy,(t)
_/Sz<e<cos¢2 002 T oz 9T, )

—fumm) Wi (24)
€

and

£() =~ (wn(0)" (5)
Thus, we look for a function u,, of the form (21) that satisfies the
projection (23) of problem (19)-(20) onto the finite dimensional
subspace spanned by {w;}; .

By the standard theorem on existence and uniqueness
of systems of ordinary differential equations, we have the
following result:

Theorem 5. For each integer m = 1,2,. .., there exists a unique
funtion wu,, of the form (21) satisfying (22), (23).

Functions wy, will be selected via the method of separation of
variables, applied to the equation Au = 0 on $2, i.e., we assume
that u = ®(0)P(¢), where we have:

1 d%u . ¢8u+ %u 0
——— —tan¢g— + — =0,
cos? ¢ 002 a9 0¢p?

1
——0"® — (tan¢)OP' + OP" =0,
cos? ¢

1

5 ®"® = (tan¢)OP' — O/,
cos* ¢

1
726”‘1) = O[(tan¢)d' — ®"],
Ccos* ¢

" cos? p[®” — (tan ¢) D]

e ® '

The corresponding solutions for ® are of the form sine and
cosine, while those corresponding to @ are solutions to the
Legendre equation, in which the substitution x = sin ¢ has been
made. Thus, we use the associated Legendre polynomial denoted
by P(k, I, x), which is defined by:

(—Dk m k+1
l'.zl .(l_xz)z

P(k,1,x) = o2 -1,

e 2
where k > 0 and | < k. (For more details see Arfken [16]).

According to the above condition (5) we choose the functions
u,, as:

u, = Y ay(t)sin(k0)P(k, 1, sin(¢))+by; (t) cos(kf)P(k, I, sin(@)),
k=
1 (27)

with m = 1 and € = 0.001, (23) becomes:

1110.33a)°(t)® + a)°(t) ( — 1973.92 4 1110.33a; (1)?
+1110.336,° (1)
+370.11671 (H?) + 740.22a;"" (1)by ()b (1)
d 1o
+ 4.9348—a(t) = 0,
dr ! ®
1110.33a;' (1) + ap (1) ( — 1973.82+
1,1 2 1,0 2 1,1 2
1110.33a (1)% + 370.1161° ()% + 1110.33b) (1)?) +
d
740.22a)°(£)b}° (b1 (£) + 4.9348aa}’1(t) =0,
1110.3361°(1)® + 1110.33a)°(6)261°(¢) 4 370.11a2" (12610 (1) +
740.22a;° (H)ay (Db (1) +b)°(£)(—1973.924+1110.33b)" (1)) +

d
4.934sab}°(t) =0,

1110.336}" (8)° + b}" (£) ( — 1973.82 + 1110.33a;° (1) >+
1110.33b; (H?)+740.22a,° ()ay ()b (H)+370.11a;° ()b (¢)

d
+ 4.9348Eb}’1(t) =0. (28)

6. NUMERICAL RESULTS
If the initial condition (22) is
a®(0) =0, ap'(0) = 1, b7°(0) = 0, b} (0) = 0, (29)

we obtain

ay’(t) =0, by°() =0, b (1) = 0,

i = 65794
1 — bl
\/ 2435101734 + 1893748702 exp (— 2552100 )
and
65794
u sin(6)

- 9869100
\/2435101734 + 1893748702 exp (—25535°1)
P(1,1,sin ¢).

Figure 3 show the behavior of u; at different times (t = 0, t =

0.0001, t = 1).
If the initial condition is now,

a®(0) =0, a'(0) = 0, b}°(0) = 0, b} (0) =2,  (30)

then
4

V9 = 5exp(—80001)°

al®(t) =0, al' (1) = 0, b1°(t) = 0,671 (1) =
and

4

V9 — 5exp(—8000t)

u = cos(A)P(1,1,sin ¢).
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FIGURE 3 | Behavior of uy (t) for different values of t according to Equation (29). (A) Graph of u;(0). (B) Level curves of u4(0). (C) Graph of u1(0.001). (D) Level curves
of u(0.001). (E) Graph of u4(1). (F) Level curves of uq(1).

Frontiers in Applied Mathematics and Statistics | www.frontiersin.org 51 June 2020 | Volume 6 | Article 20


https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org
https://www.frontiersin.org/journals/applied-mathematics-and-statistics#articles

Medina and Padilla Allen-Cahn Attractor on the Sphere

0.5

05

[ L INRNNRNRNRERRE
s s
o (5

FIGURE 4 | Behavior of uq (f) for different values of t according to Equation (29). (A) Graph of u4(0). (B) Level curves of u+(0). (C) Graph of u(0.01). (D) Level curves of
u1(0.01). (E) Graph of uy(0.02). (F) Level curves of u(0.02).
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curves of u(0.0055). (E) Graph of u»(0.02). (F) Level curves of uy(0.02).

FIGURE 5 | Behavior of ux(f) for different values of t according to Equations (34)—(36). (A) Graph of ux(0). (B) Level curves of ux(0). (C) Graph of u,(0.0055). (D) Level
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Figure 4 show the behavior of u; at different times (t = 0, t =
0.01, t = 0.02).

As mentioned in the previous section the legendre equation is
involved, we can also choose the Legendre polinomial as follows.
If the following functions are now chosen,

u,; = Z (ak(t) sin(k@)P(k, sin(¢)) + by (t) cos(k6)P(k sin(qb))) ,
k=1

(31)
where P(k, sin(¢)) is the Legendre polynomial of k degree, with
m = 2 and € = 0.01 the corresponding projection is,

1110.33a; ()’ + (—1973.92 + 1572.97a5(t)* + 1110.33b; (1)*
+1592.97b,(8)%) a1 (t) + 4.9348%6110) =0,
675.162a5(1)* + (—1357.61 + 1572.97a1 (t)* + 1572.97b; (t)?
+675.162b3 (1)) ax(t) + 3.392628%612&) =0,
1110.33b;(1)? + (—1973.92 + 1110.33a; (t)* + 1572.97a,(1)*
+1572.97by(1)*) by (t) + 4.9348%1)1(0 =0,
675.162b5(t)* + (—1357.61 + 1572.97a1(t)* + 675.162a(t)*

d
+1572.97b; ()%) by(t) + 3392628~ ba(1) = 0. (32)

With the initial condition,

a1(0) = —0.877583, a5(0) = 0, b;(0) = 0, by(0) = —0.479426,

(33)
we obtain the following expressions for u, for the values
t = 0, t = 0.0055, and ¢ 0.02. Figure 5
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shows the graph and level curves of u, for the values
mentioned above.

u,(0) = —0.877583 sin(0)P(1, sin(¢))

— 0.479426 cos(20)P(2, sin(¢)), (34)

u,(0.0055) = —1.2858 sin(0)P(1, sin(¢))
— 0.1449 cos(20)P(2, sin(¢)), (35)
u,(0.02) = —1.3333sin(0)P(1, sin(¢)). (36)

7. CONCLUSIONS

All the numerical simulations show that the graph of the solution
on $? approaches values close to 1 and —1 when t increases, as
can be seen in Figures 3A,C,E-5A,C,E found in grayscale color,
while in the Figures 3B,D, 4B,D, the transition layer (show in
red color) takes place along the level set & = 7 which is a closed
geodesic (great circle). It can also be noted that in Figure 5B the
transition layer at the value ¢+ = 0 is not a straight line, but as ¢
increases, this curve becomes a straight line, 8 = 7, as mentioned
above. This suggests that, for € sufficiently small, the attractor will
consist of functions concentrating in —1 or 41 with transitions
along great circles.
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Heisenberg Ferromagnetic Spin
Chain Equation

Na Liu"*
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Shandong Normal University, Jinan, China

The variable-coefficient Heisenberg ferromagnetic spin chain (veHFSC) equation is
investigated using the Lie group method. The infinitesimal generators and Lie point
symmetries are reported. Four types of similarity reductions are acquired by virtue
of the optimal system of one-dimensional subalgebras. Several invariant solutions
are derived, including trigonometric and hyperbolic function solutions. Furthermore,
conservation laws for the veHFSC equation are obtained with the help of Lagrangian
and non-linear self-adjointness.

Keywords: variable-coefficient Heisenberg ferromagnetic spin chain equation, Lie symmetry, invariant solutions,
non-linear self-adjointness, conservation laws

INTRODUCTION

The investigation of physical phenomenon modeled by non-linear partial differential equations
(NLPDEs) and searching for their underlying dynamics remain the hot issue of research for applied
and theoretical sciences. A lot of attention has been concentrated on looking for the explicit
solutions of NLPDEs, for they can provide accurate information with which to understand some
interesting physical phenomena. A great many powerful methods have been proposed to construct
the explicit solutions of NLPDEs, such as the inverse scattering method [1], the Lie group method
[2-5], the Hirota bilinear method [6, 7], the extended tanh method [8-10], the homoclinc test
method [11-13], the F-expansion technique [14], and so on [15-18]. Among these methods, the
Lie group method is a powerful and prolific method for the study of NLPDEs. On the one hand,
based on the Lie group method, we can obtain new exact solutions directly or from the known
ones or via similarity reductions; on the other hand, the conservation laws can be constructed
via the corresponding Lie point symmetries. Recently, invariant solutions of a class of constant
and variable coefficient NLPDEs have been obtained by virtue of this method, such as Keller-Segel
models [19], generalized fifth-order non-linear integrable equation [20], KdV equation [21], and
Davey-Stewartson equation [22].

So far, many effective methods have been extended to construct exact solutions of different types
of differential equations. For example, the generalized Bernoulli sub-ODE and the generalized
tanh methods have been applied to establish optical soliton solutions of the Chen-Lee-Liu
equation [23]. The Lie group method has been used to find the exact solutions of the time
fractional Abrahams-Tsuneto reaction diffusion system [24] and the non-linear transmission line
equation [25].
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Invariant Solutions and Conservation Laws

In this work, we will focus on the (2+1)-dimensional
variable-coefficient Heisenberg ferromagnetic spin chain
(vcHFSC) equation

iqr + 01(8)qxx + 82(6)qyy + 83(£)qxy + 54(t)|Q|2q =0, (1)

where 8;(¢), 85(t), 83(f), and 84(f) are arbitrary functions with
respect to f. The interaction properties and stability of the
bright and dark solitons are presented in [26]. Non-autonomous
complex wave and analytic solutions are obtained in [27]. When
8;(t) (i 1,---,4) are arbitrary constants, Equation (1)
can be reduced to the following (2+1)-dimensional Heisenberg
ferromagnetic spin chain (HFSC) equation:

iQt + 81q::x + 82%/)/ + 83%{)/ + 64|q|2q =0. (2)

Latha and Vasanthi [28] obtained multisoliton solutions by
employing Darboux transformation and analyzed the interaction
properties of Equation (2). Anitha et al. [29] derived the
dynamical equations of motion by employing long wavelength
approximation and discussed the complete non-linear excitation
with the aid of sine-cosine function method. Periodic solutions
were obtained by Triki and Wazwaz [30], and they also discussed
conditions for the existence and uniqueness of wave solutions.
Tang et al. [31] reported the explicit power series solutions and
bright and dark soliton solutions of Equation (2), and they also
obtained some other exact solutions via the sub-ODE method.

However, the Lie symmetries, invariant solutions, and
conservation laws of the (2+1)-dimensional vcHESC equation
(1) have not been studied. In the current work, we study
the vcHFSC equation (1) via the Lie group method and
obtain new invariant solutions, including the trigonometric and
hyperbolic function solutions. Moreover, based on non-linear
self-adjointness, conservation laws for vcHFSC equation (1)
are constructed.

The main structure of this paper is as follows. In section
Lie Symmetry Analysis and Optimal System, based on the Lie
symmetry analysis, we construct the Lie point symmetries and the
optimal system of one-dimensional subalgebras for Equation (1).
In section Symmetry Reductions and Invariant Solutions, four
types of similarity reductions and some invariant solutions are
studied by virtue of the optimal system. In section Non-linear
Self-Adjointness and Conservation Laws, conservation laws for
Equation (1) are obtained with the help of Lagrangian and non-
linear self-adjointness. Section Results and Discussion provides
the results and discussion. Finally, the conclusion is given in
section Conclusion.

LIE SYMMETRY ANALYSIS AND OPTIMAL
SYSTEM

In this section, our aim is to obtain the Lie point symmetries and
the optimal system of the veHFSC equation (1) by employing the
Lie group method.

The vcHFSC equation (1) can be changed to the
following system

Fr =u + 8l(t)vxx + 82(t)Vyy + 83(t)ny
+84()(WPv +13) = 0,

3
Fy = —vi + 81 (O)unx + az(t)uyy + 53(t)“xy 3)
+84()(W + w?) = 0,
by using the transformation
qx, 1) = u(x, y, t) + iv(x, y, t), (4)

where u(x, y, t) and v(x, y, t) are real and smooth functions.
Suppose that the associated vector field of system (3) is
as follows:

d d d
V=¢£xytu, Mo+ E2(x, pot, 4, V)ETy + &3y, tu, Vo

0 0
+ 0 oy tuv)— + 26yt u V) —, (5)
u v

where Sl(x,y, t,u, v), Sz(x,y, t,u, v), 53(x,y, tu,v), nt (9, t,u,v)
and n2(x, y,t,u,v) are unknown functions that need to
be determined.

If vector field (5) generates a symmetry of system (3), then V'
must satisfy symmetry condition

prPV(A) |a, = 0,prPV(A) |a, =0, (6)

where

Ay =+ 81(Dvsx + 82(Dvyy + 83(B)vsy + 84wy +v7),
Ay = —v + 81 (Duxx + Sz(t)uyy + 83(t)”xy + 54(t)(u3 + qu)~

The infinitesimals £, &2, €3, ', and n?must satisfy the following
invariant conditions

N+ &8 (O)vex + 8103, + £8) (Dvyy + 820y,
+‘§353/(t)vxy
+83(0)n3, + £384/ (D(WPv + V) + 84(t) 2un'v
+utn? +3v3p?) =0,
=07 + E381 (Dxx + S1(1)0ky 4§38 (Duyy
+52(t)nf$y + £383 (1) uxy
+83(0)ny, + £384/ (W + w?) + 84() BuPn!
+n'v? + 2uvm?) =0,

7)

where

ml =D,(n' — &'y, — ézuy —&u) + Eluy + Szuyt

+E7up,
n)lcx = Dxx(rll - glux - 52“)/ - $3ut) + Sluxxx
+€2uxxy + §3uxxt>

r};lcy = ny(rll - glux - Szuy - $3ut) + Eluxxy
+52uxyy + Esuxyt’

n}l/y = Dyy(nl - slux - Ezuy - $3ut) + gluxyy
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621y + E Uy,

’7? = Dt(nz - fle - 52")’ - ESVt) + “;:Ith
+E2vy + Evi,

N = Dax(n® — E've — E2vy — £30) + Ve
+§2Vxxy + &V,

Moy = Dyy(n® — &lvy — &%) — &7W)
+& Wiy + gy + Evigys

= Dy(n* — §'vy — %0y

_531)1’) + Slvxyy + Szvyy}/ + 53Vyyt.

Solving Equation (7), one can obtain

2¢c1 [ 81(t)dt
Sl = c1x+cz,$2 = c1y+63,$3 = 71f 10
81(1)
C4 1 2
_—, = 5 = s 8
+81(t) n=aun =cqv (8)

where ¢}, ¢3, ¢3, and ¢4 are arbitrary constants, and the coefficient
functions 8;(t), 82(t), 83(t), and 84(t) are determined by

E382 +£18, — 282c1 = 0,
E383 +£783 — 28501 = 0,

5384t + 3;}354 + 2¢184 = 0. 9)

The Lie algebra of infinitesimal symmetries of system (3) is
generated by the four vector fields:

d 9 2[8(t)dt d d 9
R P P N P PR
S N TP ) w0
J2 = 8x"53 = ay,d4— 5100 TS

The one-parameter groups g; generated by the J; are given
as follows:

2 [ §1(t)dt
fl(),uea,ves>,

(9, u, oyl t
g :(xy uv)—)(xe ye',t+¢ 510)

oyt u,v) = (x+8,y, t, u,v),
oy tu,v) = (x,y—i—a,t, u,v),

gy tu,v) — (x,y,t+ LuV> (11)

81(1)

If {u =Uxp1),v=V(xy, t)} is a solution of system (3), by
employing symmetry groups g; (i = 1,2, 3,4), we can obtain the
following new solutions

(u(l), v(l)) — (esU (xe_a,ye_s, t—e¢

2f81(t)dt)
E——— >
81(t)

@@,y - (U (x — & t) ,V (x — &9, t)) ,

2f51(t)dt>

81(t)

% (xe_g,ye_s, t—

TABLE 1 | Commutator table of the vector fields of system (3).

[3i, 351 J1 J2 Js3 Ja
J1 0 —J2 —J3 —234
J2 J2 0 0 0
Js Js3 0 0 0
Ja 234 0 0 0
TABLE 2 | Adjoint table of the vector fields of system (3).

Ad J1 J2 J3 Ja
J1 Ji J26° Jse° Jse?
J2 J1—ed2 J2 Js Ja
Js J1—¢eJs J2 Js J4
Ja J1— 2834 J2 Js J4

WD, 9D) > (U (xy— 6,t),V (x,y — &,1)),

) @) _ & _ &
oy H(U(x’y’t «mr))’V(”’t am))'(m

In order to construct the optimal system for system (3), we apply
the formula

2
Ad(exp(e3)Jj = Jj — € [JiJj] + % [36[363i]] = -+ (13)
where [G,-,(Kj] = JiJj — JjJi and ¢ is a parameter. The

commutator table and the adjoint table of system (3) have been
constructed and are presented in Tables 1, 2, respectively.

Based on Tables 1, 2, system (3) has the following optimal
system [3, 32]

(i) J1; (i) J2 + a3 + BJa; (il) I3 + xJa; (iv) Jar  (14)

where «, B, and x are arbitrary constants.

SYMMETRY REDUCTIONS AND
INVARIANT SOLUTIONS

Based on the optimal system (14), our major goal is to deal with
the similarity reductions and invariant solutions for system (3).

Subalgebra J4

The characteristic equations of subalgebra JJ; can be written as

dv

dy dt du

- = (15)
x ¥ ﬁf&(t)dt u

Solving these equations yields the four similarity variables

r= x(/ 81(t)dt>_§,s =y(/ 81(t)dt)_§,
u=F(r,s) - (/ 81(t)dt)§,v = H(r,s) - </ 81(t)dt>§, (16)
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and solving the constrained conditions (9), we get

82(t) = k181(8), 85(t) = ka61(1),

2
5a(t) = k361<r>< / slmdt) ,

where ki, ky, and kj are arbitrary constants. These variables
reduce system (3) to the following (14-1)-dimensional PDEs

(17)

F — tF, — sFs + 2H,, + 2k Hys + 2k, Hys
+2k3(F?H + H?) = 0,

—H + rH, + sH, + 2F,, + 2k Fy + 2k Fys + 2k3(F3
+FH?) = 0.

(18)

Subalgebra JJ; does not give any group-invariant solutions.

Subalgebra Jjs + aJ3 + BJ4

The similarity variables of this generator are
r=ax—ys=px— / 81(t)dt,
u = F(r,s),v= H(r,s), (19)
and solving the constrained conditions (9), we get

82(t) = k161(8), 83(t) = kz81(1), 84(t) = k3b1(1), (20)

where k; (i = 1,2,3,4) are arbitrary constants. Substituting
Equations (19) and (20) into (3), we have

Fs — (aZ + ki — aky)Hy — lsszs — QoB — Bka)Hs
—ks(F*H + H®) = 0,

H; + (0‘2 + ki — aky)Fr + ﬂsts + 2o — Bka)Fys
+k3(F? + FH?) = 0.

(21)

For solving Equation (21), we use the transformation ¢ = r —«s,
F = f(¢), H = h(¢), where « is an arbitrary constant, and then
(21) can be reduced to the following ODEs

—kf" + Qapi — Bkak — B2 — a? — ki + aky)h’
—ks(fPh+ ) =0,

—kch — Qapr — Bkok — B*A? — a? — ki + aky)f”
+k3(f* + fh*) = 0.

(22)

Solving Equation (22) yields

f=-B
2
+A tan (7 — 4“’3_2’3}‘2“_«/4522;22—%1)+4ﬁ(2a—kz)+1S))
h=A (23)
2 —
4B tan (r . 4a/372/3k2+17\/4ﬁ2i1;2274k1)+4/3(2a k2)+15> )
and
f=-B
2_ —
+A; cot (r - 4”’3_2ﬁk2+1—~/4ﬂ2i/l;22 k1) +4p 2 k2)+ls> ’
h=A, (24)
2 —
+B; cot (r . 4a/372/3k2+17\/4;32i1;2274k1)+4/3(2a k2)+1s> ’

 4aB—2Bky+1—/4B (3 —4k1)+4B(2a k) +1

4/32(A%+B%) and Al, Bl

where k3 =

are free parameters.
Based on Equations (19), (23), and (24), we obtain the
following trigonometric function solutions for system (3)

u=—31

4af—2Bkr+1— /4B (K —4k))+4B2a—k)+1
4p2

+A; tan (ax -y —

(Bx — [ 81()dt) )

v = A, (25)

4B —2Bky+1— /4B (3 —4k1)+4BQa—ky)+1
482

+B; tan (ax —y—

(Bx — [ 81(t)dt) )

u:—31

4af—2Bkr+1—/4B* (K2 —4k))+4B (2 —k)+1
4p2

+A1 cot (ozx -y —

(Bx— fSl(t)dt)>,

= A (26)

daf—2Bky+1—/4p* (K2 —4k)+4B (2a—k2)+1
482

+B; cot (ozx -y —

(Bx — [ 81(0)dt) )

 4aB—2Bky+1—/4B* (3 —4k1)+4B(2a k) +1

where k3 = A TED and Aj, B;
are free parameters.
Subalgebra Jj3 + xJa
The similarity variables of this generator are
r=xs=xy— / 81(t)dt,
u = F(r,s),v=H(r,s), (27)

and solving the constrained conditions (9), we get

82(t) = k161(2), 85(t) = k281(2), 84(t) = k3d1(¢), (28)
where k; (i = 1,2,3,4) are arbitrary constants. System (3) can
then be transformed to

Fs — Hyy — szles — XkaHps — k3(F2H + Hs) =0, (29)
Hs +Fy + szlFss + XkZFrs + k3(F3 + FHZ) =0.

For solving Equation (29), we use the transformation { = r — ks,
F = f(¢), H = h(¢), where « is an arbitrary constant; Equation
(29) can then be written as

{ —kf' + (xkar — X2k — DI — ks(FPh + h®) = 0

e — (ko — xcky — f + k(1) = 0. 00
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To obtain the solutions of Equation (30), we shall apply the (%)

method, as described in [33].
Let us consider the solutions of (30), as

n i m

f= ;Ai<i)l’h = ;B,(CG;/)i.

By balancing the highest order derivative term and non-linear
term in (30), we obtain m = n = 1, and G = G(¢) satisfies
second-order ODE

(31)

G+ LG +uG=0.
Solving Equation (30), we obtain

_ 22(AT + BY) + 4Bo(Bo — ABn

442
s M(A? 4+ B?) — 2BoB, ks(A? + B3)(2B, — ABl)
= K =
0 2A1 2A1

72A1((A% + B%)()»XBlkzkg - ZXAlBok2k3 + 2A1k3) + 2A1)
X2K2(LA2B, + AB3 — 242B) — 2B B?)

k= . (32)

where A, x, di, By, B, k2, and k3 are arbitrary constants.
Substituting (32) into (30), we obtain two types of solutions of
(30), as follows:
When A2 — 4 > 0,

__ AB1—2By
f="5"x

C cosh(%ﬂ;)«kcz sinh %«/ /4;
C sinh(%ﬂt)Jsz cosh %»,/ 4#5

_ AMABI—2By) _ ABy—2uBi

2i/Nr—ap i/ 22—an’ (33)
he B, m o Cy cosh(%./ 4#C)+Cz smh(%./ {)
Cy sinh(%«/ C)+C2 cosh(%«/ ()
—2B1 4 B,
where
2k3(ABoBy — uB? — BY) + A% — 4ju + 2ixkaks(ABoBy
L —uB} — B3)y/A% —4p
1= 2 >
4x2k%(ABoBy — uB} — B})
2k3(AByB; — uB? — B?)
é‘: - 1 0 Sa)‘-’ﬂ’X)BO)Bl’

iVA2 —4u

Cy, Cy, ky,and k3 are arbitrary constants.

When A2 — 4 < 0,

f ABy—2Bo Cy cosh(§«/4u A2 ) C smh(% ;/.7)\2()
= X

2 C sin (%«/4;1 A2 )+C2cosh(%«/4u712[)
_ A(AB1—2By) _ ABo—2pB

23/4p—12 A=z’ (34)
b %m y Cy cosh(%«/ [) Cy smh(%«/‘lu—kzg‘)
Clslnh(la/ §)+C2cosh<% 4;1.7)3{)

—% + Bo,

where
2k3(ABoBy — B} — BY) 4 A% — 4ju + 2xkak3(3.BoB,
. —uB} — B3)y/4u — A2
1= 3 >
4x2k3(ABoBy — uB} — BY)
2k3(uB? + B2 — AByB
{ =r— 3(M ! 0 0 I)S)A)M:X>BO>BI)CI)C2>k2’

VAL —4u

and k3 are arbitrary constants.

Taking into account Equations (27), (33), and (34), we obtain the
hyperbolic function solutions for system (3):

AB1—2By G COSh(%mC)JrCz Siﬂh(%\/mr)
2i C sinh( m;)+cz cosh(%\/ig)

_ AMABI—2By) _ ABo—2uBi

u =

2i/32—ap i/W—ap’ (35)
W e a cosh(%«/k2—4u{)+C2 sinh(%«/k2—4u{)
=2 e sinh(§ /32=4y1¢ ) +C; cosh( 1 /37— 4u¢ )
—% + Bo,
where A2 — 4u > 0,
k3(ABoB; — uB? — B2) + A% —
2k3(ABoB1 — uBy — B) + 4
' +2ixkok3(ABoBy — uB} — B)y/A2 — 4p
1= ,
4x2k3(ABoB, — uB? — B2)
2k3 (BoBy — 1B} — BY) ( /
C=—x— w— | sudt),
iv/AZ —4p 4
As 15 X> Bo, B1, C1, Ca, ko,
and ksare arbitrary constants.
By —2B, C cos(%«/4u7k2§)—cz sin(%«/zluflzg‘)
u=
2 C; sin(%«/4u—)~2{)+cz cos(%«/4u—)»2{)
_ A(Bi—2By) _ ABo—2uBi
2\/4;4—)\2 \/4/4,—12 ? (36)
B ﬂ " C; COS(%«/4#7A2{)7C2 sin(%«/ély.f)\zg)
y==2L -
2 " C sin(%«/4;t—)~2§)+cz cos(%«/élu.—)»z;‘)
—% + By,
where A2 —4u < 0,
2k3(ABoBy — uB} — B3) + A% — 41 + 2xkok3(ABo By
B —uB? — BY)/Apn — A2
1 = bl
4x2k3(ABoB, — uB? — B2)

2k3(uB} + B3 — AByBy) ( / )
{=x— xy— [ &1()dt ),
VA2 —4p 4 '

A, 1, X5 Bo, B, C1, Ca, ka, and k3 are arbitrary constants.

Subalgebra J; = ﬁ%

The similarity variables of this generator are

r=Xxs=1%,

u = F(r,s),v = H(r,s), (37)
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and solving the constrained conditions (9), we get

82(t) = k181(2), 85(t) = k261(t), 84(t) = k381(2), (38)
where k; (i = 1,2, 3) are arbitrary constants. Thus, system (3) can
be transformed to
Hrr + less + kZHrs + k3(F2H + H3) =0, (39)
Frr+k1Fss+k2Frs +k3(F3 +FH2) =0.

For solving Equation (39), we use the transformation { = r — ks,
F = f(¢), H = h(¢), where A is an arbitrary constant, and then
(39) can be reduced to the following ODEs

(1 + x2k; — ko)l + ks(f*h + B3) = 0,
{ (1 + k%ky — kko)f” + ks (F> + fh?) = 0. (40)
Solving Equation (40) yields
f=Cysin(r— 2t 4k1k3(gij-cﬁ)+k§—4kls
Gy cos (r kot 4k1k3(§fkl+C§)+k§74k1$
h = Cysin <r _ ket 4k1k3((2?fk;i-C§)+k§—4k1 s (41)
+Cj cos (r _ kot 4k1k3(2fkl+C§)+k§—4kl s) ’

where Cy, Cy, k1, k2, and k3 are arbitrary constants.
On combining Equations (37) and (41), we obtain the periodic
function solutions for system (3):

o . ko+ 4k1k3(C%+C§)+k§—4k1
u = Cj sin (x — 2 y
Kot/ 4k1k3(C3+CE)+2—4ky
—C, cos <x - 2% y ,
4
—Cosi _ kata/4kiks (CE4C3) K5 —4ki “42)
y=Cysin | x 2 y
ka+n/4k1k3(C34C3)+k3—4k,
+Cj cos (x — 2k v,

where Cy, Cy, k1, kz, and k3 are arbitrary constants.

NON-LINEAR SELF-ADJOINTNESS AND
CONSERVATION LAWS

Conservation laws have been extensively researched due to their
important physical significance. Many effective approaches have
been proposed to construct conservation laws for NPDEs, such
as Noether’s theorem [34], the multiplier approach [35], and so
on [36, 37]. Ibragimov [38, 39] proposed a new conservation
theorem that does not require the existence of a Lagrangian and
is based on the concept of an adjoint equation for NLPDEs. In
this section, we will construct non-linear self-adjointness and
conservation laws for v¢HFSC equation (1).

Non-linear Self-Adjointness
Based on the method of constructing Lagrangians [38], we have
the following formal Lagrangian £ in the symmetric form

L=1u [ut +01(E)vax + 5Z(t)Vyy + %SS(t)ny
+183(O)vyx + 84(D) WPy + )]

_ 43
+v [_Vt + 81()txx + 82(t)uyy + %SS(t)uxy (43)
+183(Duye + 84() (W + w?)],
where u and v are two new dependent variables.
The adjoint system of system (3) is
Ff =% =y,
173 (44)
: B=%=0
where
BE_OE O | b 25 4 pup, 5 4 DD, 25 (45)
Su  du taut * xauxx * yauxy Y yauyy’
BE_OE b L\ b E 4 b, 5 b, P ae)
sv_ ov tth x XBVXX x vaxy Y vay),’

with Dy, D), and D the total differentiations with respect to x, y,
and t.
For illustration, D, can be expressed as

. ad n ad N ad N 9 n 0 n a9
= — Fur— +V— FUex— + Vex— + Uy—
T ox *u v "xaux ""avx Xtaut
0
+thaT/t+"

Substituting (43), (45), and (46) into (44), the adjoint system for
system (3) is

Fik = —is + 61 (D)Vxx + 82(t)1_’yy + 83(t)vxy
+284()uuy + 84(t)v(3u® + v*),

F; =Vt + 81(Dhyx + az(t)ﬁyy + 83(t)ﬂxy
+284(t)vuv + 84(t)i(u? + 3v%).

(47)

The system (3) is non-linear self-adjoint when adjoint system (47)

satisfy the following conditions

AF + Aab,
MiF1 + AnF,

= Y (xptu,v)
= Y(xytuv)

{ Fik | = Q(x,pt,u,v),v (48)
v

i
F; |i4 = p(xy.tu,v)

where ¢(x, y, t,u,v) # 0 or Y (x,,t,u,v) # 0,and A;; (i,j = 1,2)
are undetermined coeflicients.
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Substituting the expressions of F; (i=1,2) and F} (i=1,2) into
(48), we obtain the following equations

(A2 = ) (1 (D) thax — 52(t)uyy - 83(t)uxy)
=1 = )1 (Ovax + 82(t)vyy + 83(t)vxy)

—(A11 + du)ur + (M2 — ) ve + Vi (281 () ux vy
+282()uyvy + 83()uxvy + 83(H)uyvy)

+¢uu(81(t)u;25 + 52(1')”5 + 83(t)uxuy) + 1//1/1/(51(1')1’;2(
+52(t)1/§ + 53(t)VxVy)

+(281 () Yrxu + 63(t)¢yu)ux + (282(t)¢yu + 53(t)l”xu)uy
+(Q281 (O Yxw + 83(t)¢yv)vx

+(262(t)1/fyv + 83(t)wxv)vy + 51(1‘)%9: + 82(1')1//)/},
+83() Py — A4 () WPy + V)

—21284()(uv? + u®) + 284()Ppuv 4 384(t) Y u?
+84()Yv? — ¢y =0,

—(A22 — @u) (81 () usx + 52(t)uyy + 83(t)uxy)
—(A21 — P (B1(H)vax + 82(t)vyy + 53(t)vxy)

=21 — Yr)ur + Aoz + V) ve + oy (281 (D)t vx
+282(H)uyvy + 83(Huxvy + 83(H)uyvy)

+uu(81(Duz + 82(Duy + 83(Duxtty) + Pu(81 (V3
+82(8)v] + 83()vavy)

+(281(t)¢xu + 53(t)¢yu)ux
+(232(t)¢yu + 53(t)¢xu)uy + (281 () v + 83(t)¢yv)vx

+(252(t)¢yv + 53(t)¢xv)vy + 81(O)xx + 52(t)¢yy
+383(D)pxy — A1 84(B) (v +v7)

—A284()(uv? + ) + 284()Yruv + 384(t)pv?
+84(t)pu? + Y = 0.

(49)

(50)

Solving the above systems, we have

¢ = —Cu,lﬁ = CV,)\U = )\21 = 0,)\.11 = C,)\zz =—C. (51)
Theorem 4.1. System (3) is non-linearly self-adjoint.
The formal Lagrangian corresponding to (43) reads as,
L = —Culu; + 81(H)vax + 52(t)Vyy + %83(1‘)1/,‘),
+383(E)vyx + 84(D WPy + %)) (52)

+Cv[—v; + 81(H)thex + 82(t)uyy + %53(t)uxy
+383(Duyx + 84() (W + w?)].

Conservation Laws
In this section, we will construct the conservation laws for
system (3) by Ibragimov’s theorem. Next, we briefly review the

notations used in the following sections. Let x = (x!,x%,...,x")
be n independent variables, u = (ul,u?,...,u") be m
dependent variables,
X = & ) 6
=&l uuy, .. )— X U ULy - - )
i (1) O Ns (1 94
be a symmetry of m equations
Fs(e, usuqy, ..., upny) =0,s=1,2,...,m (54)
and the corresponding adjoint equation
F;“(x, u,v, u(l),v(l),.. M(N N))
S(V'F;
_OVE) 1o om (55)
Sus

Theorem 4.2. Any Lie point, Lie-Bicklund and non-local
symmetry X,as given in (53), of Equation (54) provides a
conservation law for the system (54) and its adjoint system (55).
The conserved vector is defined by

Dx’( )+DXJka <38u£>
() i) o
ljk x]kr
() e ]

— &uj is the Lie characteristic function and

EZE+WS[

+D; (W) [ g§

+D,j xk(Ws) |:

where W*° =

1 .
L = Y v'F; is the formal Lagrangian.

i=1

Based on the formula in Theorem 4.2, we next construct

conserved vectors for system (3) by employing the formal
Lagrangian (43) and the symmetry operator (10). For system (3),
Equation (56) becomes the following form

= 62w [0 (35) + 0, (35

+D(W) (HE ) + Dy(W) (auw

w2 Dx< )+D( )]+Dx(W2)< )

+Dy(W?) aavf

=L~ WIC( (D + 183(t)vy)

+D (W) (C81()v) + Dy(W?) (3C83(t)v)
+W2C(S1(Dux + 383(H)uy) — Do(W?) (C81()u)

—D,(W?) (5C83(t)u),

_ 1 0L AL
v =ne—w! D (55) + 0y ()]
1 0L 1
+DUW) (A ) + Dy (£

2 oL oL
=2 (D (35) + 0y (55|

+D(W2) (4£ ) + Dy(W?) (£
=nL — WIC[383(t)vx + 82(t)vy] + De(W) (3C83(t)v)
+Dy (W) (C82(1)v)

+W2C[383(ux + 82(t)uy ]
—Dy(W?) (Cé2(H)u) »

T'=1L+4+ W! 0L + w? % =71
8ut th

£ — W' (Cu) — W? (Cv),(59)

(57)

=

[}
—

(58)

— D(W?) (3C83()u)

with

w! = O — Euy — nuy — Ty,

=Q—8vy—nvy — TV

~ g ‘ 2(6 tdt[
Caseldlzxa—ic—i—y;—y—i— fsll(i) 0 +”au+"av

The Lie characteristic functions for this operator are

2 [ 81(t)dt

Wb = u — xu, — yuy — %ut, (60)
2 [ 81(t)dt

W? =v— xv, —yvy — f(sl%vt. (61)
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FIGURE 1 | Plot of invariant solution (25) with 8¢ (t) = sint, Ay =1,B1 = 4,a = B =k =1, ko = 3 att = 0. (A) Perspective view of the solution u. (B) Perspective
view of the solution v.

FIGURE 2 | Plot of invariant solution (36) with 8¢ () = 1, Cy
Perspective view of the solution v.

FIGURE 3 | Plot of invariant solution (42) with C1 = 1, Co = 2, k1 = ko = ks = 1 att = 0. (A) Perspective view of the solution u. (B) Perspective view of the solution v.

The corresponding conservation laws are = %C [2k151(t)(u1’xy + UVy — UyVy — Uy V) + k281 (2)
(UVix — Ugev) | x
+%C [Zal(t)(uxxv — UVyy) + k281 ()

" = —%C [2k151(t)(“vyy — uyyv) + kad1(2) (Ve dli thgV = vy~ thxy) = 2utt + Wt)]y (63)
(Uvay — txVy + UV — tyV) + 2(uny + vvp) | x +3C [ Su(t)dt [2Ra(uves — sy + urve — uy)
KA S e +4ky (uvy — ugyv + uv, — uyvt)]
—5C [kzé‘l(t)(uyyv — uvyy) + 281(8) 1
(g — gy — vy + sevy)] y 62) +3C k281 () (v — uvy) + 2k181 () (uyv — uwy)],
—1C [ 81(0dt [2ka(uryv — uvy — urvy + uyvy) T' = C[(uux + vv)x + (uuy + viy)y — (% +17)]
F4 UV — UVix — UpVy + Uxvy) ] —C [ 81(Ddt [2k1(uvyy — uyyv) (64)
—%C [kzél(t)(uvy — uyv) + 281 (1) (uvy — uxv)] , +2k2(”vxy - uxyV) + 2(uveye — uxxV)] .
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Case2 J, = %

The Lie characteristic functions for this operator are
W= —u, W2 = —v,. (65)

The corresponding conservation laws are

1
T = _EC [252(t)(141/yy - uny) + 83(t)
(UVxy — UnyV — Uyvy + Vi) + 2(uuy + 1), (66)
1
= iC [282(6)(uvsy — txyv + txvy — uyvy) + 83(8)
(qux - uxxv)] > (67)

T' = Cluuy + vvy).  (68)

Ny = D
Case3 J3 = 3
The Lie characteristic functions for this operator are

W= —u), W? = —v, (69)

The corresponding conservation laws are

1
T = EC [281(5)(uvyy — thayv — wxvy + uyvi) + 83(1)
(uvyy — uyyv)] ,  (70)
1
= EC [261(t)(uxxv — UVyy) — 83(2)
(Uvxy — UxyV + txVy — tyVy) — 2(uny + vvt)] , (71
T = Cluuy +vvy). (72)
~ 19
Case 4 J4 = 5.(0) 3t
The Lie characteristic functions for this operator are

1 1
= - W2 = — : 73
O 50" 73)

The corresponding conservation laws are,

1
T = EC [kz(uvty — UV + Upvy — uyvy)
F2(uvix — UV + v — V) | (74)

1
T = EC [k2(uvex — ey + upvy — uxvy)

+2k1(uvy — ugyv + uvy — uyvt)] s (75)
T"=C [kl(uyyv — uvyy)
(v — uvy) + Uy — uvy)| - (76)

RESULTS AND DISCUSSION

The Lie group method has been successfully used to establish
the invariant solutions for the vcHFSC equation. Some results
for the vcHFSC equation have been published in the literature.

Huang et al. [26] used the Hirota bilinear method and found the
bright and dark solitons to Equation (1). Peng [27] reported some
new non-autonomous complex wave and analytic solutions to
Equation (1) with the aid of the (G’ /G )method. In this article, we
constructed the trigonometric and hyperbolic function solutions
to the studied equation. Compared with the solutions obtained
in references [26, 27], our results are new. To better understand
the characteristics of the obtained solutions, the 3D graphical
illustrations are plotted in Figures 1-3.

With the Lagrangian, we find that the v¢cHFSC equation
is non-linearly self-adjoint. Furthermore, a new conservation
theorem has been used to construct conservation laws for the
vcHFSC equation. Based on the four infinitesimal generators,
we obtained four conserved vectors. It worth noting that the
conservation laws obtained in this article have been verified by
Maple software.

CONCLUSION

In this research, the infinitesimal generators and Lie point
symmetries of the vcHFSC equation have been investigated
using the Lie group method. Based on the optimal system of
one-dimensional subalgebras, four types of similarity reductions
are presented. Taking similarity reductions into account, the
invariant solutions are provided, including trigonometric and
hyperbolic function solutions. Furthermore, conservation laws
for the vcHFSC equation are derived by non-linear self-
adjointness and a new conservation theorem.
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Nonlinear Parabolic PDEs in Complex
Geometries: Using Right Triangles

Jesus Martin-Vaquero*

Department on Applied Mathematics, Instituto Universitario de Fisica Fundamental y Matematicas, Universidad de
Salamanca, Salamanca, Spain

In this paper Extrapolated Stabilized Explicit Runge-Kutta methods (ESERK) are
proposed to solve nonlinear partial differential equations (PDEs) in right triangles. These
algorithms evaluate more times the function than a standard explicit Runge-Kutta
scheme (n; times per step), and these extra evaluations do not increase the order of
convergence but the stability region grows with O(nl?). Hence, the total computational
cost is O(ny) times lower than with a traditional explicit algorithm. Thus, these algorithms
have been traditionally considered to solve stiff PDEs in squares/rectangles or cubes.
In this paper, for the first time, ESERK methods are considered in a right triangle. It is
demonstrated that such type of codes keep the convergence and the stability properties
under certain conditions. This new approach would allow to solve nonlinear parabolic
PDEs with stabilized explicit Runge-Kutta schemes in complex domains, that would be
decomposed in rectangles and right triangles.

Keywords: complex geometries, higher-order codes, multi-dimensional partial differential equations, nonlinear
PDEs, Stabilized Explicit Runge-Kutta methods

1. INTRODUCTION

Let us suppose that we have to solve a nonlinear PDE with dominating diffusion:

up = d(uzz + uzp) + f(LXyu) (X)) € QC R (1)

subject to traditional initial and Dirichlet boundary conditions:

M(O)Q_C))_}) = gl(j_(:))_/) (-’_C)}_/) € Q, (2)

and

These types of problems are very common in a large amount of areas such as atmospheric
phenomena, biology, chemical reactions, combustion, financial mathematics, industrial
engineering, laser modeling, malware propagation, medicine, mechanics, molecular dynamics,
nuclear kinetics, etc., see [1-9], to mention a few.

A widely-used approach for solving these time-dependent and multi-dimensional PDEs is to
first discretize the space variables (with finite difference or spectral methods) to obtain a very large
system of ODEs of the form

Yy =fty);  yto) =y (4)
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where y,y90 € R", t > ty, and f(t,y) takes value in R", this
procedure is well-known as the method of lines (MOL). But these
systems of ODEs not only have a huge dimension, additionally
they might become very stiff problems.

Hence, traditional explicit methods are usually very slow, due
to absolute stability, it is necessary to use very small length steps,
see [6, 7] and references therein. Therefore, these schemes are not
usually considered.

Implicit schemes based on BDF and Runge-Kutta methods
have much better stability properties. However, since the
dimension of the ODE system is very high, then it is necessary
to solve very large nonlinear systems at each iteration.

Other numerous techniques have also been proposed based
on ETD schemes (but it is necessary to approximate operators
including matrix exponentials), alternating direction implicit
methods (they have limitations on the order of convergence) and
explicit-implicit algorithms. However, in any case the number of
operations is huge when the system dimension is high.

For those cases where it is known that the Jacobian eigenvalues
of the function are all real negative or are very close to this semi-
axis, there is another option: stabilized explicit Runge-Kutta
methods (they are also called Runge-Kutta-Chebyshev methods).
This happens, for example, when diffusion dominates in the
PDE, when the Laplacian is discretized using finite differences or
some spectral techniques, then the associated matrix has this type
of eigenvalues.

These types of algorithms are totally explicit, but they
have regions of stability extended along the real negative
axis. These schemes typically have order 2 or 4 [8, 10-
16]. Recently, we propose a new procedure combined with
Richardson extrapolation to obtain methods with other orders of
convergence [17, 18], but in all these methods, these integrators
have many more stages than the order of convergence. Most of
these extra stages seek to extend as much as possible the region of
stability along the negative real axis. Regions of stability increase
quadratically with the number of stages. Thus, the cost per step
is greater than in a classic Runge-Kutta, because it is necessary
to evaluate the function in Equation (4) n; times. However, the
number of steps reduce proportionally with n?, thus the total
computational cost is reduced proportionally with #;.

These schemes have been traditionally considered in
squares/rectangles or cubes. But this makes difficult to apply
them in PDEs with complex geometries, which happens in most
of the cases. Some different strategies have been proposed to
apply them when the original domain is not a square nor a cube
(see [3-5]). They implemented stabilized Runge-Kutta methods
after using adaptive multiresolution techniques or fixed mesh
codes in space. But simulations in complex geometries constitute
a very challenging problem, see (section 4, [5]), where they stated
for their results based on adaptive multiresolution techniques
that they “will only present here 2D and 3D simulations in
simplified geometries for the sake of assessing our results and
perspectives in the field.”

As far as we know, stabilized explicit Runge-Kutta methods
have not been tested in triangles yet. For this reason, in this paper,
we are analysing how ESERK methods can be employed to solve
nonlinear PDEs in these types of regions and their convergence.

In this paper, a summary on ESERK4 methods is provided
in section 2. The major advance of our contribution is given in
section 3: it is explained how ESERK4 can be utilized for (1) when
Qisaright triangle. After some linear transformations and spatial
discretizations ESERK4 is numerically stable and fourth-order
convergence in time, and second-order in space is obtained. This
allows a new way to numerically approach parabolic nonlinear
PDEs in complex domains in the plane, which can be easier
decomposed in a sum of triangles and rectangles. Finally, some
conclusions and future goals are outlined.

2. ESERK4 METHODS

2.1. Construction of First-Order Stabilized

Explicit Methods
In [17], ESERK4 schemes were developed for nonlinear PDEs in
several dimensions with good stability properties and numerical
results in squares and cubes. The idea is quite simple: first-order
stabilized explicit Runge-Kutta (SERK) methods are derived
using Chebyshev polynomials of the first kind:

Tox) =1, Ti(x) =% Ti(x) = 2xT1(x) = Ts—2(x),  (5)
s being the number of stages of the first-order method.

If we consider

Ts(wo,s + w1,52) M4 Ts(wo,s)
Ri(z) = ——F——, wos=14+—, wy= —,
) Ty(wo.s) o 27T Ti(we)
(6)

then |Rs(z)| oscillates between —X4 and A4 (for a value 0 < Ay =
0.311688 < 1 that we will calculate later) in a region which is
O(s?), and Ry(z) = 1 + z + O(z?).

We can construct Runge-Kutta schemes with |Rs(2)| as
stability functions by just changing x = 1+ «,x (and considering
that 1, Ts(x) and x are the stability functions of Identity operator,
gs» and hf(-), and writing Rs(z) as a linear combination of the
Chebyshev polynomials, see Theorem 1 [12] for more details).

2.2. Construction of Higher-Order ESERK

Schemes

Once first-order SERK methods have been derived, they
approximate the solution of the initial value problem (4), by
performing n; steps with constant step size h; at xo + h, ie,
v, (x0 + h): = S;1, with step sizes hy > hy > hz > ... (taking
]’li = ]’l/l’l,’, n;i = 1,...,4).

Finally
—51,1 + 2452)1 — 8153)1 + 6484)1
Siq = c =
_ 64ypa(x0 + h) — 81yp3(x0 4+ h) + 24yp2(x0 + h) — yu(xo + h)
N 6
(7)
is a fourth-order approximation with
Py(z) =
—Ry(2)+24(R,(2/2))* —81(R.(z/3))* +64(R(2/4))* ®)
¢ .
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as its stability function. Additionally, we have that

|Rs(2)| + 24|Ry(z/2)|* + 81|Ry(z/3)|* + 64|Ry(z/4)|*

[Pss(2)] = :

The positive real solution of

X + 24x2 + 81x% + 64x*
6

=0.95

is A4 = 0.311688. Hence, whenever |Ry(z)] < 0.311688, then
[Pgs(z)| < 0.95. Taking jug = %, it can be checked numerically
that |Rs4(z)] < 0.311688 for z € [-s?,—1]and 9 < s <
4000, and therefore the ESERK4 methods derived in this way are
fourth-order approximations and numerically stable in a region

including [—s%,0].

2.3. Parallel, Variable-Step, and Number of
Stages Algorithm

In [17], we constructed a variable-step and number of stages
algorithm combining all the schemes derived there, with s up to
4,000. The idea is quite simple: (i) First, we select the step size
in order to control the local error; the best results were obtained
using techniques considered for standard extrapolation methods
(see Equations (8-11) in [17]). (ii) Later the minimum s is chosen
so that the absolute stability is satisfied.

Recently, we are working developing the parallel version of
this code (see [19]). Using 4 threads, CPU times are up to 2.5
times smaller than in the previous sequential algorithm. The
new parallel code also has a decreasing memory demand, and
therefore it is possible to solve problems with higher dimension
in regular PCs.

3. DECOMPOSITION OF COMPLEX
GEOMETRIES INTO RIGHT TRIANGLES

Complex geometric shapes are ubiquitous in our natural
environment. In this paper, we are interested in numerically
solving partial differential equations (PDEs) in such types of
geometries, which are very common in problems related with
human bodies, materials, or simply a complicated engine in
classical engineering applications.

One very well-known strategy, within a finite element
context, is to build the necessary modifications in the
vicinity of the boundary. Such an approach is studied in
the composite finite element method (FEM). Those methods
based on finite element are usually proposed only for linear
PDEs. FEM is a numerical method for solving problems of
engineering and mathematical physics (typical problems include
structural analysis, heat transfer, fluid flow, mass transport,
or electromagnetic potential, because these problems generally
require numerically approximating the solution of linear partial
differential equations). The finite element method allows the
transformation of the problem in a system of algebraic equations.
Unfortunately, it is more difficult to employ these techniques
with nonlinear parabolic PDEs in several dimensions, although
some results have been obtained to know when the resulting

discrete Galerkin equations have a unique solution in [20].
However, for some problems, some of these techniques are not
easy to be employed numerically, they are computationally very
expensive because they require solving nonlinear systems with
huge dimension at every step, or it is difficult to demonstrate that
the numerical schemes have unique solution in a general case.

On the other hand, Implicit-Explicit (IMEX) methods have
been employed to solve a very stiff nonlinear system of ODEs
coming from the spatial discretization of nonlinear parabolic
PDEs that appeared in the modelization of an ischemic stroke in
[5]. The authors employed an adaptive multiresolution approach
and a finite volume strategy for the spatial discretizations.
And a Strang splitting method in time, combining ROCK4, an
explicit Stalized Explicit Runge-Kutta scheme for the diffusion
part, and Radau5, an implicit A-stable method for the reaction.
These methods were previously analyzed in [3] for streamer
discharge simulations, and the authors demonstrated second-
order convergence in time. Later, they employed similar strategies
for different physical problems in [4, 21]. As the authors
state, some of these procedures are complicated except in
simple domains like squares and cubes, and only second-order
convergence in time is possible. However, there are complex
problems where nonlinear terms have potentially large stiffness,
and at the same time, it is necessary to efficiently solve the model
with small errors. This motivates to derive high-order schemes
with good internal stability properties.

In what follows we will explain a new strategy to numerically
solve the nonlinear parabolic PDE given by Equation (1) where
€2 is any right triangle, and therefore any researcher can combine
the theory (utilized with FEM) to spatially decomposed any
complex geometry into triangles (since any acute triangle and
obtuse triangle can be decomposed into two right triangles), and
later employing the method described in this paper. Additionally,
schemes proposed in this work are fourth-order ODE solvers (in
time), and numerical spatial approximations will be second-order
(although fourth-order formulae can be explored except for the
closest points to vertices).

3.1. Higher-Order Spatial Approximations
in the Triangle

Without loss of generality we can consider that our right triangle
is TR, the one with vertices (0, 1), (0, 0), (1,0). Otherwise we first
use a linear transformation of the right triangle with vertices
Py = (x1,)1), Po = (X0, )0), P2 = (X2,y2) [where (X0, o) is the
vertex of the right angle]:

(xy) = L(x,y) = (a1(x—x0) +a2(y —yo), b1 (x—X0) + b2 (y — y0))s

9)
where the parameters ay, az, b1, by can be computed easily as
_ 2=y _ X=X
ay = _De_t > a2 = Det 2 (10)
— Yon _ X=X
bl_ Det > %2 = "Det >
where
1 11
Det = | xo X1 X2 (11)
Yo 1 )2
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and it is easy to check that Det # 0 if and only the three points
are not in a line (but we always have a triangle).

The main reason of decomposing our general region 2 € R?
into right triangles (and not other triangles) is, that after this
linear transformation given by Equations (9) and (10), our PDE
given by Equation (1) transforms into the Equation

Us = Citbxx + Cothyy + f(t, X,y 1) (x,y) € Tg, (12)
subject to (traditional) initial and Dirichlet boundary conditions.
Therefore, let us first study Equation (12), together with
(13)

u(0,x,y) = gi1(x, ) (x,y) € Tg,

and

(x,y) € 3(Tr), (14)

u(t,x,y) = g2(x,y)

where 9(Tr) is the border of the triangle with vertices
(0,1),(0,0), (1,0). One positive issue is that, after the traditional
spatial discretization described below, the matrix obtained from
the diffusion term has all the eigenvalues real, and therefore
we can utilize the ESERK methods proposed in the previous
section 2.

Now, let us define the spatial discretization of our continuous
problem provided by Equation (12), the problem domain Ty is
discretized by the grid points (x;, y;), where

1
i=0,1,...,N, N=—,
h
h=Ax= Ay,

yi=ih

N —i, (15)
since x; +y =< 1.

With this semidiscretizations we will approximate uy, and u,,
at point (x;, y;) with the following second-order formulae:

Uit1j — 2Uij + Uil

3214,',1' _
= % S

9x2

9y? h?

(16)
After the linear transformation given by Equations (9) and (10),
our PDE given by Equation (1) may transform into one Equation
where one term in uy, would appear. Normally, this term can be
approximated in the square or the rectangle through the formula

82u,~,j

0xdy
CUipLjl — Mgl — Ui+ 2055 — Uiy — i1+ i1

- >

2h?
(17)

however, in Ty, we can obtain that the point (x;, y;) is in Tk, i.e.,
xi +yj < 1, but the point (xi11,yj+1) might not satisfy that
Xiy1 + yjr1 = 1, and therefore we cannot employ these finite
difference formulae if a term in u,,, appears. Fortunately, we will
check that this term cancels after this transformation [given by
Equations (9 and 10)] whenever the original triangle with vertices
(X1, 1), (X0, ¥0), and (X2, ¥2) is a right triangle and (xo, yo) is the
vertex of the right angle. This fact is explained in Figure 1. If we

2
0%uij  Uijy1 — 2ujj + Ujj

u00

FIGURE 1 | Spatial discretization in the right triangle Tg. We need to
approximate partial derivatives of u in the interior (orange points), and therefore
we have obtained in the previous steps approximations of the function in the
interior, and the points in the border (blue points), but we do not have these
values outside of Tg (red points).

9?uz,)
daxdy
obtain an approximation of u3, but this point is outside of the
T, the region of study.

In this work, we are employing only second-order
approximations in space. In other works, for example [13],
we have also employed SERK codes after higher-order
discretizations in space, but in rectangles. Normally, in
rectangles, we can use formulae similar to

would need to approximate , then it would be necessary to

321/!1‘,]' Ui + 16u,'+1,j - 3014,',]' + 161/{,'_1,]' — Uji—2j
axz 12h2 ’
i=2,...,N—2, (18)
and in the lower edge
82u1,j _ lOuo,j — 15u1,j . 4u2,j + 14“3,]' — 6u4,j + us,; (19)

ax? 12h2
However, in the triangle, again we can observe in Figure 1, that
we would need to approximate the solution in points outside Tr
before we can calculate (19) near the vertex (0, 1). Obviously, one
possible idea for the future is considering the decomposition of
complex regions into bigger rectangles in the interior, and small
right triangles near the border of the complex region where it is
necessary to solve the PDE.

Now, we are ready to understand why we chose right triangles
in the decomposition of complex regions. The main reason is,
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that simple calculations give us [after linear transformations
given by Equations (9-11)]:

uzx + Uzy = ay (al Uyx + bluxy) + by (aluxy + b uyy)

+a; (azuxx + batiyy) + ba (a2uxy + bauyy) (20)

and therefore, after this linear transformation, uzx + uj; has the
following term in uy,
(2(11 by + Zazbz) Uyy. (21)

If we change ay, az, b, and b, for their values given by Equation
(10)

Y2 —=YoXo—X2 Yo — )1 Xo— X1
aby +azb; = Det Det + Det Det 22)
which is 0 if and only if the vectors ITZFB and lToﬁ are orthogonal,
i.e., if they form a right angle at Py.

Thus, if the original triangle has a right angle at Py,
there is not a term in uy, and we can use the second-
order approximations in space, with the spatial discretization
described above. Additionally, the following theorem guarantee
that ESERK methods can be employed (with numerical stability
and good results) in this right triangle to solve the PDE
given by Equations (1)-(3) after the linear transformation given
by Equations (9)-(11) and the spatial discretization given by
Equation (15):

Theorem: Let Equations (1)-(3) be the PDE to be solved,
and © a right triangle with a right angle at Py. After linear
transformation given by Equations (9) and (10), this PDE
transforms into Equations (12)-(14), which can be discretized by
Equations (15) and (16), transforming into the system of ODEs

!/

ur Ui F(t, x1, y1, u11)

Uz U1 F(t, x2, y1, U21)
UN-21 UN-21 F(t, XN—2, Y1, UN—2 1)

uin —A iy + F(t, x1,y2, u12) ,
UN-32 UN-32 F(t, XN—3,¥2, UN—3 2)
U N-2 Uy N2 F(t, x1, yN—2, U1 N—2)

(23)
F(t, xi, yj uij) being the sum of f(t, x, y, u) at the grid points plus
the function given by the spatial discretization of the derivatives
at the boundary.

The associate matrix, A, to the terms ciuye + couy, (with
c1, 3 > 0) is real and symmetric, and therefore all the eigenvalues
of this matrix are negative and real. Hence, Extrapolated
Stabilized Explicit Runge-Kutta are numerically stable whenever
9, [F(t, x, y, u)] does not modify this type of eigenvalues (real and
negative) in the Jacobian function and s > /4At(u+ o) (n
being ;5 and o = 73). Therefore, ESERK4 methods can solve
Equations (1)-(3) with a fourth-order convergence in time, and
second in space.

Proof: It only remains to study the associate matrix A.
But simple calculations allow us to obtain that

Bn-2  Cn-—2N-3 ON—2N-4 ... ON—22 ON—21
Ch_an—3 BN-3 Cn3n-4...On-32 On 2.
A= ON-4N-2 Cy_3n_4 BNn-4
O2N—2  ON-3 B, (G
On—2  O1Nn-3 ¢, B
(24)
where B, is the square matrix with dimension i
—2u — 20 % 0 .. 0
" -2 — 20 nw 0
Bi= 0 m —2u—20 . »
n
0 0 n —2u — 20
(25)
o Id,‘

Ciy1,i = ( ) ,

0, is the i x j matrix with all the values equal 0, Id; is the identity
matrix of dimension i, u = ;—12 ando = % and therefore A is a
symmetric real matrix.

Finally, it is well-known that all the eigenvalues of any
symmetric real matrix A are real. Let us suppose that (A, v) is a
complex pair of 4, i.e., an eigenvector v = x + yi € C", where
x,y € R"and A = a + bi € Cis the corresponding eigenvalue
with a, b € R. Therefore,

0i1

Ax +iAy = Av = v = (ax — by) + i(bx + ay). (26)
Hence, equalizing real and imaginary parts, we have
Ax = (ax — by), Ay = (bx+ ay), (27)

and therefore

Ax-y=a(x-y) — b||y||2, x-Ay= b||x||2+a(x-y). (28)

In this way we can conclude that

0=x-Ay—Ax-y=b(llxl* + lyl1"), (29)
and, since ||x||? + ||y||2 #0,thenb=0andA=a€R

Additionally, since o, > 0, the Gershgoring theorem
guarantees for all the eigenvalues of A that4(u + o) < A; < 0.

Therefore, whenever the nonlinear part does not modify this
type of eigenvalues (real and negative) in the Jacobian function, a
bound of the spectral radius of the Jacobian is 4(u + o), and we
merely need to use an ESERK method with s > /4At(u + o) to
guarantee numerical stability.
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TABLE 1 | Analysis of the numerical convergence at points

p1=(txy) =(1,0.15,0.15) (top) and p2 = (t, x,y) = (1, 0.5, 0.25) (bottom) for the
ESERK4 algorithm with s = 100 with k = At = 0.2,0.1 and 0.05, and

h = Ax = Ay = 0.025,0.0125, and 0.00625.

TABLE 2 | Analysis of the numerical convergence at points

p1=(tx,y) =(1,0.15,0.15) (top) and p2> = (t, x,y) = (1,0.5,0.25) (bottom) for the
ESERK4 algorithm with s = 150 with k = At = 0.2,0.1 and 0.05, and

h = Ax = Ay = 0.025,0.0125, and 0.00625.

s =100, py k=0.2 k=0.1 k = 0.05 Temporal conv. s =150, py k=0.2 k =0.1 k = 0.05 Temporal conv.
h =0.025 2.264e_4 1.215e_5 1.595e_5 h=0.025 2.150e_4 1.228e_5 1.599%_5

h=0.0125 3.355e_4 6.364e_¢ 2.47% ¢ h=0.0125 3.235e_4 5.693e_¢ 2.132e_¢

h = 0.00625 4.430e_4 5.842¢e_5 3.109%_¢ 3.577 h =0.00625 4.401e_4 5.842¢e_5 2.625e_¢ 3.695
Spatial conv. 1.180 Spatial conv. 1.303

s =100, po k=0.2 k=0.1 k =0.05 Temporal conv. s =150, po k=0.2 k =0.1 k = 0.05 Temporal conv.
h =0.025 3.449e_4 2.709%_¢ 4.073e_s h =0.025 3.275e_4 3.657e_¢ 4.042e_5

h=0.0125 1.412e_3 8.117e_s 1.479%_5 h=0.0125 1.327e_3 7.585e_5 1.788e_s5

h = 0.00625 1.649%_3 1.975e_s5 4.536e_g 4.253 h = 0.00625 1.568e_3 1.975e_5 3.824e_¢ 4.340
Spatial conv. 1.583 Spatial conv. 1.701

4. NUMERICAL EXAMPLE

Let us now study the numerical behavior of ESERK methods in a
right triangle with one example. We will consider

(%,7) € @ C R?,
(30)

5 - -
= — (e + ) + (1= ) +£(65)

where

by, by 3
f(t,%5) =€ (sin (M) _ et) ,

5

Q is the triangle with vertices (—1,1), (—3,2), and (0,3) and
initial and boundary conditions are taken such that u(t,x,y) =
e !sin (W) is its solution.

Hence, we first consider the linear transformation given by
Equations (9) and (10),i.e.,a; = —2/5,a2 = 1/5,b; =1/5,b;, =
2/5. In this way Equation (30) transforms into the Equation

1
= (et ) + (=)’ +f(6xy) (%)) € Tr, 3D

where
f(t,x,y) = e (sin (x) — e‘)3 ,

and initial and boundary conditions are taken such that
u(t,x,y) = e 'sin (rx) is its solution.

Now, it is possible to utilize second-order approximations in
space, as it was explained in the previous section. ESERK4 with
s = 100 and 150 where considered for this numerical experiment
with different values of h = Ax = Ay and k = At. Numerical
convergence at several points was analyzed with both methods,
and numerical errors at two points [p; = (£,x,y) = (1,0.15,0.15)
and p, = (t,x,y) = (1,0.5,0.25)] are shown in Tables 1, 2.

First of all, we calculated all the eigenvalues of the matrix A
after spatial discretization. As it was demonstrated in Theorem

TABLE 3 | Analysis of the numerical convergence at points

py = (t xy) =(1,0.15,0.15), and po = (t,x,y) = (1,0.5,0.25) for the ESERK4
algorithm withs = 100 and s = 150 with k = At = 0.025, and

h = Ax = Ay =0.025,0.0125, and 0.00625.

s =100, py s =100, po s =150, py s =150, po
h =0.025 1.749e 5 3.48%_5 1.750e_s5 3.490e_5
h=0.0125 4.544e_¢ 9.593e_¢ 4.542¢e_¢ 9.575e_¢
h = 0.00625 2.086e_g 9.398e_7 2.026e_¢ 7.835e_7
Spatial conv. 1.534 2.607 1.555 2,738

23, they are real and negative, and they are inside the intervals
[—1,292,0] for h 0.025; [—5,183,0] for h = 0.0125; and
[—20,746,0] for h = 0.00625. In the three cases, the bound
4(u + o) given by Gershgoring theorem is a good approximation
for the spectral radius [4(u +0) is 1296.91 for h = 0.025, 5187.64
for h = 0.0125, and 20750.6 for h = 0.00625, less than a 1% over
the real values].

ESERK4 schemes are stable in [—s2, 0] therefore any ESERK
method with s > +/20750.6k > +/4150.2 = 64.4214 (since our
bigger k = 0.2) is stable in this numerical example.

In both Tables 1, 2, if we take k = 0.2 (also with k = 0.1), we
can observe that errors are similar with the three different values
h = 0.025,0.0125, and 0.00625 at many of the points. In this case,
most of the error is due to the temporal discretization. Actually,
in Ly norm, errors with constant k = 0.2 grow when h decrease
for the three step lengths in space, this is because there are more
points and they are close to the border.

If we take h = 0.025 constant, and we vary k = 0.2,0.1, and
k = 0.05, in general we observe that errors in most of the points
decrease between k = 0.2 and 0.1, however, if we only compare
the errors with i = 0.025, k = 0.1 and k = 0.05, errors are similar
at most points (and also in L, norm). Obviously, this is because,
with & = 0.025, k = 0.1, or k = 0.05, part of the error is due to
the spatial discretization.
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% %

0.0 00 0.0 0.0

Exact solution Numerical approximation

FIGURE 2 | Exact and numerical solutions in the right triangle Tr. Numerical approximation is obtained with ESERK4 with s = 150, k = At = 0.025,
h = Ax = Ay = 0.00625.

Therefore, it is not so easy to observe 4—th order convergence = 5. CONCLUSIONS AND FUTURE GOALS

in time and 2—nd in space. If we choose i = 0.00625, then
most of the error with k; = 0.2, k = 0.1, and k3 = 0.05is In this paper, for the first time, ESERK schemes are proposed

to solve nonlinear partial differential equations (PDEs) in
right triangles. These codes are explicit, they do not require
to solve very large systems of linear nor nonlinear equations
at each step. It is demonstrated that such type of codes
are able to solve nonlinear PDEs in right triangles. They
keep the order of convergence and the absolute stability
property under certain conditions. Hence, this paper opens
a new line of research, because this new approach will
allow, in the future, to solve nonlinear parabolic PDEs
with stabilized explicit Runge-Kutta schemes in complex
domains, that would be decomposed in rectangles and
right triangles.

Additionally, we consider that this procedure can be extended
logy, /, (%) (these values are called Spatial convergence in o tetrahedron and other simplixes for the solution of multi-
Tables 1, 2, err; being the error with 4, and err; being the error  dimensional nonlinear PDEs in complex regions in R".
with h3), we observe numerical rates in the range 1.2-1.7.

Since, part of the error with k = 0.05 is due to the temporal DATA AVAILABILITY STATEMENT
discretization, and the temporal convergence is fourth-order, let
us choose a smaller k4 = 0.025, and repeat the process with this ~ The datasets generated for this study are available on request to
length step in time. In Table 3, errors with both methods (s = 100 the corresponding author.
and s = 150), and h = Ax = Ay = 0.025,0.0125, and 0.00625
are shown at both points, p; and p;. AUTHOR CONTRIBUTIONS
Now, most of the errors are because of the spatial
discretization, and we can observe that the numerical spatial ~ The author confirms being the sole contributor of this work and
convergence rates are in the range 1.5-2.7. They suggest that  has approved it for publication.
the numerical convergence rate is 2 as it was expected from the

due to temporal discretization. Hence, calculating logy. /., <%)

(these values are called Temporal convergence in Tables 1, 2, err;
being the error with ki, and err3 being the error with k3) we can
observe numerical rates in the range 3.6-4.3 in general, which
gives us a good idea of the fourth-order convergence in time of
ESERK4 schemes.

Now, if we fix k = 0.05, and we repeat the process with h; =
0.025, hy = 0.0125, and h3; = 0.00625, we observe that between
hy and h; errors divide (more or less) by 4 which gives us a good
idea of the second order in space of the discretization proposed
for the right triangle. However, with k = 0.05, and h3 a part of the
error is due to the temporal discretization. Thus, if we calculate

previous theoretical analysis. FUNDING

In Figure2, the exact solution and the numerical
approximation obtained with ESERK4 with s = 150, The authors acknowledges support from the University of
k = At = 0025, h = Ax = Ay = 0.00625 are shown. Salamanca through its own Programa Propio I, Modalidad C2
We can check that both plots look identical. grant 18.KB2B.
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A large class of problems in quantum physics involve solution of the time independent
Schrodinger equation in one or more space dimensions. These are boundary value
problems, which in many cases only have solutions for specific (quantized) values of the
total energy. In this article we describe a Python package that “automagically” transforms
an analytically formulated Quantum Mechanical eigenvalue problem to a numerical form
which can be handled by existing (or novel) numerical solvers. We illustrate some uses of
this package. The problem is specified in terms of a small set of parameters and selectors
(all provided with default values) that are easy to maodify, and should be straightforward
to interpret. From this the numerical details required by the solver is generated by the
package, and the selected numerical solver is executed. In all cases the spatial continuum
is replaced by a finite rectangular lattice. We compare common stensil discretizations of
the Laplace operator with formulations involving Fast Fourier (and related trigonometric)
Transforms. The numerical solutions are based on the NumPy and SciPy packages for
Python 3, in particular routines from the sci py. | i nal g, sci py. sparse. |inal g,
andsci py. f f t pack libraries. These, like most Python resources, are freely available for
Linux, MacOS, and MSWindows. We demonstrate that some interesting problems, like
the lowest eigenvalues of anharmonic oscillators, can be solved quite accurately in up to
three space dimensions on a modern laptop —with some patience in the 3-dimensional
case. We demonstrate that a reduction in the lattice distance, for a fixed the spatial
volume, does not necessarily lead to more accurate results: A smaller lattice length
increases the spectral width of the lattice Laplace operator, which in turn leads to an
enhanced amplification of the numerical noise generated by round-off errors.

Keywords: numpy array, FFT (fast fourier transform), quantum mechanics, python classes, eigenvalue problems,
sparse SciPy routines, Schrédinger equations

1. INTRODUCTION

The Schrodinger equation has been a central part of “modern” physics for almost a century. When
interpreted broadly, it can be formulated in a multitude of ways [1]. Here we mainly restrict our
discussion to the non-relativistic, time independent form,

[—Aq+ V(Q)] ¥(q) = E¥(q). (1)

This constitutes an eigenvalue problem for E (there are many cases where the operator
defined by Equation (1) allows for a continuous spectrum of E-values, but this will not
directly influence the treatment of finite discretizations of such systems). In Equation (1), q
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denotes the configuration space coordinate for a system of one
or more particles in one or more spatial dimensions, and Agq
is a Laplace operator on this configuration space. V(q) is the
interaction potential, and E the eigenvalue parameter, interpreted
as an allowed energy for the quantum system.

Despite its appearance as a single-particle equation,
Equation (1) can also be used to model N-particle systems,
with q (r;,....,ry) and Aq = (c1Ay,...,cNAp). Here
each Ay is an ordinary flat space Laplace operator, and ¢ is a
numerical coefficient inversely proportional to the mass my of
particle k; this mass may differ from particle to particle. By a
suitable scaling of each coordinate ry, one can mathematically
transform all ¢ to (for instance) unity. But such transformations
may obscure physical interpretations of the coordinates, and
make mathematical formulations more error-prone.

How to solve eigenvalue problems like (1)? Fortunately
for the rapid initial development of quantum mechanics, for
many important physical cases [like the hydrogen atom [2, 3]
and harmonic oscillators [4]] it could be reduced to a set of
one-dimensional eigenvalue problems, through the separation
of variables method. Moreover, the resulting one-dimensional
problems could all be solved exactly by analytic methods. The
origins for such fortunate states of affairs can invariably be
traced to an enhanced set of symmetries. However, not every
system of physical interest enjoy a high degree of symmetry. Even
most one-dimensional problems of the form (1) have no known
analytic solution. A popular and much investigated system is the
anharmonic oscillator,

d2

|: dx?

This model has often functioned as a theoretical laboratory [5,

6], for instance to investigate the behavior and properties of

perturbative [7, 8] and other [9-12] expansions, and alternative
solution methods [13-15].

It this article we describe some attempts to simplify numerical
solutions of eigenvalue problems like (1). Our approach
relies on standard numerical algorithms, already coded and
freely available through Python packages like nunpy [16]
and scipy [17, 18]. The main aim is to automatize the
transformation of (1) to function calls accepted by the numerical
eigenvalue solvers. Within the above class of models, the problem
is completely defined by the coefficient vector (cy, ¢z, . . ., cn) and
the real function V(q). In principle, this should be the only user
input required for a numerical solution.

In practice some additional decisions must be made, like how
a possibly infinite configuration space should be reduced to a
region of finite extent, how the boundaries of this region should
be treated, and how this region should be further approximated
by a finite lattice. Other options involve selection of numerical
approaches, like whether dense or iterative sparse matrix solvers
should be used. Such decisions have consequences for many
“trivial” details of the numerical programs, but they can be
provided in the form of parameters and selectors, automatically
implemented without further tedious and error-prone human
intervention. Even many of the decisions indicated above may

+ px + sx“} ¥ (x) = Ey(x). (2)

ultimately by delegated to artificial intelligence systems, but this
is beyond our current scope.

2. AVAILABLE PYTHON PROCEDURES
FOR NUMERICAL SOLUTION

Numerical approaches to problems like those above are in
principle straightforward: The operator

H=T+V

defined by Equation (1) is approximated by a finite real
symmetric matrix

My = Mt + My

where we have introduced the symbol T = —Ag. For densely
defined matrices My there are several standard numerical
eigenvalue solvers available, like ei g and ei gval s in the
sci py.linal g package. A 10* x 10* matrix of double
precision numbers requires 800 Mb of storage space; this is
indicative of the problem magnitudes that can be handled
by dense matrix methods on (for instance) modern laptops.
That is, such computers have more than enough memory for
numerical treatment of one-dimensional problems, and usually
also sufficient memory for two-dimensional ones.

For higher-dimensional problems one may utilize the sparse
nature of My to find solutions through iterative procedures, like
the ei gsh eigenvalue solver in the sci py. sparse. | i nal g
package. This solver does not require any explicit matrix
construction of My, only a Li near Qper at or function that
returns the vector Myy for any input vector ¥. In the
representations we consider, My is always diagonal, and Mt can
be made diagonal by a Fast Fourier Transform (FFT), or some
of its discrete trigonometric variants. This opens the possibility
it to handle non-sparse matrix problems, where T is replaced
by more general expressions of F(T), by the same procedures.
For instance functions F that involves fractional and/or inverse
powers of its arguments.

3. REQUIRED PARAMETERS AND
SELECTORS

In this section we describe the additional quantities that a user
must input for a full specification of the numerical problem.
They assume that configuration space has been modeled
by a rectangular point lattice, with a selection of possible
boundary conditions.

3.1. Lattice Shape
The most basic quantity of the numerical model is the discrete
lattice approximating the relevant region of configuration space.
For rectangular approximations this is defined by the shape
parameter, a Python tuple,
(©)

shape = (s0,s1,...,54-1) »
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where each sy is a positive integer specifying the number of lattice
points in the k’th direction, and d is the (effective) dimension
of configuration space. For models with continuous symmetries
(for instance rotational ones) the effective dimension may be
chosen smaller than the physical one, by separation of variables.
Likewise, discrete symmetries may can used to reduce the size of
configuration space that this lattice must approximate.

In Python programs, quantities like the wave function ¥ and
the potential V are defined as floating point NumPy arrays of
shape shape.

3.2. Edge Lengths and Offsets

The geometric extent of the selected region is specified by its
edge lengths xe. This is a NumPy array of positive floating
point numbers,
Xe = [eo,el,...,ed_l]. (4)
A secondary quantity, derived from xe and shape is the
elementary lattice cell,
dx = xe/shape = [eo/so,e1/s15.-.»eq_1/sa-1].  (5)
The absolute positioning of the region, with respect to some
fixed coordinate system, is specified by a NumPy array of floating
point numbers,
X0 = [xo,xl,...,xd,l]. (6)
This is defined as the position of the “lower left” corner of the

selected region. The placement of the lattice points within the
region still needs to be specified, as will be discussed below.

3.3. Boundary Conditions

The restriction to finite regions of space requires imposition
of boundary conditions. For regions of rectangular shape
(generalized to arbitrary dimensions), as considered here, the
perhaps simplest choice is periodic boundary conditions in each
directions. This may be viewed as a topological property of
configuration space itself. Other boundary conditions are really
properties of functions defined on this space, as specifications of
how the functions should be extended beyond the boundary. Two
natural choices are symmetric and anti-symmetric extensions.
With a lattice approximation a further distinction can be made,
related to how the lattice points are positioned relative to
the boundary.

In this connection, it is natural to consider the cases handled
by the trigonometric cousins of the fast Fourier transform (FFT).
In the one-dimensional case the extension may be symmetric
or anti-symmetric with respect to a boundary, which is situated
either (i) at a lattice point, or (ii) midway between two lattice
points. Thus, at each boundary there is 2 x 2 matrix of
possibilities, as indicated by Table 1.

With two boundaries there are altogether 4 x 4 16
possibilities. However, the routines in sci py. f f t pack (dct
and dst of types I-IV) only implement cases where both options
come from the same row of Table 1. With the periodic extension

TABLE 1 | Individual boundary conditions covered by standard discrete
trigonometric transforms (DCT and DST).

Function extension Symmetric Anti-symmetric
Boundary at lattice point “S” A
Boundary midway between points “s” “a”

P in addition, one ends up with a set of nine possibilities in
each direction:

B={'PP,’'SS, 'SA, 'AS, 'AA, 'ss’, 'sa/, 'as’, 'aa’}.
7)
Hence, the numerical model must be further specified by a
Python tuple of two-character strings, defining the selected
boundary condition in all directions,

bc = (bo,bl,...,bd_l) (8)

with each by € B (or in an enlarged set of possibilities).

3.4. Lattice Positions. Dual Lattice Squared

Positions
When bc is given, one may automatically calculate the positions
of all lattice points

xlat = (X0, X1,...,X4-1), 9)
provided shape, xe, and X0 are also known. In Equation (9),
the property xlat is a tuple of one-dimensional arrays. For
illustration, consider the case of a 3-dimensional lattice of shape
(Sx>8y,52). Then xlat is a Python tuple (X,Y,Z), where X is a
nunpy array of shape (sy,1,1), Y is a nunpy array of shape
(1,5y,1), and Z is a nunpy array of shape (1, 1,s;). These are all
one-dimensional arrays, but their shape information implies that
(for instance) the Python expression XY automatically evaluates
to a nuNpy array of shape (s, sy, 1).

A Python function V(x,y,z), defined by an expression that
can involve “standard” functions, may then be evaluated on the
complete lattice by the short and simple expression V(xxlat).
When V depends on all its arguments, the result will be a nunmpy
array of shape (sy, sy, 57).

In general, when Fourier transforming a periodic function
f(x), where x takes values on some discrete lattice, the result
becomes another periodic function f(k), where k takes values
on another discrete lattice (the dual lattice/reciprocal space).
Modulo an overall scaling, a set of k-values (labeling the
points of some complete, minimal subdomain to be extended
by periodicity) can be defined such that f(x + a) transforms
to e’ik'“f(k). A natural choice for that minimal domain is,
in physicists language, the first Brillouin zone (this choice
may still leave a somewhat arbitrary selection of boundary
points to be included). On this subdomain of the dual lattice,
derivatives can be defined as the multiplication operators —ik.
But these operators must still be extended to the full dual
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lattice by periodicity. The common stensil expressions for lattice
derivatives correspond to the lowest Fourier components of the
(periodically extended) multiplication operator —ik.

For the other (discrete trigonometric) transformations a
complication arises, because a derivation also induces a
transposition of the boundary conditions in B. However, two
derivations in the same direction leave the boundary conditions
unchanged, and hence can be represented as a multiplication
operator q on the transformed functions. Let d; be shorthand
notation for d/dx;. The previous conclusion implies that all
operators of the form F(8§,812,...,8§_1) can be evaluated
through multiplications and fast discrete transforms,

F(33,97,...,35 ) = T ' F(q0.q1>- - -»qa—1) T~ (10)
We have implemented code that performs 7" and 7! through
a sequence of discrete trigonometric or fast Fourier transforms,
dependent on bc and the other parameters. Analogous to
the arrays xlat of lattice positions (Equation 9), one may
automatically calculate similar arrays of squared positions for
reciprocal lattice,
qlat = (Qo, Ql, ..

5 Q1) (11)

3.5. Lattice Laplacian. Stensil

Representations

Instead of relying on FFT type transforms, one may directly
construct discrete approximations (stencils) of the Laplace
operator, and similar differential operators. The simplest
implementation of a lattice Laplacian in one dimension is
obtained by use of the formula

>y

a2 Xn) A

Y (xn + 8x) — 29 (xn) — ¥ (xn — )

e .2

where dx is the distance between nearest-neighbor lattice points.
The formal discretizations error of this approximation is of order
8x?. By summing such expression in d orthogonal directions one
finds the (2d + 1)-stensil expression for the lattice Laplacian.

A more accurate approximation is the (4d + 1)-stencil,

The various ways to approximate the Laplace operator, or
more generally the kinetic energy operator, is made available
through the selector ke, whose value is currently limited to the
set of options { '2dpl us1’, ‘4dpl usl’, 'f f t k2'}. The last of
these options is discussed in section 5.

4. SIMPLE APPLICATIONS

In this section we will demonstrate some applications of our
automatic code. The main requirement is that in each case
only a set of parameters and selectors should be provided, with
no coding required by the application itself. This should be
sufficient to generate eigenvalues E, as requested, and optionally
also the associated eigenfunctions (an issue which we have not
yet tested).

4.1. Example: One-Dimensional Harmonic
Oscillator

Consider the eigenvalue problem of the one-dimensional
harmonic oscillator,

- Iﬁ,ﬁ/(X) + xZ 1/fn(x) =E, 1/fn(X). (15)

The eigenvalues are E, = 2n + 1 forn = 0,1, .. ., and the extent
of the wavefunction ¥, (x) can be estimated from the requirement
that a classical particle of energy E,, is restricted to x> < E,. A
quantum particle requires a little more space than the classically
restricted one.

For a numerical analysis we provide the parameters

shape = (128,), bc = (’a’, 'a’), xe = (25,), X0 = (—12.5),
V = |l anbda x:xx* %2,

selects the 3-stensil approximation for T (default choice), and the
dense matrix solver ei gval sh (default choice). This instantly
returns 128 eigenvalues as plotted in Figure 1. We may easily
change shape to (1024), for a much better result. The potential
for additional explorations, without any coding whatsoever,
should be obvious.

For a better quantitative assessment of the accuracy obtained

(exact)

we plot some energy differences, E, — E,, in Figure 2.

— 30¢(xy) + 16@(xy — 8f) — @(xy — 28)

d—1
— 28 16 )
Ag(xy) ~ Z ©(xn + 205) + 169(x, + 6)

k=0
Here §) denotes a vector of length |§;| pointing in positive
k-direction.
An arbitrary (short-range) position independent operator O
can in general be represented by a stensil so(b) such that

(OY) (xa) = Y _ 50(b) ¥ (xn_b)- (14)
b

When n — b falls outside the lattice, the value of ¥ (x,,_p) must is
interpreted according to the boundary conditions bc. This can
again be automatized. We have implemented an algorithm for
this, currently only for 5 of the 9 cases in B in each direction,
but for an arbitrary number of directions.

. 13
1218 (13)

This brute force method leads to a dramatic increase in
memory requirement with increasing lattice size. For a lattice
with N = 2" sites, the matrix requires storage of 4™ double
precision (8 byte) numbers. For m 13 this corresponds to
about % Gb of memory, for m = 14 about 2 Gb. The situation
becomes even worse in higher dimensions.

Assuming that we are only interested some of the lowest
eigenvalues, an alternative approach is to calculate these by the
iterative routine ei gsh from sci py. spar se. | i nal g. This
allows extension to larger lattices, as shown in Figure 3.

With a sparse eigenvalue solver the calculation becomes
limited by available computation time, which in many cases is a
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Harmonic oscillator eigenvalues
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FIGURE 1 | The 128 lowest eigenvalues of Equation (15), computed with the
standard 3-stensil approximation for the Laplace operator (here the kinetic
energy T). The parameters are chosen to illustrate two typical effects: With the
bc=(a, a) boundary conditions the harmonic oscillator potential is effectively
changed to V = oo for x > 12.5, thereby modifying the behavior of extended
(highly exited) states. The effect of this is to increase the eigenenergies of such
states, to a behavior more similar to a particle-in-box. This is visible for n = 80.
The effect of using the 3-stensil approximation for T is to change the spectrum
of this operator from k2 to (the slower rising) (2/6x)? sin(ksx/2). This is visible
in the sub-linear rise of the spectrum for N = 27.

Numerical error in eigenvalues
|

102: T T T 1
0f 8 E
1003)2‘AAAAAAA 90 |3
10-1 _ > : ° eee Il _
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FIGURE 2 | The discretizations error of energy eigenvalues when using the
standard 3-stensil approximation for the one-dimensional Laplace operator
(here the kinetic energy T). There is no improvement in Egg beyond a certain
lattice size N, because the corresponding oscillator state is too large for the
geometric region. Hence, for improved accuracy of higher eigenvalues one
should instead increase the xe, while maintaining xo = —xe /2. For the other
states the improvement is consistent with the expectation of an error
proportional to 8x2. This predicts an accuracy improvement of magnitude
212 = 4,096 when the number of lattice sites increases from N = 27 to

N = 23 for a fixed geometry. The eigenvalues are computed by the dense
matrix routine ei gval sh from sci py. | i nal g.

much weaker constraint: With proper planning and organization
of calculations, the relevant timescale is the time to analyze
and publish results (i.e., weeks or months). The computation
time is nevertheless of interest (it shouldn’t be years). We have
measured the wall clock time used to perform the computations
for Figures 2, 3, performed on a 2012 Mac Mini with 16 Gb
of memory, and equipped with a parallelized sci py library.

Numerical error in eigenvalues
1 I I

10;’: r———
104 E exact
103%—'?" — A kA gm :
1()1 = A A XX El() 3
10" k@ \AA4 E
102k ® o A a 0 3
T
105 F Vv ® o ]
-6 F v @ ]
107 F Yy o, ]
1078 log, N \ £
2
10—9 E ] | I L
8 10 12 14 16

FIGURE 3 | The discretizations error computed by the routine ei gsh from
sci py. sparse. | i nal g. For a fixed lattice size the discretizations error is
essentially the same as with dense matrix routines. However, with a memory
requirement proportional to the lattice size (instead of its square) it becomes
possible to go to much larger lattices. This figure also demonstrates (E7o) that
the error can be limited by boundary effects instead of the finite discretization
length 8x.

Wall clock computation time

104 = T T T T T T 'S AT
E Time [sec v ]
10° 3 [sec] eV A 3
102 F o' o> E
10 > ;
10°F ;
10-'F v ¥ * 3 Tooe 1D (dense) |]
- vV e
10-2E s vYVvY 1D (sparse
1g=3 ® o >>> 2D (sparse
i AAA
1074F  log, N 3D (sparse
10—5 L I I I ! | 1 1
8 10 12 14 16 18 20

FIGURE 4 | The wall clock time used to find the lowest 128 eigenvalues, for
various systems and methods. We have also used the dense matrix routine
ei gval sh to compute the eigenvalues of a 27 x 27 (N = 2'%)
two-dimensional lattice; not unexpected it takes the same time as for a 214
one-dimensional lattice. Somewhat surprisingly, with ei gsh it is much faster
to find the eigenvalues for two-dimensional lattice than for a one-dimensional
with the same number of sites, and somewhat faster to find the eigenvalues
for a three-dimensional lattice than for the two-dimensional with the same
number of sites.

Hence, the ei gval sh and ei gsh routines are running with
four threads. The results are plotted in Figure 4.

Here we have used the ei gsh routine in the most
straightforward manner, using default settings for most
parameters. This means, in particular, that the initial vector for
the iteration (and the subsequent set of trial vectors) may not
be chosen in a optimal manner for our category of problems.
It is interesting to observe that ei gsh works better for higher-
dimensional problems. The (brief) Sci py documentation [17]
says that the underlying routines works best when computing
eigenvalues of largest magnitude, which are of no physical
interest for our type of problems. It is our experience that the

Frontiers in Physics | www.frontiersin.org

n

September 2020 | Volume 8 | Article 390


https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://www.frontiersin.org/journals/physics#articles

Mushtag et al.

Numerical Solutions of Eigenvalue Problems

Time to compute k eigenvalues
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FIGURE 5 | One may think that it takes longer to compute more eigenvalues.
This is not always the case when the number of eigenvalues is small, as
demonstrated by this figure. The default choice of ei gsh is to compute k = 6
eigenvalues. For our two- and three-dimensional problems this looks close to
the optimal value, but it is too low for the one-dimensional problem.

suggested strategy, of using the shift-invert mode instead, does
not work right out-of-the-box for problems of interesting size
(i.e., where dense solvers cannot be used). We were somewhat
surprised to observe that the computation time may decrease if
the number of computed eigenvalues increases (cf. Figure 5).

4.2. Example: 2- and 3-Dimensional

Harmonic Oscillators
The d-dimensional harmonic oscillator

[~A + ] Yn(r) = En yu(r), (16)
has eigenvalues E, = (d + 2n), for n = 0,1, .. .. The degeneracy
of the energy level E, is g, = (n + 1) in two dimensions, and
& = %(n + 1)(n + 2) in three dimensions!. This degeneracy
may be significantly broken by the numerical approximation.
For a numerical solution we only have to change the previous
parameters slightly:

shape = (128,) * dim, bc = (('a’, 'a’),) * dim,

xe = (25,) * dim, xo0 = (—12.5,) * dim, (17a)

V =lambda x,y:xx 2 + y*xx2 (dim = 2), (17b)

V =Ilambda x,y,z:x**2 + yx %2+ z* %2 (dim = 3),
(17¢)

for dim = 2, 3.

As already discussed, the routine ei gsh works somewhat
faster in higher dimensions than in one dimension (for the
same total number N of lattice points). The corresponding
discretizations errors are shown in Figures 6, 7.

The discretizations error continues to scale like 8x?. This
means that a reduction of this error by a factor 22 = 4
requires an increase in the number of lattice points by a factor
2% in d dimensions. This means that is becomes more urgent

— (d—l+n).

"The general formula is g, a1

Numerical errors in eigenvalues
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FIGURE 6 | The discretization error of energy eigenvalues when using the
standard 5-stensil approximation for the two-dimensional Laplace operator.
Exactly, the states E7g and Egg are the two edges of a 13-member multiplet
with energy 26, and the state Eq, is the middle member of a 5-member
multiplet with energy 10. With the chosen parameters all states considered a
well confined inside the geometric region; hence we do not observe any
boundary correction effects.

Numerical errors in eigenvalues
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FIGURE 7 | The discretization error of energy eigenvalues when using the
standard 7-stensil approximation for the three-dimensional Laplace operator.
Exactly, the states Esg and Egs are the two edges of a 28-member multiplet
with energy 15, and the state Ejs is the middle member of a 10-member
multiplet with energy 9.

to use a better representation of the Laplace operator in higher
dimensions. Fortunately, as we shall see in the next sections,
better representations are available for our type of problems.

5. FFT CALCULATION OF THE LAPLACE
OPERATOR

One improvement is to use the reflection symmetry of each axis
(x - —x,y — —y, etc.) to reduce the size of the spatial
domain. This reduces §x by a half, without changing the number
of lattice points.

A much more dramatic improvement is to use some
variant of a Fast Fourier Transform (FFT): After a Fourier
transformation, ¥ (r) — &(k), the Laplace operator turns into
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Numerical errors in eigenvalues
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FIGURE 8 | With a FFT representation of the Laplace operator the
discretization error drops exceptionally fast with x o« N~". When it becomes
“small enough” the effect of numerical roundoff becomes visible; the latter
leads to an increase in error with 8x. The results in this figure is for a
one-dimensional lattice, but the behavior is the same in all dimensions. The
lesson is that we should make §x “small enough” (which in general may be
difficult to determine a priori), but not smaller. It may also be possible to rewrite
the eigenvalue problem to a form with less amplification of roundoff errors.

Numerlcal errors in elgenvalues

4 [T T

%82_| exact E| R N:24 ]
0] cee N=2]
1072 LA ...'.'“. vyvyv N — 26 _
10—4 _AA ..c. -
10_6 4 .0. 'v" ]
10781 s v
10—10 | o vv" i
10712 - o. v' ]
10714 [ e S et e e

10—16 Lo I I I ] ]

0 10 20 30 40 50 60

FIGURE 9 | Accuracy of computed eigenvalues for a 1D oscillator, using the
FFT approximation for kinetic energy T. This figure may suggest that an
increase in the number of lattice size N will lead to a accurate treatment of
states with higher n. Our findings are that this is not the case: The resullts for
N =27 and N = 28 have essentially the same behavior as for N = 2.

multiplication operator,
(=AY) (1) > K (k).

This means that application of the Laplace operator can
be represented by (i) a Fourier transform, followed by (ii)
multiplication by k% and finally (iii) an inverse Fourier
transform. Essentially the same procedure works for the related
trigonometric transforms.

For rectangular lattices, these options can also be
implemented as practical procedures, due to the existence
of efficient and accurate’ algorithms for discrete Fourier

2The error of a back-and-forth FFT is a few times the numerical accuracy, i.e., in
the range 107 to 107'°. with double precision numbers. However, when an
error of this order is multiplied by k it can be amplified by several orders of

Numerical errors in eigenvalues
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FIGURE 10 | Accuracy of computed eigenvalues for a 2D oscillator, using the
FFT approximation for kinetic energy T. As can be seen, a large number of the
lowest eigenvalues can be computed to an absolute accuracy in the range
10714-10"2 with a lattice of size 26 x 28. We observe not improvement by
going to 27 x 27 lattice, but no harm either (except for an increase in the wall
clock execution time from about 3 to 30 s for each combination of boundary
conditions).

Numerical errors in eigenvalues
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FIGURE 11 | Accuracy of computed eigenvalues for a 3D oscillator, using the
FFT approximation for kinetic energy T. As can be seen, a large number of the
lowest eigenvalues can be computed to an absolute accuracy in the range
10714 to 10712 with lattice of size 2 x 26 x 2%, We observe no improvement
by going to 27 x 27 x 27 lattice, but no harm either (except for an increase in
the wall clock execution time from about 6 to 95 min for each combination of
boundary conditions).

and trigonometric transforms. The time to perform the above
procedure is not very much longer than the corresponding stensil
operations. The benefit is that the Laplace operator becomes
exact on the space of functions which can be represented by the
modes included in the discrete transform.

We have coded this FFT-type representation of the Laplace
operator for the various types of boundary conditions listed in
Table 1. This possibility can be chosen as an option for the kinetic
energy selector, ke. The obtainable accuracy through this option
increases dramatically, as illustrated in Figures 8-11. As shown
in Figure 8, a decrease of the lattice length §x does not necessarily

magnitude. Hence, the range of k?-values should not be chosen significantly larger
than required to represent y(r) to sufficient accuracy.
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TABLE 2 | The 10 lowest eigenvalues of the quantum anharmonic oscillator,

calculated to high precision by the method described in [14], from the Schroédinger
. 2

equation <_§TZ + 54) Un(€) = enn(§).

n en

1.060 362 090 484 182899 647 046 016 693
3.799673029801394 168 783094 188513
7.455697 937 986 738 392 156 591 347 186
11.644 745511378162 020850373281 371
16.261826 018 850 225 937 894 954 430 385
21.238372918235940024 149711113589
26.5628471183682518 191813828 183681
32.098 597 710968 326 634 272 106 438 332
37.923001 027033985 146516378551910
0 43.981158097289730785318113752827

- © O N O 0o b 0N =

The eigenfunctions obey the (anti-)symmetry property, ¥n(€) = (=1~ ¥n(—£).

lead to a more accurate result. We attribute this to an enhanced
amplification of roundoff errors.

It might be that the harmonic oscillator systems are
particularly favorable for application of the FFT representation.
One important feature is that the Fourier components of the
harmonic oscillator wave functions vanishes exponentially fast,
like e~¥'/2, with increasing wave-numbers k®. This feature
is shared with all eigenfunctions of polynomial potential
Schrodinger equations, but usually with different powers of k in
the exponent, which quantitatively leads to a somewhat different
behavior. Furthermore, the onset of exponential decay will occur
for larger values of k? for the more excited states (i.e., with larger
eigenvalue numbers).

For systems with singular wavefunctions the corresponding
Fourier components may vanish only algebraically with k*. An
equally dramatic increase in accuracy cannot be expected for
such cases.

6. ANHARMONIC OSCILLATORS

Our general setup allows for any computable potential, by simply
changing the definition of the function assigned to V (This
does not mean that every potential will lead to a successful
calculation of eigenvalues). For demonstration and comparison
purposes, like here, one encounters the problem that the exact
answers are no longer known. This makes it more difficult
to assess the accuracy and other qualities of the code. As an
example where some instructive comparisons are possible, we
consider the two-dimensional anharmonic oscillator obeying the
Schrédinger equation,

1 & & 4 2.2, 4
3 —@—d—yz—i—x +6x7y" +y" | VE(x,y) = EW(x, ).

(18)
By construction, this problem has separable solutions of the form

WE(x,y) = Ym(€) Ya(n), with & = (x+2)/v2, n = (x—y)/v/2,
(19)

TABLE 3 | The 22 lowest eigenvalues E of the two-dimensional quantum
anharmonic oscillator, as defined by the Schrédinger equation
1(-2L - % +x* 4+ 6x2y2 +y4) WE(x,y) = E We(x, y), displayed to 30 decimals

2\ a2

accuracy.

(Px, Py) Comp E

S,S) &1+ &4 2.120724 180968 365 799 294 092 033 385
(S,A) &1+ &2 4.860035 120285577 068 430 140205 205
A,S) &1+ &2 4.860035 120285577 068 430 140205 205
S,S) &+ &2 7.599 346 059 602 788 337 566 188 377 025
S,9) &1 +e3 8.516060028 470921291 803 637 363 878
A A) &1 +ée3 8.516060028 470921291 803 637 363 878
(S,A) &2+ &3 11.2556370967 788 132 560 939 685 535 698
A,S) &0+ &3 11.255370967 788 132 560 939 685 535 698
(S,A) &1+ &4 12.705107 601 862 344 920497 419298 064
A,S) &1+ &4 12.705107 601 862 344 920497 419298 064
S,S) g3+ €3 14.911395875973476784 313182694 372
S,S) &2+ &4 15.444 418541 179556 189 633 467 469 884
AA) &2+ &4 15.444 418541 179556 189633 467 469 884
S,S) &1 +eés 17.322 188 109 334 408 837 542 000 447 077
A A) &1 +eés 17.322 188109 334 408 837 542 000 447 077
(S,A) &3+ &4 19.100443 449 364 900 413 006 964 628 557
A,S) &3+ &4 19.100443 449 364 900413 006 964 628 557
(S,A) &0+ &5 20.061 499048651620 106678048618 897
A,S) &0+ &5 20.061 499048651620 106678048618 897
(S,A) &1+ €6 22.298735008 720122923796 757 130 281
A,S) &1+ ¢e 22.298735008 720122923796 757 130 281
S,S) &4+ &4 23.289491 022756 324 041700746562 742

This equation is separable in terms of two identical one-dimensional problems, with
eigenvalues en as listed in Table 2. Hence each eigenvalues E is composed of two
eigenvalues sm, en as indicated in the second column. The reflection parities (Px, Py) listed
in the first column indicate how the wavefunctions Vg (x, y) can be chosen symmetric (S)
or anti-symmetric (A) under the reflections x — —x ory — —y.

where the factors ¥ obey a one-dimensional equation,

dZ
(s
and E = ¢, + &,. As mentioned in the introduction, equations
like the latter have been quite intensely studied in the literature.
Accurate values for the even parity eigenvalues of Equation (20)
can for instance be found in Table 1 of [9]. In Table 2, we list
the 10 lowest eigenvalues to 30 decimals precision, calculated
by the very-high-precision method described in [14]. Hence, for
practical purposes all ¢,, of interest can be considered exactly
known. This means that the eigenvalues E of Equation (18) can
also be considered exactly known. We list the 22 lowest ones of
them in Table 3. These are the values we want to compare against
the standard solution methods. The latter make no use of the
separability property of the problem, which anyway is destroyed
by the lattice approximation.
The first column of Table3 associates a symmetry
classification (Py, Py) to each eigenvalue E, or rather to its
corresponding eigenfunction Wg(x, y). Since Equation (18) are

+ s‘*) YUm(E) = m Ym(E), (20)
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TABLE 4 | Numerical calculations of the lowest eigenvalues of the two-dimensional quantum anharmonic oscillator, by various approximations and lattice sizes.

(Px,Py) Stensil (210 x 21°) “FFT” (2 x 2%) “FFT” (25 x 25) “FFT” (27 x 27)

S.9) 2.120574864327 2.121724631908 2.120724 180968 2.120724 180969
S.A) 4.859 463304 350 4.863978042739 4.860035 120276 4.860035 120286
A,S) 4.859 463 304 350 4.863978042731 4.860 035120 269 4.860 035120289
S.9) 7.597 839625245 7.580 886360302 7.599.346 064 273 7.599.346 059 599
S.9) 8.514505169411 8.443877 132728 8.516060033 426 8.516 060 028 467
(A,A) 8.514700940 122 8.466 735662572 8.516 060024 420 8.516 060028 467
(S.A) 11.252295795 135 11.091953034 554 11.255371027 420 11.255370967 792
A,S) 11.252295795 137 11.091953034 552 11.255371027 446 11.256 370967 784
(S.4) 12.702 160201238 12.713861518776 12.705107 605 729 12.705107 601 868
A,S) 12.702 160201248 12.713861518777 12.705107 605 757 12.705107 601 861
S.9) 14.905 839 565 650 16.827 495880048 14.911396413962 14.911395875970
S.9) 15.438616444914 17.044711067 731 15.444 418909 471 15.444 418541178
AA) 15.439 522 886 891 14.126 665 759 659 15.444 418063518 15.444 418541175
8.9 17.316965583 271 18.162 997 853055 17.322188195788 17.322 188109337
(A, A) 17.317 047769535 16.740653634 905 17.322187929414 17.322188 109328
(S.A) 19.091567 414142 18.071825773508 19.100 442 397 522 19.100 443 449 360
A,S) 19.091567 414 151 18.071825 773501 19.100 442397 503 19.100 443 449 361
S.A) 20.053 053 266 697 20.244253292135 20.061496254 183 20.061499 048 648
@A) 20.053053266716 20.244 253292132 20.061496254 153 20.061499 048 648
(S.A) 22.290449617 012 22.809 096 276 441 22.298 734848 064 22298735008 720
A,S) 22.290449617 033 22.809 096 276 438 22.298 734848071 22.298735008718
8.9) 23.276097 201 666 35.427 997 419504 23.289486014610 23.289491 022749

The accuracy obtained is indicated by an underscore of the first inaccurate position (when taking roundoffs into account). The first column list the symmetry types (reflection parities) of

the associated wavefunction.
invariant under reflections,
Peix—> —x or Pyiy— —y,

all eigenfunctions can be constructed to transform symmetrically
(S) or anti-symmetrically (A) under such reflections. For m < n,
such a construction is

1
V2

For m = n there is only one possibility,

U (x,y) =

n

[\/fm(i:) V() £ Yn(§) 1;[’m(n)] (21a)

lIjmm(x)}’) = Ym(&) Um(n). (21b)

By use of the properties that

Ym(—€) = ()" (&), Py:En) > —(n,€), and
Py, n) — (0,6),

we find that

U (—x,9) = £(=1)""WE(x,y), and
\Ilﬁnj;)(x, —y) = :I:\Ilﬁnﬁ)(x, ¥). (22)

and further that W, (—x,y) = Wyumx, —y) = Wym(xy).
The conclusion is that in an exact calculation the states W,,,
will be double degenerate when m # n, with parities (Py, Py)
equal to (S,S) and (A,A) when m,n are both even or both
odd, otherwise with parities (S, A) and (4, S). The states W,

are singlets with parities (S, S). The first column of Table 3 is
constructed according to these rules.

Table 4 displays the results of some standard numerical
solutions to Equation (18), “automagically” generated in the
same way as the previous treatments of the harmonic (linear)
oscillators. In the second column we show the results of
using the minimal 5-point stensil approximation of the Laplace
operator on a 1,024 x 1,024 lattice (approximating the whole
space). The resulting numerical problem is solved with the
ei gsh sparse solver. The numerical accuracy is indicated by
an underscore of the first inaccurate position, when taking
proper roundoffs into account: The exact and numerical results
are rounded off to the same number of digits, and compared;
the underscore indicates the first position where the results
differ.

As can be seen, the results are less than impressive,
taking into account the amount computational work invested.
One straightforward improvement is to utilize the reflection
symmetries of the problem to reduce the magnitude of the
problem (with the same lattice cell size §x*) by a factor 4,
or to reduce the lattice cell size 8x> (with the same problem
magnitude) by a factor 4. Another option is to use a higher order
stensil approximation like (13). However, as already discussed in
section 5, an even better option (for this class of problems) is to
use a FFT type of approximation of the Laplace operator. The
resulting eigenvalues are listed in columns 3-5, for various lattice
sizes approximating the upper right quadrant (x > 0, y > 0) of
space. For each lattice size the problem must be solved 4 times,
with symmetric (S) and anti-symmetric (A) boundary conditions
at the axesx = 0and y = 0.
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By symmetry under interchange, x <> y, we expect the
(S,A) and (4, S) to give identical results (as long as the lattice
approximation respects this symmetry). As can be seen, the
numerical results satisfy the symmetry within a numerical
accuracy of few x 107'2, regardless how close the results
are to the exact values. The degeneracy of states with (S,S),
respectively, (A, A) symmetry cannot be deduced in the same
way from the lattice approximated problem. In the infinite space
formulation the problem is separable, which in turn implies
this degeneracy. However, the lattice approximation introduces
boundaries that are non-factorizable in the (&, n)-coordinates.
This means that the problem is no longer separable in the lattice
approximation. As a result the degeneracy of the (S, S) and (4, A)
energies are split by a much larger amount, of the same order as
the difference between exact and numerical results. (In this case,
the lattice problem could be made separable by a rotation of the
lattice orientation by 45 degrees.)

We observe that even a 2% x 2% lattice with in the “FFT
approximated” Laplace operator provide almost equally accurate
results as a 219 x 210 lattice with the 5-stensil approximation.
The results from a 2° x 2° lattice seems more than sufficient
for practical purposes (say compared to experimental obtainable
accuracy), with little to be gained by further decrease of the lattice
length éx.

The computation times for the “FFT approximation” are
about 0.06, 0.8, and 75 s for respectively 16 x 16, 32 x 32, and
128 x 128 lattice sizes. For the same number of lattice points, the
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Hyperbolic System of Caputo
Time-Fractional Partial Differential
Equations With Variable Coefficients
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In this paper, we introduce a series solution to a class of hyperbolic system of time-
fractional partial differential equations with variable coefficients. The fractional derivative
has been considered by the concept of Caputo. Two expansions of matrix functions are
proposed and used to create series solutions for the target problem. The first one is a
fractional Laurent series, and the second is a fractional power series. A new approach, via
the residual power series method and the Laplace transform, is also used to find the
coefficients of the series solution. In order to test our proposed method, we discuss four
interesting and important applications. Numerical results are given to authenticate the
efficiency and accuracy of our method and to test the validity of our obtained results.
Moreover, solution surface graphs are plotted to illustrate the effect of fractional derivative
arrangement on the behavior of the solution.

Keywords: hyperbolic systems, power series, analytical-numerical methods, fractional derivatives, Laplace
transform

1 INTRODUCTION

Many natural phenomena have been modeled through partial differential equations (PDEs),
especially in physics, engineering, chemistry, and biology, as well as in humanities [1, 2]. A wide
range of PDEs can be classified under the name of hyperbolic PDEs that have the following general
form [2-6]:

u (%, 1) = a(x, tu, (6, 1) + b(x, Hu(x, t) + f (x,£),x € S, >0, (1)
subject to the following initial condition:

u(x,0) = ug (x). 2)

The equations of compressible fluid flow and the Euler equations are examples of PDEs that can
be reduced to hyperbolic PDEs when the effects of viscosity and heat conduction are neglected [6]. In
addition, many mathematical models are appearing as hyperbolic systems of PDEs that have the
following general form:

Ui (x,t) = A(x, ) Uy (x,t) + B(x, )U (x,t) + F(x,t),x € ,t >0, (3)
subject to

U (X, 0) = UO (X), (4)
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where U (x,t), F(x,t) € My, n € N are vector functions of
two variables x and t, Uy (x) € M, is a vector function of x,
A(x,t), B(x,t) € M,y, are matrix functions of two variables x
and ¢, and A (x, tp) is diagonalizable with real eigenvalues for
every (xo, ty) € J x [0,00). The system in Eqs 3, 4 is said to be
strictly hyperbolic if the eigenvalues of A(xo,t,) are all
distinct, whereas it is said to be elliptic at a point (xo, to) if
none of the eigenvalues of A(xp, %) are real for every
(.X'(), to) € X [0, OO)

In recent decades, many mathematical models have been
reformulated using the concept of fractional calculus because
they are found to reflect the phenomenon that has been modeled
in a more precise and realistic way by replacing the ordinary
derivative with a fractional derivative (FD) of the model. The
concept of fractional calculus dates back to the 17th century [7, 8]
and has recently gained considerable interest because of its
extensive use in widespread fields, for instance, engineering,
biological, chemical, and applied physics such as in nonlinear
oscillation, waves, and diffusion as we mentioned [7-13]. In fact,
from that date until now, there are many definitions of the FD.
The most popular definition is the Caputo FD that is denoted and
defined as [7, 8]

70 u(x, 1),

P J m—1l<a<m,
D =17t
~tu(X, t) { a:nu(x) 1),

1> 1 >0,
oa=m,

(5)
where m € N and J* is the Riemann-Liouville fractional integral
operator (R-LFIO) of order a > 0 with respect to ¢ >t > 0, which
is defined by
t
J,

For more details about the properties of the two previous
definitions, readers can refer to the references [7-12]. The most
useful properties that we need in this research are

]f‘u(x,t):w (t-1) u(en)dr, t>1>120.  (6)

1"([,4+1)

(=t = ——— L (t — )", -1, t2t,20, 7
]t( 0) r(‘l,l+06+l)( 0) ‘Ll> 21y 2 ()
]tlzm(t—to) , A is a constant, (8)

F(y+1) _
— L (t =) ,1,2,...,m—1
Do(t-ny = | Tp-arn W #EO oy
0 uel{0,1,2,...,m—-1}
9)
DIA=0, A is a constant. (10)

As mentioned, the definition of Caputo is one of the most
important definitions of the FD, since it was and still is an
appropriate and effective tool in the modeling of many natural
phenomena in all sciences and fields. For example, but not limited
to, the definition of Caputo has recently been used to construct a
mathematical model to illustrate the impacts of deforestation on
wildlife species [13], in a fractional investigation of bank data
[14], to model the spread of hookworm infection [15], and newly
to model and analyze the dynamics of novel coronavirus
(COVID-19) [16].

>

Hyperbolic System of Fractional PDEs

It is difficult to find exact solutions (ESs) for the fractional
differential and integral equations; for this reason, analytical and
numerical methods are usually used to find approximate
solutions (ASs) for those equations. In recent decades, many
methods have been used to find analytical and numerical
solutions for fractional differential and integral equations such
as the variational iteration method [17], the Adomian
decomposition method [18], the homotopy perturbation
method [17], the homotopy analysis method, the fractional
transform method [19], Green’s function method [20], and
other methods [21, 22].

In the last five years, the residual power series method
(RPSM) has achieved an advanced rank among the methods
used to find ASs for many fractional differential and integral
equations. It has been used in determining ESs and ASs for
many equations such as homogeneous and non-homogeneous
time- and space-fractional telegraph equation [23], time-
fractional Boussinesq-type and space-fractional
Klein-Gordon-type  equations [24], fractional multi-
pantograph system [25], space- and time-fractional linear
and nonlinear KdV-Burgers equation [26], multi-energy
groups of neutron diffusion equations [27], and other
equations. The RPSM is characterized by its ease and speed
in finding solutions for equations in the form of a power series.
In fact, the RPSM is a mechanism for finding the coefficients of
the fractional power series (FPS) without having to find a
recurrence relation that we normally obtain from equating
the corresponding coefficients in the series. The RPSM is a
good alternate proceeding for gaining analytic solutions for
fractional PDEs.

Despite all the features we mentioned about the RPSM, we will
present in this paper a major modification to the method. We use
the concept of limit at infinity instead of the concept of FD in
determining the coefficients of the power series solution (SS). As
is well known, finding an FD manually is not easy and sometimes
takes tens of minutes when it is calculated by software packages,
while calculating the limit is much easier than calculating the FD
manually and faster by compute. Indeed, the RPSM determines
the coefficients of the power SS of the differential or integral
equations, whereas the proposed technique determines the
coefficients of the expansion that represents the Laplace
transform (LT) of the solution. Therefore, we do not need FDs
during the transaction-finding process. To be able to implement
the new method, we need to provide two expansions of the matrix
functions, one to represent the solution of the equation and the
other to represent the LT of the solution. Moreover, the
convergence of the introduced expansions is studied. In fact,
the proposed method called the Laplace-RPSM (L-RPSM) was
first introduced by the authors in [28] and used for introducing
exact and approximate SSs to the linear and nonlinear neutral
FDEs. El-Ajou [29] then adapted the new method in creating
solitary solutions for the nonlinear time-fractional partial
differential equations (T-FPDEs).

Several articles are interested in providing ASs to T-FPDEs of
hyperbolic type, such as the Caputo time-fractional-order
hyperbolic telegraph equation [30], hyperbolic T-FPDEs
[31-35], the time-fractional diffusion equation [36], fractional
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advection-dispersion flow equations [37], and other hyperbolic
equations. However, a limited number of research studies
provided analytical and numerical solutions for hyperbolic
systems of T-FPDEs. Kochubei [38] presented a
numerical-analytical solution for homogeneous hyperbolic
fractional systems, and Hendy et al. [39] introduced a solution
for two-dimensional fractional systems that was provided by a
separate contrast scheme. Therefore, more research is needed in
providing analytical and numerical solutions for such systems
due to their importance in many applications as
mentioned above.

The present work aims to apply the L-RPSM to construct ASs
of a hyperbolic system of T-FPDEs with variable coefficients in
the sense of Caputo’s FD, which are given in the form of the
following model:

U@ (x,1) = A(x HUP) (x,0) + B(x, U (1, 1)
+F(x,1),0<a,f<1,x € S,t>0, (11)
subject to

U(x,0) = Uy (x), (12)

where U(“) (x,1) = DU (x,1) refers to Caputo’s time-FD of
order « of the multivariable vector function U (x, t), Uy & (x,t) =
@fU(x, t) refers to Caputo’s space-FD of order f§ of the
multivariable vector function U (x,t), and the definitions of all
terms and variables in Eqs 11, 12 are the same as those in Eqs 3, 4.

This paper is organized as follows: In Section 2, the analysis of
matrix FPS is prepared. In Section 3, the construction of FPS
solution to a hyperbolic system of T-FPDEs with variable
coefficients in the sense of Caputo’s FD is presented using the
L-RPSM. In Section 4, application models and graphical and
numerical simulations are performed in order to illustrate the
capability and the simplicity of the proposed method. Finally, the
conclusion is presented in Section 5.

2 PRELIMINARIES OF MATRIX FPS

Here, we present some definitions and theories regarding matrix
analysis and the matrix FPS, which are playing a central role in
constructing the L-RPSM solution to a hyperbolic system of
T-FPDEs with variable coefficients.

Definition 2.1. The R-LFIO of order a >0 of a matrix function
U(x,t) = [u(x, )] € Mpxk, 1<i<r, 1<j<Kk, is defined as

JU () = [Jfug ()] . x e Sotzto (13)
Definition 2.2. Caputo’s time-FD operator of order >0 of a

matrix function U (x,t) = [uj(x,t)] € My, 1<i<r, 1<j<Kk, is

DU (x1) = [Dfuz (1), x € S 121 (14)

Lemma 2.1. f m—1<a<m and m € N, then

1. DYU(xt) =
2. JEDIU(x,t) =

U(x,t),

U (x, 1) - Yo' 200 (o) >

Hyperbolic System of Fractional PDEs

Definition 2.3 Let Ay € Myx,. We say that a sequence {Ay}
converges to a matrix A € My, with respect to a matrix norm
lo 1l on My, if and only if limy_ ol Ax— Al = 0. If {A)
converges to A, we write limy_, o Ar = A.

Definition 2.4 For 0<a <1, x € J, and t > t,, a matrix power
series of the following form:

D Hy (%) (£ = £0)™ = Ho (x) + Hy (x) (£ = to)" + Hy () (£ — 1)

m=0
+...,xeJt>t,
(15)

is called a bivariate matrix FPS around f;, where t is an
independent variable and H,, (x) € M, are matrix functions
of the independent variable x called series coefficients.
Theorem  2.1.  Assume that Ul(x,t) = [u;(x,1)] €
Mk, 1<i<r, 1<j<k, such that u;(x,t) € C (I x [to, to + T))
and  D[“uj(x,t) € C(I x (to,to + T)) for 1<i<r, 1<j<k,
w=0,1,2,...,n+1, where D" =D} . D} ... D} (m-times)
and o> 0. Then,
DO (1 £)

]n+la"§\(ﬂ+1)0tU( f) = ~t (t-

(n+1)a
T((n+Da+1) fo)

Jth<E<t<ty+T. (16)

Proof. Of the operator definition in Eqs 6, 13 we have

1 ! _
(n+1)1x@(n+1)aU x.f) = J ‘- (n+1)e lg(nﬂ)a
SR G0 = e | ) y

U (x,y)dy
m(nﬂ)aU(X E) t
_~t > _ (n+l)a—1
_rumum)Jﬂty) dy

(based on the second mean value theorem for integral [4])

@t(wrl)a U (x) E)

(n+l)a
= —————(t — {, Jo<é<t<ty+ T.
F((n+1)oc+1)( o) 0s§ 0

Theorem  22. Assume that U(x,t) = [u;(x,t)] €
Mk, 1<i<r, 1<j<k, such that u;(x,t) € C(J x [to, to + T))
and  D[“u;(x,t) € C(I x (to,to + T)) for 1<i<r, 1<j<k,
m=0,1,2,...,n+ 1, where a € (0, 1]. Then,

i DU (x, to)

—t ma
I'(ma + 1) 0)

U(x,t)
@:Ml)aU(.x, 5)
I'((n+Da+1)

17)

(t—t) " fy<b<t<ty+T.

Proof. From Theorem 2.1, it suffices to demonstrate that

C f\maU(XA tO)

]t(,,ﬂ)a@t(nﬂ)zx ( t) U(x, l’) z ~ 1) (l’ _ to)ma

According to Lemma 2.1, it is easy to show that the formula is
correct for n =0 and n =1. Thus, inductively, we prove the
theorem as follows:

Frontiers in Physics | www.frontiersin.org

May 2021 | Volume 9 | Article 525250


https://www.frontiersin.org/journals/physics
www.frontiersin.org
https://www.frontiersin.org/journals/physics#articles

El-Ajou and Al-Zhour

Hyperbolic System of Fractional PDEs

values of a: (A) « = 0.7, (B) « =0.85, (C) a = 1, and (D) ES when « = 1.

FIGURE 1 | Surface graphs of the fifth AS of Uy (x,t) and U- (x,t) in Eq. 81 and the ES of U (x,t) and Uz (x,t) in Eq. 72 for a fixed value of 8 = 0.5 and different

](n+2)arh(n+2)aU( t) ]a ( (](n+1)a®(n+1 )SHU(X t))

D"V (1)

_]a<g“U(x 0= z = I'(ma+1)

"D
=i DU ()= )

m=0

(t—to)m"‘> (by Lemma 2.1)

t(m+1)aU(X,t0)

_ (m+1)a
T((mtDar1) 0 (by Eq. (7))

n+l1

=U(x,t)-U (x,t,)— Z M

T (ma+1) (t—15)"" (by Lemma 2.1)

=U(x,t)- i&(xlgo)(t

79
Thus, the proof of Theorem 2.2 has been completed.

Let us call the series (Eq. 17) the bivariate fractional matrix Taylor’s
formula (BEMTF) of the matrix function U (x, t). As any series, the

tail of the series (Eq. 17), R, (x,t) = "U(x, (s

F((n+1)zx+1)
called the nth remainder for the Taylor series of U(x,t). The
function P(x,t) = U(x,t) - R, (x, t) is an approximate function

to)(nﬂ)(x) is

for U(x, t), and the accuracy of the approximation increases as
Ru(x,t) decreases. Finding a bound for R,(x,t) gives an
indication of the accuracy of the approximation
P(x,t) = U(x, ). The following theorem provides such a bound.

Theorem 23. (The Remamder Estimation Theorem) Assume that
DY (x,8), ae (0,1] is defined on (T x (to,tg +d)). If
‘S("“)“U(x t)“ <M (x) on ty<t<d and fixed x for some matrix
norm || e ||, then the remainder R, (x, t) of the BEMTF of U (x, t) satisfies

M(x)

_ (n+1)
T((n+ a+ 1)“ o)

R (x,t) < “thst<d. (18)

Proof. The definition of the remainder of the BEMTF of
U(x,t) as in Eq. 17 is given by
SUHI){XU(X t)

Rl = e

= U(x,t)— Zn:w(t—

L T(ma+1)

t )(n+1)oc

(19)
o)™,

According to Theorem 2.2, the remainder can be expressed as

Frontiers in Physics | www.frontiersin.org

86

May 2021 | Volume 9 | Article 525250


https://www.frontiersin.org/journals/physics
www.frontiersin.org
https://www.frontiersin.org/journals/physics#articles

El-Ajou and Al-Zhour

i @T“U(X, t())

(n+1)a@(”+1)“U H=U £ —
J ¢ (x,1) (1) 2 T (ma+ 1)

h (t = to)™.

So, for ty< T <t<d, we have (20)

IR, (x5, )] = =Dy (x, 1)

= ; t _ oy (mha- 1N (n+Da
_Hr((n+1)a) L, (t-1) DU (x, 1)dr

1 ' n+l)a— n+l)a
St | e DU

1 ! _ (n+1l)a—1
Sil“((n Do) jtu| (t-1) | M (x)dr
_ M (x) ! __\(ntDa-1
T T((n+1)a) jm (t=7 dr

M (x)

_ _ (n+1l)a
_F((n+1)(x+1)(t o)™

Thus, the proof is completed.
Note that when n — oo, Taylor’s formula (17) is of the form

[ee]

Ust)=Yy

m=0

U™ (x, to)

— T (t-ty) ™, xe Lty <t<ty+ T,
F(moc+1)( o) 0 0

(1)

which can be applied throughout this work.
Finally, it is worth to mention that if « = 1, then the BEMTF
(Eq. 21) becomes

v 07U (x, ¢
U(x,t)= z#(t—%)m, foSt<t0+T, (22)
m=0 °

which is the bivariate classical matrix Taylor’s formula of a matrix
function.

Lemma 2.2. Let U (x,t) = [w;j (x,t)] € My, 1<i<r, 1<j<k,
such that u; (x, t) are of exponential orders (EOs) A;j and piecewise
continuous functions (PCFs) on J X [ty, 00), respectively. Then,

L. LUMU(x,0)] =sL[U (x,t = f)], a>0.

2. LIDTU(x,1)] =s"L[U (x,t - 1)]
—Z,ﬁi}lsa’k’la’;U(x, t), m—1l<a<m.

3. LID™U(x 1) = LU (xf  to)]
—ZZ;és(”‘k)“'lg’f“U (%, t),0<a<1.

Corollary 2.1. Let U(x,t) = [u;(x,t)] € Myxg, 1<i<r, 1<
j<k, such that u;j(x,t) are PCFs on  x [ty,00) and of EOs
Aijs respectively. Assume that U (x,t) can be represented as a
BFMTF as in Eq. 21. Then, the inverse LT of U(x,t) has the
following fractional matrix expansion (FME):

& U (x, ¢
[U(x,s)=e"°52$,0<a£1,x68,5>1, (23)
n=0

where A =minA;, 1<i<r, 1<j<k, which can be applied
directly throughout this work when f, = 0.

Hyperbolic System of Fractional PDEs

TABLE 1 | Values of ||RESg (x,1)]| for different values of a.

x, 1) a=0.6 a=038 a=1.0
(0.0,0.0) 0.000000 0.000000 0.000000
(0.2,0.2) 3.5563 x 1038 1.6882 x 104 7.6648 x 10-°
(0.4,0.4) 4.8228 x 1072 5.1980 x 103 53168 x 104
(0.6,0.6) 2.2559 x 107" 3.9524 x 1072 6.5249 x 1073
(0.8,0.8) 6.8021 x 107" 1.6888 x 10! 3.9295 x 1072
(1.0,1.0) 1.6103 x 10° 5.2523 x 1071 1.5995 x 10~
TABLE 2 | Values of RES; (x, 1) for different values of a.

(%, 1) «a=06 «=08 a=10
(0.0,0.0) 0.000000 0.000000 0.000000
(0.2,0.2) 9.6895 x 1074 2.6675x107°° 6.82732 x 1077
(0.4,0.4) 1.9432 x 102 1.3932x 1073 9.2535 x 107
(0.6,0.6) 1.1395x 107! 1.4361 x 1072 1.6690 x 10-2
(0.8,0.8) 40283 x 107" 7.5982 x 1072 1.3162 x 1072
(1.0,1.0) 1.0780 x 10° 2.7858 x 107" 6.5901 x 1072

Theorem 2.4. Let U(x,t) = [u;(x,t)] € Myxg, 1<i<r, 1<
j<k, such that u;(x,t) are PCFs on X [ty,00) and of EOs
Aijs respectively, and U (x,s) = L[U (x,t)] can be represented as
the FME in Eq. 23. For some matrix norm |e|, if
Hse‘t“[l[@f"”)“U(x, t)” <M(x), 0<a<l, on Ix (Ay] and
at a fixed point x, then the norm of the remainder of the FME in
Eq. 23 satisfies

(x)

M
||Rn(x,5)||Sm

,x €S, A<s<y. (24)
Proof. As it is assumed in the text of the theorem, suppose

that

|| se7 E[@f"“)“w(x, t)] [[SM(x), x €S, A<s<y.  (25)
As in Eq. 19, the remainder of the FME in Eq. 23 is
e DU (1)
Ru(69) = Ulas) —e ™) 5= (26)

k=0
Multiplying Eq. 26 by s'* ("D we get

n
Sl+(n+1)aRn (X, S) — sl+(n+1)a[U (x’ S) _ e—t(,szs(nﬂ—k)a@faU(x’ tO)
k=0

n
= se_"’s(s("“)”‘[:[U(x, t—ty)] - Zs("“-k’“-l@f“U(x, t0)>
k=0
=se L[D"U (x,1)].

Thus, it follows that (27)

se™o
Sl+(n+1)oc

R (x,5) = L[D"U (x,1). (28)

Finally, for 0<A <s<y and fixed x, we have

Frontiers in Physics | www.frontiersin.org

87

May 2021 | Volume 9 | Article 525250


https://www.frontiersin.org/journals/physics
www.frontiersin.org
https://www.frontiersin.org/journals/physics#articles

El-Ajou and Al-Zhour
1R ()11 = lse = £[D" U (x, p)]|
M(x)

= gl+(ntDa’

1+(n+1)oc

(29)

Thus, we reach the end of the proof.

3 APPLYING THE L-RPSM TO THE
HYPERBOLIC SYSTEM OF T-FPDES

In this section, we construct an AS to the hyperbolic system of
T-FPDEs with variable coefficients given in Eqs 11, 12 by using
the L-RPSM. To achieve it, firstly, we apply the LT on both sides
of Eq. 11, and use Lemma 2.2, and Eq. 12; then, we have

-1 B -1
Us) - Us (x) . L[LT[A(x,9)] az (L' U 9)]
) (30)
E[E [B(x, szlﬁ [U (x,9)]] stat € Ss5150,
where U(x,s) = L[U(x,1)](s), A(x,s) = LIA(x,1)] (),
B(x,s) = L[B(x,t)](s), and [F(x,s) = L[F(x,t)](s). Let the
solution of Eq. 30 have the following FME:
U(x,s):iHﬁ(x),xGS,sw\ZO, (31)
ot sl+ma
where H,,(x) = U,(m"‘) (x,0) € My, m=0,1,2,..., 0<ac<l,

and A(x,t), B(x,t), and F(x, t) have a BFMTF.

Of course, treating with a finite series is acceptable more than
an infinite series. For this reason, the L-RPSM deals with a finite
series while calculating coefficients of the SS. So, we express the
kth truncated series (kth TS) of U (x,s) as follows:

H,, (x)

sl+ma

Uk (x,5) = UOT(x) Z (32)

m=1

To apply the L-RPSM for determining the coefficients H,, (x),
m=1,2,3,...,k, in the kth TS in Eq. 32, we define the so-called
residual matrix function (RMF) for Eq. 30 as
Us(x) L[L£7IA (913 (

s

LU (x9))]

RMEF (x,s) = U (x,s) —

LILBx)IL U] Fxt)

,X€J,s>1>0,
s* s*

(33)

and the kth residual matrix function (RMFy) of the style form

Us(x) L[L7TAx9)10 (L7 [Ur (x:9)])]

RMFk (X,S) = [Uk (.X,S) - s
LIL [Bs) L [Ue(x9)]]

” ,X€ES,s>A>0.
s

F(x,t)
SOt
(34)

The main idea of the L-RPSM can be shown in the following
clear facts related to the RMF and RMF:

Hyperbolic System of Fractional PDEs

1. limg_, oo RMFg (x,s5) = RMF(x,s), x € S, s>A>0
2. RMF(x,s)=0€M,,x€l,s>A>0
3. RMEF(x,s) has an FME. So, we can express it as follows:

RME (9= 3 — N, [H; ()]

=1 Sl+mzx

,i€{0,1,2,...,m—1},
(35)

where N,,, m=1,2,3,.
operators £ and Bﬁ.

.., are operators depending on the

4. Thus, H,, (x) — N,y [H; (x)] = 0 € My, for m=1,2,3,...
and i €{0,1,2,..., m—1}.

5. RMFy (x,s) isnot a TS of the expansion of RMF (x, s), but it
is obtained by substituting Uy (x, s) into Eq. 35. So, it takes
the following form:

r H,(x)-N,[H (x & N |H;(x)
RMFk ('x’ S) = zm:1 ( ) 1+mo¢[ ( )] z I;Jrnia ]
S m=k+1 s
(36)
where j€{0,1,2,..., k}, ief{0,1,2,..., m—1},

Ny m=k+1,k+2,...,n are operators, and NV, [H; (x)] #0.

6. Using the following fact determines the unknown
coefficients Hi(x), k=1,2,3,..., in the FME (Eq. 31):

limﬁoo(s“k"‘RMF (x, s)) = limﬁoo(s“k“RMFk (x, s))
= Hi(x) - Ne[Hi(x)] =0, k=1,2,3,..., i€{0,1,2,..., k—1}.
(37)

Now, to find H;(x), in Eq. 32, substitute the 1st TS,

Uy (x,8) = M HS‘ M) into the 1st RMF, RMF, (x, s), to get
H - N, U, U, H
R, (. = PO NG Nl 9]
an [Us (x), H, (x)]
sl+n1a

(38)
Multiply Eq. 38 by s'** to obtain
N> [Us (%), H, (x)] .

sYRME, (x,5) =
Sa

H,y (x) = Ni [Up (%)] +

an [UO (x))Hl (.X)]
s(m-Da :

(39)

Compute the limit to Eq. 39 as s — 00, use the fact in Eq. 37, and
solve the new obtained equation for H; (x) to have

Hy (x) = N [Up (%)]. (40)

Similarly, to determine the second unknown coefficient in
Eq. 32, H, (x), we substitute U, (x, s) = Y g")) + Hs‘l(j)) + Hsﬁfz’?) into
RMF, (x, s) to get
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RME, (x, ) = 7209~ N2 [Uo (), Hy (2)]

51+2a

N N[y (x), Hi (x), Hy (%)]

51+31x

+ an [Us (x), Hy (x), H, (x)]

sl+nzot

(41)

+ ...

Multiply Eq. 41 by s'*?* and compute the limit at infinity for
both sides of a new obtained equation, according to Eq. 37, to
have

H, (x) = N2 [Up (x), Hy (x)]. (42)

In general, to determine the nth unknown coefficient in
Eq. 32, H,(x), we substitute U,(x,s) = @ + %4— Lot
Hg’{fjf)) into RMFy (x, s) for k = n, re-multiplying both sides of
the new obtained formula by s'*"*, and use the fact in Eq. 37
to obtain

Hn (x) = Nn[UO (X),H1 (X), . ~’Hn71 (x)] (43)

This procedure can be repeated for the required number of
FME coefficients representing the solution of Eq. 30. Therefore,
the kth approximation of the solution of Eq. 30 can be
represented as the following finite series:

Uy (x,5) = UoS(X) +N1 [Sli)l(x)] NZ[UOE;):lHI (%)] +

. Ni[Up (%), Hy (%), - - -, Hi-1 (x)]
ska+l :

(44)

If we act the inverse LT on both sides of Eq. 44, then we obtain
the kth approximation of the solution of the initial value problem
(IVP) (Egs 11, 12), which takes the following expression:

U (_x S) _ Us (X) N; [UO (X)]m N, [Uo (.X),H1 (x)]+2a
T T(1+a) T(1+2a)
+ N [Up (%), Hy (%), ..., Hiq (x)]tka
(1 + ka) :

(45)

4 APPLICATIONS AND NUMERICAL
SIMULATIONS

To test our proposed method, we present in this section four
interesting and important applications. The first three
applications are prepared so that the ES is already known,
while the last application is prepared without knowing the
solution in advance to test the predictability of the solution or
obtain a suitable AS.

Application 4.1. Consider the following homogeneous
hyperbolic system of T-FPDEs with variable coefficients:

U (x,t) = A(x, hUD (x,t) = B(x,)U (x,£) = 0,

0<a<l,xeNR, t>0, (46)

subject to
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U(x,0) = (’f) (47)
where
1
t“x  —
2x
A (x, t) = >
t3a
X —
2x
t4txx - _tZa
B(x,t) = | po 4 paxt  oxT (1 + 20) , )

x @ T(+a
and the ES is U(x,t) = < 1 +;C2mx2 >

To obtain an FME solution for this application using the
L-RPSM, transform Eq. 46 to the Laplace space as follows:
U0 L[LTA® (LU 9)])]

s

50(

U (x,s)

. ) (48)
LILB)L U] _

S(X

0, xR, s>1>0.

Let the solution of Eq. 48 have a form of the FME as in Eq. 31.
According to the condition in Eq. 47, the first coefficient of the

FME in Eq. 31, Hy (x) = U (x,0) = ( )16 ) Therefore, the kth TS of
Eq. 31 takes the following expression:

k
Uk (x,5) = <T>§+ ZH”’(X)

slma
and the kth RMF of Eq. 48 is
1 LILT A9 (L7 Uk (x9)])]

,0<a<1l,x€R,s>1>0, (49)

RMF; (x,5) = Ug (x,5) — (x)
1)/S s¢
CL[LTB 9] L7 [Ug (,9)]]

,XENR,s>A1>0.
S(X

(50)

)

into the Ist

To find the first unknown coefficient H; (x) =

X \1
1>?+

RMEF to get the following abbreviated expression:

(huoc)) 1 ( 0 ) P
RMFI (X,S)Z v + Toza
hi(x) /3 hi(x)-T(1+2a) ) $

i1 (%)
hiz (x)
H, (x)

Slﬂx >

Eq. 49, we put the 1st TS, U; (x,s) = <

1+ i (x)
. I(1+a) F(1+2a)+< hia (%) > I'(1+3a)
4 xhy (T (1+20) st —hyy (x)x° )T (L+a)st+e

x [ (1+a)?

) xhyy (x)
B X F(1+4oc)_ m F(1+50c)_ I'(1+6a)
0 slisa Sl+6a hii (0) | T(1+a)st7e
1 X

(51)

Multiply Eq. 51 by s!'** to obtain
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( by (%) ) ( 0 >x2
s RMF, (x,5) = + i
i (%) hyy (x)-T (1+2a) /5

+h11(x)
. [(1+a) I‘(1+2(x)+< his (x) )F(l+30¢)
4 Xhu ()T (1+20) s ~hy (0)x° JT (1 +a)s™

X [(1+a)

) xhyy (x)
B X F(1+4oc)_ m F(1+50¢)_ I'(1+6a)
0 sta L h11 (x) T ( 1 +a)360t'
1 X

(52)

Take the limit at infinity for Eq. 52 and use Eq. 37 to get

_ hyy (x) _(0
H, (x) = (hn (x) ) = (0 ) (53)

Similarly, we can obtain the second unknown coefficient in Eq.

49, H, (x) = ZZ Eg . Substitute U, (x, s) = ch Ly Ijzfz’;) into

RMF, (x, s) to get the next summarized expression of the second

RMF of Eq. 48:
T(1+2a) 1
n _—
hy (x)-x'T (1+2a) /5"
T(1+3a) (% =h2(X)\ T(1+4a)
xhy; (%) s Chy (x) JT(1+2a)s1
T(1+a)

0
0\T(1+5a) [ *hu(x)\ T(1+6a) I(1+7a)
- 1 Svea 0 T(L+2a)st7e | o (%) )T (1+2a)s" 8
x

(54)

RME, (x,5) hay (x) 1
X,8) = —
’ By (x)=x°T (1+2a) ) S

hy (x)
I'(1+2a)

+

Multiply Eq. 54 by s'*?%, apply the limit at infinity of the
obtained equation, and use Eq. 37 to get

_ b (%) _ 0
H, (%) = <h12 (x)> = <x2r(1 +24) > (55)

If we repeat the previous procedure for k = 3,4, . . ., we can see that

Hk(x):(g),fork=3,4,.... (56)
So, the ES for Eq. 48 will be as follows:

v d(5) ()

If we apply the inverse LT on Eq. 57, then the SS of the IVP
(Eqs 46, 47) will take the following form:

Ul(x,t) = <’lc>+<)?2)t2"‘, (58)
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which coincides with the ES.
Application 4.2. Consider the following non-homogeneous
hyperbolic system of T-FPDEs with variable coefficients:

Ut(“) (x,t) + A(x, t)Ux(l) (x,t) + B(x,t)U (x, 1)
=F(x,t),0<a<1l,x € R, t>0, (59)

U(x,0) = <fz ) (60)
where

X t* t* X
A(x,t)= , B(x,t) = ,
2+ 0 0 2x+1%

C+eT(1+a)+ (2+€)xt™ + (x+ )t

subject to

F(xt)= T(1+2a)

I'l+a)

According to the construction in Section 3, the LT of Eq. 59
can be represented by

0 -1 o
U(x,s) - < 5 >%+£[£ [A(x’s)]iz([,
X

. LILTBx)IL U] F@xt)
s« s
The kth TS of the FME of the solution of Eq. 61 has the
following form:

1 &H,
[Uk(x,s)=<)?2>—+z (x),0<ocs1,x€2R,s>/\20,

2x3+<2 e+ >t°’+ (2+x)xt%% + &% 4 1

U (x,9)])]

(61)

s ~ Sl+ma

(62)

and the kth RMF of Eq. 61 is

RMF; (x,s) = Uy (x,5) —< 02 )l

x*)s

LILA(x,9)]9, (L7 [Uk (x,9)])]
sa

. L[L [B(x,s)s]aﬁ' (U (x,9)]] _[F(azt,l‘),xE R, 55150,
(63)

So, to set the first unknown coefficient of Eq. 62, substitute
U, (x,s) into s""*RMF (x,s) to get

hll (x) - Xr(l +06))

s"“RMF, (x,s) = < s ()
12

. xhy, (x) —4xT(1 + ) — xe"F(1+a)>

2xhy; (x) = 2x€'T (1 + a) = T (1 + 2ax)

11()
( T(+a | [A+20)
S2oc
[ 0\I(1+4a)
1 sl

(64)

I'(1+3a)
by (x) o oga
F(1+oc)
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and use the result in Eq. 37 to obtain

fhu()\ _[€T(Q+a)
a= (1) =(T00)
Again, substitute U, (x, s) into s"*2*RMF; (x, s) to get
h
$1+20tRMF2 (x, S) — < 21 (x) >
hzz (x) - F(l + 206)
. xhy (x) —xTC(1+2a) \ 1
2xh22 (X) - 2xF(1 + 206) s*
hz] (x)F(l + 306)
_ w I'(1+2) (66)
SZa
0
0
I'(1+4a)
B T O e
I'(l+2a)
According to the fact in Eq. 37, we have
_f hu()\ _ 0
H (x) = <h22(x)) _<F(1+2(x)>' (67)

Similarly, anyone can check that Hi(x) = 0, for k= 3,4,.. ..
So, the ES for Eq. 61 can be expressed as

0\1 1\e'T(l+a) 0\I'(1+2a)
U(x’s)=<x2);+<0>T+<l>s“T'

Thus, the FME solution of the IVP (Egs 59, 60) would be as

follows:
_ 0 ex o 0 2a
U(x,t)—(x2)+< 0 >t +<1>t ,

X 0
which is identical to the ES U (x,t) = <x2e+t pa >

(68)

(69)

Application 4.3. Consider the following non-homogeneous
hyperbolic system of T-FPDEs with variable coefficients:

U® (x,1) + A H UL (0, 1) + Bx, U (x, 1)
=F(x1),0<a,pf<], xe R, >0,

0
)

B o
A(x,t):<)i) }?ﬂ)’ B(-x)t):(tla tl >’

I'(+2
P E, (1) + | 1 + 14 + I +2e t*Eg(x")
I'l+a)

(70)
subject to

U(x,0) = < (71)

where

F(x,t) = ,

(2+ T (1+ P))APEq () + £°Eg(x*)
and the ES is

Hyperbolic System of Fractional PDEs

)

where E,(t) is the Mittag-Leffler function defined by the
following expansion [40]:

£ Eg(x)

XPE, (%) (72)

U(x,t)=<

0 tm

Eo(t)=)

m=0

I'(1+ma) 73)

Mathematica 7 software has been used through a low-RAM PC for
obtaining all numerical calculations and symbolism. Since the Mittag-
Leftler function is an infinite expansion, it was difficult to perform the
calculations using the Mittag-Leffler function as it is. For this, the fifth
truncated series of the expansion in Eq. 73 was used throughout the
calculations.

Like the previous applications, transform Eq. 70 to the
Laplace space using the initial condition in Eq. 71 to read as follows:

Uy() LIL7A (%910 (L7 [U (x,9)])]
N

[U(X,S)— p
. LIL[Bx)]L" U (xs)]]
SZX
—Ma’t): 0,0<a,fB<l, xeR,s>1>0.

s
(74)

Let the solution of the algebraic equation (74) has an FME as
in Eq. 31. Then, the kth TS of the FME of U (x, s) can be given by

0\l <&
2)ir2

m=1

H,, (x)

sl+mzx

[Uk(x,s)=< ,0<a,f<L,xeR, s>1>0,

(75)
and the kth RMF of Eq. 74 is given by

0\1
RMF; (x,s) = Ui (x,s) — (x’s );
N LIL7 A (x, 9]0, (L7 [Uk (%, 9)])]

Szx
LILT[B(x5)]L " [Ug(x,9)]]

s«

(76)
+

_ F(x,t)
s

x€R,s>1>0.

Now, to determine H; (x) in Eq. 73, we substitute U, (x,s) =
(}?ﬂ )%+ O into Eq. 76 for k=1, and multiplying the

1+«

obtained equation by s'** gives the following formula:
Hi, (x ;0 ﬁ)

Lia by (x)
s TRMF, (x,s) = <h12 () A + -
N His (x; 0, B) . His (x; 0, B) . His (x; , B)

Ssz 530¢ S4oc
His(x;08)  Hiz (x50, )
+ + s
SSa séa

(77)
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where Hy;(x; a, B) € My, j=1,2,...,7, are vector functions
free from s. So, according to Eq. 37, we have

hu(x)\_( 0O
by (x) “\A )

Using the same previous approach, we find the following
vector coefficients of Eq. 75:

H, (x) = < (78)

B
Hy(3) = (m +205,(x) >
X
0
H3 (x) = <xﬁ >>
0
Hy(x) = (xﬂ >,
(0
H;(x) = .t (79)
So, the fifth AS of Eq. 74 can be written as follows:
0\1 0) 1 T (1 + 2a)Eg(x* 1
U5(X,S)=<xﬁ>s+<xﬁ>sl+a+< xﬁ ( ) ﬁ
0 1 0 1 0 1
(8)a (o) (e @

Transforming the AS in Eq. 80 to the t-space by the inverse
LT, we get the fifth approximation of the solution of the IVP (Eqs
70, 71) as follows:

0 0 *
Us(x;t) = <xﬂ ) + <x‘g >7r(1 +0()

. (F(l + Zoc)El;(xﬁ) > 12
xF I'(1+2a)
0 t3ot 0 t4o¢ 0 tSzx
* (xﬁ)r(1+3a)+ <x">r(1 +4a)+<xﬂ>r(1 5 &V

Obviously, there is a pattern between the terms of Eq. 81 that
gives us the ES as in Eq. 72.

The mathematical behavior of the solution of the IVP (Eqs
70, 71) is illustrated next by plotting the three-dimensional
space figures of the fifth approximation of the two
components of the vector solution in Eq. 81 for different
values of & and a fixed value of 8 = 0.5. Figures 1A-C show
the fifth AS, (U;)s(x,t) and (U)s(x, t), when a = 0.7, a = 0.85,
and «a =1, respectively, on the square [0,1] x [0,1].
Figure 1D shows the ES expressed by Eq. 72 for a = 1.

Figures 1C,D show that the fifth AS of the IVP (Eq. 70, 71) is
excellent compared to the ES, as well as in the previous cases,
which have not been documented in order not to increase the
numbers of graphs. It is known that, by increasing the number
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of terms in the series, the accuracy of the solution increases and,
thus, the error of solution reduces; therefore, we can reduce the
error of the solution by calculating more coefficients of the FME
solution as in Eq. 31.

In the next application, the ES is unknown. Therefore, we are
trying to find the ES or an appropriate approximation of the
solution.

Application 4.4. Consider the following non-homogeneous
hyperbolic system of T-FPDEs with variable coefficients:

U (x,1) = A(x, UL (x,1) = B(x, U (x, )

=F(x,t),0<a<1l,x € R, t>0, (82)
subject to
U(x,0) = (xe” > (83)
where
~ 0 —e (e + (x—1)E, (1) + (1+2)19)
A(x’t)_<1"(1+oc)—e"x—t"‘x 0 )’
B(x,1) = (to i) F(xf) = ("E“O(t )>.

Similar to the previous applications, the LT of Eq. 82 is
given by

U(x)s)—<x;1>1 L[L7 A (x, 9]0, (L7 [U (x,9)])]
LILBEL U] Feob)

Sa
=0,0<a<l,xeR,s>1>0,

S(X

SDZ
(84)

the kth TS of the expansion of the solution of Eq. 84 is given as

x+1\1 d Hm(-x)
Uy (x,8) = < o >;+ Z e O<a<l,xeR, s>A>0,
(85)
and the kth RMF of Eq. 84 is given by
RME; (x,s) = [Uk(x,s)—<’“;1>l
€ s
L[ F 910, (£ [Un (x:9)])] (56)
50{
-1 -1
LILT[Bx9)] L7 [Uk(x9)]]  F(x, t)’ r e R s>A50.
s« s*

According to the fact in Eq. 37, we can create, successively, the
following first eight coefficients of the expansion in Eq. 31 for this
application:
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1
Hl(x):< >>
I'(l+a)
<1+F(1+a))
H, (x) = >
0

+I‘(1+2a)

H, (x) = I'(l+a) ,

)
1+(1+l"(1+oc))1"(1+30c)

H, (x) = T(1+2a)
)
1+(l"(l+oc)+l"(1+20¢))r(l+40c)

Hs (x) = T+l (1+3a) )

0

1 TQ+2a0)+ (1+T(1+a)T'(1+3a))I(1 + 5a)
( * T(1+2a)T (1 + 4a) )

0

1 TA+a)(1+3a)+ (F(1+a)+T(1+2a)I(1+4a)l(1+6a)
H7(x)_( * T(1+3a)T (1 + 5a) )

0
(87)

Thus, the seventh AS of Eq. 84 has the following expression:
_ H, (x) + Hi(x) Hy(x) Hs(x) Hi(x) Hs(x)

U7 (x,5) sl+a sl+2a sl+3a sl+a gl+5a
Hs(x)  Hy(x)
sl+6a sl7a
(88)
so the seventh AS of the IVP (Eqs 82, 83) can be expressed as follows:
e 2a
U, (x,t) = H H - + H -
7 (%, 1) o(x) + l(x)l"(1+oc)+ Z(x)l"(1+2¢x)
3a
+ Hy(x) ————
+() I'(1+3a)
4o Sa t6zx
+Hy(x) —————+ Hs(x) —————+ Hg(x) —————
O ram T B a0 T Y06
t7a
+ H. R 89
"I 7w (89)

To test the AS in Eq. 89, we need to find the norm of residual
error vector (RES (x, t)) for different values of # and x in the region
[0,1] x [0, 1], where the residual error vector is defined by

RES, (x,1) = (Un),” (x,1) = A(x, £) (Un)" (x. 1)
— B(x, U (x,1) - F(x, 1), (90)

and the Frobenius norm is chosen for error analysis and
defined by

Hyperbolic System of Fractional PDEs

J

U e, 0)ll = <Z |uij(x,t)|2>, U(x1) = [uy (x,1)] € M.

-

(o1

Tables 1, 2 show the values of ||RES¢ (x, t)|| and ||RES; (x, t)||,
respectively, for different values of a. The data in the tables indicate
that the norm of the residual error of the obtained AS decreases as
(x,t) > (0,0) as well as when a— 1. This indicates that the
convergence of the BEMTF in Eq. 17 depends on t,x, and « as
illustrated in Theorem 2.3. As we know, we can reduce the error in the
FME solution as we increase the number of terms of the expansion. As
we can see from the data in Tables 1, 2, the seventh approximation is
more accurate than the sixth approximation. Anyway, it can be said
that the L-RPSM is good at providing an accurate AS of a hyperbolic
system of T-FPDEs with variable coefficients.

5 CONCLUSION

We have found that the ES for the hyperbolic system of T-FPDEs
with variable coefficients is available if the solution is a linear
combination of power functions or if it is a composite of an
elementary function and a power function. In case the ES is not
available, a good approximation of the solution can be obtained. The
L-RPSM is an effective, accurate, easy, and speed technique in
obtaining the values of coefficients for the SS. Through this work,
we have presented a solution that may be missing for this kind of
problem and we have opened the way for researchers to provide other
ways to solve this class of equations. Moreover, the newly proposed
technique can be used to construct many types of the ordinary or
partial DEs of fractional order such as Lane-Emden, Boussinesg,
KdV-Burgers, K (m, n), Klein-Gordon, and B(l, m, n) equations.
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