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MHD williamson nanofluid flow
in the rheology of thermal
radiation, joule heating, and
chemical reaction using the
Levenberg–Marquardt neural
network algorithm
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Fehmi Gamaoun4, Yousef Ibrahim Daradkeh5 and
Mansour F. Yassen6,7*
1Department of Mathematics, Abdul Wali Khan University Mardan, Khyber Pakhtunkhwa, Pakistan,
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Engineering and Technology, Future University in Egypt, NewCairo, Egypt, 4Department ofMechanical
Engineering, College of Engineering, King Khalid University, Abha, Saudi Arabia, 5Department of
Computer Engineering and Networks, College of Engineering at Wadi Addawasir, Prince Sattam Bin
Abdulaziz University, Al-Kharj, Saudi Arabia, 6Department of Mathematics, College of Science and
Humanities in Al-Aflaj, Prince Sattam Bin Abdulaziz University, Al-Aflaj, Saudi Arabia, 7Department of
Mathematics, Faculty of Science, Damietta University, Damietta, Egypt

Various studies have been conducted on the topic of predicting the thermal

conductivity of nanofluids. Here, the thermal conductivity of nanofluids is

determined using artificial neural networks since this approach is rapid and

accurate, as well as cost-effective. To forecast the thermal conductivity of

magnetohydrodynamic Williamson nanofluids flow through a vertical sheet, a

feed-forward neural network with various numbers of neurons has been

evaluated, and the best network based on the performance is selected. The

fluid model incorporates the effects of Joule heating, heat generation

absorption, thermal radiation, and a chemical reaction (MHD-WNF-HGA). A

combination of heat radiation and reactive species improves the energy and

solute profiles. The magnetic Reynolds number is assumed to be so small;

therefore, the generated magnetic field has no effect. A postulate of similarity

variables is used to convert the physical model in the form of nonlinear partial

differential equations to an ordinary differential equation system. A supervised

Levenberg–Marquardt backpropagation algorithm possesses a multilayer

perceptron that is used for training the network, which is one of the top

algorithms in machine learning. The bvp4c numerical technique is adopted

to build the datasets for the construction of continuous neural network

mapping. Flow, energy, and concentration profiles of the fluidic flow are

constructed by adjusting several physical quantities such as the Williamson

parameter, thermal radiation parameter, magnetic parameter, Eckert number,

Darcy number, Brownian motion, and thermophoresis parameter. Analytical

techniques such as error histogram graphs and regression-based statistical

graphs are used to examine the accuracy of a suggested method. It has been

found that the Levenberg–Marquardt backpropagation neural network
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mappings’ derivation, convergence, authentication, and consistency have been

proven. Furthermore, thermal radiation assists the energy distribution to

increase smoothly. Fluid velocity drops with the Williamson parameter,

whereas thermophoresis impact enhances the strength of the nanofluid

density.

KEYWORDS

nanofluid, Williamson fluid, stretched surface, Levenberg–Marquardt technique,
backpropagation neural networks, artificial intelligence

1 Introduction

Energy is a crucial physical property that must be transferred

for any system to perform work. Work and heat may be used for

energy transmission (Incropera et al., 1996). It is feasible for heat

to transfer from one system to another when their temperatures

vary (Cengel and Boles, 2015). Heat transfer is a subfield of

physics concerned with the transmission of thermal (heat)

energy. Heat transfer applications are encountered on a daily

basis in the form of the human body’s constant heat output and

its usage of clothing to adjust its internal temperature in reaction

to external conditions (Cengel and Heat, 2003). In addition, heat

transmission is used to regulate the temperature in our buildings

and is necessary for cooking and drying. It is also used to control

the temperature of car radiators and electrical equipment (Zhao

et al., 2016). Heat transfer is used by solar thermal collectors

(González et al., 2021) and thermal control components

(Okonkwo et al., 2021) to convert solar energy into heat and

power. Several of these components must quickly distribute heat

in order for the system to work at its maximum effectiveness and

efficiency (Okonkwo et al., 2018). Low gate size necessitates

enhanced heat control. Generally, the smaller the gadget must

be, the higher is the demand for efficient cooling technologies.

Therefore, the improvement of heat transfer is a key priority in

the area of thermal engineering. Different strategies are arising

aim to enhance the heat transfer coefficient among working

fluids and their contact surfaces (Das et al., 2006; Meseguer et al.,

2012). The research development of heat transfer fluids has

resulted from the enhancement of the thermal characteristics

of these fluids by the inclusion of nanoscale particles. The

dispersion of these solid particles in the host fluid improves

the fluid’s energy transmission, resulting in enhanced thermal

conductivity and heat transfer qualities. First of all, microscaled

particles have been suspended in a fluid for more than a century

by Maxwell (Choi et al., 1995). Research into fluid dispersion has

been hampered by erosion and clogging caused by microparticles

that settle quickly in the liquid. Colloidal dispersion in fids may

now be studied in more detail due to the advent of nanoparticles.

Later, the term “nanofluid” was coined in 1995 by Choi and

Eastman (Maxwell, 1881). By incorporating a modest volumetric

quantity of ultrafine nanomaterials into fluids, researchers have

come up with many ideas for enhancing thermal efficiency and

convective heat transfer. The thermal characteristics of fluids are

improved when nanoparticles are scattered in them.

Additionally, there are many features involved in the stability

of nanofluids such as, Brownian motion, host fluid layer,

particle’s nanolayers, and lower pumping power relative to

pure liquids. The effect of different nanoparticles made of

conducting materials on the improvement of thermal transfer

is investigated in the research studies by Sheikholeslami et al.

(2019a); Sheikholeslami et al. (2019b); Goodarzi et al. (2019);

Sajid and Ali (2019); Alhowaity et al. (2022a); Alsallami et al.

(2022); Elattar et al. (2022). Aluminum oxide nanoparticles in

base fluid nanofluids past a sensor surface is studied by Mahdi

et al. (2019). Three-dimensional magnetohydrodynamic

squeezing flow of aluminum nanoparticle base in water type

nanofluid is shown in the study by Khan et al. (2020). The

rheological model through hybrid nanofluid flow is proposed in

the study by Al-Mubaddel et al. (2022). Freezing temperature is

studied in aluminum oxide nanofluid magnetic flow with a

radiative effect in the study by AdnanKhan and Ahmed

(2022). Nanofluids flow with a variety of forces and

characteristics, which have been studied for the rate of heat

transfer are in the research studies by Khan et al. (2019a); Shah

et al. (2019); Ahmed et al. (2020); Khan et al. (2021a); Ashraf et al.

(2022); Alhowaity et al. (2022b).

Non-Newtonian fluid models have been the subject of many

experiments and theoretical studies cause of the wide variety of

biological and industrial processes where they are applicable.

Many industrial applications, such as emulsification, lubrication,

nuclear fuel slurries, biofluids in cells and polymerization, and

therapeutic fluid is in consideration of non-Newtonian fluids

rather than Newtonian fluid theory. Many rheological models

have been developed based on non-Newtonian fluids’ varied

rheological characteristics such as power law model, Jeffery fluid

model, Carreau model, Ellis–Sisko–Williamson model, cross-

model, and other fluid models are the existing models.

Among all, the Williamson fluid model is a basic model that

may replicate the viscoelastic shear-thinning features of non-

Newtonian fluids. Williamson (1929) established this idea in

1929, and he provided the experimental data. It is expected that

the functional viscosity in the Williamson fluid model would

decrease endlessly as the shear rate increases, which is nothing

more than an infinite viscosity at rest (zero fluid motion) and

zero-valued viscosity as the shear rate approaches infinity. In

terms of fluid properties, Williamson nanofluid may be classified
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as visco-inelastic. When it came to investigating the issue of

boundary layer flow over a flat surface, Blasius (1950), Sakiadis

(1961), and others first looked into the theoretical aspects of

approximation and precise methods. Few recent Williamson

fluid research studies have been published in the study by

Acharya et al. (2019); Khan et al. (2019b); Hamid and Khan

(2019); Ibrahim and Gamachu (2019); Rasool et al. (2019);

Zaman and Gul (2019); Pandya et al. (2020); Subbarayudu

et al. (2020). Thermal radiation is the process through which

the heat of a material induces the emission of electromagnetic

waves (variation of its internal energy). It is one of the three ways

different kinds of organisms may trade their own energy storage.

The kind of radiation emitted might vary from ultraviolet to far-

field infrared depending on the temperature of the substance.

Every component of the body emits and absorbs thermal

radiation continuously, and the absorbed radiation may have

originated from a vast distance away. Each of these components

transmits and receives heat in a manner that is directly influenced

by their molecular structure. Connected to a body’s capability to

transfer and store heat is its ability to radiate heat from its surface

(specific temperatures). The two most important characteristics

of thermal energy storage systems are heat transport

performance and energy storage density. Nanotechnology may

be effective for speeding both the melting and solidification of

phase transition materials. Copper/water nanofluid is taken in a

flat tube and numerically investigated for thermal transportation

(She and Fan, 2018). Flow and energy transportation of metal

oxide host water nanofluid is presented in the study by Ahmed

et al. (2021) which is used in the PV/T system. For cooling

purpose, the fluid is analyzed in the review of heat transfer

science (Yang and Liu, 2018). MWCNT/water and Fe3O4/water-

type hybrid nanofluids are studied to analyze the convective heat

transfer and pumping power through perpendicular rib

tabulators (Irandoost Shahrestani et al., 2021). Three-

dimensional magnetic hybrid nanofluid along with chemical

reaction and thermal radiation is passed an inclined rotating

sheet is presented in the study by Umar et al. (2020). Numerical

approach Lobatto IIIA is used to analyze heat transport of

nanofluid in three-dimensional magnetic flow in the study by

Ayub et al. (2021a). Similarly, the energy transport of magnetic

Carreau nanofluid has been studied by Ayub et al. (2022) using

the infinite rate of share viscosity condition. The nanofluid

magnetic dipole flow is studied by Shah et al. (2022) under

the effect of binary reaction and heat transportation through a

cylindrical channel. The cubic autocatalytic chemical reaction

has been studied for the unsteady cross nanofluid through a

melting sheet in the study by Shah et al. (2021a). All the literature

focused on enhancing thermal transportation using nanofluid in

different circumstances and forces which is indeed the great

demand of the advanced industry. Nanofluid with thermal

radiation specification has been studied by Ayub et al.

(2021b), Kumar et al. (2021), Raja et al. (2022), Khan et al.

(2018), Raja et al. (2021), and Khan et al. (2021b). Artificial

neural networks (ANNs) are computer networks that replicate

the central nervous system by stimulating nerve cells or

neurons. These have a self-organizing characteristic that aids

them in solving a variety of issues, making them very

convenient to use in computing and algorithmic kinds.

Complex challenges, particularly nonanalytical, nonlinear,

and nonstationary, may be solved with ANNs because of

their ability to ease high-level programming in their crude

mimicry of a biological network, which can be used to

handle a wide range of problems. The experimental study is

carried out using artificial neural networks strategies, to

simulate energy and exergy of the evacuated solar-tubes is

performed in the study by Sadeghi et al. (2020), thermal

conductivity model nanofluid-based study is carried out in

the study by Pare and Ghosh (2021), non-Newtonian hybrid

nanofluid is taken to predict the dynamic viscosity (Toghraie

et al., 2020), and statistical tools applied for thermos-physical

properties of nanofluid (Esfe et al., 2022). The third-grade

nanofluidic model along with convective conditions has been

taken through a stretchable surface which is further solved by

neural technique in the study by Shoaib et al. (2021).

Furthermore, ANNs are important to forecast the findings of

theoretical and numerical approximation studies of nanofluidic

models (Sheikholeslami et al., 2019c; Sabir et al., 2022; Zuhra

et al., 2022). Levenberg–Marquardt backpropagation neural

network has been applied for the computational purpose of

the nanofluid model (Vakili et al., 2016; Shah et al., 2021b;

Shoaib et al., 2021; Umar et al., 2021; Botmart et al., 2022).

There have been several studies on the thermophysical

characteristics of nanofluids, as mentioned earlier. ANNs, on

the other hand, have been widely used in nanofluid-based

thermal systems because of their ability to solve complicated

problems at a lower cost and time. This research focuses on the

ANN technique named Levenberg–Marquardt algorithm-based

backpropagation to predict the physical parameters of

Williamson nanofluids flow under the effects of Joule heating

and thermal radiation.

Procedural study is highlighted as follows,

➢Williamson nanofluid is occupied in two-dimensional,

magnetic flow stream that passes past a stretching

surface in a porous medium.

➢Thermal radiation force, mass diffusion, energy transfer,

heat generation/absorption, and Joule heat are imposed in a

fluid.

➢Self-similar transformation is adopted to convert the

physical model into a nonlinear differential system that

has physical nondimensional variations to be computed.

➢The Bvp4c technique is used to find the numerical solutions

in the form of a dataset. Which is further furnished through

the neural network process for analysis.

➢In the NN process, the fitness functions are taken, that is,

multiple responses are converted to a single response.
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➢Designed backpropagation based neural networks by

providing training and testing datasets.

Levenberg–Marquardt algorithm is adapted to speed up

the training.

➢The significance of the LMB-NN technique is illustrated

through statistical tools such as mean square error, error

histograms, correlation, and regression fitting graphs.

➢The analysis of variations that are Williamson parameter,

Brownian motion, Prandtl number, thermophoresis, heat

generation, Darcy number, Eckert number, and chemical

reaction parameter velocity and temperature field are

illustrated in the graphic structure.

In the remaining, a physical description of the flow model is

presented in Section 2. Section 3 discusses the

Levenberg–Marquardt strategy and step-by-step procedure in

detail. Section 4 presents the findings of the proposed model via

graphs and tables and discussion on each one. At last, a brief

summary of the model via the ANN technique is presented.

2 Flow model and its mathematical
construction

Let us consider a mathematical model for incompressible

two-dimensional Williamson nanofluid past a stretched

surface. Figure 1 depicts the design of the problem with

Cartesian coordinates (x, y) followed by velocity

components (u, v) with fluid flow arrangement. To observe

mass diffusion and heat transfer, the interface of the applied

magnetization field with dynamic viscosity and a porous

medium are used. The transfer of heat is augmented by

supposing the thermophysical characteristics of heat

generation/absorption and Joule heating with a velocity of

~Uw(x) � ~Bx with ~B is the extending parameter. The basic

equations of the law of conservation of mass, momentum,

heat, and nanoparticles concentration associated with the

abovementioned stated assumptions are as follows (Bouslimi

et al., 2021).

The governing equations of the flow model are as follows.

2.1 Continuity equation

The law of conservation of mass for continuity equation in

vectorial form can be written as follows:

~∇ . �q � 0, (1)
where �q is denoted as the flow velocity vector, and ~∇ is known as

the differential operator.

2.2 Momentum equation

According to Navier–Stokes’ equation, for the equilibrium of

linear-momentum,

ρf[ z q̂→z~t + ( q̂→. ~∇ ) q̂→] + μ

K
q̂
→ � Fe

�→+ ~∇ .~S. (2)

2.3 Energy equation

The constitutive equation provides the following energy

efficiency for heat conduction without the impact of viscous

dissipation.

(ρcp)f⎡⎢⎢⎢⎣z �T

z~t
+ ( �q. ~∇) �T⎤⎥⎥⎥⎦ + ~∇ qr

→ � (ρcp)p[ ~D ~T

~T∞
( ~∇ ~T. ~∇ ~T) + ~DB( ~∇ ~C. ~∇ ~T)] + ~∇ .(k ~∇ ~T) +Q(~T − ~T∞) + Jh .

�������������������������������������������������������������������������������������������→
(3)

2.4 Conservation equation of the
nanoparticle concentration

The nanoparticle concentration volume fraction equation in

the occurrence of a homogeneous chemical reaction becomes

z �C

z~t
+ ( �q. ~∇) �C + Rp(~C − ~C∞) � ~D ~T

~T∞
~∇
2 ~T + ~DB

~∇
2 ~C. (4)

The Cauchy stress tensor (~S) for the Williamson nanofluid is

defined as (Alhowaity et al., 2022b)

~S � �τ − ~P�I, (5)

�τ � ⎛⎝μ0 − μ∞
1 − Γγ•

+ μ∞⎞⎠ �A1, (6)

FIGURE 1
Geometry of the problem.
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where (μ0, μ∞) → limiting viscosity at zero and at an infinite

shear rate, respectively, �τ → extra stress tensor, �I → unit tensor,

(Γ> 0) → time constant, �A1 → first Rivlin–Erickson tensor, ~P →
pressure, and γ

• → is defined as:

π � trace( �A1)2, γ• � ��
π

2

√
. (7)

Here, it is considered the case for Γγ• < 1 and μ∞ � 0; thus, Eq.

6 can be transformed into the following form:

�τ � ⎛⎝ μ0

1 − Γγ•
⎞⎠ �A1 � μ0(1 + Γγ•) �A1. (8)

According to Eq. 8, the binomial expressionmay be used. The

two-dimensional boundary layer equations for the flow may be

stated as follows:

z~u

zx
+ z~v

zy
� 0, (9)

z~u

zx
~u + z~u

zy
~v + ]

K
~u + σ

�
B
�2

0

ρ
� ~u � ]

z2~u

zy2
+ �

2
√

]Γ z
2~u

zy2

z~u

zy
, (10)

z~T

zx
~u + z~T

zy
~v + 1(~ρ~cp)f z �qr

zy
� α

z2 ~T

zy2 +
(~ρcp)p(~ρcp)f ⎡⎣ ~D ~T

~T∞
(z~T
zy

)2

+ ~DB(z~C
zy

z~T

zy
)⎤⎦ + Q(~ρ~cp)f (~T − ~T∞) + ~σ ~B

2

0(~t)(~ρ~cp)f ~u2, (11)

z~C

zx
~u + z~C

zy
~v + Rp(~C − ~C∞) � ~D ~T

~T∞

z2 ~T

zy2
+ ~DB

z2 ~C

zy2
. (12)

Also, the following nomenclature is used: (~u, ~v) → velocity

components, α → thermal diffusivity, ~ρ → density of the fluid,

] → kinematic viscosity of the fluid, ~B0 → uniform magnetic

field, (~T, ~T∞) → fluid and ambient fluid temperature,

respectively, ~DB → coefficient of Brownian diffusion, ~D ~T →
thermophoretic diffusivity, ~σ → electrical-conductivity, ~cp →
specific thermal at fixed pressure, Rp → reaction rate of

constructive/destructive, (~C) → concentration nanoparticles,

and , ~C∞ is ambient nanoparticle concentration.

Nonlinear thermal radiation and Joule heating are connected in

the energy equation. In the energy equation, the viscous dissipation

is expected to be very little that it may be ignored. Homogeneous

chemical processes have an effect on concentration equations.

The corresponding boundary conditions for the present

fluidic problem are given as follows:

Aty
� � 0: ~u � ~Uw(x), ~v � 0, ~T � ~Tw, ~DB

z~C

zy
+ ~D ~T

~T∞

z~T

zy
,} (13)

Asy
� → ∞ : ~u → 0, ~v → 0, ~T → ~T∞, ~C → ~C∞,} (14)

where ~Uw(x) � ~Bx → stretching surface velocity, (~B> 0) →
stretching rate, and ~qr → radiation heat flux and is defined as

follows:

~qr � −z~T
4

zy
�

4~σp

3kp
� −16~σ

p

3kp
~T
3z~T

zy
, (15)

∴
1(~ρ~cp)f z

zy
( �qr) � 1(~ρ~cp)f z

zy
( − z~T

4

zy

4~σp

3kp
)

� − 16~σp

3kp(~ρ~cp)f z

zy
(~T

3z~T

zy
). (16)

By substituting Eqs 15 and 16 in Eq. 11, we obtain

z~T

zx
~u + z~T

zy
~v � α

z2 ~T

zy2 +
(~ρcp)p(~ρcp)f ⎡⎣ ~D ~T

~T∞
(z~T
zy

)2

+ ~DB(z~C
zy

z~T

zy
)⎤⎦

+ 16~σp

3kp(~ρ~cp)f z

zy
(~T

3z~T

zy
) + Q(~ρ~cp)f (~T − ~T∞) + ~σ ~B

2

0(~t)(~ρ~cp)f ~u2. (17)

The nondimensional variables and similarity

transformations listed as follows are introduced as

η � y

������
~Uw(x)
]x

√
, ~u � ~Bxf′(η), ~v � −(~B])1 /2f(η),

θ(η) � ~T − ~T∞
~Tw

� − ~T∞
, ϕ(η) � ~C − ~C∞

~C∞
,

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭ (18)

The equation of continuity is identically satisfied by using Eq.

18 and Eqs 10, 12, 17, coupled with Eqs 13, 14; assume the form

of ordinary differential equations shown as follows:

f″′(η)(1 + λf″(η)) + f″(η)f(η) − f′(η)(f′(η) −M −Da)
� 0,

(19)
θ″(η) + (M+Ecf(η) +Nbϕ(η) +Ntθ′(η))θ′(η)
+Pr(R((1 + (θw − 1)θ(η))3)θ′(η))′
+Ec+M(f(η))2 + Sθ(η) � 0, (20)

ϕ″(η) + (Nt/Nb)θ″(η) + Le(f(η)ϕ′(η) − γϕ(η)) � 0, (21)

where the boundary conditions (13–14) after transforming into

nondimensional form are given as

f(0) � 0, f′(0) � 1, Ntθ′(0) +Nbϕ′(0) � 0, θ(0) � 1, (22)
f′(∞ ) → 0, θ(∞ ) → 0, ϕ(∞ ) → 0. (23)

With the nondimensional parameters given as (M � ~σ ~B
2
0

(~ρ~cp)f) →
magnetic field parameter, (R � 16~σ

p ~T
3
∞

3kkp ) → nonlinear thermal

radiation parameter, (Pr � μ
α) → Prandtl number, (Nb �

(~ρcp)p ~DB
~C∞

(~ρcp)f] ) → Brownian motion parameter, (Nt �
(~ρcp)p ~DT( ~Tw−~T∞)

(~ρcp)f] ~T∞
) → thermophoresis parameter, (S � Q

(~ρ~cp)f
~B) →

heat generation (S> 0) or absorption parameter (S< 0), (Le �
]
~DB
) → Lewis number, (Da � ~μ

~ρ
~BK) → Darcy number, (Ec �

~U
2
w(x)

~cp(~Tw− ~T∞)) → Eckert number, (λ � Γx
�����
2B3/]√

) → non-

Newtonian Williamson parameter, and (γ � Rp

~B
) → chemical

reaction parameter. Also, expressions for Ν~ux and Cfx are
shown as follows:
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Ν~ux � x �qw
~kf

(~Τw − ~Τ∞), (24)

Cfx � τw

~ρ ~U
2

w(x)
. (25)

The Sherwood number Shx, which represents a

nondimensional mass flow, is currently zero. Here, �qw
indicates heat flux, and τw denotes shear stress of the wall

along a stretching surface, respectively, and their mathematical

expressions are given as follows:

�qw⎛⎝ � −α(z~T
zy

)
y�0

+ ( �qr)
y

⎞⎠, (26)

~τw⎛⎝ � ~μf(1 + Γ
2
z~u

zy
)z~u
zyy

��0⎞⎠. (27)

The dimensionless formulation of Eqs 24 and 25 after

substituting Eqs 26 and 27 are as follows:

Νux���
Rex

√ � −(1 + Rθ3w)θ′(0), (28)

Cfx

���
Rex

√ � (1 + λ

2
f″(0))f″(0), (29)

where
���
Rex

√
is the Reynolds number relative to the stretching

velocity ~Uw(x).

3 Design methodology/neural
network modeling

Machine learning algorithms (MLAs) have been created to

handle real-world problems arising in various fields of science,

engineering, and mathematics. Depending on the training

approach, these MLAs can be divided into three categories.

• Reinforcement learning algorithms (RLAs)

• Unsupervised learning algorithms (ULAs)

• Supervised learning algorithms (SLAs)

The supervised learning algorithm (SLA) is quite similar to

how a human learns, by considering the fact that humans solve

exercise problems or datasets to obtain new knowledge. The

current study employs SLA in which adjustments of weights are

constructed based on the comparison and correlation with

some target output. For weight adjustment, a teaching signal

is fed into the neural networks (NNs) which are called a

training sample or training dataset. In SLA, the correct

output is what the model is alleged to provide for the given

input. Errors are backpropagated through the scheme, allowing

the scheme to adjust the weights that supervise the neural

networks (NNs).

The brief deliberation of the results for the propose

Levenberg–Marquardt learning algorithm for backpropagated

neural networks (LMLA-BPNNs) subjected to the Joule’s

heating effect of MHD Williamson nanofluid flow through a

porous medium in the rheology of nonlinear thermal radiation

and chemical reaction with variable heat generation/absorption

(MHD-WNF-HGA) has been evaluated in this part. The partial

differential equations (PDEs) prescribing MHD-WNF-HGA are

converted to set ordinary differential equations (ODEs) by

employing appropriate transformation. The set of differential

Eqs 19–21 contains a detailed mathematical strategy for

reproducing results employing a numerical scheme, and the

fluidic problem MHD-WNF-HGA is tackled down with the

help of “bvp4c” built-in function by MATLAB software for

nine variants where higher order nondimensional system of

ODEs are transformed to first-order ODEs.

f″′(η) � ((f′(η) −M −Da)f′(η) − f(η)f″(η))(1 + λf″(η)) , (30)

θ″(η) � −
Pr( 3R(θw − 1)(1 + (θw − 1)θ(η))2(θ′(η))2 + Sθ(η) +Nbθ′(η)ϕ(η)+

f(η)θ′(η) +Nt(θ″(η))2 +M+Ec(f(η))2 )
(1 + Pr+R(1 + (θw − 1)θ(η))3) ,

(31)

ϕ″(η) � −((Nt/Nb)θ″(η) + Le(f(η)ϕ′(η) − γϕ(η))), (32)
f(η) � Χ1,

f′(η) � Χ2,

f″(η) � Χ3 ,

Χ′3 � ((Χ2 −M −Da)Χ2 − Χ1Χ3)(1 + λf″Χ3) ,

θ(η) � Χ4,

θ′(η) � Χ5,

Χ′5 � −
Pr⎛⎝ 3R(θw − 1)(1 + (θw − 1)Χ4)2(Χ5)2 + SΧ4 +NbΧ4Χ6 + Χ1Χ5+

Nt(Χ5)2 +M+Ec(Χ1)2
⎞⎠

(1 + Pr+R(1 + (θw − 1)Χ4)3) ,

ϕ(η) � Χ6,

ϕ′(η) � Χ7,

Χ′7 � −((Nt/Nb)Χ′5 + Le(Χ1Χ7 − γΧ6)). (33)

With the boundary conditions,

Χa(1) � 0,Χa(2) � 1,Χa(4) � 1, NtΧa(5) +NbΧa(7) � 0,
Χb(2) � 0,Χb(4) � 0,Χb(6) � 0.

(34)
Taking both into account,

f″′(η) � Χ′3, θ″(η) � Χ′5, ϕ″(η) � Χ′7. (35)

The dataset formation in the form of a numerical solution by

employing “bvp4c” built-in function using MATLAB by

variation of magnetic field quantity (M), non-Newtonian

Williamson parameter (λ), nonlinear thermal radiation

parameter (R), Darcy number (Da), heat generation/

absorption parameter (S), ratio-temperature (θw),
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thermophoresis parameter (Nt), chemical reaction parameter

(γ), and Lewis number (Le). The transformed set of Eqs 19–21

which characterize the fluidic model representing MHD-WNF-

HGA, the suggested LMLA-BPNN solver is accomplished by

exerting neural network (NN) toolbox in MATLAB software by

operating “nftool”, a built-in function. LMLA-BPNN receives

knowledge via learning and stored that knowledge within

interneuron connections “strengths”, which is expressed in the

form of numerical values called “weights” which has a two-

layered structure (input layer, hidden layer, and output layer).

The output signal values for a newly testing input signal values

are computed using these weights.

The “input layer” presents a pattern to the network, which

then interconnects with one or more than one “hidden layer”

where the actual computing is carried out via a system of

weighted “connections”. The hidden layers then connect to

an “output layer,” where the result is displayed as output. The

artificial neural networks (ANNs) architecture is composed of

20 highly processing elements (neurons) interconnected in a

parallel way to solve the fluidic problem with a sigmoid

activation function. The sigmoid activation function is an

S-shaped nonlinearly smooth function having input values

ranging from +1 to 0, as illustrated in Figure 2. However,

Figure 3 shows the block architecture of the process flow.

The aim of determining the approximated solution of the

proposed LMLA-BPNN is the reference dataset for training,

validation, and testing purposes. The validity, reliability, and

convergence of the LMLA-BPNN based on a comprehensive

study of regression analysis, accuracy assessments, and

histogram analysis supervised for the MHD-WNF-HGA

fluidic model, which is sufficiently detailed graphically and

numerically in Table 1.

For flow, energy, and nanoparticle concentration distribution

of MHD-WNF-HGA, the reference dataset is built up that

comprises nine scenarios with cases of LMLA-BPNN. The

bvp4c built-in function technique is in collaboration with

LMLA-BPNN for η between 0 and 10 having equidistance of

0.01 s used in all processes of each case. The acquired datasets are

determined as reference outcomes in terms of (f′, θ, ϕ(η)).
Table 1 displays the numerical solutions of LMLA-BPNN for

variants of (f′, θ,ϕ(η)) for MHD-WNF-HGA in terms of MSE,

that is, training data (determine model parameters), validation

data (yardstick to overfitting), testing data (final scoring of the

model) and production (predict output), backpropagated

networks, time taken, and total iterations/epochs, for all the

scenarios connected with MHD-WNF-HGA.

4 Result interpretation

The designed LMLA-BPNN outcomes for the MHD-WNF-

HGA fluid model have been illustrated in Figures 4–13 for

various positions (scenarios) of I–IX. Figures 4A–13A is

interpreting convergence of training data, validation data,

and trying data progression through the epochs index for

finding the cases of M, Da, and λ for f′(η); the case of R,

S, and θw for θ(η); and finally, the cases of Nt, γ, and Le ϕ(η).
The magnificent validation performance attained at epochs

578, 239, 111, 141, 379, 401, 480, 110, and 218 with mean

squared error (MSE) almost 2.2485 × 10−10, 8.2744 × 10−9,
2.3708 × 10−9, 4.6156 × 10−9, 1.1175 × 10−9, 1.1155 × 10−8,
1.8823 × 10−9, 1.2153 × 10−9, and 3.2418 × 10−10 in times 12,

05, 02, 03, 06, 10, 09, 03 and 05 s, respectively. It is estimated

that the influence of all the obtained lines is smooth and leads

to the stability point, indicating that the performance is perfect

and ideal. According to the relative Table 1 and figures, the

performance approach will be better by lowering MSE values.

The smaller the MSE values, the more effective and precise the

performance of the given approach is likely to be. Figures

4B–13B reveals the authenticity that LMLA-BPNN is precise,

accurate, and efficiently convergent for solving the cases of M,

Da, and λ for f′(η); the case of R, S, and θw for θ(η); and
finally, the cases of Nt, γ, and Le ϕ(η). Figures 4B–13B

demonstrates the gradient and Mu values for all the

scenarios in the time duration for the training in

recognizing another vector. The process is updating

constantly during training. The training is terminated based

on the number of validations checks and on the magnitude of

the gradient. As the training approaches to a minimum level of

performance, gradient will become very small. The training

FIGURE. 2
Neural networks for MHD-WNF-HGA.
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will stop if the magnitude of the gradient become less than

1.0 × 10−5. Mu is the adaptive parameter of LMLA-BPNN,

which is directly influenced on error convergence. The

associated values of gradient are 9.9774 × 10−8,
1.9235 × 10−7, 7.0696 × 10−8, 9.875 × 10−8, 9.997 × 10−8,
9.9587 × 10−8, 9.9421 × 10−8, 4.7068 × 10−8, and

9.9582 × 10−8, while Mu is 1 × 10−9, 1 × 10−9, 1 × 10−9,
1 × 10−9, 1 × 10−9, 1 × 10−8, 1 × 10−8, 1 × 10−9, and 1 × 10−10

with epoch 578, 239, 111, 141, 379, 401, 480, 110, and 218,

respectively. Result interpretation shows that enhancing the

epoch can cause a reduction in Mu and gradient values.

Figures 4C–13C represent the fitness analysis graphs for the

proposed fluidic and the error occurred due to the variations of

targeted solutions and reference solutions. The graphical

representation indicates that the target result overlays the

reference outlines of the LMLA-BPNN solver for all four cases

with scenarios, indicating that the framework for the neural

network (NN) design validates the accuracy of the solution.

After neural network training, the error histogram analysis

plotted in Figures 4D–13D describes the distribution of error

calculated from the zero axes. The error analysis and error

values clarify the difference between the expected values and the

targeted values. For six different scenarios of the LMLA-BPNN

model, the average value of the error bin almost contrasts with

the zero-line error adjoining. The average error bin comparing

baseline line error which has surrounding errors for six

different circumstances of the MHD-WNF-HGA model is

−5.1 × 10−07, 6.39 × 10−06, 1.47 × 10−05, −1.1 × 10−05,

FIGURE 3
Flow architecture of the MHD-WNF-HGA model.
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1.08 × 10−05, 8.17 × 10−06 1.85 × 10−05, 5.71 × 10−06, and

3.06 × 10−06. According to the error histogram analysis, the

maximum number of error values collapse over the zero-line,

indicating that LMLA-BPNN is an accurate algorithm for all the

cases of each scenario. The network is next validated by creating

a regression plot, which depicts the relationship between the

network, outputs, and the target values. The network outputs

and the target values would be exactly equal if the training is

perfect. The results are shown in Figures 5E–13E. The three

axes demonstrate the testing, validation, and training of the

data. The perfect result-output = targets is shown in each axis of

the dashed line. The solid line demonstrates the best fit linear

regression line between the output values and target values, and

the values of R indicate their relationship. During this

computation, the regression analysis R = 1 indicates an exact

linear relationship between the values of output and target

FIGURE 4
Pictorial illustration for the LMLA-BPNNbase on variants ofMvs f′(η) for MHD-WNF-HGA. (A)M-S-E demonstration, (B) transition state analysis,
(C) curve fitting, (D) error histogram, and (E) regression analysis.
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TABLE 1 LMLA-BPBB’s outcomes for scenario Ⅰ of MHD-WNF-HGA.

Scenario Training Validation Testing Performance Gradient Mu Epoch Time(s)

1 1 · 95310 × 10−10 2 · 24846 × 10−10 1 · 69148 × 10−10 1 · 95 × 10−10 9 · 98 × 10−8 1 · 00 × 10−9 578 12

2 5 · 54977 × 10−9 8 · 27443 × 10−9 7 · 44496 × 10−9 5 · 27 × 10−9 1 · 92 × 10−7 1 · 00 × 10−9 245 05

3 1 · 86162 × 10−9 2 · 37081 × 10−9 1 · 46306 × 10−9 1 · 86 × 10−9 7 · 07 × 10−8 1 · 00 × 10−9 111 02

4 4 · 53775 × 10−9 4 · 61556 × 10−9 4 · 45013 × 10−9 4 · 54 × 10−9 9 · 87 × 10−8 1 · 00 × 10−9 141 03

5 8 · 33608 × 10−10 1 · 11751 × 10−9 1 · 04017 × 10−9 8 · 34 × 10−10 1 · 00 × 10−7 1 · 00 × 10−9 379 06

6 9 · 43417 × 10−9 1 · 11549 × 10−8 1 · 10602 × 10−8 9 · 43 × 10−9 9 · 96 × 10−8 1 · 00 × 10−8 401 10

7 1 · 50954 × 10−9 1 · 88233 × 10−9 2 · 10328 × 10−9 1 · 51 × 10−9 9 · 94 × 10−8 1 · 00 × 10−8 480 09

8 1 · 20551 × 10−9 1 · 21534 × 10−9 2 · 02206 × 10−9 1 · 21 × 10−9 4 · 71 × 10−8 1 · 00 × 10−9 110 03

9 2 · 70529 × 10−10 3 · 24184 × 10−10 3 · 08943 × 10−10 2 · 71 × 10−10 9 · 96 × 10−8 1 · 00 × 10−10 218 05

FIGURE 5
Pictorial illustration for the LMLA-BPNN base on variants of Da vs f′(η) MHD-WNF-HGA. (A)M-S-E demonstration, (B) transition state analysis,
(C) curve fitting, (D) error histogram, and (E) regression-analysis.
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values, which explains the effectiveness of LMLA-BPNN

resolves the MHD-WNF-HGA fluidic model.

4.1 Velocity distributions

In the rheology of thermal radiation and chemical reaction

with varying heat generation/absorption, the present work

analyzes the Joule heating impact of MHD Williamson

nanofluid flow through a porous layer. This research

compares the effects of applied magnetic field, nonlinear

thermal radiation, and heat generation/absorption. The system

of partial differential equations (PDEs) is changed into a system

of ordinary differential equations (ODEs) using the appropriate

transformation to set an important nondimensional parameter

arising in the physical fluid model and solved numerically by

applying the “bvp4c” technique in MATLAB software to obtain

the dataset. The numerical computation is performed for various

nondimensional parameters, namely, non-Newtonian

Williamson parameter (λ), nonlinear thermal radiation

FIGURE 6
Pictorial illustration for the LMLA-BPNN base on variants of λ vs f′(η) for MHD-WNF-HGA. (A)M-S-E demonstration, (B) transition state analysis,
(C) curve fitting, (D) error histogram, and (E) regression analysis.
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parameter (R), Eckert number (Ec), ratio temperature (θw),
Darcy number (Da), magnetic field parameter (M), Brownian
motion parameter (Nb), heat generation/absorption parameter

(S), thermophoresis parameter (Nt), Lewis number (Le),
Prandtl number (Pr), and chemical reaction parameter (γ).
For computation purpose, we have assumed default values for

the physical quantities in all cases (unless, otherwise specified) as

follows: R � M � Da � Nt � Nb � 0.5, λ � 0.3, γ � Le � 1.0,

Pr � 5.0, and S � −0.1. The computational values of the

diverse thermophysical properties are considered for fluid

profiles, that is, momentum (f′(η)), temperature (θ(η)), and
concentration (ϕ(η)) for magnetohydrodynamic (MHD)

Williamson nanofluid flow over a stretching sheet, which is

displayed in Figures 13–15. For numerical calculations, we

used specific numerical values for parameters as shown in

Table 2. The numerical finding of all the physical quantities

with respect to flow distribution, energy distribution, and

concentration distribution of nanoparticles along with their

reference solution has been displayed with the help of

graphical figures to obtain a good insight into the physical

FIGURE 7
Pictorial illustration for the LMLA-BPNN base on variants of Rvs θ(η) for MHD-WNF-HGA. (A)M-S-E demonstration, (B) transition state analysis,
(C) curve fitting, (D) error histogram, and (E) regression analysis.
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problem. The relative analysis of velocity distribution f(η) with
reference solution is displayed for magnetic field quantity (M),
non-Newtonian Williamson quantity (λ), and Darcy number

(Da) in Figures 13A,C,E, respectively. A single surface’s flow rate

is completely controlled by the velocity distribution. Velocity

distribution plays a significant representation to analyze the

occurrence of the flow rate of the fluid. Conversely, when

external forces are applied to a flowing fluid, the behavior of

FIGURE 8
Pictorial illustration for the LMLA-BPNN base on variants of S vs θ(η) for MHD-WNF-HGA. (A)M-S-E demonstration, (B) transition state analysis,
(C) curve fitting, (D) error histogram, and (E) regression analysis.
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the fluid changes, and one of these external forces is the magnetic

force. Figure 13A displays the consequence of the influence of

magnetic field (M) on the flow profile f′(η) of the fluid. It is

observed that impact in this sense is lowered strongly due to an

inverse relationship between velocity profile and magnetic field

parameter. So by enhancing the influence of magnetic quantity

means a decline in the flow speed of the fluid. When a magnetic

field is used to influence a moving fluid, the particles of fluid

FIGURE 9
Pictorial illustration for the LMLA-BPNN base on variants of θw vs θ(η) for MHD-WNF-HGA. (A) M-S-E demonstration, (B) transition state
analysis, (C) curve fitting, (D) error histogram, and (E) regression analysis.
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stimulated causes a countervailing force called a resistive force,

which slows and resists the motion of these fluids. Furthermore,

this force is upright to both the magnetic field vector and the

velocity vector which give rise to the resistive force, known as the

Lorentz force generated in the direction of the fluid flow. As a

result of the applied magnetic field, the Lorentz force emerges,

FIGURE 10
Pictorial illustration for the LMLA-BPNN base on variants of Nt vs ϕ(η) for MHD-WNF-HGA. (A) M-S-E demonstration, (B) transition state
analysis, (C) curve fitting, (D) error histogram, and (E) regression analysis.
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opposing the flow and reducing fluid viscosity. The existence of a

magnetic field causes a drag force, which causes to lower down

the motion of the fluid. Figure 13C presents the impact of Darcy

number (Da) on velocity distribution. It is illustrated from the

figure that the influence of larger values of (Da) causes a

decrease in velocity distribution. Physically, the porous

media with a network of tiny voids known as pores that are

disrupted by the fluids as it travels through this medium.

Simultaneously, the porosity of a porous medium affects the

permeability of the fluid through it. In addition, the higher the

Darcy number (Da), the larger the conflict of the porosity in

permeable media which leads to the movement of fluid on one

hand, and the fluid viscosity on the other hand, resulting a

decline in fluid velocity. The association between the non-

Newtonian Williamson parameter (λ) and the velocity

distribution is shown in Figure 13E. A rise in a non-

Newtonian Williamson parameter (λ) allows retardation in

the velocity distribution f′(η) which reduces the movement

of fluid velocity. The absolute error (AE) analysis is shown in

Figures 13B,D,F for (M), (Da), and (λ) to verify the correctness
criterion. The numeric output of AE for (ε) lies in the range

10−8 − 10−3 , 10−8 − 10−4, and 10−8 − 10−1 for (M), (Da), and

FIGURE 11
Pictorial illustration for the LMLA-BPNN base on variants of γ vs ϕ(η) for MHD-WNF-HGA. (A)M-S-E demonstration, (B) transition state analysis,
(C) curve fitting, (D) error histogram, and (E) regression analysis.
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(λ) with respect to f′(η), respectively. The absolute error

numeric result with the reference outputs shows the

satisfactory accuracy criteria.

4.2 Temperature distributions

Fluid temperature distribution θ(η) has a considerable

influence on the behavior of fluids and the impact on the

particles within the fluid. Figures 14A,C,E show the

comparison with a reference solution for various values of

nonlinear thermal radiation parameter (R), heat generation/

absorption parameter (S), and ratio temperature (θw).
Figure 14A exemplifies the differences in temperature

distribution θ(η) with altered values of nonlinear thermal

radiation parameter (R). The temperature profile increased

with upsurging values of the nonlinear thermal radiation

parameter. The heat transfer rate inside the flow regime is

FIGURE 12
Pictorial illustration for the LMLA-BPNN base on variants of Le vs ϕ(η) for MHD-WNF-HGA. (A) M-S-E demonstration, (B) transition state
analysis, (C) curve fitting, (D) error histogram, (E) and regression analysis.
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higher and it works to simulate the fluid flow. The nonlinear

thermal radiation parameter has three physical effects on the heat

transmission of the nanofluid. First, the temperature of the

boundary layer is raised on a regular basis. Second, the flow

regime’s nanoparticles acquire thermal energy, enhancing

thermal diffusion and heat transmission within the fluid

owing to the thermal conductivity of the nanoparticles.

Finally, it aims to improve the thermal transfer techniques

of nanofluids, specifically the thermal transfer method by load

and by conduction. Figure 14C shows fluid temperature

distribution θ(η) with different values of heat generation/

absorption parameter (S). Due to the rise in numerical

values of the generation/absorption parameter, a huge rise

in the fluid heat transfer is seen. There is a physical increase in

FIGURE 13
Assessment of LMLA-BPNN with reference dataset of MHD-WNF-HGA. (A) Variation of M for f′(η), (B) AE for MHD-WNF-HGA, (C) Variation of
Da for f′(η), (D) AE for MHD-WNF-HGA, (E) Variation of λ for f′(η), (F) AE for MHD-WNF-HGA.
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the thermal dispersion and transfer of the fluids when heat is

generated, which raises the temperature of the fluids. Also,

with an increase in the heat source type (S> 0) values, the

thickness of the boundary layer and the fluid temperature are

likewise upsurges, while an opposite behavior occurs in the

case of the heat absorption type (S< 0). However, when

moving upward from the state of heat absorption to

generation, there is reformation in boundary layer thickness

and thermal diffusion. Figure 14E investigates the disparities

in temperature distribution θ(η) with improved values of the

ratio temperature parameter (θw). The temperature profile

increased with the enhancing ratio temperature parameter

(θw). This effect enhances the temperature of the boundary

layer and increases its thickness. The absolute error tool is

FIGURE 14
Assessment of LMLA-BPNN along the reference dataset of MHD-WNF-HGA. (A) Variation of R for θ(η), (B) AE for MHD-WNF-HGA, (C) Variation
of S for θ(η), (D) AE for MHD-WNF-HGA, (E) Variation of θw for θ(η), (F) with AE for MHD-WNF-HGA.
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FIGURE 15
Assessment of LMLA-BPNN along the reference dataset of MHD-WNF-HGA. (A) Variation of Nt for ϕ(η), (B) AE for MHD-WNF-HGA, (C)
Variation of γ for ϕ(η), (D) AE for MHD-WNF-HGA, (E) variation of Le for ϕ(η), (F) AE for MHD-WNF-HGA.

TABLE 2 Variant of MHD-WNF-HGA.

Physical quantities of our interest-based scenarios

Case S-I S-II S-III S-IV S-V S-VI S-Ⅶ S-Ⅷ S-Ⅸ

Case I M = 0.0 Da = 0.0 λ = 0.1 R = 0.1 S = -0.3 θw = 0.1 Nt = 0.1 γ = 1.0 γ = 1.0

Case II M = 0.5 Da = 0.5 λ = 0.3 R = 0.5 S = -0.2 θw = 0.4 Nt = 0.3 γ = 2.5 γ = 2.5

Case III M = 1.0 Da = 1.0 λ = 0.5 R = 0.9 S = -0.1 θw = 0.7 Nt = 0.5 γ = 3.0 γ = 3.0

Case IV M = 1.5 Da = 1.5 λ = 0.7 R = 1.3 S = 0.0 θw = 1.0 Nt = 0.7 γ = 4.0 γ = 4.0

S stands for scenario.
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shown in Figures 14B,D,E for (R), (S), and (θw) to check the

accuracy criteria, respectively. The values of AE are in the

ranges 10−9 − 10−4 , 10−7 − 10−3, and 10−7 − 10−3 for θ(η). The
absolute error numeric result with the reference outputs shows

the satisfactory accuracy criteria.

4.3 Concentration of nanoparticle
distribution

To examine the physical properties of the concentration of

nanoparticles within the fluids, it is important to study the

nomenclature and application of the fluids. The effectiveness

and intensity of thermal and electrical conductivity, for instance,

are correlated with the concentration of nanoparticles while

studying fluid behavior. The relative analysis of nanoparticles

concentration distribution ϕ(η) with reference result is

illustrated in Figures 15B,D,E) for (Nt), (γ), and (Le).
Figure 15A investigates the effect of the thermophoresis

parameter (Nt) with respect to the concentration of

nanoparticle distribution ϕ(η) within the flow regime of the

fluid. As the thermophoresis parameter increases, the

concentration of nanoparticle distribution enhances, the rate

of heat transfer in the boundary layer increases, provoking

particle deposition away from the fluid regime and therefore

enhancing the concentration of the nanofluid particles. The

effect of the chemical reaction parameter (γ) and Lewis number

(Le) on the concentration of nanoparticles distribution ϕ(η) is
illustrated in Figures 15C,E, respectively. A significant decrease

is observed with the rise in the chemical reaction parameter (γ)
and Lewis number (Le). The absolute error (AE) analysis of

(Nt), (γ), and (Le) on nanoparticle concentration distribution

ϕ(η) are shown in Figures 11B,D,F to check the accuracy

criteria, respectively. The AE values lies between 10−8 − 10−3,
10−7 − 10−3, and 10−8 − 10−3 for ϕ(η). The absolute error

numeric result with the reference outputs shows the

satisfactory accuracy criteria.

5 Conclusion

This research used the Levenberg–Marquardt neural network

technique with backpropagation to solve themagnetohydrodynamic

Williamson nanofluid flow through a stretched surface under the

effects of nonlinear thermal radiation, Joule heating, heat

generation/absorption, and chemical reaction (MHD-WNF-

HGA). The solution of a mathematical model exhibiting (MHD-

WNF-HGA) was examined with the adjustment of certain

circumstances (scenarios). The bvp4c approach is used to build

the dataset for the MHD-WNF-HGA model, which contains

deviations from a variety of physical measurements such as the

Williamson parameter, thermal radiation parameter, magnetic

parameter, Eckert number, Darcy number, Brownian motion,

and thermophoresis parameter. The MHD-WNF-HGA reference

dataset is made up of various versions, with LMLA-BPNN training,

testing, and validation accounting for 80, 10, and 10% of the dataset,

respectively.

The important findings of the present investigations are as

follows.

• Fluid flow speed drops when magnetic force and Darcy law

are applied to the flow. Also, Williamson fluid velocity is

high for the lower values but as the values rise, the velocity

drop with speed.

• The temperature distribution elevates with the help of the

thermal radiation parameter, heat generation absorption

parameter, and temperature ration parameter.

• The thermophoresis effect enhances the strength of nanofluid

concentration, while the chemical reaction quantity and

Lewis number weaken the concentration strength.

Furthermore

• The mean square error is anticipated to be in the average

range of 10−5 for LMLA-BPNN when comparing the

reference solution to the suggested data, which shows

the close agreement between both.
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This study addresses the consequences of thermal radiation with slip boundary

conditions and a uniform magnetic field on a steady 2D flow of trihybrid

nanofluids over a spinning disc. The trihybrid nanocomposites are

synthesized by the dispersion of aluminum oxide (Al2O3), zirconium dioxide

(ZrO2), and carbon nanotubes (CNTs) in water. The phenomena are

characterized as a nonlinear system of PDEs. Using resemblance

replacement, the modeled equations are simplified to a nondimensional set

of ODEs. The parametric continuation method has been used to simulate the

resulting sets of nonlinear differential equations. Figures and tables depict the

effects of physical constraints on energy and velocity profiles. According to this

study, the slip coefficient enormously decreases the velocity field. For larger

approximations of thermal radiation characteristics and heat source term

boosts the thermal profile. This proposed model will assist in the field of

meteorology, atmospheric studies, biological technology, power generation,

automotive manufacturing, renewable power conversions, and detecting

microchips. In regard to such kinds of practical applications, the proposed

study is being conducted. This study is unique due to slip conditions and ternary

fluid, and it could be used by other scholars to acquire further information about

nanofluid thermal exchanger performance and stability.

KEYWORDS

slip conditions, thermal radiation, heat generating source, computational approach,
ternary nanofluid, rotating disc
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Introduction

Rotating disks are used in a wide range of engineering and

industrial applications such as gas flywheels, spinning disk

electrodes, turbine engines, brakes, and gears (Li et al., 2021;

Zhou et al., 2021; Chu et al., 2022a). The modeling and

simulation of ferrofluid flow with heat transfer induced by an

irregular rotatable disc oscillating upward were investigated by

Zhang et al. (2021). The wavy rotating material increases energy

conversion by up to 15% as compared to a level surface. Waini

et al. (2022) used the bvp4c MATLAB programming to

investigate the chaotic flow over a gyrating disc in nanofluids

with deceleration and suction features. Alrabaiah et al. (2022)

investigated the flow of magnesium oxide, silver, and gyrotactic

microbe-based hybrid nano composites within the cylindrical

space connecting the disc and cone in the context of thermal

energy stabilization. It was discovered that by combining a

rotating disc with an immobile cone, the cone–disk system

may be cooled to its desired temperature, whereas the outer

edge system is in equilibrium. The flow of nanofluids across a

preheated revolving disc has been computationally evaluated as a

result of randommotion, heat conduction, and thermal radiation

by Chu et al. (2021a). They described many features of

momentum and heat transformation using Arrhenius kinetic

energy. The radiation and Prandtl number effect are thought to

promote heat exchange while enhancing the magnetic

component which lowers velocity distribution. Naveen Kumar

et al. (2022) evaluated the nanofluid flow over a spinning,

stretchy disc with an unsteady heat source. The heat

transmission of both fluids accelerates as the ratios of

temperature- and space-related heat supplier factors increase.

Alhowaity et al. (2022) developed the energy transmission over a

moving sheet. It was hypothesized that adding carbon nanotubes

and nanoclusters to water improves its thermophysical and

energy transport capabilities drastically. Sharma et al. (2022)

proposed a spinning disc with temperature-dependent

geothermal viscosity and thermal conductivity, causing the

hydrodynamic flow of magnetized ferrofluid. Kumar and

Mondal (2022) analyzed quantitatively the electrically

radiating unsteady viscous fluid flow due to a stretchy

spinning disc with an externally supplied magnetic field,

looking at both descriptive and analytical aspects of heat

transmission. Recently, many investigators have documented

substantial involvement to the fluid flow across a rotating disc

(Bilal et al., 2022a; Alsallami et al., 2022; Murtaza et al., 2022;

Ramzan et al., 2022).

Hybrid and trihybrid nanofluids combine the metallic, non-

metallic, or polymeric nano-size powder with a conventional

fluid to maximize the thermal efficiency for a wide range of

purposes such as, solar energy, refrigeration and heating,

ventilation, heat transition, heat tubes, coolant in machines,

and engineering. Many experiments have noted that hybrid

nanofluids have a superior energy conduction rate than pure

fluids, both experimentally and statistically (Khan et al., 2020;

Alhowaity et al., 1002; Elattar et al., 2022). The working fluid in

this study contained Al2O3, ZrO2, and CNT. Sahu et al. (2021)

analyzed the free convection steady-state and loop’s transient

features utilizing a variety of water-based trihybrid (Al2O3 + Cu

+ CNT/water) nanofluids. Ramadhan et al. (2019) examined the

instability of trihybrid nanofluids. The tri-hybrid nanocomposite

was successfully synthesized and displayed excellent

compatibility. Muzaidi et al. (2021) addressed the physical

parameters (crystallite size, surface shape, and density) of

SiO2/CuO/TiO2 trihybrid nanofluids. The trihybrid solution

exhibited the best thermal characteristics, based on thermal

production, at roughly 55°C. Al-Mubaddel et al. (2022)

documented the model for generalized energy and mass

transfer comprising magnetized cobalt ferrite. The influence of

permeability factor, inertial element, and buoyant ratio on the

fluid velocity has been reported, while the temperature

conversion curve improves dramatically with the increasing

values of Eckert number, Hartmann number, and heat

absorption/generation. Ullah et al. (2021); Ullah et al. (2022)

used an elongated substrate to describe the convective flow of

Prandtl–Eyring nanofluids, taking into account the important

factors including activation energy, chemical reaction, and Joule

heating. Safiei et al. (2021) used a newly created metal fabrication

fluid called ZrO2-SiO2-Al2O3 trihybrid ferrofluid in the cutting

zone to produce a good surface quality on manufactured items

while also reducing the cutting forces. Gul and Saeed (2022)

worked on improving thermal flow for trihybrid nanofluid flow

across a nonlinear extending plate. It was discovered that as the

volumetric fractions of NPs enhance the nonlinearity index of the

sheet and velocity profile decreases. Lv et al. (2021) examined the

Hall current and the heat radiation effect on hybrid nanofluid

flow over a whirling disc. Their endeavor was motivated by the

desire to improve the thermal energy transmission for

mechanical and manufacturing uses. The heat transfer rate

decreases with Hall current and increases with the radiative

component, according to the findings. Palanisamy et al.

(2021) investigated the characterization and thermophysical

characteristics of trihybrid oxide nanostructures, including

SiO2, TiO2, and Al2O3, produced at 0.1 per concentration in

three distinct ratios. Furthermore, many scholars have reported

on the uses and applications of ternary nanofluid (Sohail et al.,

2019; Ahmed et al., 2020a; Sohail et al., 2020a; Ahmed et al.,

2020b; Chu et al., 2021b).

When viscosity effects at the wall are insignificant and mesh

size is substantially larger than the boundary layer thickness, the

slip wall condition is used. Hussain (2022) statistically and

numerically assessed to capture the flow characteristics of

hybrid nanofluid flow across an enormously extensible sheet

with thermal and velocity slip conditions. The results show that a

little increase in the thermal slip factor generates a significant

change in the thermal transfer rate when compared to the

radiation impact. Swain et al. (2022) addressed the uniform
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chemical reaction and magnetic field effect on the water-based

hybrid nanofluid passing over a dwindling permeable sheet with

slip boundary conditions. The suction and injection component

enhances the skin friction ratio; however, the velocity slip factor

has the opposite trend. Ullah (2022) demonstrated the flow of a

hydromagnetic hybrid nanofluid in a 3D nonlinear convection

layer in the existence of microorganisms and different slip

circumstances across a slandering substrate. Many scholars

have recently hugely reported on thermal and velocity slip

conditions (Khan et al., 2017; Sohail et al., 2020b; Ahmed

et al., 2020c; Saeed et al., 2021; Algehyne et al., 2022).

The purpose of this research is to elaborate the consequences

of slip boundary conditions on ternary hybrid nanofluid flow in

the presence of heat source and thermal radiation over a rotating

disc. The thermophysical properties of ternary nanoparticles

(Al2O3, ZrO2, and CNT) and base fluid (H2O) are

investigated in this study. To numerically resolve the

dimensionless system of ODEs, the parametric continuation

method has been applied using MATLAB’s software. The

current study’s unique findings are useful and valuable in

academic studies and other fields.

Mathematical formulation

A steady two-dimensional trihybrid nanofluid flow with

nano composites (Al2O3, ZrO2, and CNT) over a disc in the

presence of thermal radiation and slip boundary conditions is

studied. The (r, ϕ, z) cylindrical coordinate system is

considered as elaborated in Figure 1. The disc rotates with

fixed angular velocity Ω . The magnetic field B0 is applied in

the axial direction of fixed intensity. Moreover, we can ignore the

induced magnetic field by considering low magnetic Reynolds

number. Tw and T∞ are the wall and ambient temperature of

fluid, respectively. Based on abovementioned postulation, the

elementary phenomena are modeled as (Iqbal et al., 2021):

zu

zr
+ u

r
+ zw

zz
� 0, (1)

ρtnf(uzuzr +wzu

zz
+ v2

r
)�−zP

zr
+μtnf(z2uzr2

− u

r2
+ 1
r

zu

zr
+ z2u

zz2
)

−σtnfB2
0u, (2)

ρtnf(u zvzr + w
zv

zz
+ uv

r
) � μtnf(z2vzr2

− v

r2
+ 1
r

zv

zr
+ z2v

zz2
)

− σtnfB
2
0v, (3)

ρtnf(u zwzr + w
zw

zz
) � −zP

zz
+ μtnf(z2wzr2 + 1

r

zw

zr
+ z2w

zz2
), (4)

(ρCp)tnf(u zTzr + w
zT

zz
) � ktnf(z2T

zr2
+ z2T

zz2
+ 1
r

zT

zr
) − qrz

+ Q0(T − T∞), (5)
where

qr � −4σp

3kp
zT4

zz
� −16σp

3kp
T3zT

zz
.

The boundary conditions are

u � L1
zu

zz
, w � 0, v � L1

zv

zz
+Ωr, T � L2

zT

zz
+ Tw at z � 0.

u → 0, T → T∞, v → 0, p → p∞ as z → ∞ .
(6)

Here, L1 and L2 are the wall slip and thermal jump constant,

respectively;Q0 is the generation and absorption;U0 � Ωr is the free
stream velocity; P is the pressure; σtnf is the electrical conductivity of

ternary hybrid nanofluid; μtnf is the dynamic viscosity; ρtnf is the

density; and (u, ​ v, w) are the components of velocity.

The following variables are used to simplify Eqs 1–5 to the

dimensionless system of ODEs:

ζ � z

����
U0

rvf

√
, u � rΩf′(ζ), w � −2

����
Ωvf

√
g(ζ), v � rΩg(ζ),

p � p∞ − ΩμfP(ζ), T � T∞ + (Tw − T∞)θ(ζ).

⎫⎪⎪⎪⎬⎪⎪⎪⎭
(7)

We get,

2
vtnf
vhnf

f′′′ − f′2 + g2 + 4ff′′ − ρhnf
ρtnf

M2f′ � 0. (8)

2
vtnf
vhnf

g′′ + 2fg′ − 2f′g − ρhnf
ρtnf

M2g � 0. (9)

vtnf
vhnf

f′′ + ff′′ − ρhnf
ρtnf

zP

zζ
� 0. (10)

(ρCp)hnf(ρCp)tnf (ktnfkhnf
+ Rd)θ′′ + Prfθ′ +Hsθ � 0. (11)

FIGURE 1
Ternary hybrid nanofluid flow over a rotating disc.
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f(0) � 0, g(0) � 1+g′(0)α, f′(0) �f′′(0)α, θ(0) � 1+θ′(0)β.
f′→ 0, P→ 0, g→ 0, θ→ 0 when ζ →∞ . (12)

Here, Pr is the Prandtl number,M is the magnetic constant, α

is the slip velocity factor, β is the thermal slip constraint, and Rd is

the thermal radiation term.

Pr �
μf(Cp)f

kf
, M2 � σtnfB2

0

Ωρf
, α � L1

��
Ω
vf

√
, β � L2

��
Ω
vf

√
, Rd

� 4σT3
∞

kpkf
. (13)

The engineering interest quantities are

Cf �
������
τ2r + τ2θ

√
ρtnf(rΩ)2, Nur � ktnf

kf

rqw
Tw − Tw

. (14)

The dimensionless form of Eq. 14 is

τw � μtnf(zuzz + zw

zr
)∣∣∣∣∣∣∣z�0, τθ � μtnf(zvzz + zw

zr
)∣∣∣∣∣∣∣z�0,

qw � −ktnfzT
zz

∣∣∣∣∣∣∣z�0. (15)

Re
1
2
rCf � μhnf

μtnf
(f′′(0)2 + g′(0)2)1

2

. (16)

Re
−1
2
r Nur � −khnf

ktnf
Rdθ′(0). (17)

Here,Rer � 2Ωr2

vf
is the local Reynolds number. Table 1 illustrates

the experimental values of ternary nanoparticles and base fluid. Table

2 presented the mathematical model for trihybrid nanofluid.

Numerical solution

Many researchers have used different types of numerical and

computational techniques to deal highly nonlinear PDEs (Zhao

et al., 2018; Zhao et al., 2021a; Zhao et al., 2021b; Chu et al., 2022b;

Jin et al., 2022; Nazeer et al., 2022; Rashid et al., 2022; Wang et al.,

2022). The main steps, while dealing with the PCM method, are as

follows (Shuaib et al., 2020a; Shuaib et al., 2020b; Bilal et al., 2022c):

Step 1: Simplify Eqs 8–11 to 1st order

ƛ1 � f(η), ƛ2 � f′(η), ƛ3 � f″(η), ƛ4 � g(η),
ƛ5 � g′(η), ƛ6 � θ(η), ƛ7 � θ′(η), ƛ8 � p(η). } (18)

By substituting Eq. 18 in Eqs 8–12, we get

2
vtnf
vhnf

ƛ3′ − ƛ22 + ƛ24 + 4ƛ2ƛ3 −
ρhnf
ρtnf

M2ƛ2 � 0. (19)

2
vtnf
vhnf

ƛ5′ + 2ƛ1ƛ5 − 2ƛ2ƛ4 −
ρhnf
ρtnf

M2ƛ4 � 0. (20)

TABLE 1 Investigational values of Al2O3, ZrO2, CNT, and water Arif
et al. (2022).

k(W/m.K) ρ(kg/m3) Cp(J/kg.K) β(1/K)

Water 0.613 997.1 4,179 0.00021

Al2O3 40 3,970 765 0.00000508

ZrO2 1.7 5,680 502 —

CNT 3,007.4 2,100 790 −0.000008

TABLE 2 Thermochemical properties of ternary hybrid nanofluids Alharbi et al. (2022), Bilal et al. (2022b).

Viscosity μtnf
μf

� 1
(1−ϕZrO2

)2.5(1−ϕAl2O3
)2.5(1−ϕCNT)2.5

Density ρtnf
ρf

� (1 − ϕAl2O3
)[(1 − ϕAl2O3

){(1 − ϕCNT) + ϕCNT
ρCNT
ρf

} + ϕAl2O3

ρAl2O3
ρf

] + ϕZrO2

ρZrO2
ρf

Specific heat (ρcp)tnf
(ρcp)f � ϕZrO2

(ρcp)ZrO2
(ρcp)f + (1 − ϕZrO2

)[(1 − ϕAl2O3
){(1 − ϕCNT) + ϕCNT

(ρcp)CNT

(ρcp)f } + ϕAl2O3

(ρcp)Al2O3
(ρcp)f ]}

Thermal conduction ktnf
khnf

� ⎛⎝kCNT + 2khnf − 2ϕCNT(khnf − kCNT)
kCNT + 2khnf + ϕCNT(khnf − kCNT)

⎞⎠,
khnf
knf

� ⎛⎝kAl2O3 + 2knf − 2ϕAl2O3
(knf − kAl2O3)

kAl2O3 + 2knf + ϕAl2O3
(knf − kAl2O3)

⎞⎠,

knf
kf

� ⎛⎝kZrO2 + 2kf − 2ϕZrO2
(kf − kZrO2)

kZrO2 + 2kf + ϕZrO2
(kf − kZrO2)

⎞⎠,

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
Electrical conductivity

σtnf
σhnf

� (1 +
3(σCNT

σhnf
− 1)ϕCNT

(σCNT

σhnf
+ 2) − (σCNT

σhnf
− 1)ϕCNT

), σhnf
σnf

� (1 +
3(σAl2O3

σnf
− 1)ϕAl2O3

(σAl2O3

σnf
+ 2) − (σAl2O3

σnf
− 1)ϕAl2O3

),

σnf
σf

� (1 +
3(σZrO2

σf
− 1)ϕZrO2

(σZrO2

σf
+ 2) − (σZrO2

σf
− 1)ϕZrO2

).
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vtnf
vhnf

ƛ3 + ƛ1ƛ3 −
ρhnf
ρtnf

ƛ8′ � 0. (21)

(ρCp)hnf(ρCp)tnf (ktnfkhnf
+ Rd)ƛ7′ + Prƛ1ƛ7 +Hsƛ6 � 0. (22)

ƛ1(0)� 0, ƛ2(0) �αƛ3(0), ƛ4(0)�1+αƛ5(0), ƛ6(0)�1+β,ƛ7(0),
ƛ2→0, g→0, ƛ8→0, ƛ6→0 when ζ→∞ . (23)

Step 2: Familiarizing parameter p in Eqs 19–22:

2
vtnf
vhnf

ƛ3′ − ƛ22 + ƛ24 + 4ƛ2(ƛ3 − 1)p − ρhnf
ρtnf

M2ƛ2 � 0. (24)

2
vtnf
vhnf

ƛ5′ + 2ƛ1(ƛ5 − 1)p − 2ƛ2ƛ4 −
ρhnf
ρtnf

M2ƛ4 � 0. (25)

vtnf
vhnf

ƛ3 + ƛ1(ƛ3 − 1)p − ρhnf
ρtnf

ƛ8′ � 0. (26)

(ρCp)hnf(ρCp)tnf (ktnfkhnf
+ Rd)ƛ7′ + Prƛ1(ƛ7 − 1)p +Hsƛ6 � 0. (27)

FIGURE 2
Velocity outlines f′(η) versus velocity slip factor α.

FIGURE 3
Velocity outlines f′(η) versus magnetic term M.

FIGURE 4
Velocity outlines f′(η) versus ternary nanoparticles ϕ.

FIGURE 5
Velocity outlines g(η) versus velocity slip factor α.

FIGURE 6
Velocity outlines g(η) versus ternary nanoparticles ϕ.
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Step 3: Apply Cauchy principal and discretized Eqs 24–27.

After discretization, the obtained set of equations is

computed through the MATLAB code of PCM.

Results and discussion

This section elaborates the physics and trend behind each

figure. The following statements are concluded from Figures 2–11.

Figures 2–4 revealed the axial velocity f′(η) outlines versus

velocity slip factor α, magnetic termM, and ternary nanoparticles ϕ,

while Figures 5 and 6 display the radial velocity g(η) outlines versus
slip factor α and ternary nanoparticles ϕ, respectively. Figures 2 and

3 reported that the velocity contour diminishes with the influence of

slip factor and magnetic term. The slip factor and magnetic force

both resist the fluid field because themagnetic impact causes Lorentz

strength, which opposes the fluid flow; hence, fluid velocity contour

declines due to the increasing tendency of magnetic field and slip

factor”. Figure 4 shows that the dispersion of more quantity of

ternary nanoparticles (ϕ � ϕ1 � ϕ2 � ϕ3) to water decelerates the

fluid velocity. Physically, the inclusion of trihybrid nano composites

to the base fluid enhances its average viscosity, which results in such

retardation. Figures 5 and 6 present that the radial velocity also

declines with the velocity slip factor and ternary nanoparticles. The

upshot of trihybrid nanoparticles enhances the fluid viscosity, which

resists the fluid velocity g(η).
Figures 7–10 show the energy outlines versus the thermal slip

factor β, heat source Hs, ternary nanoparticles ϕ, and thermal

radiation Rd. Figure 7 expresses that the thermal slip factor

reduces to the energy contour because slip effect minimizes the

rate of frictional force, which results in reduction of energy field.

Physically, the frictional force generates heat, so its reduction also

decreases the temperature of fluid. Figure 8 illustrated that the heat

generation and absorption term boost the energy profile. An

additional energy is provided due to the rising effect of heat

source, which elevates the energy profile. Figure 9 expresses that

the addition of ternary nanoparticles enhances the temperature

profile. The specific heat capacity of water (4,179 Cp(J/kg.K)) is
much higher than that of Al2O3 (765 Cp(J/kg.K)), ZrO2

(502 Cp(J/kg.K)), and CNT (790 Cp(J/kg.K)) nanoparticles.

Therefore, the dispersion of these NPs to water lessens its average

heat capacity, which fallouts in the elevation of energy outlines.

FIGURE 7
Energy outlines θ(η) versus thermal slip factor β.

FIGURE 8
Energy outlines θ(η) versus heat source Hs.

FIGURE 9
Energy outlines θ(η) versus ternary nanoparticles ϕ.

FIGURE 10
Energy outlines θ(η) versus thermal radiation Rd.
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Figure 10 displays that the upshot of radiation Rd term enhances the

temperature contour. The impact of radiation term augments the

energy of fluid, which causes in the inclination temperature contour.

Figure 11 demonstrates the comparative evaluation of nanofluid,

hybrid, and ternary nanofluid. From all the subfigures of Figure 11, it

can be noted that the ternary nanofluids have greater tendency to

boost the energy transmission rate than hybrid and solo nanofluids.

Conclusion

We have examined the consequences of thermal radiation

with slip boundary conditions and the uniform magnetic field on

a steady 2D flow of trihybrid nanofluid over a rotating disc. The

trihybrid nano composites are synthesized by the dispersion of

Al2O3, ZrO2, and CNT in water. A nonlinear system of PDEs is

used to describe the phenomenon. The modeled equations are

reduced to a nondimensional collection of ODEs using similarity

substitution. The PCM methodology is used to estimate the

nonlinear differential equations that resulted. The key

findings are

• The axial velocity f′(η) outlines are reducing with the

influence of slip factor and magnetic term.

• The dispersion of ternary nanoparticles (ϕ � ϕ1 � ϕ2 �
ϕ3) to water decelerates the fluid velocity.

• The radial velocity also declines with the velocity slip factor

and ternary nanoparticles.

• The energy field declines with the increasing effects of

thermal slip constraint.

• The influence of heat generation and absorption term

boosts the energy profile.

• The addition of ternary nanoparticles magnifies the

temperature profile.

FIGURE 11
Percentage- and column-wise comparison of nanofluids.
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• The fluid temperature augments with the effect of thermal

radiation.

• The ternary nanofluid has higher thermal characteristics

than simple and hybrid nanofluid.
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Suction/injection is a mechanical effect and used to control the energy losses

in the boundary layer region by reducing the drag on the surface. In this

study, unsteady MHD flow of Brinkman-type fluid with suction/injection, heat

absorption, and chemical reaction is investigated and an analytical solution

is established. The corresponding results for temperature, concentration, and

velocity fields are obtainedwith the help of the Laplace transformationmethod

analytically. The physical effects of thermal andmass Grashoff number, Prandtl

number, Schmidt number, heat absorption parameter, first-order chemical

reaction parameter, suction/injection, Brinkman parameter, and magnetic

parameter have been discussed graphically. Finally, it is observed that in the

presence of suction effect, fluid’s velocity decreases gradually by increasing

the value of suction parameter while show an increasing trend for the

increasing value of the injection parameter.

KEYWORDS

suction/injection, MHD, Brinkman-type fluid, free convection, analytical solution

Introduction

In nature, the convectional flow of fluids is not only induced by the temperature
gradient but it is also generated due to the non-homogeneous concentration field. In
several industrial and biological processes, the heat and mass transfer take place in
chorus as a result of pooled buoyancy forces. In the presence of magnetic fields, such
natural flows induced unevenness of thermal and species balances which are of great
importance and have several applications in polymer industries and biological sciences.
Matin et al. (2012) discussed the mixed convectional flow of nanofluid past an extended
surface under the influence of the fluctuating magnetic field. Khan et al. (2018) analyzed
the MHD flow of viscous fluid enclosed in an open channel. Unsteady free convective
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viscous fluid under a uniform magnetic field through porous
media has been examined by Patel et al. (2015). Paul (2017)
discussed the MHD free convection flow and presented the
physical significance of magnetic force on fluid motion.
Umavathi et al. (2018) also took into account the subjectivity
of Lorentz forces on the electrically conducting fluid flow
through a couple of parallel porous plates. Ali et al. (2013)
investigated analytically the double convectional flow with
heat and mass transport in the presence of Lorentz forces.
Ahmed et al. (2017) extended his work for an L-shaped
porous medium and discussed the flow of fluid induced by
temperature and concentration gradients. Babu et al. (2017)
considered natural convected viscous fluid flow over an extended
permeable flat surface in the presence of magnetic field of
constant magnitude. Some studies regarding heat and mass
transfer are found in Ahmad et al. (2019); Ahmed et al. (2019);
Adnan et al. (2020); Ahmad et al. (2020); Khan et al. (2020);
Yu-Ming Chu et al. (2020).

The suction/injection effect is significant in the boundary
flow and is applied to minimize the energy losses due to
the surface drag. This effect is also applied to construct the
biological and mechanical suction devices. Bose et al. (2016)
analyzed the suction/injection for MHD convective flow
of fluid over a swinging role of the permeable plate.
Modather et al. (2009) discussed MHD flow over an oscillatory
surface of micropolar fluid. Jha et al. (2017) compared
the numerical and analytical solutions by considering the
effect of suction/injection. Ravindran (2013) examined slot
suction/injection for convectional flow and established
numerical results for the conic domain. Aman (2017) established
the results for the flow past an extended porous flat plate
by imposing suction/injection on the boundary. Jha et al.
(2015), Jha et al. (2018) presented the analytical solutions of
natural convected flow with and without thermal radiation
effects in vertical microchannel accompanied with a magnetic
force by applying the suction/injection effect in the boundary
layer region. Zeeshan et al. (2018) discussed the fluid motion
generated by unbalanced temperature and mass distribution and
blustered the effective role of uniform suction on fluid flow in the
region of the boundary layer. Also, several other results regarding
suction/injection boundary flows for transport phenomenon are
found in Das (2010); Rajesh et al. (2010); Baoku et al. (2013);
Ghosh et al. (2014); Akinshilo et al. (2017); Faladea et al. (2017).

The research work cited earlier regarding suction/injection is
performed by numerical techniques. There is no exact result for
velocity subjected to suction/injection and our main aim of the
present research was to fill this gap. In this study, an unsteady
free convectional flow of chemically reacting Brinkman-type
fluid by imposing suction/injection on the boundary is shown.
The Laplace transformation technique is applied to obtain
the analytical expressions for temperature, concentration, and
velocity. The role of suction/injection in the flow domain is also
explained with other physical parameters graphically.

Formulation of problem

Suppose Brinkman fluid is lying at rest over an infinite plate
placed in the xz− plane in such a way that the y-axis is taken
along the outward normal to the plane of plate. In the beginning,
time fluid with plate is in static equilibrium and physical state
is described by temperature T∞ and concentration C∞ as shown
in Figure 1. After the time t > 0, plate is supposed to move
with velocity U0f(t). Where f(t) satisfied f(0) = 0. A constant
temperature Tw is maintained with the concentration level near
the plate. The flow is directed in the z-direction and the velocity
gradient exists in the direction of the y-axis so velocity is as
V⃗ = V⃗(0,0,w) = w(y, t)k̂, where the unit vector k̂ is pointed in the
direction of velocity. A suctional velocity orthogonal to the plane
of plate may be written as v = −v0. The momentum, energy, and
mass balance equations which govern the flow may be taken in
the following form (Modather et al., 2009; Bose et al., 2016):

∂w (y, t)
∂t
− v0

∂w (y, t)
∂y
+ βw (y, t) = ν

∂2w (y, t)
∂y2
+ gβT (T (y, t) −T∞)

+ gβC (C (y, t) −C∞) −
σB2

0w (y, t)
ρ
, (1)

∂T (y, t)
∂t
− v0

∂T (y, t)
∂y
= k
ρCP

∂2T (y, t)
∂y2
− Q
ρcp
(T (y, t) −T∞) , (2)

∂C (y, t)
∂t
− v0

∂C (y, t)
∂y
= D

∂2C (y, t)
∂y2
−Kr (C (y, t) −C∞) , (3)

FIGURE 1
Flow geometry.
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where ρ is the density, v0 is the constant suction velocity, β is
the Brinkman parameter, w is the velocity of fluid, t is time,
T is the fluid temperature, Tw is thermal state at wall, T∞ is
temperature at infinity, k denotes thermal conduction, βT and βC
denote the constant of volumetric expansion,Cp is specific heat at
perseverance, force (pressure),Q ≥ 0 is heat absorption, Kr is the
chemical reaction parameter, B0 is the constant magnetic field,
and D is mass diffusion.

The adequate conditions at boundary for field variables are:

w (y,0) = 0, T (y,0) = T∞,C (y,0) = C∞,

w (0, t) = U0f (t) ,T (0, t) = Tw,C (0, t) = Cw,

w (∞, t) = 0, T (∞, t) = T∞,C (∞, t) = C∞. (4)

By inserting the following relations in Eqs 1–4:

y∗ =
(U0)y
ν
, t∗ =

U2
0t
ν
,w∗ = w

U0
,T∗ =

T−T∞

Tw −T∞
,

C∗ =
C−C∞

Cw −C∞
,Gr =

gβT (Tw −T∞)ν

U3
0
,

Gm =
gβC (Cw −C∞)ν

U3
0
,Pr =

μCP

k
,Sc = ν

D
,

M =
σB0ν
U2
0
,Q0 =

Qν
ρCPU

2
0
,λ =

Krν
U2
0
, s =

v0
U0
,

β0 =
νβ
U0
0
, (5)

we obtained the following equations:

∂w (y, t)
∂t
− s

∂w (y, t)
∂y
+
νβw (y, t)

w2
0
=
∂2w (y, t)

∂y2
+GrT (y, t)

+GmC (y, t) −Mw (y, t) , (6)

∂T (y, t)
∂t
− s

∂T (y, t)
∂y
= 1
Pr

∂2T
∂y2
−Q0T (y, t) , (7)

∂C (y, t)
∂t
− s

∂C (y, t)
∂y
= 1
Sc

∂2C
∂y2
− λC (y, t) , (8)

w (y,0) = 0, T (y,0) = 0, C (y,0) = 0,

w (0, t) = h (t) , T (0, t) = 1, C (0, t) = 1,

w (∞, t) = 0, T (∞, t) = 0, C (∞, t) = 0. (9)

Solution of problem

Calculation of temperature

Eq. 7 with Laplace transform and condition (9)1, is
transformed to ordinary differential equations in T̄

∂2T̄ (y,q)
∂y2
+Prs ∂T̄

∂y
−Pr(q+Q0) T̄ (y,q) = 0. (10)

Eq. 10 satisfies

T̄ (0,q) = 1
q
, and T̄ (∞,q) = 0. (11)

The solution of Eq. 10 subjected to condition (11) is as
follows:

T̄ (y,q) = 1
q
exp(−y(Prs

2
+√(Prs

2
)
2
+Pr(q+Q0))). (12)

In a suitable form:

T̄ (y,q) = e−yc1 1
q
exp(−y√Pr√q+ d1). (13)

where c1 = (
Prs
2
) and d1 =

Prs2

4
+Q0.

Eq. 13 is re-transformed in the t-domain by inversion of
Laplace transform with composite formula as:

T (y, t) = e
−yc1

2
[exp(−yPr√d1)× erfc(

yPr

2√t
−√d1t)+

exp(−yPr√d1)erfc(
yPr

2√t
+√d1t)]. (14)

Calculation of concentration

In a similar manner as adopted in the case of the temperature
field, Eq. 8 with respective boundary conditions from Eq. 9 can
be solved for the concentration field as follows:

C̄ (y,q) = 1
q
exp(−y(Scs

2
+√(Scs

2
)
2
+ Sc (q+ λ))). (15)

In a suitable form:

C̄ (y,q) = e−yc2 1
q
exp(−y√Sc√q+ d2), (16)

where c2 = (
Scs
2
), d2 =

Scs2

4
+ λ.

Eq. 16 is re-transformed as:

C (y, t) = e
−yc2

2
[exp(−ySc√d2)erfc(

ySc

2√t
−√d2t)

+exp(−ySc√d2)erfc(
ySc

2√t
+√d2t)]. (17)
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FIGURE 2
Velocity due to Gr for small time (A) and for large time (B).

FIGURE 3
Velocity due to Gm for Small time (A) and for large time (B).

Velocity

Imposing Laplace transform to Eq. 6, we obtain the
following transformed ordinary differential equation:

∂2w̄ (y,q)
∂y2
+ s

∂w̄ (y,q)
∂y
− (q+M+ β0) w̄ (y,q) = −GrT̄ (y,q) −GmC̄ (y,q) .

(18)

Eq. 18 is in hold for following specification:

w̄ (0,q) = ̄f (q) w̄ (∞,q) = 0. (19)

Eq. 18 with condition (19) can be solved and after
performing lengthy calculation, its solution takes the following

form:

w̄ (y,q) = ̄f (q)exp(−y(a+√q+ b))

+
Gr[exp(−y(a+√q+ b))− exp(−y(c1 +√Pr√q+ d1))]

[(c1 +√Pr√q+ d1)
2
− s(c1 +√Pr√q+ d1)− (q+M+ β0)]q

+
Gm[exp(−y(a+√q+ b))− exp(−y(c2 +√Sc√q+ d2))]

[(c2 +√Sc√q+ d2)
2
− s(c2 +√Sc√q+ d2)− (q+M+ β0)]q

, (20)

where a = s
2
and b = a2 +M+ β0.
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FIGURE 4
Velocity due to Pr for small time (A) and for large time (B).

FIGURE 5
Velocity due to Sc for small time (A) and for large time (B).

In a suitable form:

w̄ (y,q) = e−ya ̄f (q)exp(−y√q+ b)

+ Gr

[(c1 +√Pr√q+ d1)
2
− s(c1 +√Pr√q+ d1)− (q+M+ β0)]

× [e−ya 1
q
exp(−y√q+ b)− e−yc1 1

q
exp(−y√Pr√q+ d1)]

+ Gm

[(c2 +√Sc√q+ d2)
2
− s(c2 +√Sc√q+ d2)− (q+M+ β0)]

× [e−ya 1
q
exp(−y√q+ b)− e−yc2 1

q
exp(−y√Sc√q+ d2)]. (21)

Consider the following equations:

F1 (y,q) = exp(−y√q+ b), (22)

F2 (y,q) =
1
q
exp(−y√q+ b), (23)

F3 (y,q) =
1
q
exp(−y√Pr√q+ d1), (24)

F4 (y,q) =
1
q
exp(−y√Sc√q+ d2), (25)

Frontiers in Energy Research 05 frontiersin.org

41

https://doi.org/10.3389/fenrg.2022.963583
https://www.frontiersin.org/journals/energy-research
https://www.frontiersin.org/journals/energy-research#articles


Yao et al. 10.3389/fenrg.2022.963583

and

A1 (q) =
1

[(c1 +√Pr√q+ d1)
2
− s(c1 +√Pr√q+ d1)− (q+M+ β0)]

,

(26)

A2 (q) =
1

[(c2 +√Sc√q+ d2)
2
− s(c2 +√Sc√q+ d2)− (q+M+ β0)]

,

(27)

Eqs 26, 27 can be written in a suitable form as follows:

A1 (q) =
1

(m1 −m2) (Pr− 1)
[[

[

(r1 +m1)
(q−m1)

−
(r1 +m2)
(q−m2)

−
r2 (d1 +m1)

√q+ d1 (q−m1)

+
r2 (d1 +m2)

√q+ d1 (q−m2)

]]

]

, (28)

A2 (q) =
1

(m3 −m4) (Sc− 1)
[[

[

(r3 +m3)
(q−m3)

−
(r3 +m4)
(q−m4)

−
r4 (d2 +m3)

√q+ d2 (q−m3)

+
r4 (d2 +m4)

√q+ d2 (q−m4)

]]

]

, (29)

where
r1 =

c21+Prd1+sc1−M−β0
Pr−1

, r2 =
√Pr(2c1+s)

Pr−1
, r3 =

c22+Scd2+sc2−M−β0
Sc−1

,

r4 =
√Sc(2c2+s)

Sc−1
,

(m1,m2) =
−(2r1 − r22) ±√(2r1 − r

2
2)

2 − 4(r21 − r
2
2d1)

2
,

and

(m3,m4) =
−(2r3 − r24) ±√(2r3 − r

2
4)

2 − 4(r23 − r
2
4d2)

2
.

Inverting the Laplace transform in Eqs 22–25 and Eqs 28,
29.

F1 (y, t) =
1
2
[

[
exp(−y√b)erfc(

y− 2√bt

2√t
)

+exp(y√b)erfc(
y+ 2√bt

2√t
)]

]
, (30)

F2 (y, t) =
1
2
[exp(−y√b)erfc(

y

2√t
−√bt)

+ exp(−y√b)erfc(
y

2√t
−√bt)], (31)

F3 (y, t) =
1
2
[exp(−y√Prd1)erfc(

y√Pr

2√t
−√d1t)

+exp(−y√Prd1)erfc(
y√Pr

2√t
+√d1t)], (32)

F4 (y, t) =
1
2
[exp(−y√Scd2)erfc(

y√Sc

2√t
−√d2t)

+exp(−y√Scd2)erfc(
y√Sc

2√t
+√d2t)], (33)

and

A1 (t) =
1

(Pr− 1) (m1 −m2)
[(r1 +m1)em1t − (r1 +m2)em2t

−r2 (d1 +m1) r2 (d1 +m2)
em1t

√d1 +m1

erf(√(d1 +m1) t)
]]

]

,

(34)

A2 (t) =
1

(Sc− 1) (m3 −m4)
[(r3 +m3)em3t − (r3 +m4)em4t

−r4 (d2 +m3) r4 (d2 +m4)
em3t

√d2 +m3

erf(√(d2 +m3) t)
]]

]

.

(35)

After inverting Laplace transform in Eq. 21 and using
Eqs 30–35, finally we obtained the velocity in the t-domain.

w (y, t) = exp (−ya)∫
t

0
f (t− τ)F1 (τ)dτ

+Gr∫
t

0
A1 (t− τ) [exp (−ya)F2 (τ) − exp (−yc1)F3 (τ)]dτ

+Gm∫
t

0
A2 (t− τ) [exp (−ya)F2 (τ) − exp (−yc2)F4 (τ)]dτ.

(36)

Some specifications on arbitrary function
f(t)

The velocity w(y, t), given by Eq. 36, mainly contains two
terms: the first term is the mechanical contribution due to the
motion of plate with an arbitrary velocity while the other part of
the solution is the result of heat and mass transfer. Therefore, the
mechanical part is given as follows:

wm (y, t) = exp (−ya)∫
t

0
f (t− τ)F1 (τ)dτ. (37)

Case-I [f(t) = tα].
By introducing the f(t) = tα in Eq. 37 when plate is moving

with a variable velocity.

wm (y, t) = exp (−ya)∫
t

0
(t− τ)αF1 (τ)dτ. (38)

Case-II [f(t) = sin(wt)].

wm (y, t) = exp (−ya)∫
t

0
⁡sin (w (t− τ))F1 (τ)dτ. (39)

Frontiers in Energy Research 06 frontiersin.org

42

https://doi.org/10.3389/fenrg.2022.963583
https://www.frontiersin.org/journals/energy-research
https://www.frontiersin.org/journals/energy-research#articles


Yao et al. 10.3389/fenrg.2022.963583

FIGURE 6
Velocity due to Q0 for small time (A) and for large time (B).

FIGURE 7
Velocity due to λ for small time (A) and for large time (B).

Numerical discussion and results

In this section, the impact of suction/injection and the other
physical parameters in the flowdomain are explained graphically.
The effect of Gr for small and large times is elaborated in
Figures 2A,B. Increasing values of Gr refer to stronger buoyancy
forces which generate more convectional effects, therefore;
velocity profiles exhibit an increasing trend due to an increasing
Gr in both figures drawn for small and large times and fluid
velocity is higher for large time than that for the small time.

Figures 3A,B depicts the influence ofmass Grashoff numberGm
on velocity profiles. Figures outlined revealed that fluid velocity
speeds up under the successive increment in the values of Gm.
The greater values of Gmmean that there are large bouncy forces
due to the concentration gradient which generate more fluid
motion.

The effect of Pr is discussed in Figures 4A,B. From the
figures it is shown that there is a decreasing trend in velocity
profiles for Pr. For larger values of Pr, the viscous forces dominate
the inertial forces and create more internal friction in the fluid
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FIGURE 8
Velocity due to M for small time (A) and for large time (B).

FIGURE 9
Velocity profile due to β0 variation for small time (A) and for large time (B).

flow and consequently fluid slows down. Figures 5A,B present
the effect of Sc on fluid velocity. As shown in both figures, velocity
slows down for enhancing values of Sc but fluid velocity is higher
for large time than that for the small time. In Figures 6A,B,
the effect of heat absorption parameter Q0 on fluid velocity is
depicted. The figure graphic shows that the increase in Q0 slows
down the fluidmotion.Whenever large numeric values are given
to Q0, the fluid temperature is lowered down and consequently
the fluid velocity decreases. However, for the large time; the fluid
velocity remains higher than that for the small time. The effects

of chemical reaction parameter λ are shown inFigures 7A,B.The
fluid velocity behaves against λ in similar a manner as due toQ0.

The subjectivity of fluid velocity under magnetic force is
outlined in Figures 8A,B and fluid is retarded with the magnetic
parameter. The physical significance of this effect is that the
stronger magnetic field opposes the force to fluid velocity,
therefore; the fluid motion slows down. The influence of the
Brinkman parameter is shown in Figures 9A,B. It is clear that
velocity profiles lower down with an enhancing β0 for small and
large times. β0 is the material constant and its higher value refers
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FIGURE 10
Velocity profile due to suction (s > 0) (A) and injection (s < 0) (B).

FIGURE 11
Temperature profiles for Pr (A) and Q (B) variations.

to more thick fluid. Therefore, the higher value of β0 means that
there is more dragging force to fluid flow, so consequently fluid
velocity slows down.

The suction/injection effects on fluid velocity are presented in
Figures 10A,B. The s > 0 refers to suction while s < 0 indicates
the injection and s = 0 means no suction/injection in the flow
domain. Figure 10A shows the effect of parameter s and it is
observed that the fluid velocity decreases with the increasing
values of suction parameter (s > 0). Figure 10B shows the
variation in velocity of fluid with respect to injection and from
this figure, it is clear that the fluid speeds up with injection
(s < 0). In Figures 11A,B, the temperature profile is plotted for

the variation of Pr and Q, respectively. From the figures it is
observed that temperature profiles lower down for the increasing
value of Pr and Q.

Conclusion

The mathematical model of unsteady natural flow of MHD
Brinkman-type fluidwith suction/injection, heat absorption, and
chemical reaction of first-order is considered.The corresponding
solutions of temperature, concentration, and velocity fields
are established. The physical effects of parameters are seen
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graphically. Moreover, it is clear that in the presence of suction
at the boundary the flow slows down while for the injection
effect flow speeds up. The key outcomes of the study are listed
as follows:

• The s > 0 refers to the suction and hence an increasing value
of s slowdowns the fluid flow.
• The s < 0 refers to the injection and by increasing the
numeric value of (−s), it speedups the fluid flow.
• Thefluid velocity increases for Gr, Gm, time, t, and injection
parameter (-s).
• The fluid velocity decreases for M, β0, t, Q0, λ, and suction
parameter (s).
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Background and Purpose: Studying the effects of suction and injection on heat

transportation in nanofluids for time-dependent boundary layer flow is a key

topic in fluid dynamics. Aerodynamics and the sciences of space both make

extensive use of these types of flow. In this research, nanodiamond and silver

nanoparticles in water-type base-fluid nanofluids flow are analyzed under the

effects of thermal radiation and non-Fourier theory.

Methodology: A mathematical system having certain physical variations of the

flow model is converted to a non-dimensional ordinary differential equation

system via suitable similarity transformation variables. Then the flow model is

numerically solved by RK4 and a shooting technique to describe the dynamics

of the nanofluids under varied flow conditions. RK4 with the shooting approach

gives a rapid result with high convergence accuracy. The relevant

characteristics of physical quantities evaluated by an inclusive numerical

scheme are observed for flow pattern, temperature distribution, and

nanofluids concentration variations in the presence of suction and injection

fluxes.

Finding: According to the findings, both ND-H2O and Ag-H2O have

outstanding thermal performance characteristics. The Ag-based nanofluid,

however, has a better heat transfer capability. To validate the analysis, a

graphical and tabular comparison is presented under specified assumptions.

The key finding is that, with the injection effect, the heat flow rate is larger than

with the suction effect. The unsteadiness parameter causes a drop in the

velocity profile, whereas energy distribution rises with this parameter.
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Introduction

The thermal performance of fluids is critical in the industrial

and technical sectors. Many industrial and technical operations

need a large quantity of heat transmission. Traditional liquids do

not provide the required quantity of heat to complete the

operation, which explains why there has been a need to

understand how to enhance the heat transmission of ordinary

liquids. Ultimately, in order to increase heat transfer in

conventional liquids, researchers and scientists have devised

the idea of utilizing metallic and non-metallic substances, in

the form of nanoparticles, in the host liquid. These fluids’

exceptional heat transfer capabilities have improved

industrialists’ and engineers’ impact on the contemporary

world. Nanofluids have been employed in aerodynamics,

computer chips, medical sciences, the cosmetics industry,

aviation parts manufacturing, and many other industries. As a

result of the aforementioned uses, heat transport research is

unavoidable. In many engineering areas, the modeling of

unsteady flow phenomena is becoming more relevant. In

turbomachinery, for instance, this encompasses the contact

between stationary and rotating components, pistons engine,

fluid–structure interactions, helicopter aerodynamics,

applications in the automotive industry, the DNS or LES of

turbulent flows, nuclear explosions, and so on. The heat

transportation rate has been investigated for time-dependent

nanofluid flow incorporating magnetic field and thermal

conduction effects (Lahmar et al., 2020), for unsteady

bioconvection hybrid nanofluid flow over a movable rotating

disk in upward and downward directions (Jayadevamurthy et al.,

2020), for time-dependent Carreau nanofluid flow under the

effect of variable conductivity (Irfan et al., 2020), for unsteady

nanofluid flow through a movable upper plate alongside suction

and magnetic effects (Shuaib et al., 2020), and so on (Sreedevi

et al., 2020; Khan et al., 2021; Alsallami et al., 2022; Raja et al.,

2022; Rehman et al., 2022).

Nanodiamond particle dispersion in the host fluid water has

been investigated theoretically and experimentally by many

researchers aiming to enhance the thermal performance.

Sundar et al. (2021) experimentally investigated the entropy

and exergy of heat in nanodiamond/water nanofluid flow.

With increasing nanofluid particle loadings, research has

found a significant rise in the heat transfer coefficient and

Nusselt number. Nanodiamond/water and cobalt oxide/water

nanofluids have been placed in a square cavity containing heaters

and treated to investigate the heat transfer rate (Kalidasan and

Kanna, 2017). Numerical analysis has been made for entropy

generation in laminar convective nanodiamond/water nanofluid

through a rectangular channel (Uysal et al., 2019). Entropy

generation has been estimated for tangent hyperbolized hybrid

nanofluid that enhances the thermal transportation capacity of

regular fluid (Hussain and Jamshed, 2021). Similarly, tangent

hyperbolized hybrid nanofluid in a solar wing parabolic trough

solar collector, used in solar plants, has been studied by Jamshed

et al. (2021a). The nanopolishing behavior of suspended

nanodiamond in elasto-hydrodynamic lubrication has been

studied by Shirvani et al. (2016). Similarly the silver/water

nanofluid flow over a vertical Riga plate has been studied by

Rawat et al. (2019). Analysis of the turbulent convective force of

Ag/HEG type nanofluid flow that flows through a circular

channel, silver/water nanofluid flow in mini channels, Ag/

HEG water nanofluid in pipes, and Ag/water nanofluid inside

a semi-circular lid-driven cavity has been conducted by Ny et al.

(2016), Sinz et al. (2016), Raja Bose et al. (2017), and Hadavand

et al. (2019), respectively. Bhatti et al. (2022a) studied nanofluids

composed of nanoparticles such that nanodiamond and silica in

the host fluid water flow through the elastic surface located

exponentially, and Bhatti et al. (2022b) studied hybrid

nanofluids comprising cobalt-oxide/graphene oxide

nanoparticles in the base fluid water that flows across a

circular elastic surface in a porous medium. This research is

significant for improving the optical thermal performance in

solar energy conversion systems. Dogonchi et al. (2017) analyzed

the magnetohydrodynamic graphene oxide/water type nanofluid

through a permeable channel under the effect of thermal

radiation and found that when the Reynolds number and

extension ratio increase, so does the skin friction coefficient.

Alizadeh et al. (2018) studied the micropolar nanofluid flow that

passes through penetrable sheets. According to their findings, the

Nusselt number is a rising function of volume friction and

thermal radiation. Dib et al. (2015) studied the thermal

transportation phenomena in nanofluid through a squeezing

medium and found that nanofluids with different types have

positive effects on heat transfer. Sheikholeslami et al. (2012)

examined the heat transfer rate in copper/water nanofluid flow

between two rotating stretched surfaces. Their findings showed

that the surface heat transfer rate increases the volume fraction of

nanomaterials. Entropy generation has been measured by

Jamshed (2021) in the MHD flow of Maxwell nanofluid that

passes infinite horizontal sheets in terms of the imposed viscous

dissipation and thermal radiation effects. Many researchers have

been paying close attention to the study of nanofluid flow

through porous surfaces, and Henry Darcy’s 1856 Darcy

model is the most used model in this kind of study (Darcy,

1965). Khanafer and Vafai (2019) discussed in detail the usages of

nanofluid in a porous medium. Shahsavar et al. (2020)

investigated the effects of a permeable medium using a silver/

water nanofluid with a heat sink filled with metal foam, utilizing
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the first and second laws of thermodynamics. Bioconvection

phenomena have been used by Bhatti et al. (2022c) in

magnetohydrodynamic Williamson nanofluid flow that passes

a circular permeable medium when a nanofluid flows through a

cylinder entirely saturated with a porous medium. Other useful

literature about nanofluids in a porous medium can be found in

Ahmed et al. (2019), Menni et al. (2019), Zuhra et al. (2020), and

Wang et al. (2022).

Considerable focus has been placed on the flow and heat

transmission of viscous fluids via surfaces that are constantly

stretching in a fluid medium. Innovative and pioneering studies

about stretching the surface for the fluid flow include those of

Sakiadis (1961) and Crane (1970). Many researchers have since

built on Crane’s and Sakiadis’s groundbreaking work to

investigate various elements of flow and heat transmission in

an infinite domain of fluid through a stretched sheet (Laha et al.,

1989; Afzal, 1993; Wang, 2006; Ahmed et al., 2022a; Ashraf et al.,

2022; Elattar et al., 2022). These investigations are based on

continuous flow. A quick stretching of the flat sheet or a steep

shift in the sheet’s temperature might cause the flow field and

heat transmission to be unstable in some instances. Hossain et al.

(1999) investigated the effect of radiation on free convection

from a porous vertical plate. Prasannakumara et al. (2017)

reported on the convective thermal performance of an

unstable nanofluid passing through a stretchy sheet. They

presented their findings for dusty nanofluid, concluding that a

higher radiative surface is preferable for dusty nanofluid thermal

increase. Bhattacharyya and Layek (2014) studied the heat

transport of nanofluids in the presence of applied Lorentz

forces. The time-dependent non-Newtonian Casson nanofluid

flow through a slippery surface was assessed by Jamshed et al.

(2021b) for entropy generation and thermal transportation

measurement. Dutta et al. (1985) investigated the temperature

behavior of a normal liquid across a stretchy sheet in the presence

of a continuous heat flow condition. Many researchers have

studied exponentially extending sheets (Magyari and Keller,

1999; Rehman et al., 2017; Mushtaq et al., 2019), which have

the most important technological and industrial applications.

The heat conduction law developed by Fourier (Fourier and

Darboux, 1822) has been used to forecast heat transfer behavior

in a variety of practical circumstances. Since this model generates

a parabolic energy equation, any initial perturbation would have

a significant impact on the system under study. Fourier’s law has

been adjusted multiple times to solve this contradiction (Dong

et al., 2011; Zhang et al., 2013; Reddy and Sreedevi, 2021).

Fourier’s law was updated by Cattaneo (1948) by including

the relaxation time for heat flux, which is defined as the time

it takes for heat conduction to stabilize once a temperature

gradient has been introduced. Christov (2009) proposed a

materially invariant version of Cattaneo’s model based on

Oldroyd’s upper-convected derivative. To date, significant

research has been undertaken on nanofluidic flow models

adding non-Fourier heat conduction theory (Alhowaity et al.,

2022; Imtiaz et al., 2022; Salmi et al., 2022). In the present paper,

non-Fourier heat flux theory and thermal radiation effects are

imposed to investigate the heat transfer rate in two different types

of nanofluids composed of nanodiamond-water and silver-water

over an unsteady stretching sheet. Suction and injection fluxes

are also considered in the model. The thermal properties of both

nanoparticles are different; hence, this study shows the best heat

transfer performance rate. The non-dimensional system of

equations is achieved via the adjustment of suitable similarity

variables in the traditional form of the flow model with many

assumptions, which are further solved through the shooting

technique. The resulting data are compared to the physical

characteristics, and the findings are shown graphically in the

form of graphs. Using Mathematica 11.0, a graphical

comparison study is used to verify the colloidal analyses. The

hydrothermal efficiency of heat transfer systems improved with

smaller silver/water nanoparticle size and concentrations. Silver

nanoparticles, when used in small enough concentrations and with

a small enough size, may reduce the pressure drop and erosion

problems that arise during the suspension of nanoparticles in the

host fluid. Thus, such a type of nanoparticle is more stable in

nanofluid over a long time. Additionally, thermal fluids based on

nanodiamond may improve thermal conductivity by as much as

70%. Therefore, both of the nanofluids possess good thermal

conductivity. Nanodiamond nanofluid is mostly used in electron

microscopy, Raman spectroscopy, and X-ray diffraction analyses.

The flow model and its formulation

The model considers the unsteady, incompressible

nanofluids flow that passes over a stretchable surface located

horizontally. The nanofluids are composed of two types of

nanoparticles, namely nanodiamond and silver nanoparticles,

suspended in base fluid water. The flow is assumed under the

effects of suction injection and non-Fourier theory for the

stability of heat transfer at the boundary layer flow. In

Cartesian coordinates, the flow scenario is configured as two-

dimensional and unidirectional. Let û and v̂ be the nanofluidic

velocities in the horizontal x and vertical y directions,

respectively. T is the temperature variation with ambient

temperature T∞. Figure 1 displays the flow pattern of ND-

H2O and Ag-H2O nanofluids flow across an unstable

stretching sheet.

Governing equation: In light of the aforementioned

restrictions, the following is the form of mass, momentum,

and energy conservations (Ahmed et al., 2022b):

zû

zx̂
+ zv̂

zŷ
� 0 (1)

zû

zt̂
+ û

zû

zx̂
+ v̂

zû

zŷ
� μnf
ρnf

(z2û
zŷ2) (2)
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zT̂

zt̂
+ û

zT̂

zx̂
+ v̂

zT̂

zŷ
� knf(ρCp)nf(z

2T̂

zŷ2)
+ λ

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
(û zû

zx̂
+ v̂

zû

zŷ
) zT̂

zx̂
+ (û zv̂

zx̂
+ v̂

zv̂

zŷ
) zT̂

zŷ

+û2z
2T̂

zx̂2 + v̂2
z2T̂

zŷ2 + 2ûv̂
z2T̂

zŷ

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(3)

where μnf is dynamic viscosity, ρnf is density, knf is thermal

conductivity, and (ρCp)nf is heat capacity defined as:

ρnf � ((1 − ϕ) + ϕρs(ρf)−1ρf(ρCp)nf � ((1 − ϕ) + ϕ(ρCp)s(ρCp)−1f )(ρCp)f
μnf � μf(1 − ϕ)2.5
knf � ks((ks + 2kf) − 2ϕ(kf − ks))((ks + 2kf) + ϕ(kf − ks))−1

According to the above assumption, the acceptable flow

conditions at the surface and far from it are defined as:

û � û0

(x̂l̂−1)(1 + at̂), v̂ � v̂w(t̂),
T̂ � T̂∞ + T̂0(x̂nl̂

−n)(1 + at̂)c at the surface
(4)

û → 0, and T̂ → T∞far from the surface (5)

where γ, T̂∞, û0, T̂0 are positive constants with reference length l,

n, and c. Moreover, if Re � lû0
v̂f

and Pr � v̂f
kf
, then the stream

function φ(x̂, ŷ) can be defined as:

φ(x̂, ŷ) � x̂

l/( ���
Re

√ �������(1 + γt̂)√ )f(η) (6)

FIGURE 1
Flow geometry of nanodiamond-water and silver-water nanofluids.

TABLE 1 Thermophysical values of nanodiamond and silver nanoparticles.

Characteristics Density ( ρg
m3 ) Heat-capacity ( J

KgK
) Thermal conductivity Electrical-conductivity

Silver 10.500 234 425 6.210 × 106

Nanodiamond 3,100 516 1,000 34.840 × 106

H2O 997.1 4,179 0.613 0.005
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From the stream function, velocity components may be

expressed as:

û � zφ(x̂, ŷ)
zŷ

, v̂ � −zφ(x̂, ŷ)
zx̂

Suitable similarity variables for the above model are

defined as:

η � 1
l
( Re(1 + at̂))1/2

ŷ, and T̂ � T̂∞ + T̂0
(x̂nl−n)(1 + at̂)c θ(η) (7)

As a result, the velocities components in horizontal and

vertical directions are defined as:

û � û0x̂(l(1 + at̂))f′(η) (8)

v̂ � − û0( ���
Re

√ �������(1 + at̂)√ )f(η) (9)

The required partial derivatives can be formulated as follows:

zû

zx̂
� û0

l(1 + γt̂)f′(η), zû

zŷ
� û0 x̂

���
Re

√

l2(1 + at̂)32 f″(η), z2 û

zŷ2 �
û0 x̂Re

l3(1 + at̂)32 f‴(η), zv̂

zx̂
� 0,

zû

zt̂
� −û0

x̂a

l(1 + at̂)2f′(η) − û0 x̂aŷ
���
Re

√

2l̂
2(1 + at̂)52 f″(η), zT̂

zx̂
�
n̂T̂0(x̂

l̂
)n−1

l(1 + at̂)c θ(η), z2T̂

zŷ2 �
T̂0(x̂

l̂
)c ���

Re
√

l2(1 + at̂)c+1 θ″(η)
zT̂

zt̂
� −T̂0 ĉ(x̂l)c

a(1 + at̂)(c+1) θ(η) −
T̂0(x̂

l
)aŷ ���

Re
√

2l̂(1 + at̂)c+3
2
θ′(η), zT̂

zŷ
�
T̂0(x̂

l̂
)c ���

Re
√

l(1 + at̂)c+1
2
θ′(η)

(10)

Substituting Eqs 8–10 into Eqs 1–5 yields the following non-

dimensional system of momentum and energy equation:

f‴(η) + d1(f(η)f″(η) − f′2(η) + A(f′(η) + 0.5ηf″(η)))
� 0,

(11)
θ″(η) + d2

⎛⎝PrA(ĉθ(η) + 0.5ηθ′(η)) + Pr(η θ(η)f′(η) + θ′(η)f(η))
+Prγ(f(η)f′(η)θ′(η) − f2(η)θ″(η)) ⎞⎠ � 0,

(12)

where A � γl
û0
is the unsteadiness parameter, and where Pr � v̂f

kf
,

d1 � (1 − ϕ)2.5(1 − ϕ + ϕ ρs
ρf
), and

d2 �
(1 − ϕ) + ϕ (ρĈp)s(ρĈp)f((k̂s + 2k̂f) − 2ϕ(k̂f − k̂s))((k̂s + 2k̂f) + ϕ(k̂f − k̂s))−1

The corresponding boundary conditions of Eq. 11 and Eq. 12 are:

f(η) � fw, f′(η) � 1, θ(η) � 1, at η � 0, (13)
f′(η) → 0, θ(η) → 0, at η → ∞, (14)

Solution process of the nanofluidic system

Computational fluid dynamics (CFD) has been an

increasingly significant technology in chemical and

engineering since the 1990s. Transport processes including

heat, momentum, and mass transfer may be studied using

CFD (Thabet and Thabit, 2018). In CFD, the geometry of

the process being modeled is first split into tiny volumes

called computational meshes. It is then applied and solved

for each mesh point using the governing equations (such as heat

and mass transport, as well as boundary conditions). Graphical

representations of mesh findings are the most typical way to

analyze CFD results (Pandey et al., 2017). In order to solve

TABLE 2 Assessment of present study with literature.

A 0.8 1.2 2.1

Ahmed et al. (2022b) 1.32342 1.42353 1.61214

Elbashbeshy and Bazid (2004) 1.3321 1.4691 1.7087

Present study 1.3332 1.4783 1.73424

FIGURE 2
Influence of (A) suction and (B) injection on the velocity profile.
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highly nonlinear differential equations involving energy,

temperature, and air velocity, CFD uses numerical shooting

and RK4 methods.

Basic principles of the shooting technique

The transport equations are quite nonlinear and can be

affected by boundary circumstances. The RK4 scheme and

shooting approach may be used to compute this numerically.

This method has a small margin of error. Converting the

resultant differential equations into first-order equations is the

first step in solving the framed model of a nanofluid flow

problem. The essential replacements for the aforementioned

step are as follows:

(f, f′, f″, θ, θ′)T � (x̂1, x̂′1 � x̂2, x̂′2 � x̂3, x̂4, x̂′4 � x̂5)T

(15)

Some assumptions are made to solve the fluidic model:

• a relevant value for η, representing the field distance, is

taken as 10 for the far field;

• conditions in the far field w.r.t. η → ∞
are f̂′(η) → 1, θ̂(η) → 0, Ĝ(η) → 0;

• the scale of convergence is 10–5; and

• for calculations, the step size is recorded as η = 0.025.

Eqs 11–14 can thus be written as:

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
f′
f″
f‴
θ′
θ″

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ �

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

x̂2

x̂3

−d1(x̂1x̂3 − x̂2
2 + A(x̂2 + 0.5ηx̂2))

x̂5

−d2(1 − Prγx̂2
1) (PrA(ĉx̂4 + 0.5ηx5) + Pr(nx4x2 + x5x1) − Prγ(x̂1x̂2x̂57))

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(16)

The corresponding conditions according to the variables are

as follows:

FIGURE 3
Influence of the unsteadiness parameter in the presence of (A) suction, (B) injection, and (C) without suction/injection on the velocity profile.
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{ x̂1(0) � fw, x̂2(0) � 1, x̂4(0) � 1,
x̂2(∞ ) � 0, x̂4(∞ ) � 0.

(17)

which can be determined via the shooting method and the first-

order system in Eqs 11–14 is integrated via the RK4 scheme.

Results and discussion

The intended domain’s flow properties are greatly

modified by varying the amount of flow. As a result, this

section investigates the behavior of the non-dimensional flow

field f′(η) and energy distribution θ(η) of ND-H2O and Ag-

H2O nanofluids by adjusting the flow quantities. Using the

shooting technique in Eqs 11–12 with the boundary

conditions in Eqs 13–14 provides the significant results of

the proposed model. Table 1 show the values of four main

thermophysical properties of nanodiamond, Silver and water

(Ahmed et al., 2022b). Table 2 shows the close agreement of

the shooting-RK4 technique with the existing literature for the

proposed flow model.

Flow distribution f′(η)
The velocity of a nanofluid in relation tofw is given byf′(η).

Figures 2A,B

depict the flow of ND-H2O and Ag-H2O nanofluids as a

function of suction and injection values. As shown in

Figure 2A, the velocity f′(η) for both nanofluids decreases

because of higher suction impacts at the plates. As a result of

the suction effects, more nanofluid particles adhere to the

surface, lowering the velocity profile. The motion of Ag-H2O

quickly decreases as the nanofluid gets thicker for the higher

density compared to the ND nanoparticles. Because of the low

density of ND, the fluid velocity f′(η) (ND-H2O) decreases

slowly. The effects of injecting fluid from the surface on ND-

H2O and Ag-H2O velocity f′(η) are shown in Figure 2B. As a

result of the fluid particles being physically separated from

the sheet surface because of injection, their momentum has

increased, causing an upturn in the flow. ND-H2O has a lower

density; therefore, intermolecular interactions are lessened,

allowing fluid particles to move freely across the required

area. In comparison to Ag-H2O nanofluid, the velocity of

FIGURE 4
Influence of the unsteadiness parameter in the presence of (A) suction, (B) injection, and (C) without suction/injection on the temperature
distribution.
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ND-H2O increases more suddenly as a response of this. The

velocity f′(η) of a nanofluid in relation to the unsteadiness

parameter A are presented in Figures 3A,B,C showing the

impacts of the time-dependent quantity on nanofluid

velocities at fixed suction and injection, respectively. Both

ND-H2O and Ag-H2O nanofluids yielded similar results. The

velocity f′(η) decreases rapidly as the unsteadiness

parameter increases in the presence of suction/injection

and when there is no suction or injection over the surface.

The fluid motion decreases towards the surface and then

begins to rise. The decrease in the fluid’s velocity, f′(η) slows
down over time, eventually disappearing asymptotically

beyond values greater than 5.

The temperature distribution θ(η)
The significant thermal physical properties of nano-

materials are critical in determining the heat transport

procedure of nanofluids. These values have a substantial

impact on the fluid’s thermal properties. As a result, this

section presents the temperature profile θ(η) of ND-H2O and

Ag-H2O as a function of several factors. These factors are

estimated in the presence of suction or injection fluxes to

control the boundary layer and reduce the losses of energy in

the medium. Figures 4A,B,C show the time-dependent

parameter in the presence of suction effect, injection, and

no suction/injection impacts on energy distribution,

respectively. Due to the unsteadiness parameter, the

temperature of the nanofluids rises significantly. Suction

causes the fluid velocity to rise quickly, resulting in an

increase in the kinetic energy of the fluid particles. The

collision of particles increases as the kinetic energy of the

particles increases. As a result, the temperature quickly rises.

Due to increased injection effects near the surface, the

temperature quickly rises. In these cases, the silver/water

nanofluid temperature increases more rapidly compared to

the ND/water nanofluid. Figures 5A,B,C display the influence

of the Prandtl number, thermal relaxation parameter, and

suction/injection for temperature distributions. The

boundary layer thickness of energy distribution has an

inverse relationship with thermal diffusivity, which slows

down the temperature profile for both nanofluids. At the

initial boundary layer, the thickness rapidly decreases, but

FIGURE 5
Influence of (A) Prandtl number, (B) thermal relaxation parameter, and (C) suction/injection on the temperature distribution.
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further away, the energy distribution shows a constant

decrease when the values of the Prandtl parameter increase

simultaneously. Thermal relaxation time occurs when time is

required for thermal conductivity in the region far from the

directly heated surface. Here, thermal relaxation does not

affect the energy distribution at the boundary layer surface

but decreases this temperature distribution far from the

boundary layer. The presence of suction and injection

fluxes boosts the heat distribution source, as shown in

Figure 5C. Moreover, the silver/water nanofluid

temperature increases more rapidly compared to the ND/

water nanofluid.

The volume fraction (ϕ)

Nanomaterials effectively change the thermophysical

parameters in nanofluids, which plays an important role in

the heat transfer process. Figures 6A,B show the values for the

effective density, thermal conductivity, and dynamic viscosity

for the nanofluids under study, respectively. The thermal

conductivity of Ag-H2O is greater than that of ND-H2O, as

can be seen upon close examination. As a result, Ag-H2O

nanofluid is a better conductor and has excellent heat

transmission properties. Similarly, increasing the

volumetric proportion of nanomaterials improves their

effective density and heat capacity.

Major findings

The current investigation focuses on the thermal transfer

enhancement over the unsteady surface of nanofluids

composed of nanodiamond-water and silver-water. The

flow model is taken under the effect of heat source sink,

thermal radiation, and non-Fourier heat theory. Such flows

may occur on the bonnet of a vehicle, on the surface of a solar

thermal aircraft, and on the surface of a bullet. An unstable

FIGURE 6
(A) Influence of volume fraction on the thermos-physical values for nanodiamond/water. (B) Influence of volume fraction on the thermos-
physical values for silver/water.
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surface has been used to study the effects of embedded factors

on heat transport in ND-H2O and Ag-H2O nanofluids.

According to the results of this study, nanofluids are better

heat conductors than normal liquids and might be employed

for industrial and technical applications.

The main findings are as follows:

• When suction increases, the flow speed drops rapidly but

the flow is boosted under the effect of the injection

parameter.

• The velocity profile decreases for the unsteadiness

parameter in the presence of suction/injection parameters.

• The energy distribution rises rapidly with the unsteadiness

parameter and is high on the far boundary.

• The effect of the Prandtl number drops the temperature of

the flow but, due to the thermal relaxation parameter,

energy distribution rises and is stable on the boundary.

• Numerical shooting along with RK4 gives the best

assessmentresults incomparisonwith theexisting literature.

• The thermal conductivity of Ag-H2O is found to be higher

than that ofND-H2O. Since it is a better conductor andhas a

higher heat capacity, Ag-H2Onanofluid is a superior choice.
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Nomenclature

û and v̂ Velocity components in x̂ and ŷ directions

t̂ Time component

T̂∞, û0, T̂0 Positive constant with reference length l, n, and c

A � γl
û0

Unsteadiness parameter

a Constant parameter [1S]
C Nanoparticle concentration

C∞ Concentration of nanoparticles in the free stream

Cw Concentration of nanoparticles at the wall of the sheet

Pr � v̂f
kf

Prandtl number

f(η) Dimensionless stream function

fw Suction injection quantity

Re1/2x Reynolds number

T Temperature [K]

Tw Temperature in free stream [K]

Greek Symbols

φ(x̂, ŷ) Stream functions [m2s−1]

αm Thermal diffusivity [m2s−1]
η Similarity variable

(ρCp)nf Specific heat capacity of the nanofluid [J/K],

λ Constant with dimension reciprocal of time [1/s]
μnf Dynamic viscosity of nanofluid

ρnf Density of nanofluid [kg.m−3],
] Coefficient of kinematic viscosity [(m2s)−1]
knf Thermal conductivity of nanofluid

σp Boltzmann constant [W(m2K4)−1]
σ Specific heat capacity of nanoparticles/specific heat capacity of

fluid

τw Wall shear stress [kg(m2s)−1],
θ(η) Dimensionless temperature

τ Specific heat capacity of nanoparticles/specific heat capacity of

fluid

ϕ Dimensionless nanoparticle concentration

γ Time relaxation parameter
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Hybrid nanofluids are new and most fascinating types of fluids that involve

superior thermal characteristics. These fluids exhibit better heat-transfer

performance as equated to conventional fluids. Our concern, in this paper,

is to numerically interpret the kerosene oil-based hybrid nanofluids comprising

dissimilar nanoparticles like silver (Ag) andmanganese zinc ferrite (MnZnFe2O4).

A numerical algorithm, which is mainly based on finite difference discretization,

is developed to find the numerical solution of the problem. A numerical

comparison appraises the efficiency of this algorithm. The effects of physical

parameters are examined via the graphical representations in either case of

nanofluids (pure or hybrid). The results designate that the porosity of the

medium causes a resistance in the fluid flow. The enlarging values of

nanoparticle volume fraction of silver sufficiently increase the temperature

as well as velocity. It is examined here that mixture of hybrid nanoparticles (Ag-

MnZnFe2O4) together with kerosene oil can provide assistance in heating up the

thermal systems.

KEYWORDS

manganese zinc ferrite, silver, kerosene oil, Darcy Forchheimer medium, activation
energy

Introduction

Kerosene oil-based hybrid nanofluids can embellish the thermal characteristics; that is

why these fluids have several uses in modern engineering and technology (Upreti et al.,

2021; Yahya et al., 2022). The host or base fluid such as kerosene oil also plays an

important role in augmentation of the heat-transfer performance rather than the

nanoparticles. A combustible hydrocarbon-type liquid often obtained from petroleum

can be referred to as kerosene oil, which is also known as paraffin or lamp oil. It is used as

jet fuel in jet engines, as lighting and cooking fuel, as aviation fuel, as an oil-based paint,
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and in corrosion experiments. Due to these characteristics, we

have chosen kerosene oil as the host fluid in the current analysis.

To prepare the hybrid composition (Ahmad et al., 2021a),

nanoparticles of manganese zinc ferrite and silver are mixed

in kerosene oil. Silver is a metal or chemical element having the

highest thermal and electrical conductivity as compared to other

metals. It is usually found in Earth’s crust as a free element. Many

substances are made of silver, such as ornaments, jewellery,

utensils, solar panels, high-value tableware, and lead, and it is

used in stained glass, catalysis of chemical reactions, window

coatings, specialized mirrors, zinc refining, gold, and so forth.

Manganese zinc ferrites belong to ferrite materials and exhibit

high magnetic permeability (Ahmad et al., 2022a). These are

widely used in noise filters, choke coils, transformers, and

memory devices. Some recent investigations on nanofluids

and hybrid nanofluids are discussed in reference articles

(Abdal et al., 2021; Ahmad et al., 2021b; Zahid et al., 2021;

Ayub et al., 2022; Nisar et al., 2022; Safdar et al., 2022).

Recently, many researchers have evaluated the thermal

performance of usual and hybrid nanofluids numerically,

theoretically, and experimentally. Dawar et al. (2022)

investigated the kerosene oil and water-based hybrid

nanofluid flow of copper and copper oxide nanoparticles. The

magnetohydrodynamic effect was also taken into account, and

the flow was taken over a bi-directional expanding surface.

Comparative results of both hybrid nanofluids were

established. The hybrid mixture of copper and aluminum

oxide particles was prepared to form water-based hybrid

nanofluid flow of Cu-Al2O3/water (Zainal et al., 2022). The

outcomes of this study revealed that the Nusselt number got

reduced when the values of slip parameter increased. Akhter et al.

(2022) and Ali et al. (2022) numerically simulated the nanofluid

and hybrid nanofluid flows using the quasilinearization

technique, respectively. Ezhil et al. (2021) presented the

analysis of ferrous oxide Fe3O4 and copper (Cu) taking

ethylene glycol as the base fluid. Flow was assumed to be fully

developed occurring over a stretching sheet. The same work was

carried out by Unyong et al. (2022) taking the effects of an

inclined magnetic field and partial slip.

Heat transmission and fluid flow in permeable media have

gained utmost attention of researchers due to their practical

employments. Flow of Williamson nanofluids over a horizontal

sheet embedded in a porous medium taking the combined

impact of Brownian motion and thermal radiation was

studied by Mishra and Mathur (2020). A boundary layer flow

involving gyrotactic microorganisms and nanofluids was

examined by Elbashbeshy and Asker (2022). The nonlinear

velocity caused the stretching of sheets, and the controlling

parameters were discussed quantitatively. The characteristics

of flow dynamics in porous media and in the presence of

nanoparticles have substantial effects on heat-transfer effects

(Dastvareh and Azaiez, 2017). In this paper, it was

determined that nanoparticles decreased the viscosity

distribution monotonically. Flow and heat transfer of ferro-

nanofluids through Darcian porous media between channel

walls were numerically simulated by Das et al. (2019). The

heat-transfer rate at the upper channel wall was noticed to be

increasing as compared to the lower wall. Flow of nanoparticles

in the presence of peristaltic waves and porous media has been

investigated by Kareem and Abdulhadi (2020). They achieved

numerical results using the Mathematica 11 program. More

recent numerical investigations on nanofluids can be found in

Ahmed et al., 2017a; Ahmed et al., 2017b; Ahmed et al., 2018;

Ahmed et al., 2020; Adnan et al., 2022a; Adnan et al., 2022e;

Adnan et al., 2022f; Adnan et al., 2022b; Adnan et al., 2022d; and

Adnan et al., 2022c.

In spite of so much efforts to explore and discover the new

energy sources, still, struggle is continued. New types of hybrid

nanocompositions are being introduced. The available literature

evidently discloses that kerosene oil-based nanofluids and hybrid

nanofluids consisting of silver (Ag) and manganese zinc ferrite

(MnZnFe2O4) nanoparticles have not been numerically

investigated yet. However, our analysis is a first effort to

examine the nanocomposition of Ag-MnZnFe2O4-KO. The

role of chemical reaction, suction, and porous media is also

discussed in both pure and hybrid cases of nanofluids. Numerical

solutions are found with the help of finite difference

discretization via MATLAB. Thermal systems can manage and

maintain their temperature and heat-transfer rate with the help

of proposed hybrid compositions, for example, Ag-

MnZnFe2O4-KO.

Problem formulation

The nanoparticles of silver (Ag) and manganese zinc ferrite

(MnZnFe2O4) are mixed in kerosene oil to form the hybrid

nanocomposite of Ag-MnZnFe2O4/kerosene oil. The x- and

FIGURE 1
Structure of the geometry.
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y-axes are taken in such a way that the fluid flowing along the

x-axis and y-axis is vertical to the surface. Figure 1 demonstrates

the structure of the extending surface. It is assumed that the fluid

is flowing through a porous medium with the effect of chemical

reaction.

The model governing equations have the following form

(Ahmad et al., 2021c):

zu

zx
+ zv

zy
� 0 (1)

u
zu

zx
+ v

zu

zy
� υhnf

z2u

zy2
− μhnf
ρhnfk

p
u (2)

u
zT

zx
+ v

zT

zy
� Khnf(ρCp)hnf z2T

zy2
(3)

u
zC

zx
+ v

zC

zy
� DB

z2C

zy2
−Kr(C − C∞). (4)

The analogous boundary conditions (BCs) are

y � 0: u(x, 0) � Uw(x) � cx, T(x, 0) � Tw, v(x, 0) � −v0 , C(x, 0) � Cw

y → ∞ : u(x,∞ ) � 0, T(x,∞ ) � T∞ , C(x,∞ ) � C∞
} (5)

The suction velocity is denoted by v0 > 0. The notations Tw

and T∞ represent the temperatures at the surface boundary and

away from the boundary. Likewise, the concentrations away from

the boundary and at the boundary are respectively represented by

C∞ and Cw. The surface is stretching with the velocity Uw(x) �
u(x, 0) � cx The hybrid nanofluid is expressed by the

notation hnf.

Formation of pure (Ag/KO) and hybrid
nanofluids (MnZnFe2O4-Ag/KO)

The hybrid nanocomposite MnZnFe2O4-Ag/KO can be

achieved by mixing the nanoparticles of manganese zinc

ferrite (MnZnFe2O4) and silver (Ag) in the kerosene oil (KO).

Initially, the volume fraction of MnZnFe2O4 (ϕ1) is considered as

0.2 when resolved in the kerosene oil to form the pure nanofluid

MnZnFe2O4/KO. Afterward, the particles of Ag (ϕ2) are inserted

in this solution, which give rise to the hybrid nanofluids

(MnZnFe2O4-Ag/KO). Thermal properties of manganese zinc

ferrite, silver, and kerosene oil are specified in Table 1. Further

characteristics like specific heat, thermal conductivity, and

density (in both cases of nanofluids) are assumed to be the

same as those taken by Ahmad et al. (2021d). The notation s2
expresses the silver volume fraction, and s1 is used for the volume

fraction of manganese zinc ferrite. The host fluid kerosene oil is

represented by f.

Dimensionless variables

The following dimensionless variables are introduced in

order to convert partial differential equations (PDEs) into a

dimensionless system of ordinary differential equations (ODEs):

ξ �
���
c

υf

√
y,ψ � ���

cυf
√

xf(ξ), θ(ξ) � T − T ∞
Tw − T ∞, ϕ(ξ) � C − C∞

Cw − C∞

(6)
The continuity equation (Eq. 1) is identically satisfied by

relation (6), and this relation renovates the system of Eqs. 2–4 in

the form

f′′′ � Δ1(f′2 − ff′′) + εf′ (7)
1
Pr
Δ2θ

′′ + Δ3fθ′ � 0 (8)
1
Sc
ϕ′′ + fϕ′ − CRϕ � 0 (9)

where

Δ1 � (1 − ϕ1)2.5(1 − ϕ2)2.5⎡⎣(1 − ϕ2)⎧⎨⎩(1 − ϕ1) + ϕ1

ρs1
ρf

⎫⎬⎭
+ ϕ2

ρs2
ρf
⎤⎦ (10)

Δ2 � Khnf

Kf
(11)

Δ3 � ⎡⎢⎢⎢⎢⎢⎣(1 − ϕ2)⎧⎪⎨⎪⎩(1 − ϕ1) + ϕ1

(ρcp)s1(ρcp)f
⎫⎪⎬⎪⎭ + ϕ2

(ρcp)s2(ρcp)f⎤⎥⎥⎥⎥⎥⎦ (12)

The BCs (5) take the following form now:

ξ � 0: f � λS, f′ � 1, θ � 1,ϕ � 1,
ξ → ∞ : f′ → 0, θ → 0,ϕ → 0.

} (13)

Problem parameters

The problem parameters of dimensionless Eqs. 7–9 are

identified as follows:

Sc � υf
DB

is the Schmidt number

λS � v0��
cυf

√ is the suction parameter

Pr � μf(cp)f
kf

is the Prandtl number

ε � υf
ckp is the porosity parameter

CR � K2
r
c is the chemical reaction parameter

TABLE 1 Thermal properties of silver, kerosene oil, and manganese
zinc ferrite.

Properties Ag (s2) Kerosene oil (f) MnZnFe2O4 (s1)

k (W/mK) 429.0 0.145 3.9

Cp (J/kgK) 235.00 2090.0 1050

ρ (kg/m3) 10500.0 783.0 4700
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The relations for shear stress as well as Sherwood and Nusselt

number are given by

Re
1
2
xCfx � f′′(0)(1 − ϕ1)2.5(1 − ϕ2)2.5, ShxRe12x � −ϕ′(0),

NuxRe
1
2
x � −khnf

kf
θ′(0). (14)

whereas the local Reynolds number is given as Rex � Uwx
υf

.

Numerical scheme based on finite
difference discretization

Finding the analytical solution of the coupled Eqs. 7–9 may be

so much time-consuming as these equations are not only higher-

order but also highly nonlinear. However, we require some

persuasive numerical technique which could be employed to

determine the solution of the problem. Therefore, we adopt a

finite difference methodology in order to find the numerical

solution of the problem under consideration. The different

numerical methods (to solve such types of dynamical problems)

that we adopted in our earlier work can be seen in reference articles

(Ahmad et al., 2021e; Ahmad et al., 2021f; Jamshed. et al., 2021;

Ahmad et al., 2022b). We describe the structure of this

methodology in the following flow chart diagram (Figure 2).

Results and discussion

This section depicts the analysis of mono (Ag/kerosene

oil) and hybrid (Ag-MnZnFe2O4/kerosene oil) cases of

nanofluids. The nanocomposites of silver (Ag) into the

kerosene oil give rise to the mono nanofluid, whereas the

amalgamation of manganese zinc ferrite and silver produces

the hybrid mixture. The effects of physical parameters are

deliberated via the graphs and tables. Table 2 portrays a

comparison which is found to be in a good correlation

with the existing outcomes under limiting cases.

FIGURE 2
Flow chart of the numerical method.

TABLE 2 Change in heat-transfer rate for different Prandtl numbers
when ϕ1 � ϕ2 � 0.

Pr Literature results (Khan and Pop, 2010) Present results

2 0.9113 0.91045

7 1.8954 1.89083

20 3.3539 3.35271

70 6.4621 6.47814

TABLE 3 Impact of porosity parameter on Re
1 /

2
x Cf and Re−

1 /

2
x Nux .

Re
1 /

2
x Cf Re−

1 /

2
x Nux

ε Ag/KO Ag-
MnZnFe2O4/KO

Ag/KO Ag-
MnZnFe2O4/KO

1.2 -4.1328499 -6.8013631 9.8973507 13.7221408

2.2 -4.3509353 -7.1978370 9.8899404 13.7081393

3.3 -4.5731705 -7.5998153 9.8825911 13.6943887

4.2 -4.7438059 -7.9072949 9.8770823 13.6841633
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FIGURE 3
Variation in velocity with ε.

FIGURE 4
Variation in temperature with pr.

FIGURE 5
Variation in temperature with ϕ2.

FIGURE 6
Variation in velocity with ϕ2.

TABLE 4 Impact of nanoparticle volume fraction and Prandtl number on Re−
1 /

2
x Nux .

Re−
1 /

2
x Nux Re−

1 /

2
x Nux

ϕ2 Ag/KO Ag-MnZnFe2O4/KO Pr Ag/KO Ag-MnZnFe2O4/KO

0.0 9.6014532 13.5632834 1 1.8078974 2.5876586

0.1 10.1558546 13.8085327 3 4.9757331 6.8999489

0.3 11.3109163 14.3420655 5 8.1204811 11.2517676

0.5 12.6458643 15.1546670 7 11.2068343 15.5277464
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We assign fixed values to the parameters such as Pr � 6.135.

The other specified values which have been used in finding the

numerical solution are

ε � 4,ϕ1 � 0.2, Sc � 2.5, ϕ2 � 0.05, λs � 1.5, CR � 4.

The change in surface drag Re
1 /

2
x Cf and Nusselt number

Re−
1 /
2

x Nux against porosity parameter ε can be observed from

Table 3. An increase in the values of porosity parameter tends to

enhance the skin friction, but its effect is to deteriorate the rate of

heat transfer. The fluid flow is resisted by the porosity of the

medium due to which the velocity of the fluid reduces (see

Figure 3). The Prandtl number tends to deteriorate the

temperature as shown in Figure 4.

Thermal characteristics in either case of nanofluids are

affected by the volume fraction ϕ2 of silver nanoparticles. The

required outcomes can be attained by suitably taking the volume

fractions of nanoparticles. It is comparatively noticed from

Figure 5 that the temperature increases rapidly in the case of

FIGURE 7
Variation in temperature with λs

FIGURE 8
Variation in velocity with λs.

FIGURE 9
Variation in concentration with CR .

TABLE 5 Impact of activation energy and chemical reaction on Re−
1 /

2
x Shx .

Re−
1 /

2
x Nux Re−

1 /

2
x Shx

λS Ag/KO Ag-MnZnFe2O4/KO CR Ag/KO Ag-MnZnFe2O4/KO

0.0 1.4868709 2.1831767 0 4.0539553 4.0604246

0.8 5.7505953 8.0283592 5 10.5963505 4.0604246

1.6 10.4093347 14.4429463 10 14.8876215 15.5156646

2.4 15.0452404 20.8890408 15 18.1589037 18.8270273
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the hybrid composition Ag-MnZnFe2O4/KO rather than the

composition of Ag/KO when we increase the volume

concentration ϕ2. In the same way, the velocity of the fluid

accelerates quickly in the hybrid case of the nanofluid as pictured

in Figure 6. The impact of both volume fraction ϕ2 and the

Prandtl number Pr is to escalate the Nusselt number Re−
1 /

2
x Nux

for both pure and hybrid nanofluids (see Table 4).

The variation in temperature and velocity for diverse values

of the suction parameter can be examined from Figures 7, 8. Both

the temperature θ(ξ) and velocity F′(ξ) turn toward reduction

(in both cases of nanofluids) with the effect of suction. Figure 9

illustrates the influence of the chemical reaction parameter on

concentration in either case of the nanofluid. A decreasing trend

is noticed in the concentration profile, which shows that the

chemical reaction parameter CR causes a substantial decrease in

the concentration.

The mass-transfer rate increases with an increase in the

values of CR as observed in Table 6. It has also been deduced

from Table 5 that the suction parameter λS marginally enhances

the heat-transfer rate in the case of the hybrid nanofluid Ag-

MnZnFe2O4/KO rather than the usual case of the nanofluid

Ag/KO.

Conclusion

Specific rate of heat transfer plays an important role in many

engineering systems as it can affect the quality of the product. A

certain or specific heat-transfer rate is essentially required in

many energy systems, for example, metal expulsion, nuclear

system cooling, refrigeration, thermal storage, cooling

generator, and so on. The amalgamation of manganese zinc

ferrites (MnZnFe2O4) and silver (Ag) in kerosene oil can

provide assistance in increasing the heat-transfer rate. The

main results of this study are listed as follows:

a) The nanoparticle volume fraction of silver (ϕ2) tends to

elevate the velocity and temperature of Ag/KO as well as

Ag-MnZnFe2O4/KO, which are mono and hybrid cases of

nanofluids, respectively.

b) The fluid motion and temperature are reduced due to the

suction phenomenon. On the other hand, the surface

drag got increased with suction for both cases of

nanofluids.

c) The heat-transfer rate is an increasing function of Prandtl

number, whereas the temperature is decelerated with the

effect of Prandtl number.

d) The concentration profile seems to be falling down with an

increase in the chemical reaction parameter.

e) The porosity of the medium resists the flow in either case of

nanofluids, for example, the pure or hybrid case.
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Nomenclature

ρhnf Density of the hybrid nanofluid

v Component of velocity along the y-axis

σhnf Electrical conductivity of the hybrid nanofluid

kp Darcy permeability

v0 Suction velocity (where v0 > 0)
Cphnf Specific heat of the hybrid nanofluid

u Component of velocity along the x-axis

Kr Rate constant of chemical reaction

khnf Thermal conductivity of the hybrid nanofluid

c Stretching/shrinking constant

υhnf Kinematic viscosity of the hybrid nanofluid

T Temperature of the fluid

μhnf Hybrid nanofluid viscosity

T∞ Temperature far away from the sheet

C Concentration of the fluid

Tw Fixed temperature at the surface

DB Diffusion coefficient

C∞ Concentration far away from the sheet
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The aim of the article is two-fold. We first analyze and investigate free

convective, unsteady, MHD blood flow with single- and multiwalled carbon

nanotubes (S&MWCNTs) as nanoparticles. The blood flow has been taken

across an upright vertical plate, oscillating in its own plane, and engrafted in a

porous medium with slip, radiation, and porosity effects. Nanofluids consist of

human blood as the base fluid and SWCNTs and MWCNTs as nanoparticles.

The second aim is to discuss the three different definitions of fractional

derivatives, namely, Caputo (C), Caputo–Fabrizio (CF), and Atangana–Baleanu

(ABC), to obtain the solutions of such proposed models by the Adomian

decomposition method. The impact of fractional and physical parameters

on the concentration, velocity, and temperature of human blood in the

presence of the slip effect is studied and projected diagrammatically. The

article ends by providing numerical results such as the reliableness, efficiency,

and significant features that are simple in computation with eminent accuracy

of the process for non-Newtonian Casson nanofluid fractional ordermodels. It

is observed that the velocity of the fluid decreases with SWCNTs’ andMWCNTs’

volume fraction, and an increase in the CNTs’ volume fraction increases

blood temperature, which ultimately enhances heat transfer rates. The results

acquired are in excellent correspondence with the reported results.
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Introduction

Recently, the contemplation of fractional calculus has been broadened with
eminent implication because of its diverse applications in physical sciences,
hydraulics, mathematical physics, electric electronic network, wave theory, nuclear
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and chemical industries, etc. (Podlubny, 1999; Tarasov, 2010;
Uchaikin, 2013; Herrmann, 2014; Li and Zeng, 2015;
Povstenko, 2015; Li and Cai, 2019). It is notable that the
classical derivative (integer-order operator) is local while the
noninteger operators specified as Riemann–Liouville, Caputo,
Caputo–Fabrizio, andAtangana–Baleanu are nonlocal operators.
The nonlocality enables us to foresee the advanced stage of
the system and reckons the present and its continuing phases.
It is always a challenging task for researchers to accomplish
analytical or exact solutions of nonlinear models by fractional
operators due to their complexity. In the past couple of years,
several investigators have worked to inquire about the fractional
differential operators in varied aspects. Caputo and Fabrizio
(Caputo, 1967) modified the existing Caputo operator in a
new conformation, and Atangana and Baleanu evoked a new
fractional manipulator labeled Atangana–Baleanu derivative
by combining Riemann–Liouville and Caputo differential
operators.

In this article, we have concentrated on convective heat
conveyance, which plays a critical role in the working of non-
Newtonian fluid streams. The mechanics of non-Newtonian flux
exhibits an exceptional challenge for mathematicians, physicists,
and engineers. This is due to the fact that non-Newtonian fluids
(NNFs) because of their complex behavior cannot be described
mathematically using a single constitutive equation catering to
all parameters. For this, a dedicated constitutive model is needed
to describe such flows, for instance, in the case of Brinkman fluid
(Ali et al., 20201094), viscoplastic fluids (Hassan et al., 2013),
second-grade fluid (Ali et al., 2016; Imran et al., 2017b),
Walter’s-B fluid (Ali et al., 2014; Imran et al., 2018), Bingham
plastic (Kleppe and Marner, 1970), and Maxwell fluids
(Tahir et al., 2017). Among the non-Newtonian fluidmodels, the
Casson model is highly recommended by numerous researchers.
Let us consider that such nonlinearity is expressed in numerous
domains such as food processing, oil suspensions of pigments to
predict flow behavior, mud drilling processors, blood flow in the
circulatory system, and other fields of bioengineering.

It should be pointed out that Casson initiated these models
for the nonlinear flow of pigment–oil suspensions. The Casson
fluid is a pseudoplastic, also termed shear thinning. It possesses
infinite viscosity and acts like solids at zero shear rate, termed
as yield stress, below which no flow occurs. If yield stress is more
than shear stress, i.e., viscosity (η = 0), the fluid behaves as a solid.
In other situations, when shear stress is higher than yield stress,
the fluid starts to accelerate.

Many researchers have considered the Casson fluid
model and investigated its behavior in different situations;
Bhattacharyya investigated the boundary layer stagnation point
flow of a Casson-type fluid with heat transfer along a stretching
or shrinking sheet of infinite length (Bhattacharyya, 2013). In
another research article, he figured out the exact results for
boundary layer flux of a Casson liquid flowing across a porous

stretching/shrinking sheet (Bhattacharyya et al., 2014). Hayat
et al. (Hayat et al., 2012) studied the boundary layer flux of
MHD Casson liquid across an elongated sheet. Nadeem et al.
(Nadeem et al., 2012) investigated the influence of electricity on
the boundary layer flux of a Casson liquid flowing across an
exponentially contracting canvas.

Raju et al. (Raju et al., 2016) reckoned the Casson liquid to
analyze the significance of magnetic flux by an elongated canvass
and comprehended the fact that an induced magnetized field
possesses the tendency to increase the heat transferal rate. Kumar
et al. investigated the combined effect of magnetic flux and
heat source and worked out the numerical results for a Casson
liquid flowing through two parallel plates (Kumar et al., 2018a).
In another study, Kumar et al. investigated the conjugate impact
of mass and heat transferal rate of MHD Casson fluid under
Brownian motion, and thermophoresis demonstrated that the
fluid’s temperature is manipulated by the Casson parameter
(Kumar et al., 2018b).

Kataria and Patel established the effluence, thermic, and
mass transmit characteristics of Casson MHD liquid and
ascertained that modified magnetic flux decays its speed and
boundary layer heaviness (Kataria and Patel, 2018). Casson
fluid’s stagnancy point has been illustrated by Shaw et al.
(Shaw et al., 2019) to determine encroachment of radiation,
thermic dissemination, and diffusion thermal effectuates due
to chemical reactions. Hussanan et al. (Hussanan et al., 2016)
demonstrated unsteady invariant warmth transferal flux of
Casson-type fluid bearing the checks of Newtonian heating
and thermal radiation across an oscillating upright erect plate
of infinite dimensions. They concluded that the velocity of
Casson fluid decreases due to the Casson parameter and it
shows an oscillating turnover for dissimilar phase angles. More
research in this area has been conducted by various researchers
(Kameswaran et al., 2014; Animasaun et al., 2015; Ramesh
and Devakar, 2015; Ahmed et al., 2016; Imran et al., 2016;
Ahmad et al., 2019; Rehman et al., 2019; Sheikh et al., 2020;
Aleem et al., 2021).

In this article, our major objective is to demonstrate free
convective, MHD unsteady blood flow with single (SWCNTs)
and multiwalled carbon nanotubes (MWCNTs) as nanospecks.
The blood flow is considered over an oscillating vertically
upright plate engrafted in a porous medium with slip, radiation,
and porosity effects. Nanofluids consist of human blood as
the base fluid and SWCNTs and MWCNTs as nanoparticles.
Three fractional approaches Caputo (C), Caputo–Fabrizio
(CF), and Atangana–Baleanu (ABC) are used to develop the
fractional blood flow model, which is solved using the Adomian
decomposition method (ADM). Equations of dimensionless
temperature, velocity, and concentration fields have been solved
analytically, and the results are compared.The graphical analysis
is performed to envision the effect of fractional and tangible
flow parameters on velocity u, concentration C, and temperature
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θ using MathCad and Mathematica software packages. This
article is structured as follows. In section 1, latest research
related to Casson fluid and its application in the industry
are presented, and in Section 2, problem formulation and
assumptions are illustrated. In section 3, we have developed
a fractional model for Casson nanofluid and its solution with the
Adomian decomposition method with Caputo, Caputo Fabrizio,
and Atangana–Baleanu fractional operators that are given in
Sections 4 and 5.The obtained results are analyzed and discussed
in Section 6. Solutions obtained via ADM are compared with
existing literature results and are presented in Section 6.

Problem formulation

We investigate an unsteady viscoelastic incompressible
Casson nanofluid containing human blood as the base liquid and
CNTs as nanoparticles. It flows across an infinite vertical upright
plate located in the xy-plane implanted in a porous medium and
is fixed in the x-direction, whereas y− axis is normal to the plate.
Consequently, the rate of flow is enclosed only in the half plane
where y > 0. At t = 0, the nanofluid and plate are at rest with the
set temperature T∞ and concentration C∞. The base fluid, which
is human blood, and nanoparticles (SWCNTs and MWCNTs)
are considered to be in thermal equilibrium. As time increases
t = 0+, the plate starts its sinusoidal oscillation with slip effect at
the boundary, and its velocity at the boundarywall isV = u(0, t) −
η ∂u(y,t)

∂y
|y=0 = Uo f(t), where η is the slip parameter, which is always

positive since negative values of η have no physical sense, Uo
is the characteristic velocity, and f(t) is a piecewise continuous
general function satisfying f(0) = 0. When the plate moves in the
x-direction, its concentration and temperature change to Cw and
Tw, respectively. The physical model of our problem is shown in
Figure 1. Furthermore, assumptions are as follows:

1) The plate is assumed to be electrically conducting and
bearing uniform magnetic flux Bo, which is applied in the
direction perpendicular to the plate.

2) The slip boundary condition at the wall is considered, and
the relative velocity between the wall and fluid is directly
proportional to the shear rate or the rate of deformation at
the wall.

3) Since the flow is unidirectional, all tangible variables are
functions of time t and space coordinate y.

4) The impression of enforced magnetic flux is negligible,
referring to a really small magnetized Reynolds’ number Re.

5) The Casson nanofluid consists of SWCNTs and MWCNTs
of invariant kinematic viscosity νnf occupying a semifinite
space y > 0.

Under these assumptions and using Boussinesq’s
approximation, the governing equations for energy, diffusion,

FIGURE 1
Model orientation.

and momentum are (Imran et al., 2017a; Khalid et al., 2018).

ρnf ∂tu (y, t) − μnf(1+
1
γ
)∂yyu (y, t)

+ (σnf B2
0 +

φμnf
κ1
)u (y, t) = g(ρβT)nf (T−T∞)

+ g(ρβC)nf (C−C∞) , (1)

(ρCp)nf∂tT (y, t) = κnf ∂yyT (y, t) − ∂yqr,

(2)

∂tC (y, t) = D∂yyC (y, t) . (3)

Under Rossenold approximation for radiative heat flux, by
assuming that the temperature difference between fluid T and
ambient T∞ is very small, Eq. 2 becomes (Imran et al., 2017a)

∂tT (y, t) =
κnf
(ρCp)nf

(1+
16σ∗T3

∞

3κnf κ∗
)∂yyT (y, t) , (4)

where u, C, T, qr , σ∗, κ∗, g, γ, D, μnf , κnf , Cpnf , βCnf , βTnf
are velocity, concentration, temperature, radiative heat flux,
Stefan–Boltzman constant, mean absorption coefficient, gravity,
Casson parameter, molecular diffusion constant, dynamic
viscosity of Casson nanofluid, thermal conductivity, heat
capacitance, and diffusion and thermal expansion coefficients
of nanoparticles, respectively.

The appropriate initial and boundary conditions are as
follows:

u (y,0) = 0, T (y,0) = T∞, C (y,0) = C∞, ∀ y ≥ 0,
(5)
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u (y, t) − η
∂u (y, t)
∂y
|y=0 = Uo f (t) ,

T (y, t) = Tw,

C (y, t) = Cw ∀ y = 0, t ≥ 0, (6)

u (y, t) → 0, T (y, t) → T∞, C (y, t) → C∞, as y→∞, t > 0.
(7)

A theoretical model for nanofluids was introduced by Xue
(Xue, 2005) based on Maxwell theory for elliptic-shaped
rotational CNTs with a large axial ratio, and compensating space
distribution impact is used and given as follows:

κnf
κf
−
(1−ϕ) + 2ϕ(

κCNT
κCNT − κf

) ln(
κCNT − κf

2κf
)

(1−ϕ) + 2ϕ(
κCNT

κCNT − κf
) ln(

κCNT + κf
2κf
)
= 0,

where κnf , κf, and κCNT are the thermal conduction
coefficients of the nanofluid, base liquid, and carbon nanotubes
(S&MWCNTs), respectively. The theoretical density values are
described by Yu et al. (Yu et al., 2008) as follows:

ρnf = (1−ϕ)ρf +ϕρCNT,

where ρf is blood density, ϕ is the volume fraction of
nanoparticles, and ρCNT is the density of carbon nanotubes
(S&MWCNTs). The effective dynamic viscosity μnf for
cylindrical nanotubes can be defined in two ways as proposed
by Loganathan et al. (Loganathan et al., 2015) and Rajesh et al.
(Rajesh et al., 2016).

μnf =
μf
(1−ϕ)2.5

,

where μf and μnf are densities of blood as the base fluid and
the nanofluid with CNTs. Heat capacitance for nanofluid is as
follows:

(ρCp)nf = (1−ϕ) (ρCp)f +ϕ(ρCp)CNT.

The thermal and diffusion expansion are defined
by Bourantas and Loukopoulos (Bourantas and
Loukopoulos, 2014) as follows:

(ρβT)nf = (1−ϕ) (ρβT)f +ϕ(ρβT)CNT,

(ρβC)nf = (1−ϕ) (ρβC)f +ϕ(ρβC)CNT,

where ρ is the density; ϕ is the nanoparticle volume fraction;
and (βT)f, (βC)f, (βT)CNT, and (βC)CNT are thermal and mass
expansion coefficients of the base fluid and carbon nanotubes.

σnf = σf(1+
3( σCNT

σf
−1)ϕ

( σCNT
σf
+2)−3( σCNT

σf
−1)ϕ
) and σ = σs

σf
, where the subscripts

f and CNT represent the base fluid and carbon nanotube

nanoparticles. Thermophysical properties of carbon nanotubes
and the carried Casson fluid (human blood) are given in Table 1.

Introducing dimensionless variables

u∗ = u
Uo
, y∗ =

Uo

νf
y, t∗ =

U2
o

νf
t, θ =

T−T∞

Tw −T∞
,

Φ =
C−C∞

Cw −C∞
, η∗ =

Uoη
νf
. (8)

Using dimensionless parameters from Eq. 8 in Eqs.
(1)and(3)––(7), we get

∂tu (y, t) −
b1
b3
(1+ 1

γ
)∂yyu (y, t) + (

b2
b3

M+ 1
K
b1
b3
)u (y, t)

− b4Grθ (y, t) − b5GmΦ (y, t) = 0, (9)

∂tθ (y, t) −
λ
b6

1
Preff

∂yyθ (y, t) = 0, (10)

∂tΦ (y, t) −
1
Sc

∂yyΦ (y, t) = 0, (11)

and dimensionless initial and boundary conditions are as follows:

u (y,0) = 0, θ (y,0) = 0, Φ (y,0) = 0, ∀ y ≥ 0, t = 0,
(12)

u (y, t) − η
∂u (y, t)
∂y
|y=0 = f (t) ,

θ (y, t) = 1,

Φ (y, t) = 1, ∀ t > 0, y = 0, (13)

u (∞, t) → 0, θ (∞, t) → 0, Φ (∞, t) → 0, as t > 0,
(14)

where Sc =
νf
D
, k1 is the permeability of porous medium,

Gr =
gβf (Tw−T∞)νf

U3
o

, Gm =
gβf (Cw−C∞)νf

U3
o

, Preff =
Pr

1+Nr*
, Nr∗ =

Nr
λ
, λ =

κnf
κf
, Nr = 16σ*T3

∞
3κf κ*

, M =
σf νf B

2
o

ρf U
2
o
, K = κ1U

2
o

μ2f φ
, b1 =

1
(1−ϕ)2.5

, b2 = [

[
1+

3( σCNT
σf
−1)ϕ

( σCNT
σf
+2)−3( σCNT

σf
−1)ϕ
]

]
,b3 = [(1−ϕ) +ϕ

ρCNT
ρf
],

b4 = [(1−ϕ) +ϕ
(ρβT)CNT
(ρβT)f
], b5 = [(1−ϕ) +ϕ

(ρβC)CNT
(ρβC)f
],b6 =

[(1−ϕ) +ϕ
(ρCp)CNT
(ρCp)f
], and f∗(t) = f(

νft
∗

U2
o
).

where Sc is the dimensionless Schmidt number, Gr and
Gm are thermal and mass Grashof numbers, respectively,
Preff is the effective Prandtl number depend on radiation-
conduction parametric quantity Nr and Prandtl number
Pr, M is the magnetic field parameter, η is slip, and K
is the porosity parameter. Solving Eqs. (9)–(11) under
conditions (12)–(14) is generalized by adapting Caputo
(Caputo, 1967), Caputo–Fabrizio (Caputo and Fabrizio, 2015),
and Atangana–Baleanu (Atangana and Baleanu, 2016) fractional
operators. The obtained fractional model is solved using ADM
(Stehfest, 1970; Tzou, 1997; Sarwar, 2020).
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TABLE 1 Thermophysical traits of SWCNTs, MWCNTs, and human blood (Casson, 1959; Pramanik, 2014; Imran et al., 2017a).

ρ(Kgm−3) Cp(JKg−1K−1) κ(Wm−1K−1) σ(Sm−1) β × 105(K−1)

SWCNTs 2,600 425 6,600 106–107 27
MWCNTs 1,600 796 3,000 1.9 × 10–4 44
Human blood 1,053 3,594 0.492 0.8 0.18

TABLE 2 Effect of fractional parameter on skin frictionCf for K = 3,M = 0.5, η = 0.1, Gr = 0.3, Gm= 0.01 γ = 0.2, Pr = 25, Nr = 18, and Sc = 0.22.

t = 0.5 t = 1.0

α ADMABC ADMCF ADMC ADMABC ADMCF ADMC

0.1 4.2029 3.8283 4.0174 4.2585 4.2002 4.5741
0.2 4.1305 3.4472 3.6539 4.3519 4.1450 4.7342
0.3 3.9699 3.075 3.2047 4.4531 4.0530 4.7187
0.4 3.7039 2.7125 2.7294 4.5138 3.9242 4.5582
0.5 3.3323 2.3589 2.2698 4.4894 3.7586 4.2878
0.6 2.8705 2.0147 1.8516 4.3452 3.5562 3.9428
0.7 2.3454 1.6795 1.4875 4.0604 3.3170 3.5554
0.8 1.7903 1.3536 1.1813 3.6294 3.0410 3.1524
0.9 1.2405 1.0369 0.9305 3.0615 2.7283 2.7551
1 0.7293 0.7293 0.7293 2.3787 2.3787 2.3787

TABLE 3 Effect of fractional parameter on Nusselt number Nu for Preff = 0.71.

t = 0.5 t = 1.0

α ADMABC ADMCF ADMC ADMABC ADMCF ADMC

0.1 4.9335 4.1308 4.2673 4.9782 4.3876 4.6468
0.2 5.3846 3.8689 4.0346 5.5883 4.3578 4.7758
0.3 5.6183 3.6124 3.7437 6.1079 4.3081 4.7955
0.4 5.5370 3.3603 3.4299 6.4005 4.2386 4.7231
0.5 5.1355 3.1134 3.1188 6.3766 4.1491 4.5786
0.6 4.5050 2.8714 2.8263 6.0387 4.0398 4.3819
0.7 3.7793 2.6345 2.5615 5.4697 3.9106 4.1518
0.8 3.0742 2.4025 2.3281 4.7822 3.7615 3.9041
0.9 2.4576 2.1755 2.1261 4.0731 3.5926 3.6515
1 1.9534 1.9534 1.9534 3.4037 3.4037 3.4037

TABLE 4 Effect of fractional parameter on Sherwood number Sh for Sc = 0.22.

t = 0.5 t = 1.0

α ADMABC ADMCF ADMC ADMABC ADMCF ADMC

0.1 110.256 84.1198 88.274 111.73 92.3223 100.566
0.2 125.199 75.7107 80.2105 132.01 91.0826 104.047
0.3 132.893 67.5083 70.2508 149.366 89.0165 103.623
0.4 129.869 59.5124 59.7288 158.844 86.124 99.9792
0.5 116.018 51.7231 49.5758 157.155 82.405 93.9026
0.6 94.727 44.1405 40.3619 144.402 77.8595 86.1829
0.7 70.8693 36.7645 32.3699 123.672 72.4876 77.5375
0.8 48.5335 29.595 25.6758 99.1383 66.2893 68.5693
0.9 29.9881 22.6322 20.222 74.3272 59.2645 59.7485
1.0 15.876 15.876 15.876 51.4132 51.4132 51.4132
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FIGURE 2
Temperature comparison of SWCNTs and MWCNTs when
t = 0.28, Pr = 21, Nr = 18, and β = 0.8.

Proposed fractional-order nanofluid
model

Equations 10 and 11 are homogenous and Eq. 9 is
a nonhomogeneous second-order PDE. We construct the
fractional-order Casson nanofluid models by changing time
derivative with Caputo (C), Caputo–Fabrizio (CF), and

FIGURE 3
θ(y, t) with Preff when ϕ = 0.002, t = 0.28, and β = 0.8.

Atangana–Baleanu (ABC) fractional derivatives. We get

Dα
t u (y, t) −

b1
b3
(1+ 1

γ
)∂yyu (y, t) + (

b2
b3

M+ 1
K
b1
b3
)u (y, t)

− b4Grθ (y, t) − b5GmΦ (y, t) = 0, (15)

Dβ
t θ (y, t) −

λ
b6

1
Preff

∂yyθ (y, t) = 0,

(16)
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FIGURE 4
θ(y, t) with ϕ when Pr = 21, t = 0.5, Nr = 18, and β = 0.9.

Dδ
tΦ (y, t) −

1
Sc

∂yyΦ (y, t) = 0, (17)

where 0 < α,β,δ ≤ 1, q ∈ {α,β,δ}, and Dq
t (⋅) denotes the

fractional Caputo, Caputo–Fabrizio, or Atangana–Baleanu
operators which are defined as follows:.

• the fractional Caputo differential operator of order q ∈ (0,1)
and a function f(t) ∈H1[a,b] is defined (Caputo, 1967) as
follows:

FIGURE 5
C(y, t) with Sc when δ = 0.8 and t = 0.04.

CDq
a,t f (t) =

1
Γ (1− q)

∫
t

a
(t− τ)−qf

′
(τ)dτ, t > a, (18)

• the Caputo–Fabrizio fractional derivative of order q ∈ (0,1)
and a function f(t) ∈H1[a,b] is defined (Caputo and
Fabrizio, 2015) as follows:

CFDq
a,t f (t) =

1
1− q
∫
t

a
⁡exp(−

q (t− τ)
1− q
) f
′
(τ)dτ, t > a, (19)
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FIGURE 6
u(y, t) with ϕ when t = 0.3, K = 3, Gr = 0.55, Gm = 0.01η = 0.15,
α = β = δ = 0.8, γ = 0.95, Pr = 25, Nr = 18, M = 1.4, and Sc = 1.5.

• the new fractional derivative Atangana–Baleanu operator of
order q ∈ (0,1) (Atangana and Baleanu, 2016) is as follows:

ABCDq
a,t f (t) =

M (q)
1− q
∫
t

a
Eq[
−q(t− τ)q

1− q
] f
′
(τ)dτ, t > a, (20)

where Eq(x) = ∑
∞
k=1

xk

(Γ(qk+1))
is the Mittag–Leffler function and

M(q) is the normalization function satisfying the conditions
M(0) =M(1) = 0.

FIGURE 7
u(y, t) with Gm when t = 0.3, K = 2.9, Gr = 0.05, ϕ = 0.02, η = 0.15,
α = β = δ = 0.8, γ = 0.95, Pr = 25, Nr = 20, M = 1.4, and Sc = 1.5.

Formulation of Adomian
decomposition method

As mentioned, ADM is used for approximation. The
algorithm of fractional ADM is as follows:

1) Consider the fractional PDE as follows:
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FIGURE 8
u(y, t) with Gr when t = 0.3, K = 2.9, Gm = 0.05, ϕ = 0.02, η = 0.15,
α = β = δ = 0.8, γ = 0.95, Pr = 25, Nr = 18, M = 1.4, and Sc = 1.5.

Dq
a,tΨ (t, s) + L (Ψ (t, s)) +N (Ψ (t, s)) = F (t, s) n− 1 < q ≤ n,

(21)

where Dq
a,t(⋅) is the fractional derivative in C, CF, or AB

sense; L and N are linear and nonlinear differential operators,
respectively; F is an analytical function; and s is the spatial
dimension. For the sake of simplicity, we use Ψ = Ψ(t, s) in the
following steps.

FIGURE 9
u(y, t) with Preff when t = 0.3, K = 2.9, Gm = 0.05, ϕ = 0.02,
η = 0.15, α = β = δ = 0.8, γ = 0.95, Gr = 0.25, M = 1.4, and Sc = 1.5.

We write Eq. 21 in the form

Dq
a,tΨ = F− L (Ψ) −N (Ψ) . (22)

2) Using the fractional integral Iq on both sides of Eq. 22, we get

Ψ = Iq (F−L (Ψ) −N (Ψ)) . (23)
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FIGURE 10
u(y, t) with Sc when t = 0.3, K = 2.9, Gm = 0.15, η = 0.15, ϕ = 0.02,
α = β = δ = 0.8, γ = 0.95, Pr = 25, Nr = 22, M = 1.4, and Gr = 0.05.

This methods gives the solution Ψ in convergent series form as

Ψ =
∞

∑
n=1

Ψn−1, (24)

and the decomposition of N (Ψ) in Eq. 23 is

N (Ψ) =
∞

∑
n=1

An−1. (25)

In the work by Adomian (Adomian, 1988; Adomian, 1994),
he provided the algorithm to find any kind of nonlinearity. To

FIGURE 11
u(y, t) with K when t = 0.3, Gm = 0.5, η = 0.15, Sc = 1.2, ϕ = 0.02,
α = β = δ = 0.8, γ = 0.95, Pr = 25, Nr = 18, M = 1.5, and Gr = 0.05.

calculate the Adomian polynomials An−1 in Eq. 25, we consider
the following general formula:

An−1 =
1
(n− 1)!
[ d

n−1

dλn−1
(N(

∞

∑
n=1

λn−1Ψn−1))]
λ=0

,n ≥ 1. (26)

3) Substitute Eq. 24 and Eq. 25 into both sides of Eq. 23, we get
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FIGURE 12
u(y, t) with γ when t = 0.3, Gm = 0.05, η = 0.15, Sc = 1.5, ϕ = 0.02,
α = β = δ = 0.8, K = 2.95, Pr = 25, Nr = 18, M = 1.4, and Gr = 0.2.

∞

∑
n=1

Ψn−1 = Iq(F− L(
∞

∑
n=1

Ψn−1)−
∞

∑
n=1

An−1). (27)

4) Using Ψ0 as an initial condition with Eq. 27, we can obtain Ψ1,
Ψ2,⋯.

5) Substituting these Ψ0, Ψ1, Ψ2,⋯ in Eq. 24, Ψ(t, s) is obtained
in a convergent series solution.

FIGURE 13
u(y, t) with η when t = 0.3, Gm = 0.01, γ = 0.95, Sc = 0.55,
ϕ = 0.02, α = β = δ = 0.8, K = 3, Pr = 25, Nr = 18, M = 1.4, and
Gr = 0.55.

Numerical study

In order to solve the model (15)–(17) with Eqs 12–14,
the given initial estimates are recommended to begin the
simulations u0 = t

2e−y, θ0 = e
−y, and C0 = e

−y. We assume that
α = β = δ.
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FIGURE 14
u(y, t) with M when t = 0.3, Gm = 0.05, γ = 0.95, Sc = 0.55,
ϕ = 0.02, α = β = δ = 0.8, K = 2.9, Pr = 25, Nr = 18, η = 0.15, and
Gr = 0.55.

Application of ADM with the caputo
derivative

In problems (15)–(17), we consider Dα
t (⋅) in the Caputo

sense. Following the formulation of Adomian decomposition
method, the following results are obtained.Result of the

fractional concentration field:

C (y, t) = e−y(1+
2tα( Sc

Γ (1+ α)
+ 2tα

Γ (1+ 2α)
)

Sc2
). (28)

Result of the fractional temperature field:

θ (y, t) = e−y(1+
tαλ( tαλ

Γ (1+ 2α)
+

Prb6
Γ (1+ α)

)

Pr2b26
). (29)

Result of the fractional velocity field:

u (y, t) = e−y
2ηt2 + 1

Γ (1+ α)
(e−y(1+yη)tα (ey

2η (1.642Gm

+ 1.741Gr) + 1
K (1+ α) (2+ α)γ

× (1.998eyt2 (−1.006KMγ+ 1.005 (−γ− 2K (1+ γ)

× η +4Ky2 (1+ γ)η2))))) + (3.541374−αe−y(1+yη)

× t2α (1+ α) (2+ α)(1.002ey
2ηK2 (3.28072GmPr

+ 1.741GrSc) × (1+ α) (1+ 2α)γ2 + 0.999999ey
2η

× (1.642Gm+ 1.741Gr)KPrSc (1+ α) (1+ 2α)γ

× (−1.006KMγ+ 1.005 (K+ (−1+K)γ)) + 0.999ey

×PrSct2 (1.01204K2M2γ2 + 2.02206KMγ

× (γ+ 2K (1+ γ)η− 4Ky2 (1+ γ)η2) + 1.01003

× (γ2 + 4Kγ (1+ γ)η+ 4K (1+ γ) (−2y2γ+ 3K

× (1+ γ))η2 − 48K2y2(1+ γ)2η3

+ 16K2y4(1+ γ)2η4))) × Γ (1

+ 2α))/(K2PrScγ2Γ(1
2
+ α)Γ (3+ α)Γ (3+ 2α)) .

(30)

Application of ADM with the
Caputo–Fabrizio derivative

In problems (15)–(17), we consider Dα
t (⋅) in the

Caputo–Fabrizio sense. Following the formulation of the
Adomian decomposition method, the following results are
obtained.Fractional concentration field’s result is as follows:

C (y, t) =
e−y (4+ 2Sc+ Sc2 + 2 (4+ Sc) (−1+ t)α+ 2 (2+ (−4+ t) t)α2)

Sc2
.

(31)

Fractional temperature field’s result is as follows:

θ (y, t) =
e−y ((2+ 4 (−1+ t)α+ (2+ (−4+ t) t)α2)λ2 + 2Prb6 ((1+ (−1+ t)α)λ+Prb6))

2Pr2b26
. (32)
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Fractional velocity field’s result is as follows:

u (y, t)

= e−y
2ηt2 + 1

Kγ
(0.333e−y(1+yη) (3.003ey

2η (1.642Gm

+ 1.741Gr)K (1+ (−1+ t)α)γ+ eyt2 (3+ (−3+ t)α)

× (−1.006KMγ+ 1.005 (−γ− 2K (1+ γ)η

+ 4Ky2 (1+ γ)η2)))) + 0.0832502e
−y(2+yη)

K2PrScγ2

× (6.01201ey(1+yη)K2 (3.28072GmPr+ 1.741GrSc)

× (2+ 4 (−1+ t)α+ (2+ (−4+ t) t)α2)γ2

+ 5.99999ey(1+yη) (1.642Gm+ 1.741Gr)K

×PrSc(2+ 4 (−1+ t)α+ (2+ (−4+ t) t)α2)

× γ (−1.006KMγ+ 1.005 (K+ (−1+K)γ))

+ 0.999e2yPrSct2 (6+ (−6+ t)α) (2+ (−2+ t)α)

× (1.01204K2M2γ2 + 2.02206KMγ (γ+ 2K (1+ γ)η

− 4Ky2 (1+ γ)η2) + 1.01003(γ2 + 4Kγ (1+ γ)η

+ 4K (1+ γ) (−2y2γ+ 3K (1+ γ))η2 − 48K2y2(1+ γ)2η3

+ 16K2y4(1+ γ)2η4))) . (33)

Application of ADM with the
Atangana–Baleanu derivative

In problems (15)–(17), we consider Dα
t (⋅) in the

Atangana–Baleanu sense. Following the formulation of the
Adomian decomposition method, the following results are
obtained.Fractional concentration field’s result is as follows:

C (y, t) = e−y(1+
2 (tα + Γ (α) − αΓ (α))
Sc (α+ Γ (α) − αΓ (α))

+
4Γ (α)

Sc2(α+ Γ (α) − αΓ (α))2Γ( 1
2
+ α)

× (4−α√πt2αα+ (−1+ α) (−2tα + (−1+ α)Γ (α))Γ( 1
2
+ α))). (34)

Fractional temperature field’s result is as follows:

θ (y, t) = e−y(1+
4−αλ2Γ (α)(√πt2αα+ 4α (−1+ α) (−2tα + (−1+ α)Γ (α))Γ (1/2+ α))

Pr2(α+ Γ (α) − αΓ (α))2Γ (1/2+ α)b26

+
λ (tα + Γ (α) − αΓ (α))

Pr (α+ Γ (α) − αΓ (α))b6
). (35)

Fractional velocity field’s result is as follows:

u (y, t) = e−y
2ηt2 + e

−y(1+yη)

BKγb3
( t−1+αα ( 1

Γ (3+ α)
(2t3 (2Kη

× (−1η) + 2y2 + γ(−1+ 2Kη(−1+ 2y2η)))
× (cosh (y) sinh (y))b1 )

−
2KMt3γ (cosh (y) + Sinh (y))b2

Γ (3+ α)

+
Ktγ(cosh(y2η) + sinh(y2η))b3 (Grb4 +Gmb5)

Γ (1+ α)
)

− (−1+ α) (eyt2 (2Kη(−1+ 2y2η)

+ γ(−1+ 2Kη(−1+ 2y2η )))b1
+ Kγ(−eyMt2b2 + ey

2ηb3 (Grb4 +Gmb5))))

+ (e−y(2+yη) (tαα(GrK2Scγ2λΓ (α)Γ (3+ α)

× (cosh (y (1+ yη)) + sinh (y (1+ yη)))b23b4
−GrK2Scαγ2λΓ (α)Γ (3+ α)

× (cosh (y (1+ yη)) + sinh (y (1+ yη)))b23b4

+
GrK2Sctαγ2λΓ(1+ α)2Γ (3+ α) (cosh (y (1+ yη)) + sinh (y (1+ yη)))b23b4

Γ (1+ 2α)
− 2PrSct2 (−1+ α)Γ (α)Γ (1+ α)

× (cosh (2y) + sinh (2y)) ((γ2 + 4Kγ (1+ γ)η

+ 4K (1+ γ) (−2y2γ+ 3K (1+ γ))η2

−48K2y2(1+ γ)2η3 + 16K2y4(1+ γ)2η4)b21
+ 2KMγ(2Kη(1− 2y2η) + γ(1+ 2Kη(1− 2y2η)))

× b1b2 +K2M2γ2b22)b6 + 1/Γ(3+ 2α)
2PrSct2+α

× αΓ (α)Γ (1+ α)Γ (3+ α) (cosh (2y) + sinh (2y))

× ((γ2 + 4Kγ (1+ γ)η+ 4K (1+ γ)

× (−2y2γ+ 3K (1+ γ))η2 − 48K2y2(1+ γ)2η3

+ 16K2y4(1+ γ)2η4)b21 + 2KMγ(2Kη(1− 2y2η)

+γ(1+ 2Kη(1− 2y2η)))b1b2 + K
2M2γ2b22)b6

+ 2GmK2Prγ2Γ (α)Γ (3+ α) (cosh (y (1+ yη))

+ sinh (y (1+ yη)))b23b5b6 − 2GmK2Prαγ2Γ (α)Γ

× (3+ α) (cosh (y (1+ yη)) + sinh (y (1+ yη)))b23b5b6

+
2GmK2Prtαγ2Γ(1+ α)2Γ (3+ α) (cosh (y (1+ yη)) + sinh (y (1+ yη)))b23b5b6

Γ (1+ 2α)

+ 1

Γ( 1
2
+ α)
(4−αK√πPrSctααγΓ (α)Γ (3+ α)

× (cosh (y (1+ yη)) + sinh (y (1+ yη)))
× ((K− γ+Kγ)b1 −KMγb2)b3 (Grb4 +Gmb5)b6)

+ 1
Γ (1+ α)

× (KPrScαγΓ(α)2Γ (3+ α)

× (cosh (y (1+ yη)) + sinh (y (1+ yη)))
× ((K− γ+Kγ)b1 − KMγb2)b3 (Grb4 +Gmb5)b6)

− 1
Γ (1+ α)

(KPrScα2γΓ(α)2Γ (3+ α)

× (cosh (y (1+ yη)) + sinh (y (1+ yη)))
× ((K− γ+Kγ)b1 −KMγb2)b3 (Grb4 +Gmb5)b6))

+ (1− α) (e2yPrSct2Γ (α)Γ (1+ α) (2tαα− (−1+ α)

× Γ (3+ α)) ((γ2 + 4Kγ (1+ γ)η + 4K (1+ γ)

× (−2y2γ+ 3K (1+ γ))η2 − 48K2y2(1+ γ)2η3

+16K2y4(1+ γ)2η4)b21 + 2KMγ (γ+ 2K (1+ γ)η

−4Ky2 (1+ γ)η2) b1b2 +K2M2γ2b22)b6 + e
y(1+yη)

×KPrScαγΓ (α) (tα + Γ (α) − αΓ (α))Γ (3+ α)
× ((K+ (−1+K)γ)b1 −KMγb2)b3 (Grb4
+ Gmb5)b6 + ey(1+yη)K2γ2 (tα + Γ (α) − αΓ (α))

× Γ (1+ α)Γ (3+ α)b23 (GrScλb4 + 2GmPrb5b6))))

/(B2K2PrScγ2Γ (α)Γ (1+ α)Γ (3+ α)b23b6) . (36)
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Nusselt number, Sherwood number, and
skin friction

Heat and mass transfer rates and skin friction for ADMC,
ADMCF, andADMAB are obtained using results from Section 5.1,
Section 5.2, and Section 5.3.

Nu = −∂yθ (y, t) |y=0,

Sh = −∂yC (y, t) |y=0,

(Cf) = −∂yu (y, t) |y=0.

The numerical analyses for Nusselt number, Sherwood
number, and skin friction under the influence of fractional
parameters are given in Tables 2–4 for all three models.

Results and discussions

In the present study, a fractionalmodel is articulated utilizing
three different differential approaches, i.e., Caputo (C), Caputo–
Fabrizio (CF), and Atangana–Baleanu (ABC). ADM is used
to obtain semianalytical solutions for compactness, velocity,
and temperature domains. The received upshots are projected
graphically to present the influence of fractional and flow
parameters.

General approximative numerical solutions for unfirm
incompressible, viscoelastic Casson nanofluid carrying human
blood as the base fluid and CNTs (SWCNTs/ MWCNTs) as
nanoparticles were obtained by ADM. It was reckoned that
the upright plate was translating in its plane having velocity
U0f(t), where U0 is the characteristic velocity and f(t) is a
piecewise continuous function specified on [0,∞) satisfying the
condition f(0) = 0. In the present study, f(t) = t2 was presumed,
which makes us speculate that the plate is rendered with
unvarying apparentmotion and hence also the fluid.Thephysical
characteristics of blood and CNTs (SWCNTs/ MWCNTs) are
acquired from Table 1 for numeric calculation.

The temperature for SWCNT and MWCNT human blood-
based nanofluid is compared in Figure 2. It is evident that
the MWCNT Casson fluid depicts more heat conduction
as compared to SWCNT nanoparticles. This is due to the
differences between the thermal conductivities of both types
of nanoparticles. the thermal conductivity for MWCNTs is
3000Wm−1K−1 while for SWCNTs it is 6600Wm−1K−1, which
clearly shows that the temperature ofMWCNTshas higher values
as compared to SWCNTs. A similar behavior can be seen for all
three models, which was described by Imran et al. (2020).

Figure 3 Plots revealing the impact of Preff on temperature
fields obtained by the three fractional approaches. It can be
clearly seen from the graph that temperature and boundarylayer

thickness are reduced by maximizing Preff . The value of
Preff depends on the radiation–conduction parametric quantity
Nr and Prandtl number Pr. Graphically, as the Preff value
intensifies, the fluid temperature is minimized. When the
Preff value is increased, it reduces thermal conductivity and
enhances liquid viscosity leading to an abbreviation of the
thickness of the thermic boundary layer. Nonetheless, the
ADMAB model delineates this deportment better due to
the presence of Mittag–Leffler kernel when equated with
ADMCF and ADMC models. All models demonstrate a similar
pattern.

Figure 4 shows the effect of nanoparticle volume fraction
ϕ on the temperature domain. Temperature enhances upon
increasing the value of nanoparticle volume fraction ϕ;
physically, it occurs because of the addition of MWCNT
nanoparticles into the Casson fluid, leading to elevated thermic
conduction and, therefore, increasing temperature. The plots in
Figure 5 help us understand the upshot of Sc on concentration
by taking other parameters to be fixed. It is determined, that with
an increase of Sc the thickness of the liquid decreases, which is
due to a reduction of molecular diffusivity.

The plots in Figure 6 help us envision the impact of SWCNTs
andMWCNTs inCasson fluid, which in our case is human blood,
on velocity domains obtained by the three fractional approaches.
Graphically, it can be envisioned that MWCNTs’ nanoliquid
moves faster than SWCNTs’ nanofluid. Physically, this occurs due
to the density of carbon nanotube nanoparticles. The density of
MWCNTs is (1600Wm−1K−1) whereas the density of SWCNTs is
(2600Wm−1K−1), which makes SWCNT-based nanofluid thick,
resulting in slower motion of the fluid. Similar behavior can be
seen in the work by Imran et al. (2020). Dispersing MWCNT
nanoparticles into the Casson liquid decreases its velocity due
to increased thickness. Similar patterns can be seen for all three
fractional models.

Figures (7––14) show numerical traits of MWCNTs’
nanospecks and human blood presented in Table 1. Figures 7, 8
determine the outcome of mass and thermal Grashof numbers,
i.e., Gm and Gr, respectively. The fluid speed in both cases is
enhanced with Gr and Gm. The fluid flow is simply imputable
to buoyant pressures. When this force is zero, the fluid will not
be no displaced. For Gr > 0, the natural convection is imputable,
and heat is channelized to the fluid through the plate; afterward,
the plate is tranquilized. When the Grashof number is increased,
the buoyant force originates and becomes less glutinous, which
institutes liquid flow faster as seen in these graphs for both
frameworks. Moreover, Figure 9 is plotted for Preff versus y by
keeping other parameters fixed. It is pertinent to mention that
by invoking Preff, the fluid speed decreases and the boundary
layer thickness is reduced. The reason for this is the increased
value of Preff leads to acquiring fluid viscosity, and the reduced
caloric boundary layer leads to slower apparent motion.This can
be further elaborated from the graphical analysis; the ADMABC
model describes the behavior of the function in the best possible
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way because it holds Mittag–Leffler kernel, which stores the
memory factor, and is therefore better in describing the fluid’s
flow fields when compared with ADMCF and ADMC. When the
fractional parameter approaches 1,ADMABC gives velocity values
closer to the classical results.

The plots in Figure 10 probe the invasion of Schmidt number
Sc on liquid velocity by confining the parametric quantities
constantly. It is observed that an increase in Sc leads to a
decrease in the speed. Figure 11 is diagrammed to ascertain
the impression of porosity parameter K on velocity. For large
values of K, speed and boundary layer thickness are increased.
The reason behind this phenomenon is that by increasing the
permeability of the porous medium its resistance is decreased,
which contributes to increasing the momentum of the flux
regime. Figure 12 is diagrammed to project the impression of the
Casson parameter γ, which unveils tangible traits of plasticity.
When γ decreases, blood plasticity increases, which ultimately
deaccelerates the motion of the fluid.

Figure 13 is diagrammed to ascertain the effect of the slip
parameter on Casson MWCNTs’ nanofluid. By increasing the
value of η, velocity is deaccelerated as displayed in Figure 13
for increasing three fractional models. Figure 14 shows the plots
for magnetic field parameter M, which produces a magnetic
field during the fluid’s flow. An increase in the magnetic flux
parametric quantity decreases the velocity. An increase in the
magnetic field parameter engenders the drag force to the stream,
termed as Lorentz force. These retarding forces understate the
velocity profiles and reduce the thickness of MBL.

Table 2 presents fractional parameters’ impact on skin
friction for small and large durations by keeping other parametric
quantities fixed. By increasing the fractional parametric
value, skin friction decreases for all models for small and
large durations. However, for small duration, results are
ADMCF < ADMC < ADMABC, and for large durations, ADMC
and ADMABC show reverse behavior. The effect of the fractional
variable on Nu, the Nusselt number, and Sherwood number Sh
is given in Tables 3 and 4. For large and small durations, Nu
and Sh for ADMABC first increase by increasing α and then show
a decreasing behavior. For ADMC and ADMCF, Nusselt number
and Sherwoodnumber decrease by increasingα. All threemodels
show a similar result for α = 1.

Conclusion

This study was performed to investigate free convective,
unsteady, MHD blood flow with single (SWCNTs) and
multiwalled carbon nanotubes (MWCNTs) as nanoparticles.
The blood flow is considered over an oscillating vertically
upright plate engrafted in a porous medium with slip, radiation,
and porosity effects. Three fractional approaches Caputo (C),
Caputo–Fabrizio (CF), and Atangana–Baleanu (ABC) are used

to develop a fractional blood flow model, which is solved by the
Adomian decomposition method (ADM). Some key findings are
as follows:

1) Fractional parameter controls the rates of heat and mass
transfer and maximum rates can be achieved for smaller
values of the fractional parameter for small and large
durations.

2) Fractional parameters can be used to control the thermal,
diffusion, and momentum boundary layers, respectively, and
are applicable in some experimental work where needed.

3) Fluid properties can be enhanced by increasing the
concentration of nanoparticles and decreasing the velocity.

4) SWCNTs’ nanoparticles are more reliable and efficient in the
heating process such as in electronics devices due to the
higher value of thermal conductivity.

5) ADMABC model described the behavior of the function
in a better way because it holds Mittag–Leffler kernel,
which stores memory factors, and therefore is better in
describing the fluid’s flow fields when comparedwithADMCF
and ADMC. When the fractional parameter approaches 1,
ADMABC gives velocity values closer to the classical results.

6) Nusselt number and skin frictions are decreasing
functions of α. However, for small durations, results are
ADMCF < ADMC < ADMABC, and for large durations,ADMC
and ADMABC show reverse behavior.
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This article investigates the pulsatile flow of viscous incompressible MHD

nanofluid in a rectangular channel. At the upper and lower walls, the

channel has symmetrical constrictions. The goal is to analyze the heat

transfer features of the nanofluid flow under the effect of the magnetic field

and thermal radiation. Five different nanofluids, formed with nanoparticles of

copper (Cu), magnetite (Fe3O4), silver (Ag), titanium oxide (TiO2), and single

wall carbon nanotube (SWCNT) in the base fluid of water, are considered in the

study. The unsteady governing equations are transformed using the vorticity-

stream function approach. The solution is obtained using the finite difference

technique (FDM). The effect of various flow controlling parameters on velocity,

temperature, Nusselt, and skin-friction profiles is inspected by using graphs.

Across the channel, graphs of vorticity, streamlines, and temperature

distribution are also displayed. The thickness of the thermal boundary layer

upsurges with escalating values of the magnetic field, radiation parameters, and

solid volume fraction, whereas it declines with escalating values of the Strouhal

and Prandtl numbers. The profiles are usually found to have a more regular

pattern upstream of the constriction than that downstream of the constriction.

At the throat of the constriction, the carbon nanotube-based nanofluid attains

higher temperatures than the other nanofluids downstream of the constriction.

However, in the lee of the constriction, silver-based nanofluid attains higher

temperatures than the other nanofluids downstream of the constriction. The

behavior, inmost cases, is opposite upstreamof the constriction. The findings of

the study can be utilized to cure stenosis in blood vessels, design biomechanical

devices, and employ flow pulsation to control industrial operations.

KEYWORDS
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1 Introduction

Conventional heat transfer liquid sources are incapable of

satisfying current cooling requirements largely due to their poor

convective heat transfer coefficients. Researchers have

demonstrated that nanoparticles (NPs) usually made of metals

or oxides enhance the coefficients of heat convection and

conduction in fluids, allowing for higher heat transfer rates

for the coolants. Thus, the heat transfer and thermal system

effectiveness can be improved significantly by mixing NPs in

pure fluid, forming nanofluid (NF). NFs have promising

applications in many areas of industry and biomedicine due

to their enhanced thermal conductivity. The characteristic of

improved thermal conductivity might serve as a major factor for

performance improvement. As NFs can enhance heat transfer,

heat exchangers can be designed to be both energy efficient and

small.

Wang andMujumdar (2008) investigated the convective heat

transfer of NF flow (NFF). Saidur et al. (2011a), Saidur et al.

(2011b), Mahian et al. (2013), and Kasaeian et al. (2015) worked

to enhance the thermophysical properties as well as heat transfer

capacity of the fluids using NPs. The study of these flows through

stretching surfaces got motivation from the perspective of its

application, particularly in plastic film drawing. Hence, several

researchers paid a lot of attention to this issue and studied the

movement of boundary layers over different forms of stretching

surfaces. Akbar et al. (2014) used a homogeneous model to study

NFF at stagnation point above a stretching plate with slip

boundary conditions. Analysis of pulsatile flow in a

constricted channel under the impact of magnetic field was

presented by Bandyopadhyay and Layek (2011) and

Bandyopadhyay and Layek (2012). Nasir et al. (2019)

explained the Darcy–Forchheimer 2D thin-film fluid of NF.

Mustafa et al. (2011) considered the NFF at the stagnation

point above a stretching sheet. Wong and Leon (2010)

reported that the thermophysical properties of fluids are

improved significantly, even at moderate NP concentrations.

Haq et al. (2016) investigated the fully developed flow of

water-functionalized magnetite NPs among two parallel disks

by taking water as the base fluid. The peristaltic flow of

incompressible viscous fluid having metallic NPs was

examined by Akbar (2014) via an irregular duct. Aly (2020)

explained a non-homogeneous two-phase model for

Al2O3–water NF-filled annulus used for the simulation of an

incompressible smoothed particle hydrodynamic system (ISPH)

between a wavelength rectangle and the square cavity. Two-

dimensional Fe3O4–water NF under the combined impact of

Lorentz and Kelvin forces was inspected by Sheikholeslami et al.

(2017a). Said et al. (2015) analyzed the influence of short

suspended SWCNT thermophysical properties in water and

enhanced the thermal productivity of a flat plate solar

collector. Sheikholeslami and Ganji (2013) explained the

Cu-H2O NFF between parallel plates. Yang et al. (2020)

explained air purification with total heat recovery using NFs

for the first time, demonstrating the synergistic application of

NFs for heat, mass transfer, photocatalysis, and sterilization.

In the magnetohydrodynamic (MHD) flow, the magnetic

area induces an electric current in a moving conductive fluid. The

induced current causes force on conductive fluid ions. Natural

convection under the impact of the magnetic field remained a

topic of great interest because of its comprehensive applications

in the design of liquid-metal cooling systems, accelerators, and

pumps, as well as MHD generators and flow meters (Cha et al.,

2002). In a single constricted channel, Ali et al. (2020)

investigated the steady and pulsatile modes of non-Newtonian

MHD Casson fluid. Sheikholeslami (2017a) researched the

hydrothermal study of MHD nanofluid in an open porous

cavity by using the Lattice–Boltzmann method with the

Brownian motion impact on NF properties. Shah et al. (2019)

addressed the idea of the electrical MHD rotational flow of

SWCNTs and MWCNTs for engine oils. Sheikholeslami et al.

(2017b) researched the forced convection of MHD NFF. They

considered the power of Brownian motion for modeling NF. Haq

et al. (2017) supposed the heat transfer efficiency of engine oil

between two dispersed cylinders with MHD effects in the

presence of both SWCNTs and MWCNTs, to monitor the

spontaneous motion of the NPs. There are several studies, as

well, regarding MHD NF flow problems past a plate/sheet under

various physical conditions and objectives (Narayana and

Venkateswarlu, 2016; Babu et al., 2018; Tarakaramu et al.,

2019; Devaki et al., 2020; Tarakaramu et al., 2020;

Venkateswarlu and Narayana, 2021; Alzahrani et al., 2022;

Mahmood et al., 2022; Puneeth et al., 2022; Qi et al., 2022;

Ramadan et al., 2022; Tlili and Alharbi, 2022; Tlili et al., 2022).

Kakarantzas et al. (2009) investigated the natural convection

of MHD at the sinusoidal upper wall temperature in a vertical

cylindrical cavity. Rashidi et al. (2016) examined the convective

heat transfer of MHD NFF in a vertical channel with sinusoidal

walls. Sheikholeslami (2017b) tested the Buongiorno model to

investigate the melting heat transfer of NFF due to the magnetic

field. The impacts of heat and mass transfer of NFF flow over a

vertical infinite flat plate were investigated by Turkyilmazoglu

and Pop (2013). They derived the exact analytical solutions for

various water-based NFs containing Cu, Ag, CuO, Al2O3, and

TiO2. Pakdaman et al. (2012) explored the thermophysical

properties and overall efficiency of MWCNT NFs flowing

within vertical helically coiled tubes. In the occurrence of a

non-uniform magnetic field, Sheikholeslami et al. (2015)

explored the transport of forced convection heat within a lid-

driven semi-annulus enclosure filled with Fe3O4–water NF.

Using a continuously stretching porous layer, Gopal et al.

(2021) investigated the thermo-physical properties

characteristics of complex order chemical processing and

viscous dissipation on NF. Two space coordinates are used to

model the porous medium, laminar, time-invariant, and MHD

incompressible Newtonian NF. The role of heat source and Soret
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impacts on MHD convective Ferro-NF (Fe3O4-water) flow

across an inclined channel with a porous media were

examined by Sabu et al. (2021). The heat transfer of NFF

from an inclined channel in the occurrence of a magnetic

field, heat flux, and mass diffusion was explored using the

FDM by Kumar et al. (2021).

Krishna et al. (2021a) and Krishna et al., 2021b) investigated

the radiative MHD flow of an incompressible viscous electrically

conducting non-Newtonian Casson hybrid NF over vertical

moving porous surface under the influence of slip velocity in

a rotating frame. Kavya et al. (2022) explore the varying fluid

momentum and thermal energy characteristics of the laminar,

steady, incompressible, 2D, non-Newtonian pseudo-plastic

Williamson hybrid NF over a stretching cylinder with MHD

effects.

Shah et al. (2022) determined the heat transfer properties of a

MHD Prandtl hybrid NF over a stretched surface in the presence

of bioconvection and chemical reaction effects. Zhang et al.

(2022) presented the solar source, although it can reduce

energy consumption (EC) for buildings on cold days; in the

summer, its presence on the envelopes intensifies EC. Gao et al.

(2022) examined the hydrodynamic and thermal performances

FIGURE 1
The channel geometry with a constriction on each wall. The walls are defined by.

TABLE 1 Thermophysical properties of different NPs and the base fluid.

Physical properties Base Fluid
H2O

Cu Ag Fe3O4 TiO2 SWCNT

cp (J/kg K) 4076.4 385 235 670 686.2 600

ρ (Kg/m3) 997.8 8933 10,500 5180 4250 2100

K (W/m K) 0.60475 401 429 9.7 8.9538 3500

FIGURE 2
WSS distribution for the pulsatile flow, for M � 5, 10, at Re � 700, h1 � h2 � 0.35, St � 0.02, and t � 0.25.
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of liquid water in the attendance of two carbon structures by

molecular dynamics simulation (MDS). Nayak et al. (2022)

conducted a numerical treatment on flow and heat transfer of

radiative hybrid NF past an isothermal stretched cylinder set in a

porous medium.

The goal of the present work is to numerically investigate the

heat transfer characteristics of pulsatile viscous MHD NFF in a

constricted channel. The study is conducted for five different

nano-impurities (Cu, Fe3O4, Ag, TiO2, and SWCNT), which

have been chosen for the preparation of NFs. The mathematical

analysis is done using the transformation of the vorticity-stream

function, and numerical computations are made using FDM. The

impact of the flow controlling parameters (M, St, Pr , Rd) on
the flow profiles of the five NFs, as well as on the skin-friction and

Nusselt number profiles, are also observed. The objective is to

examine the cumulative impact of the applied magnetic field and

thermal radiation on the wall shear stress (WSS), velocity, and

temperature profiles in 2D. The Newtonian pulsatile NF flows

help in understanding the influence of various metallic NPs

homogeneously suspended in the blood, which is driven by

drug trafficking (pharmacology) applications.

The following is how the article’s next section is organized.

Section 2 defines the mathematical model and transformation.

The outcomes and relevant discussions are presented in Section

3. The final remarks are eventually presented in Section 4.

2 Mathematical model

We are working at an incompressible electrically conducting

NF flowing via a rectangular channel that should be laminar at

Reynolds number 700. The channel walls have a pair of

symmetrical constrictions. The resulting electric field J is

normal, and the direction of B is perpendicular to the plane

of flow. We take a Cartesian coordinate system (x,y) in which the

flow direction and the direction of B are, respectively, along the
~x-axis and ~y-axis. Because the magnetic Reynolds number (Rem)
for the flow is so small, the induced electric can be deemed

insignificant. In the transformed coordinate system (to be

discussed later on), as illustrated in Figure 1, the constrictions

span from x � −x0 to x � x0, with the center at x � 0

y1(x) �
⎧⎪⎪⎪⎨⎪⎪⎪⎩

h1
2
[1 + cos(πx

x0
)], |x|≤ x0

0, |x|> x0

y2(x) �
⎧⎪⎪⎪⎨⎪⎪⎪⎩

1 − h2
2
[1 + cos(πx

x0
)], |x|≤ x0

1, |x|> x0

(1)

where y � y1(x) and y � y2(x) symbolize the lower and upper

walls, respectively, and h1 and h2 are the heights of the

FIGURE 3
The WSS distribution for distinct values of ϕ for the five NFs at t � 0.25.
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constrictions at the lower and upper walls, respectively

(Bandyopadhyay and Layek, 2012; Ali et al., 2020).

The flow phenomenon is represented by the unsteady

incompressible viscous flow equations as follows.

The continuity equation:

z~u

z~x
+ z~v

z~y
� 0. (2)

The momentum equation:

z~u

z~t
+ ~u

z~u

z~x
+ ~v

z~u

z~y
� − 1

ρnf

z~p

z~x
+ μnf
ρnf

∇2~u + 1
ρnf

(J × B)x, (3)

z~v

z~t
+ ~u

z~v

z~x
+ ~v

z~v

z~y
� − 1

ρnf

z~p

z~y
+ μnf
ρnf

∇2~v. (4)

The energy equation:

z~T

z~t
+ ~u

z~T

z~x
+ ~v

z~T

z~y
� knf(ρCp)nf∇2 ~T − 1(ρCp)nf zq

z~y
, (5)

where q � −( 4σ
3k* 4T

3∞z ~T
z~y) is the radiative heat flux. We get by

expanding ~T
4
about T∞ and omitting higher-order terms

~T
4 � 4T3

∞ ~T − 3T4
∞

Then, q � −( 4σ
3k* 4T

3∞z ~T
z~y) and zq

z~y � −(16σ3k*T
3∞z2 ~T

z~y2).
Eq. 5 becomes

z~T

z~t
+ ~u

z~T

z~x
+ ~v

z~T

z~y
� knf(ρCp)nf⎛⎝z2 ~T

z~x2 +
z2 ~T

z~y2
⎞⎠ + 16σT3

∞
3k*(ρCp)nf z2 ~T

z~y2 ,

(6)
where ~u (along ~x-axis) and ~v (along ~y-axis) show the velocity

components and the subscript “nf” represents the nanofluid, ~p

symbolizes the pressure, ρ symbolizes the density, U symbolizes

the characteristic flow velocity, ] symbolizes the kinematic

viscosity, and ~T symbolizes the temperature. k symbolizes the

thermal conductivity, Cp symbolizes the specific heat,

J ≡ (Jx, Jy, Jz) symbolizes current density, B ≡ (0, B0, 0)
symbolizes the magnetic field, B0 symbolizes the strength of

the uniform magnetic field, σ symbolizes electric conductivity,

and μm symbolizes the magnetic permeability of the medium. As

the electric current direction is normal to the channel plane,

therefore E ≡ (0, 0, Ez). Ohm’s law gives

Jx � 0, Jy � 0, Jz � σf(Ez + ~uB0). (7)

Maxwell’s equation ∇× E � 0 �⇒Ez � C (constant) for the

steady flow. For the present study, Ez is assumed to be zero. Then,

Eq. 7 gives Jz � σ~uB0. Therefore, J × B � −σf~uB2
0. Hence, Eq. 3

becomes

z~u

z~t
+ ~u

z~u

z~x
+ ~v

z~u

z~y
� − 1

ρnf

z~p

z~x
+ μnf
ρnf

∇2~u − 1
ρnf

σf~uB
2
0. (8)

FIGURE 4
The velocity profile u versus y at x � 0 and t � 0.25 for the five NFs for distinct values of M.
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The dimensionless version of the governing model is created

by considering the following quantities:

x � ~x

L
, y � ~y

L
, u � ~u

U
, v � ~v

U
, t � ~t

T
,

θ � ~T − T2

T1 − T2
p � ~p

ρfU
2, Re �

ρfUL

μf
, St � L

UT
, M � B0L

����
σf
ρf]f

√
, Pr

� μfCp,f

kf
, Rd � 16σT3

∞
3k*kf

(9)

Here, L symbolizes the maximum width of the channel, U

symbolizes the characteristic flow velocity, T symbolizes the

period of the pulse, Re symbolizes the Reynolds number, St

symbolizes the Strouhal number, M symbolizes the Hartmann

number, Pr symbolizes the Prandtl number, and Rd symbolizes

the radiation parameter.

The effective dynamic viscosity μnf, effective density ρnf,

heat capacitance (ρCp)nf, and effective thermal conductivity knf
of a NF are given as:

μnf � μf(1 − ϕ)2.5
ρnf � (1 − ϕ)ρf + ϕρs(ρCp)nf � (1 − ϕ)(ρCp)f + ϕ(ρCp)s

knf
kf

� ks + 2kf − 2ϕ(kf − ks)
ks + 2kf + 2ϕ(kf − ks) (10)

whereϕ symbolizes the volume fraction of NF, and the

subscripts nf correspond to NF, f corresponds to the pure

fluid, and s corresponds to the solid state. For the present

work, the following five different NFs are considered:Cu-H2O,

Fe3O4-H2O, Ag-H2O, TiO2-H2O, and SWCNT-H2O. The

thermophysical properties of the five different NPs and

water are shown in Table 1 (Sheikholeslami and Ganji,

2013; Sheikholeslami et al., 2017a). Using the quantities

from Eqs 9, 10 in Eqs 2–4, 6 gives

zu

zx
+ zu

zy
� 0 (11)

St
zu

zt
+ u

zu

zx
+ v

zu

zy
� − 1

∅1

zp

zx
+ 1
Re∅3

∇2u − 1
∅1

M2

Re
u (12)

St
zv

zt
+ u

zv

zx
+ v

zv

zy
� − 1

∅1

zp

zy
+ 1
Re∅3

∇2v (13)

St
zθ

zt
+ u

zθ

zx
+ v

zθ

zy
� 1
PrRe

∅5

∅4
(z2θ
zx2

+ (1 + Rd

∅5
) z2θ

zy2
) (14)

where ∅1 � 1 − ϕ + ρs
ρf
ϕ, ∅2 � 1

(1−ϕ)2.5,
∅3 � (1 − ϕ)2.5(1 − ϕ + ρs

ρf
ϕ), ∅4 � 1 − ϕ + (ρCp)s

(ρCp)f ϕ
, ∅5 � knf

kf
.

FIGURE 5
The velocity profile u versus y at x � 2 and t � 0.25 for the five NFs for distinct values of M.

Frontiers in Energy Research frontiersin.org06

Ali et al. 10.3389/fenrg.2022.1002672

92

https://www.frontiersin.org/journals/energy-research
https://www.frontiersin.org
https://doi.org/10.3389/fenrg.2022.1002672


2.1 Boundary conditions

For the steady case of the flow problem under consideration,

the boundary conditions, obtained by solving the dimensionless

form of Eq. 8 and performing some manipulations using Eq. 10,

are given as follows:

u(y) � ⎡⎢⎢⎣cosh(M2 )[cosh( M
2
��
∅2

√ ) − cosh( M��
∅2

√ (y − 1
2))]

8sinh2(M4 )cosh( M
2
��
∅2

√ ) ⎤⎥⎥⎦
v � 0,M ≠ 0. (15)

When M � 0, the u-velocity at the inlet takes the form:

u(y) � y − y2, v � 0. (16)
The flow is classified as sinusoidal for the pulsatile flow:

u(y, t) � u(y)[1 + sin(2πt)], v � 0. (17)

Furthermore, u � 0 and v � 0 (i.e., no-slip conditions) are

assumed on the walls. For the outlet boundary, the fully

developed flow conditions are incorporated. In the

dimensionless form, the temperature condition at the lower

wall, θ � 1, and at the upper wall, θ � 0.

2.2 Vorticity-stream function formulation

u � zψ

zy
, v � −zψ

zx
,ω � zv

zx
− zu

zy
(18)

We differentiate Eqs 12, 13 with respect to y and x, respectively.

Then, from their subtraction and using Eq. 18, we get

transformed equations from the variables (u, v) to vorticity-

stream functions (ψ, ω) as follows:

St
z

zt
(zv
zx

− zu

zy
) + u

z

zx
(zv
zx

− zu

zy
) + v

z

zy
(zv
zx

− zu

zy
)

� 1
Re∅3

[ z2

zx2 (zvzx − zu

zy
) + z2

zy2 (zvzx − zu

zy
)] + 1

∅1

M2

Re

zu

zy
,

St
zω

zt
+ zψ

zy

zω

zx
− zψ

zx

zω

zy
� 1
∅3

1
Re

[z2ω
zx2

+ z2ω

zy2
] + 1

∅1

M2

Re

z2ψ

zy2

(19)
And the stream function ψ equation (Poisson equation) is

given as

z2ψ

zx2
+ z2ψ

zy2
� −ω. (20)

FIGURE 6
The temperature profile θ versus η at x � 0 and t � 0.25 for the five NFs for distinct values of M.
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2.3 Transformation of coordinates

For treating the channel walls as the straighten ones, the

coordinates are transformed as

ξ � x, η � y − y1(x)
y2(x) − y1(x) (21)

Thus, the lower wall symbolizes by η � 0 and the upper wall

symbolizes by η � 1. In the updated coordinate system (ξ, η),
Eqs 14, 19, 20 are

St
zω

zt
+ u(zω

zξ
− Q

zω

zη
) + vD

zω

zη

� 1
∅3

1
Re

[z2ω
zξ2

− (P − 2QR) zω
zη

− 2Q
z2ω

zξzη
+ (Q2 +D2) z2ω

zη2
]

+ 1
∅1

M2

Re
D2z

2ψ

zη2
, (22)

z2ψ

zξ2
− (P − 2QR) zψ

zη
− 2Q

z2ψ

zξzη
+ (Q2 +D2) z2ψ

zη2
� −ω, (23)

St
zθ

zt
+ u(zθ

zξ
− Q

zθ

zη
) + vD

zθ

zη

FIGURE 7
The temperature profile θ versus η at x � 2 and t � 0.25 for the five NFs for distinct values of M.

FIGURE 8
The temperature distribution plots for distinct values of M
with Re � 700, St � 0.02, Pr � 1, and Rd � 0.2 for the NF Cu-H2O.
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FIGURE 9
The temperature profile θ versus η at x � 0 and t � 0.25 for the five NFs for distinct values of St.

FIGURE 10
The temperature profile θ versus η at x � 2 and t � 0.25 for the five NFs for distinct values of St.
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� 1
RePr

∅5

∅4
[z2θ
zξ2

− (P − 2QR) zθ
zη

− 2Q
z2θ

zξzη
+ (Q2

+ (1 + Rd

∅5
)D2) z2θ

zη2
], (24)

where

P � P(ξ, η) � ηy2
″(ξ) + (1 − η)y1

″(ξ)
y2(ξ) − y1(ξ) ,

Q � Q(ξ, η) � ηy2
′(ξ) + (1 − η)y1

′(ξ)
y2(ξ) − y1(ξ) , R � R(ξ)

� y2
′(ξ) − y1

′(ξ)
y2(ξ) − y1(ξ), D � D(ξ) � 1

y2(ξ) − y1(ξ).
(25)

The velocity components u and v in terms of (ξ, η) take the

forms

u � D(ξ) zψ
zη

, v � Q(ξ, η) zψ
zη

− zψ

zξ
(26)

Furthermore, the wall boundary conditions in (ξ, η) system for ψ

and ω are given by

ψ(η, t) � ⎡⎢⎣ ���
∅2

√
cosh(M

2
)tanh( M

2
���
∅2

√ )
8Msinh2(M

4
) ⎤⎥⎦[1 + ϵ sin(2πt)], at η � 0 ,

ψ(η, t) �
M cosh(M

2
)

8
���
∅2

√
sinh2(M

4
)[1 −

���
∅2

√
M

tanh( M

2
���
∅2

√ )]
[1 + ϵ sin(2πt)], at η � 1 ,

where ϵ symbolizes the pulsating amplitude. If ϵ � 0, we get

steady flow

ω � −[(Q2 +D2) z2ψ
zη2

]
η�0,1

. (27)

The temperature’s converted boundary conditions are θ � 1,

at η � 0; θ � 0, at η � 1.

The other concerning non-dimensional physical quantities

comprise the skin-friction coefficient and Nusselt number,

defined by

Cf � τw
ρu2

w

, Nu � −( L

kf(T1 − T2))(knf + 16σT3
∞

3k*
)z~T
z~y

∣∣∣∣∣∣∣∣∣∣
~y�0

FIGURE 11
The temperature profile θ versus η at x � 0 and t � 0.25 for the five NFs for distinct values of Pr.
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where τw and qw are defined as

τw � [μnfz~uz~y]
~y�0
, qw � ⎡⎢⎢⎣z~T

z~y
⎤⎥⎥⎦
~y�0

By using dimensionless variables from Eq. 9 and the

coordinate transformation from Eq. 21, we get

Cf � 1
u2
w

[ − 1
Re∅3

D
zu

zη
]
η�0

, Nu � [ −∅5(1 + Rd)D zθ

zη
]
η�0
(28)

where Rd � 16σT3∞
3k*knf

and ∅5 � knf
kf
.

3 Results and discussion

The problem Eqs 22–24 is computed using a numerical

scheme based on FDM, subject to the relevant boundary

conditions in Sections 2.1, 2.3. The numerical scheme adopts

a standard approach, as used by Bandyopadhyay and Layek

(2011), Bandyopadhyay and Layek (2012), and Ali et al.

(2020). The computational domain is assumed as

FIGURE 13
The temperature distribution plots for distinct values of Pr
with Re � 700, M � 5, St � 0.02, and Rd � 0.2 for the NF Cu-H2O.

FIGURE 12
The temperature profile θ versus η at x � 2 and t � 0.25 for the five NFs for distinct values of M.
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FIGURE 14
The temperature profile θ versus η at x � 0 and t � 0.25 for the five NFs for distinct values of Rd.

FIGURE 15
The temperature profile θ versus η at x � 2 and t � 0.25 for the five NFs for distinct values of Rd.
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{(ξ, η)|ξ ∈ [−x1, x1] and η ∈ [0, 1]}. The resulting linear systems

are solved using TDMA during each of the ADI process’s two half-

steps. A Cartesian grid (ξi, ηj) of 400 × 50 elements is formed for

−10≤ ξ ≤ 10 and 0≤ η≤ 1, with Δξ � 0.05 and Δη � 0.02. For time

integration, a step size of Δt � 0.00005 is considered. The

constriction length is assumed as 2x0 � 4. The constrictions on

the lower and upper walls are assumed to have heights

h1 � h2 � 0.35; hence, at the constricted part of the channel, the

minimum width is still 30% of the maximum channel width L. The

computations for the current study are performed in a sequential

fashion. The results can be found by parallel computing for time-

efficient solutions (Ali and Syed, 2013).

The pulsatile motion is modeled by adding in the inflow

boundary condition the sinusoidal time-dependent function

sin(2πt). For comparison of the five NFs, the effects of the

physical parameters such asM, St, Pr, and Rd on the existence

of the dimensionless streamwise velocity (u) and temperature

(θ) are analyzed. We perform simulations for a long enough

time but display the results graphically only for t � 0.25, the

point at which the flow rate is at its maximum and taking the

location x � 0 (throat of the constriction) as well as x � 2 (in

FIGURE 16
The temperature distribution plots for distinct values of Rd
with Re � 700, St � 0.02, and Pr � 1 for the NF Cu-H2O.

FIGURE 17
The velocity profile u versus y at x � 2 for the five NFs at the four time levels.
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the lee of the constriction) where the fluid has entered in the

low-pressure zone from the high-pressure zone. For a pulse

cycle, 0< t< 0.25 is the acceleration phase, and 0.25< t< 0.75 is

the deceleration phase.

For validation, the present results for the pulsatile flow condition

are compared with those obtained by Bandyopadhyay and Layek

(2012) without the heat effect. Figure 2 shows a good agreement of the

present results, specifically for the wall shear stress (WSS), with

(Bandyopadhyay and Layek, 2012) for M � 5, and 10 at t � 0.25.

The effects of varying the volume fraction on the wall shear

stresses (WSS) at the upper wall are computed for ϕ �
0, 0.01, 0.02, 0.03 with M � 5, St � 0.02, Pr � 1, and Rd �
0.2 of the five NFs. The results are shown in Figure 3 at x � 0

and t � 0.25. The WSS is maximum at t � 0.25 as the flow rate is

maximum. The WSS decreases for SWCNT-H2O, TiO2-H2O,

and Fe3O4-H2O on increasing ϕ, whereas the WSS slightly

increases for Cu-H2O and Ag-H2O on increasing ϕ.

The velocity and temperature profiles for each of the five NFs

for M � 0, 5, 10, 15 are shown in Figures 4, 5 and Figures 6, 7,

respectively, by setting the other parameters as St � 0.02, Pr � 1,

Rd � 0.2, and ϕ � 0.02. The slope/gradient of the velocity profile

rises with rising values of M, i.e., the viscous boundary layer

declines with rising values of M. In Figure 4, u profiles at x � 0

and t � 0.25 are shown. It has been noted that the peak value of u

rises with M and exhibits a parabolic profile at t � 0.25. The

velocity reaches its maximum at the middle of the constriction.

SWCNT-based NF attains the peak value of the velocity higher

than that of the other NFs. In Figure 5, u profiles at x � 2 and

t � 0.25 are shown. The profiles are not parabolic as some

FIGURE 18
The temperature profile θ versus η at x � 2 for the five NFs at the four time levels.

FIGURE 19
The temperature profile θ versus η for distinct values of ϕ for
Cu-H2O.
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FIGURE 20
Impact of (A) Re, (B) Pr, and (C) Rd on Nu.

FIGURE 21
Impact of (A) Re, (B) Pr, and (C) Rd on Sk.
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backflow in the vicinity of the walls is observed. The backflow

reduces with an increase in M. Ag-based NF attains the peak

value of velocity higher than that of the other NFs. In Figures 6, 7,

the temperature profiles θ for t � 0.25 are shown at x � 0 and

x � 2, respectively. It is seen that the thickness of the thermal

boundary layer increases, resulting in the rise of the temperature

as M is increased. The temperature distribution across the

channel at t � 0.25 for distinct values ofM is shown in Figure 8.

The temperature profiles for each of the five NFs for St �
0.02, 0.04, 0.06, 0.08 are computed by setting the other

parameters as M � 5, Pr � 1, Rd � 0.2, and ϕ � 0.02. In

Figures 9, 10, the temperature profiles θ for t � 0.25 are

shown at x � 0 and x � 2, respectively. It is seen that the

thickness of the thermal boundary layer declines, resulting in

a decline of the temperature profile as the St rises.

The temperature profiles for each of the five NFs for Pr �
1, 3, 5, 7 are computed by setting the other parameters asM � 5,

St � 0.02, Rd � 0.2, and ϕ � 0.02. In Figures 11, 12, the

temperature profiles θ for t � 0.25 are shown at x � 0 and

x � 2, respectively. It is seen that the thickness of the thermal

boundary layer declines, resulting in a decline of the temperature

profile as the Pr increases. The temperature distribution across

the channel at t � 0.25 for distinct values of Pr is shown in

Figure 13.

The temperature profiles for each of the five NFs for Rd �
0.2, 0.6, 1, 1.4 are computed by setting the other parameters as

M � 5, St � 0.02, Pr � 1 � 0.2, and ϕ � 0.02. In Figures 14, 15,

the temperature profiles θ for t � 0.25 are shown at x � 0 and

x � 2, respectively. It is seen that the thickness of the thermal

boundary layer rises, resulting in the rise of the temperature asRd

rises. The temperature distribution across the channel at t � 0.25

for distinct values of Rd is shown in Figure 16.

Nearly for all of the cases discussed above, for the variation of

any of M, St, Pr, and Rd, a common behavior can be noticed. At

the throat of the constriction, SWCNT-based NF attains higher

temperatures than the other NFs downstream of the constriction.

In the lee of the constriction, Ag-based NF attains higher

temperatures than the other NFs downstream of the

constriction. The behavior, in most cases, is opposite upstream

of the constriction.

The velocity and temperature profiles for each of the fiveNFs for

the four selected time levels: t � 0, 0.25, 0.5, 0.75, are shown in

Figures 17, 18, respectively, by setting the parameters as M � 5,

St � 0.02, Pr � 1, Rd � 0.2, and ϕ � 0.02. The selected time levels

are related to the start of pulsatile motion, the maximum flow rate,

the minimum flow rate, and the instant zero net flow, respectively.

In Figure 17, it is observed that the streamwise velocity achieves its

peak value when the flow rate is maximum during the pulse cycle.

The profiles are parabolic at t � 0. It is found that the u profile is

symmetric for all t. Ag-based NF attains the peak value of the

velocity higher than that of the other NFs. In Figure 18, it is detected

that during the acceleration (0≤ t≤ 0.25) and deceleration

(0.25≤ t≤ 0.75) phases of the pulsation cycle, Ag- and

Cu-based NFs attain higher temperature values than that of the

other NFs downstream of the constriction. Whereas, for the same

phases, SWCNT-based NF attains higher temperature values than

that of the other NFs upstream of the constriction.

The effects of the variation of the solid volume fraction for

ϕ � 0, 0.01, 0.02 and M � 5, 10 on the temperature profiles are

presented in Figure 19 forCu-based NF. It is evident that the heat

transfer rate is higher for the NF with a higher concentration of

NPs. Moreover, the temperature gradients are higher near the

lower wall of the channel.

The effects of Re, Pr, and Rd on the Nusselt number, as well

as skin-friction profiles, are shown in Figures 20, 21, respectively.

It is observed that the Nusselt number rises for higher values of

Re, Pr, and Rd. The Nusselt number grows as the flow becomes

more turbulent due to the rising number of collisions among the

FIGURE 22
(A) Streamlines, (B) vorticity, and (C) temperature distribution plots at the four instants of a pulse cycle with Re � 700, M � 5, St � 0.02, Pr � 1,
and Rd � 0.2 for Cu-H2O.
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fluid particles. Also, the skin friction coefficient as the values of

Re upsurges. However, it remains unchanged for Pr and Rd.

The streamlines, vorticity, and temperature distribution plots

at distinct instants of a pulse cycle with Re � 700, M � 5,

St � 0.02, Pr � 1, and Rd � 0.2 are shown in Figure 22 for

Cu-based NF. In Figure 22, the formation of vertical eddies in

the vicinity of the walls can be observed. Over time, the eddies

grow for a specific value ofM and slowly occupy a greater part of

the channel downstream. At t � 0.75, the presence of the

backflow is observed, and even before the constriction bump,

the vertical eddies are formed. The formation of these vertical

eddies and flow separation is essential. However, these can be

handled by increasing the strength of the magnetic field.

4 Concluding remarks

In this research, the numerical analysis of the pulsatile flow of

five different NFs in a channel impacted by themagnetic field and

thermal radiation through a rectangular channel having

constricted walls is presented. The NPs include Cu, Fe3O4,

Ag, TiO2, and SWCNT that are mixed in the base fluid,

water (H2O), to form the five NFs. The impacts of each of

M, St, Pr, and Rd on the flow profiles are studied. In this analysis,

the following major outcomes were observed:

• The streamwise velocity escalates as the values of M

upsurge. The slope/gradient of the velocity profile is

higher for higher values of M, i.e., the viscous boundary

layer declines with rising values of M. At the throat of the

constriction, SWCNT-H2O attains the velocity’s peak

value higher than that of the other NFs. However, in

the lee of the constriction, Ag-H2O attains the velocity’s

peak value higher than that of the other NFs.

• The thickness of the thermal boundary layer rises as any ofM,

Rd, and ϕ is increased. This results in the rise of temperature.

• The thickness of the thermal boundary layer declines as

any of St, and Pr is increased. This results in a decline in

the temperature profile.

• At the throat of the constriction, SWCNT-H2O attains

higher temperatures than the other NFs downstream of the

constriction.

• In the lee of the constriction, Ag-H2O attains higher

temperatures than the other NFs downstream of the

constriction. The behavior, in most cases, is opposite

upstream of the constriction.

• The streamwise velocity attains its maximum at the middle

of the constriction at t � 0.25 during the pulse cycle.

Ag-H2O attains the velocity’s peak value higher than

that of the other NFs.

• During the acceleration and deceleration phases of the

pulsation cycle, Ag- and Cu-based NFs attain higher

temperature values than that of the other NFs downstream

of the constriction. Whereas, for the same phases,

SWCNT-based NF attains higher temperature values than

that of the other NFs upstream of the constriction.

• The heat transfer rate is higher for the NF with a higher

concentration of the NPs.

• The skin-friction coefficient escalates with escalating values of

Re. However, no difference is found in the case of variation in Pr

and Rd.
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A Casson fluid is the most suitable rheological model for blood and other non-

Newtonian fluids. Casson fluids hold yield-stress and have great significance in

biomechanics and polymer industries. In this analysis, a numerical simulation of

non-coaxial rotation of a Casson fluid over a circular disc was estimated. The

influence of thermal radiation, second-order chemical reactions, buoyancy,

and heat source on a Casson fluid above a rotating frame was studied. The time

evolution of secondary and primary velocities, solute particles, and energy

contours were also examined. A magnetic flux of varying intensity was applied

to the fluid flow. A nonlinear sequence of partial differential equations was used

to describe the phenomenon. The modeled equations were reduced to a non-

dimensional set of ordinary differential equations (ODEs) using similarity

replacement. The obtained sets of ODEs were further simulated using the

parametric continuation method (PCM). The impact of physical constraints on

energy, concentration, and velocity profiles are presented through figures and

tables. It should be noted that the effect of the Casson fluid coefficient, the

Grashof number, and the magnetic field reduces the fluid’s primary velocity

contour. The mass transfer field decreases with the action of constructive

chemical reactions, but is augmented by the effects of destructive chemical

reactions. The accelerating trend in Schmidt number lowers the mass profile,

while it is enhanced by increasing values of activation energy and Soret number.

KEYWORDS

non-coaxial rotation, activation energy, pcm, heat source, chemical reaction, thermal
radiation
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Introduction

Many natural and commercial processes use non-coaxial

fluid motion. Non-coaxial and coaxial rotation of fluid and

solids such as by discs, cylinders, and spheres are used in

multiple industrial operations (Erdogan, 1977; Erdo�gan, 1997;

Asghar et al., 2007). As a result of variations in temperature and

chemical transmission, several types of non-coaxial and coaxial

spinning of fluids in industrial systems arise. Swirling flows and

spinning tubes while engaged in oil exploration and transit, and

food manufacturing layouts are well-known instances of rotating

mechanisms. In order to understand the underlying engineering

mechanism, scientists and engineers have modeled the non-

coaxial motion of fluids and calculated the results using a

variety of approaches (Hayat et al., 2001; Hayat et al., 2004;

Alharbi et al., 2022). Non-coaxial spinning of a disc has a wide

range of uses, including food manufacturing and industrial

production, jet turbines, squeeze bottles, hydrological flows,

and chilling rotor blades, among others (Ullah et al., 2022a;

Benhacine et al., 2022). Noranuar et al. (2021) used a

computational approach to investigate the fluid flow and

energy transport of MHD Casson ferrofluid affected by the

coaxial rotation of a movable disc traveling through a

permeable medium. Jabbar et al. (Jabbar et al., 2021) analyzed

the influence of non-coaxial movement on the distribution of

mass in a first-order biochemical reaction. It was discovered that

the effect of buoyant force on secondary velocity was the polar

opposite of its effect on primary velocity. Sharma et al. (Sharma

et al., 2022) measured the thermal control of the flow of a hybrid

nanoliquid over a stretchable rotating disc and discovered that a

revolving disc with a static cone could attain the optimum

condensation of disk-cone components while the exterior heat

remained fixed. Das et al. (Das et al., 2018) determined the Hall

impacts on MHD flow of an electrically charged particle induced

by non-coaxial repetitions of a highly permeable disc and a fluid.

The irregular flow of an oscillating disc in a Newtonian fluid

about its own plane was reported by Ersoy (2017); when

fluctuation occurred across the elliptical direction, the x- and

y-terms exerted by the fluid on the disc varied in nearly opposite

directions. The Darcy–Forchheimer hybrid nano-composite

fluid flow across a permeable rotating disc was studied by

Yaseen et al. (2022). Hassan et al. (2018) investigated the

effects of a strong oscillating magnetic flux and a large

concentration of nanoparticles on physical characteristics as

well as energy and mass transport. Many researchers have

recently reported on the study of non-coaxial motion of discs

and fluids (Ali et al., 2020; Ali et al., 2022; Fei et al., 2022).

Thermal radiation is an electromagnetic wave-based heat

transfer phenomenon. It is caused by a large temperature

difference between two mediums. Many technological

activities take place at extremely high temperatures. With

regard to nuclear reactors, space technology, engineering and

physics, glass production, power plants, furnace design, and

other related areas, the contribution of thermal radiation to

flow and thermal expansion may be observed. Satellites and

other spacecraft, missiles, aircraft propulsion systems, atomic

power plants, solar power plants, and combustion engines such

as IC engines and furnaces are all dependent on radiation effects.

Hassan et al. (2022) studied non-Newtonian fluid flows and

determined their thermo-physical characteristics. In the presence

of activation energy and a magnetic field, Rizwan and Hassan

(2022), Raja et al. (2022), and Lin et al. (2014) documented the

nanofluid flow of copper and cobalt nanocomposites under the

influence of thermal radiation in different configurations. Hang

et al. (2021) tested the ability of new smart materials to

dynamically regulate thermal radiation and found that these

materials could be employed in a variety of situations,

resulting in better options and a significant increase in

economic potential. Al and CuO nanoparticles were examined

by Wakif et al. (2021) in the context of thermal radiation, and

they concluded that the presence of convection cells was

stabilized more by improving the strength of Lorentz forces,

heat radiation, and surface roughness. The Jeffery hybrid

nanofluid flow with thermal characteristics and magnetic

effecst was studied by Ishtiaq et al. (2022), and their data

showed that a Cu −H2O nanoliquid was more stable than

one of TiO2 −H2O. Mabood et al. (2021) experimentally

determined how hybrid nanoparticles influenced a variety of

physical properties of hybrid nanoliquids across an overextended

surface. The findings of their research were crucial in

determining the influence of several key design elements on

heat transmission and in improving industrial processes. The

characteristics of fluid flow under the influence of thermal

radiation and energy transmission over different geometries

was reported by (Ahmed et al., 2018; Hassan et al., 2021a;

Azam, 2022a; Azam, 2022b; Dadheech et al., 2022).

The minimum energy required to initiate an operation (such

as a chemical reaction) is known as the activation energy, and the

rate of a chemical reaction is directly proportional to its

activation energy (Alsallami et al., 2022; Rehman et al., 2022).

Punith et al. (2021) examined the effects of activation energy on

the reactive species in a non-Newtonian nanofluid with energy

and mass-exchange properties. The results showed that as the

Marangoni number increased, the relative velocity improved,

and the energy transmission decreased. Chemical processes,

activation energy, and heat source/sink effects were used by

Ramesh et al. (2022) to model the momentum and energy

transport of a hybrid nanoliquid across two surfaces. The

mass outlines were minimized by greater chemical reactions,

whereas activation energy exhibited the reverse pattern. Hassan

et al. (2021b) addressed the boundary layer behavior of the well-

known non-Newtonian dilatant and pseudoplastic fluids over a

moving belt. Ullah (Ullah et al., 2022b; Ullah et al., 2022c; Ullah,

2022) investigated the effects of activation energy and molten

heat flux on an unstable Prandtl–Eyring model caused by a

strained cylinder with varying thermal conductivity. It was

Frontiers in Energy Research frontiersin.org02

Alqarni et al. 10.3389/fenrg.2022.986284

107

https://www.frontiersin.org/journals/energy-research
https://www.frontiersin.org
https://doi.org/10.3389/fenrg.2022.986284


discovered that increasing the reaction rate improved fluid

temperature, while decreasing it had the opposite effect when

activation energy and unsteadiness characteristics were

considered. Many scholars have recently made significant

contributions in this area (Azam and Abbas, 2021; Azam

et al., 2021; Al-Mubaddel et al., 2022; Azam et al., 2022).

In reviewing the existing literature, we found that no analysis

of combined transit of energy andmass in the flow caused by non-

coaxial motion of a disc and surrounding fluid with respect to

second-order chemical reactions, activation energy and buoyancy

force had been performed. Therefore, we numerically simulated

the non-coaxial rotation of a Casson fluid and disc under the

influence of thermal radiation, second-order chemical reactions,

buoyancy, and heat source in a rotating frame. A nonlinear

sequence of partial differential equations was used to describe

the phenomenon. The modeled equations were reduced to a non-

dimensional set of ODEs using similarity replacement. The

obtained sets of ODEs were further simulated using PCM

methodology. The effect of physical constraints on energy,

concentration and velocity profiles are presented in figures and

tables. In the next section, the model is formulated, and in

succeeding sections, we present the results and discussion.

Mathematical formulation

We considered the solute particles and thermal energy

transmission in Casson fluid flow above a non-coaxial rotating

disc with uniform angular velocity as displayed in Figure 1. The

disk and ambient fluid both rotated on different axes under a

fixedmagnetic field, B0. The disc temperature was higher than the

heat energy. Initially, the temperature and concentration of the

disc and the ambient fluid were assumed to be the same. After a

period of time, the temperature of the disc was changed. We

observed that the motion of the fluid was created by the surface

motion of the disc. The disc wall stretched and shrank with the

positive and negative values of Ω. The gravitational and pressure

effects are signified by g and p. In the proposed model, the

opposing motions of the walls produced changes in vertical and

horizontal velocities. The above-specified conditions produced

results similar to (Erdogan, 1977; Benhacine et al., 2022)

u � −(y − 1)Ω, T � T∞, v � Ωx, C � C∞ at 0 � t
t> 0, u � −Ωy, Tw � T, v � Ωx, Cw � C, z � 0,
z → ∞, C � C∞, u � −Ωy + 1, v � Ωx, T∞ � T

⎫⎪⎬⎪⎭
(1)

Based on the above conditions, the following field was

considered:

V � f − Ωy, g +Ωx + 0, C � C(z, t), T � T(z, t). (2)

The basic equations were designed according to (Erdogan,

1977; Benhacine et al., 2022)

1
ρ

zp

zx
� 2Ω2x + v(1

β
+ 1) z2f

zz2
− zf

zt
+Ωg − σB2

0

ρ
(f −Ωl)

− μ

ρk
f + μΩ

ρk
y, (3)

1
ρ

zp

zy
� 2Ω2y + v(1

β
+ 1) z2g

zz2
− zg

zt
− Ωf − σB2

0

ρ
g

+ βT(−T∞ + T)�g − μ

ρk
g + μΩ

ρk
x,

(4)

zT

zt
� K

ρCp

z2T

zz2
− 1
ρCp

16σ1T3
∞

3K*
z2T

zZ2
+ Q0

ρCp
(T − T∞), (5)

zC

zt
� D

z2C

zz2
+ DKT

Tm

z2T

zZ2
− k2r(C − C0)( T

T∞
)n

exp(−Ea

κT
), (6)

Eliminating the pressure terms and employing the ambient

conditions gives

v(1
β
+ 1) z2f

zz2
− zf

zt
+Ωg − σB2

0

ρ
(f −Ωl) − μ

ρk
f(Ωl − f) � 0,

(7)

v(1
β
+ 1) z2g

zz2
− zg

zt
−Ωf − σB2

0

ρ
g +Ω2l + βT(−T∞ + T)�g

− μ

ρk
g � 0, (8)

FIGURE 1
Physical sketch of fluid flow across a vertical spinning disc.
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zT

zt
� K

ρCp

z2T

zZ2
+ 1
ρCp

16σ1T3
∞

3Kp

z2T

zZ2
+ Q0

ρCp
(T − T∞), (9)

zC

zt
� D

z2C

zz2
+ DKT

T∞

z2T

zZ2
− k2r(C − C0)( T

T∞
)n

exp(−Ea

κT
), (10)

Resulting in

T � T, f � Ωl, g � 0, C � C∞ t � 0,
t> 0, T � T∞, Cw � C, g � 0, f � 0, z � 0,
C � 0, f � Ωl, T � 0, g � 0 z → ∞ .

⎫⎪⎬⎪⎭ (11)

The similarity variables are as (Benhacine et al., 2022)

τ � Ωt, η �
��
Ω
v

√
z, θ(Tw − T∞) � T − T∞,

φ(Cw − C∞) � C − C∞, Γ � kΩ
v
. (12)

In Eqs 7–10, we get

(1 + 1
β
) z2 �F

zη2
− (i�F + 1

Γ
�F + p�F) � −iGr�θ,−1

p
� �F(0, p),

0 � �F(∞, p), (13)

z2θ

zη2
− Pr

λ

zθ

zτ
+ Qθ � 0, θ(0, τ) � 1, θ(∞, τ) � 0, θ(η, 0) � 0,

(14)
z2ϕ

zη2
− Sc

zϕ

zτ
+ ScSr

z2θ

zη2
− Scγ(1 + δθ)nφ exp(− E

1 + δθ
) � 0,

ϕ(0, τ) � 1, ϕ(∞, τ) � 0, ϕ(η, 0) � 0.

(15)
The dimensionless parameters are

F(η, τ) � (f + ig)
Ωl − 1

, λ � 1 + 4
3NR

, NR � KKp

4σ1T
3
∞
,

Gr � βT�g(Tw − T∞)
Ω2l

, Pr � vpCp

k
,

M2 � σB2
0

ρΩ , Sc � v

D
, Sr � DKT(Tw − T∞)

vTm(Cw − C∞) ,

γ � K1

Ω , Γ � kΩ
v
.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
(16)

Numerical solution

Different researchers have used various numerical and

computational techniques to solve nonlinear PDEs (Tie-

Hong et al., 2019; Chu et al., 2021; Zhao et al., 2021; Chu

et al., 2022a; Chu et al., 2022b; Iqbal et al., 2022; Jin et al.,

2022; Nazeer et al., 2022; Rashid et al., 2022; Wang et al.,

2022). The main steps in employing the PCM method were

taken from (Shuaib et al., 2020a; Shuaib et al., 2020b; Elattar

et al., 2022):

Step 1: Simplifying Eqs 13–15 to first order:

ƛ1(η) � f(η), ƛ2(η) � f′(η), ƛ3(η) � θ(η),
ƛ4(η) � θ′(η), ƛ5(η) � ϕ(η), ƛ6(η) � ϕ′(η). } (17)

By putting Eq. 17 in Eqs 13–15, we get

(1 + 1
β
)ƛ2′ − (iƛ1 + 1

Γƛ1 + pƛ1) � −iGrƛ3,−1
p
� ƛ1(0, p),

0 � ƛ1(∞, p), (18)

ƛ4′ − Pr

λ*
ƛ3 + Qƛ3 � 0, ƛ3(0, τ) � 1, ƛ3(∞, τ) � 0, ƛ3(η, 0) � 0,

(19)
ƛ6′ − Scƛ5 + ScSrƛ4′ − Scσ(1 + δƛ3)nφ exp( − E

1 + δƛ3
) � 0,

ƛ5(0, τ) � 1, ƛ5(∞, τ) � 0, ƛ5(η, 0) � 0.

(20)

Step 2: Familiarizing the embedding term p in Eqs 18–20:

(1 + 1
β
)ƛ2′ − (iƛ1 + 1

Γƛ1 + pƛ1) + ƛ2 − (ƛ2 − 1)p � −iGrƛ3,−1
p

� ƛ1(0, p), 0 � ƛ1(∞, p),
(21)

ƛ4′ − Pr

λ*
ƛ3 + ƛ4 − (ƛ4 − 1)p + Qƛ3 � 0,

ƛ3(0, τ) � 1, ƛ3(∞, τ) � 0, ƛ3(η, 0) � 0, (22)
ƛ6′ − Scƛ5 + ScSrƛ4′ + ƛ6 − (ƛ6 − 1)p − Scσ(1 + δƛ3)nφ

exp( − E

1 + δƛ3
) � 0,

ƛ5(0, τ) � 1, ƛ5(∞, τ) � 0, ƛ5(η, 0) � 0.

(23)

Step 3: Apply the Cauchy principal and discretized Eqs

21–23.

After discretization, the obtained set of equations was

computed through Matlab, using the code PCM.

Results and discussion

In this section, we present the trends and physical

mechanism behind each figure. Table 1 compares our

calculations to those in the published literature. It can be

concluded that the proposed technique and results are

reliable. The following explanations have been noticed from

velocity, energy and concentration profiles:

Velocity Profile (f′(η, τ), g(η, τ)):

Figures 2–5 display the trend of velocity outlines f′(η, τ)
versus the Casson fluid factor, β, Grashof number, Gr, magnetic

term,M, and parameter,τ, respectively. The primary velocity of

the fluid significantly declines with the impact of Casson fluid

factor, Grashof number, magnetic term and parameter τ. It can

be seen that the effect of Casson fluid factor lessens the fluid

velocity f′(η, τ)as presented in Figure 2. The gravitational
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force enhances, while the angular rotation of the spinning disc

decreases the effect of Grashof number, which is why the

increasing effect of Gr reduces the velocity fieldf′(η, τ)as

shown in Figure 3. The improving tendency of the magnetic

field causes the generation of Lorentz forces, which resist the

flow field and decrease its velocity (Figure 4). Figure 5

TABLE 1 Comparison of the present outcomes with published work for skin friction, Nusselt and Sherwood numbers, where β � Gr � 0.

Parameters f ʺ(0) f ʺ(0) θ9(0) θ9(0) ϕ9(0) ϕ9(0)

NR M Sc Hayat et al. (2004) Present work Hayat et al. (2004) Present work Hayat et al. (2004) Present work

1.0 0.1 0.2 0.273064 0.273171 0.185187 0.185284 0.170700 0.170801

2.0 0.312694 0.312782 0.277738 0.277837 0.254406 0.254423

3.0 0.1 0.348706 0.348727 0.277698 0.277787 0.295049 0.295055

0.2 0.363114 0.363126 0.282798 0.282896 0.295116 0.295137

0.3 0.2 0.364484 0.364495 0.284353 0.284454 0.296016 0.296024

0.4 0.378266 0.378277 0.291206 0.291227 0.296911 0.296940

0.6 0.391649 0.391667 0.297673 0.297684 0.297412 0.297443

FIGURE 2
Velocity outlines f′(η, τ) versus Casson fluid factor β.

FIGURE 3
Velocity outlines f′(η, τ) versus Grashof number Gr.

FIGURE 4
Velocity outlines f′(η, τ) versus magnetic term M.

FIGURE 5
Velocity outlines f′(η, τ) versus parameterτ.

Frontiers in Energy Research frontiersin.org05

Alqarni et al. 10.3389/fenrg.2022.986284

110

https://www.frontiersin.org/journals/energy-research
https://www.frontiersin.org
https://doi.org/10.3389/fenrg.2022.986284


FIGURE 6
Velocity outlines g(η, τ) versus Casson fluid factor β.

FIGURE 7
Velocity outlines g(η, τ) versus Grashof number Gr.

FIGURE 8
Velocity outlines g(η, τ) versus magnetic term M.

FIGURE 9
Velocity outlines g(η, τ) versus parameter τ.

FIGURE 10
Energy outlines θ(η, τ) versus thermal radiation NR.

FIGURE 11
Energy outlines θ(η, τ) versus Prandtl number Pr.
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FIGURE 12
Energy outlines θ(η, τ) versus parameterτ.

FIGURE 13
Mass outlines ϕ(η, τ) versus constructive chemical reactionγ.

FIGURE 14
Mass outlines ϕ(η, τ) versus destructive chemical reactionγ.

FIGURE 15
Mass outlines ϕ(η, τ) versus Schmidt number Sc.

FIGURE 16
Mass outlines ϕ(η, τ) versus activation energy E.

FIGURE 17
Mass outlines ϕ(η, τ) versus Soret number Sr.
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illustrated that the influence of parameterτdeclines the primary

velocity contour.

Figures 6–8 illustrate the velocity outlines g(η, τ) versus

Casson fluid factor β, Grashof number Gr, magnetic term M

and parameter τ , respectively. It can be seen in Figure 6, that

the Casson fluid factor lessens the fluid velocity g(η, τ). The
gravitational effect augments, while the angular revolution of

revolving disc moderates, the value of the Grashof number,

because the increasing effect of Gr boosts the secondary

velocity fieldg(η, τ)as shown in Figure 7. Figures 8 and 9

illustrate that the secondary velocity frameworks decrease

with the influence of magnetic field, while they increase with

the increase in τ. Physically, the repellant force of the magnetic

flux resists the fluid motion, decreasing the velocity

field, g(η, τ).

Energy Profile (θ(η, τ)):

Figures 10–12 illustrate the mechanism behind the energy

outlines θ(η, τ) versus the thermal radiation, NR, the Prandtl

number, Pr, and the parameter, τ, respectively. Figures 10, 11

revealed that the energy contours decline with the rising values of

thermal radiation and Prandtl number. Physically, radiation

from the surface of the fluid transfers thermal energy to the

surrounding system, which lowers the fluid temperature and

results in the lessening of the energy outline θ(η, τ) as shown in

Figure 10. Fluids with higher Prandtl numbers always have lower

thermal diffusivity; therefore, an increase in Prandtl number

decreases the energy field. Figure 12 shows that the action of

parameter τ diminishes the thermal distribution, θ(η, τ).

Concentration Profile (ϕ(η, τ)):

Figures 13–17 reveal the mass profile outlines ϕ(η, τ) versus
the constructive chemical reaction, +γ, the destructive chemical

reaction, −γ, the Schmidt number, Sc, the activation energy, E,

and the Soret number, Sr, respectively. Figures 13, 14 depict that

the mass transfer field is reduced by the action of positive

chemical reaction, +γ, but augmented by negative chemical

reaction, −γ. The chemical reaction is inversely related to the

angular rotation of the circular disk. The increase in chemical

reaction regulates the angular motion of disc, as shown in Figures

13, 14. The kinetic viscosity of the fluid is increased, while the

molecular diffusion of particles is reduced by the intensifying

influence of Sc, which is why an increase in Sc reduces the mass

field as presented in Figure 15. Figures 16, 17 show that the

concentration contour increases with increasing activation

energy and Soret number. The increased activation energy

boosts the kinetic energy of fluid particles, which results in

acceleration of mass transfer as depicted in Figure 16.

Molecular diffusion is enhanced, while the kinetic viscosity

increases at high Soret numbers, and, as a consequence, mass

transition is enhanced (Figure 17).

Conclusion

We have examined the numerical simulation of non-coaxial

rotation of a Casson fluid and disc. The influence of thermal

radiation, second-order chemical reaction, buoyancy, and heat

source in a Casson fluid over a rotating frame is also studied. A

nonlinear sequence of partial differential equations was used to

describe the phenomenon. The modeled equations were reduced

to a non-dimensional set of ODEs using similarity replacement.

The obtained sets of ODEs were simulated using PCM. The key

findings are:

• The Casson fluid coefficient, Grashof number, and

magnetic field reduce the fluid’s primary velocity

contourf′(η, τ).
• The secondary velocity g(η, τ)outline decreases with the

increasing value of magnetic field and Casson fluid

parameter, but is increased from the effects of

parameter τand the Grashof number.

• The energy field θ(η, τ) decays with the rising values of

thermal radiation, parameter τ, and Prandtl number.

• The mass transfer field is decreased by the action of the

positive chemical reaction, +γ, but increases f tomhe effects

of negative chemical reactions.

• An increase in the Schmidt number results in a decrease in

the mass profile, while the mass profile is enhanced by

increasing values of activation energy and Soret number.

• Our mathematical model may be modified for other types

of non-Newtonian fluid models andmay be solved through

fractional and analytical techniques.
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Due to their accelerated rate of heat transfer, nanofluids are of immense

interest. This work analyzes an innovative concept of hybrid nanoemulsion

with an optimized design under the chemical radiative flow and its

thermophysical properties. We are able to achieve great aspects of the flow

with the assistance of the sheet’s permeable texture and inclined surface.

Furthermore, the effects of thermal conductivity mix convection, chemical

reaction, and thermal radiations on velocity, temperature, and concentration

fields are also investigated. After converting the fundamental equations to

ordinary differential equations with the use of similarity transportation, the

problem is then solved analytically with the HAM technique. To investigate

key attributes and parameters, a hybrid nanofluid with Ag and Al2O3

nanoparticles as well as Al2O3 for conventional nanofluids with the base

solvent water is taken. To illustrate the effects of chemical radiative and mix

convection on the thin-film flow, numerous graphs, charts, and tables are

shown. Calculations and reviews are performed for reduced friction coefficient,

heat, and mass transportation. According to this study, hybrid nanofluids have a

higher heat-transfer rate than nanofluids when exposed to thermal radiation

and at the appropriate surface angle of inclination. Due to ϕAl2O3
, ϕAg, S, Rd, the

temperature increases, but velocity has the opposite effect. This investigation’s

innovative findings will promote the study of condensed nanostructures and

nanomaterials.
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Introduction

Table 1 shows the thermophysical properties of the

materials. It is common practice to utilize the power-law

model when modeling the flow of fluids that have a viscosity

that varies with shear. On the other hand, it is not possible to

forecast the results of elasticity. Fluids of the second or third

grade have the potential to produce the desired outcomes in

terms of elasticity. However, in these models, the viscosity is not

shear-dependent. Furthermore, they are impotent to assess the

effects of reducing stress. A subcategory of fluids known as the

Maxwell model, which has become more popular, can identify

stress relaxation. A perfectly viscous obstruction and a strictly

elastic spring can be represented, much like in the Maxwell

model. Maxwell nanofluid flow simulations have drawn the

attention of numerous researchers. Abro et al. (2020), Sharama

et al. (2020), and Ramesh et al. (2020) have used various

mathematical models for the Maxwell fluid flow. The

influence of radiative heat flux on the flow of Maxwell

nanofluids across a chemically reacting spiraling disc was

analyzed by Ahmed et al. (2020). Hussain et al. (2020) took

into consideration the mathematical analysis of a Maxwell

nanofluid with hydromagnetic dissipative and radiation.

Jawad et al. (2021) have analyzed the entropy impact on the

flow of Maxwell fluids using stretched surfaces.

The most appealing and affordable method of thermal

transportation was proposed by the revolutionary

advancement in science using the concept of nanoparticles.

Researchers are constantly examining the thermal

characteristics of nanoparticles related to engineering and

manufacturing usages because they have the highest

proficiency of thermal transportation and stable forceful

features. The formation of nanofluids is caused by the

dispersion of nanoparticles in the base solvent. Plications for

nanofluids are anticipated in a variety of fields, including

nuclear engineering, mechanical and cooling devices,

extrusion systems, and many others. In recent years, the role

of nanofluids in energy production has moved into more

essential applications. When nanoparticles are adequately

dissolved in the base fluid, it is expected that mass and heat

transmission will improve. Nanofluids are widely used in

biotechnology, medicine delivery, renewable energy, and

several technical fields. Choi (1995) coordinated the basic

analysis and experimental investigation of the nanofluid

characteristics. The thermal measurements of a nanofluid

containing micropolar material were described by Khan

et al. (2020) using modified diffusion concepts. Khan et al.

(2019) have depicted the Oldroyd-B nanofluid flow using the

optimal Prandtl number technique. Turkyilmazoglu (2020)

used the single-phase model to declare the stability of

nanofluids. The impact of porous space over moving

surfaces susceptible to the Jeffrey nanofluid was determined

by Khan and Shehzad (2020). The dual solution prediction for

the nanofluid flow subject to asymmetrical slip was observed by

Nadeem et al. (2020). Some other researchers have proposed

different forms of nanofluids to study the many uses of

nanofluids in various aspects (Sabir et al., 2019; Umar et al.,

2020; Ayub et al., 2021a; Ayub et al., 2021b; Sabir et al., 2021).

As an alternative to conventional fluids, nanofluids are

renowned for their exceptional capacity to transport energy.

In order to make it significantly better, the hybrid nanoliquid

is being produced. When two or more types of metals are

combined in such a way as to produce different chemical

bonds, the resulting substances are referred to be hybrid

metals. A “hybrid nanofluid” can also be created by the

uniform dispersion of two very small particles into the liquid

that is acting as the mother liquid. Comparing this highly

developed type of solution to unitary nanofluids or any other

common functional fluids, it shows promising heat transmission.

The innovative uses for hybrid nanosolutions include the

fabrication of aviation devices, power systems, welding,

lubricants, spacecraft, and electronic cooling devices. The

influence of the magnetic field in the transverse direction to

the flow field is discussed by Devi and Devi (2016). Babar and Ali

(2019) discussed the specific thermophysical environment,

applications, setup, and inherent issues of hybrid composites.

Recently, more studies about hybrid nanofluid flow through

various configurations can be decoded in Acharya et al.

(2020), Yaseen et al. (2022), and Joshi et al. (2022).

The transportation of liquids in thin layers is frequently

seen in daily life; one illustration of this is the way raindrops

move across rooftops, road surfaces, and window glass.

Understanding the process of thin films is crucial since they

frequently occur in nature and have numerous useful

applications. Whether there are inertial forces present or

absent, thin films of liquids are driven by surface or body

forces. Depending on the flow pattern under consideration,

the strength of these forces acting on the fluid may be increased

or decreased. In situations like dropping films or spray coating,

inertia is crucial, but it is sometimes disregarded when the flow

Reynolds number is low, as in the flow motion over an inclined

plane in a sluggish motion. Thin-film flows have drawn a great

deal of interest in recent years. Photovoltaic panels, lamination,

biofluid flows, hydrophilicity, and other commercial and

technical applications all involve film flowing over stirring

flat, vertical, and inclined planes (Liu et al., 2017). The first

person to look at the case of the dropping liquid films was

Nusselt (1916). Jeffrey (1925) also explored the film flow in the

scenario of an inclined plane. There are a lot of research studies

on film flow on diverse models, which may be found in the Refs.

Wang, 1990; Qasim et al., 2016; Zhang et al., 2021; Shah

et al., 2022.

The radiation impact plays an important role in almost all the

design approaches. Thermal radiation plays a significant role in a

variety of mechanical processes, such as missiles, nuclear power

plants, spacecraft and other communications satellites, steam
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turbines, and the many driving mechanisms for aviation. In

addition to radiation, Ghadikolaei et al. (2018) and Ali et al.

(2020) focused on the thermal radioactive effects in addition to

the transfer of nanofluids when studying peristaltic pressing.

CuO-Ag/water micropolar hybrid nanofluid flow across a

vertically positioned plate was studied by Gumber et al.

(2022) with the help of heat radiation and the suction/

injection mechanism.

The possibilities for higher thermal transport illustrate the

knowledge of the existing literature. Recent investigations of

unsteady thin-film flow impacted by advanced ablation/

accretion (Wang, 1990; Qasim et al., 2016; Zhang et al.,

2021; Shah et al., 2022) address conventional heat

transmission modes. We focused on expanding such work

to include the chemical radiative effect and the mix

convectional characteristics of Maxwell hybrid nanofluid

flow. The cited works mentioned aforesaid highlight that

less attention is paid to the study of nanofluid flow

impressions over an inclined stretched plane keeping

insight of Maxwell fluid flow. Nevertheless, the flow of the

hybrid nanofluid in the same context is rare. We in this

exploration discussed the hybrid nanofluid flow comprising

silver with aluminum oxide, nanocomposites, and thin-film

flow over an inclined plane. The thermal effects of the

nanocomposites are also taken into account in the presence

of radiation. The composite factor of the particles plays a

significant role in thermal conduction. The film width along

with the applied magnetic field has been studied additionally

in the graphical form by using the HAM method. The

impression of varied parameters versus involved profiles is

studied logically.

The following are some of the innovative aspects of this work:

• Due to the intensive use of both laboratory and

computational studies, the novel heat-transfer fluid is

focused on the appropriate Maxwell fluid-based Al2O3-

Ag-hybrid nanofluid.

• To explore the heat-transfer phenomenon, a thin film of

Maxwell hybrid nanofluid flow on an inclined extended

surface using thermal conductivity models has been used.

• To find an analytical solution for heat-transfer effects in

hybrid nanofluid flow with thermal radiation, chemical

reaction, porosity, and mix convection present.

• The governing equations for heat, mass transport, and fluid

motion are transformed into self-similar differential

equations using the standard factors, and the HAM

method is then used to evaluate them analytically.

• The results are represented in diagrams that correspond to

various numeric values of the relevant parameters.

Chemical radiative and convectional heat exchange between

the surface and the surrounding fluid is essential in many real-

world applications involving the cooling or heating of surfaces.

The problem is more realistic and produces better results because

of its cumulative proportion.

Problem development and the
governing model

Let us examine the improvement of energy and mass

transformation in time-dependent thin-film flow of Maxwell

fluids with hybrid and mononanoparticles. Over an extended

inclined plane making an angle θ with the surface, a thin film

flows. The following considerations are made while modeling the

transportation of mass and heat:

1 The surface over which the thin film exists is moving with

velocityU � bx(1 − αt)−0.5; here, the operative elasticity of the
velocity is b(1 − αt) −1

2 toward the x-axis, where “α” signifies

the increment of time (0≤ α< 1) and “b” represents the

elasticity.

2 The surface temperature of the extending sheet is signified

as “Ts”, and the temperatures of the slit are defined as

T0 and Tr .The range of these constraints is referred to as

0≤Tr ≤T0.

3xUw
υ � bx2(1−αt)−1

υ is the local Reynolds number dependent

on Uw.

4 h(t) represents the thickness of the film.

5 We consider pressure to be constant.

6 The nanoparticles Al2O3 and Ag are used.

7 The magnetic field in a perpendicular direction is defined as

B0(x, t) � (1 − αt) −1
2 B0.

8.8 The flow configuration for the problem is shown in

Figure 1.

FIGURE 1
Physical sketch of the proposed model.
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The fundamental equations for boundary layers that govern

flow, heat, and mass transfer have the following forms (Jawad

et al., 2021; Acharya et al., 2020; Zhang et al., 2021; Shah et al.,

2022; Gumber et al., 2022):

zu

zx
+ zv

zy
� 0 (1)

(zu
zt

+ u
zu

zx
+ v

zu

zy
) � υhnf

z2u

zy2 − λ1(2uv z2u

zxzy
+ u2z

2u

zx2 + v2
z2u

zy2)
−⎡⎣υhnf

k⊕
(λ1v zu

zy
+ u) + σhnf

ρhnf
(B2(x, t)(λ1v zu

zy
+ u) − E0B(x, t))⎤⎦

+g{± (T − Th)(βT)hnf + (C − Ch)(βC)hnf} Sin θ,
(2)

zT

zt
+ u

zT

zx
+ v

zT

zy
� αhnf[z2T

zy2
] + 16σpT3

h

3kp(ρCp)hnf z2T

zy2
(3)

zC

zt
+ u

zC

zx
+ v

zC

zy
� DBhnf

z2C

zy2
− Kr(C − Ch) (4)

The components of velocity are represented by u, v and act

along x,y directions, respectively; λ1 is the Maxwell relaxation time

parameter (note that for λ1 � 0, the problems reduce to the case of

classical heat and mass transport of Newtonian fluids); k⊕ is the

permeability of the porous medium; βT, βC are the coefficients of

linear thermal and concentration expansion, respectively; σ* is the

Stefan–Boltzmann constant; k* is the coefficient ofmean absorption;

DBhnf is the diffusion coefficient of the hybrid nanofluid; and Kr is

the chemical reaction. Also, the σhnf (electrical conductivity), μhnf
(dynamic viscosity), ρhnf (density), (ρcp)hnf (capacity of specific

heat), and khnf (thermal conductivity) are some of the hybrid

nanofluid quantities that can be described in this way (Acharya

et al., 2020 and Joshi et al., 2022).

μhnf
μf

� (1 − ϕAg)−2.5(1 − ϕAl2O3
)2.5, μnf

μf
� (1 − ϕAl2O3

)−2.5 (5)

ρhnf
ρf

� (1 − ϕAl2O3
)(1 − ϕAg) + ϕAl2O3

(1 − ϕAg) ρAgρf
+ ϕAg

ρAl2O3

ρf
ρnf
ρf

� (1 − ϕAl2O3
) + ϕAl2O3

ρAl2O3

ρf

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
(6)(ρcp)hnf(ρ cp)f � (1 − ϕAg)(1 − ϕAl2O3

) + (1 − ϕAg)ϕAl2O3
(ρ cp)Ag + ϕAg(ρ cp)Al2O3

(ρcp)nf(ρ cp)f � (1 − ϕAl2O3
) + (ρ cp)Al2O3(ρ cp)f ϕAl2O3

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
(7)

khnf
knf

� (1 − ϕAg) + 2( kAl2O3

kAl2O3 − knf
)kAgloge(kAl2O3 + knf

knf
)

knf
kf

� (1 − ϕAl2O3
) + 2( kAg

kAg − knf
)kAl2O3loge(kAg + knf

knf
)

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
(8)

σhnf
σf

� 1 + 3 ϕAl2O3
σAl2O3 + 3 ϕAgσAg − 3 ϕ σf

σf (2 + ϕ) + (1 − ϕAl2O3
) σAl2O3 + (1 − ϕAg) σAg

(9)

Therefore, we assumed the composition of Ag into Al2O3/

H2O; in the proposed investigation, a hybrid nanofluid was

developed. Al2O3 nanoparticles (ϕAl2O3
) are first dispersed in

H2O to make a Al2O3/H2O ordinary nanofluid, and then Ag

nanomaterials of diverse ratios (ϕAg) are mixed to make a

consistent hybrid nanofluid of Al2O3-Ag/H2O.We assume that

ϕ � ϕAl2O3
+ ϕAg throughout the study.

The physical conditions for the thin-film flow are defined as

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
u|y�0 � Uw, v|y�0 � 0, μhnf

zu

zy

∣∣∣∣∣∣∣∣y�h(t) , v � zh

zt

∣∣∣∣∣∣∣y�h(t),
T|y�0 � Tw, C|y�0 � Cw,

zT

zy

∣∣∣∣∣∣∣∣y�h(t) � zC

zy

∣∣∣∣∣∣∣∣y�h(t) � 0.

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ (10)

The non-dimensional variables and coordinates that we

present are as follows (Zhang et al., 2021; Shah et al., 2022):

ψ � ( bυ

1 − αt
) 1

2xf(η), η � ( b

υ(1 − αt)) 1
2y,

T � T0 − Tr(bx2

2υ
) Θ(η)

(1 − αt) 3
2
, C � C0 − Cr(bx2

2υ
) Φ(η)

(1 − αt) 3
2
.

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
(11)

where

u � zψ

zy
, v � −zψ

zx
(12)

Eq. 1 is satisfied, while Eqs 2–4 are transformed as

β � ( b

υ(1 − αt)) 1
2h(t) (13)

dh

dt
� αβ

2
( υ

b(1 − αt)) 1
2 (14)

μhnf
μf

ρf
ρhnf

f‴ − S(f′ + η

2
f″) − (f′)2 + ff″ + λ(2ff′f″ − f2f‴) − λr(f′ − λff″)

+ μf
μhnf

M[E − (f′ − λff″)] ± βThnf
βf

(GrΘ) + βChnf
βf

(GcΦ) � 0,

(15)
1
Pr

(ρCp)f(ρCp)hnf (khnfkf
+ 4
3
Rd)Θ″ − S

2
(3Θ + ηΘ′) − 2f′Θ + fΘ′

� 0

(16)
Φ″ + Sc(S

2
(3Φ + ηΦ′) − 2f′Φ + fΦ′) − γScΦ � 0 (17)

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
S � α

a
, λ � λ1

(1 − αt), λp � υ

k⊕a
,Pr � μCp

k
, Rd � 4σpT3

h

3kpkf(ρCp)hnf, γ � Kr

a
,

Gr � gβTf[Tw − Th]x3

υ2f
, Gc � gβC[Cw − Ch]x3

υ2f
.

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
(18)
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where S, λp,Pr , λ, γ, Gr, Rd, Gc are the unsteadiness parameter,

porosity term, Prandtl number, Maxwell parameter, chemical

reaction, thermal Grashof number, radiation parameter, and

mass Grashof number, respectively.

The transform forms of the physical conditions are taken as

⎧⎪⎪⎨⎪⎪⎩
f(0) � 0, f′(0) � 1,Θ(0) � 1,Φ(0) � 1,

f″(β) � 0, f(β) � Sβ

2
,Θ′(β) � 0,Φ′(β) � 0

⎫⎪⎪⎬⎪⎪⎭ (19)

The skin friction and the local Nusselt and Sherwood

numbers are defined as

Cf � 2τw
ρU2

w

, Nu � qwx

k(Tw − T0), Sn �
qmx

DB(Cw − C0)} (20)

where

τw � μ(zu
zy

)∣∣∣∣∣∣∣∣y�0, qw � −k(zT
zy

)∣∣∣∣∣∣∣∣y�0, qm � −DB(zC
zy

)∣∣∣∣∣∣∣∣y�0,⎫⎬⎭
(21)

The transformed terms are stated as

Re
1
2Cf � − μf

μhnf
f″(0), Re

−1
2 Nu � −(khnf

kf
+ Rd)Θ′(0),

Re
−1
2 Sh � −Φ′(0), Re � xUw

υ
.

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
(22)

Results and discussion

In this section, we display and discuss the results that were

computed using the aforementioned technique, HAM.

Additionally, as illustrated in Figures 2–17 and Tables

2,Tables 3, the performance of hybrid nanofluid and

nanofluid flow f′(η), energy Θ(η), and concentration

distribution Φ(η) under the impact of fluid parameters is

explored. For these purposes, numerical simulations are

carried out, with S � 0.4, λp � 1,Pr � 7.5, λ � 0.3, γc �
0.5, Gr � 2, Rd � 0.6, Gc � 1.5. When the current findings

are compared with the previous study of Wang, 1990;

Qasim et al., 2016 under limiting circumstances, the

validity of the current results is demonstrated. The two sets

of results are shown in Tables 2 and 3, and there is

considerable agreement between them. According to

Table 2, the progressive variation of S is added to the

surface and wall temperature gradients.

The characteristics of f′(η) (velocity field) and Θ(η) (thermal

distributions) in the presence of λp (permeability variable) are

delineated by Figures 2,3 for nanofluids and hybrid nanofluids.

Figure 2 shows that a depletion of f′(η) distribution results from

increasing λp values. This is realistic because a porous medium

presents a resistance in the way to fluid flow. Therefore, as

demonstrated in Figure 2, high values of the λp parameter

diminish the fluid velocity. The suspensions of hybrid nanofluids

are declined more quickly as compared to monofluids. Additionally,

as seen in Figure 3, there is an increase in temperature distributions

when the values of the λp parameter are improved. Figures 4,5

demonstrate the variations in f′(η) (velocity field) and Θ(η)
(thermal distributions) with respect to the ϕAl2O3

, ϕAg (volume

fractions of nanoparticles). Figure 4 shows that the velocity

profile appears to decrease when the values of ϕAl2O3
, ϕAg

nanoparticles grow statistically. In terms of physics, the rise in

the values of ϕAl2O3
, ϕAg denotes an increase in the number of

nanoparticles scattered in the base fluid. The results imply that the

minor volume percentage helps the hybrid nanofluid. When

compared to ordinary nanofluids, the hybrid suspension achieves

a prominent position. According to Figure 5, the Θ(η) distribution
improved due to an increase in ϕAl2O3

, ϕAg. Physically, the

emergence of a greater number of small components into the

host liquid makes it easier for the nanoliquids to release a greater

quantity of their stored energy in the form of heat. As a result, there

was an increase in the effective distribution of heat. Therefore, the

hybrid nanofluid achieves a higher level than the typical one. The

incorporation of nanocomposites results in an intensification of the

process of heat transfer. It is perfectly reasonable because the

incorporation of a greater number of nanoparticles into the

nanosolution makes it easier to obtain a high rate of heat

transmission. Figure 6 illustrates the impact of M (magnetic

parameter) on the f′(η) field for all cases of nanofluids and

hybrid nanofluids. As M is estimated to be a larger value, the

velocity of nanofluids decreases. Because an increase in M signifies

an improvement in resistive force (the Lorentz force), this results in a

reduction in the velocity of the nanofluid and hybrid nanoliquid.

According to Figure 7, a higherE value results in an improvedf′(η)
field. This is due to the fact that an increase in E contributes to the

TABLE 1 Thermophysical features of the nanoparticles.

Parameter APS (average particle
size), nm

ρ Kg m−3 k W m−1k−1 Cp J kg−1K−1

Al2O3 25–45 3,970 40 765

Ag 18–23 10,500 429 250

80 wt% Al2O3–20 wt% Ag 10–45 2.87 4.768 0.842
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generation of a stronger electric field, which in turn speeds up the

flow of nanofluids and hybrid nanofluids. The characteristics of the

flow fieldf′(η) for different values ofGr andGc (thermal andmass

buoyancy parameters) are shown in Figures 8, 9. Figure 8 illustrates

the unique effects of Gr on the resulting velocity. The f′(η) of the
thin-film fluid increases as Gr rises. Actually, Gr is the ratio of

thermal buoyant forces to viscous forces. As a consequence, the

strengths of thermal forces rise as the magnitude of Gr increases.

Huge quantities of the Grashof number are used to provide the

buoyancy forces. Thus, as Gr rises, the resulting momentum

boundary layer’s thickness also rises. The special impact of Gc

on the fluid velocityf′(η) is shown in Figure 9. As theGc increases,
the f′(η) of the hybrid thin-film fluid also increases. The Gc is the

proportionality of concentration buoyant forces to viscous forces.

The intensities of solutal force increase as the magnitude of the Gc

increases. Also, when compared to ordinary nanofluids, the hybrid

suspension achieves a prominent position.

The changes in the Θ(η) profile relative to the Rd (radiation

parameter) are shown in Figure 10 for nanofluids and hybrid

nanofluids. It is considered that an elevation in Rd factor leads the

temperature to rise. Physically, theRd factor compares the input of

heat exchange through conduction to transfer using thermal

TABLE 2 Comparison between the published work and present work for the surface and wall temperature gradients considering common factors
using the regular fluid having Pr � 7.56. Note that they used small and variable values of the Prandtl number.

Wang (1990) Wang (1990) Qasim et al.
(2016)

Qasim et al.
(2016)

Present Present

S Θ(1) −Θ′(0) Θ(β) −βΘ′(0) Θ(β) −βΘ′(0)
0.3 0.45312 0.6413 0.45921 0.64374 0.4594251 0.64365

0.5 0.47683 0.7658 0.47941 0.76832 0.4794732 0.768320

0.7 0.49587 0.8513 0.49926 0.85383 0.4992763 0.853241

0.9 0.51325 0.9924 0.51732 0.51823 0.517276 0.5172751

TABLE 3Comparison between the publishedwork and presentwork for the Sherwood number considering the common factor using the regular fluid
having Pr � 7.56,S � 0.8.

Qasim et al. (2016) Qasim et al. (2016) Present Present

Sc Φ(β) −Φ′(0) Φ(β) −Φ′(0)
9 0.13743 0.4587 0.137563 0.458872

11 0.129341 0.44575 0.129432 0.445834

13 0.11832 0.42782 0.11843 0.427942

FIGURE 2
λp vs f′(η).

FIGURE 3
Influence of λp on Θ(η).
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radiation. It is obvious that an increase in the radiation parameter

causes the temperature to rise. Additionally, there is a positive

association between the Rd and the temperature gradient close to

the surface of the plate. Hence, the hybrid nanofluid shows the

leading nature as compared to the nanofluid. The effect of S

(unsteadiness factor) on thef′(η) profile is shown in Figure 11 for
nanofluids and hybrid nanofluids. The plot reveals that a gradual

increase in the magnitude of S causes thef′(η) profile to gradually
decline, improving the momentum boundary film viscosity. The

hybrid suspension also holds a prominent position when

compared to regular nanofluids. Figure 12 predicts the

significance of the Θ(η) distribution on the S (unsteadiness

factor) for both the types of nanofluids and hybrid nanofluids.

It is important to note that S has an increasing impact on the

temperature of the liquid film. A slight temperature improvement

is shown to increase the values of S in the boundary layer.

FIGURE 4
Influence of ϕAl2O3

, ϕAg on f′(η).

FIGURE 5
Influence of ϕAl2O3

, ϕAg on Θ(η).

FIGURE 6
Influence of M on f′(η).

FIGURE 7
Influence of E on f′(η).

FIGURE 8
Influence of Gr on f′(η).
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FIGURE 9
Influence of Gc on f′(η).

FIGURE 10
Influence of Rd on Θ(η).

FIGURE 11
Influence of S on f′(η).

FIGURE 12
Influence of S on Θ(η).

FIGURE 13
Influence of S on Φ(η).

FIGURE 14
Influence of Sc on Φ(η).
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Figure 13 illustrates how the presence of S changed the Φ(η)
concentration profile for both types of nanofluids. The tendency

occurs for the liquid to be pushed into empty spaces as a result of

the enhancement of S. As a result, the Φ(η) increases, as depicted
in Figure 13, for both the Al2O3 and Al2O3-Ag nanosolutions. Plot

Figure 14 illustrates the significance of Sc (Schmidt number) in

regard to theΦ(η) profile for nanofluids and hybrid nanofluids. As
Sc increases, a noticeable lowering of the Φ(η) distribution can be

seen. According to its definition, Sc is the ratio of the momentum

diffusivity to the mass diffusivity. Therefore, more species (higher

Sc) depreciate the solutal fields. The behavior of the dimensionless

Φ(η) distribution for various values in γc (chemical reactions) is

depicted in Figure 15 for the cases of nanofluids and hybrid

nanofluids. In this study, γc > 0, and the effects of destructive

chemical reactions are investigated. The plot shows a decrease in

the Φ(η) field as γc rises. Physically, high values of the γc
parameter indicate that there are many solute molecules taking

part in the reaction, which causes the Φ(η) field to drop. As a

result, a destructive chemical reaction dramatically reduces the

thickness of the solutal border layer. Also, when compared to the

Al2O3 nanofluid, the Al2O3-Ag suspension achieves a prominent

position. Figures 16, 17 show the variation of the skin friction

coefficient for different values of Gc and Gr for nanofluids and

hybrid nanofluids. Also, the consequences of ϕ1,ϕ2 against Nusselt

number enhancement in % age are presented in Figures 18.

Conclusion

We focused on describing the chemical radiative and

convectional effects on the hydrothermal characteristics of two

different types of Maxwell nanoliquids, the Ag hybrid nanofluid

and Al2O3 regular nanofluid, during the entire study. Over a

permeable stretched inclined surface, the desired thin-film flow

has been passed. Through tables and figures, exhaustive

properties of porosity, volume fraction, unsteadiness,

radiation, chemical reaction, and thermal and mass buoyancy

components are explained. Through a comprehensive

examination, some guiding points help focus our attention on

the following findings:

FIGURE 15
Influence of γc on Φ(η).

FIGURE 16
Gc vs skin friction.

FIGURE 17
Gr vs skin friction.

FIGURE 18
ϕ1 , ϕ2 vs Nusselt number enhancement in %.
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• Maxwell hybrid nanofluids’ thin-film flow is slowed down

by increased λp (porosity).

• ϕAl2O3
, ϕAg (nanoparticle volume fraction), S (unsteadiness),

Gr, and Gc (Thermal and mass buoyancy parameters)

parameters highly influence the thin-film flow of Maxwell

hybrid nanofluids compared to nanofluids.

• For the thermal profile, ϕAl2O3
, ϕAg (nanoparticle volume

fraction), S (unsteadiness), and λp (porosity) have similar

effects. These factors have a greater impact on hybrid

nanofluids than on nanofluids.

• For the concentration profile, the thin film of the hybrid

fluid is more influenced than the nanofluid by S as

compared to the other various parameters like Sc and γc.

• The skin friction coefficient, Nusselt number, and

Sherwood number reduce when uplifting the parameter

S, while it increases for ϕAl2O3
, ϕAg, and λp.

Future direction

These results of thin-film flows can also be used for other

models like discs and cylinders, different flow factors, and

trihybrid nanofluids with the execution of numerical and

analytical techniques.
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Nomenclature

λ1 relaxation time

τ tensor for extra stress

κ thermal conductivity

Cp heat capacitance

η similarity variable

T0, Tref temperature terms

S unstable parameter

T temperature

υhnf, kinematic viscosity

u, v velocity components

ρ density

μhnf dynamic viscosity of the hybrid nanofluid

Sc Schmitt number

k� permeability coefficient

λ time relaxation

Pr Prandtl number

Θ dimensionless temperature

h(t) film thickness
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Presently, scientists across the world are carrying out theoretical and

experimental examinations for describing the importance of nanofluids in

the heat transfer phenomena. Such fluids can be obtained by suspending

nanoparticles in the base fluid. Experimentally, it has proved that the thermal

characteristics of nanofluids are much better and more appealing than those of

traditional fluids. The current study investigates the heat transfer for the flow of

blood that comprises micropolar gold nanoparticles. The influence of

chemically reactive activation energy, thermophoresis, thermal radiations,

and Brownian motion exists between the walls of the channel. A

microorganism creation also affects the concentration of nanoparticles

inside the channel. Suitable transformation has been used to change the

mathematical model to its dimensionless form and then solve by using the

homotopy analysis method. In this investigation, it has been revealed that the

linear velocity behavior is two-folded over the range 0≤ η≤ 1. The flow is

declining in the range 0≤ η≤0.5, whereas it is augmenting upon the range

0.5≤ η≤ 1. Thermal characteristics are supported by augmentation in volumetric

fraction, thermophoresis, radiation, and Brownian motion parameters while

opposed by the Prandtl number. The concentration of the fluid increases with

augmentation in activation energy parameters and decays with an increase in
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thermophoresis, Brownian motion, chemical reaction parameters, and the

Schmidt number. The density of microorganisms weakens by growth in

Peclet and bioconvection Lewis numbers.
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1 Introduction

The limitations on improving the transfer of heat in

engineering systems, for instance, cooling of electronic and

solar systems, are essentially due to the slower thermal

conductivity in traditional fluids like oil, ethylene glycol, and

water. Solids normally have better characteristics for heat

transmission than liquids, like copper which has 700 times

better thermal conductivity in comparison with water and

3,000 times better than engine oil. Choi and Eastman (1995)

were the first to introduce the concept of nanofluids by mixing

the nano-sized particles in a pure fluid. Afterward, various

researchers have conducted plenty of investigations for fluids

flowing through channels with the main focus on the

augmentation of heat transfer characteristics by suspending

different kinds of nanoparticles in different base fluids.

Sheikholeslami and Ganji (2013) have discussed the thermal

flow characteristics for the Cu −H2O nanofluid flow amid two

parallel plates. In this study, the Maxwell–Garnets and Brinkman

models have been employed by the authors to determine the

viscosity and thermal flow behavior of nanofluids. It has also

been established in this inspection that the rate of thermal flow

has amplified with greater values of the volumetric fraction and

Eckert number. Ayub et al. (2022a) have inspected the thermal

flow characteristics for cross-nanofluids by using various flow

conditions and revealed that augmentation in the cross-fluid

index has supported velocity profiles. Shah et al. (2022a) have

inspected the MHD nanofluid flow with multiple features past

wedge geometry. Shah et al. (2020) have extended the study of

Srinivas et al. (2017) by introducing the micropolar gold–blood

nanofluid to the flow system in a channel. They have used the

homotopy analysis method tomodel equations and have revealed

that the thermal flow has improved for higher values of the

volumetric fraction and radiation parameter which, on the other

hand, has declined the flow profiles in all directions. Further

investigation about heat transmission regarding nanofluids can

be studied in Ayub et al. (2021a), Ayub et al. (2021b), Ayub et al.

(2021c), Shah et al. (2021), Ayub et al. (2022b), Shah et al.

(2022b), and Ayub et al. (2022c).

The fundamental requirement to model the fluid that

comprises microrotational components has introduced the

theory of micropolar fluids. These fluids actually couple the

rotational motion of fluid particles with the field of

macroscopic velocity. By structure, these fluids consist of hard

particles suspended in the viscous medium, for instance, bubbly

liquid, paint, ferrofluids, and blood flows. Such fluids have

abundant applications in engineering and industries, like

lubricant fluids, biological structures, and polymer solutions.

The idea of micropolar fluids was introduced first by Eringen

(1966). Afterward, this term became an area of dynamic

exploration in the field of research. This class of fluid could

describe the fluid’s characteristics at a micro-scale. In these fluids,

the spinning motion is described by microrotational vectors.

Singkibud et al. (2022) have investigated the influence of cubical

catalyst-based activation energy and thermophoresis diffusions

for a time-free micropolar nanofluid flow on a semi-infinite

stretching surface. Fakour et al. (2015) inspected the thermal flow

of micropolar fluids flowing through a channel. It has been

concluded in this investigation that the rate of thermal flow

has augmented with growth in the strength of the Reynolds

number and has declined with augmentation in the Peclet

number. Abbas et al. (2020) have revealed thermal

characteristics for the micropolar nanofluid flow between two

plates using slip conditions. Baharifard et al. (2020) studied the

mass and heat transfers for the MHDmicropolar fluid flow past a

stirring surface with injection and suction behavior on the

surface.

Recently, the exploration of the laminar flow and

transmission of heat through porous channels has appealed to

many researchers due to its industrial and biological applications.

These applications include biological fluid transportation

through contracting or expanding vessels, underground

resources of water, and the synchronous pulsation of

permeable diaphragms. Many investigations have been

conducted for heat and mass transfer between porous plates

using various flow conditions. In this study, magnetic effects have

been practiced in the flow system both in parallel and

perpendicular directions, and it has been highlighted that by

removing the impact of the Hall current, the flow has

remained unchanged even by changing the direction of

the applied magnetic field. Hassan (2020) has analyzed the

production of irreversibility for the MHD fluid flowing in a

permeable channel. Islam et al. (2020) have examined the

micropolar fluid flow amid two plates by considering

different flow conditions in the flow system. The authors

have used the nanoparticles of graphene oxide and copper in

water as the base fluid and have established that the

expansion in volumetric fractions has reduced the flow

characteristics and has increased the thermal

characteristics. Delhi Babu and Ganesh (2020) have
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discussed mathematically the model for the steady MHD

fluid flow amid two porous plates with revolving flow.

Nanoparticles are not self-driven and start motion only

when it is affected by thermophoresis and Brownian motion.

Even in the augmentation of mass and heat transformation,

the high concentration of nanoparticles can affect the stability

of this phenomenon. A combination of biotechnological

mechanisms with nanofluids that are established by motile

microorganisms can provide better results in such a physical

phenomenon. Gyrotactic microorganisms are actually self-

driven and can gather in the closed vicinity of the top layer of

the fluid flow which causes the upper surface of the fluid to be

denser. The dispersal of gyrotactic microorganisms in

nanofluids normally enhances the heat transfer

characteristics of the fluid. Platt (1961) was the first

gentleman who floated the idea of the configurations in the

thicker culture of free spinning organisms. Afterward, many

studies have been carried out by different scientists with the

main focus on the impact of gyrotactic microorganisms on the

fluid flow systems. Bin-Mohsin et al. (2017) have examined

the squeezing liquid flow using gyrotactic microorganisms

amid two opposite and parallel plates. It has been highlighted

in this investigation that the augmentation in thermophoresis

effects and randommotion has enhanced the thermal flow and

has declined the mass transmission. Zhang et al. (2020)

studied the influence of the magnetized Reynolds number

upon motile microorganisms between circular plates filled

with nanoparticles. The authors have noticed that the

distribution of nanoparticle concentration, thermal profiles,

and microorganisms have been highly suppressed by

augmenting values of the squeezed Reynolds number.

Ahmad et al., 2020) inspected the nanofluid flow influenced

by microorganisms through a porous plate. It has been noticed

in this investigation that the heat and mass transfer rates have

been augmented by considering the impact of gyrotactic

microorganisms. More comprehensive investigations have

been conducted by Khan et al. (2021a) and Khan et al.

(2021b). The authors have highlighted the effect of

different parameters on flow systems. In these inspections,

it has been noticed that the flow and concentration profiles

have been reduced with augmentation in thermophoretic and

Brownian motion parameters, while the thermal profiles have

been augmented on the other hand. Moreover, in these

investigations, the density number of motile

microorganisms has declined with the augmenting values of

the Peclet number.

From the mentioned literature and similar related studies,

the authors have noticed that a large number of research studies

have been published to describe the flow of nanoparticles by

using different geometrical shapes. However, comparatively less

attention has been paid to micropolar fluids with gold–blood

nanoparticles flowing through the channel. Moreover, to the

best of the author’s knowledge, no investigation so far has been

performed for micropolar gold–blood nanoparticles flowing

through a porous channel with the effects of gyrotactic

microorganisms. The collective influence of chemically

reactive activation energy in the current study further

expands the newness of the study. For augmenting the heat

transfer characteristics in the current investigation, the

thermophoretic effects along with Brownian motion and

thermal radiations have also been applied to the flow system.

HAM (Liao, 1999; Liao, 2010) has been used to find the solution

to modeled equations.

The first section of the study introduces the related literature.

The second section comprises physical and mathematical

description of the problem along with quantities of interest.

The third section defines the solution method along with

steps for the solution. The fourth section defines the results

and discussion along with an explanation of tables. Conclusions

of the current study are given in the last section.

2 Physical and mathematical
descriptions

Next, the problem will be described physically by considering

some assumptions and by taking the physical view of the flow

problem. Afterward, these assumptions will be employed to

describe the problem in the mathematical form. This

mathematical description will then be transformed into the

dimensionless form with the help of similarity variables. In

this process, some physical parameters will be recovered that

will be discussed briefly along with mathematical expressions at

the end of the section.

2.1 Physical description

A steady two-dimensional incompressible laminar flow of

micropolar nanofluids amid two permeable plates is taken.

The base fluid is taken as blood with gold nanoparticles

FIGURE 1
Graphical view of the flow problem.
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suspended in it. The influence of thermal radiation,

thermophoresis, and Brownian motion exists in the channel

with static or moving walls. Moreover, the fluid flow is also

influenced by the collective impact of chemically reactive

activation energy in the presence of gyrotactic

microorganisms. The geometrical view with conditions at

the boundaries is presented in Figure 1. The fluid is flowing

in the x
�
-direction, while the y

�
-axis is normal to the channel’s

walls. The walls of the channel are apart by a distance, L is the

axial length, while W is the width of the channel walls. The

suction and injection of flow at the walls of the channel are

fixed and unvarying. Moreover, the body forces such as

gravity, Coriolis, centrifugal force, and magnetic effects are

ignored. At the walls, the axial velocities are assumed to be

linear with the mathematical description as

uw,t � ut(x�/H), uw,b � ub(x�/H).

2.2 Mathematical description of the
problem

By the suppositions in Subsection 2.1, the problem can be

described mathematically as follows (Misra and Ghosh, 1997;

Papadopoulos and Tzirtzilakis, 2004; Tzirtzilakis, 2005; Hatami

et al., 2014; Srinivas et al., 2017):

zu
�

zx
� + zv

�

zy
� � 0, (1)

ρnf
ε
⎛⎝u

�zu
�

zx
� + v

�zu
�
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�
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�
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� + (μnf + k

�)⎛⎝z2u
�
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�2 +

z2u
�

zy
�2
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�zN
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u
�
,

(2)
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ε
⎛⎝u

�zv
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zx
� + v

�zv
�

zy
�
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�

zy
� + (μnf + k
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�
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�
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2T
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u
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�zC
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� � DB(z2C
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z2C

zy
�2) + DT

Tt
(z2T
zx
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z2T
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u
�zn

zx
� + v

�zn
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� + ( bWc

Cb − Ct
) z

zy
�
⎛⎝n

zC

zy
�
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z2n
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In the aforementioned system of equations, the flow along x
�
, y
�

axes is, respectively, denoted by the components u
�
, v
�
; p
�
is pressure;

μnf, ρnf are dynamic viscosity and the density of the nanofluid,

respectively; k1 is permeability; ε is the porosity of walls; qr is the

heat flux due to radiation; (ρCp)nf is the effective heat capacity; knf
is the thermal conductivity; DT, DB, Dm are diffusion coefficients

for thermophoresis, Brownian motion, and microorganism,

respectively; Cb, Tb, nb are the concentration, temperature, and

microorganism at the bottom plate of the channel, respectively,

while Ct, Tt, nt are the corresponding quantities at the top plate of

the channel; γnf is the spine gradient viscosity which is

mathematically expressed as γnf � (μnf + k
�
/2)j with j as the

density of micro-inertia. Moreover, (T/Tt)ne(−Ea/kBT) is the

modified Arrhenius function, Ea is the activation energy, k2r is

the rate of the reaction, andWc is the speed of microorganism cells.

The related conditions at boundaries are:

u(x�, y�) � ub
x

H
, v(x�, y

�) � vb, T � Tb , C � Cb,

n � nb, N � −k zu
�

zy
� at y

� � 0 , u(x�, y�) � ut
x

H
,

v(x�, y�) � vt, T � Tt , C � Ct, n � nt, N � −k zu
�

zy
�

at y
� � H .

(8)
In Eq. 8, the subscript notations b, t are used to represent the

bottom and top plates of the channel, respectively. The velocities

at the bottom and top walls are, respectively, denoted by vt, vb. It

is to be noticed that these are different velocities so due to the

difference in their directions, various combinations can arise. For

instance, the combination vb > 0, vt < 0 leads to injection at the

bottom and top walls. Similarly the combination vb < 0, vt > 0
confirms the suction at these walls (Seyf and Rassoulinejad-

Mousavi, 2011). The thermophysical characteristics of gold

nanoparticles are described as follows (Bachok et al., 2012;

Srinivas et al., 2014; Srinivas et al., 2017):

ρnf � (1 − φ) ρf + φρs , μnf � μf(1 − φ)2.5 , (ρCp)nf
� (1 − φ)(ρCp)f + φ(ρCp)s knf

kf
� ks + 2kf − 2φ(kf − ks)

ks + 2kf + φ(kf − ks) . (9)

In Eq. 9, ρf, kf, (ρCp)f are the notations for density,

thermal conductivity, and heat capacity for the base fluid,

while ρs, ks, (ρCp)s are the corresponding notations for the

nanofluid. Moreover, μf is the viscosity of the pure fluid,

while the volumetric fraction of gold nanoparticles is φ. The

thermophysical characteristics of the base and nanofluids are
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described numerically in Table 1 (Hatami et al., 2014; Srinivas

et al., 2017):

For simplification of qr using the Rosseland

approximation as given in the following (Hatami et al.,

2014; Zhang et al., 2015)

qr � −4
3
(σpzT4

κpzŷ
) , (10)

In Eq. 10, σ*, κ* are termed as the Stefan Boltzmann

constant and the coefficient of Rosseland mean absorption

such that σ* � 5.6697 × 10−8Wm−2K−4. If the thermal

gradient is sufficiently small within the flow of the fluid,

then T4 can be simplified by using Taylor’s expansion as

(Zhang et al., 2015)

T4 � 4TT3
t − T4

t , (11)

In light of Eqs. 10, 11, we have from Eq. 5 as

u
�zT
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zy
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t

3κp
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(12)
The following set of variables (Srinivas et al., 2017; Shah et al.,

2020; Khan et al., 2021a) will convert the leading equations into

the dimensionless form:

x � x
�

H
; P � p

�

ρfv
2
b

; u � u
�

vb
; v � v

�

vb
; θ(η) � T − Tt

Tb − Tt
;

ϕ(η) � C − Ct

Cb − Ct
; χ(η) � n − nt

nb − nt
, N � −xvbG(η)

H
with η � y

H
.

(13)

The dimensionless velocity components are assumed as

u(x, η) � xf′(η); v(x, η) � −f(η) . (14)

By incorporating Eqs. 13, 14 into Eqs. 1–4, 6, 7, 12, we have

(1 + (1 − φ)2.5K)f(iv) − (1 − φ)2.5KG″−

⎛⎝1 − φ + φ
ρs
ρf
⎞⎠(1 − φ)2.5Re(f′f″ − ff‴) − 1

Da
f″ � 0 ,

(15)(1 + (1 − φ)2.5K
2
)G″ +K(1 − φ)2.5(f″ − 2G)

+ Re⎛⎝1 − φ + ρs
ρf

φ⎞⎠(1 − φ)2.5(fG′ − f′G) � 0 ,

(16)

(knf
kf

+ 4
3
Rd)θ″ +⎛⎜⎝1 − φ + (ρCp)s(ρCp)f⎞⎟⎠Pr(Reθ′f +Nbθ′ϕ′

+Nt(θ′)2) � 0 , (17)

ϕ″ + ScRefϕ′ + Nt

Nb
θ″ − Sc Γϕ(1 +Ωθ)n exp( −E

1 + Ωθ) � 0 ,

(18)
χ″ − ReLbfχ′ + Pe[χ′ϕ′ + (δ + χ)ϕ″] � 0 . (19)

In the aforementioned system of equations, Re � vbH/υf is

Reynolds number, Da � k/H2 is the Darcy number, Pr �
(ρCp)fυf/kf is the Prandtl number, K � k/μf is the material

parameter, Rd � 4σ*T3
t /3κ*kf is the radiation parameter, Nb �

τDB(Cb − Ct)/υf is the Brownian parameter, Nt �
τDT(Tb − Tt)/Ttυf is the thermophoresis parameter, Ω � Tb −
Tt/Tt is the temperature parameter, E � Ea/kBTt is the activation

energy parameter, Sc � υf/DB is the Schmidt number, Γ � k2rH
2/υf

is the chemical reaction parameter, Lb � υf/Dm is the bioconvection

Lewis number, Pe � bWc/Dm is the Peclet number, and δ � nt/nb −
nt is the microorganism concentration difference parameter.

Related conditions at boundaries are

f′(0) � λ, f(0) � −α, f′(1) � γ, f(1) � −β,
θ(0) � 1, θ(1) � 0 , ϕ(0) � 1, ϕ(1) � 0, χ(0) � 1,

χ(1) � 0, G(0) � kf″(0), G(1) � kf″(1) .
(20)

where β � vt
vb
; λ � ub

vb
; γ � ut

vb
; α � { 1, for injection

−1, for suction. (21)

2.3 Engineering quantities of interest

Different quantities of engineering interest for the flow

system under consideration can be expressed mathematically

as follows:
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ρfu
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(22)

Substituting Eq. 9 in Eq. 19 we have the following

dimensionless quantities:

Cf � ((1 − φ)2.5 +K)f″(0), Nu � knf
kf
(1 + 4

3
Rd)θ′(0), Sh

� −ϕ′(0), Nn � −χ′(0) .
(23)

3 Method for the solution

In the universe physical phenomenon, when a model give rise

normally to a nonlinear mathematical model, it is very difficult and
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sometimes impossible to determine the analytical solution for such a

higher nonlinear mathematical model. To determine solutions to

such problems, researchers have introduced different

techniques. The homotopy analysis method (Liao, 1999; Liao,

2010) is one such technique that is used to solve nonlinear

problems. This technique requires some initial guesses which are

defined as follows:

f
�

0(η) � (γ + λ − 2α + 2β)η3 + (3α − 3β − 2λ − γ)η2 + λη − α ,
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�
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With linear operators expressed as
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In expanded form, relations in Eq. 25 can be expressed as
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θ″ − Sc Γϕ

�(1 +Ωθ
�)n exp⎛⎝ −E

1 +Ωθ
�
⎞⎠ ,

(30)
Νχ

�[f�(η; χ),G�(η; χ)θ�(η; χ),ϕ�(η; χ), χ�(η; χ)]
� χ

�
ηη − ReLbf

�
χ
�
η + Pe[χ�ηϕ

�

η + (δ + χ
�)ϕ�ηη] . (31)

The zero-ord/er system in respect of Eqs. 8–11 can be

described as follows:

(1 − ζ)L
f
�[f�(η; ζ) − f

�

0(η)] � ζZ
f
�Ν

f
�

[f�(η; χ),G�(η; χ)θ�(η; χ), ϕ�(η; χ), χ�(η; χ)] , (32)

(1 − ζ)L
f
�[G�(η; ζ) − G

�

0(η)] � ζZ
G
�Ν

G
�

[f�(η; χ),G�(η; χ)θ�(η; χ),ϕ�(η; χ), χ�(η; χ)] , (33)

(1 − ζ)L
θ
�[θ�(η; ζ) − θ

�

0(η)] � ζ Z
θ
� Ν

θ
�

[f�(η; χ),G�(η; χ)θ�(η; χ),ϕ�(η; χ), χ�(η; χ)] , (34)

(1 − ζ)L
ϕ
�[ϕ�(η; ζ) − ϕ

�

0(η)] � ζ-
ϕ
� Ν

ϕ
�

[f�(η; χ),G�(η; χ)θ�(η; χ), ϕ�(η; χ), χ�(η; χ)] , (35)

(1 − ζ)Lχ
�[χ�(η; ζ) − χ

�
0(η)] � ζ -χ

� Νχ
�

[f�(η; χ),G�(η; χ)θ�(η; χ), ϕ�(η; χ), χ�(η; χ)] . (36)

The BCs are

zf
�(η; ζ)
zη

∣∣∣∣∣∣∣∣∣∣∣η�0 � λ,
zf
�(η; ζ)
zη

∣∣∣∣∣∣∣∣∣∣∣η�1 � γ, f
�(η; ζ)∣∣∣∣∣∣∣η�0 � −α, f

�(η; ζ)∣∣∣∣∣∣∣η�1
� −β, θ�(η; ζ)∣∣∣∣∣∣∣η�0� 1, θ

�(η; ζ)∣∣∣∣∣∣∣η�1 � 0, ϕ
�(η; ζ)∣∣∣∣∣∣∣η�0 � 1, ϕ

�(η; ζ)∣∣∣∣∣∣∣η�1
� 0 , χ

� (η; ζ)∣∣∣∣η�0 � 1, χ
� (η; ζ)∣∣∣∣η�1 � 0, G

� (η; ζ)∣∣∣∣η�0
� k

z2f
�(η; ζ)
zη2

∣∣∣∣∣∣∣∣∣∣∣η�0, G� (η; ζ)
∣∣∣∣η�1 � k

z2f
�(η; ζ)
zη2

∣∣∣∣∣∣∣∣∣∣∣η�1 . (37)

It is to be noticed that ∈ [0, 1], so for ζ � 0 and ζ � 1 we

have

f
�(η; 1) � f

�(η), G�(η; 1) � G
�(η), θ�(η; 1) � θ

�(η) ,ϕ�(η; 1)
� ϕ

�(η), χ�(η; 1) � χ
�(η) . (38)

The expansion of Taylor’s series for

f
�(η; ζ), G�(η; ζ), θ�(η; ζ), ϕ�(η; ζ), and χ

�(η; ζ) around ζ � 0
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f
�(η; ζ) � f

�

0(η) +∑∞
n�1f

�

n(η)ζn,
G
�(η; ζ) � G

�

0(η) +∑∞
n�1G

�

n(η)ζn,
θ
�(η; ζ) � θ

�

0(η) +∑∞
n�1θ

�

n(η)ζn,
ϕ
�(η; ζ) � ϕ

�

0(η) +∑∞
n�1ϕ

�

n(η)ζn,
χ
�(η; ζ) � χ

�
0(η) +∑∞

n�1χ
�
n(η)ζn,

(39)

f
�

n(η) � 1
n!

zf
�(η; ζ)
zη

∣∣∣∣∣∣∣∣∣∣∣p�0, G�n(η) � 1
n!

zG
�(η; ζ)
zη

∣∣∣∣∣∣∣∣∣∣∣p�0, θ
�

n(η)
� 1
n!

zθ
�(η; ζ)
zη

∣∣∣∣∣∣∣∣∣∣∣p�0, ϕ�n(η) � 1
n!

zϕ
�(η; ζ)
zη

∣∣∣∣∣∣∣∣∣∣∣p�0, χ�n(η) � 1
n!

zχ
�(η; ζ)
zη

∣∣∣∣∣∣∣∣∣p�0 .
(40)

FIGURE 2
Impact of Re on f′(η), G(η), θ(η), Φ(η), χ(η).
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With boundary conditions as follows

� f′(0) � λ, � f′(1) � γ, f
�(0) � −α, f

�(1) � −β, G�(0)

� k� f″(0), G�(1)

� k� f″(1), θ�(0) � 1, θ
�(1) � 0,

ϕ
�(0) � 1, ϕ

�(1) � 0 , χ
� (0) � 1, χ

�(1) � 0 .
(41)

Next, we have

Rn
f
�(η) � (1 + (1 − φ)2.5K)f�iv

n−1 + (1 − φ)2.5KG
�

n−1″

−⎛⎝1 − φ + φ
ρs
ρf
⎞⎠(1 − φ)2.5Re⎛⎝f

�

n−1′f
�

n−1″ −∑w−1
j�0

f
�

w−1−jf
�‴
j
⎞⎠ − 1

Da
f
�

n−1,″

(42)

Rn
G
�(η) � (1 + (1 − φ)2.5K

2
)G�″ +K(1 − φ)2.5 ∑w−1

j�0
(f�n−1″ − 2G

�

w−1−j)
+Re⎛⎝1 − φ + ρs

ρf
φ⎞⎠(1 − φ)2.5 ∑w−1

j�0
(f�w−1−j G

�

n−1′ − f
�

n−1′ G
�

w−1−j) ,

(43)

R n
θ
� (η) � (knf

kf
+ 4
3
Rd)θ�n−1″ +⎛⎜⎝1 − ϕ

� + (ρCp)s(ρCp)f⎞⎟⎠
Pr⎛⎝Re∑w−1

j�0
θ
�

n−1′ � fw−1−j +Nbθ
�

n−1′ � ϕn−1′ +Nt(θ�n−1′ )2⎞⎠ , (44)

Rn
ϕ
�(η) � ϕ

�

n−1″ + ScRef
�
ϕ
�

η−1 +
Nt

Nb
θ″
�

n−1

− Sc Γ(1 +Ωθ
�)n exp⎛⎝ −E

1 + Ωθ
�
⎞⎠∑w−1

j�0
ϕw−1−j , (45)

Rn
χ
�(η) � χ

�
n−1″ − Re ∑w−1

j�0
Lbf

�

jχ
�
w−1−j′ + Pe

⎛⎝∑w−1
j�0

χ
�
w−1−j′ ϕ

�

j +∑w−1
j�0
(δ + χ

�
w−1−j)ϕ�n−1″ ⎞⎠ .

(46)

Moreover, we have

ξn � { 0, if ζ ≤ 1
1, if ζ > 1.

(47)

FIGURE 3
Impact of K, α, β on f′(η), G(η).
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4 Discussion of results

The current study examines the flow and heat transfer for

the flow of blood that comprises micropolar gold

nanoparticles. The influence of chemically reactive

activation energy, thermophoresis, thermal radiations, and

Brownian motion also exists between the walls of the channel.

A microorganism creation also affects the concentration of

nanoparticles inside the channel. Suitable transformation has

been used to change the mathematical model to the

dimensionless form and then has been solved by employing

the homotopy analysis method. The impact upon different

profiles of flow systems in response to variations in

the physical parameter has been comprehended in the

following.

Figure 2 depicts the influence of the Reynolds number Re on

different profiles of the flow system. Since the Reynolds number

signifies the comparison of inertial force to viscous force, so

augmentation in Re causes domination of inertial to viscous

force. This physical phenomenon declines the rotational flow,

thermal characteristics, motility, and concentration of

micropolar nanoparticles. In the case of linear velocity, the

flow behavior is two-folded over the range 0≤ η≤ 1. The flow

is declining in the range 0≤ η≤ 0.5, whereas it is augmenting on

the range 0.5≤ η≤ 1.

Figure 3 describes the changing behavior of fluid’s motion for

variation in the values of the material parameter. From

FIGURE 4
Impact of ϕ on f′(η), G(η), θ(η).

FIGURE 5
Impact of Da on f′(η).
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FIGURE 6
Impact of Nb on θ(η), Φ(η).

FIGURE 7
Impact of Nton θ(η), Φ(η).

FIGURE 8
Impact of Pr and Rd on θ(η).

Frontiers in Energy Research frontiersin.org10

Khan et al. 10.3389/fenrg.2022.993247

137

https://www.frontiersin.org/journals/energy-research
https://www.frontiersin.org
https://doi.org/10.3389/fenrg.2022.993247


Figure 3A, it can be perceived that fluid’s motion declines in the

closed locality of the porous plate with augmentation inK due to

domination of vertex viscosity to dynamic viscosity. In this

physical process, the rotational effects are enhanced in the

fluid particles that cause augmentation in the microrotation

flow of nanofluids, as depicted in Figure 3B. It has also been

noticed that the flow profiles have declined with augmentation in

the suction parameter, as depicted in Figure 3C. Moreover,

augmenting values of the injection parameter have supported

the velocity, as depicted in Figure 3D.

FIGURE 9
Impact of Γ, E, Sc and Ω on Φ(η).

FIGURE 10
Impact of Pe, Lb on χ(η).
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Figure 4 depicts the impact of volumetric fraction ϕ on the

flow, microrotational flow, and thermal profiles of the micropolar

nanofluid. Since the augmenting values of ϕ cause an

enhancement in the viscous forces amongst the fluid

nanoparticles, the fluid becomes more dense and viscous.

During this process, higher resistance is experienced by

micropolar nanoparticles that decline the fluid flow in all

directions, as shown in Figures 4A,B, while augmenting the

thermal profiles of micropolar nanofluids, as depicted in

Figure 4C.

Figure 5 portrays that augmenting values in the Darcy

number Da decay the flow profiles. Actually, the void spaces

in the porous plates are augmented with growing values of Da

that offer more confrontation to the fluid’s flow and decline the

flow profile.

Figure 6 reveals that augmentation in Nb supports the

thermal profile and opposes the mass flow of the micropolar

FIGURE 11
Validation of the current study with established results.

TABLE 1 Thermophysical properties of the base fluid and nanoparticles.

Material Density (kg/m3) Specific heat (J/kgK) Thermal conductivity (W/mK)

Blood 1,050 3,617 0.52

Gold 19,300 129 318

TABLE 2 Skin friction Cf variations for different values of Re andDa.

φ K Re Da f9(1) f9(0)

0.02 0.3 1 0.5 6.1963 −0.15248

0.04 6.98229 −0.21329

0.06 7.87492 −0.27577

0.3 6.19630 −0.15248

0.4 5.94500 −0.13451

0.5 5.14270 −0.08936

1 6.19630 −0.15248

3 6.71085 −0.210436

5 7.30327 −0.295691

0.5 6.19630 −0.152480

1 6.49150 −0.249460

1.5 6.97020 −0.305632

TABLE 3 Nusselt number Nu for variations Nb and Rd.

Nt Nb Rd θ9(1) θ9(0)

0.2 0.5 0.5 5.29822 −0.73111

0.4 6.06530 −0.80198

0.6 6.28720 −0.84279

0.5 5.29822 −0.73111

0.8 6.10851 −0.74766

1.1 6.33041 −0.78847

0.35 5.29822 −0.73111

1 6.07098 −0.70144

1.5 6.29288 −0.74225
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nanofluid. Physically an enhancement in Nb causes an

increment in the collision amongst the nanoparticles due

to their random motion between the porous plates. In this

process, kinetic energy amongst the particles is transformed

to thermal energy and causes less transfer of the mass of the

fluid. Hence, the thermal profiles enhance and the

concentration of fluid declines for augmenting values

of Nb.

Figure 7 depicts the influence of the thermophoresis parameter

Nt on (η), Φ(η). Actually, augmentation in Nt corresponds to

more thermal and less mass diffusivity of the micropolar nanofluid.

Hence, the thermal characteristics increase, and the mass flow

declines with augmenting values of Nt.

Figure 8 depicts the impact of the Prandtl number Pr and

radiation parameter Rd upon thermal profiles. Figure 8A reveals

a significant decline in thermal profiles. Actually, Pr is inversely

proportional to heat diffusion due to which the thermal profiles

decline for augmenting values of Pr. Figure 8B shows that for

enhancing values of Rd, more heat transfer takes place that

augments the thermal profiles.

Figure 9 portrays the variations in concentration in response to

the chemical reaction parameter Γ, dimensionless activation

energy parameter E, Schmidt number Sc, and temperature ratio

parameter Ω. For augmentation in Γ, the molecules of the

micropolar fluid diffuse slowly due to which less mass diffusion

occurs and decays the concentration, as depicted in Figure 9A. For

greater values of E, the bulk of molecules that requires less energy

supports maximum transmission of mass. Hence, greater values of

E cause growth in the concentration of micropolar nanoparticles,

as depicted in Figure 9B. For augmenting values of Sc, less mass

transfer takes place which weakens the strength of the

concentration layer and decays the concentration profiles, as

portrayed in Figure 9C. The difference in temperature enhances

growth in Ω and causes maximum transmission of heat at the free

stream. In this physical process, less mass diffuses which causes a

decline in the concentration, as shown in Figure 9D.

Figure 10 depicts the effects of Peclet and bioconvection

Lewis numbers Pe, Lb on the density number of motile

microorganisms. It has been noticed from this figure that the

growth in Pe, Lb causes a decline in the spread of

microorganisms that weakens the strength of its boundary

layer. Hence, the growing values of Pe, Lb decline the density

number of microorganisms.

Figures 11A,B present the validation of the current

investigation. In this figure, the present results are validated with

published studies given in Shah et al. (2019) by considering the

common parameters. This figure shows a close agreement between

the present results and published studies.

4.1 Table discussion

The influence upon various physical quantities in response to

different emerging parameters has been presented numerically in

Table 1. The numerical results of the velocity gradient Cf against

different emerging parameters are given in Table 2. One can find

that the velocity gradient upsurges for the particle concentration,

Reynolds number Re, and Darcy number. Prominent

performances of various engineering parameters on the

Nusselt number Nu are examined in Table 3. As expected,

the Nusselt number is augmented for expansion in the

thermophoresis parameter, Brownian parameter Nb, and

radiation parameter Rd. The characteristics of Nb and Re on

the Sherwood number Sh are scrutinized in Table 4. One can

clearly notice that the concentration gradient is augmented for a

higher approximation of Re, while declines with Nb and Sc.

5 Conclusion

In this investigation, the flow and heat transfer for the flow of

blood comprises micropolar gold nanoparticles. The influence of

chemically reactive activation energy, thermophoresis, thermal

radiations, and Brownian motion exists between the walls of the

channel. A microorganism creation also affects the concentration

of nanoparticles inside the channel. The impact on different

profiles of flow systems in response to variations in the physical

parameter has been discussed graphically. After a detailed

inspection of the research, some main points have been noted

and appended in the following:

• Reynolds number reduces all the profiles of the flow system.

• The augmentation in the material parameter and Darcy

number declines the flow of the fluid and upsurges the

microrotation velocity of nanoparticles.

• The augmenting values of the volumetric fraction cause an

enhancement in viscous forces amongst the fluid

TABLE 4 Sherwood number Sh variation for different values ofNb and
Rd.

Nt Nb Re Sc ϕ9(1) ϕ9(0)

0.2 0.5 0.5 0.314193 −3.49654

0.4 0.3702185 −3.56741

0.6 0.4208461 −3.60822

0.5 0.314193 −3.49654

0.8 0.2764301 −3.07410

1.1 0.2064107 −2.49630

0.35 0.314193 −3.49654

1 0.4864106 −4.17539

1.5 0.5475302 −4.932865

0.3 0.314193 −3.49654

0.5 0.2953106 −3.18640

0.7 0.2507270 −2.70871
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nanoparticles and cause a reduction in the flow of the fluid

in all direction while supporting the thermal profiles.

• Thermal profiles are supported while concentration profiles

are opposed by the growing values of thermophoresis and

the Brownian motion parameter.

• Thermal profiles are also growing up with augmenting

values of the radiation parameter and decline with

enhancement in the Prandtl number.

• The concentration of fluid upsurges by higher values of the

activation energy parameter and reduces by growth in the

chemical reaction parameter, Schmidt number, and

temperature ratio parameter.

• An augmentation in the bioconvection Lewis number and

Peclet number opposes the growth in motile microorganisms.
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This analysis addresses the influence of activation energy on the MHD flow of

second-grade nanoliquid over a convectively heated curved stretched surface.

The impact of heat generation/absorption, thermophoresis, and Brownian

motion are also incorporated. This current study in addendum reveals the

solution narrating the nanofluid flow behaviour of the stretched curve to better

the performance of the system. Hence, the mathematical construction of

governing partial differential equations (PDEs) is transmitted into nonlinear

ODEs by employing appropriate transformations. The attained ODEs are

conducted numerically via ND-Solve. It is consequential to report that fluid

velocity and temperature fields significantly rise with concurrent enhancing

values of the fluid parameter and curvature parameter. Moreover, the

concentration field enhances considering the energy activation variable and

suppresses with the reaction rate constant while thermophoresis escalates the

temperature distribution as the Nusselt number lowers with a stronger internal

heat source parameter Q.

KEYWORDS

activation energy, heat generation, nanofluid, second-grade, MHD

Introduction

In recent advancements, nanofluids have obtained immense attention due to their

notable thermal transfer and fascinating applications in numerous fields such as computer

processes, hybrid power, fuel cell, and other high-energy devices. The fluids are prepared

by suspending nanoparticles in base fluids. The size of nanoparticles ≤ 100 nm. The prime

idea of nanofluid was coined by Choi and Eastman (1995). Later, Buongiorono (2006)

suggested the twomain characteristics, namely, Brownian movement and thermophoretic
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force, to enhance the ability of the ordinary fluid. He found that

enhancing the Nusselt number leads to a rise in the nanoparticle

volume fraction. Sheikholeslami et al. (2014) discussed the

impact of MHD copper nanofluid flow. The theoretical

investigation of Al2O3 water nano liquid was examined by

Malvandi et al. (2015). They discovered that the enforced heat

irregularity alters the path of nanoparticle movement and

modifies the patterns of the fields. Mahanthesh et al. (2016)

reported the squeezing effect of nanofluids which escalates the

thermal layer and leads to a depreciation of the rate of heat

transport. Ibáñez et al. (2016) explored theMHDnanoliquid flow

in a porous channel with a radiation effect. Eid et al. (2017)

considered gold nanoparticles in the flow of Sisko nanofluid and

revealed that radiation production boosts thermal transport. The

Burgers flow of nanofluid with the effect of Cattaneo–Christov

was examined by Hayat et al. (2017a). Also, Hayat et al. (2017b)

swotted numerically the flow of nanoliquid over a revolving disk

in the presence of the slip effect. Zuhra et al. (2018) considered

MHD second-grade nanoliquid comprising gyrotactic

microorganisms. They concluded that microorganism density

leads to increases with momentum slip. The MHD Carreau

nanoliquid over a permeable stretching sheet was considered

by Khan and Shehzad (2020). Reddy et al. (2019) analyzed the

MHD nanoliquid via a stretching sheet. Shah et al. (2021)

considered numerical computation of entropy production of

nanoliquid due to a porous surface. Khan et al. (2020)

thrashed out the consequences of entropy minimization of

Casson nanofluid over a rotating cylinder.

The exploration of non-Newtonian fluid has inspired scholars

due to its several applications, such as the production of plastic,

food processing, and exclusion of tumors. In this current

investigation is a subcategory of non-Newtonian fluid termed

second-grade fluid. This model takes into consideration the

consequences of normal stress in flow conditions, as well as

shear thinning and thickening. Tan and Masuoka (2005)

described the flow of nanofluid with variable thermal

conductivity for the second grade. Rashidi and Majid (2010)

analyzed the time-dependent squeezing flow for second-grade

fluid. The thermal and species transport analysis of second-

grade fluid over a surface with heat flux was deliberated by Das

et al. (2016). Jamil et al. (2011) reported the helical flow of second-

grade fluid over coaxial cylinders. Turkyilmazoglu (2012)

analytically examined the flow of second-grade non-Newtonian

fluid with mass transfer over a shrinking sheet. Khan and Pop

(2010), Makinde and Aziz (2011), and Hsiao (2010) evaluated the

magnetohydrodynamic flow of liquid of second grade with

electromagnetic dispersion and non-uniform heat source/sink.

Akinbobola and Okoya (2015) swotted second-grade fluid with

heat generation. The exact solution of a second-grade fluid via co-

axial cylinders was reported by Erdogan and Imrak (2008). Nadeem

et al. (2012) explored second-grade fluid over a horizontal cylinder.

FIGURE 1
Geometry of the problem.

FIGURE 2
Disparity of M on f′.

FIGURE 3
Disparity of M on θ.

Frontiers in Energy Research frontiersin.org02

Reddy et al. 10.3389/fenrg.2022.1007159

144

https://www.frontiersin.org/journals/energy-research
https://www.frontiersin.org
https://doi.org/10.3389/fenrg.2022.1007159


Magnetohydrodynamics (MHD) flow has gained the

interest of scholars due to its remarkable applications in the

industry and engineering. As contained in the structure of the

MHD generator, the cooling system is filled with fluids metal,

the deposit of energy, pumps, and flow meters. Theoretically,

the magnetic fields can persuade a drag identified as Lorentz

force in a moving liquid, which depreciates the fluid velocity.

Thus, boosting the fluid temperature and concentration.

Numerous researchers have analyzed the impact of

magnetic parameters, specifically in the boundary layer

problem. The impact of magnetic field flow on permeable

surfaces with slip conditions was elaborated by Hayat et al.

(2011). Makinde et al. (2013) delineated the influence of MHD

on nanoliquid with buoyancy effect. The flow of nanoliquid

through two-phase models was visualized by Sheikholeslami

et al. (2015). Hayat et al. (2016) addressed the influence of

second-grade nanofluid. MHD flows over radially shrinking/

stretching disks were reported by Soid et al. (2018). Hayat et al.

(2015) considered the 3D flow of MHD nanoliquid. Sharif

et al. (2019) elucidated MHD nanoliquid via an exponential

sheet. Shah et al. (2020) conducted water base nanoparticles

consisting of SWCNT and MWCNT over a vertical cone.

Shoaib et al. (2020) evaluated numerically MHD hybrid

nanoliquid with thermal radiation. They found that thermal

transport rate enhances with growing values of magnetic effect

and biot number. Recently, Alamri et al. (2019) discussed the

second-grade fluid in the presence of Fourier’s heat flux

theory.

Activation energy (AE) is the minimal amount of energy

needed for a reaction to occur. The activation energy

required to transfer energized particles or macromolecules

to a location where they would undergo physical transit can

be overestimated. The notion of activation energy is

commonly useful in thermal engineering. The Bestman

(Bestman, 1990) was initially coined with the activation

FIGURE 4
Disparity of M on ϕ.

FIGURE 5
Disparity of K on f′.

FIGURE 6
Disparity of K on θ.

FIGURE 7
Disparity of K on ϕ.
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energy of a binary amalgam phenomenon in a porous space.

The unsteady natural convective flow was reported by

Makinde et al. (2011) with AE. The influences of

activation energy on a magnetic nanofluid were

investigated by Hamid et al. (2018). Mustafa et al. (2017)

and Dhlamini et al. (2022) elaborated on the behaviour of

magneto nanoliquid with activation energy. Dawar et al.

(2020) conducted a magnetic field flow of nanoliquid with

activation energy. Hayat et al. (2022) addressed the effect of

AE on the MHD flow of third-grade nanofluid over

convective condition. The 3D flow of Casson nanoliquid

for the thermal radiative flow with AE was examined by

Khan et al. (2019). Hayat et al. (2018) inspected the 3D flow

of Darcy–Forchheimer rotating AE. The 3D time-dependent

flow of Carreau nanofluid on chemical reaction and AE was

explored by Irfan et al. (2019). Other materials that have

added value to this work are in the studies by Asogwa et al.

(2013); Khan et al. (2017); Ali et al. (2020); Bilal et al. (2021);

Jayaprakash et al. (2021); Ali et al. (2022a); Adnan et al.

(2022); AdnanAshraf, (2022); AdnanAshraf et al. (2022);

AdnanMurtaza et al. (2022); Asogwa et al. (2022); Ali

et al. (2022b); Goud et al. (2022); and Weera et al. (2022).

Considering the overview of the abovementioned work,

the prime focus of the current analysis is to scrutinize the

impact of Arrhenius activation energy on the MHD flow of

second-grade nanofluid toward a curved stretched surface.

By employing the transformation procedure, PDEs have been

transmuted into ODEs, which are then established

numerically by ND-Solve using Mathematica. Our

obtained physical parameters are prescribed through tables

and graphs.

FIGURE 8
Disparity of β on f.

FIGURE 9
Disparity of β on θ.

FIGURE 10
Disparity of β on ϕ.

FIGURE 11
Disparity of δ on θ.
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Modeled equation

The second-grade fluid Cauchy stress tensor is given by

Mabood and Das (2016).

τ � −pI + μA1 + α1A2 + α2A
2
1

Whereμ,I,A1, A2,α1,and α2 are the identity tensor, dynamic

viscosity, first and second Rivilin Erickson tensor, and

material constant.

A1 � ∇V + (∇V)T

An � (∇V)TA1 + A1(∇V) + dAn−1
dt

Mathematical formulation

We consider the 2D flow of MHD second-grade nanoliquid

flow due to the curved stretched surface. Featuring AE, chemical

reaction (binary), and heat generation.We consider (r,s) to be the

curvilinear coordinates (see Figure 1). The stretched sheet in s

path withUw � as and r is considered orthogonal to s. Then, B0 is

applied along the transverse path of flow from the magnetic field.

Assuming that the moderate magnetic field in the form of Res
generated is ignored, a nanostructured materials framework is

utilized for erratic motion and thermophoresis. Under the

aforementioned assumptions, equations (Mabood and Das,

2016; Imtiaz et al., 2019) are written for the boundary layer as

follows:

(r + R) zv
zr

+ v + R
zv

zs
� 0 (1)

u2

r + R
� −1

ρ

zp

zr
(2)

FIGURE 12
Disparity of δ on ϕ.

FIGURE 13
Disparity of Nt on θ.

FIGURE 14
Disparity of Nt on ϕ.

FIGURE 15
Disparity of Q on θ.
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With associated BCs (Mabood and Das, 2016) – (Imtiaz et al.,

2019)

u � Uw � cs, v � 0,
zT

zr
� −hf(Tf − T∞), DB

zC

zy
+ DT

T∞

zT

zy
� 0 at y � 0

u → 0,
zu

zr
→ 0, T → T∞, C → C∞ as y → ∞

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
(6)

Transformation consideration

FIGURE 16
Disparity of E on ϕ.

FIGURE 17
Disparity of ζ on ϕ.

FIGURE 18
Disparity of Nb on ϕ.

FIGURE 19
Disparity of Sc on ϕ.

Frontiers in Energy Research frontiersin.org06

Reddy et al. 10.3389/fenrg.2022.1007159

148

https://www.frontiersin.org/journals/energy-research
https://www.frontiersin.org
https://doi.org/10.3389/fenrg.2022.1007159


η �
���
c

v
r

√
, u � csf′(η), v � − R

r + R

��
cv

√
f(η), τ � (ρc)p(ρc)f

p � ρc2s2P(η), ϕ(η) � C − C∞
Cw − C∞

, θ(η) � T − T∞
Tw − T∞

(7)

Eq. 3 is satisfied, and with the help of the abovemrntioned

transformation Eqs 1–5 are reduced

zP

zη
� f′2

n +K
(8)

2K
η +K

P � f‴ + 1
η +K

f − 1(η +K)2 f’ + K

n + K
ff″ + K(η +K)2 ff′

− K(η +K)f′2 + β{ 2K
η +K

f’f″ − 2K(η +K)2 ff‴ − 8K(η +K)2 f’f″
+ 4K(η + K)3 ff″ + 6K(η +K)3 f′2 − 4K(η + K)4 ff’} −Mf′

− K(η + K)f′2 + β{ 2K
η +K

f′f″ − 2K(η +K)2 ff‴ − 8K(η +K)2f′f″ (9)

θ″ + 1
η + K

θ′ + Pr( K

η + K
fθ′ +Nbθ′ϕ′ +Ntθ′2) + Qθ � 0

(10)

ϕ″ + 1
η + K

ϕ′ + K

η + K
Scfθ′ + Nt

Nb
(θ″ + 1

η +K
θ′)

− Scς(1 + δ1θ)m exp( −E
1 + δ1θ

)ϕ
� 0 (11)

with transformed BCs

f′(0) � 1, θ′(0) � −δ(1 − θ(0)), Nbϕ′(0) +Ntθ′(0) � 0 at η � 0
f′ → 0, θ → 0, ϕ → 0 as η → ∞ .

(12)

We have, β � α1c
μ , δ � hf

k

�
v
a

√
, Nb =τDB(Cw−C∞)

v ,

K � R
�
c
v

√
, Nt � τDT(Tw−T∞)

T∞v ,

Sc = v
DB
, E = Ea

kT∞, Q � Q0
ρCp

, ζ � k2r
c , Pr =

v
α, δ1 � Tw−T∞

T∞ .

Now, removing the P between Eqs 8 and 9, we get

f
′′′′ + 2

η +K
f‴ − 1(η +K)2 f″ + 1(η +K)3 f′ + K

η +K
(ff‴ + f′f″) + K(η +K)2 (ff″ + f′2)

− K(η +K)3 ff′ + β{ 2K
η +K

f′f″ − 2K(η +K)2 ff‴ − 8K(η +K)2 f′f″
+ 4K(η +K)3 ff″ + 6K(η +K)3 f′2 − 4K(η +K)4 ff′} −Mf″ − M(η +K)f′ (13)

TABLE 1 Contrasting outputs of −f99(0) for selected values of M when K � ∞ and β � 0.

M Reference (Mabood and Das, 2016) Reference (Imtiaz et al., 2019) Present results

1 1.4142135 1.4142266 1.414328374

5 2.4494897 2.4495271 2.449788955

10 3.31666 3.3166679 3.316366745

50 7.1414284 7.1414769 7.143182469

100 10.049875 10.049924 10.048234644

TABLE 2 Friction co-efficient for various values M,K, and β.

K M β 1
2CfRe1/2s

1.0 1 0.2 1.81567

1.5 1.76525

2.0 1.75389

3 0.0 1.28664

0.4 1.49317

0.8 1.67268

0 2.10848

0.1 1.91158

0.2 1.75485

FIGURE 20
Disparity of Pr on θ.
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Expressions for the local Cfs and Nus gives

Cfs � μ
1
2 ρU

2
w

τrs, Nus � sqw
k(Tw − T∞) (14)

τrs � μ[zu
zr

− u

r + R
+ 2α1

μ
( R

r + R

zu

zr

zu

zs
+ v

r + R

zu

zr

− 2Ru

(r + R)2
zu

zs
− 2uv

(r + R)2)]r�0
(15)

qw � −k(zT
zy

)
r�0

(16)

Non-dimensional Nusselt number and friction co-

efficient

Re−1/2s Cfs � [f″(0) − f′(0)
K

+ β(f′(0)f″(0) − 2
K
f′(0)2)]

Re−1/2s Nus � −θ′(0)

where Res � cs2

v

Results and discussion

The key emphasis of this article is highlighted via the

numerical approach integrated by utilizing the NDSolve

technique by using Mathematica. The main emphasis of

pertained physical variables onf′(η), θ(η), and ϕ(η) fields, as
well as drag fraction and Nusselt number, are elaborated and

delineated through Figures 2–20 and Tables 1–3. Table 1 is

adorned to check the compatibility of the current analysis by

constructing a contrasting −f″(0). An excellent achievement has

been found with a previously published result. 8. The reference

values in the current study have been taken as K � 5, δ � 0.8,

Nt � Nb � 0.4, Sc � 5, Q = 0.1, β � 0.3, M = 1, E = 1, and ζ � 1

kept constant throughout the computation, and the variations

have been mentioned in the graphs and tables accordingly.

Table 2 is equipped to check the variance in 1
2CfRe1/2s . For

empowered fluid parameter β and curvature parameter K,

friction factor decreases, whereas the reverse trend is observed

withM. Table 3 is elaborated in variance in Nusselt number for

selected values of K, δ,Nt, Nb, Sc, Q, and E. It is noticed that

NuRe−1/2s rises with uplifting values of K, δ and E. NuRe−1/2s

declines with rising values of Nt, Sc and Q and there are no

significant changes with Nb.

The impact ofM onf′(η), θ(η), and ϕ(η) fields is illustrated in
Figures 2–4. It is revealed that velocity diminishes with an escalation

in M. This notifies that increase in magnetic field obtains the

resistive force (Lorentz force) leading to a reduction in the fluid

velocity. This also means a reduction in the thickness of the thermal

boundary layer. The heat generated causes resistance of the fluid for

a greater value of M, which escalates the fluid temperature, and

similar behaviour is also seen for the concentration field. Figures 5–7

presents the disparity of curvature parameterK onf′(η), θ(η), and
ϕ(η) fields. Figure 5 displays the enhancing values of curvature

parameter K on velocity field. Here, velocity escalates with a larger

value of K. This is because enhancing values of K lessens the

kinematic viscosity of the fluid, which causes a reduction in viscosity

and, as a result, the velocity of the fluid gains momentum.

Temperature and concentration profiles for various values of K

are revealed in Figures 6 and 7. It is seen that temperature and

concentration decline for augmenting the value of K.

Figures 8–10 analyze the fluid parameter β onf′(η), θ(η), and
ϕ(η) fields. It can be seen from Figure 8 that velocity profile

enhances for a larger value of β. Physically, fluid parameter β

has a reverse relation with viscosity. In contrast, temperature and

concentration profiles (Figures 9 and 10) offer a reducing behaviour

with a rising value of β. Figures 11 and 12 presented the effect of Biot

number δ on θ(η) and ϕ(η) fields. Physical involvement of a larger

heat transfer coefficient corresponds to enhancement on θ(η) and
ϕ(η) fields. Therefore, θ(η) and ϕ(η) layer thickness is escalated by
increasing Biot number δ.

Figure 13 affirms the increasing activity of temperature profile

and thermal boundary layer with Nt. The Nt increase produces a

much strong thermophoretic force, causing nanoparticles to move

TABLE 3 Local Nusselt number for various values K, δ,Nt, Nb, Sc, E,

andQ.

K δ Nt Nb Sc Q E NuRe−1/2s

1.0 0.5 0.2 0.2 5 0.1 1 0.30889

1.5 0.31461

2 0.31716

3 0.6 0.35622

0.7 0.38809

0.8 0.41584

0.3 0.31559

0.4 0.31162

0.5 0.30729

0.2 0.3 0.31926

0.4 0.31926

0.5 0.31926

0.2 3 0.32053

6 0.31881

9 0.31780

6 0 0.34414

0.1 0.31926

0.2 0.25176

0.5 0.31873

1.5 0.31963

2.5 0.31996
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away from the plate. This results in the growth of the θ(η) Figure 14
symbolizes an upsurge in concentration profile for different values of

the thermophoresis variableNt. Becausemicroscopic particlesmove

from the hot region towards the cold region during the process of

thermophoresis. Figure 15 plotted the numerous values of heat

source input Q against the temperature profile. Physically, the

existence of Q in the boundary layer improves energy and causes

a boost in temperature. Figure 16 explicates the enhancing trend of

activation energy E on nanoparticle concentration. The activation

energy reduces themodifiedArrhenius function and causes boosting

generative chemical reaction.

Figure 17 presents the dimensionless concentration on the

chemical reaction variableζ . The concentration of

nanoparticle is depreciated on the rise of ζ . This behaviour

characterizes the decreasing effect of buoyancy force due to

concentration gradient, which causes the reduction of

concentration profile.

Figure 18 exhibits the variation of the concentration field to

diverse values of the Nb. The thickness of the boundary layer and

concentration profile decline on increasing Nb input. The reason

behind this is that this enriches the pace at which tiny particles drive

with various velocities in separate unexpected directions. Figure 19

affirms the declining trend in the concentration field on the

escalating values of Sc. This happens because of decaying mass

diffusion. Fluctuation for differing values of Prandtl number on

temperature is evident in Figure 20. θ(η)minifies with upshot values

of Pr because larger Pr results in lesser thermal diffusivity, thereby

bringing about a decrease in temperature.

Conclusion

In this analysis of MHD second-grade nanoliquid over a

curved stretched sheet with activation energy is explored. The

observations are concluded as follows:

• Increment exists in the momentum and thermal boundary

layer thickness when the fluid parameter enhances.

• Velocity distributions show decreasing phenomenon with

enhancement in M.

• Both velocity and temperature have increasing behaviour

for higher K.

• Convective heating condition enhances the thermal field

significantly.

• Brownian movement Nb depreciate for concentration

profile.

• Concentration is diminished for higher value ofSc.

• Increment in fluid parameter βdecreases the friction factor.

• Thermophoresis reduces the volume fraction field and

enhances the temperature field.

• The temperature profile increases due to temperature heat

source Q. An opposite trend is noted in the heat

transfer rate.
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Glossary

α1 fluid parameter

α thermal diffusivity

s & r

curvilinear co-ordinates

p pressure

Sc Schmidt number

σ electrical conductivity

v kinematic viscosity

T fluid temperature

DB Brownian diffusion coefficient

R radius

Q heat generation/absorption

T∞ ambient temperature

C concentration of the fluid

B0 magnetic field strength

DT thermophoretic diffusion coefficient

u and v velocity components

Tw surface temperature

C∞ ambient fluid concentration

k2r reaction rate

ρ fluid density

k Boltzmann constant

Ea coefficient of activation energy

τ nanoparticle heat capacity against base fluid heat capacity

Pr Prandtl number

β fluid parameter

BCs boundary conditions

K curvature parameter

δ Biot number

Nb Brownian motion

Cw surface concentration

T fluid temperaturefluid temperature

Res local Reynolds number

Nt thermophoresis

E energy parameter

ζ reaction rate parameter

δ1 temperature difference parameter

trs shear stress

qw heat flux
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The objective of this research is to evaluate the heat and mass transfer in a

water-based Darcy–Forchheimer hybrid nanofluid (HNF) flow across an

expanding cylinder. The fluid flow has been studied under the influence of a

magnetic field, viscous dissipation, heat source, thermal radiation,

concentration stratification, and chemical reaction. Carbon nanotubes

(CNTs) and iron ferrite (Fe3O4) nanoparticles (NPs) are added to the water,

for the purpose of synthesizing the HNF. The fluid flow has been induced in the

presence of gyrotactic microorganisms and the non-Fick’s model.

Microorganisms are used to stabilize scattered nanoparticles through the

hybrid nanofluid. The phenomena have been modeled in the form of a

nonlinear system of partial differential equations (PDEs). The modeled

equations are reduced to a dimensionless system of ODEs by using similarity

substitution. The numerical solution of the derived sets of nonlinear differential

equations is obtained by using the parametric continuationmethod. The impact

of physical constraints on temperature, velocity, concentration, and

microorganism profiles is presented through figures and tables. It has been

observed that the heat andmass transport rates increase with the rising effect of

the curvature parameter, while declining with the effect of the thermal

stratification parameter.

KEYWORDS

hybrid nanofluid, iron oxide, magnetic dipole, CNTs, PCM, gyrotactic microorganism,
extended cylinder
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Introduction

The study of boundary layer flow through a cylinder gained

the attention of researchers due to its broad array of applications

in numerous sectors, including manufacture and extraction of

glass fiber, bridges and funnel stacks in civil engineering, paper

production, melt-spinning rubber sheets, blood transportation in

heart-lung machine, risers and channels, polymer production,

carriage of noxious fluids at nuclear power plants, carriage of

destructive fluids when fluid contact with machinery and

equipment is restricted, and many others (Ma et al., 2020;

Dou, 2022; Hussain et al., 2022). For about the last 2 decades,

various investigators chose to conduct their research in the

cylindrical channel because of the aforementioned

applicability. The mathematical analysis of power-law

nanofluid flow across a circular surface is documented by

Ullah et al. (2021a) who concluded that the natural frequency

has a momentous effect on the fluid’s properties. Zhang et al.

(2021) numerically assessed the HNF flow across a circular

cylinder. It was observed that the rotating cylinders

containing a splitting sheet, may be effective options for

energy transfer. Numerical simulations and tests to lower the

drag of a cylinder for both smooth and round cylinders with

dimpled surfaces are investigated by Ullah et al. (2021b). The

results show that within a particular range of Reynolds numbers,

the dimpled structure can efficiently reduce cylinder drag, with a

maximum drag reduction rate of up to 19%. Using the modified

Fourier heat flux law, Varun Kumar et al. (2021) scrutinized the

upshot of hybrid NPs on the dusty flow behavior through an

enlarging cylinder. Their observations show that increasing

particle mass concentration reduces the velocity and

temperature gradient, whereas increasing the curvature factor

increases the thermal gradient and velocity within the boundary.

Poply (2021) evaluated the influence of MHD flux over an

extending cylinder with a heat source. Their research aided in

controlling the frequency of energy transmission and flow stream

in a variety of industrial applications and manufacturing

processes to achieve the desired end production efficiency.

The influence of MHD Newtonian nanofluid flow across a

stretchable cylinder was inspected by Waqas et al. (2021). The

fallouts reveal that the velocity is increased by increasing the

buoyancy constraint and declines by increasing the magnetic

parameter. Chu et al. (2022b) analyzed the Maxwell MHD NF

flow over a prolonged cylinder using nonlinear heat emission. An

incompressible and 2D flow of viscoelastic NF over an extended

cylinder was considered by Al-Mubaddel et al. (2022). Dey et al.

(2021) investigated boundary layer viscous fluid flow via a

stretchable cylinder with varying heat flux and molecular

diffusion. They observed that due to the stretching of the

cylinder, dual solutions are discovered, and an unusual

increase in heat near the cylinder’s surface. Energy

consumption has grown exponentially over the world,

demanding more efficient energy use because the demand

exceeds the supply. Within a thermal system, a significant

quantity of temperature is generated, needing efficient and

rapid heat transfer employing high-performance thermal

management systems. Some new efforts have been

documented by many academics on fluid flow across different

configurations (Chu et al., 2021; Zhao et al., 2021; Benhacine

et al., 2022; Kumar and Sahu, 2022; Lim et al., 2022).

Many modern technological applications that previously

required ordinary fluids (water, engine oil, ethylene glycol,

and propylene glycol) have been replaced with nanofluids,

which are the composition of the base fluid with nano-sized

particles (Alsallami et al., 2022; Bhatti et al., 2022a; Rafiei

et al., 2022). Nanofluids have garnered a huge interest in

research and development in the last decade, especially in the

fields of heat assignment improvement techniques and

renewable and sustainable energy systems. Solar collectors,

hydrodynamics, hydropower rotors, thermodynamics, ocean

power plants, wind turbines, and geothermal heat exchangers

are just a few of the applications for nanofluids (Ma et al.,

2021). A new mechanism of thermal expansion within

nanofluids has recently been introduced. The process

involves mixing two or more different nanoparticles in the

primary fluid. These nanofluids are referred to as hybrid

nanofluids, and they have a higher heat transfer efficiency

due to their improved thermo-physical properties.

Propagation of the HNF flow and heat and mass transport

play essential roles in biotechnology, crude oils, nuclear

sectors, paper manufacturing, suspended and colloidal

solutions, polyethylene solution, geophysics, unusual

lubricants, and chemical plants, which are only some of the

uses in the industry (Kumar et al., 2022). The fluid flow of a

blood-based HNF with variable viscosity and CNTs via a

stretching sheet was discovered by Chu et al. (2022a). The

inclusion of CNTs proved to be more successful, according to

their findings. Shruthy and Mahanthesh (2019) discussed the

thermal Bénard convection analytically in HNF and Casson

fluid. It has been discovered in their finding that using a

hybrid nanofluid to postpone convection can improve the rate

of heat allocation. A two-dimensional time-dependent

radiative Casson fluid flow across a porous stretched

superficial is examined by Zhou et al. (2021). They

discovered that as the Casson component and magnetic

field rise, the friction drags increase, whereas the Nusselt

number drops with increasing Eckert number. Syam Sundar

et al. (2015) measured the heat exchange ratio and friction

coefficient for CNT- Fe3O4/water HNF flow through a

cylinder under constant heat flux. Soran et al. Lung et al.

(2021) evaluated the efficacy of carboxylic-synthesized CNTs

modified with Fe and Mn metal to remove two pesticides from

an aqueous medium. Their findings demonstrate that the

CNT-COOH/MnO2/Fe3O4 NPs are a viable adsorbent for

the removal of pesticides from wastewater. The NPs’ shape

characterization and the heat transfer characteristics of an
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Au–Fe3O4–blood HNF flowing across a stretching surface

over a magnetohydrodynamic medium were presented by

Ullah et al. (2019). The thermal conductivity of blade-

shaped Au and Fe3O4 nanoparticles is found to be superior

to platelet, needle, cylinder, brick, and sphere shapes. To

create blood-based HNF, Mohamed et al. (2021)

quantitatively studied CoFe2O4 and Fe3O4 ferroparticles

embedded in Casson fluid, which resembles human blood.

According to their findings, when magnetic effects were

present, the CNT-based Casson NF flow offered 46% more

heat than blood-based NF. Many scholars have recently

studied hybrid nanofluid flow comprised of CNTs and iron

oxide nanoparticles (Alharbi et al., 2022; Bhatti et al., 2022b;

Elattar et al., 2022; Khashi’ie et al., 2022; Nazeer et al., 2022;

Ullah et al., 2022).

Bioconvection has a huge involvement in manufacturing

and medicine (Areekara et al., 2021; Khan et al., 2021).

Elayarani et al. (2021) described the adaptive neuro-fuzzy

inferential simulations for the unsteady 2D bio-convective

flow of Carreau NF containing gyrotactic microbes over an

elongating sheet with magnetism and multiple slip

conditions. Hosseinzadeh et al. (2020) explored cross-fluid

flow on a horizontal and 3D cylinder with gyrotactic

microbes and NPs while accounting for viscous dissipation

and magnetic field. Muhammad et al. (2021) evaluated the

flow of magnetized viscoelastic Carreau NF carrying

microbes through a sliding wedge with slip effects and

thermal radiation parameters. Waqas et al. Muhammad

et al. (2022) considered the features of the Jeffrey

nanofluid flow over a sheet and the effects of activation

energy and motile microorganisms. It was observed that

the bioconvection Rayleigh number and resistance ratio

parameter play an essential role in the Jeffery nanofluid’s

falling flow. Ahmad et al. (2022) investigated the novel

properties of hybrid nanofluids such as NiZnFe2O4 and

MnZnFe2O4. Recently, gyrotactic microorganism fluid flow

and the comprising nanoparticles have been reported by

Alhowaity et al. (2022b), Ashraf et al. (2022), and Habib

et al. (2022).

The current research focuses on the amazing evaluation of

CNTs and iron oxide-based HNF flow with magnetic dipole and

triple stratification over an extending cylinder. Viscous

dissipation, heat radiation, generalized Fick’s law, and partial

slide are also taken into account. The proposed study is

significant because it examines the chemically reactive CNTs

+ Fe3O4/water Casson hybrid nanofluid with magnetic dipole

and stratification effects created by an elongating cylinder. To the

best of our experience, no previous research has looked into these

impacts. The MATLAB function PCM and bvp4c have been used

to estimate the numerical simulation of the current analysis.

Graphs depict the effects of various parameters, while tables show

the statistical valuation of skin friction, Nusselt number, and

microorganisms .

Mathematical formulation

Over an extending cylinder, we addressed a 2D laminar

and radiative Casson HNF flow in the presence of slip and

microbe effects. The CNTs and iron oxide are described as

NPs in the Casson fluid. The magnetic effect B0 is executed in

the r-direction. The temperature, concentration, and

microorganism are symbolized as Tw, Cw, and Nw,

respectively. Under the aforementioned description, the

leading equations are expressed as (Ahmad et al., 2021)

z(ru)
zx

+ z(rv)
zr

� 0, (1)

v
zu

zx
+ v

zu

zr
� μhnf
ρhnf

(1 + 1
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)(z2u

zr2
+ 1
r

zu

zr
) + μ0

ρhnf
M

zH
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u
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√ u2, (2)

FIGURE 1
Fluid flow over a stretching cylinder.
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Here, (u, v) determine the velocity factors in the x and r

direction, respectively, while μhnf is the dynamic viscosity,

αhnf is the thermal diffusivity, (DB)hnf is the mass diffusivity,

ρhnf is the density, (Dm)hnf is the microorganism diffusivity, λc is

the concentration relaxation time, and w1 is the slip factor.

Additionally, μ0TzM/zT denotes the ferromagnetic force.

The boundary conditions are expressed as (Ahmad et al., 2021)

u � Uw + ]hnfw1(1 + 1
β
) zu

zr
, v � 0, C � C0 + bx

l
,

T � T0 + bx

l
,N0 + bx

l
� N at r � R, u → 0, C → C∞

� C0 + ex

l
, T → T∞ � T0 + cx

l
,N0 + a1x

l

� N → N∞ when r → ∞ . (6)

In the aforementioned equation, l specifies the magnetic strength.

]hnf shows the kinematic viscosity of the hybrid nanofluid, while

a, b, c, d, and a1 are the constant number.

The magnetic dipole is specified as

Ω � xl

2π(x2 + (r + c)2), (7)

zH

zx
� −zΩ

zx
� x2 − (r + c)2
2π(x2 + (r + c)2), (8a)

zH

zr
� −zΩ

zx
� 2x(r + c)
2π(x2 + (r + c)2)2. (8b)

The absolute magnetic field is

H �

���������������
(zH
zx

)2

+ (zH
zr

)2

√√
, (9a)

where,

zH

zx
� 2x

2π(r + c)4, (9b)

and

zH

zr
� 1
2π

( −2
(r + c)3 +

4x

(r + c)5). (10)

The magnetic field became more intense, and a linear link between

magnetic and temperature variation was formed as follows :

M � Kp(T − T∞). (11)

Similarity transformation

The similarity variables are (Ahmad et al., 2021)

u � Uwf′(η), v � −R
r

�����
]fU0

l

√
f(η), θ(η) � T − T∞

Tw − T0
,

g(η) � C − C∞
Cw − C0

, h(η) � N −N∞
Nw −N0

, η � r2 − R2

2R

���
Uw

vfl

√
. (12)

By applying the aforementioned similarity transformation, Eq. 1

is identically satisfied while Eqs 2–5 take the form as

⎛⎜⎜⎜⎜⎜⎜⎜⎝(1 + 1
β)

A1A2

⎞⎟⎟⎟⎟⎟⎟⎟⎠((1 + 2αη)f‴ + 2αf″) + ff″ − Fr(f′)2
− 2Mθ(η + γ1)4A2

� 0, (13)

(khnf
kf

+ 4
3
Rd)((1 + 2αη)θ″ + 2θ′α) + Pr(fθ′ − S1f′ − 2f′θ

+ Ec(1 + 1
β
)f″2) − 2λM(θ − ϵ)f(γ1 + η)3 − 2λf′2

� 0, (14)
A1

Sc
((1 + 2αη)g″ + 2αg′) + fg′ − 2Crgf′ − S2f′ − γc(f2g″ + ff′g′) � 0,

(15)
A1((1 + 2αη)hh″ + 2αh′) + Lb(fh′ − S3f′ − 2f′h) − Pe(g′h′ + (h + δ)((1 + 2αη)g″ + 2αg′)) � 0.

(16)

The reduced boundary conditions are

f(0) � 0, f′(0) � 1 + (1 + 1
β
) s

A1
f″(0), θ(0) � 1 − S1,

g(0) � 1 − S2, h(0)
� 1 − S3, f′(∞) → 0, θ(∞) → 0, h(∞) → 0, g(∞) → 0. (17)

Here, S3 is the microorganism stratification, α is the curvature

term, δ the bio-convection constant, β is the Casson fluid

constraints, S1 is the thermal stratification, M is the

ferromagnetic term, S2 is the concentration stratification, Ec is

the Eckert number, s is the velocity slip, Rd is the radiation

constant, Pe is the Peclet number, ϵ is the free stream parameter,

Lb is the Lewis number, Pr is the Prandtl number, Sc is the

Schmidt number, γc is the concentration relaxation constraints,

Cr is the chemical reaction term, and λ is the viscous dissipation

parameter.

These physical terms are expressed as (Ahmad et al., 2021)

s � w1(U0vf
l

), Lb � ]f
Dm

, Pr � ]f
αf

, S1 � c

b
, Pe � bWc

Dm
,
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S2 � e

d
, Sc � υf

Db
, α �

���
l]f
U0

√
, S3 � a1

a
,M � ρfγ1μ0K

p(T0 − Tw)
2πμf

, Ec

� U2
0

cp(Tw − T∞), γ1 �

�������
ρfU0b

2

μf
,

√√
δ � N∞

Nw −N∞
, λ � μ2fU2

ρfk(T0 − Tw).

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
(18)

The physical interest quantities derived from the present

study are

Nnx � xqn
Dm(nw − n∞), Shx �

xqm
DB(Cw − C∞), Nux

� xqw
kf(Tw − T∞), Cf � 2τw

ρfu
2
w

. (19)

The non-dimensional forms of the physical quantities are

NnxRex
−1
2 � −h′(0), ShxRex −1

2 � −g′(0), NuxRex
−1
2

� −khnf
kf

θ′(0), CfRex
1
2 � − 1

A1
(1 + 1

β
)f″(0). (20)

Numerical solution

Many researchers have used different numerical,

computational, and numerical procedures to solve nonlinear

systems of PDEs (Jin et al., 2022; Rashid et al., 2022a; Rashid

et al., 2022b; Wang et al., 2022; Zhao et al., 2022). Here, the

problem is handled through the PCM methodology, which is

operated as follows (Berezowski, 2010; Shuaib et al., 2020; Jin

et al., 2022; Rashid et al., 2022a; Rashid et al., 2022b; Sun et al.,

2022; Wang et al., 2022; Zhao et al., 2022):

Step 1: Reducing Eqs 13–16 to first order

ζ1 � f(η), ζ2 � f′(η), ζ3 � f″(η), ζ4 � θ(η), ζ5 � θ′(η), ζ6
� g(η), ζ7 � g′(η), ζ8 � h(η)ζ9 � h′(η).}

(21)
By putting Eqs 21 in Eqs 13–17, we get

⎛⎜⎜⎜⎜⎜⎜⎜⎝(1 + 1
β)

A1A2

⎞⎟⎟⎟⎟⎟⎟⎟⎠(1 + 2αη)ζ3′ +⎛⎜⎜⎜⎜⎜⎜⎜⎝2α
⎛⎜⎜⎜⎜⎜⎜⎜⎝(1 + 1

β)
A1A2

⎞⎟⎟⎟⎟⎟⎟⎟⎠ + ζ1
⎞⎟⎟⎟⎟⎟⎟⎟⎠ζ3 − Fr(ζ2)2 − 2Mζ4(η + γ1)4A2

� 0,

(22)

(khnf
kf

+ 4
3
Rd)(1 + 2αη)ζ5′ + (2α(khnf

kf
+ 4
3
Rd) + Prζ1)ζ5

+ Pr
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝−2ζ2ζ4 − S1ζ2

+Ec(1 + 1
β
)ζ23 ⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ − 2λM(ζ4 − ϵ)ζ1(γ1 + η)3 − 2λζ22

� 0, (23)

(A1

Sc
(1 + 2αη) − γcζ

2
1)ζ7′ + (A1

Sc
2α + f − γcζ1ζ2)ζ7−

2Crζ6ζ2 − S2ζ2 � 0, (24)
A1(1 + 2αη)ζ9′ + (A12α + Lbζ1 − Peζ7)ζ9 − Lb(2ζ2ζ8 − S3ζ2) − Pe((ζ8 + δ)((1 + 2αη)

ζ7
′ + 2αζ7

)) � 0, (25)

with the corresponding boundary conditions.

ζ1(0) � 0, ζ2(0) � 1 + (1 + 1
β
) s

A1
ζ3(0), ζ4(0) � 1 − S1,

ζ6(0) � 1 − S2, ζ8(0)
� 1

− S3, ζ2(∞) → 0, ζ4(∞) → 0, ζ6(∞) → 0, ζ8(∞) → 0.

(26)

Step 2: Familiarizing parameter p in Eqs 22–26:

⎛⎜⎜⎜⎜⎜⎜⎜⎝(1 + 1
β)

A1A2

⎞⎟⎟⎟⎟⎟⎟⎟⎠(1 + 2αη)ζ3′ +⎛⎜⎜⎜⎜⎜⎜⎜⎝2α
⎛⎜⎜⎜⎜⎜⎜⎜⎝(1 + 1

β)
A1A2

⎞⎟⎟⎟⎟⎟⎟⎟⎠ + ζ1
⎞⎟⎟⎟⎟⎟⎟⎟⎠((ζ3 − 1)p

+ 1) − Fr(ζ2)2 − 2Mζ4(η + γ1)4A2

� 0,

(27)
(khnf

kf
+ 4
3
Rd)(1 + 2αη)ζ5′ + (2α(khnf

kf
+ 4
3
Rd) + Prζ1)

((ζ5 − 1)p + 1) + Pr
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝−2ζ2ζ4 − S1ζ2

+Ec(1 + 1
β
)ζ23 ⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

− 2λM(ζ4 − ϵ)ζ1(γ1 + η)3 − 2λζ22 � 0,

(28)

(A1

Sc
(1 + 2αη) − γcζ

2
1)ζ7′ + (A1

Sc
2α + f − γcζ1ζ2)((ζ7 − 1)p + 1)

− 2Crζ6ζ2 − S2ζ2

� 0,

(29)
A1(1 + 2αη)ζ9′ + (A12α + Lbζ1 − Peζ7)((ζ9 − 1)p + 1)

− Lb(2ζ2ζ8 − S3ζ2) − Pe((ζ8 + δ)((1 + 2αη)ζ7′ + 2αζ7))
� 0. (30)

Step 3: Applying the Cauchy Principal and discretizing Eqs

27–30.

After discretization, the obtained set of equations is

computed through Matlab code of PCM.
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Results and discussion

For hybrid NF consisting of CNTS and magnetic ferrite NPs,

the discussion section examines the comportment of velocity,

energy, and motile microbe profile against the change of

numerous physical restrictions. The comparative Figures 2–5

and Tables 2–4 exhibit their outcomes.

Figure 1 illustrates the physical mechanism of fluid flow over

a stretching cylinder. Figures 2A–E exemplify the variations in

the velocity profile for the curvature parameter α, ferromagnetic

parameter M, fluid parameter β, volume fraction ϕ1, and slip

parameter S, respectively. The results indicate that the velocity

field shows a reducing trend for the enhanced values of the

curvature constraint. It is observed in the result that as the

curvature factor is increased, the radius of the cylinder

shrinks which produces minimal resistance to fluid flow,

and therefore, the fluid velocity increases. The decreasing

behavior of the velocity profile for the variation of

ferromagnetic parameter M can be seen in Figure 2B. The

reason for this decline is that when the ferromagnetic

FIGURE 2
Effects of curvature parameter α, ferromagnetic parameterM, fluid parameter β, volume fraction ϕ1 , and slip parameter Son velocity profile f′(η).
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parameter increases, a stronger resistive force arises known

as Lorentz force which decreases the fluid velocity. The

velocity profile displays a declining behavior for the rising

values of the Casson fluid factor, as shown in Figure 2C. The

reason behind this decline is that as the Casson parameter

increases, the fluid acts like a Newtonian fluid which reduces

the velocity field. Figure 2D shows the upshot of ϕ1 on f′(η).
Higher valuation of ϕ1 diminishes the velocity f′(η) field. By
expanding the volume percentage, the transit, adhesive force,

and excitation energy across CNTs and Fe3O4 NF reduce,

resulting in a drop in the velocity field. Figure 2E shows the

upshot of the velocity slip constraint S on the fluid velocity.

The graph indicates the decrease in the fluid velocity due to

growing values of S. It is due to velocity difference between

near the surface and away from the cylinder.

The influence of α, β,M, ϕ1, Rd, and S1 on the energy profile

is shown in Figures 3A–F. The impact of the curvature on the

energy outlines θ(η) is seen in Figure 3A. The heat transfer

improves as the values of α improve, as seen in the figures.

Physically, as the curvature term upsurges, the radius of the

cylinder expands, due to which the maximum number of NPs are

attached to the surface of the cylinder, which transmits more

heat, so the temperature field improves. Figure 3B shows

influence of β (Casson fluid) on the energy contour θ(η). The

FIGURE 3
Effects of curvature parameter α, fluid parameter β, ferromagnetic M, volume fraction ϕ1 , thermal radiation Rd, and thermal stratification S1 on
energy profile θ(η).
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temperature distribution improves with improved β values, as

shown in the figure. It is shown that the Casson term is in an

inverse relation to the yield stress. The influence of the

magnetic coefficient M and ϕ1 on the energy dispersal is

seen in Figures 3C,D. Improvement in the fluid

temperature corresponded to rises in the magnetic effect M

and solid volume fraction parameter ϕ1, as seen in the figures.

A resistive pressure is created when the magnetic field is

improved, which raises the temperature of the fluid. In

Figure 3E, the effect of the radiation term Rd on the fluid’s

temperature field is investigated. As the radiation number

upsurges, the fluid temperature rises. When the radiation term

is increased, the fluid absorbs more heat, causing the fluid

temperature to rise. The impact of thermal stratification

parameter S1 is shown in Figure 3F. It is to be noted that

the energy profile decreases for larger values of S1.

The effects ϕ1, α, Sc, γc, and S2 on concentration profile g(η)
are shown in Figures 4A–E. Figure 4A shows the influence of the

FIGURE 4
Effects of volume fraction ϕ1, curvature parameter α, Schmidt number Sc, the concentration relaxation parameter γc, and concentration
stratification parameter S2 on concentration profile g(η).
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volume fraction indicator ϕ1 for both CNTs and iron ferrite NF

on the mass profile. Because the fluid average viscosity becomes

dense as the quantity of iron oxide NPs and CNTs increases, the

mass transfer rate slows. As a result, as credit ϕ1 grows, the

concentration profile decreases. Figure 4B shows that the

curvature parameter α is a decreasing function of mass

transfer g(η). The mass transmission rate reduces with

increases in α. Figure 4C indicates the influence of the

concentration profile. By increasing the values of Sc, the

FIGURE 5
Effects of volume fraction ϕ1, curvature parameter α, bio-convection Lewis number Lb, Peclet number Pe, and themicroorganism stratification
parameter S3, on microorganism profile h(η).

TABLE 1 Experimental values of water, CNTs, and Fe3O4 nanoparticles
(Gul et al., 2020).

ρ (kg/m3) Cp (j/kgK) k (W/mK)

Pure water 997.1 4,179 0.613

SWCNTs 2,600 425 6,600

MWCNTs 1,600 796 300

Fe3O4 5, 200 670 6
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concentration profile decreases. Because increasing the value of

Sc lowers the mass permeability, the mass rate falls. Figure 4D

depicts the variance in the concentration profile sketch as a

function of various estimations of the concentration relaxation. It

is stated that a higher mass relaxation factor approximation

lowers the concentration profile. The effect of the

TABLE 2 Thermo-physical relations of hybrid nanofluids (Gul et al., 2020).

Properties

Viscosity μhnf/μbf � 1/(1 − ϕFe3O4
− ϕCNT)2

Density ρhnf
ρbf

� ϕFe3O4
(ρFe3O4

/ρbf) + ϕCNT(ρCNT/ρbf) + (1 − ϕFe3O4
− ϕCNT)

Thermal capacity (ρCp)hnf/(ρCp)bf � ϕFe3O4
((ρCp)Fe3O4

/(ρCp)bf) + ϕCNT((ρCp)CNT/(ρCp)bf) + (1 − ϕFe3O4
− ϕCNT)

Thermal conductivity khnf
kbf

� [(ϕFe3O4
kFe3O4 + ϕCNTkCNT/ϕFe3O4

+ ϕFe2O4
) + 2kbf + 2(ϕFe3O4

kFe3O4 + ϕCNTkCNT) − 2(ϕFe3O4
+ ϕCNT)kbf/(ϕFe3O4

kFe3O4 +
ϕCNTkCNT/ϕFe3O4

+ ϕCNT) +2kbf − 2(kFe3O4ϕFe3O4
+ kCNTϕCNT) + (ϕFe3O4

+ ϕCNT)2kbf]
Electrical conductivity σhnf

σbf
� [(ϕFe3O4

σFe3O4 + σCNTϕCNT/ϕFe2O4
+ ϕFe3O4

) + 2σbf + 2(ϕFe3O4
σFe3O4 + ϕCNTσCNT) − 2(ϕFe3O4

+ ϕCNT)σbf/(ϕFe3O4
σFe3O4 +

ϕCNTσCNT/ϕFe2O4
+ ϕCNT) +2σbf − (ϕFe3O4

σFe3O4 + ϕCNTσCNT) + (ϕFe3O4
+ ϕCNT)σbf]

TABLE 3 Numerical outcomes of CfRe
1/2
x , ShxRe

−1/2
x , NuxRe

−1/2
x , and NnxRe

−1/2
x when β → ∞.

M α ϕ1 CfRe1/2x ShxRe−1/2x NuxRe−1/2x NnxRe−1/2x

0 0.1 0.01 0.948817 1.474229 1.392515 2.613915

0.2 0.1 1.019293 1.472838 1.374741 2.609771

0.5 0.1 1.114171 1.471116 1.350623 2.604243

1.0 0.1 1.251316 1.468902 1.315447 2.596366

0.0 0.951866 1.345417 1.360632 2.589183

0.2 1.017015 1.500974 1.406222 2.634011

0.5 1.108962 1.579961 1.474076 2.698487

0.7 1.251286 1.701900 1.583912 2.799354

0.01 0.916480 1.456307 1.312150 2.604988

0.02 0.922977 1.460090 1.328514 2.606844

0.03 0.984888 1.473504 1.383434 2.611791

0.04 1.134798 1.487764 1.453457 2.619460

TABLE 4 Statistical outcomes of microorganism transmission rate −h9(0).

Lb Pe α δ −h9(0)

SWCNTs MWCNTs

0.5 0.5 0.1 0.1 1.6591 1.6606

0.6 1.7422 1.7439

0.7 1.8210 1.7227

0.5 0.1 1.3693 1.3707

0.2 1.5329 1.5345

0.3 1.6987 1.7003

0.5 0.2 2.0662 2.0679

0.3 2.0962 2.0978

0.4 0.2 2.1262 2.1278

0.3 2.0996 2.1014

0.4 2.1631 2.1649

0.5 2.2267 2.2285
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concentration stratification coefficient on the concentration

distribution is shown by Figure 4E. The augmentation of the

concentration stratification factor results in a diminution in the

sketch and the related boundary layer thickness.

Figures 5A,B show the consequences of ϕ1 and α on the

microbial density sketch. The microorganism frequency and

corresponding boundary layer thickness show an increasing

tendency for larger values of ϕ1 and α, as shown in Figures

5A,B. Figures 5C–E show that the effect of Lb, Pe, and S3 on h(η)
declines the motile microorganism profile. Physically, Lb is in an

inverse relation with the mass diffusion and an increase in Lb

results in the reduction of h(η). Additionally, it is observed that

rising values of Pe destabilize the gyrotactic microbes’ profile and

a higher Pe enhances the progress of NF flow.

Tables 1, 2 revealed the experimental values of base fluid and

nanoparticles and the mathematical model used for the proposed

model. Table 3 shows the statistical assessments of skin friction

CfRe1/2x , mass transfer ShxRe−1/2x , heat transfer rate NuxRe−1/2x ,

and motile microorganism transmission rate NnxRe−1/2x . Table 4

shows the comparative analysis between SWCNTs and

MWCNTs for the microorganism transfer rate.

Conclusion

We have studied the energy and mass transfer across an

expanding cylinder in a water-based Darcy–Forchheimer hybrid

nanofluid flow. The influence of a magnetic field, viscous

dissipation, heat source, thermal radiation, concentration

stratification, and chemical reaction on fluid flow has been

investigated. The phenomena are treated as a nonlinear system of

PDEs.Using similarity substitution, themodeled equations are further

solved through a computational approach PCM. The key findings are:

• The addition of carbon nanotubes (CNTs) and

nanocrystals to the base fluid boosts heat and mass

conduction remarkably.

• The velocity outlines f′(η) significantly lower with the

variation of the curvature factor, ferromagnetic effect,

Casson fluid constraints, volume fraction, and slip parameter.

• The heat transport rate θ(η) increases with the rising values of
curvature parameter, Casson fluid parameter, magnetic effect,

and solid nanoparticles volume fraction, while declining with

the effect of the thermal stratification parameter

• The mass transfer rate g(η) declines with growing credit of
nanoparticles, Schmidt number Sc, and concentration

relaxation constraint, while enhances with the effect of

the curvature term.

• The motile microorganism propagation rate boosts with

variations in ϕ1 and α, while reduces with the effect of Lb,

Pe, and S3.
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Nomenclature

u, v Velocity components

α Curvature parameter

 Curie temperature

M Magnetization

k Thermal conductivity [Wm−1K−1]
Dm Microorganism diffusivity

Ω Magnetic scalar potential

τxy Shear stress

β Casson fluid parameter

Tw Temperature at the surface

λ Viscous dissipation parameter

η Scaled boundary-layer coordinate

Uw Stretching velocity

K* Pyromagnetic co-efficient

Wc Microbe floating speed

DB Brownian motion

S2 Concentration stratification

Cf Surface drag force

αf Modified thermal diffusivity

Pe Bioconvection Peclet number

x, r Coordinate

Tw Temperature at wall

δ Bioconvection constant

H Magnetic field

Cp Specific heat

qw Surface heat flux

μ0 Magnetic permeability

w1 Slip factor

μ Dynamic viscosity

T∞ Ambient temperature [K]
ϕ1 Volume fraction of nanoparticles

θ Dimensionless temperature

S1 Thermal stratification

Pr Prandtl number

Rex Rayleigh number

S3 Microorganism stratification

s Velocity slip parameter

λc Concentration relaxation time

(ρCp) Specific heat capacity

Nux Nusselt number
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Entropy generation
investigation of MHD Ag– and
Au–H2O nanofluid above an
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surface with thermal radiation
and stagnation point flow
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The current study presents an entropy generation investigation of

magnetohydrodynamic Ag- and Au-H2O nanofluid flows induced by an

exponential stretchable sheet implanted in porous media accompanying

suction/injection and heat radiation impact. Moreover, the stagnation point

flow and silver and gold nanoparticles are considered. The consequences

of ohmic heating and thermal radiation are also included as part of the

heat transport examination. A physical process is transformed into a set of

mathematical expressions using mathematical concepts, which can then be

further simplified by using the necessary variables. Considering numerous

physiological factors of interest, exact solutions for velocity and temperature

profiles are calculated. Graphs and numerical tables are utilized to examine

how different physical entities affect the distribution of velocity, temperature,

and entropy. It is noted that enhancing the values of Ω reduces entropy

inception. It is observed that the entropy inception field gains due to an

increment in Ecrt.

KEYWORDS

thermal radiation, entropy inception, ohmic heat, magnetic field, stagnation point flow

1 Introduction

Entropy is defined as a gauge of disorder inside a system and its surroundings
or a measure of progress toward thermodynamic equilibrium under the scope of
thermodynamics. Working with a thermodynamics process, an entropy generation
investigation is essential since entropy calculates the effectiveness of every engineered
thermofluidmechanism.The second law of thermodynamics determines the randomness
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of any system. According to current research, the second law of
thermodynamics is a significant tool for calculating the entropy
of any system. Entropy inception has considerable fascinating
application in the engineering and chemical industry such as
extrusion procedures, lubrication phenomena, and schemes of
geothermal energy, thermal mechanisms, heat management,
and power production (Abbasi et al., 2021). Bejan (1979) was
the first to introduce the concept of entropy production inside
the flowing fluid and heat exchange mechanism. Later on,
many researchers discussed entropy generation inside fluid
and heat transport frameworks. Abbasi et al. (2021) studied the
significant entropy inception with ohmic heating and thermal
radiation effects of a viscoelastic nanofluid on a lubricated disk.
Entropy production inside the MHD flow between porous
media was discussed by Rashidi and Freidoonimehr (2014).
Hayat et al. (2021) described the entropy in Newtonian
nanofluid flow provoked by a curved stretchable sheet.
Entropy inception within a Casson nanoliquid by a stretched
surface soaked in porous media considering many impacts
was investigated by Mahato et al. (2022). Wang et al. (2022)
studied the Darcy–Forchheimer nanofluid for irreversibility
inception. The entropy production in the Darcy–Forchheimer
fluid in the presence of ohmic heat was scrutinized by
Khan et al. (2022). Tayebi et al. (2021) examined the entropy
and thermo-economics inside a convective nanofluid with the
MHD effect. Afridi et al. (2018) analyzed the consequences of
frictional and ohmic heating to find the entropy inception
inside the used problem. Sithole et al. (2018) investigated the
irreversibility of MHD nanofluid flow provoked by a stretchable
surface for viscous dissipation influence. The impact of entropy
inception inside the nanofluid with several effects is addressed in
Noghrehabadi et al. (2013); Bhatti et al. (2017); and Abd El-Aziz
and Afify (2019).

Despite the fact that a variety of approaches are used to
promote heat transport, low thermal quality is a significant
barrier in development of energy-efficient heat transfer
fluids, which are in high need for a variety of industrial
applications. The thermal capabilities of energy-carrying
liquids are accountable for boosting the exchange of heat in
a system. As a result, insufficient thermal conductivity is a
disadvantage of conventional fluids, such as glycol, oil, water,
and ethylene, in promoting the properties and efficiency of
various engineered electronic devices. Integrating a fraction
of nanometal particles within ordinary fluids is a novel way to
improve the thermal conductivity of traditional liquids, which
are known as nanofluids. The first time a nanofluid was used
by adding nano-sized metallic particles into a conventional
fluid was in 1995 by Choi (1995). Such kinds of nanofluids
significantly enhance heat transport properties. After that, many
scientists investigated the heat exchange rate of a nanofluid
with several impacts. Prasannakumara (2021) analyzed the
MHD Maxwell nanofluid provoked by a stretched surface

by applying a numerical method. The influence of thermal
radiation on the Casson nanofluid by shrinking/stretching
walls was observed by Mahabaleshwara et al. (2022). The
consequence of dissipation and radiation entities on an MHD
bioconvective nanoliquid due to a stretching sheet was discussed
by Neethu et al. (2022). B Awati et al. (2021) used the Haar
wavelet method to study nanofluid flow with a nonlinear
stretchable surface along with mass and energy transport. The
impact of nanofluid flow provoked by a stretching sheet along
with hydromagnetics is scrutinized by Manzoor et al. (2022).
The impact of emerging entities on a nanofluid is presented
in Oztop and Abu-Nada (2008); Khan and Pop (2010);
Hamad (2011); Yacob et al. (2011); Noghrehabadi et al. (2012);
Rohni et al. (2012).

Motivated by the aforementioned studies and interesting
applications, entropy inception is calculated inside the
magnetohydrodynamic nanofluid flow by incorporating
Ag and Au nanoparticles on an exponentially stretchable
surface with stagnation point flow, porous wall, and ohmic
heating. Furthermore, the Bejan number and energy transport
investigation are carried out along with thermal heating. The
closed form solutions are acquired by utilizing hypergeometric
functions to visualize the impact of numerous emerging
parameters on the velocity field, temperature field, local skin
friction, Nusselt number, and the chaos due to different effects
in the used problem. Additionally, numerical tables and graphs
are displayed.

2 Problem statement

A two-dimensional, laminar, incompressible, steady flow of
an Ag/Au-water MHD nanofluid provoked by an exponentially
stretchable surface immersed in porous media with different
body forces has been carried out. The impact of ohmic heating
and thermal radiation is also considered part of the heat transfer
study. The extending sheet is placed along the x-axis in the flow
path, whereas the y-axis is assumed normal to the sheet. Figure 1
shows that the fluid is in the y ≥ 0 space. Considering a velocity
of u = uree

x/Lc , the surface is pulled throughout the x dimension.
In addition, the magnetic field (B0) is introduced toward the
flowing fluid in a normal direction. The basic equations that
regulate the used fluid flow are as shown as follows (Rashidi and
Freidoonimehr, 2014):

∂u
∂x
+ ∂v
∂y
= 0, (1)

u∂u
∂x
+ v∂v

∂y
=
μsf
ρsf

∂2u
∂y2
+ usp

∂usp
∂x
−
σsfB(x)2

ρsf
(u− usp)

−
μsf
ρsfk
(u− usp) , (2)
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FIGURE 1
Pictorial view of the model.

in which B(x) =magnetic entity; u,v denote the velocity portions
in the x and y directions, respectively, ρsf = density; μsf is the
dynamic viscosity; the thermal diffusivity is expressed by αsf ; the
specific heat capacitance is = (ρcp)sf ; and νsf is the kinematic
viscosity of the nanofluid. The thermal conductivity can be
expressed as follows (Rashid et al., 2017):

(ρcp)sf = +ϕ(ρcp)sf + ((ρcp)hf .1− (ρcp)hfϕ) ,

αsf =
ksf
(ρcp)sf
, μsf =

μhf
(1−ϕ)2.5

,

ρsf = ϕ(ρsf) + (1ρhf − ρhfϕ) , νsf =
μsf
ρsf
,

σsf
σhf
=
(3

σsf
σhf

ϕ− 3ϕ)

(ϕ−
σsf
σhf

ϕ)+(
σsf
σhf
+ 2)
+ 1,

ksf =
(khfksf + 2k

2
hf) − 2(k

2
hfϕ− ksfkhfϕ)

(ksf + 2khf) + (kfϕ− ksfϕ)
,

}}}}}}}}}}}}}}}}}}}}}}}
}}}}}}}}}}}}}}}}}}}}}}}
}

. (3)

In Eq. 5, ksf =thermal conductivity; σsf =electrical conductivity;
(ρcp)hf and ρhf are the effective heat capacity and density,
respectively; and ϕ is the nanoparticle volume ratio of
the nanofluid. khf =thermal conductivity and σhf =electrical
conductivity of the host fluid. The appropriate boundary criteria
of the aforementioned model are as follows (Bilal et al., 2017):

u = uree
x/Lc , v = vwmt at y = 0,

u→ usp = ureex/Lc as y→∞.
} . (4)

The accompanying similarity variables have been established
to non-dimensionalize the basic equations and boundary

FIGURE 2
Outcome of ϕ(S < 0) on f′(η).

FIGURE 3
Outcome of ϕ(S < 0) on f′(η).

conditions (Bilal et al., 2017):

η = y(
urf

2νhfLc
)
1/2

ex/2Lc ,

v = −(
urfνhf
2Lc
)
1/2

ex/2Lc (f+ ηf′) ,

u = ureex/Lcf′.

}}}}}
}}}}}
}

. (5)
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FIGURE 4
Outcome of ϕ on θ(η).

FIGURE 5
Outcome of Ecrt on θ(η).

Expression Eq. 5 reduces Eq. 2 into a dimensionless form
and is given as

f′′′ + χ1χ2 ff′′ + 2χ1χ2A
2
vr − 2χ1χ2 f

′2 − χ1Megn f
′+

(KprAvr −Kprf
′) = 0, (6)

FIGURE 6
Outcome of Megn on θ(η).

FIGURE 7
Outcome of Megn on −f

′′(0).

and the boundary conditions are

f (η) = S, f′ (η) = 1, at η = 0,

f′ (η) →
usp
ure
= Avr as η→∞.

}
}
}
. (7)

Frontiers in Energy Research 04 frontiersin.org

172

https://doi.org/10.3389/fenrg.2022.1009044
https://www.frontiersin.org/journals/energy-research
https://www.frontiersin.org/journals/energy-research#articles


Rashid et al. 10.3389/fenrg.2022.1009044

FIGURE 8
Outcome of suction/injection on −f′′(0).

FIGURE 9
Outcome of Ecrt on −θ′(0).

In Eqs. 6, 7,

χ2 = (1−ϕ+ϕ
ρsf
ρhf
), S = −( 2Lc

ureνhf
)
1/2

e−x/2Lvw,

Megn =
2urfσB2

0
ρ ,

χ1 = (1−ϕ)
2.5, Kpr =

urek0
Lcνhf
, usp

the stagnation− point flow velocity,
ure the reference velocity,

}}}}}}}}}}}}
}}}}}}}}}}}}
}

(8)

FIGURE 10
Outcome of Kpr on −θ′(0).

FIGURE 11
Outcome of Brkmn on EG.

where Kpr is the permeability parameter and Megn = the
Hartmann number. The closed form solution of such a kind of
equation was introduced by Chakrabarti and Gupta, (1979):

f (η) = λ1 + λ2e−Ψη. (9)

By solving Eqs. 7, 8,

f (η) = (1− e
−Ψη

Ψ
)+ S. (10)
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FIGURE 12
Outcome of Rey on EG.

FIGURE 13
Outcome of Ω on EG.

To obtain Ψ, λ1, and λ1, substitute Eq. 9 in Eq. 6:

Ψ = 1
2
χ1χ2S+

1
2
√χ21χ

2
2S2 − 8A

2
vrχ1χ2 − 4Avrχ1Megn+ξ, (11)

λ1 =
1

1
2
χ1χ2S+

1
2
√χ21χ

2
2S2 − 8A

2
vrχ1χ2 − 4Avrχ1Megn+ξ

+ S, (12)

FIGURE 14
Outcome of Megn on EG.

FIGURE 15
Outcome of Ecrt on Be.

λ2 = −
1

1
2
χ1χ2S+

1
2
√χ21χ

2
2S2 − 8A

2
vrχ1χ2 − 4Avrχ1Megn+ξ

,

(13)

ξ = −4Avr4Kpr + 8χ1χ2 + 4χ1Megn + 4Kpr, (14)
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FIGURE 16
Outcome of ϕ on Be.

FIGURE 17
Outcome of Ω on Be.

where Ψ, λ1, and λ1areconstantswithΨ > 0. After substituting
Eqs. 11–13 in Eq. 9, the solution of the velocity filed is found as

f (η) = ( 1
1
2
χ1χ2S+

1
2
√χ21χ

2
2S2 − 8A

2
vrχ1χ2 − 4Avrχ1Megn+ξ

)

(1− e
1
2
χ1χ2S+

1
2
√χ21χ

2
2S2−8A

2
vrχ1χ2−4Avrχ1Megn+ξη)+ S,

}}}}}}
}}}}}}
}

.

(15)

The skin friction at the sheet is calculated as follows:

Cf =
τw
ρu2w
=

f′′ (0)

Re1/2x χ1
, Re−1/2x χ1Cf = f′′ (0) . (16)

Here, the Reynolds number is shown by Rex =
xuw
ν
, and the stress

over the wall = τw = μn f(
∂u
∂y
)
y=0

.

3 Heat transfer analysis

Heat transport analysis is carried out in this portion.
Additionally, ohmic heating and thermal radiation are
considered, which are presented by the following governing
equation:

u∂T
∂x
+ v∂T

∂y
= αsf

∂2T
∂y2
+
σsfB(x)

2

(ρCp)sf
u2 − 1
(ρCp)sf

∂qrad
∂y
, (17)

where

qrad = −
σ∗

3k∗
∂T4

∂y
. (18)

Here, σ∗ is the Stefan–Boltzmann constant, k∗ expresses themass
absorption coefficient, and the specific heat = (Cp)sf . Expression
Eq. 16 takes the following form after substituting Eq. 17 in it
(Rashid et al., 2017):

u∂T
∂x
+ v∂T

∂y
= αnf

∂2T
∂y2
+ 1
3(ρCp)nf

16σ∗T3
∞

k∗
∂2T
∂y2
+
σnfB(x)2

(ρCp)nf
u2.

(19)

The suitable boundary conditions are

T = Tw = T∞ +Tree
x/Lc at y = 0,

T→ T∞ as y→∞,
} (20)

where Tw is the temperature of the sheet, the characteristic
length = Lc, Tre is the reference temperature, and T∞ is the free
stream temperature. The temperature field similarity variable is
specified as follows (Rashid et al., 2017):

θ (η) =
T−T∞

Tw −T∞
. (21)

The energy equation takes the following dimensionless form
by utilizing Eqs. 5, 20:

κθ′′ − 2Prf′θ+ Prfθ′ +
PrMegn

χ4
Ecrtf′′2 = 0, (22)

where

κ = (
χ3
χ4
)(1+ 4

3Ntrχ3
), Ecrt =

u2

(Tw −T∞)Cp
, Pr =

νhf
αhf
,

Ntr =
K∗Khf

4σ∗T3
∞
,

χ3 =
(ksf + 2khf) − (khf2ϕ− ksf2ϕ)

(ksf + 2khf) + (khf2ϕ− ksf2ϕ)
,

χ4 = (ϕ
(ρCp)sf
(ρCp)hf
−ϕ+ 1). (23)
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FIGURE 18
(A–C) Flow pattern of Ag− water for Kpr = 1, Megn = 1, Avr = 0.8, and S = 0.2.

FIGURE 19
(A–C) Flow pattern of Au− water for Kpr = 1, Megn = 1, Avr = 0.8, and S = 0.2.

Here, Pr is the Prandtl number, Ntr is the radiation parameter,
and Ecrt is the Eckert number. The boundary conditions are

θ (η) = 1 at η = 0,
θ (η) → 0 as η→∞.

} . (24)

Now, using Eq. 9 in Eq. 21,

κθ′′ − 2Pre−Ψηθ+ Pr(S+ 1
Ψ
(1− e

−Ψη

Ψ
))θ′ +

PrMegn

χ4
Ecrt(e−Ψη)

2 = 0. (25)

introduces the following new variable to convert Eq. 24 into
Kummer’s ordinary differential equation:

β = −Pre
−Ψη

κΨ2 . (26)

Applying the new variable, Eq. 24 becomes as expressed below:

β ∂
2θ

∂β2
+ (Q− β) ∂θ

∂β
+ 2θ = −

PrMegn

χ4
Ecrt(e−Ψη)

2, (27)

where Q = (1−H), and H = Pr
κΨ
( 1
Ψ
+ S).

The boundary conditions are

θ (β) = 1, θ (0) = 0. (28)

The closed form solution of Eq. 26 in the form of Kummer’s
function (Abramowitz and Stegun, 1972) is

θ (β) = (
M(−2+ Pr

κΨ
(S+ 1

Ψ
),1+ Pr

κΨ
(S+ 1

Ψ
),β)β

Pr
κΨ (S+

1
Ψ )

M(−2+ Pr
κΨ
(S+ 1

Ψ
),1+ Pr

κΨ
(S+ 1

Ψ
),− Pr

κΨ2
)2(− Pr

κΨ2
)

Pr
κΨ (S+

1
Ψ )
)

×( 1
(−2+ Pr

κΨ
(S+ 1

Ψ
))κΨ2χ4

)

+( PrκΨ (S+
1
Ψ )

2
+ (−β− 3) PrκΨ (S+

1
Ψ ) + β

2 − 2)

×(−MegnEcrt κΨ
2
2ξ− 1+ Pr

κΨ
(S+ 1

Ψ
)

2χ4Pr
+

MegnEcrt κΨ
2

2χ4Pr(−2+
Pr
κΨ
(S+ 1

Ψ
))
),

}}}}}}}}}}}}}}}}}}}}}}}}
}}}}}}}}}}}}}}}}}}}}}}}}
}

, (29)

whereM is the confluent hypergeometric function (1st kind).The
following is the solution to the energy equation:
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TABLE 1 Thermophysical characteristics of water, Ag, and Au (Mahalakshmi and Vennila, 2020).

Ρ(kgm−3) Cp(Jkg−1k−1) K(Wm−1.K−1)

Host fluid Water 1,000.52 4,181.8 0.597
Nanoparticle Silver (Ag) 10,500 235 429

Gold (Au) 19,320 128 318

TABLE 2 Variation of ϕ, Avr,Megn, andMegn on −f′′(0).

ϕ Avr Megn S Kpr = 1 2 3 4

0 0.5 2 0.3 1.657481343 1.815082580 1.959005252 2.092292460
0.12 1.984443250 2.121805427 2.249833214 2.370204875
0.19 2.035210788 2.170034896 2.296000878 2.414654530
0.13 0.1 2.333480582 2.538101852 2.725959990 2.900603636

0.3 2.204829536 2.375274746 2.533104229 2.680763159
0.4 2.112178384 2.265835379 2.408649271 2.542635502
0.2 1 2.345951098 2.527749136 2.696145995 2.853729822

2 2.47583093 2.647856384 2.808400806 2.959495757
3 2.598579716 2.762258380 2.915956678 3.061304242

TABLE 3 Numerical values of −θ′(0) for Ecrt = 1, Pr = 6.2, and Ntr = 1.5.

Silver (Ag)

ϕ Avr Megn S Kpr 1 2 3 4

0 0.3 1 1 2.821624541 2.815382505 2.808359278 2.800973518
0.12 2.396432529 2.386817656 2.377578170 2.368727743
0.19 2.165174717 2.155072352 2.145507700 2.136449386

Gold (Au)

ϕ A Megn S Kpr 1 2 3 4

0 0.3 1 1 2.821624541 2.815382505 2.808359278 2.800973518
0.12 2.344189203 2.335774423 2.327801131 2.320228978
0.19 2.096289269 2.088535032 2.081209005 2.074267988

θ (η) = (
e
−Ψ Pr

κΨ (S+
1
Ψ )PηM(−2+ Pr

κΨ
(S+ 1

Ψ
),1+ Pr

κΨ
(S+ 1

Ψ
),− Pr

κΨ2
e−Ψη)

2M(−2+ Pr
κΨ
(S+ 1

Ψ
),1+ Pr

κΨ
(S+ 1

Ψ
),− Pr

κΨ2
)

)

×( 1
(κΨ2χ4)(−2+

Pr
κΨ
(S+ 1

Ψ
))
)

+( Pr
κΨ (S+

1
Ψ )

2
+(− Pr

κΨ2
e−Ψη − 3) Pr

κΨ (S+
1
Ψ ) +(

Pr
κΨ2

e−Ψη)
2
− 4 Pr

κΨ2
e−Ψη + 2)

×(
MegnEcrt κΨ

2

2χ4Pr(−2+
Pr
κΨ
(S+ 1

Ψ
))
−MegnEcrt κΨ

2
2ξ− 1+ Pr

κΨ
(S+ 1

Ψ
)

2χ4Pr
).

}}}}}}}}}}}}}}}}}}}}}}}
}}}}}}}}}}}}}}}}}}}}}}}
}

.

(30)

θη (0) =
Pr2(S+ 1

Ψ2
)
2
λ3(2χ4Pr Ψ(S+

1
Ψ
)− 4χ4Ψ

2κ−MegnEcrt Pr)

2κ2aχ4Ψ
2 (−2+ P)

+(
Pr(S+ 1

Ψ
)(λ4 − λ3)(2χ4Pr Ψ(S+

1
Ψ
)− 4χ4Ψ

2κ−MegnEcrt Pr)

κ2λ3χ4Ψ
)

−( 1
2aχ4Ψκ

(−(λ5 − λ4)(−1+
PrS
κΨ +

Pr
κΨ2
)Ψ+ (λ4 − λ3)))(−2ξ+

PrS
κΨ +

Pr
κΨ2
)Ψ

×(2χ4Pr Ψ(S+
1
Ψ ) − 4χ4Ψ

2κ−MegnPr Ecrt)

+(
( −2Pr

κ2Ψ
(S+ 1

Ψ
)+ 4Pr

κ
)EcMegnΨ

2κ

χ4Pr(−2+
Pr
κΨ
(S+ 1

Ψ
))

+
Ecrt MegnΨ

2

χ4
),

}}}}}}}}}}}}}}}}}}}}}}}}}}}
}}}}}}}}}}}}}}}}}}}}}}}}}}}
}

,

(31)

where

λ3 =M(
Pr
κΨ
(S+ 1

Ψ
)− 2, Pr

κΨ
(S+ 1

Ψ
)+ 1,− Pr

Ψ2κ
),

λ4 =M(
Pr
κΨ
(S+ 1

Ψ
)− 1, Pr

κΨ
(S+ 1

Ψ
)+ 1,− Pr

Ψ2κ
),

λ5 =M(
Pr
κΨ
(S+ 1

Ψ
), Pr

κΨ
(S+ 1

Ψ
)+ 1,− Pr

Ψ2κ
),

Ψ = 1
2
χ1χ2S+

1
2
√χ21χ

2
2S2 − 8A

2
vrχ1χ2 − 4Avrχ1Megn+ξ.

As a result, the non-dimensional wall temperature was
generated by the aforementioned equation. The local Nusselt
number is as follows:

Nu =

−ksfx(
∂T
∂y
)
y=0

khf (ΔT)
= −

ksf
khf

Re1/2x θ′ (0) =
khf
ksf

NuxRe
−1/2
x

= −θ′ (0) . (32)
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4 Second law analysis

The interchange of momentum, temperature, and magnetic
effects inside the fluid and at the surfaces generates a continual
entropy accumulation, resulting in a non-equilibrium condition.
The following formula can be used to compute the volumetric
entropy inception factor (SGen):

SGen =
ksf
T2
∞
(1+ 16T

3σ∗

3k∗
)(∂T

∂y
)
2
+
μsfu

2

T∞k
+
σ∗B2

0u
2

T∞
. (33)

The impact of three independent mechanisms generating
entropy production is reflected in Eq. 33.The first term of Eq. 33
shows the entropy inception provoked by heat transport along
with a thermal impact, which is expressed by (EHT), the second
term represents the entropy inception because of a magnetic
impact (EMGN), and the entropy inception due to porous (EPM) is
described by the third term. Entropy is ameasure of disordered in
a system and its surroundings. The amount of non-dimensional
entropy production EG =

SGen
Sgen

is

EG =χ3Re(1+Ntr)θ′(η)2 +BrkmnKprf
′(η)2 +Brkmn

Megn

Ω
f′(η)2, (34)

where

Sgen =
khf

T2
∞(

ΔT
x
)
2 , Brkmn =

μsfurex
2

ΔTksf
, Ω =

T∞

ΔT
, and

Megn =
σB2

02ure
μhf
, (35)

where Ω is the ratio of free stream temperature to the change in
temperature. Bejan (1979) proposed an additional parameter, the
Bejan number (Be), to find out the irreversibility field.The Bejan
number (Be) is the ratio of heat exchange irreversibility to the
total amount of irreversibility inside the process, expressed as

Be =
EHT

EHT +EMGN +EPM
. (36)

5 Results and discussion

The influence of several emerging factors on the velocity,
temperature, and entropy inception fields has been demonstrated
in the current phase to examine the impact of these parameters.
Furthermore, under the effect of suction/injection parameter
(S), permeability parameter Kpr , and magnetic parameter Megn,
Ecrt ,ϕ,Brkmn,Ω, and Rey, local skin friction, stream line, local
Nusselt number, and Bejan (Be) number are presented. In this
scenario, Figures 2–18 are plotted and Tables 1, 2, 3 are shown.
Figures 2, 3 show the trend of the velocity field as the magnitude

of ϕ is varied. It is to be noted that the velocity field is accelerated
due to an increment in themagnitude of the nanoparticle volume
friction in the case of Ag− and Au− water with S > 0 depicted
in Figure 2. Physically, inter-molecular forces are increased in
the presence of nanoparticles, which leads to a reduction in
the velocity distribution. In the case of both Ag− and Au−
water nanofluids with S < 0, the velocity distribution decreases
due to an increase in ϕ as shown in Figure 3. The variation
of nanoparticle friction on the temperature field is shown in
Figure 4. An increment is observed in temperature distribution
while gaining the magnitude of ϕ. Physically, the friction factor
is enhanced with the existence of nanoparticles due to friction,
and the overall internal temperature is accelerated in both Ag−
and Au− water.

Figure 5 depicts the influence of Ecrt on the temperature
profile. As heat energy is produced in Ag− and Au− water
nanofluids caused by friction heat, the temperature field is being
augmented with an increasing value of Ecrt . The impression of
Megn on the temperature field is shown in Figure 6. It is pointed
out that the temperature distribution increases with a gain in
Megn. In fact, the Lorentz effect has a considerable influence on
Megn. A greater Lorentz force is associated with elevated Megn,
whereas a smaller Lorentz strength is linked with lower Megn.
The larger Lorentz force creates more energy in both Ag− and
Au− water, resulting in an increase in temperature change. The
consequences of Megn on −f′′(0) are plotted in Figure 7. It is
perceived that an augmentation in the magnetic entity escalates
skin friction at the wall in both Ag− and Au− water. Moreover,
Ag− water has a higher rate of skin friction than the Au− water
nanofluid. Figure 8 shows the reaction of the wall mass transport
entity on −f′′(0).Themagnitude of −f′′(0) is stated to be reduced
due to the decreasing amount of thewallmass transport entity (S)
for bothAg− andAu−water. Additionally,Ag−water has a higher
rate of skin friction than the Au− water nanofluid. The effects of
Ecrt andKpr are shown in Figures 9, 10.The heat transport rate is
seen to decrease with the magnitude of Ecrt and Kpr for bothAg−
and Au− water nanofluids. It is also noted that the heat exchange
rate rapidly decreases in the occurrence of Au−water than in the
Ag− water in Figures 9, 10. Physically, the magnitude of −θ′(0)
decreases as the value of the permeability parameter decelerates.
Physically, the existence of a porous structure restricts nanofluid
flow, slowing fluid velocity and decreasing the heat transport rate
at the wall.

Figures 11, 17 plot the influence of different parameters on
the entropy inception EG and Bejan Be number to visualize
the system’s chaos. Figure 11 portrays the result of the Brkmn
number. It is expressed that entropy inception is decreased with
an increase in Brkmn. Additionally, more chaos is reported in the
case of silver–water in the system than the gold–water nanofluid.
Similar trends are shown in Figures 12, 14 for Rey and Megn,
respectively The opposite behavior is observed in Figure 13 for
Ω. InFigures 15, 17, the variation ofEcrt ,ϕ, andΩ is investigated.
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It is perceived that Be is increased while increasing the value
of Ecrt , ϕ, and Ω. Physically, the Bejan Be number is, indeed, a
non-dimensional quantity that shows the proportion of overall
entropy creation that is generated by thermal dissipation. As a
result, the Bejan number is a description of the entropy created
by heat transmission and resistance to flow rather than a heat
transport parameter.

Table 1 lists the thermophysical characteristics of H2O, Ag,
and Au. Tables 2, 3 are constructed for numerical values of
−f′′(0) and −θ′(0), respectively. Figures 18A–C, Figures 19A–C
are plotted to provide insight into the flow pattern in the case of
Ag− and Au− water (Figure 16).

6 Conclusion

The study presents an entropy inception investigation
of magnetohydrodynamic Ag– and Au–H2O nanofluid flows
induced by an exponential stretching surface embedded in a
porousmediumwith suction/injection and thermal conductivity.
The investigation’s principal conclusions have been summarized
as follows:

• In both Ag– and Au–H2O, the solid volume percentage
has an accelerating effect on the velocity profile with
suction/injection parameters.

• In both Ag– and Au–H2O, the Ecrt and Megn have an
increasing impact on the temperature profile.

• It is perceived that an augmentation in the magnetic entity
escalates skin friction at the wall in bothAg− andAu−water.
Moreover, Ag− water has a higher rate of skin friction than
the Au− water nanofluid.

• The heat transport rate is a decreasing function of Ecrt and
Kpr for both Ag− and Au− water nanofluids.

• It is also noted that the heat exchange rate rapidly decreases
in the occurrence of Au− water than in Ag− water.

• The entropy inception is an increasing function of Brkmn,
Rey, andMegn in both Ag− and Au− water.

• More chaos is observed in the case ofAg−water in the system
than in the Au− water nanofluid.
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Because of its multivariate particle suspension approach, the developing class

of fluid has a better level of stability as well as increased heat transfer. In this

regard, hybrid nanofluid outperforms ordinary fluid and even well-known

nanofluid. In a slick environment, we investigate its fluidity and heat transfer

qualities. Nano-leveled particle morphologies, porousness materials, variable

thermal conductivity, slippage velocity, and thermal radiative effects are all

being studied. The Galerkin finite element method is a numerical methodology

for numerically solving the governing equations (G-FEM). For this analysis, a

Powell-Eyring hybrid nanofluid (PEHNF) flowing via a permeable stretchable

surface is used, which comprises two types of nanoparticles (NP), copper (Cu),

and titanium alloy (Ti6Al4V) dispersed in sodium alginate (C6H9NaO7). The heat

transfer ratio of PEHNF (Ti6Al4V-Cu/C6H9NaO7) remained much greater than

that of conventional nanofluids (Cu-C6H9NaO7), with a range of 43%–54%.

When lamina particles are present, the thermal conductivity of the boundary

layer increases dramatically, while spherical nanoparticles have the lowest

thermal conductivity. As nanoparticles are added under their fractional sizes,

radiative heat conductance, and flexible heat conductance, the system’s

entropy increases. The flow system’s ability to transport mass decreases

when molecule diffusivity decreases dramatically. This is theoretically related

to a rise in Schmidt number against molecular diffusivity.
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Introduction

Different simulations, including the regulator rule scheme,

Carreau’s scheme, Cross’ scheme, and Ellis’s scheme, are offered

to shed light on the behavior of HNFs, however, few researchers

have investigated the Williamson liquid scheme (WLS).

Williamson (1929) thought about the flow of hybrid

nanofluids (HNFs) such as (pseudo-plastic liquids), proposed

an equation system to represent the flow of HNFs, and then

empirically verified the results. In an advanced gravitational

investigation, researchers proposed that an echoing level of a

WLS should movement concluded an inspired superficial. A real

fluid has both the lowest and highest operational viscosities that

relate to its molecular structure. The WLS measures together the

lowest and highest thicknesses. During the attendance of

revolution, Said et al. (Said et al., 2021) planned a 3D-class of

HNF to additional upsurge the heat transfer (HT) rate completed

by widening slip. Mandal et al. (Mandal et al., 2022) exploited an

artificial neural network to form investigational statistics. Saha

et al. (Saha et al., 2022) described an investigation of HT and

rheological possessions of HNFs for refrigeration presentations.

Survey studies by Al-Chlaihawi et al. (Al-Chlaihawi et al., 2022),

Kursus et al. (Kursus et al., 2022), Xiong et al. (Xiong et al., 2021),

and Muneeshwaran et al. (Muneeshwaran et al., 2021)

respectively, can be located in this direction, while Dubey

et al. (Dubey and Sharma, 2022) offered a short survey in

HNF on mechanics revisions. Syed and Jamshed (Hussain and

Jamshed, 2021) considered the movement of MHD tangent HNF

via a strained slip’s boundary layer. In accumulation, the

demonstration of the extended HT of tangent hyperbolic

fluids crossways a nonlinearly fluctuating slide containing

HNFs was tested by Qureshi (Qureshi, 2022), Jamshed et al.

(Jamshed et al., 2021a), and Parvin et al. (Parvin et al., 2021).

Puneeth et al. (Shankaralingappa et al., 2021) measured 3D-

assorted convection movement of HNFs of a non-linear widening

surface using a modified Buongiorno’s nanofluids model

(MBNM). Rana et al. (Rana et al., 2021) presented a study of

HNF movement past a perpendicular platter with nanoparticle

aggregation kinematics, the current slide, and important buoyancy

force possessions utilizing MBNM. Mahanthesh et al.

(Mahanthesh et al., 2021) estimated the HT optimization of

HNFs with the help of MBNM. Owhaib and Al-Kouz (Owhaib

and Al-Kouz, 2022) and Owhaib et al. (Owhaib et al., 2021)

employed the concept of MBNM in 3D systems of movement

and HT of bi-directional overextended HNF film showing an

exponential heat generation. Hussain et al. (Hussain et al., 2022a)

characterized a biochemical response and current of HNFs flow-

through solar gatherer as potential solar energy applying the idea

of MBNM. Roşca et al. (Roşca et al., 2021) engaged the movement

and HT of a stretching/shrinking slip by the virtue of MBNM.

Akram et al. (Akram et al., 2022) analyzed the electroosmotic

movement of silver-water HNF controlled by using two altered

methods for NF including the MBNM. Areekara et al. (Areekara

et al., 2022) suggested a study on NFmovement with asymmetrical

heat foundation and representative boundary conditions with the

application by MBNM.

Nanofluids own the characteristics of the non-Newtonian

fluid, together with the viscoelastic properties. Extended

experimental work research is required to develop nanofluid

viscosity models for use in simulation studies (Wang and

Mujumdar, 2008; Bilgili et al., 2021). Therefore, the Powell-

Eyring fluid is considered in the current model, together with

the significance of non-Newtonian fluid properties. This type of

fluid is proposed by Powell and Eyring (Hayat and Nadeem,

2018) in 1944. Moreover, Powell-Eyring fluid is one type of visco-

elastic fluid. Eyring–Powell fluid model implements a higher-

level complicated mathematical framework, but it is found to be

the greater model over previous viscoelastic fluid models. This

model is founded on the kinetic theories of liquids, not on

empirical expressions. In addition, Eyring–Powell fluid model

has Newtonian properties at low and great shear stress. Examples

of Powell-Eyring fluids are polymer melts and solids suspended

in non-Newtonian liquids. The significant implementations of

Powell-Eyring fluid have been observed in engineering,

manufacturing, and industrial areas such as polymers, pulp,

plasma, and other biological technology. However, several

researchers have investigated the properties of non-Newtonian

Powell-Eyring nanofluid (Hayat et al., 2015; Malik et al., 2015;

Hayat et al., 2017). Aziz and Afy (El-Aziz and Afify, 2019) chose

the shooting technique, together with the Buongiorno nanofluid

model to obtain the Casson nanofluid’s numerical solution over a

stretching sheet. At the initial stages of flow (primary and

secondary flow), they concluded that the Hall parameter

upsurges in the convective rate of heat and mass transfer,

together with the drag coefficient. Moreover, the nanoparticle

volume concentration parameter increases for increasing velocity

slip values. Consequently, the Sherwood number is reduced.

Subsequently, the influences on the magnet field and Soret-

Dufour have been reportedly on non-rotational Newton’s

Oldroyd-B nanofluid stream bounded by the stretched sheet

(Ali et al., 2021). This model is also being restricted under the

modification of Fourier’s law. For the step of numerical findings,

the Galerkin-Finite element system was developed.

Porous media models (PMMs), frequently referred to as

porous materials, have pores (vacuums). The thin part of the

material is referred to as the “matrix” or “frame.” Typically, a

fluid is injected into the pores (fluid or fume). Though the

material that makes up the frame is regularly hard, structures
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like foams might profit from the idea of PMM. To apply solar

heat, Jamshed et al. (Jamshed et al., 2021b) employed PMM in

solar aircraft combining tangent HNFs. Using the PMM in HNFs,

Shahzad et al. (Shahzad et al., 2021) developed a comparative

mathematical study of HT. Numerical conduct of a 2D-Magneto

double-diffusive convection flow of HNF over PMMwas provided

by Parvin et al. (Parvin et al., 2021). Faisal et al. (Shahzad et al.,

2022a) reported that using HNFs rather than PMM increased the

thermal efficacy of solar water pumps. Banerjee and Paul (Banerjee

and Paul, 2021) examined the most recent research and

advancements concerning PMM combustion applications. For

pebble-bed devices, Zou et al. (Zou et al., 2022) designed an

explicit system of stone heat in the PMM. PMM substantiation

using stress drip dimensions was suggested by Lee et al. (Lee et al.,

2022). On a constructed soaking soil pile model, Cui et al. (Cui

et al., 2021) investigated a numerical analysis of the solution for

longitudinal quivering of a fluctuating pile based on PMM. A

machine learning approach was taken by Alizadeh et al. (Alizadeh

et al., 2021) to calculate transference and thermodynamic

processes in metaphysical systems HT in HNFs movement in

PMM. A non-homogenous HNF was proposed by Rashed et al.

(Rashed et al., 2021) for 3D convective movement in enclosures

with assorted PMM (AdnanKhan et al., 2021; Adnan and Ashraf,

2022a; Khan et al., 2022a; Alharbi et al., 2022; Ashraf et al., 2022a;

Ashraf et al., 2022b; Adnan and Ashraf, 2022b; Khan et al., 2022b;

Khan et al., 2022c; Murtaza et al., 2022). presented the latest

updating that involves the traditional nanofluids with the features

of heat and mass transmission in a different physical situation.

The rate of HT through a component thickness of a material

per unit area per temperature variation is known as the variable

thermal conductivity (VTC) of that material. Alternatively said,

the VTC is inversely proportional to the temperature capacity.

Gbadeyan et al. (Olabode et al., 2021) studied the effect of VTC

and thickness on Casson NFmovement with convective warming

and velocity slide. Mabood et al. (Mabood et al., 2021) impacted

the Stefan blowing and mass convention on the movement of

HNF of VTC in a revolving disk. Abouelregal et al. (Abouelregal

et al., 2021) checked the thermo-viscoelastic fractional model of

revolving HNFs with VTC owing tomechanical and current loads.

Swain et al. (Swain et al., 2021) utilized the HT and stagnation-

pointmovement of influencedHNFs withVTC. Also, Ahmed et al.

(Ahmed et al., 2021) considered the HT of MHD movement of

HNFs via an exponential penetrable widening arched surface with

VTC. Mahdy et al. (Mahdy et al., 2021) employed the VTC and

hyperbolic two-temperature philosophy throughout the magneto-

photothermal model of semiconductors induced by laser pulses.

Hobiny and Ibrahim (Hobiny and Abbas, 2022) analyzed the

impacts of VTC in a semiconducting medium utilizing the finite

element technique. Ahmad et al. (Ahmad et al., 2022a) studied the

unsteady 3D-bio convective movement of HNFs by an

exponentially widening sheet with VTC and chemical reaction.

Din et al. (Din et al., 2022) assumed the entropy generation from

convective released moving exponential porous fins with VTC and

interior temperature compeers. For more details see Refs (Akgül

et al., 2022; Attia et al., 2022; Ahmad et al., 2022b; Bilal et al., 2022;

Qureshi et al., 2022; Safdar et al., 2022).

A statistical technique called quadratic regression estimation

(QRE) is considered to identify the parabola equation that finest fits

a given collection of data. Finding the equation of the conventional

line thatmost closely fits a collection of information is the goal of this

sort of regression, which is an extension of modest linear regression.

Jamei et al. (Jamei et al., 2022) estimated the thickness of HNFs for

current energy using the QRE. Nandi et al. (Nandi et al., 2022a;

Nandi et al., 2022b) suggested different investigations on HNFs

based on QRE. Bhattacharyya et al. (Bhattacharyya et al., 2022)

introduced a numerical and statistical method to capture the

movement characteristics of HNFs containing copper and

grapheme HNs utilizing QRE. Kumbhakar and Nandi

(Kumbhakar and Nandi, 2022) presented an unsteady MHD

radiative-dissipative movement of HNFs of a widening sheet with

slide and convective conditions employing QRE. Said et al. (Said

et al., 2022) considered the application of the original outline by

collaborative boosted QRE of HNFs. Chen et al. (Chen et al., 2022a;

Chen et al., 2022b) gave a long approximation of the physical

properties of HNFs.

By focusing on the flowing rapidity of a Powell-Eyring HNFs

as well as thermal transmission with changing heat and current

conductance flowing through a stretched permeable material, this

work intends to bridge a gap in the previous survey and fill a

knowledge gap. The flow of nanoliquid was geometrically modeled

using a single-phase nanoliquid. The foundation liquid in the

investigation of copper (Cu) and titanium alloy (Ti6Al4V) hybrid

nanoparticles is sodium alginate (C6H9NaO7). The regulatory

equations of the Powell-Eyring hybridization nanoliquid are

transformed into ordinary differential equations (ODEs). The

influences of porous parameters, thermal radiative fluxing, and

variable thermal conductance are considered in the examination.

Then, the effects of the slippage velocity and nanoparticle shape

factors are probed in flowing and entropy aspects. The obtained

ODEs are solved numerically using the Galerkin finite element

technique and the necessary prevailing parametric parameters.

Numerical results are shown graphically, and comments are built

upon. In-depth research has been done on the possessions of

particle morphologies, the convective slide boundary condition,

the thermal energy movement, and the slippery velocity.

Flow examination

Analysis of movement shows how a superficial moves

horizontally at an accelerating rate.

Uw(x, t) � ex

1 − Ωt
, (1)

where e is the preliminary increasing amount. Solitary slip heat is

Θw(x, t) � Θ∞ + e*x
1−Ωt and based on the suitability, pretend to be
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stable at x � 0, e*, Θw and Θ∞ let the current difference ratio,

surface heat, and free-streaming heat, consistently.

Under the following hypotheses and constraints, the

theoretical framework is selected:

1) Unsteady two-dimensional laminar flowing.

2) Boundary-layer guesstimate.

3) Modified Buongiorno’s structure.

4) Non-Newtonian PEHNFs.

5) Different effects i.e., porous medium, variable thermal

conductivity, radiative flowing, and nanomolecules shaped

influence.

6) Penetrable expanding surface.

7) Slip and convective boundary constraints.

The exact formulary of the stress tensor of fluid follows the

Powell-Eyring relationship is provided as (Aziz et al., 2021):

τij � μhnf(zui

zxj
) + 1

~ζ
sinh−1( 1

ϱ*
zui

zxj
). (2)

Here, μhnf is the mechanical viscosity of PEHNF, and ~ζ and

ϱ* are matter constants. The movement geometric is illuminated

in Figure 1.

Framed model

Classic formulas (Aziz et al., 2021) of a viscidness P-EHNF

beside with entropy assembly befittingly adapted underneath

normal boundary-layer approximations via a penetrable

substantial, porous medium, variable thermal conductivity,

and radiative flowing are

zv1
zx

+ zv2
zy

� 0, (3)

zv1
zt

+ v1
zv1
zx

+ v2
zv1
zy

� ⎛⎜⎜⎜⎝]hnf + 1

ρhnf
~ζϱ*

⎞⎟⎟⎟⎠ z2v1
zy2

− 1

2~βϱ*3ρhnf
(zv1
zy

)2
z2v1
zy2

− μhnf
ρhnfk

v1, (4)

zΘ

zt
+ v1

zΘ

zx
+ v2

zΘ

zy
� 1(ρCp)κhnf [ z

zy
(κhnf*(Θ) zΘ

zy
)]

− 1(ρCp)hnf [zqrzy
], (5)

v1
zC*
zx

+ v2
zC*
zy

� DB
z2C*
zy2

+ DT

T∞

z2Θ

zy2
− k1 (C* − C*

∞). (6)

the suitable boundary conditions are (Aziz et al., 2021):

v1(x, 0) � Uw +Nα(zv1
zy

), v2(x, 0) � Vα,−kα(zΘ
zy

)
� hα(Θw − Θ)C* � C*

w, (7)
v1 → 0,Θ → Θ∞, C* → C*

∞as y → ∞ . (8)

Where a flow speed is of the structure

v⃖ � [v1(x, y, t), v2(x, y, t), 0]. Time is denoted by t, Θ

signifies a fluid temperature. The penetrability of an

expanding plate is symbolized by Vα. Nα is the slip length.

The porousness of NF is characterized by k. The additional

parameters like thermal conductivity of nanosolid and heat

transmission factor are represented by k0 and hf, respectively.

The mongrelized nanoliquid is combined principally with Cu

nano molecules in machine grease standard liquid at a constant

fractional size (ϕCu) and it is put at 0.09 all about the study.

Ti6Al4V NP were put together into HNFs consuming

attentiveness scope (ϕTA).

The combination of nanomolecules in the basefluid runs to a

difference in the characteristics thermophysically. Table 1

summarises the relevant parameters for PENF (Reddy et al.,

2014; Din et al., 2022).

ϕ is the nanomolecules fractional volume factor. μf, ρf,

(Cp)f, σf and kf are dynamical viscidness, density, efficient

heat capacitance, and the electrical and thermal conductance of

the base fluid, correspondingly. The further attributes ρs, (Cp)s,

FIGURE 1
Flow model illustration.

TABLE 1 Thermo-physical properties of PENF.

Aspect Nanoliquid

Viscid (μ) μnf � μf(1 − ϕ)−2.5

Density (ρ) ρnf � (1 − ϕ)ρf − ϕρs

Heat capacity (ρCp) (ρCp)nf � (1 − ϕ)(ρCp)f + ϕ(ρCp)s
Thermal conductivity (κ) κnf

κf
� [(κs+(m−1)κf )−(m−1)ϕ(κf−κs )

(κs+(m−1)κf )+ϕ(κf−κs ) ]

Frontiers in Energy Research frontiersin.org04

Rahman et al. 10.3389/fenrg.2022.996556

184

https://www.frontiersin.org/journals/energy-research
https://www.frontiersin.org
https://doi.org/10.3389/fenrg.2022.996556


σf and ks are the density, active heat capacitance, and the

electrical and thermal conductance of nanomolecules,

correspondingly. The physical properties of PEHNF are

defined in Table 2 (Devi and Devi, 2016).

Herein, μhnf, ρhnf, ρ(Cp)hnf and κhnf indicates the

dynamic viscous, density, specific temperature capacitor,

and current conductivity of HNF. ϕ is a fractional size

factor and ϕhnf � ϕCu + ϕTA is the size parameter of solid-

nanoparticle combination. μf, ρf, (Cp)f and κf are dynamic

viscosity, density, specific heat capacity, and the thermal

conducting of the ordinary fluid. ρp1
, ρp2

, (Cp)p1
, (Cp)p2

, κp1

and κp2 are the density constancy, precise

heat competence, and current conducting of the solid-

nanoparticle.

Heat conditional of heat conducting for hybrid nanoliquid

blend is followed as (Jamshed et al., 2021c):

κhnf
* (Θ) � khnf[1 + γ(Θ − Θ∞)(Θw − Θ∞)−1] (9)

The significance of several nanomolecules shaped is

identified as the nanomolecules shaped influence. Figure 2

gives the values of the practical shaped component for

different element shapes are obtained as (Akgül et al., 2022):

Figure 3 demonstrates the themophysical values of the used

materials of HNF.

PEHNF radiative flow only travels a little space resulting in the

thickener of NF. Because this is happening, Rosseland’s guesstimate

for radiative fluxing (Shahzad et al., 2022b), is used in Eq. 5 and it is

given

qr � −4σ*
3k*

zΘ4

zy
, (10)

Where σ* is Stefan-Boltzmann amount and k* is the absorbing

factor.

TABLE 2 Thermophysical properties of PEHNF.

Aspect Hybrid nanoliquid

Viscid (μ) μhnf � μf(1 − ϕCu)−2.5(1 − ϕTA)−2.5

consistency (ρ) ρhnf � (1 − ϕTA){(1 − ϕCu)ρf + ϕCuρp1
}] + ϕTAρp2

Heat capacity (ρCp) (ρCp)hnf � [(1 − ϕTA){(1 − ϕCu)(ρCp)f + ϕCu(ρCp)p1}]
+ϕz(ρCp)p2

Thermal conductivity (κ) κhnf
κnf

� [(κp2+(m−1)κgf)−(m−1)ϕTA(κnf−κp2 )
(κp2+(m−1)κnf )+ϕTA(κnf−κp2 ) ],

κnf
κf

� [(κp1+(m−1)κf )−(m−1)ϕCu(κf−κp1 )
(κp1+(m−1)κf)+ϕCu(κf−κp1 ) ]

FIGURE 2
Standards of the practical shaped element for diverse particle shaped. The material possessions of the crucial sodium alginate (C6H9NaO7) and
the various NP exploited in this research are indicated in Figure 3 (Xu and Chen, 2017; Makinde et al., 2018; Jamshed et al., 2021d).

FIGURE 3
Substance effects of C6H9NaO7 and NPs at 293 K.
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Model solution

Boundary-value problem (BVP) formulas (3–6) are

converted in the definition of the similarity procedure that

converts the regulating PDEs to ODEs. Advancing streaming

function ψ as the next

v1 � zψ

zy
, v2 � −zψ

zx
. (10a)

and similarity transformations are

δ(x, y) � ���������
e

]f(1 − Ωt)
√

y,ψ(x, y) � �������
]fe

(1 − Ωt)
√

xf(δ), θ(δ)

� (Θ − Θ∞)(Θw − Θ∞)−1hδ(Θ − Θ∞)(Θw − Θ∞).
(11)

into Eqs. 3–6. We get

( 1
ϕx1

ϕx2

+ β1
ϕx1

)f‴ + ff″ − f′2 − ξ(f′ + δ

2
f″) − β1β2

ϕx2

f″2f‴

− Γf′
� 0,

(12)
θ″(1 + γθ + 1

ϕx4

PrNr) + γθ′2 + Pr

ϕx3

ϕx4

[fθ′ − f′θ − ξ(θ + δ

2
θ′)] � 0.

(13)

h″ + PrScfh
′ + Nt

Nb
θ″ − Sc 8h � 0. (14)

with

f(0) � S, f′(0) � 1 + εf″(0), θ′(0)
� −Bα(1 − θ(0))f′(δ) → 0, f″(δ) → 0, θ(δ) → 0, h (δ) → 0 as δ → ∞ . }

(15)

where ϕxi
′s; 1≤ i≤ 4 in Eqs. 12, 13 establishes the thermophysical

characteristics of the Powell-Eyring nanofluid.

ϕx1 � (1 − ϕCu)2.5(1 − ϕTA)2.5,ϕx2

� (1 − ϕTA){(1 − ϕCu) + ϕ1 ρp1/ρf} + ϕ
TA

ρp2
ρf

, (16)

ϕx3
� (1 − ϕTA)⎧⎪⎨⎪⎩(1 − ϕCu) + ϕCu

(ρCp)p1(ρCp)f
⎫⎪⎬⎪⎭ + ϕTA

(ρCp)p2(ρCp)f ,
(17)

ϕx4
� ⎡⎢⎣(κp2 + (m − 1)κnf) − (m − 1)ϕTiO2

(κnf − κp2)(κp2 + (m − 1)κnf) + ϕTiO2
(κnf − κp2) ⎤⎥⎦

⎡⎢⎣ (κp1 + (m − 1)κf) + ϕCu(κf − κp1)(κp1 + (m − 1)κf) − (m − 1)ϕCu(κf − κp1)⎤⎥⎦. (18)

Meticulous authentication is done on Eq. 3. Notation ′ is used
for the demonstration of derivatives concerning δ. The

parametric values were defined in Table 3.

It is noticed a variety of factors depend on the similarity

variable ″Ω″ and unsteadiness. Consequently, to acquire non-

similar solutions for the suggested problematic computational

results are processed for local similar considerations.

Drag force and nusselt quantity

The drag force Cf together with a Nusselt amount Nux are

the physical amounts of importance that dominate the light and

can be confirmed as (Aziz et al., 2021)

Cf � τw
ρfU

2
w

,Nux � xqw

kf(Θw − Θ∞) (19)

where τw and qw correspond to the heating flux revealed by

τw � ⎛⎝⎛⎝μhnf +
1
~ζϱ*

⎞⎠ zv1
zy

− 1

6~ζϱ*3
(zv1
zy

)3⎞⎠
y�0

, qw

� −khnf⎛⎜⎝1 + 16
3

σ*T3
∞

κ*]f(ρCp)f⎞⎟⎠(zΘ
zy

)
y�0

. (20)

Employing the dimensionless makeovers (11), one acquires

CfRex
1
2 � [( 1

ϕx1
ϕx2

+ β1)f″(0) − β1β2
3

(f″(0))3], NuxRe
−1
2

x

� −khnf
kf

(1 +Nr)θ′(0).
(21)

Where Nux signifies Nusselt quantity and Cf specify the skin

resistance. Rex � uwx
]f

signifies Rex � uwx
]f

signifies local Reynolds

amount based on uw(x).

Numerical implementation: Galerkin
finite element method

The relevant constraints of the present system were studied

numerically using the finite element technique. The finite

element approach is based on the partitioning of the desired

domain into elements (finite). The FES (finite element scheme) is

covered in this section. Figure 4 depicts the flow chart of the finite

element method. This method has been employed in numerous

computational fluid dynamics (CFD) problems; the assistances of

employing this methodology are discussed further below. II- A

Galerkin finite element manner (G-FEM) is utilized to determine

the solutions of highly elliptic equations (Brewster, 1992) (non-

linear). Using a finite element technique, the domain of the

current exemplary is broken into small parts. G-FEM is used in a

variety of applications, including electrical systems, solid

mechanics, chemical processes, and fluid-related challenges.

The phases of the G-FEM strategy are as next:

Phase-I. Weak form is derived from strong form (mentioned

ODEs), and residuals are computed.
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Phase -II. Shape functions are linearly taken, and G-FEM is

used to generate a weak form.

Phase -III. The assembly method is used to build stiffness

elements, and a global stiffness matrix is created.

Phase -IV. Using the Picard linearizing technique, an

algebraic structure (non-linear equalities) is produced.

Phase -V. Employing the next halting conditions, algebraic

equations are simulated using 10−5 (computational tolerance).∣∣∣∣∣∣∣δi+1 − δi
δi

∣∣∣∣∣∣∣< 10−5. (23)

Additionally, the Galerkin restricted constituent technique’s

watercourse summary is represented in Figure 4.

Code authentication

On the one hand, the validity of the computational technique

was tested by comparing the current method’s performance to

the available data on heat transfer rate in Refs. (Hussain et al.,

2022b; Bouslimi et al., 2022). Table 3 demonstrates the consistent

comparison found across the investigations. The current study’s

provided results, on the other hand, are quite accurate.

Irreversibility analysis (second law of
thermodynamics)

A crucial aspect that interests scientists and researchers is the

reduction of energy resource waste. Therefore, these necessary

outcomes for researchers are gained by enhancing the functionality

of earlier systems. Systems’ entropy creation is examined in order

to achieve energy irreversibility and reduce waste. Design is

prearranged about entropy generation in NFs (Hussain, 2022)

EG � khnf
Θ2

∞

⎧⎪⎨⎪⎩(zΘ
zy

)2

+ 16
3

σ*Θ3
∞

κ*]f(ρCp)f(zΘzy)
2⎫⎪⎬⎪⎭ + μhnf

Θ∞
(zv1
zy

)2

+μhnfv
2
1

kΘ∞
(21)

The irreversibility of thermal transport is represented by the

leading term in the preceding equation, while the frictional and

porous media effects are represented by the following terms. The

nondimensional entropy establishment is prearranged by NG

[(Jamshed and Nisar, 2021; Jamshed et al., 2022a)].

NG � Θ2
∞e2EG

kf(Θw − Θ∞)2. (22)

Eq. 11 is utilized to obtain a dimensionless equation

regarding entropy formation as follows,

NG � Re[ϕ4(1 +Nr)θ′2 + 1
ϕx1

Br

Λ
(f″2 + Γf′2)], (23)

Here, Reand Brindicate Reynolds and Brinkmann quantities.

Λ signs nondimensional current gradient.

Quadratic regression assessment of
frictional force and thermal gradients
of the surface

Quadratic regression analysis (QRA) is the statistical procedure

that was used to test the elements that influence the flow in the

TABLE 3 Explanation of the entrenched control constraints.

Symbol Name Formula Default value

β1 Non-Newtonian Powell-Eyring-I β1 � 1
μf

~ζϱ*
0.1

β2 Non-Newtonian Powell-Eyring-II β2 � U3
w

2ϱ*2 ]fx
0.1

Γ Porous media Γ � ]f(1−Ωt)
ek

0.1

Pr Prandtl number Pr � ]f
αf

6.5

ϕ Volume fraction - 0.18

m Shape factor - 3

S Suction/injection parameter S � −Vα

���
1

]f e

√
0.4

Nr Thermal radiation parameter Nr � 5.33 σ*Θ3∞
κ*]f(ρCp)f

0.3

Bα Biot number Bα � hα
kα

������
]f(1−Ωt)

e

√
0.2

Sc Schmidt number Sc � v
DB

0.3

Nb Brownian motion Nb � τDB(C*
w−C*∞)
]

0.1

Nt Thermophoresis parameter Nt � τDT(EEw−EE∞)
]EE∞

0.3

ε Velocity slip ε � ������
e

]f(1−Ωt)
√

Nα 0.3
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system one at a time. Technically, this process works with the single

key aspect and tends to explore its significance over the flow by

keeping the other constraints as constants. In this section, the

features of frictional force and Nusselt quantity are examined

under Quadratic regression analysis (QRA).

Regarding the frictional factor fx , after testing with

100 combinations of suction (S) and speed slippage constrain

(ε) between 0.2 and 1.1, it was noted that those constraints tend to

resist frictional factors.

QRA for the predicted Cfx owed to pressure influence S and

speed slippage ε variation is delivered by

Cfx(est) � Cfx + h1S + h1ε + h3S
2 + h4ε

2 + h5Sε, (24)

Likewise, towards the Quadratic regression assessment of

Nusselt quantity Nux, time-dependent variant ξ and radiative

variable Nr were tested under 100 consistent values were

presented as

Nux(est) � Nux + p1ξ + p1Nr + p3ξ
2 + p4(Nr)2 + p5ξNr, (25)

with h1, h2, h3, h4, h5 and are the factors of QRA to guide for the

reduced Cfx and Nux, congruently.

Tables 4, 5 illustrate correspondences between the frictional

factor (Cfx) and the Nusselt quantity (Nux) under significant
constraints for β1 = 0.1, β2, = 0.3, , ξ � 0.2, Γ = 0.1, ϕ = 0.18, ϕCu =

0.09, ε = 0.3, γ = 0.2,Nr = 0.3, Bα = 0.3, S = 0.1, m � 3, Pr = 6.5,

Re = 5 and Br = 5. The ideal relative error limits σ1 was deduced

by the relation σ1 � |Cfx(est) − Cfx|/Cfx, similarly, σ2 �
|Nux(est) −Nux|/Nux is employed for the relative error limits

σ2. It can be evident that for the factors S or Nr, both the

frictional factor (Cfx) and the Nusselt quantity (Nux) tends to
reduce the higher values of influencing factors. Variations in the

velocity slip clarify the dominance of speed slippage ε over the
suction factor S in the shear stress manipulations.

Because of the thermal outcome, the thermal slippage

constrain plays a vital role in the heat transference rate.

The reduced frictionless force mechanisms hold an upper

hand over the QRA technique with fast and better

convergence when the optimal regression estimate was

introduced to the process and the percentage difference

tends to be nearly zero.

Outcomes and review

Results of the numerical procedure adapted for the

parametrical studies were showcased and discussed in this

section. Influence constraints like β1, β2, ξ, Γ, ϕ, ε, Nr, Bα, S, γ,

Re and Br were worked over the crucial aspects of flow,

thermal, entropy, and concentration dispersion in the

system. Plots from 6(a)-11(b) for C6H9NaO7 traditional

PENF and Ti6Al4V-Cu/C6H9NaO7 PEHNF tend to visually

illustrate the outcomes and significant impact of such

parameters.

FIGURE 4
G-FEM flow diagram.

TABLE 4 Comparing of −θ9(0) with Pr when ξ � 0, ϕ � 0, ϕhnf � 0, γ � 0, ε � 0, Nr � 0, S � 0 and Bα → ∞.

Pr Bouslimi et al. (Hussain
et al., 2022b)

Hussain (Bouslimi et al.,
2022)

Present Results

72 × 10−2 0.80876181 0.80876181 0.80878120

1×100 1.00000000 1.00000000 1.00000000

3×100 1.92357420 1.92357420 1.92357114

7×100 3.07314651 3.07314651 3.07335681

10×100 3.72055429 3.72055429 3.72055845
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Impact of powell-eyring parameter (β2)
The illustration of the non-Newtonian Powell-Eyring fluid

term (β2) on the model profiles (flow velocity, temperature,

and entropy) against a rising stream term (β2) were depicted in

Figures 5A,B,C. The velocity profile (Figure 5A) is decreased as

the material term increases due to the material term shear

being induced by infinite fluid viscosity. As a result, yield stress

restricts the flow, resulting in a velocity decrement towards the

infinite fluid stream. The heat propagation in the Powell-

Eyring fluid heat propagation was boosted, as shown in

Figure 5B. This effect is caused by the support of the

stretching surface in overcoming the material yield stress

dominance. In addition, temperature-dependent control

fluid viscosity causes the temperature distribution to rise at

various levels. As the Powell-Eyring effect is augmented, the

molecular bond is disrupted, and the particles are allowed to

move freely. As a result, Powell-Eyring ‘s term has a minimal

rising effect Figure 5B. In Figure 5C, the entropy variation is

plotted versus the Powell-Eyring term. Under the increment of

β2, the curves show different patterns. It illustrates an

augmentation near the stretching wall, while a modest

reduction is detected at a distance from it. The reason for

this illustration is that when a large temperature gradient

occurs at the surface, more entropy is produced, causing

higher oscillations in nanoparticle mobility.

TABLE 5 Frictional factor (Cfx) and ideal relative error bound (σ1) for
various values of suction (S) and speed slippage constraint (ε).

S Cfx h1 h2 h3 h4 h5 σ1

0.5 -1.3257 -0.8022 1.6029 0.0250 -1.3232 0.9033 0.0196

1.5 -1.4202 -0.7394 1.7238 0.0421 -1.4197 0.7956 0.0185

2.5 -1.7149 -0.6527 1.9069 0.0829 -1.5819 0.6210 0.0173

3.5 -1.9015 -0.4951 2.2036 0.1901 -1.7452 0.3502 0.0104

FIGURE 5
(A) f′(δ), (B) θ(δ), and (C) NG with diverse β2 values.
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FIGURE 6
(A) f′(δ), (B) θ(δ), and (C) NG with diverse Γ values.

FIGURE 7
(A) θ(δ) and (B) NG with diverse m values.
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FIGURE 8
(A) θ(Γ) and (B) NG with diverse Bα values.

FIGURE 9
(A) f′(δ), (B) θ(δ), and (C) NG with diverse ε values.
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Impact of penetrable material factor (Γ)

The graphical results of permeability parameter (Γ)
against the flow, thermal, and entropy distribution of PENF

(Cu-C6H9NaO7) and PEHNF (Ti6Al4V-Cu/C6H9NaO7) are

presented in Figure 6A–C. Figure 6A shows the descending

behavior of Powell-Eyring ‘s non-liquid flow curve through the

porous medium, resulting in a plate surface while velocity is

dragged. In fact, as the porosity effect enhances, the flow pores

increase significantly, resulting in fewer nanoparticle

collisions and lower heat generation. Viscous force controls

buoyancy, thereby slowing the flow rate. The opposite effect is

portrayed in Figure 6B. As shown in Figure 6B, increasing the

porosity effect enhances the flow temperature. Figure 6C

portrayed the entropy generated NG against (Γ). This

shows an increment near the surface, whereas a slight

reduction is observed away from the surface. This result is

caused by the large temperature difference near the surface,

which causes more entropy to be produced. In industrial

applications, the contribution of the porous medium

permeability is to control the spin coating flow properties.

Greater permeability, which can be depicted as bigger pore

spaces provide better nanoparticle percolation. Besides, this

effect (higher mobility) relates to reduced friction at the

sheet surface.

Diverse nanoparticles shaped parameter
m trace

Finally, the achieved outcome of the impact of the changes

in various parameters and 5 shape nanoparticles by the names

of a sphere, hexahedron, tetrahedron, column, and lamina on

the profile of temperature and entropy have been analyzed and

investigated in Figure 7A,B. In Figure 7A, the influence of the

increment in nanoparticle shape parameter (m) on the profile

of temperature has been depicted, observations show that the

temperature increment because of the ascent in shape factors.

Physically the increment in thermal conductivity and thermal

boundary-layer thickener are the main causes of such an

outcome. Additionally compared to a sphere, hexahedron,

tetrahedron, and column shape nanoparticles, lamina has

engendered more enhancement in the temperature (Pasha

et al., 2022). Besides, the function of temperature for

lamina shape nanoparticles has been continuously more

than that of a sphere, hexahedron, tetrahedron, column

shape nanoparticles, the temperature range in PEHNF

(Ti6Al4V-Cu/C6H9NaO7) case is higher than that of PENF

(Cu-C6H9NaO7) case. The impact of increasing the

nanoparticle shape parameter (m) on the profile of entropy

has been presented in Figure 7B, and measurements

demonstrate that entropy increases as shape factors

increase. It is worth noting that the PEHNF (Ti6Al4V-Cu/

C6H9NaO7) nanofluid phase had a higher initial entropy than

the PENF (Cu-C6H9NaO7) nanofluid phase. Later, when the

shape factor is separated from the stream by a sufficient

distance, it fiercely behaves in the other direction and

influences the entropy rate in the stretching porous device,

as observed.

Impact of the biot number (Bα)

The visualization of the temperature profile against Biot

numbers (Bα) for PEHNF (Ti6Al4V-Cu/C6H9NaO7) and PENF

(Cu-C6H9NaO7) nanoparticles is displayed in Figure 8A. Overall,

FIGURE 10
NG with diverse (A) Re and (B) Br values.
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the enhancing (Bα) rises a temperature. The thermal thin state is

regarding the low Biot number: The condition of uniform

temperature region within the body (nano-polymer surface).

Higher values of Bα indicate the thermal thick state in which

non-uniform of temperature domains occur. The plot of NG

against (Bα)as displayed in Figure 8B discovers that the entropy

profile is insensitive (only slight changes) with the increasing (Bα) at
the stretching surface, compared to the position away from it. It is

found that less enhancement in entropy profile is observed near the

stretching walls. However, a decline in entropy generation is

observed with the growth of (Bα).

Impact of velocity slip variable (ε)

The impacts of velocity slip parameters (ε) on the velocity

field, temperature field, and entropy generation are plotted in

Figure 9A–C, by choosing C6H9NaO7 as the base fluid. The effect

of the strain parameter is reported from the PENF (Cu-

C6H9NaO7) and PEHNF (Ti6Al4V-Cu/C6H9NaO7)

momentum distribution (Figure 9A). This parameter is

obtained from the boundary conditions of the current model.

The gradual increment of the velocity slip enhances the fluid

viscosity, thus decreasing the fluid velocity. The higher

concentration of slip velocity (ε) values lowers the thermal

boundary layer thickness (Figure 9B), which the diminution of

the profile is associated with the Williamson nanofluids. At the

same time, the slip velocity parameter slows the collisions with

molecular diffusion. When the concentration of nanoparticles is

higher in a system, the system is associated with the

instantaneous possessions of thermal convection, transmission,

and kinematic viscosity. Figure 9C shows the plot of entropy

generated (NG) versus (ε). The plot of NG shows an effective

reduction in this profile because the location is far from the plate.

Due to the act of the velocity slip, entropy gradually decreases.

Entropy changes regarding Reynolds (Re)
and brinkman numbers (Br)

The effect of the Reynolds number (Re) on the entropy profile

is shown in Figure 10A when both types of nanofluids are

bounded by the stretching sheet. It is noted that the higher Re

boosts the level of entropy that can be generated in the fluid

system. Figure 10B shows the relationship between the entropy

generation NG and the values of the Brinkman number (Br),

showing that increasing Brinkman number (Br) enhances

entropy generation. Brinkman number (Br) defines the

viscous influence of fluid behavior. As a consequence, high

Brinkman numbers (Br) denotes that fluid friction is the

utmost factor of entropy generation. In both the Reynolds

number and Brinkman number relationship, Cu-C6H9NaO7

nanoparticles are found to have higher entropy level,

compared to Ti6Al4V-Cu/C6H9NaO7 nanoparticles.

FIGURE 11
(A). Concentration h(δ) via Sc (B). Concentration h(δ) via 8.

TABLE 6 Nusselt quantity (Nux) and ideal relative error bound (σ2) for
various values of time-dependent variant (ξ) and radiative
variable (Nr ).

γ Nux p1 p2 p3 p4 p5 σ2

0.04 -1.8017 2.1244 -0.7419 -2.0179 0.1720 -0.3247 0.0043

0.10 -1.6956 2.0156 -0.6276 -1.9856 0.1254 -0.2729 0.0054

0.16 -1.4209 1.8057 -0.4025 -1.7514 0.0982 -0.2088 0.0079

0.22 -1.2023 1.6412 -0.3253 -1.6049 0.0717 -0.1054 0.0090
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Concentration changes regarding schmidt
number (Sc) and chemical reaction
parameter (8)

Figure 11A exhibits dispersal of concentration h(δ) towards
the significant Schmidt number (Sc) which has a vital impact on

it. Technically for the higher Schmidt number (Sc), the progress
in the molecular diffusion tends to get reduced which restricts the

mass transference in the system which can be visualized from

Figure 11A. On other hand, Figure 11B discloses the influence of

chemical reaction constraints on mass diffusion. The effective

chemical reaction process exerts more mass in the system which

makes the mass transference process harder and this may lead to

the deceleration noted in Figure 11B for the higher values of

chemical reaction constraint.

Parametrical study on drag force (Cf ) and
nusselt number (Nu)

The coefficients in the components of the flow and

heat transmission are namely dragged force (Cf) and

Nusselt numbers (Nux), respectively. These parameters

are tabulated in Tables 5, 6 showing their numerical

values. Table 7 shows that a frictional force factor has

non-uniform changes for both of the nanoparticles with

an increasing ε and ξ. Also, it is observed that the drag

force coefficient upsurges with an increment of Γ and ϕ.

Besides, the reduction is remarked with rising ε for both the

case of nanoparticles. Furthermore, the increasing values of

Bα and Nr have no impact on drag force coefficient for both

PEHNF (Ti6Al4V-Cu/C6H9NaO7) and PENF (Cu-

TABLE 7 CfRex
1
2 and NuRex

−1
2 values at Pr � 6.5, β1 � 0.01 and m � 3.

β2 ξ Γ ϕ ϕTA ε γ Nr Bα S CfRex
1
2

Cu-
C6H9NaO7

CfRex
1
2

Ti6Al4V -Cu/C6H9NaO7

NuRex
−1
2

Cu-
C6H9NaO7

NuRex
−1
2

Ti6Al4V -Cu/C6H9NaO7

0.1 0.2 0.1 0.18 0.09 0.3 0.2 0.3 0.3 0.1 1.8921 2.1301 0.5563 1.1216

0.2 1.8562 2.0953 0.5269 1.1033

0.3 1.8134 2.0264 0.4903 1.0761

0.2 1.8921 2.1301 0.5563 1.1216

0.6 1.9309 2.1745 0.5732 1.1905

0.8 1.9647 2.2068 0.5907 1.2351

0.1 1.8921 2.1301 0.5563 1.2516

0.3 1.9163 2.1564 0.5374 1.2167

0.4 1.9357 2.1849 0.5012 1.1856

0.09 1.8089 - 0.4718 -

0.15 1.8454 - 0.5025 -

0.18 1.8921 - 0.5563 -

0.0 - 1.8089 - 0.4718

0.06 - 2.0963 - 1.1091

0.09 - 2.1301 - 1.1216

0.1 1.9728 2.2060 0.6175 1.8116

0.2 1.9359 2.1642 0.5845 1.1520

0.3 1.8921 2.1301 0.5563 1.1216

0.1 1.8921 2.1301 0.6437 1.2372

0.2 1.8921 2.1301 0.6044 1.1530

0.3 1.8921 2.1301 0.5563 1.1216

0.1 1.8921 2.1301 0.5119 1.0906

0.3 1.8921 2.1301 0.5563 1.1216

0.5 1.8921 2.1301 0.5729 1.5238

0.1 1.8921 2.1301 0.5218 1.1016

0.3 1.8921 2.1301 0.5563 1.1216

0.4 1.8921 2.1301 0.5980 1.1464

0.1 1.8921 2.1301 0.5563 1.1216

0.3 1.9127 2.1527 0.5864 1.1504

0.2 1.9432 2.1965 0.6238 1.1714
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C6H9NaO7) nanoparticles. TheNusselt number enhances with an

augmentation ξ, whereas an opposite function is remarked with

the addition of β2, γ and Nr for both PEHNF (Ti6Al4V-Cu/

C6H9NaO7) and PENF (Cu-C6H9NaO7) nanoparticles (Figure 7).

Concluding consequences and
forthcoming course

In this mathematical investigation, the heat transmission in a

Powell-Eyring hybrid nanofluid (PEHNF) model bounded by an

expanding surface is investigated. This model is implemented in a

thermal system, which is inspired by the modified Buongiorno’s

NF prototype. The presence of nanoparticles such as Cu-

C6H9NaO7 and Ti6Al4V-Cu/C6H9NaO7 nanoparticles are

implemented in this model. The influences of porous media,

thermal radiative flow, and variable thermal conductivity are

taken into account in the mathematical model. Furthermore,

the effect of the nanoparticles’ shape factors is determined, and

their impacts can be observed in thermal and entropy aspects. The

numerical solutions for the current mathematical model can be

achieved by following these steps: 1) Apply similarity solution to

convert PDEs to ODEs, and 2) solve the ODEs with Galerkin finite

element plan. The primary outcomes from this investigation are

listed for the profiles such as velocity, temperature, and

concentration, together with the coefficients of drag force and

Nusselt number. These outcomes are listed below:

1) Along the far stream, the velocity field is reduced for the

upsurging Powell-Eyring fluid (β2), porosity (Γ), volume

fraction (ϕ), and velocity slip (ε).
2) The temperature profile of Powell-Eyring fluid for both cases

of Cu-C6H9NaO7 (conventional nanofluid) and Ti6Al4V-Cu/

C6H9NaO7 (hybrid nanofluid) intensifies under the

increment of γ, Γ, ϕand Bα.

3) The temperature distribution is affected by most of the

physical quantities, which denotes that nanofluids have a

high heat exchange rate. This property helps control the

temperature during spin coating processes.

4) The entropy profile against Powell-Eyring fluid (β2), Porosity

term (Γ), volume fraction (ϕ, ϕhnf) and Biot number (Bα)
and shape factor (m) explore dual behavior.

5) The shape of nanoparticles is namely sphere, hexahedron,

tetrahedron, lamina, and column. Among them, lamina has

the greatest impact on the function of temperature and entropy.

6) The ability of the flow system toward the mass transference gets

reduced as the molecular diffusivity drops significantly. This can

be technically connected with the increase in Schmidt number

versus the molecular diffusivity.

7) The remarkable change in frictional force factor for

Ti6Al4V-Cu/C6H9NaO7 and Cu-C6H9NaO7 nanofluids can

be seen, compared to the Nusselt number coefficient for the

porosity and volume fraction.

Future track

These outcomes can be a guideline for the industry and

technology, to choose the appropriate working fluid for improved

productivity in the associated device or prototype Subsequently, this

researchwork can be extended by applying themodel of rotating disk

flow considering ferromagnetic nanoparticles (Jamshed et al., 2021e;

Pasha et al., 2022). The FEM could be applied to a variety of physical

and technical challenges in the future (Jamshed et al., 2022b; Hussain

et al., 2022b; Hussain et al., 2022a).
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Thermal energy development in
magnetohydrodynamic flow
utilizing titanium dioxide, copper
oxide and aluminum oxide
nanoparticles: Thermal
dispersion and heat generating
formularization
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Background: The main aim of this article heat transfer in thermal engineering

deals with the production, use, transformation, and transfer of thermal energy.

Engineering and industrial fields including food packaging, the production of

food additives, electronic cooling, microturbines, etc. Heavily rely on heat

transmission. Due to its intriguing potential in industries like the production

of polymers, paper, crystal glass, etc., scientists from all over the world have

endeavored to investigate the effect of heat transmission on fluid flows past an

expandable surface.

Purpose: The use of a single-phase technique to assess Newtonian nanofluid

flow along stretched surfaces with heat transfer convective models is

emphasized in this research. A mathematical formulation is used to do the

numerical computations for copper oxide (CuO), aluminum oxide (Al2O3), and

titanium dioxide (TiO2) nanoparticles using water (H2O) as the base fluid.

Formulation: The fifth-order Runge-Kutta shooting method procedure with

shelling performance are used to solve non-linear ordinary differential

equations with boundary conditions numerically. Researched and analyzed

for changes in several parameters, plots illustrating the effects of motivated

and non-motivated MHD are given to explain the physical values.

Finding:Dispersion of solid items in the working fluid is reported to significantly

improve thermal performance. The Biot number determines how convective

the border is. With an increase in the Biot number, the fluid’s temperature drops
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significantly. It has been demonstrated that Copper oxide (CuO), nanoparticles

are more efficient than Titanium Dioxide (TiO2) and Aluminum Oxide for

thermal enhancement (Al2O3).

Novelty: As far as the authors are aware, no studies have been done on the

steady MHD flow and convective heat transfer of nanofluids over a nonuniform

stretched surface under the influence of a heat source and viscous dissipation.

KEYWORDS

thermal performance, magnetohydrodynamic flow, porous medium, nanoparticles,
thermal jump conditions

Introduction

Many scientists who study the design of thermal systems

are continuously thinking of new ways to build thermal

systems that are more effective. The recent technique

dispersion of metallic nano-structures in base fluid is the

most popular and several aspects of this technique have

been discussed so far. Using both theory and experiment, it

has been demonstrated that a base fluid’s thermal properties

can be improved by the addition of nanostructures, improving

the base fluid’s efficiency as a working fluid. Nanofluids are

just such fluids. The development of nanofluids has inspired

researchers, and as a result, several papers have been published

up to this point. As an illustration, Sheikholeslami et al.

(2019a) and Sheikholeslami et al. (2019b). The effects of

alumina nanoparticle dispersion on momentum and heat

energy transfer, as well as an increase in wall heat flux

caused by increased thermal conductivity in a

magnetohydrodynamic fluid, were all the subjects of

investigations. Li et al. (2019) investigated a rising behavior

of thermal energy transfer in the fluid which conducts

electricity when subjected to a magnetic field and computed

the governing issues using the Lattice Boltz Mann method to

better comprehend the underlying physics (LBM). The effect

of metallic nano-structure addition on the working fluid’s

capacity for thermal conduction was theoretically examined

by Sadiq et al. (2019). Saleem et al. (2019a) mathematical

models for improving mixed convective heat and mass

transmission were based on Water’s B rheology. They

researched a range of topics using numerical simulations.

The working fluid’s thermal performance significantly

improved as a result of Ramzan et al. (2019) examination

of the transport process in a 3D flow of MHD fluid including

nanoparticles. Saleem et al. (2019b) discussed the best

analytical technique in regard to the thermal performance

of nanomaterials. The influence of heat dissipation on the

temperature profile in nanoparticle was also examined, and it

was discovered that the presence of metallic nanostructures

improved the performance of the working fluid. Dogonchi

et al. (2019a) looked at natural convection in addition to the

impact of nano-solid formations on the working fluid’s

thermal effectiveness of an elliptic heater in a cavity. The

effects of heat radiation and porous media on momentum and

energy transmission in fluids containing solid nanoparticles

were examined by Dogonchi et al. (2019b). Hosseinzadeh et al.

(2019) investigated instantaneous effects of nonlinear thermal

radiation and porous media on thermal characteristics of fluid

subjected to dispersion of nano-structures in the presence of

mass transport under the influence of chemical reaction.

Gholinia et al. (2019) during mass transportation MHD,

created mathematical models for homogeneous-

heterogeneous chemical interactions over a revolving disk,

Erying-Powell fluid is poured. Chamkha et al. (2019)

formulated a mathematical model to investigate the

hybridity of metallic nano-particles on the heat transfer

properties of the working fluid when provided an external

magnetic field. Afridi et al. (2018) used mathematical models

to examine how the hybridity of nanoparticles affects the

efficiency of fluid thermal conductivity over moving

surfaces when there is significant heat dissipation. To

investigate an improvement in fluid thermal performance,

they solved the developed challenges. Zangooee et al. (2019)

performance hydrothermal analysis for

magnetohydrodynamic flow over rotating disk subjected to

thermal radiations and external magnetic field.

Electrically conducting fluid performs entirely different from

electrically nano-conducting fluid, when provided magnetic field,

because of the Lorentz effect, which changes the flow and

distribution of heat energy. Such magnetic-field-exposed fluid

flows are known as MHD flows, and they have been extensively

studied. For instance, Ghadikolaei et al. (2018a) and Ghadikolaei

et al. (2018b) examined at how the magnetic field affected how

heat and velocity were transferred in a convective fluid including

nanostructures. Hatami et al. (2014) lnumerical.’s simulation of

two-phase MHD flow between nanoparticle-containing plates

was completed. Hall and ion slip effects in three-dimensional

flow with a magnetic field and nanoparticles were investigated by

Nawaz et al. (2018a). Nawaz et al. (2018b) investigated using

computers how to increase heat transmission in MHD flow over

a moving surface. Alharbi et al. (2019) investigated heat transfer

in an MHD flow of fluid over a cylinder exposed to a magnetic

field. In a chamber containing liquid and exposed to an external

Frontiers in Energy Research frontiersin.org02

Bilal Hafeez et al. 10.3389/fenrg.2022.1000796

200

https://www.frontiersin.org/journals/energy-research
https://www.frontiersin.org
https://doi.org/10.3389/fenrg.2022.1000796


magnetic field, Saleem et al. (2019c) looked at heat transport in

the liquid.

The flows of fluids in porous medium are encountered in several

daily life applications, such as seepages of fluid through sands and

rocks, movement of oil in soil etc. Thereby, various studies on the

effects of heat transfer and fluid flow have been conducted. For

example, Hayat et al. (2017) addressed governing issues for the

impact of magnetic and thermal radiation on heat transfer in a

Maxwellian fluid under a permeable channel field. Sheikholeslami

and Zeeshan (2018) performed numerical simulations to enhance the

thermal conduction properties of nanofluids containing iron oxide

nanoparticles with a porous medium. Darcy’s law is followed by the

flow resistance caused by porous media. Maghsoudi and Siavashi

(2019) investigated the optimization of pore diameters in a

heterogeneous porous media with different convection in a lid-

driven cavity with two sides. Vo et al. (2019) investigated the

effect of nano-particles on the transmission of heat energy in

magnetohydrodynamic flow during convective heat transfer under

the influence of sinusoidal resistive force due to porous media. In a

cadmium telluride nanofluid, Hanif et al. (2019) examined the effects

of a cone inserted into a porous media on MHD natural convection.

Khan and Aziz (2011) investigated the impact of nanoparticles and

porous media on mas and heat transmission during heterogeneous-

homogeneous chemical processes.

The Shooting method RK-5 method is utilized to solve

initial value problems Along with the Newton-Raphson

approach in the application of nanofluids. The higher order

nonlinear ordinary differential equations are resolved by the

shooting method (Rohni et al., 2012; Olatundun and Makinde,

2017; Nawaz and Shoaib Arif, 2019). The purpose of this study,

which is motivated by the aforementioned sources of

inspiration, is to investigate The effects of MHD, porous

media, viscosity dissipation, Joule heating, and boundary

layer restrictions on the heat flux and flow of Newtonian

nanofluid. It was possible to complete the mathematical

flow modeling of the nanofluid using a phase flow

nanofluid model. It has been suggested that the

nanoparticles in water (H2O) base fluid are comprised of

copper oxide (CuO), aluminum oxide (Al2O3), and

Titanium Dioxide (TiO2) nanoparticles. A quantitative

model is created, which is then transformed into an ODE

system by making the necessary similar modifications. The

shooting method was used to resolve the nondimensional

system of equations. The aftereffects of velocity and

temperature distributions are shown and displayed using

the MATLAB program for a lengthy period of time. Visual

and numerical analyses of drag force and heat transfer rates

are performed. The numerical results of the current study are

also contrasted with those of earlier studies for comparison’s

sake. As far as we can tell, there are no other publications in the

literature that compare this model to it; it is novel and unique.

The results of this study will be useful for many power

production and industries. So, (Hassan, 2018; Goud, 2020;

Goud et al., 2020; Pramod Kumar et al., 2020; Hassan et al.,

2021a; Kumar et al., 2021a; Bejawada et al., 2021; Hassan et al.,

2021b; Kumar et al., 2021b; Goud and Nandeppanavar, 2021;

Srinivasulu and Goud, 2021; Zhang et al., 2021; Hassan et al.,

2022; Rizwan and Hassan, 2022; Shankar Goud et al., 2022) are a

chosen number of the important determinants.

This paper is divided into five parts. The second segment has

extensive modeling. Section 3 of the article covers the solution

approach. Section 5 presents and discusses the results. The results

of this investigation are described near the end.

Description of the physical setup

To investigate the rise in heat conductivity, let’s explore how

three various nanometallic structures, namely CuO, Al2O3 and

TiO2 disperse in water. Nano-water is exposed to a magnetic

field. When heated, vertical surfaces are coated with a nano-water

mixture, convection happens. Additionally, it is anticipated that

this nano-water mixture generates heat. A Boussinesq calculation

shows that the buoyancy force is significant.

Research hypothesis for the current
model

The ensuing standards, together with the requirements, be

relevant to the stream framework:

FIGURE 1
Flow model discription.
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2 − D laminar steady f low, phase f low model,
MHD, permeable medium,

joule heating, viscous dissipation
vertical wall convective boundary conditions.

⎫⎪⎪⎪⎬⎪⎪⎪⎭
In Figure 1, the geometry of the flow model is shown as:

Since fluid is moving through a porous media, it is subject to

a resistive force. Simplified PDEs are

zu
zx

+ zv
zy

� 0, (1)

u
zu
zx

+ v
zu
zy

� μnf
ρnf

z2u
zy2

+ βnf g[u zTzx − zu
zx

(Tf − T∞) + Tf − T∞]
− σnf B2

0u
ρnf

− μnf
u
k1
,

(2)

u
zTf

zx
+ v

zTf

zy
� knf(ρcp)nf z2Tf

zy2
+ μnf(ρcp)nf(zuzy)

2

+ Q0(ρcp)nf (Tf − T∞) + σnfB2
0u

2(ρcp)nf , (3)

The given BCs are

u(x, 0) � ax, v(x, 0) � 0,−kfzT
zy

(x, 0) � hf(Tf − T(x, 0)),
u(x,∞) � 0, Tf(x,∞) � T∞.

⎫⎪⎪⎬⎪⎪⎭
(4)

Where,

f low velocity(V
← � [u, v, 0]), temperature(T),

gravitational acceleration(g), magnetic f ield strength(B),
porosity(k1), thermal conductivity of the surface(kf).
kinematic viscosity(μ), specif ic heat constant(cp).
heat transfer coef f icient(hf) density(ρ),
thermal conductivity(k) electrical conductivity (σ),
nanof luid(nf), thermal expansion of nanof luid(βnf)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
Table 1 below lists nanoparticle correlations.

Equations 1–4 become dimensionless by adding new

variables.

u � axf′(η), v � − ���
avf

√
,ψ � (avf) 1

2xf(η), η � ( a

]f
) 1

2y, θ(η)
� T − T∞
Tw − T∞

,

(5)
and as a result, one can

f‴ + ϕ1[ff″ − f′2] − [Mϕ2(1 − ϕ)2.5 +K]f′ + Grϕ1
⎛⎝1 − φ

+ φ
βs
βf
⎞⎠θ

� 0,

(6)
θ″ + kf

knf
Prϕ3[fθ′ − f′θ + β*θ + Ec

ϕ4

f″2] + ϕ2

kfMEcPr

k′ 2
nf

, (7)

Dimensioless BCs (boundary conditions) are

f(0) � 0, f′(0) � 1, θ′(0) � Bi[1 − θ(0)],
θ(∞) � 0, f′(∞) � 0.

} (8)

The derivatives mentioned above relate to the variable η. The

following Table 2 defines the parameter initial values.Where

ϕ1,ϕ2, ϕ3 and ϕ4 are

ϕ1 � (1 − ϕ)2.5⎛⎝1 − ϕ + ϕ
ρs
ρf
⎞⎠,ϕ2 � (1 + 3(r − 1)ϕ

(r + 2) − (r − 1)ϕ),
(9)

ϕ3 � ⎛⎜⎝1 − ϕ + ϕ
(ρcp)s(ρcp)f⎞⎟⎠,ϕ4 � (1 − ϕ)2.5⎛⎜⎝1 − ϕ + ϕ

(ρcp)s(ρcp)f⎞⎟⎠.

(10)
Divergent velocity is (Hafeez et al., 2021)

Cf � τxy|y�0
ρfU

2
0

� 1

Re1/2x ( 1 − φ )2.5 f″(0). (11)

Nusselt number is

TABLE 1 Nanofluid thermophysical properties are (Goud, 2020).

Features Nanofluid

Dynamical viscidness (μ) μnf � μf(1 − ϕ)−2.5

Density (ρ) ρnf � (1 − ϕ)ρf − ϕρs

Thermal expansion (β) βnf � (1 − φ)βf + φβs

Heat capacity (ρCp) (ρCp)nf � (1 − ϕ)(ρCp)f − ϕ(ρCp)s
Thermal conductivity (κ) κnf

κf
� [(κs+2κf)−2ϕ(κf−κs )(κs+2κf )+ϕ(κf−κs ) ]

Electrical conductivity (σ) σnf
σf

= [1 + 3(r−1)ϕ
(r+2)−(r−1)ϕ], r � σs

σf

TABLE 2 Overview of the ingrained control restrictions.

Symboles Name Formule

β* heat generation parameter β* � Q
a(ρcp)naf

M magnetic parameter M � σfB2
0

ρfa

ϕ Volume fraction -

G Grashof number Gr � βfg(Tf−T∞)
U0a

K porous medium parameter K � ]f
ak1

Ec Eckert number Ec � U2
0

CpfT0

Pr Prandtl-number Pr � vf
αf
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Nu � xqw

kf(Tf − T∞) � Re1/2x knf
kf

θ′(0), (12)

Local Reynolds number is Rex � ax2

]f
.

Thermo physical properties water and nanoparticles are

presented in Table 3.

Numerical appraoch

Shooting method

Shooting method is used to solve the higher order

nonlinear ordinary differential equations (ODEs). It is

an iterative technique that transforms the original

boundary value problems (BVPs) into initial value

problems (IVPs). The differential equations of IVPs are

integrated numerically through RK-5 method Table 4. The

formulated problem needs the IVP with arbitrarily chosen

initial conditions to approximate the boundary conditions.

If the boundary conditions are not fulfilled to the

required accuracy, with the new set of initial conditions,

which are modified by Newton’s method. The process of

Newton method is repeated until the require accuracy is

achieved. The flow chart of the shooting method is as

follows in Figure 2.

Algorithm for shooting method

For a structure of two coupled first ODEs.

• Y1(X) � Y(X)andY2(X) � Y′(X).
• Y(Xs)andY(X0) are known but Y′(Xs)andY′(X0)are
unknown.

• Set Y(Xs) and guessY′(Xs).
• Solve the ODE using IVP technique (RK-5), and compared

the result at X � X0 to the targetY(X0).
• Make another guess.

• If solution at X � X0 bracket the known value, start

zooming in.

Runge-Kutta 5 method

Different techniques are used by researchers for

solving ordinary differential equations and this always

remain area of interest. Linear differential equation is easy

TABLE 3 Thermo physical properties water and nanoparticles (Jamshed and Aziz, 2018; Jamshed, 2021; Khashi’ie et al., 2020).

Materials ρ (kg/m3) cp (J/kgK) k (W/mK) β × 10−6 (K−1) σ (S/m)

Water (H2O) 987.4 4200 0.7 22.0 0.4 ×10−5

(CuO) 6209 525 33.0 0.90 5.10 ×106

(Al2O3) 3899 780 39.0 0.85 53.5 ×106

(TiO2) 4146 687 9.0 1.0 238 ×106

TABLE 4 Comparing −θ9(0) with alteration in Prandtl number, and
taking β* � Ec � M � 0 and Bi � 0.

Pr Qureshi (2021) Jamshed et al. (2021a) This study

0.72 0.8087618 0.8087618 0.8087612

1.0 1.0000000 1.0000000 1.0000000

3.0 1.9235742 1.9235742 1.9235720

7.0 3.0731465 3.0731465 3.0731427

10 3.7205542 3.7205542 3.7205511

FIGURE 2
Flow sheet of shooting method.
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to solve by analytical method but solving non-linear ODEs by

systematic method is difficult to solve. So researchers used

other techniques to find approximate solutions for

these equations. The two most popular Runge-Kutta

techniques are Ruge-Kutta 4 and Ruge-Kutta 5. Runge-

Kutta method is also iterative technique and includes

well known routine called Euler method. In this thesis we

used RK-5 method and algorithm for RK-5 method is given

below.

Algorithm for RK-5 method

Suppose the following problem with given initial conditions

x � f(t, x) x(t0) � x0. (13)

Then, RK-5 Method for the above initial valued problem is

given by

xn+1 � xn + (7K1 + 32K3 + 12K4 + 32K5 + 7K6

90
). (14)

In above expression, xn+1 is the RK-5 calculation of

x(tn+1)and each Ki, i � 1, 2, 3, 4, 5

K1 � f(tn, xn), (15)

K2 � hf(tn + h

2
, xn + K1

2
), (16)

K3 � hf(tn + h

4
, xn + 3K1 + K2

16
), (17)

K4 � hf(tn + h

2
, xn + K3

2
), (18)

K5 � hf(tn + 3h
4
, xn + −3K2 + 6K3 + 9K4

16
), (19)

K6 � hf(tn + h, xn + K1 + 4K2 + 6K3 − 12K4 + 8K5

2
). (20)

Where, h is the size of time interval.

Code-validation

The correctness of the computational strategy was

established by comparing the heat transfer magnitude from

the current approach with the verified results of prior

investigations (Jamshed et al., 2021a; Qureshi, 2021). The

results of the current investigation were quite accurate and

comparable.

Results and discussion

Initial value problems are built using normalized

governing boundary-value problems with correlations for

thermally factors. Utilizing starting circumstances, the

shooting method with Runge-Kutta 5th order is used to

solve problems with changed beginning value. Using

parametric simulations, the dynamics of the flow low

variables are examined in Table 1. To choose the best

nanoparticles from CuO, Al2O3 and TiO2 for the system,

simulations are done. When Gr = 0 and 2.5, the

compression of the velocities of copper, aluminum, and

titanium nanofluids is shown in Figure 3. The Grashof

number Gr is significant because it measures the

relationship between the buoyant force brought on by

changes in fluid density over space (resulting from

temperature differences) and the restraining force

brought on by fluid viscosity. This fig explains that for both

scenarios nanofluid has a higher velocity as compared to

purefluid. This figure also explains how raising the

magnitude of Gr causes, nanofluids to move more quickly.

Figure 4 shows that the effects of porosity parameter on

velocity for the case of CuO nanofluid. The velocity of the

copper nanofluid decreases by increasing the parameter. The

effects of Biot number Bi on velocity are depicted in Figure 5.

A lower Biot number means that an objects conductive

resistance is relatively lower than external resistance. The

velocity will decrease as the Biot number is increased. The

boundary layer viscosity decreases as the magnetic field

parameter on velocity increases in Figure 6, which shows

the application of a magnetic field to electrically conducting

fluid particles, a Lorentz force in the boundary layer, and

boundary layer application. The effect of the heat generating

parameter β* on temperature is seen in Figure 7. It has been

observed that when Ec increases, so does the thickness of the

boundary layer. Figure 8 shows the effects of parameter

Eckert number Econ the temperature of nanofluids. It has

been found that as the Eckert number Ec grows, the

temperature rises. Because Eckert number has storage of

energy in the fluid region and due to the deformation of

viscosity and elastic. When compared to the enthalpy

difference from across boundary layer, the flow’s

kinetic energy is measured by the Eckert number. Figure 9

shows that the temperature is increasing by rises the value

of magnetic field. When we increased the value of Gr, we

saw that the temperature increased (see Figure 10, which

depicts the effects of Gr on temperature). We observe

that when the amount of nanofluids increases, the viscosity
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FIGURE 3
Velocity profile in opposition to modifications in the action of the buoyancy force.

FIGURE 4
Velocity profile against change in porous medium.
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FIGURE 5
Velocity profile in relation to changes in the Biot number.

FIGURE 6
Velocity profile in relation to magnetic field change.
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FIGURE 7
Temperature profile as a function of changing heat generation.

FIGURE 8
Temperature distribution vs. an Eckert number change.
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FIGURE 9
Temperature distribution vs. magnetic field variation.

FIGURE 10
Temperature distribution vs. modification of the favored buoyancy force.
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of the boundary layer decreases. The temperature impacts

of the thermal slip parameter γwith copper-water, aluminum-

water, and titanium-water naofluids are shown in

Figure 11. When the value of γ is increased, a decrease in

temperature is seen. In comparison to titanium nanofluid

and aluminum nanofluid, the copper nanofluid is

more heat-efficient. It has been discovered that as the

velocity slip parameter rises, the velocity profile

decreases, the skin friction and heat transfer go down,

and the mass transfer rises. Mass transport and heat

transfer rates decrease when the thermal slip parameter is

increased.

Table 5 displays the local friction coefficient and Nusselt

number for a nanofluid containing Cu for different nanoparticle

factors.

Conclusion

1) Convection heat transfer in Newtonian fluid exposed to

magnetic field and having nano-solid metallic structures is

being explored to look into the improvement in thermal

conductivity. Then, for an efficient thermal system like car

engines, dispersion of nano-particles among nanofluids CuO,

Al2O3 and TiO2 may be suggested. Key studies are listed below,

along with the numerical solutions to the governing problems.

2) The favorable Buoyancy force assists the flow and

magnetohydrodynamic boundary layer thickness has

shown are rising trend when Grashof number is increased.

This study is noted for all types of nanoparticles;

3) The variation of Biot number has shown decreasing trend on

the flow of fluid. Hence flow is decelerated when Biot number

is increased;

A significant restriction to fluid flow results from increasing

the magnetic field’s intensity. As a result, as the magnetic field

increases, the boundary layer’s thickness decreases.

FIGURE 11
Temperature thermal effects alter vs. profile.

TABLE 5 For nanofluid with copper oxide nanoparticles with several
nanoparticle factors, Nusselt number and local skin friction
coefficient are equal to 0.2.

knf Re−1/2x Nu Re1/2x Cf

0.628 0.084138154 0.993989767

0.72141 0.085608603 1.18560452

0.82458 0.086968704 1.381935016

0.9391 0.091634371 1.58355532

1.06696 0.095644211 1.79198143

0.628 0.084138154 0.993989767
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Future applications of the fifth-order Runge-Kutta shooting

technique could include a range of physical and technological

difficulties (Adnan et al., 2021; Adnan, 2022; Adnan and Ashraf,

2022; Khan et al., 2022a; Khan et al., 2022b). According to (Jamshed

et al., 2021b; Jamshed, 2021; Jamshed and Nisar, 2021), there have

been several recent advancements that explore the importance of the

research domain under consideration.
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The study of fluid dynamics due to the stretching surface is one of the most

eminent topics due to its potential industrial applications viz. drawing wire and

plastic films, metal and polymer extrusion, fiber and glass production. In the

present article, the author is going to study the effects of hybrid nanofluids flow

on an inclined plate including CuO (Copper Oxide), and Cu (Copper). The

Casson fluid with a couple-stress term has been used in the flow analysis. The

surface of the plate is considered slippery. The convection has been taken

nonlinear with thermal radiation. The governing equation of the flow of hybrid

nanofluids with energy equation has been transformed into highly nonlinear

ODEs through similarity transformation. The proposed model has been solved

through a numerical RK-4 method. Significant variables of the physical process

such as solar radiation, nonlinear convection parameters, heat transfer rates,

and their effect on the solar power plant have been noticed.

KEYWORDS

(Cu, CuO,) nanoparticles, thermal radiations, inclined plate, nonlinear convection,
numerical RK-4 method

Introduction

Rising energy needs around the world, including irreversible means of energy such as

natural fuels, energy storage, heat exchangers, and thermal resources. The production of

these real resources, the result in huge detrimental effects on the environment, such as air

pollution and global warming. To mitigate these losses, scientists have focused on

techniques that improve renewable energy skills, like the production of solar energy.

The spotless and cheapest renewable source of energy is solar energy, which may be
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converted into environmentally sociable thermal energy. These

kinds of energies can be found in the shape of (solar collectors)

and heat-changing liquids.

The collectors acquire solar rays by an absorbent plate and convey

heat further to the absorbent solution such as water, water mixture).

Nevertheless, their significant loss is the lower thermal capability of

these conventional fluids, as they reveal low thermal efficiency in the

alteration development. Converting conventional working liquids

into nanofluids is one of the initiatives that has received much

attention over the past few years to enhance the thermal efficiency

of this technology. Nanofluids refer to a stable dispersion of solid

particles of sizes between 1 and 100 nm (Choi, 1995). Nanofluids are

widely used in various physical processes such as energy storage (Gul

et al., 2019). Mebarek-Oudina (Mebarek-Oudina, 2019) studied the

flow of nanofluids using different base liquids Sheikholeslami et al.

(2014) presented a complete numerical simulation of nanofluid flow

withmagnetic and viscous dissipation effects. Because of the excellent

use of nano liquid, Li et al. (2019) studied the flow of nano liquid

within a porous duct by using external power in the form of the

Buongiornomodel. The impacts ofmagnetic hydrodynamics (MHD)

on the heat trade-off dynamics of chemically reactive water base

nano-liquids containingCu/Ag in a rotating disk inside the permeable

channel have been investigated by Reddy et al. (2017). Many recent

studies have been conducted in the area of energy and thermal

environments using analytical and numerical methods for handling

heat exchange and nano-fluids. For instance, Zaim et al. (2020) and

Khan et al. (2019), Hybrid nanofluid is obtained by combining two

types of nanomaterials, which are added to conventional liquids, and

are used in many heat exchange areas. Khan et al. (2017a) and Khan

et al. (2020a) formulated and analyzed the transient flow

of(Cu − Al2O3/H2O), and concluded that the Nusselt number

performance improved considerably through the addition of 5%

nanomaterials. Hayat and Nadeem (Hayat and Nadeem, 2017)

investigated the inspiration of energy exchange through the

increasing surface of hybrid nanofluids (Cu − Ag/H2O). Ali

Lunda et al. (2020) studied the impacts of viscous dissipation on

the flow of hybrid nano liquid (Cu − Al2O3/H2O) by analyzing the
stability of the shrinking plate. Aziz et al. (2020) and Khan et al.

(2017b) considered the flow of hybrid nano-fluids on an extended

plate. Sundar et al. (2020) has been examined the resistive aspect and

energy transport phenomenon of(MWCNT − Fe3O4/H2O) hybrid
nano liquid. Sohail et al. (2020) examined the three-dimensional

movement of nanofluid in a flexible medium along with thermal

radiation. Besides the aforementioned research papers, the following

current articles can also be cited for getting more knowledge on the

hybrid nano liquid process in various geometries. For example, Khan

et al. (2021), Tahir et al. (2017), Khan et al. (2020b).

Recently, particles of different shapes on a closed porous surface

and liquid moving in the permeable medium have attracted the

attention of scientists. Their use can be measured in various fields

such as nuclear engineering, and environmental sciences. Various

physical processes that require the liquid movement on a porous

medium include the use of blood flow in the veins or lungs,

chemically catalysts connectors, geothermal energy, porous heat

pipes, and porous heat pipes. As a Forchheimer term, it was

introduced in Forchheimer (1901). Many researchers have used

Darcy-Forchheimer concepts in various geometries for the study of

fluid flow in a porous space. We are going to mention a few of them.

Saif et al. (2019) discussed the movement of nano-fluids through a

porous space. The variation in the motion of a liquid was created an

expandable curved surface. Rasool et al. (2019) reported the flow of

Darcy-Forchheimer nano-fluids produced by the stretching medium.

The Darcy-Forchheimer liquid that flows through a spinning disc was

discovered by Sadiq et al. (2020). Sheikholeslami et al. (2020) (Rasool

et al., 2022) observed the behavior of non-Darcy liquid within a clear

cavity. Hayat et al. (2020b), Sheikholeslami et al. (2020) examined the

influence of Darcy-Forchheimer and EMHD on the flow of viscous

liquids with joule heating and thermal flux over an extending surface.

The numerical outcomes of CNTs nano-liquid flow across the

divergent and convergent channels with thermal radiation have

been calculated by Kumar et al. (2020) (Hayat et al., 2020a). There

are various technicalmethods available for estimating temperature. The

significance of radiation for heat and flow transmission is understood,

especially in the fields of glass manufacturing, rocket engineering,

furnace construction, nuclear plant, solar farms, physical science,

and manufacturing, etc. Of such importance, the imposition of

thermal radiation for heat transport is shown in Kumar et al.

(2020). The different properties of such fluids were further studied

by many researchers. Nanofluid flow reduces (Bilal, 2020; Khan et al.,

2020c; Algehyne et al., 2022) the resistance to heat transfer for different

flow systems. With the passage of time researchers came to know that

the spread of two different types of nanoparticles in a pure fluid further

augment the thermal flow characteristics. They termed such fluid as

hybrid nanofluid. Rasool et al. (2022) and Wakif et al. (2022) have

inspected the dynamics of hybrid nanofluid flow with the influence of

thermal radiations and viscous dissipation past a stretching surface and

have determined the influence of various parameters. It has been

observed by the authors that the upper branch of the solution has been

highlighted to be more applicable due to its stable nature (Alghamdi

et al., 2021; Xia et al., 2021; Shah et al., 2022). have deliberated an

incredible work to discuss the thermal flow improvement for hybrid

nanofluid flow by means of different flow geometries and flow

conditions. Recently, it has been noticed by researchers that the

suspension of three different types of nanoparticles in a pure fluid

can enhance the thermal conductivity of such fluid to the best possible

limit. Such fluids are termed tri-hybrid nanofluids.

Themain aim of the ongoing study is to observe the impact of

(Cu, CuO) nano-components on the flow and heat transmission

of water as a base fluid. Such formulation of fluid is used further

on the inclined plate to improve the efficiency of solar collectors.

Thermal radiation, nonlinear convection, and slip conditions are

considered while formulating basic equations. The flow-related

issues were formulated via differential equations which were

solved numerically using the BVP-4 technique. Different

significant quantities are discussed in terms of temperature

and velocity.
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Model analysis

The flow of the hybrid nanofluids containing (Cu − CuO)
nanoparticles is considered over an inclined plate that makes

an angle ψ with the upright axis as shown in the. Figure 1. The

surface of the plate is considered slippery to reduce the

stability of the external dust particles. The thermal

convection is expanded and taking nonlinear. The basic

equations in the presence of thermal radiation and Couple

stress are displayed as.

zu

zx
+ zv

zy
� 0, (1)

ρhnf(u zu

zx
+ v

zu

zy
) � (1 + 1

β
)μhnf(z2uzy2)

± g(ρ)hnf[(βT)hnf(T − T∞) + (βT)2hnf(T − T∞)2]Cosψ − ηp
z4u

zy4,

(2)

(ρcp)hnf(u zTzx + v
zT

zy
) � khnf

zT2

zy2
+ 16

3
(σpT3

∞
kp

z2T

zy2
), (3)

Acceptable boundary conditions are

u � uw + μhnf
zu

zy
, v � 0,−khnfzT

zy
� (Tw − T), at y � 0,

u � 0 � v, T → T∞, at y → ∞ .

(4)

The velocity components u and vin the x and y-direction,

Mathematical formulation of thermos-
physical properties HNF

μhnf
μf

� 1(1 − ϕ1)2.5 (1 − ϕ2)2.5, (5)

ρhnf
ρf

� ⎡⎢⎢⎣(1 − ϕ2) ⎧⎨⎩1 −⎛⎝1 − ρCu
ρf

⎞⎠ ϕ1

⎫⎬⎭ + ϕ2

ρCuO
ρf

⎤⎥⎥⎦, (6)

khnf
knf

� kCuO + (n − 1)knf − (n − 1)ϕ2(knf − kCuO)
kCuO + (n − 1)knf + ϕ2(knf − kCuO) ,

knf
kf

� kCu + (n − 1)kf − (n − 1)ϕ1(kf − kCu)
kCu + (n − 1)kf + ϕ1(kf − kCu) ,

(7)

(ρCp)hnf(ρCp)f � ⎡⎢⎢⎣(1 − ϕ2)⎧⎨⎩1 −⎛⎝1 − (ρCp)Cu(ρCp)f ⎞⎠ϕ1

⎫⎬⎭
+ ϕ2

(ρCp)CuO(ρCp)f ⎤⎥⎥⎦, (8)

In the above mathematical expression, ϕ1 denotes the

nanomaterials (Cu) volume fraction whereas ϕ2 denotes the

volume fraction of (CuO) nanocomponents.

Introduction to useful similarity transformation variables as

follows:

u � f′(η) bx, v � −
���
bυf

√
f(η), (Tw − T∞) θ(η) � T − T∞, η

� y

��
b

υf

√
,

(9)
In the light of Eq.11, the Eqs 1–5 become

(1 + 1
β
)f‴ + ρhnf

ρf

μf
μhnf

[ff″ − (f′)2] ±
μf
μhnf

[Grθ
+ Grp(θ)2]Cosψ − kfv

� 0, (10)

(khnf
kf

+ Rd)θ″ + Pr
(ρCp)hnf(ρCp)f fθ′ � 0, (11)

f(0) � 0, f′(0) � 1 + Λ(1 − ϕ1)(1 − ϕ2)f″(0), θ′(0)
� −Bi(1 − θ(0)), f(∞) � θ(∞) → 0. (12)

In terms of mutual boundary conditions:

Gr � gβT(Tw − T∞)
buw

, Grp � gβ2T(Tw − T∞)2
buw

, Rd � 16
3

σpT3
∞

kpk
, k

� ηpb

υ2fρf
, Pr � υf

αf
,Λ � μf

��
b

υf

√
.

(13)

FIGURE 1
The solar collector absorbing model.
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The above-mentioned physical numbers are Grashof

numbers, Couple stress term, Radiation factor, Slip velocity,

parameter, and Prandtl number, Velocity slip, and Biot number.

In addition, some of the most useful physical numbers are, as,

(Sherwood number), Skin friction coefficient (Cfx), and Nusselt

number (Nux).

Cfx � τw
1
2ρhnf(uw)2, Nux � xqw

khnf(Tw − T∞). (14)

Where qw represents heat flux close to the surface, and τw
denotes shear stress, employing Eqs. 9 and Eq. 14 gives,

CfxRe
0.5
x � 2(1 − ϕ1)2.5(1 − ϕ2)2.5f″(0),

NuxRe
−0.5
x � −(khnf

kf
+ Rd)Θ′(0). (15)

Numerical method

The RK-4 numerical method has been used. The modeled

Eqs 10, 11 are transformed to the first order by considering.

x1 � η, x2 � f, x3 � f′, x4 � f″, x5 � f‴, x6 � fiv,
x7 � θ, x8 � θ′. (16)

The first order ODEs system (Zaydan et al., 2022) has been

solved with the efforts of the projected variables as shown in Eq.

16. The first order system using the RK4 method has been

obtained as:

Dηx1 � 1, Dηx2 � x3 , Dηx3 � x4 , Dηx5 � x6 , Dηx7 � x8

Dηx6 � 1
k
⎡⎣(1 + 1

β
)x5 +

ρhnf
ρf

μf
μhnf

(x2x4 − (x3)2) ± μf
μhnf

(Grx7 + Grpx7x7)Cosψ⎤⎦,
Dηx8 � −(khnf

kf
+ Rd)−1

Pr
(ρCp)hnf(ρCp)f x2x8.

(17)

The first order system solution obtained and the results are

analyzed for various embedded parameters.

Results and discussion

The hybrid nanofluid flow over a slippery surface of an

inclined plane is considered for the applications of heat

transfer. The impact of f′(η) (velocity profile) and Θ(η)
(temperature profile) quantitatively via differents tables and

graphs for various active variables such as Λ (slip parameter),

Gr, Gr* (Gravitational parameters), Bi (Biot number), ϕ1, ϕ2
(Volume fractions), and Rd (Radiation factor) while

considering (Cu + Water), (CuO + Water) nano liquid and

hybrid nanofluid. The schematic diagram of the flow field is

shown in Figure 1. Figure 2 The flow of fluid is increases over the

slippery surface and this increase is more effective due to the

larger values of the slip parameter Λ. As the fluid moves over the

surface, it traps more heat from the sheet, causing significant

thermal dispersion. Intriguingly, even under favorable thermal

transmission conditions, the entropy rate decreases to improve

the quality of the slow-moving barrier. This can improve the slip

to influence the suspended components and consequently the

FIGURE 2
Λ versus f′(η). When, ϕ1 ,ϕ2 � 0.02, k � 0.2,Gr � Gr* � Rd � 0.3,Bi � 0.1,Pr � 6.2.
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fluid motion is increases. Figure 3 The influence of the couple

stress parameter versus velocity profile is shown in Figure 3. It is

perceived that the development in couple stress terms results,

decreases in the fluid motion at all locations. The rise in the

couple stress parameter values improves the resistance force, to

decline the velocity of the fluid. Figure 4 Incremented fractional

volume through particle strength in porosity, hybrid nano-fluids

also affects the flow rate. As a result, it increases the production of

thermal transport and entropy in both types of flowing fluids and

reduces the velocity profile by incrementing the volume fraction.

Figure 5 Incremented Casson fluid parameter, increasing the

resistive force and declining the fluid motion. The decline effect is

compared for both Cu and CuO hybrid nano-fluids (Figures 6,

7).The increment in the positive value of the gravity parameters

Gr, Gr*will raise the velocity profile and the velocity of the liquid

is improved by the positive value of the gravity parameter. The

opposite impact declines the fluid motion. The comparative

analysis for both Cu and Cu-CuO shown has been displayed

in Figures 6, 7 which signifies that the velocity profile decrement

due to the negative value of the gravity parameter.

Figure 8 Biot number Bi denotes an incremental

convectively thermal rates that can affect the area of

interest related to temperature. According to the

limitation to heat production, the Biot number Bi tends to

increase the current thermal rates in the flow region but

makes the lower portion of the sheet. According to previous

entropy and thermal plots, the Biot number Bi is also a factor

in the elevation of the thermal diffusion, which

simultaneously increases the rate of entropy. Figure 9 As

the volume friction value rises which reduces the

temperature profile. will decrease. This is because when

nanoparticles are put in the conventional fluid, the

nanoparticles increase in temperature, which will increase

the temperature profile.

Figure 10 illustrates the state of thermal radiation

sequentially, for the growing values of the thermal radiation

barrier. Radiation heat raises the thermal state of the

environment of interest, which places a greater thermal

transfer load on the passing fluid, which increases the thermal

conductivity to the radiation barriers. The thermal properties of

the solid materials and base fluid are displayed in Table. 1. The

skin friction improved with the increasing values of the

parametersϕ1, ϕ2, k, Gr, Gr*as displayed in Table. 2. Physically,

the greater values of these factors enrich the resistance force and

subsequently skin friction enhancing. The heat transfer rate

growths with the cumulative values of the nanoparticle

volume fraction and Radiation factors as displayed in Table 3.

The heat transfer rate enhancing for the nanofluids Cu up to

8.1501% using ϕ1 � 0.01 and 8.473% increases for Cu + CuO

hybrid nanofluids using ϕ1, ϕ2 � 0.01. Similarly, the rate of heat

transfer escalats gradually with the growing amount of

nanoparticle volume fraction. From Table 4 it has been

detected that hybrid nanofluids are more proficient for heat

transfer enhancement. The comparison of the current results

is compared with the existing literature considering base fluid

only and shown in Table 4.

FIGURE 3
k versus f′(η). When, ϕ1 , ϕ2 � 0.02,Λ � 0.4,Gr � Gr* � Rd � 0.3,Bi � 0.1,Pr � 6.2.
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FIGURE 4
ϕ1 , ϕ2 versus (f′(η)). When, k � 0.2,Λ � 0.4,Gr � Gr* � Rd � 0.3,Bi � 0.1,Pr � 6.2.

FIGURE 5
β versus (f′(η)). When, k � 0.2,Λ � 0.4,ϕ1 ,ϕ2 � 0.02,Rd � 0.3,Bi � 0.1,Pr � 6.2.
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FIGURE 6
Gr* versus (f′(η)). When, k � 0.2,Λ � 0.4, ϕ1 , ϕ2 � 0.02,Rd � 0.3,Bi � 0.1,Pr � 6.2.

FIGURE 7
Gr versus f′(η). When, k � 0.2,Λ � 0.4, ϕ1 , ϕ2 � 0.02,Rd � 0.3,Bi � 0.1,Pr � 6.2.
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FIGURE 8
Bi versus θ(η). When, k � 0.2,Λ � 0.4,ϕ1 ,ϕ2 � 0.02,Rd � 0.3,Gr � 0.1,Pr � 6.2.

FIGURE 9
ϕ1 , ϕ2 versus θ(η). When, k � 0.2,Λ � 0.4,Bi � 0.2,Rd � 0.3,Gr � 0.1,Pr � 6.2.

Frontiers in Energy Research frontiersin.org08

Gul et al. 10.3389/fenrg.2022.965309

219

https://www.frontiersin.org/journals/energy-research
https://www.frontiersin.org
https://doi.org/10.3389/fenrg.2022.965309


FIGURE 10
Rd versus θ(η). When, k � 0.2,Λ � 0.4,Bi � 0.2, ϕ1 , ϕ2 � 0.02,Gr � 0.1,Pr � 6.2.

TABLE 1 Cu&CuOthermo-physical properties.

Property Cu CuO

ρ(Kgm−3) 6320 3580

cp(Kg−1K−1) 531.8 960

k(Wm−1K−1) 76.5 48.4

TABLE 2 CfxRe0.5x numerical outcomes versus different values of
emerging parameters.

Gr ϕ1,ϕ2 k Gr* Cfx − Cu Cfx − Cu&CuO

0.2 0.0 0.2 0.2 0.472836 0.473952

0.3 1.473962 1.4745742

0.4 1.4749321 1.47575322

0.01 1.4735318 1.474421331

0.02 1.4744321 1.47538012

0.4 1.483120 1.4846352

0.6 1.49431275 1.49532125

0.4 1.47343546 1.47446874

0.6 1.47412023 1.4753214091

TABLE 3 NuxRe−0.5x numerical outcomes versus different values of
emerging parameters and % enhancement in heat transfer rate.

ϕ1,ϕ2 Rd Nux − Cu Nux − Cu&CuO

0.0 0.1 0.132421 0.132421

0.01 0.143214 0.1436422

8.1501% 8.473%

0.02 0.14491 0.146474

9.431% 10.612

0.03 0.1458321 0.147623

10.127% 11.48%

0.2 0.523416 0.5243215

0.3 0.621571 0.6223532

0.5 0.62314 0.6243212

TABLE 4 Quantitative analogy with [39], [40] using NuxRe−0.5x .

Pr Wang Wang (1989) Golra and sidawi
Gorla and Sidawi
(1994)

Recent

6.3 0.24532 0.24545 0.24548

6.5 0.194522 0.194642 0.194653

6.7 0.135281 0.135393 0.135412
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Conclusion

The impact of the Cu and CuO hybrid nanofluid flow for the

enhancement of heat transfer rate has been examined through a

slippery surface of the inclined plate. The convection is taken

quadratic and due to the stretching of the plate, the gravity force

is assumed negative and positive. The significant physical

characteristics of Nusselt number versus radiation and other

physical constraints have been noticed. In this article, some

significant points present our conclusion in the following

remarks. For Gr, Gr* impact have been analyzed and

the comparative results for the Cu& CuO hybrid nanofluid are

observed. The higher value of the nanoparticle volume fractions

ϕ1, ϕ2 incremented the temperature distribution Θ(η). The heat
transfer rate enhancing for Cu up to 10.127% using ϕ1 �
0.01, 0.02, 0.03 and 11.48% increases for Cu + CuO hybrid

nanofluids using ϕ1, ϕ2 � 0.01, 0.02, 0.03. The Biot number

increases the temperature distribution for its larger amount.

The larger value of the parameter Rd enhances the rate of

heat transfer and, as a result, the Nusselt number rises.

Nanoliquids are more viscous than ordinary liquids,

which reflects that the boiling point of nanoliquids is

more than that of conventional base liquids. This would

improve the heat transfer power of the solar collectors.
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Nomenclature

Greek symbols

u, v Velocities components (ms−1)
μnf Dynamic viscosity of nanofluid (mPa)
f Dimensional velocity profiles

μf Dynamic viscosity of base fluid(mPa)
T Fluid temperature (K)
ρnf Nanofluid density(Kgm−3)
Tw Wall surface temperature (K)
ρf Base fluid density(Kgm−3)
T∞ Free surface temperature (K)
ξ Similarity variable

f Dimensional velocity profilesDimensional

ϕ volume fraction of CuO, TiO2and Al2O3 nanoparticles

Bi Biot number

θ Dimensional heat profiles

P Pressure

σnf electrical conductivity of nanofluid Sm−1

Pr Prandtl number

η Couple stress parameter

Re Local Reynolds number

σ* Stefan Boltzmann constant

ψ Stream function

ak Coefficient of mean absorption

Νu Nusselt number

Cf Skin friction coefficient

(Cp)f Specific heat of base fluid (J/kgK)
knf Thermal conductivity (Wm−1K−1)

Subscripts

Thnf Tri-hybrid Nanofluid

nf Nanofluid

f Base fluid
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Arabia, 8Department of Mathematics, Faculty of Science, Damietta University, New Damietta, Egypt

By considering the Cattaneo–Christov approach and Buongiorno’s model,

the thermal transport model is formulated for the flow of Oldroyd-B

nanofluid over a bidirectional stretching surface. The flow profile of Oldroyd-

B nanofluid is examined for various physical parameters, and the effects of

heat source/sink are also utilized to explore the thermal transport properties

subject to thermal relaxation time. Governing mathematical models are

developed on the basis of basic laws and presented in the form of Partial

differential equations (PDEs). The governing partial differential equations

are transformed into ordinary differential equations considering suitable

dimensionless transformations. The homotopic method is applied to study

the feature of heat and velocity components in fluid flow. The influence

of each physical parameter over the thermal and concentration profile is

displayed graphemically. It is noticed that thermal transport is decreasing with

increment in thermal relaxation time. The mass transfer becomes weak with

magnifying values of the stretching strength parameter. Moreover, the larger

thermophoretic parameter regulates the heat transfer during fluid flow.

KEYWORDS

energy transport, Oldroyd-B nanofluid, heat source/sink, bidirectional stretching,

Cattaneo–Christov theory, Buongiorno’s model for nanofluids
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1 Introduction

The heating and cooling fluids play a significant role
in the advancement and development of engineering and
industries. In general, usual fluids such as water,glycol, and
ethylene have the incompetent ability of thermal conduction.
However, metals possess a three-time greater ability of thermal
transport compared to usual fluids. Therefore, it was required
to make the mixture of a usual fluid and metal particle to
enhance the thermal conductivity of the fluid. This mixture
is called nanofluid. This concept of nanoparticle addition in a
based fluid was introduced by Choi (1995). Choi et al. (2001)
experimentally proved that the thermal transport of nanofluid
is high, followed by a base fluid. Due to their high thermal
conductivity, nanofluids have numerous applications in, for
example, the advancement of thermal machines and the
microelectromechanical system. The influence of the Brownian
motion parameter on the heat transfer of nanofluid is studied by
Evans et al. (2006). Sheikholeslami andGanji (2013) investigated
the flow of Cu-H2O nanofluid between flat surfaces and
concluded that the concentration of nanoparticles was enhanced
by magnifying the Nusselt number. Sheikholeslami et al. (2014)
examined the effect of magnetic force over the convective
energy transport during nanofluid flow and noticed that, by
increasing the Hartmann number, the heat diffusion in the
system rises. The flow of Burgers nanofluid under the influence
of stretching surface is examined by Khan et al. (2016a). For
a greater radiation parameter, the heat profile of the Burgers
nanofluid is ascending. Earlier research (Hayat et al., 2016;
Hayat et al., 2017a; Hayat et al., 2018; Hayat et al., 2019) studied
the convective transport of nanofluid by considering slip
mechanism over a surface. Moreover, it analyzed the
ferromagnetic and cross nanofluid flows considering various
physical influences. The thermal transport rate magnifies for
a greater ratio of velocity. Hayat et al. (2017b) discussed the
two-dimensional flow of the Burgers nanofluid with a modified
heat and mass flux approach. They concluded that an increment
in thermal relaxation time sufficiently decreases the thermal
transport. Some studies (Khan et al., 2019; Khan et al., 2020a;
Khan and Alzahrani, 2020) analyzed the transport of nanofluid
considering porous media; the magnifying influence of the
Eckert number gives strength to the heat conduction of the
nanofluid. Bhattacharyya et al. (2019) considered the flow of
nanofluid over the rotating and stretchable surface. Based on this
study, the higher Reynolds number minimizes the magnitude
of radial velocity. Sher et al. (2019) explored the features of
the Burgers nanofluid model formulation for nanofluid with
a stretching surface with an improved thermal flux theory, which
was investigated by Ahmad et al. (2019). Khan et al. (2020b)
proposed a new flow model for the Burgers nanofluid and
investigated the thermal transport. They summarized that, for
increasing magnitudes of stagnation, the parameter flow velocity

of nanofluid is improved. Amjid et al. (2020) approximated
the transport of Casson nanofluid over a curve surface. They
examined that flow is decreasing because of magnifying
the Casson constant. Muhammad et al. (2020) computed the
bidirectional flow of nanofluid applying thermal radiation
and concluded that the increment in thermophoresis force
increases the heat conduction in the nanofluid flow. Khan
and Alzahrani (2021), Khan et al. (2021), and Khan and
Puneeth (2021) presented some current significant studies about
nanofluids.

Thermal transport is a significant natural phenomenon
with multiple applications in industries. The theory of
heat transport was firstly introduced by Fourier (Grattan-
Guinness, 2005) and introduced Fourier’s law of thermal
transport. Laterally, based onFourier’s law, numerous researchers
studied the features of thermal transformation in different
fluid flow phenomena (Rashidi et al., 2014; Ahmed et al., 2019;
Nadeem and Khan, 2019; Khan et al., 2020; Khan et al., 2022;
Raza et al., 2022). Cattaneo (1948) made amendments to
Fourier’s law and stated that thermal transport depends on
the time called the thermal relaxation time. Christov (2009)
introduced further modifications to the Cattaneo model. The
Cattaneo–Christov approach is proposed to investigate heat
transformation using familiarizing thermal relaxation time.
After that, researchers applied this Cattaneo–Christov approach
to study the thermal transformation phenomena in different
kinds of fluid flows. Straughan (2010) presented a study based
on the Cattaneo–Christov theory. Haddad (2014) applied the
Cattaneo–Christov thermal transport theory to examine the
instability. Shehzad et al. (2016) applied Cattaneo–Christov
to study the Darcy flow of viscoelastic fluid and concluded
that the flow profile of such fluid changes by varying the
values of the Forchheimer parameter. Saleem et al. (2017)
employed Cattaneo–Christov approach to investigate the
Maxwell fluid flow and found that thermal conduction decreased
with ascending thermal relaxation time. Waqas et al. (2018)
applied the Cattaneo–Christov approach to inquiry the thermal
conduction in Burgers fluid and reported that a greater thermal
relaxation time constant reduced the thermal flow of the fluid.
Rasool and Zhang (2019) examined the Darcy flow of nanofluid
over the surface by applying the Cattaneo–Christov approach.
Shehzad et al. (2019) studied the fluid flow by applying the
Cattaneo–Christov approach of thermal and mass transfer
and investigated that the ascending values of the Prandtl
parameter enhanced the thermal curve. Hafeez et al. (2020)
investigated chemical reactions, applied the Cattaneo–Christov
approach to study the fluid flow using rotating surfaces, and
used the Midrich technique to examine the influence of different
parameters. Ahmed et al. (2020) applied the Cattaneo–Christov
approach to analyze fluid transport over a stretching sheet.
Recently, Iqbal et al. (2020) analyzed the heat transfer while
the Burgers nanofluid flow based on the Cattaneo–Christov
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FIGURE 1
The flow configuration.

approach. They found that the magnifying values of the
thermal relaxation constant results minimized the thermal
flow rate. Rehman et al. (2016) constructed the solution of
the set of equations to study the heat transfer phenomena.
Currently, Ali et al. (2021) applied a finite differencing approach
to analyze the heat transfer. Some other studies are carried
out to solve such problems for examining thermal transport
(Kamran et al., 2015; Kamran et al., 2016a; Kamran et al., 2016b;
Rehman and Kamran, 2019).

The heat transport during the nanofluid flow using
stretched surfaces has been examined by numerous researchers
(Khan et al., 2016a; Hayat et al., 2019; Khan et al., 2020b). The
Cattaneo–Christov approach has been applied by researchers
to study heat transfer in the Burgers fluid (Khan et al., 2016b;
Khan and Khan, 2016). Still, no mathematical formulation has
been developed to analyze the thermal transport by applying
the Cattaneo–Christov theory for the flow of the Oldroyd-B
nanofluid and Buongiorno’s model. In this article, we proposed
a new model of heat transport applying the Cattaneo–Christov
approach and Buongiorno’s model to investigate the thermal
transport in the Burgers nanofluid under the influence of a
stretching sheet. The homotopic algorithm is applied to solve
governing problems.

2 Mathematical formulation

This section presents a mathematical formulation for
three-dimensional convective transport of Oldroyd-B nanofluid
employed by a bidirectional stretching sheet. In-compressible
and steady flow phenomena are studied in this article. A model
combining the Cattaneo–Christov approach with Buongiorno’s
model is employed to present a mathematical formulation for

solutal and thermal conduction in the flow of the Oldroyd-
B nanofluid. A cartesian coordinate system was applied to
formulate the proposed model. Axial velocities in the x and
y direction are u = ax and v = by, where a and b denote
constants. The flow region is taken as z > 0. The velocity vector
is V = [u,v,w], Tw denotes temperature, and Cw represents
concentration, respectively. The flow pattern is presented in
Figure 1.

The rheology of Oldroyd-B fluid is represented by the
following equation:

(1+ λ1
D
Dt
)S = μ(1+ λ2

D
Dt
)A1, (1)

where S is tensor representing the extra stress, μ is dynamic
viscosity, A1 = (∇V) + (∇V)T denotes the Rivlin–Ericksen
tensor, and D

Dt
is upper convective derivative.

The continuity and momentum governing model by
neglecting pressure are given as follows (khan et al., 2020;
Iqbal et al., 2020):

∇ ⋅V = 0, (2)

ρf
dV
dt
= divS. (3)

For the current problem, the law of energy conservation is
(Iqbal et al., 2020)

dT
dt
−[DB∇C ⋅∇T+

DT

D∞
(∇T)2] = − 1

(ρcp)
(∇ ⋅ q) , (4)

where q denotes the thermal flux and satisfies the equation

q+[
∂q
∂t
+ (∇ ⋅V)q+V ⋅∇q− q ⋅∇V]λt = −k∇T. (5)

The mass transfer model is as follows (Iqbal et al., 2020;
Iqbal et al., 2021)

dC
dt
−
DT

D∞
∇2T = −∇ ⋅ J, (6)

where J indicates mass flux and satisfies the following relation:

J+ λc[
∂J
∂t
+V ⋅∇J− J ⋅∇V+ (∇ ⋅V)J] = −DB∇C. (7)

Here, λt , λc, and λ1 denote the thermal and themass and fluid
relaxation time, respectively. λ2 is the Oldroyd-B fluid parameter,
ν denotes kinematics viscosity, T denotes temperature, and C)
represents the concentration, respectively. DB denotes diffusion
coefficient, whereas q is thermal flux and J represents mass flux,
respectively.

Eliminating S from (1) and (3), q from Eqs. (4) and (5)m
and J between Eqs. (6) and (7), we arrive at following governing
PDEs:

Frontiers in Energy Research 03 frontiersin.org

226

https://doi.org/10.3389/fenrg.2022.985146
https://www.frontiersin.org/journals/energy-research
https://www.frontiersin.org/journals/energy-research#articles


Hussain et al. 10.3389/fenrg.2022.985146

FIGURE 2
(A–D) Impact of R on f′, g′, θ, and ϕ.

∂u
∂x
+ ∂v
∂y
+ ∂w

∂z
= 0, (8)

u∂u
∂x
+ v∂u

∂y
+w∂u

∂z
+ λ1[2uv

∂2u
∂x∂y
+ 2wv ∂2u

∂y∂z
+ 2wu ∂2u

∂x∂z

+u2 ∂
2u
∂x2
+ v2 ∂

2u
∂y2
+w2 ∂2u

∂z2
] = ν∂

2u
∂z2
−
σB2

0

ρ
(u+ λ1w

∂u
∂z
)

+ νλ2[u
∂3u
∂x∂z2
+ v ∂3u

∂y∂z2
+w∂3u

∂z3
− ∂u
∂x

∂2u
∂z2

−∂u
∂z

∂2w
∂z2
− ∂u
∂y

∂2v
∂z2
], (9)

u∂v
∂x
+ v∂v

∂y
+w∂v

∂z
+ λ1[2uv

∂2v
∂x∂y
+ 2wu ∂2v

∂x∂z
+ 2wv ∂2v

∂y∂z

+w2 ∂2v
∂z2
+ u2 ∂

2v
∂x2
+ v2 ∂

2v
∂y2
] = ν∂

2v
∂z2
−
σB2

0

ρ
(v+ λ1w

∂v
∂z
)

+ νλ2[u
∂3v
∂x∂z2
+ v ∂3v

∂y∂z2
+w∂3v

∂z3
− ∂v
∂z

∂2w
∂z2
− ∂v
∂x

∂2u
∂z2
− ∂v
∂y

∂2v
∂z2
,

(10)

u ∂T
∂x
+ v ∂T

∂y
+w ∂T

∂z
− τ[DB(

∂C
∂z

∂T
∂z
)+

DT
T∞
( ∂T
∂z
)
2
]

+ λt
[[[

[

u2 ∂
2T
∂x2
+ v2 ∂

2T
∂y2
+w2 ∂2T

∂z2
+ 2uv ∂2T

∂x∂y + 2vw
∂2T
∂y∂z + 2uw

∂2T
∂x∂z + u

∂u
∂x

∂T
∂x + u

∂v
∂x

∂T
∂y

+u ∂w∂x
∂T
∂z + v

∂u
∂y

∂T
∂x + v

∂v
∂y

∂T
∂y + u

∂w
∂x

∂T
∂z +w

∂u
∂z

∂T
∂x +w

∂v
∂z

∂T
∂y +w

∂w
∂z

∂T
∂z

]]]

]

− λtτDB[u
∂2C
∂x∂z

∂T
∂z
+ u ∂C

∂z
∂2T
∂x∂z
+ v ∂2C

∂y∂z
∂T
∂z
+ v ∂C

∂z
∂2T
∂y∂z
+w ∂2C

∂z2
∂T
∂z
+w ∂C

∂z
∂2T
∂z2
]

− 2λtτ
DT
T∞
[u ∂T

∂z
∂2T
∂x∂z
+ v ∂T

∂z
∂2T
∂y∂z
+w ∂T

∂z
∂2T
∂z2
] = α1[

∂2T
∂z2
]

+ λt
Q0
ρcp
(u ∂T

∂x
+ v ∂T

∂y
+w ∂T

∂z
)+Q0 (T−Tw) (11)

u∂C
∂x
+ v∂C

∂y
+w∂C

∂z
+ λc

[[[[[[

[

w2 ∂2C
∂z2
+ u2 ∂

2C
∂x2
+ v2 ∂

2C
∂y2
+ 2uv ∂2C

∂x∂y + 2uw
∂2C
∂x∂z + 2vw

∂2C
∂y∂z

+u∂u∂x
∂C
∂x + u

∂w
∂x

∂C
∂z + v

∂u
∂y

∂C
∂x + u

∂v
∂x

∂C
∂y + v

∂v
∂y

∂C
∂y

+v∂w∂y
∂C
∂z +w

∂v
∂z

∂C
∂y +w

∂u
∂z

∂C
∂x +w

∂w
∂z

∂C
∂z

]]]]]]

]

−
DT

T∞
λc[w

∂3T
∂z3
+ v ∂3T

∂y∂z2
+ u ∂3T

∂x∂z2
] =

DT

T∞
(∂

2T
∂z2
)+DB[

∂2C
∂z2
],

(12)
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FIGURE 3
(A–D) Impact of β1 on f′, g′, θ, and ϕ.

with the boundary conditions

u = uw = ax, v = vw = by, w = 0, T = Tw, C = Cw at z = 0,
(13)

u→ 0, v→ 0, T→ T∞, C→ C∞ as z→∞. (14)

Here, α1 = (
k
ρcp
) indicates thermal diffusivity, p and ρ denote

pressure and density, respectively, cp is the specific heat capacity,
k is thermal conductivity, amd C∞ and T∞ denote the ambient
concentration and temperature, respectively.

See the following transformations (Ahmad et al., 2019;
Iqbal et al., 2021):

u = axf ′ (η) , v = ayf ′ (η) , w = −√aν (f+ g) , η = z√a
ν

ϕ (η) =
C−C∞

Cw −C∞
, θ (η) =

T−T∞

Tw −T∞
, (15)

By invoking these transformations, Eq. 8 is satisfied and Eqs.
(9) − (12) take the following forms:

f ′′′ + (1+M2β1) (f+ g) f
′′ − (f ′)2 + β1 [2 (f+ g) f

′f ′′

−(f+ g)2f ′′′] + β2 [(f
′′ + g′′) f ′′ − (f+ g) f iv] −M2f ′ = 0,

(16)

g′′′ + (1+M2β1) (f+ g)g
′′ − (g′)2 + β1 [2 (f+ g)g

′g′′

−(f+ g)2g′′′] + β2 [(f
′′ + g′′)g′′ − (f+ g)giv] = 0, (17)

θ′′ +Pr (f+ g)θ′ +Pr(Nbϕ
′θ′ +Ntθ

′2) −Pr βt [(f
′ + g′)

(f+ g)θ′ + (f+ g)2θ′′)] − βtNbPr[(f+ g)θ
′′ϕ′ + (f+ g)ϕ′′θ′]

− 2NtβtPr (f+ g)θ
′′θ′ +Pr δ[θ+ βt (f+ g)θ

′] = 0, (18)

ϕ′′ + Le Pr (f+ g)ϕ′ +
Nt

Nb
Le Prθ′′ − Le Prβc [(f+ g) (f

′ + g′)

ϕ′ + (f+ g)2ϕ′′] − Le Pr
Nt

Nb
(f+ g)θ′′′ = 0, (19)

with transformed boundary conditions are follows:

f (0) = 0, g (0) = 0, f ′ (0) = 1, g′ (0) = R, θ (0) = 1,

ϕ (0) = 1, (20)
f ′ (∞) = 0, g′ (∞) = 0, θ (∞) = 0, ϕ (∞) = 0. (21)

Here, β1 is the relaxation time, β2 the Oldroyd-B fluid
material parameter, Pr the Prandtl number, Le the Lewis number,
βt the thermal relaxation time constraint, and βc the mass
relaxation time.Thermophoresis, Brownian motion, and ratio of
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FIGURE 4
(A–D) Impact of β2 on f′, g′, θ, and ϕ.

FIGURE 5
(A,B) Effect of Nt on θ and ϕ.

stretching rates are (Nt), (Nb), and (R), respectively, are define as
follows:

β1 = λ1
U0
l , β2 = λ2

U0
l , βt = λt

U0
l , βc = λc

U0
l , R =

b
a

Le = α1
DB
, Pr = ν

α1
, Nt =

τDT (Tw −T∞)
νT∞

, Nb =
τDB (Cw −C∞)

ν ,

(22)

3 Homotopic solution approach

In this manuscript,the homotopic analysis approach (Hayat
et al., 2017b; Khan et al., 2020b; Khan et al., 2020) is
applied to solve the Eqs 16–19 with boundary conditions
defined in Eqs 20, 21. Initial guess and linear operators are
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FIGURE 6
(A,B) Effect of Nb on θ and ϕ.

FIGURE 7
(A,B) Effect of βt and βc on θ and ϕ.

FIGURE 8
(A,B) Impact of δ on θ.
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TABLE 1 An evaluation table for −f′′(0) and −g′′(0) for several
magnitudes of R in reduced case when β1 = β2 =M = 0.

R Khan et al. (2016c) Present study

−f′′ (0) −g′′ (0) −f′′ (0) −g′′ (0)

0.0 1.0 0.0 0.0 0.0
0.1 1.02026 0.06685 1.02019 0.06669
0.2 1.03949 0.14874 1.03937 0.14863
0.3 1.05795 0.24336 1.05789 0.24312
0.4 1.07578 0.34921 1.07567 0.34901
0.5 1.09309 0.46521 1.09302 0.46509
0.6 1.10994 0.59053 1.10913 0.59048
0.7 1.12639 0.72453 1.12618 0.72438
0.8 1.14249 0.86668 1.14229 0.86654
0.9 1.15826 1.016538 1.15811 1.016539
1.0 1.17372 1.17372 1.17121 1.17361

needed to proceed with this approach. Hence, for analytic
solutions’ linear operators (£f,£θ,£ϕ) and the initial guesses
( f0,θ0,ϕ0) used, the models of energy and the concentration
diffusion are

f0 (η) = 1− e
−η, g0 (η) = α (1− e

−η) , θ0 (η) = e−η, ϕ0 (η) = e
−η,
(23)

£f [f (η)] = f ′′′ − f ′, £θ [θ (η)] = θ′′ − θ, £ϕ [ϕ (η)] = ϕ′′ −ϕ. (24)

4 Physical analysis of results

The three-dimensional steady-state thermal transfer
phenomena of nanofluid by a bidirectional stretching surface
is analyzed. For the Oldroyd-B nanofluid flow features, the
Cattaneo–Christov approach and Buongiorno’s model are
employed together. The homotopic approach is used to analyze
the impact of various physical parameters involved in Eqs.
(16–(19) with boundary conditions (20) and (21).

The axial velocity components f ′ (η), g′ (η), thermal
distribution θ (η), and solutal distribution ϕ (η) are examined
under the impact of physical parameters such as relaxation
timer (β1), Oldroyd B fluid (β2), thermophoresis (Nt),
thermal relaxation (βt), and Brownian motion (Nb), mass
relaxation (βc) and explained through Figs. 2–8. Moreover,
for leading constraints, magnitudes are fixed as R = 0.2,
β1 = 0.5, β2 = 0.15, Pr = 5.0, M = 1.5, βt = 0.3, βc = 0.5, Le = 4.5,
Nb = 0.5, and Nt = 0.7. The influence of physical parameters
is graphemically presented and also theoretically discussed.

TABLE 2 An assessment table for − θ′(0) for pertinent ranges of R in reducing case when β1 = β2 = δ = βt =Nt =Nb = 0 and Pr = 1.

R Liu and Andersson (2008) Hayat et al. (2014) Present study

0.25 −0.665933 −0.66593 −0.665929
0.50 −0.735334 −0.73533 −0.735326
0.75 −0.796472 −0.79472 −0.796469

f′ (η) and g′ (η) represent the x-axis and y-axis, respectively.
θ (η) is the thermal profile and ϕ (η) denotes solutal curve of
nanofluid.

Figures 2A–D represent the effect of stretching strength
(R) over f ′ (η), g′ (η), thermal profile θ (η), and solutal profile
ϕ (η) of the Oldroyd-B nanofluid. It is clear that the f ′ (η) is
falling for magnifying magnitudes of R but the magnitude of
the normal velocity component g′ (η) is increasing for larger R.
As R denotes stretching ratio defined as R = b

a
, where a and

b represent stretching rate along x-direction and y-direction,
respectively. This implies that, for higher R, the stretching
strength along the y-axis is greater than stretching in the
x-direction. Therefore, the flow velocity f ′ (η) is decreasing,
whereas the curves for g′ (η) are escalating for greater values
of R. The impact of the Deborah parameter β1 (relaxation
time) over the axial-velocity components f ′ (η), g′ (η), thermal
profile θ (η), and solutal profile ϕ (η) of the Oldroyd-B nanofluid
is represented in Figures 3A–D. The graphs in Figures 3A–D
indicate that the flow profiles of the Oldroyd-B nanofluid
are showing a falling behavior for increasing values of β1,
whereas the heat and solutal energy profile during flow are
growing for magnifying values of β1. The increment in the
relaxation time constraint physically increases resistance to flow,
so the velocity profiles decrease. However, because the resistance
collision of particles increases, it directly increases the thermal
energy of the system. Hence, resistance results in additional heat
generation, which increases the thermal transport and solutal
profile. The influence of thermal source/sink constraint (δ) over
the thermal and solutal profiles is presented in Figures 3A,B.
The increment in the source parameter (δ > 0) increases the
thermal profile, but it falls for heat sink constraint (δ < 0). The
magnification of the source parameter (δ > 0) generates extra
heat, which magnifies the heat transport, whereas the increment
in sink parameter (δ < 0) absorbs heat which obviously refers
to minimizing the heat transfer. Figures 4A–D shows the
influence of the Oldroyd-B fluid parameter (β2) over velocity
components f ′ (η), g′ (η), thermal transport θ (η), and solutal
transport ϕ (η).These graphs indicate that f ′ (η) and g′ (η) fall for
greater values of β2, whereas the thermal and solutal profiles of
nanofluid are growing. The impact of the thermophoretic force
parameter (Nt) heat and concentration profile of the nanofluid
is presented in Figures 5A,B. Graphical results indicate that
heat and concentration profiles of the nanofluid are showing
a growth trend for magnifying values of Nt and the thermal
thickness of the boundary also magnifies for greater Nt . In
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the thermophoresis process, fluid particles move from a warm
to a cool region. This particle motion produces extra heat, due
to which the solutal profile of the Oldroyd-B nanofluid escalates.
Figures 6A,B represents the effect of (Nb) over the thermal and
solutal distributions of the Oldroyd-B nanofluid. These graphs
show that the thermal transport magnifies, whereas the solutal
transport de-escalates for magnifying values of Nb. Basically,
the Brownian motion parameter controls the motion of fluid
particles. For high values of parameter Nb, the random motion
of fluid particles is high and increases the kinetic energy, and
particles collide with each other, due to which the thermal energy
also increases.Due to this collision, fluid particles’mass transport
profile decays.The influence of parameters (βt) and (βc) over the
heat andmass transport profile is presented in Figures 7A,B.The
thermal and concentration distributions represent the decaying
trend for magnifying values of βt and βc, respectively. The
thermal relaxation time parameter represents the time duration
required by a particle to transfer heat from one part to another.
As known physically, with the passage of time, thermal transport
becomes slow due to the decrease in the thermal gradient.
Therefore, magnifying thermal relaxation time implies that the
thermal transport slows down, and the heat transport profile is
falling. Similarly, the mass profile also decreases for ascending
solutal relaxation time parameter.

5 Validation of homotopic outcomes

In this section, approximated –f′′(0), −g′′(0), and −θ′(0) for
different α are displayed in Tables 1, 2, and the obtained values
are compared with other studies. This comparison indicates that
our approximations are accurate and the adopted homotopic
technique is a valid approach.

Concluding remarks

The Cattaneo–Christov approach and Buongiorno’s model
were employed together to investigate the momentum and
energy transport features of the three-dimensional flow of
the Oldroyd-B nanofluid over a bidirectional stretched sheet.
After utilizing the homotopy analysis method on the governing
equation to solve them, we found some important results, which
are noted here.

We found that, for magnifying stretching strength R, the
vertical velocity in the y-direction magnifies, but it decreases
in the x-direction. The flow curves of the Oldroyd-B nanofluid
for the relaxation time parameter show an opposite behavior
compared to the Oldroyd-B material parameter.

For varying values of the Brownian motion parameter, the
solutal transport decays, whereas the thermal conduction shows

enhancing trend for it. Moreover, the thermal and concentration
transport = escalates for largermagnitudes of the thermophoretic
force parameter. In addition, a larger thermal relaxation time
parameter deteriorates the thermal transport. The mass transfer
profile decreases for a greater solutal relaxation time parameter.
The larger stretching strength decreases the thermal energy
transport of the nanoliquid. Figures 8A,B clearly elucidate that
the thermal profile is augmented for larger heat source parameter
while it declines for heat sink parameter.
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Nomenclature

u,v, w Velocity components (ms−1)

μ Dynamic viscosity (kg m−1 s−1)

x,y, z Cartesian coordinates (ms−1)

Nb Brownian motion parameter

α1 Thermal diffusivity (m2 s−1)

β1 Fluid relaxation time parameter

k Thermal conductivity ( W
MK
)

Cw Concentration at surface

l Specific length (m)

DB Themass diffusion coefficient (m2 s −1)

q Heat flux

σ Fluid electric conductivity (Sm−1)

C∞ Ambient concentration

cp Specific heat capacity (JK−1 kg−1)

C Concentration

S Extra stress tensor

ν Kinematic viscosity (m2 s−1)

U0 Reference velocity (ms−1)

Le Lewis number

λ1 Fluid relaxation time (s)

λ2 Thematerial parameter of Oldroyd-B fluid (s2)

ρ Fluid density (kg m−3)

θ Dimensionless temperature

J Mass flux

Tw Surface temperature (K)

T∞ Ambient temperature (K)

DT Thermophoresis coefficient (m2 s−1)

βt Thermal relaxation time parameter (s)

hf Heat convection coefficient ( W
KM2 )

η Dimensionless similarity variable

ax,by linear stretching velocities (ms−1)

T Fluid temperature (K)

A1 First Rivlin–Ericksen tensor

f′ Dimensionless fluid velocity component

Pr Prandtl number

βc Solutal relaxation time parameter (s)

ϕ Dimensionless concentration
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In the present study, the natural transform iterative method (NTIM) has been

implemented for the solution of a fractional Zakharavo–Kuznetsov (FZK)

equation. NTIM is a relatively new technique for handling non-linear

fractional differential equations. The method is tested upon the two non-

linear FZK equalities. The solution of the proposed technique has been

compared with the existing perturbation–iteration algorithm (PIA) method

and residual power series method (RPSM). From the numerical results, it

is clear that the method handles non-linear differential equations very

suitably and provides the results in very closed accord with the accurate

solution. As a result, the NTIM approach is regarded as one of the finest

analytical techniques for solving fractional-order linear and non-linear

problems.

KEYWORDS

natural transform method, fractional order differential equations (FDEs), approximate
solution, acoustic waves, perturbation-iteration algorithm

1 Introduction

Entropy and fractional calculus are appealing concepts that are increasingly being

used to investigate the dynamics of complicated systems. Fractional calculus (FC) has

been increasingly used in numerous sectors of research in recent years. Fractional

differential equalities (FDEs) efficiently depict the natural evolution associated with

viscoelasticity, models of porous electrodes, thermal stresses, electromagnetism, energy

transmission in viscous dissipation systems, relaxing oscillations, and thermoelasticity.
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Most of the mathematical models are obtained through real-

world problems which can be modeled via differential equations

of the integer order or of the fractional order. The differential

equations may arise in diverse areas of technological sciences and

biological sciences. In engineering sciences, they may be in the

field of fluid dynamics, aerodynamics, the nuclear decay, climate

changes, electronic circuits, etc. In biosciences, these models may

be of the blood flow, population growth, and decay problems of

some kind of species of organisms like bacteria or virus and may

be the study of some rate of flow of some gas models or may be

the concentration control of some liquids in some other liquids.

Similarly, differential equations may also model some problems

related to social sciences as in the fields of banking and finance.

The customer may be satisfied by preparing a fractional model of

interest or premium according to the required efforts of a person.

Fractional calculus plays an essential role in these kinds of

problems.

Fractional calculation is the generalization of the classical

calculus which is an ancient branch of mathematics. The

fractional calculus received much more attention of

researchers during the last few decades. Fractional calculus

has great achievements in the fields of physics, engineering,

biology, medicine, hydrology, economics, and finance [1-5].

The models of differential equations may be linear or

nonlinear; linear models can be solved easily by different

methods and do not require too much difficulty for obtaining

the exact solution. But most of the problems of the real world

occur non-linearly and cannot be solved easily. They are very

hard to solve by simple methods. Most of the non-linear

problems do not have exact solutions. Therefore, researchers

use different approaches to solve them.

Researchers use numerical methods to solve non-linear

problems, but they have discretization issue, are costly, and

time-consuming. The famous numerical methods are the

following: the collocation method, finite difference technique,

finite element procedure, and radial basis function technique [6-

8]. Similarly, perturbation methods need small or large

parameter assumptions which are very difficult [9, 10]. Non-

perturbation methods are the Adomian decomposition

methodology (ADM) and differential transformation

methodolgy (DTM). These methods work on repetition and

that is why these types of problems can be solved with the

help of computer software easily. Some well-known iterative

methods are the variational iterating methodology (VIM), new

iterating methodology, modified variational iteration method

(MVIM), etc. [11, 12]. The Zakharov–Kuznetsov (ZK)

equation is an enticing modeling formula for studying vortices

in geophysics flows. The ZK difficulties appear in many areas of

material sciences, implemented arithmetic, and design. It occurs

particularly in the realm of physical sciences. The ZK issues

govern the behavior of weak non-linear particle acoustic plasma

waves, such as cold nanoparticles and hot adiabatic electrons, in

the presence of smooth magnetism. The non-direct higher order

of the expanded KdV criteria for geometrical removal was used to

generate solitary wave configurations. The accurate expository

structures of various non-linear advancement equations in

numerical materials engineering, namely, space time-fractional

Zakharov–Kuznetsov and altered Zakharov–Kuznetsov

formulas, were found using a fractional technique. Many

approaches, including the new iterating Sumudu

understanding of the complex, homotopy perturbation

transform method, expanded direct algebra methodology,

natural decomposition technique, and q-homotopy analysis

transform methodology, have been used to examine it during

the last few decades. In this research work, we will find the

approximate solution to the fractional order of the

Zakharova–Kuznetsova FZK equation (13). The general form

of the FZK equation is

Dβ
tφ + a(φp)x + b(φq)xxx + c(φr)yyx � 0, 0≤ t, 0< β≤ 1, (1)

where φ � φ(x, y, t), 0< β≤ 1 signifies an order of the fractional

derivative, and a, b and c are optional fixed factors. The integers

p, q, r control the behavior of weak non-linear ion acoustical

waves in hemoglobin-containing coolant ions and hotness

isotherm electrons in the existence of a consistent magneto

force. Numerous researchers have tried to solve the FZK

equation by using different approaches such as VIM, OHAM,

PIA method, and RPSM [14]. We have obtained the solution of

the FZK equation by NTIM which is an extension of the natural

iterating methodology NIM presented by Gejji and Jafari [15, 16]

to obtain the estimated solution of linear and non-linear

differential equalities. NTIM was recently applied by Nawaz

et al. [17] for solving the fractional order differential equation.

In the proposed methodology, NIM is combined with the natural

transform for the solution of the FZK equation.We observed that

the proposed method was easy to implement and provide an

encouraging approximate solution for the linear and non-linear

differential equalities of fractional- and integer-order derivatives.

2 Basic definitions

Definition 2.1 [14]: The fractional integral operator Iα of order

α≥ 0 in the Riemann–Liouville idea of a function is described as

Iαf(χ)� 1
Γ(α)∫0

χ

χ − s α−1f s ds, α, χ > 0,)()( (2)

where I0f(χ) � f(χ) and Γ is the well-known function.

Definition 2.2 [14]: Riemann–Liouville fractional derivative can

be defined if g(r) ∈ C[a, b] then

Iαa �
1

Γ(α)∫a

r g(χ)(r − χ)1−α dχ. (3)

Some properties of the fractional derivative and integral are

given as f ∈ Cμ, μ≥ 1, α, β≥ 0 and λ> − 1 then
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•IαIβ � Iα+βf(χ),
•IβIα � Iα+βf(χ),
•Iαχλ � Γ(λ + 1)

Γ(λ + 1 + α)χ
λ+α.

Definition 2.3: Natural transubstantiate is specified as [18]

N+[ϕ(t)] � R(s, u) � 1
u
∫
0

∞
e

−st
u (ϕ(t))dt, s, u > 0. (4)

u and s are the transformation variables.

Definition 2.4 [18]: The inverse of the natural transubstantiate

R(s, u) is defined as

N−[R(s, u)] � ϕ(t) � 1
2πi

∫
c−i ∞

c+i∞
e

st
u(R (s, u))ds. (5)

s � a + bi is the complex plan for executing the integral along

s � c, where c ∈ R.

Definition 2.5 [18]: If ϕ(t) is a function and ϕn(t) is its nth

derivative, then the natural transubstantiate of ϕ(t) is

N+(φn(t)) � Rn(s, u) � sn

un
R(s, u) −∑n−1

k�0
sn−(k+1)

un−k (φn( 0 )),
n≥ 1.

(6)
Theorem 2.6: If k(t) and h(t) are defined on a set A and have the

natural transforms K(s, u) and H(s, u), respectively, then
N[k*h] � uK(s, u)H(s, u),

where [h*k] is the convolution of h and k.

2.1 Natural Transform Iterative Method
(NTIM)

Consider the fractional order PDE in the manner

Dβ
t [φ(y, t)] � g(y, t) + L[φ(y, t)] +N[φ(y, t)],

n − 1< β≤ n, (7)

where Dβ
t is the Caputo’s fractional derivative operator of order

β, k ∈ N, and y � y 1 + y2 +/ + yk. L andN represent the non-

linear function. g(y, t) is the resource bound. The initialization
constraint is

φ(y, 0) � f(y). (8)

Taking the natural transform of (7), we have

N+[Dβ
t (φ(y, t))] � N+[g(y, t)] +N+[L(φ(y, t))

+N(φ(y, t))]. (9)

By employing the differentiate characteristic of the natural

conversion to Eq. (9), we have

sβ

uβ
N+[φ(y, t)] − sβ−1

uβ
φ(y, 0) � N+[g(y, t)] +N+[Lφ(y, t)

+Nφ(y, t)].
(10)

Using the initial condition and rearranging Eq. (10), we

obtain

N+[φ(y, t)] � f(y)
s

+ uβ

sβ
(N+[g(y, t)]) + uβ

sβ
(N+[L(φ(y, t))

+N(φ(y, t))]).
(11)

As the linear term Lφ(y, t) can be created in the structure of

infinite series as

L(∑∞
m�0φm(y, t)) � ∑∞

m�0L(φm(y, t)) (12)

and N(φ(y, t)), the non-linear term is proposed as

N(∑∞
m�0φm(y, t)) � N(φ0(y, t)) +∑∞

m�1{N(∑i

j�0φj(y, t))
−N(∑m−1

j�0 φj(y, t))}.
(13)

Applying Eq. (13) in Eq. (11), we obtain

0.9!N+[∑∞
i�1φi] � f

s
+ uβ

sβ
(N+[g]) + uβ

sβ
[N+[∑∞

m�0L(φm)
+N(φ0) +∑∞

m�1{N(∑m

j�0φj)
−N(∑m−1

j�0 φj)}]].
(14)

The recursive relation of Eq. (14) by the use of natural

transform is

0.9!

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

N+[φ0(y, t)] � g(y)
s

+ uβ

sβ
N+[g(y, t)],

N+[φ1(y, t)] � uβ

sβ
N+[I(φ0) +N(φ0)],

N+[φ2(y, t)] � uβ

sβ
N+[L(φ1) +N(φ0 + φ1) −N(φ0)]

..

.

N+[φi+1(y, t)] � uβ

sβ
N+⎡⎣L(φi) + ℵ(φ0 + φ1 +/ + φi)

−N(φ0 + φ1 +/ + φi−1) ⎤⎦, i≥ 0.

(15)

Utilizing the inverted natural transmute to Eq. (15), the solution

component can be obtained as
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0.9!

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

φ0(y, t) � N−[g(x)
s

+ uβ

sβ
N+[g]],

φ0(y, t) � N−[uβ

sβ
N+[L(φ0) +N(φ0)]],

φ0(y, t) � N−[uβ

sβ
N+[L(φ1) +N(φ0 + φ1) −N(φ0)]],

..

.

φi+1(y, t) � N−⎡⎢⎢⎢⎢⎢⎣uβ

sβ
N + ⎡⎢⎢⎢⎢⎢⎣L(φ0 + φ1 +/ + φi)

−N(φ0 + φ1 +/ + φi−1)⎤⎥⎥⎥⎥⎥⎦⎤⎥⎥⎥⎥⎥⎦ , i≥ 0.
(16)

The n bounds approximated the solution of Eqs. 7 and 8 by

the proposed method, which is obtained by adding the

components as

~φ(y, t) � φ0(y, t) + φ1(y, t) + ... + φn−1(y, t). (17)

2.2 Convergence of the NTIM

Theorem 2.7 [18]: If N is analytic in a neighborhood of ϕ0 and����Nm(φ0)���� � sup{Nm(φ0)(b1, b2, .....bn)/‖bk‖≤ 1, 1≤ k≤m}≤ l
for any m and for certain real l> 0& ‖φk‖≤M< 1

e, k � 1, 2, ...,

then the series ∑∞
m�0Gm is absolutely convergent and more

over

‖Gm‖≤ lMmem−1(e − 1), m � 1, 2,/

To appear in the boundaries of ‖φk‖, for every k, the

conditions on N(j)(φ0) are provided which are appropriate to

assure convergence of the sequence. The satisfactory

constraint for the convergent is provided in the subsequent

theory.

Theorem 2.8: If N is C∞ and ‖Nm(φ0)‖≤M≤ e−1∀m, then the

sequence ∑∞
m�0Gm is absolutely convergent. These are the required

conditions for the convergence of the series ∑φj.

3 Implementation of the NTIM to the
FZK equation

Example 3.1. Consider the FZK equation in the following

form [13]:

Dβ
tφ + (φk)

x
+ 1
8
(φk)

xxx
+ 1
8
(φk)

yyx
� 0, 0≤ t, 0< β≤ 1.

(18)
Together, the initial condition is

φ(x, y, 0) � f(x, y). (19)

Eq. (18) is written in the implicit form as

Dβ
tφ � −(φk)

x
− 1
8
(φk )

xxx
− 1
8
(φk)

yyx
. (20)

Using natural conversion to Eq. (20), we get

N+[Dβ(φ)] � N+[ − (φk)
x
− 1
8
(φk)

xxx
− 1
8
(φk )

yyx
]. (21)

Utilize the differentiation characteristic of the natural convert as

FIGURE 1
3D plots obtained by the first order (A) NTIM and (B) exact
solution for β � 1.0, y � 0.1, λ � 0.001 for Example 3.2.
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sβ

uβ
N+[φ] − sβ−1

uβ
φ(x, y, 0) � N+[ − (φk)

x
− 1
8
(φk)

xxx

− 1
8
(φk)

yyx
]. (22)

Using the initial condition in Eq. (20) and rearranging, we have

N+[φ] � f(x, y)
s

+ uβ

sβ
N+[ − (φk)

x
− 1
8
(φk)

xxx
− 1
8
(φk)

yyx
].
(23)

As φ(x, y, t) is the infinite series given as∑∞
m�0φm(x, y, t), (24)

applying natural transform to Eq. (25) and using the idea

explained in the method

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

N+[φ0(x, y, t)] � f(x, y)
s

,

N+[φ1(x, y, t)] � uβ

sβ
N+[ − (φk

0)x − 1
8
(φk

0)xxx − 1
8
(φk

0)yyx],
N+[φ2(x, y, t)] � uβ

sβ
N+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
−((φ0 + φ1)k)x − 1

8
((φ0 + φ1)k)xxx − 1

8
((φ0 + φ1)k)yyx

−( − (φk
0)x − 1

8
(φk

0)xxx − 1
8
(φk

0)yyx)
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦.

..

.

(25)

Now, by taking the inverted natural transmute of Eq. 25, we

obtain the solution elements as

FIGURE 2
3D plots obtained by the first order (A) NTIM and (B) exact
solution for β � 1.0, t � 0.1, λ � 0.001 for Example 3.2.

FIGURE 3
(A) shows the absolute error and (B) shows the behavior of β
on the solution of the NTIM for diverse amounts of β when x �
y � 0.1, λ � 0.001 for Example 3.2.
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

φ0(x, y, t) � N−[f(x, y)
s

],
φ1(x, y, t) � N−[uβ

sβ
N+[ − (φk

0)x − 1
8
(φk

0)xxx − 1
8
(φk

0)yyx]],
φ2(x, y, t) � N−

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣uβ

sβ
N+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
−((φ0 + φ1)k)x − 1

8
((φ0 + φ1)k)xxx − 1

8
((φ0 + φ1)k)yyx

−( − (φk
0)x − 1

8
(φk

0)xxx − 1
8
(φk

0)yyx)
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦.

..

.

(26)

The n − terms approximate solution of Eqs. 18 and 19 by NTIM

is presented as

φ(x, y, t) � φ0 + φ1 + ... + φm−1. (27)

Example 3.2. Regarding the FZK (2, 2, 2) equality of the

structure [13]

cDβ
tφ + (φ2)x + 1

8
(φ2)xxx + 1

8
(φ2)yyx � 0, 0< β≤ 1. (28)

With preliminary conditions

φ(x, y, 0) � 4
3
λsinh2(x + y). (29)

FIGURE 4
3D plots obtained by the first order (A) NTIM and (B) exact
solution for β � 1.0, y � 0.1, λ � 0.001 for Example 3.3.

FIGURE 5
3D plots obtained by the first order (A) NTIM and (B) exact
solution for β � 1.0, t � 0.1, λ � 0.001 for Example 3.3.
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Here, λ is an optional fixed value. The accurate solution for β �
1.0 is given by

φ(x, y, t) � 4
3
λsinh2(x + y − λt). (30)

Utilizing the procedure of NTIM, we obtain the solution

components for Eq. (28) as

φ0(x, y, t) � 4
3
λsinh2(x + y), (31)

φ1(x, y, t) � 8λ2tβ(4 sinh(2(x + y)) − 5 sinh(4(x + y)))
9Γ(β + 1) ,

(32)

φ2(x, y, t) �

64λ3t2β⎛⎝ 3Γ(β + 1)2Γ(3β + 1)(13 cosh (2(x + y))
−70 cosh (4(x + y)) + 75 cosh (6(x + y)))
−20λΓ(2β + 1)2tβ(4 sinh (2(x + y))
+8 sinh(4(x + y)) − 60 sinh(6(x + y))
+85 sinh (8(x + y)))

⎞⎠
81Γ(β + 1)2Γ(2β + 1)Γ(3β + 1) .

(33)

Adding the elements, the second-order approximated

solution can be written as

~φ(x, y, t) � φ0 + φ1 + φ2.

Example 3.3. Consider the FZK (3, 3, 3) equation of the

structure [13]

cDβ
tφ + (φ3)x + 2(φ3)xxx + 2(φ3)yyx � 0. (34)

Together with initial conditions

φ(x, y, 0) � 3
2
λ sinh(x + y

6
). (35)

Here, λ is an optional fixed amount. The exact solution for beta �
1.0 is given by

φ(x, y, t) � 3
2
λ sinh(1

6
(x + y − λt)). (36)

Using the procedure of the NTIM, the solution elements can

be acquired as

φ0(x, y, t) � 3
2
λ sinh(1

6
(x + y)), (37)

φ1(x, y, t) � 3λ3tβ cosh(x+y6 )(7 − 9 cosh(x+y3 ))
16Γ(β + 1) , (38)

FIGURE 6
(A) shows the absolute error and (B) shows the behavior of β
on the solution of the NTIM for diverse amounts of β when x �
y � 0.1, λ � 0.001 for Example 3.3.

TABLE 1 Few important expressions and their natural
transubstantiates.

Function Natural
transformation

Function Natural
transformation

1 1
s ekt 1

s−ku
t u

s sin(t) u
s2−u2

tk−1
Γ(k)

uk−1
sk

cos(t) s
s2+u2

tkβ

Γ(kβ+1)
ukβ

skβ+1
tkβ−1
Γ(kβ)

ukβ−1
skβ
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φ2(x, y, t) �

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

− 3λ5t2β

131072Γ(β + 1)3Γ(2β + 1)Γ(3β + 1)Γ(4β + 1) ×

λ4Γ(2β + 1)Γ(3β + 1)2t2β⎛⎝ 9⎛⎝
1700
6

sinh(5(x + y)) + 9135
6

sinh(7(x + y))

−3412
2

(sinh(x + y)) − 10935
2

(sinh(3(x + y)))
⎞⎠

+3550
6

sinh(x + y)

⎞⎠

+16λ2Γ(β + 1)Γ(2β + 1)2Γ(4β + 1)tβ⎛⎝ 9⎛⎝
75
2
cosh(x + y) + 1827

6
cosh

(7(x + y)) − 1615
6

(cosh(5(x + y)))
⎞⎠

+1385
6

cosh(x + y)

⎞⎠

−256Γ(β + 1)3Γ(3β + 1)Γ(4β + 1)(
70
6
sinh(x + y) + 765

6
sinh(5(x + y))

−621
2

(sinh(x + y))
)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(39)

Adding the components, the second-order series solution can be

written as

~φ(x, y, t) � φ0(x, y, t) + φ1(x, y, t) + φ2(x, y, t). (40)

4 Results and discussion

In this work, two problems of the FZK equation have been

tested by the new developed methodology NTIM. The

obtained results are assessed by diverse plots and tabulated

data for testing the reliability of the proposed method. Figure 1

shows the 3D surfaces obtained by the NTIM and the accurate

result correspondingly for Example 3.2 in the 3D graph by

keeping the y parameter constant. By keeping the time

parameter constant, the approximate and accurate results are

shown in Figure 2 respectively, for problem 3.2. In Figure 3, the

absolute error is shown by a 3D plot by the variation of x and y

parameters while time is kept constant. A comparison for the

variation of the fractional value β is shown by 2D plots for

Example 3.2 which shows the consistency of the method by

agreeing to the amount of β tactics to the standard amount 1 of

a differential equation; the approximated result converges to the

accurate solution of the problem. Similarly, Figure 4 shows the

approximates and exacted solution by variation of the x and t

components, while Figure 5 shows the 3D graphs of the

approximated solution and exacted solution by keeping the time

parameter constant for problem 3.3. Figure 6 shows the absolute

error of the NTIM result and the exacted solution for problem 2.

Table 1 shows the comparison of data on the computational

amounts of the approximated solution of the PIA and RPS

methods for diverse amounts of β, while in Table 2, the absolute

errors of our suggested methodology have been matched with the

absolute errors of the PIA and RPS methods. Similarly, in Table 3,

the fractional value of NTIM has been compared with the third-

order RPSM and PIA methods. In Table 4, the absolute errors of

NTIM, RPSM, and PIA methods have been compared. The

approximate solution in this article is executed up to second

order for both problems. The accuracy may be increased by

obtaining a higher order of the approximate solution. From

the tables and graphs, it is so far clear that the NTIM reveals

encouraging approximated results as evaluated with other

existing methodologies in the previously published works

Table 5.

5. Conclusion

In the current investigation, the NTIM has been applied

successfully to the FZK equations. Two problems have been

tested. The proposed results reveal that the method handles

the non-linear equations in a good way and provides an

efficient approximate solution to non-linear PDEs. The

numerical values of approximate and exact solutions

through tables show the efficiency and reliability of the

TABLE 2 Comparison of the second-order NTIM with the third-order RPSM and PIA method for diverse amounts of β.

β � 0.67 β � 0.75

x y t PIA [13] R (E)PSM
[13]

N (E)TIM
(E)

PIA [13] R (E)PSM
[13]

N (E)TIM
(E)

0.1 0.1 0.2 5.31854–5 5.31244–5 5.3124653–5 5.32747–5 5.32479–5 5.32479992–5

0.3 5.28631–5 5.28410–5 5.28415918–5 5.29757–5 5.29675–5 5.29678730–5

0.4 5.25777–5 5.25897–5 5.25907412–5 5.27039–5 5.27119–5 5.27125824–5

0.6 0.6 0.2 2.95493–3 2.95185–3 7.56548023–4 2.96356–3 2.96251–3 7.57930078–4

0.3 2.92662–3 2.92709–3 7.53381879–4 2.93717–3 2.93780–3 7.54759291–4

0.4 2.90307–3 2.90522–3 7.50623656–4 2.91448–3 2.91561–3 7.51914369–4

0.9 0.9 0.2 1.068220–2 1.055060–2 1.80363649–3 1.077160–2 1.071430–2 1.80827769–3

0.3 1.044870–2 1.011990–2 1.79302639–3 1.054880–2 1.036950–2 1.79746844–3

0.4 1.027770–2 9.606060–3 1.78401363–3 1.037360–2 9.96743–3 1.78798550–3
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TABLE 4 Comparison of the second-order NTIM with the third-order RPSM and PIA method.

β � 1.0 β � 1.0

x y t PIA sol
[13]

R (E)PSM
sol [13]

N (E)TIM
sol.
(E)

PIA error
[13]

R (E)PSM
error
[13]

N (E)TIM
error
(E)

0.1 0.1 0.2 5.00091–5 5.00091–5 5.00091–5 5.00091–5 5.00091–5 5.00091–5

0.3 5.00090–5 5.00091–5 5.00091–5 5.00090–5 5.00091–5 5.00090–5

0.4 5.00090–5 5.0009–5 5.00091–5 5.00090–5 5.00091–5 5.00090–5

0.6 0.6 0.2 3.02003–4 3.02004–4 1.75397–4 3.02003–4 3.02004–4 3.02003–4

0.3 3.02003–4 3.02004–4 1.75397–4 3.02003–4 3.02004–4 3.02003–4

0.4 3.02003–4 3.02004–4 1.75397–4 3.02003–4 3.02004–4 3.02003–4

0.9 0.9 0.2 4.56780–4 4.5678–4 2.51159–4 4.5678–4 4.56780–4 4.56780–4

0.3 4.56780–4 4.5678–4 2.51159–4 4.56780–4 4.56780–4 4.56780–4

0.4 4.56780–4 4.5678–4 2.51159–4 4.56780–4 4.56780–4 4.56780–4

TABLE 5 Comparison of the second-order NTIM with the third-order RPSM and PIA method.

β � 1.0 β � 1.0

x y t PIA sol
[13]

R (E)PSM
sol [13]

N (E)TIM
sol.
(E)

PIA error
[13]

R (E)PSM
error
[13]

N (E)TIM
error
(E)

0.1 0.1 0.2 5.00091–5 5.00092–5 5.00092–5 4.99592–5 4.99519–8 5.00091–5

0.3 5.00091–5 5.00091–5 5.00091–5 4.99342–5 7.49278–8 5.00091–5

0.4 5.00091–5 5.00091–5 5.00091–5 4.99092–5 9.99037–8 5.00091–5

0.6 0.6 0.2 3.02003–4 3.02004–4 3.02004–4 3.01953–4 5.08987–8 3.02003–4

0.3 3.02003–4 3.02004–4 3.02004–4 3.01927–4 7.63479–8 3.02003–4

0.4 3.02003–4 3.02004–4 3.02004–4 3.01902–4 1.01797–7 3.02003–4

0.9 0.9 0.2 4.56780–4 4.5678–4 4.5678–4 4.56728–4 5.21227–8 4.56780–4

0.3 4.56780–4 4.5678–4 4.5678–4 4.56702–4 7.81839–8 4.56780–4

0.4 4.56780–4 4.5678–4 4.5678–4 4.56676–4 1.04245–7 4.56780–4

TABLE 3 Comparison of the second-order NTIM with the third-order RPSM and PIA method.

β � 1.0 β � 1.0

x y t PIA sol
[13]

R (E)PSM
sol [13]

N (E)TIM
sol.
(E)

PIA error
[13]

R (E)PSM
error
[13]

N (E)TIM
error
(E)

0.1 0.1 0.2 5.35536–5 5.355360–5 5.3553572–5 3.85217–7 3.852170–7 3.8520–7

0.3 5.33082–5 5.330820–5 5.3308223–5 5.75911–7 5.759120–7 5.75853–7

0.4 5.30641–5 5.306410–5 5.3064197–5 7.65350–7 7.653520–7 7.65214–7

0.6 0.6 0.2 2.98987–3 2.989870–3 2.9900091–3 4.66337–5 4.66389–5 4.64983–5

0.3 2.96717–3 2.96715–3 2.9676221–3 6.86056–5 6.86314–5 6.81568–5

0.4 2.94523–3 2.94515–3 2.9462709–3 8.98243–5 8.99046–5 8.87798–5

0.9 0.9 0.2 1.10248–2 1.10227–2 1.1041339–2 5.12131–4 5.14241–4 4.95639–4

0.3 1.07964–2 1.07861–2 1.0848876–2 7.38186–4 7.48450–4 6.85665–4

0.4 1.05742–2 1.05429–2 1.0691791–2 9.57942–4 9.89139–4 8.40313–4
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method. Also, the graphs verify the efficiency of the proposed

method through 3D and 2D plots. The fractional

approximation through 2D graphs also shows the

consistency of the method by approaching the fractional

value β of the equation to the conventional amount 1, so

an approximate result converges to the exacted result of the

problems. This strategy is also effective when the answer to the

integer order model is unknown. As a result, we decided that

the current technique is trustworthy and effective in obtaining

estimated solutions for various classes of linear and non-linear

fractional formulations of ordinary and partial differential

equations.
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