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In the rheology of thermal
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chemical reaction using the
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network algorithm

Aatif Ali**, N. Ameer Ahammad?, Elsayed Tag-Eldin>,
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Computer Engineering and Networks, College of Engineering at Wadi Addawasir, Prince Sattam Bin
Abdulaziz University, Al-Kharj, Saudi Arabia, *Department of Mathematics, College of Science and
Humanities in Al-Aflaj, Prince Sattam Bin Abdulaziz University, Al-Aflaj, Saudi Arabia, ’Department of
Mathematics, Faculty of Science, Damietta University, Damietta, Egypt

Various studies have been conducted on the topic of predicting the thermal
conductivity of nanofluids. Here, the thermal conductivity of nanofluids is
determined using artificial neural networks since this approach is rapid and
accurate, as well as cost-effective. To forecast the thermal conductivity of
magnetohydrodynamic Williamson nanofluids flow through a vertical sheet, a
feed-forward neural network with various numbers of neurons has been
evaluated, and the best network based on the performance is selected. The
fluid model incorporates the effects of Joule heating, heat generation
absorption, thermal radiation, and a chemical reaction (MHD-WNF-HGA). A
combination of heat radiation and reactive species improves the energy and
solute profiles. The magnetic Reynolds number is assumed to be so small;
therefore, the generated magnetic field has no effect. A postulate of similarity
variables is used to convert the physical model in the form of nonlinear partial
differential equations to an ordinary differential equation system. A supervised
Levenberg—Marquardt backpropagation algorithm possesses a multilayer
perceptron that is used for training the network, which is one of the top
algorithms in machine learning. The bvp4c numerical technique is adopted
to build the datasets for the construction of continuous neural network
mapping. Flow, energy, and concentration profiles of the fluidic flow are
constructed by adjusting several physical quantities such as the Williamson
parameter, thermal radiation parameter, magnetic parameter, Eckert number,
Darcy number, Brownian motion, and thermophoresis parameter. Analytical
techniques such as error histogram graphs and regression-based statistical
graphs are used to examine the accuracy of a suggested method. It has been
found that the Levenberg—Marquardt backpropagation neural network
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mappings’ derivation, convergence, authentication, and consistency have been
proven. Furthermore, thermal radiation assists the energy distribution to
increase smoothly. Fluid velocity drops with the Williamson parameter,
whereas thermophoresis impact enhances the strength of the nanofluid

density.

KEYWORDS

nanofluid, Williamson fluid, stretched surface, Levenberg—Marquardt technique,
backpropagation neural networks, artificial intelligence

1 Introduction

Energy is a crucial physical property that must be transferred
for any system to perform work. Work and heat may be used for
energy transmission (Incropera et al., 1996). It is feasible for heat
to transfer from one system to another when their temperatures
vary (Cengel and Boles, 2015). Heat transfer is a subfield of
physics concerned with the transmission of thermal (heat)
energy. Heat transfer applications are encountered on a daily
basis in the form of the human body’s constant heat output and
its usage of clothing to adjust its internal temperature in reaction
to external conditions (Cengel and Heat, 2003). In addition, heat
transmission is used to regulate the temperature in our buildings
and is necessary for cooking and drying. It is also used to control
the temperature of car radiators and electrical equipment (Zhao
et al, 2016). Heat transfer is used by solar thermal collectors
(Gonzdlez et al., 2021) and thermal control components
(Okonkwo et al., 2021) to convert solar energy into heat and
power. Several of these components must quickly distribute heat
in order for the system to work at its maximum effectiveness and
efficiency (Okonkwo et al., 2018). Low gate size necessitates
enhanced heat control. Generally, the smaller the gadget must
be, the higher is the demand for efficient cooling technologies.
Therefore, the improvement of heat transfer is a key priority in
the area of thermal engineering. Different strategies are arising
aim to enhance the heat transfer coefficient among working
fluids and their contact surfaces (Das et al., 2006; Meseguer et al.,
2012). The research development of heat transfer fluids has
resulted from the enhancement of the thermal characteristics
of these fluids by the inclusion of nanoscale particles. The
dispersion of these solid particles in the host fluid improves
the fluid’s energy transmission, resulting in enhanced thermal
conductivity and heat transfer qualities. First of all, microscaled
particles have been suspended in a fluid for more than a century
by Maxwell (Choi et al., 1995). Research into fluid dispersion has
been hampered by erosion and clogging caused by microparticles
that settle quickly in the liquid. Colloidal dispersion in fids may
now be studied in more detail due to the advent of nanoparticles.
Later, the term “nanofluid” was coined in 1995 by Choi and
Eastman (Maxwell, 1881). By incorporating a modest volumetric
quantity of ultrafine nanomaterials into fluids, researchers have
come up with many ideas for enhancing thermal efficiency and
convective heat transfer. The thermal characteristics of fluids are
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improved when nanoparticles are scattered in them.
Additionally, there are many features involved in the stability
of nanofluids such as, Brownian motion, host fluid layer,
particle’s nanolayers, and lower pumping power relative to
pure liquids. The effect of different nanoparticles made of
conducting materials on the improvement of thermal transfer
is investigated in the research studies by Sheikholeslami et al.
(2019a); Sheikholeslami et al. (2019b); Goodarzi et al. (2019);
Sajid and Ali (2019); Alhowaity et al. (2022a); Alsallami et al.
(2022); Elattar et al. (2022). Aluminum oxide nanoparticles in
base fluid nanofluids past a sensor surface is studied by Mahdi
et al. (2019). Three-dimensional ~magnetohydrodynamic
squeezing flow of aluminum nanoparticle base in water type
nanofluid is shown in the study by Khan et al. (2020). The
rheological model through hybrid nanofluid flow is proposed in
the study by Al-Mubaddel et al. (2022). Freezing temperature is
studied in aluminum oxide nanofluid magnetic flow with a
radiative effect in the study by AdnanKhan and Ahmed
(2022). Nanofluids flow with a variety of forces and
characteristics, which have been studied for the rate of heat
transfer are in the research studies by Khan et al. (2019a); Shah
etal. (2019); Ahmed et al. (2020); Khan et al. (2021a); Ashraf et al.
(2022); Alhowaity et al. (2022b).

Non-Newtonian fluid models have been the subject of many
experiments and theoretical studies cause of the wide variety of
biological and industrial processes where they are applicable.
Many industrial applications, such as emulsification, lubrication,
nuclear fuel slurries, biofluids in cells and polymerization, and
therapeutic fluid is in consideration of non-Newtonian fluids
rather than Newtonian fluid theory. Many rheological models
have been developed based on non-Newtonian fluids’ varied
rheological characteristics such as power law model, Jeffery fluid
model, Carreau model, Ellis-Sisko-Williamson model, cross-
model, and other fluid models are the existing models.
Among all, the Williamson fluid model is a basic model that
may replicate the viscoelastic shear-thinning features of non-
Newtonian fluids. Williamson (1929) established this idea in
1929, and he provided the experimental data. It is expected that
the functional viscosity in the Williamson fluid model would
decrease endlessly as the shear rate increases, which is nothing
more than an infinite viscosity at rest (zero fluid motion) and
zero-valued viscosity as the shear rate approaches infinity. In
terms of fluid properties, Williamson nanofluid may be classified

frontiersin.org
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as visco-inelastic. When it came to investigating the issue of
boundary layer flow over a flat surface, Blasius (1950), Sakiadis
(1961), and others first looked into the theoretical aspects of
approximation and precise methods. Few recent Williamson
fluid research studies have been published in the study by
Acharya et al. (2019); Khan et al. (2019b); Hamid and Khan
(2019); Ibrahim and Gamachu (2019); Rasool et al. (2019);
Zaman and Gul (2019); Pandya et al. (2020); Subbarayudu
et al. (2020). Thermal radiation is the process through which
the heat of a material induces the emission of electromagnetic
waves (variation of its internal energy). It is one of the three ways
different kinds of organisms may trade their own energy storage.
The kind of radiation emitted might vary from ultraviolet to far-
field infrared depending on the temperature of the substance.
Every component of the body emits and absorbs thermal
radiation continuously, and the absorbed radiation may have
originated from a vast distance away. Each of these components
transmits and receives heat in a manner that is directly influenced
by their molecular structure. Connected to a body’s capability to
transfer and store heat is its ability to radiate heat from its surface
(specific temperatures). The two most important characteristics
of thermal energy storage systems are heat transport
performance and energy storage density. Nanotechnology may
be effective for speeding both the melting and solidification of
phase transition materials. Copper/water nanofluid is taken in a
flat tube and numerically investigated for thermal transportation
(She and Fan, 2018). Flow and energy transportation of metal
oxide host water nanofluid is presented in the study by Ahmed
et al. (2021) which is used in the PV/T system. For cooling
purpose, the fluid is analyzed in the review of heat transfer
science (Yang and Liu, 2018). MWCNT/water and Fe;O,/water-
type hybrid nanofluids are studied to analyze the convective heat
transfer and pumping power through perpendicular rib
tabulators (Irandoost Shahrestani et al, 2021). Three-
dimensional magnetic hybrid nanofluid along with chemical
reaction and thermal radiation is passed an inclined rotating
sheet is presented in the study by Umar et al. (2020). Numerical
approach Lobatto IITA is used to analyze heat transport of
nanofluid in three-dimensional magnetic flow in the study by
Ayub et al. (2021a). Similarly, the energy transport of magnetic
Carreau nanofluid has been studied by Ayub et al. (2022) using
the infinite rate of share viscosity condition. The nanofluid
magnetic dipole flow is studied by Shah et al. (2022) under
the effect of binary reaction and heat transportation through a
cylindrical channel. The cubic autocatalytic chemical reaction
has been studied for the unsteady cross nanofluid through a
melting sheet in the study by Shah et al. (2021a). All the literature
focused on enhancing thermal transportation using nanofluid in
different circumstances and forces which is indeed the great
demand of the advanced industry. Nanofluid with thermal
radiation specification has been studied by Ayub et al
(2021b), Kumar et al. (2021), Raja et al. (2022), Khan et al.
(2018), Raja et al. (2021), and Khan et al. (2021b). Artificial
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neural networks (ANNs) are computer networks that replicate
the central nervous system by stimulating nerve cells or
neurons. These have a self-organizing characteristic that aids
them in solving a variety of issues, making them very
convenient to use in computing and algorithmic kinds.
Complex challenges, particularly nonanalytical, nonlinear,
and nonstationary, may be solved with ANNs because of
their ability to ease high-level programming in their crude
mimicry of a biological network, which can be used to
handle a wide range of problems. The experimental study is
carried out using artificial neural networks strategies, to
simulate energy and exergy of the evacuated solar-tubes is
performed in the study by Sadeghi et al. (2020), thermal
conductivity model nanofluid-based study is carried out in
the study by Pare and Ghosh (2021), non-Newtonian hybrid
nanofluid is taken to predict the dynamic viscosity (Toghraie
et al, 2020), and statistical tools applied for thermos-physical
properties of nanofluid (Esfe et al., 2022). The third-grade
nanofluidic model along with convective conditions has been
taken through a stretchable surface which is further solved by
neural technique in the study by Shoaib et al. (2021).
Furthermore, ANNs are important to forecast the findings of
theoretical and numerical approximation studies of nanofluidic
models (Sheikholeslami et al., 2019c¢; Sabir et al., 2022; Zuhra
et al, 2022). Levenberg-Marquardt backpropagation neural
network has been applied for the computational purpose of
the nanofluid model (Vakili et al.,, 2016; Shah et al., 2021b;
Shoaib et al., 2021; Umar et al.,, 2021; Botmart et al., 2022).

There have been several studies on the thermophysical
characteristics of nanofluids, as mentioned earlier. ANNSs, on
the other hand, have been widely used in nanofluid-based
thermal systems because of their ability to solve complicated
problems at a lower cost and time. This research focuses on the
ANN technique named Levenberg-Marquardt algorithm-based
backpropagation to predict the physical parameters of
Williamson nanofluids flow under the effects of Joule heating
and thermal radiation.

Procedural study is highlighted as follows,

>Williamson nanofluid is occupied in two-dimensional,
magnetic flow stream that passes past a stretching
surface in a porous medium.

>Thermal radiation force, mass diffusion, energy transfer,
heat generation/absorption, and Joule heat are imposed in a
fluid.

>Self-similar transformation is adopted to convert the
physical model into a nonlinear differential system that
has physical nondimensional variations to be computed.

>The Bvp4c technique is used to find the numerical solutions
in the form of a dataset. Which is further furnished through
the neural network process for analysis.

>In the NN process, the fitness functions are taken, that is,
multiple responses are converted to a single response.
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FIGURE 1
Geometry of the problem.

>Designed backpropagation based neural networks by

providing training and testing datasets.
Levenberg-Marquardt algorithm is adapted to speed up
the training.

>The significance of the LMB-NN technique is illustrated
through statistical tools such as mean square error, error
histograms, correlation, and regression fitting graphs.

>The analysis of variations that are Williamson parameter,
Brownian motion, Prandtl number, thermophoresis, heat
generation, Darcy number, Eckert number, and chemical
reaction parameter velocity and temperature field are

illustrated in the graphic structure.

In the remaining, a physical description of the flow model is

presented in  Section 2. Section 3  discusses the
Levenberg-Marquardt strategy and step-by-step procedure in
detail. Section 4 presents the findings of the proposed model via
graphs and tables and discussion on each one. At last, a brief

summary of the model via the ANN technique is presented.

2 Flow model and its mathematical
construction

Let us consider a mathematical model for incompressible
two-dimensional Williamson nanofluid past a stretched
surface. Figure 1 depicts the design of the problem with
coordinates  (x,y) followed by
components (u,v) with fluid flow arrangement. To observe

Cartesian velocity
mass diffusion and heat transfer, the interface of the applied
magnetization field with dynamic viscosity and a porous
medium are used. The transfer of heat is augmented by
supposing the thermophysical characteristics of heat
generation/absorption and Joule heating with a velocity of
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U, (x) = Bx with B is the extending parameter. The basic
equations of the law of conservation of mass, momentum,
heat, and nanoparticles concentration associated with the
abovementioned stated assumptions are as follows (Bouslimi
et al.,, 2021).

The governing equations of the flow model are as follows.

2.1 Continuity equation

The law of conservation of mass for continuity equation in
vectorial form can be written as follows:

V.Gg=0, 1

where g is denoted as the flow velocity vector, and V is known as
the differential operator.

2.2 Momentum equation

According to Navier-Stokes’ equation, for the equilibrium of
linear-momentum,

=F +V.S )

)
[
|
[e9]
9)"1 S~
+
—
]
<i
N—
)
| S
+
A=
K

2.3 Energy equation

The constitutive equation provides the following energy
efficiency for heat conduction without the impact of viscous
dissipation.

(pc,)l[aa% (q.v’)T] 9T - (pcp)p[%i(\ﬁﬁ) + Dy(FETT) |+ 9.(T) + QT - Tuw) + i

(3)

2.4 Conservation equation of the
nanoparticle concentration

The nanoparticle concentration volume fraction equation in
the occurrence of a homogeneous chemical reaction becomes
0 (Ve o o Dyoa s
= (q.V>C+R (C-Co) = KV T+DgV'C. (4
The Cauchy stress tensor (S) for the Williamson nanofluid is
defined as (Alhowaity et al., 2022b)

S=7-PI, (5)
t=(to"toyy A, 6)
1-Ty
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where (y, t.,) — limiting viscosity at zero and at an infinite
shear rate, respectively, T — extra stress tensor, I — unit tensor,
(T >0) — time constant, A; — first Rivlin-Erickson tensor, P —
pressure, and )./ — is defined as:

2. [
7 = trace (Al)z, Y=y 7)
Here, it is considered the case for 1")’/ <landpy,, = 0;thus, Eq.

6 can be transformed into the following form:

7= (:‘}})Al = yo(l + F})Al. ®)

According to Eq. 8, the binomial expression may be used. The
two-dimensional boundary layer equations for the flow may be
stated as follows:

ou oV
£+$:O) 9
~2
oii . Ou_. v._. oB,. o o0 0@
it — V=t —Ch=v— + V2T — —, 1
axu+ayv+Ku+ 5 U vay2+\/—v 3y 3 (10)
of _ of . 1 ag T (p%),[D, (T
—u+— —— - =a—+ PIT—
ox ay (pcp)f ay By (pcp)f T ay
~ =2
@—C 3T>]+ 9 (77, PO
Y (PCP)f (PCP)f
. . o b 3T . 3¢
a—CL~¢+a—C17+R*(C— Oo):~—Ta—2+DBa—C2. (12)
ox 0Oy To 0y oy

Also, the following nomenclature is used: (i, ¥) — velocity
components, &« — thermal diffusivity, p — density of the fluid,
» — kinematic viscosity of the fluid, By — uniform magnetic
field, (T,To) — fluid and ambient fluid temperature,
respectively, Dy — coefficient of Brownian diffusion, DT —
thermophoretic diffusivity, ¢ — electrical-conductivity, Cp—
specific thermal at fixed pressure, R* — reaction rate of
constructive/destructive, (é) — concentration nanoparticles,
and ,Coo is ambient nanoparticle concentration.

Nonlinear thermal radiation and Joule heating are connected in
the energy equation. In the energy equation, the viscous dissipation
is expected to be very little that it may be ignored. Homogeneous
chemical processes have an effect on concentration equations.

The corresponding boundary conditions for the present
fluidic problem are given as follows:

Aty =0: i =U,(x),7=0, T:Tw,DB—+—T—,} (13)

where U, (x) = Bx — stretching surface velocity, (B>0) —
stretching rate, and g, — radiation heat flux and is defined as
follows:
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oT" 46" 166" -30T
g =220 - 0P 1
O T e ) (15)
()=t i(ﬁi‘i)
(pap)f oy \"r (ﬁap)f ay\ 9y 3k

ol 9 <T36—T>. (16)
3k*(pcp)f oy\ oy

By substituting Eqs 15 and 16 in Eq. 11, we obtain

oT ﬁ_aﬁ(%hﬁ%ﬁfﬁ%&ﬁﬂ

—Ut—v=a—+ — —
ox Oy oy’ (ﬁCP)f oy oy 0y

Teo

~ ~ ~ =2
1 ~30T -~ B,
4160 3<T3a—> -2 (T-To)+ "Nf(aaz. 17)
3k (pCP)f ay ay (pCP)f (pCP)f
The  nondimensional  variables  and  similarity
transformations listed as follows are introduced as
U, (x) . - ; N
n=y\— i =Bxf'(n), v=~(Bv) £ (1)
o o (18)
T-T Cc-C
0(n) = =——==, =—
(n) T ¢(n) &

The equation of continuity is identically satisfied by using Eq.
18 and Eqs 10, 12, 17, coupled with Eqs 13, 14; assume the form
of ordinary differential equations shown as follows:

F" )AL () + f" () f () = £ () (f' (1) — M — Da)
=0,
(19)
0" () + (MeEcf (1) + Nbg (1) + Nt6' (17))0' ()
+Pr(R( (1+ (6, - 1)6(11))3)6’(17))'
+EcoM (f(1))* +56(n) =0, (20)

#" (1) + (Nt )0 (1) + Le(F ()9 (1) = y9 () = 0. (21)
where the boundary conditions (13-14) after transforming into
nondimensional form are given as

f(0)=0, f'(0) =1,Nt0' (0) + Nb¢' (0) =0,0(0) =1, (22)

£1(00) = 0,6(c0) = 0,¢(c0 ) = 0. 23)

With the nondimensional parameters given as (M = —
. 166° T2, . (PSp)s
magnetic field parameter, (R = =) — nonlinear thermal
radiation parameter, (Pr=£) - Prandtl number, (Nb=
() DnCon
(Pep)yy 7~
pcp)Dr (TuToo . ~
%) — thermophoresis parameter, (S= (ﬁC.Q) B) —
plfyioo . f
heat generation (S>0) or absorption parameter (S< OS, (Le =
f)i) — Lewis number, (Da = %E’K) — Darcy number, (Ec=
B .
U, ()
& (Tw—Tw)
Newtonian Williamson parameter, and (y = %) — chemical

Brownian motion parameter, (Nt =

) —  Eckert number, (A=Tx 233/12) —  non-

reaction parameter. Also, expressions for Nu, and Cf, are
shown as follows:
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R
Nux ==Y Tw “loo)s 24
2 (1,-1,) (9
Tw
Cfx = 2 (25)
pU, (x)
The Sherwood number Shy, which represents a

nondimensional mass flow, is currently zero. Here, g,
indicates heat flux, and 7, denotes shear stress of the wall
along a stretching surface, respectively, and their mathematical

expressions are given as follows:
() ()
| =~ 3= 9, 4
ay =0 Yy
o alis T ou \ou
v THr 209y )oy |

The dimensionless formulation of Eqs 24 and 25 after

(26)

27)

substituting Eqs 26 and 27 are as follows:

Nu,

_ 3\q!
W (1+RE)6'(0), (28)
A
CroVRe, = <1 1" (0))f” (0), 29)

where +/Re, is the Reynolds number relative to the stretching
velocity U, (x).

3 Design methodology/neural
network modeling

Machine learning algorithms (MLAs) have been created to
handle real-world problems arising in various fields of science,
engineering, and mathematics. Depending on the training
approach, these MLAs can be divided into three categories.

 Reinforcement learning algorithms (RLAs)
» Unsupervised learning algorithms (ULAs)
o Supervised learning algorithms (SLAs)

The supervised learning algorithm (SLA) is quite similar to
how a human learns, by considering the fact that humans solve
exercise problems or datasets to obtain new knowledge. The
current study employs SLA in which adjustments of weights are
constructed based on the comparison and correlation with
some target output. For weight adjustment, a teaching signal
is fed into the neural networks (NNs) which are called a
training sample or training dataset. In SLA, the correct
output is what the model is alleged to provide for the given
input. Errors are backpropagated through the scheme, allowing
the scheme to adjust the weights that supervise the neural
networks (NNs).
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The brief deliberation of the results for the propose
Levenberg-Marquardt learning algorithm for backpropagated
neural networks (LMLA-BPNNs) subjected to the Joule’s
heating effect of MHD Williamson nanofluid flow through a
porous medium in the rheology of nonlinear thermal radiation
and chemical reaction with variable heat generation/absorption
(MHD-WNEF-HGA) has been evaluated in this part. The partial
differential equations (PDEs) prescribing MHD-WNF-HGA are
converted to set ordinary differential equations (ODEs) by
employing appropriate transformation. The set of differential
Eqs 19-21 contains a detailed mathematical strategy for
reproducing results employing a numerical scheme, and the
fluidic problem MHD-WNF-HGA is tackled down with the
help of “bvp4c” built-in function by MATLAB software for
nine variants where higher order nondimensional system of
ODEs are transformed to first-order ODEs.

oy () = M- Da)f () - £ ()" ()
= (A7 () ’
o PR~ D(0+ B 0 ) 3500 00 )+

()’ (n) + Nt (8" ()" + MoEc(f (n))”
(1+ProR(1+ (6, - 1)0(n))")

(30)

0" (1) =

(31)

8" () = ~((Nt/ )07 () + Le (£ () () - v () ). 32)

fln) =X
fn) =%
() =X,

X, = ((Xz - M - Da)X, —Xxxs)
: (1+Af"%5) ’

0(n) =X,
6' (1) = Xs»
> 3R(0, — 1) (1 + (B, — 1X4)? (Xs)* + SXy + NbX,Xs + X Xs+
T
, Nt(Xs)? + MoEc(X,)*
X
(1+PreR(1+ (6, - DXy)*)

5= >

¢(1) =X
o' (n) =X,

X', = —((Nt/Nb)X’s +Le(X, X, - yX(,)). (33)

With the boundary conditions,

X, (1) = 0,X,(2) = 1,X, (4) = 1, NtX, (5) + NbX, (7) = 0,
X, (2) = 0,X, (4) = 0,X, (6) = 0.
(34)

Taking both into account,

S () = X5,0"(n) = X's, ¢" (n) = X7, (35)

The dataset formation in the form of a numerical solution by
employing “bvp4c” built-in function using MATLAB by
variation of magnetic field quantity (M), non-Newtonian

Williamson parameter (1), nonlinear thermal radiation
parameter (R), Darcy number (Da), heat generation/
absorption  parameter (S),  ratio-temperature (0w),
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Output

FIGURE. 2
Neural networks for MHD-WNF-HGA.

thermophoresis parameter (Nt), chemical reaction parameter
(y), and Lewis number (Le). The transformed set of Eqs 19-21
which characterize the fluidic model representing MHD-WNF-
HGA, the suggested LMLA-BPNN solver is accomplished by
exerting neural network (NN) toolbox in MATLAB software by
operating “nftool”, a built-in function. LMLA-BPNN receives
knowledge via learning and stored that knowledge within
interneuron connections “strengths”, which is expressed in the
form of numerical values called “weights” which has a two-
layered structure (input layer, hidden layer, and output layer).
The output signal values for a newly testing input signal values
are computed using these weights.

The “input layer” presents a pattern to the network, which
then interconnects with one or more than one “hidden layer”
where the actual computing is carried out via a system of
weighted “connections”. The hidden layers then connect to
an “output layer,” where the result is displayed as output. The
artificial neural networks (ANNs) architecture is composed of
20 highly processing elements (neurons) interconnected in a
parallel way to solve the fluidic problem with a sigmoid
activation function. The sigmoid activation function is an
S-shaped nonlinearly smooth function having input values
ranging from +1 to 0, as illustrated in Figure 2. However,
Figure 3 shows the block architecture of the process flow.
The aim of determining the approximated solution of the
proposed LMLA-BPNN is the reference dataset for training,
validation, and testing purposes. The validity, reliability, and
convergence of the LMLA-BPNN based on a comprehensive
study of regression analysis, accuracy assessments, and
histogram analysis supervised for the MHD-WNF-HGA
fluidic model, which is sufficiently detailed graphically and
numerically in Table 1.

For flow, energy, and nanoparticle concentration distribution
of MHD-WNF-HGA, the reference dataset is built up that
comprises nine scenarios with cases of LMLA-BPNN. The
bvp4c built-in function technique is in collaboration with
LMLA-BPNN for # between 0 and 10 having equidistance of
0.01 s used in all processes of each case. The acquired datasets are
determined as reference outcomes in terms of (f',6, ().
Table 1 displays the numerical solutions of LMLA-BPNN for
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variants of (f',0, ¢ (1)) for MHD-WNF-HGA in terms of MSE,
that is, training data (determine model parameters), validation
data (yardstick to overfitting), testing data (final scoring of the
model) and production (predict output), backpropagated
networks, time taken, and total iterations/epochs, for all the
scenarios connected with MHD-WNF-HGA.

4 Result interpretation

The designed LMLA-BPNN outcomes for the MHD-WNEF-
HGA fluid model have been illustrated in Figures 4-13 for
various positions (scenarios) of I-IX. Figures 4A-13A is
interpreting convergence of training data, validation data,
and trying data progression through the epochs index for
finding the cases of M, Da, and A for f’(ﬂ); the case of R,
S, and 8y, for 6(n); and finally, the cases of Nt, y, and Le ¢ (7).
The magnificent validation performance attained at epochs
578, 239, 111, 141, 379, 401, 480, 110, and 218 with mean
squared error (MSE) almost 2.2485 x 1071, 8.2744 x 107,
2.3708 x 107%, 4.6156 x 107%, 1.1175 x 107%, 1.1155 x 1075,
1.8823 x 107, 1.2153 x 107, and 3.2418 x 107! in times 12,
05, 02, 03, 06, 10, 09, 03 and 05 s, respectively. It is estimated
that the influence of all the obtained lines is smooth and leads
to the stability point, indicating that the performance is perfect
and ideal. According to the relative Table 1 and figures, the
performance approach will be better by lowering MSE values.
The smaller the MSE values, the more effective and precise the
performance of the given approach is likely to be. Figures
4B-13B reveals the authenticity that LMLA-BPNN is precise,
accurate, and efficiently convergent for solving the cases of M,
Da, and A for f’(n); the case of R, S, and 6,, for 6(#); and
finally, the cases of Nt, y, and Le ¢(#). Figures 4B-13B
demonstrates the gradient and Mu values for all the
the the
recognizing another vector. process is

time duration for
The
constantly during training. The training is terminated based

scenarios in training in

updating
on the number of validations checks and on the magnitude of

the gradient. As the training approaches to a minimum level of
performance, gradient will become very small. The training
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The Problem development

System of PDEs representing Williamson
Nanofluid flow model

System of non-
Linear ODEs

Reference-set
formulation via
bvpdc

Decision weight,
Hidden neurons and
testing/validation in
terms of percentage

Bvp4c Built-in Function:
Bvp4c: a numerical scheme
is used to formulate the
data-set for designed
LMLA-BPNN for various
parameters of
MHD-WNF-HGA-Model

FIGURE 3
Flow architecture of the MHD-WNF-HGA model.

will stop if the magnitude of the gradient become less than
1.0 x 107°. Mu is the adaptive parameter of LMLA-BPNN,
which is directly influenced on error convergence. The

associated  values of gradient are 9.9774 x 1078,
1.9235 x 1077,  7.0696 x 1078, 9.875 x 1078, 9.997 x 1078,
9.9587 x 1078, 9.9421 x 1078, 4.7068 x 1078, and

9.9582 x 1078, while Mu is 1x107, 1x107, 1x107,
1x107°,1x107, 1x 107 1x 1078, 1 x 107, and 1 x 1071
with epoch 578, 239, 111, 141, 379, 401, 480, 110, and 218,
respectively. Result interpretation shows that enhancing the
epoch can cause a reduction in Mu and gradient values.
Figures 4C-13C represent the fitness analysis graphs for the
proposed fluidic and the error occurred due to the variations of
targeted solutions and reference solutions. The graphical
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The performance of LMLA-
BPNN is tested
by M-S-E based on regression
analysis, Histogram Error and
fitness.

representation indicates that the target result overlays the
reference outlines of the LMLA-BPNN solver for all four cases
with scenarios, indicating that the framework for the neural
network (NN) design validates the accuracy of the solution.
After neural network training, the error histogram analysis
plotted in Figures 4D-13D describes the distribution of error
calculated from the zero axes. The error analysis and error
values clarify the difference between the expected values and the
targeted values. For six different scenarios of the LMLA-BPNN
model, the average value of the error bin almost contrasts with
the zero-line error adjoining. The average error bin comparing
baseline line error which has surrounding errors for six
different circumstances of the MHD-WNF-HGA model is
-51x107%,  6.39 x 107%, 147 x 107, -1.1x 107,
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FIGURE 4

Pictorialillustration for the LMLA-BPNN base on variants of Mvs f' () for MHD-WNF-HGA. (A) M-S-E demonstration, (B) transition state analysis,

(C) curve fitting, (D) error histogram, and (E) regression analysis.

1.08 x 107, 817 x 107 1.85x107%, 571 x 107%,
3.06 x 107%. According to the error histogram analysis, the

and

maximum number of error values collapse over the zero-line,
indicating that LMLA-BPNN is an accurate algorithm for all the
cases of each scenario. The network is next validated by creating
a regression plot, which depicts the relationship between the
network, outputs, and the target values. The network outputs
and the target values would be exactly equal if the training is
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perfect. The results are shown in Figures 5E-13E. The three
axes demonstrate the testing, validation, and training of the
data. The perfect result-output = targets is shown in each axis of
the dashed line. The solid line demonstrates the best fit linear
regression line between the output values and target values, and
the values of R indicate their relationship. During this
computation, the regression analysis R = 1 indicates an exact
linear relationship between the values of output and target
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TABLE 1 LMLA-BPBB's outcomes for scenario | of MHD-WNF-HGA.
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Scenario Training Validation Testing Performance Gradient Mu Epoch
1 1-95310 x 10710 224846 x 10710 169148 x 10710 1-95x%x 10710 9-98x 1078 1-00x 107° 578
2 5.54977 x 107° 827443 x 1077 7 - 44496 x 107 5.27 x 107 1-92x 107 1-00x107° 245
3 1-86162 x 1077 2-37081 x 107 1-46306 x 1077 1-86x 1077 7-07 x 1078 1-00x 107 111
4 4.53775 x 107° 4-61556 x 107° 445013 x 107° 4.54 %1077 9-87x 1078 1-00x 1077 141
5 833608 x 1071° 1-11751 x 107° 1-04017 x 107° 8.34x 10710 1-00x 1077 1-00x107° 379
6 9-43417 x 107° 1-11549 x 1078 1-10602 x 1078 9.43 x 1077 9.96 x 1078 1-00x 1078 401
7 1-50954 x 107° 1-88233 x 107° 2-10328 x 107° 1-51 %107 9-94x 1078 1-00x 1078 480
8 1-20551 x 107° 1-21534 x 107° 2-02206 x 107 1-21x107° 4.71x 1078 1-00x107° 110
9 2-70529 x 10710 3.24184 x 10710 3.08943 x 1071° 2.71 x 10710 9.96 x 1078 1-00 x 10710 218
Best Validation Performance is 8.2744e-09 at epoch 239 Gradient = 1.9235¢-07, at epoch 245
Train -
10° Validation 5
—Test § k\
»a- Best
E 102
= Mu = 1e-09, at epoch 245
3
& i
B 10 g
g
& 10
S 10 Validation Checks = 6, at epoch 245
s {
ch d
108 5 ER :
A
o4
0 50 100 150 200 245 Epochs
245 Epochs
A B
08 Function Fit for Output Element 1 Error Histogram with 20 Bins
o7 Training
2500 Validation
e 06  Test
:"7 05 Zero Error
s 2000
M g
g 03 e 2 1500
Zo: o 3
01 + Towoue ~ 1000
500
. -
2338588588888y ng
g8EEEECE22g2888222:¢
' T 'Errors‘="rarge?s -Ogmpcl'ﬂsn e e
C D
§ G Da i © owe
£ £
§ A g a
, . A Ret
8 i
£ £
i ™
S &
E
L 1
FIGURE 5

Time(s)

12
05
02
03
06
10
09
03
05

Pictorial illustration for the LMLA-BPNN base on variants of Da vs f' (1) MHD-WNF-HGA. (A) M-S-E demonstration, (B) transition state analysis,
(C) curve fitting, (D) error histogram, and (E) regression-analysis.

Frontiers in Energy Research

14

frontiersin.org


https://www.frontiersin.org/journals/energy-research
https://www.frontiersin.org
https://doi.org/10.3389/fenrg.2022.965603

Ali et al. 10.3389/fenrg.2022.965603
Best Validation Performance is 2.3708e-09 at epoch 111 Gradient = 7.0696e-08, at epoch 111
10°
w—Train 2
10° Validation 5
—Test I
= Best
2]
E 102
= Mu =1e-09, at epoch 111
o
4
w 109]
B 10+ g
2
©
3
& 10"
E 106 ; Validation Checks =0, at epoch 111
=
&
= 0.5]
10°® g
4
0 20 40 60 80 100
111 Epochs
111 Epochs
. Function Fit for Output Element 1 Error Histogram with 20 Bins
08 2000
M 05
- Zero Error
® 04
= 1500
5 03 g
5 - Training Targets Q
- I +  Training Outputs £
3 * Vaidation Targets "3 1000
o +  Vaidation Outputs c
o1 - Test Targets -
+  Test Outputs
o Errors
—Fit 500
01—
A)\:' 1 2 3 4 5 6 7 8 9
|
siha B a 0
AR B 4 8922258888883 2838%8¢83
! §88883444¢8533z88¢8°¢8
A sSsegdeTRI¥TIRUSs233328
Input Errors = Targets - Ottputs’ © © © © ©
, Training: R=1 , Validation: R=1
2 5 o 2 S owm
& os v, o
B 3K
£ 2
7 oo §os
: |
g H )
CE—y o o 1 T o5 o 05 1
Target Target
§ Test: R=1 1 All: R=1
g g
& 05 g 0s
+ +
5 o 5 o
£ os £ o5
¥ i
i -
3 . . . 3
55 o o8 1 G os o os
Target Target
FIGURE 6

Pictorialillustration for the LMLA-BPNN base on variants of A vs f' (1) for MHD-WNF-HGA. (A) M-S-E demonstration, (B) transition state analysis,

(C) curve fitting, (D) error histogram, and (E) regression analysis.

values, which explains the effectiveness of LMLA-BPNN
resolves the MHD-WNF-HGA fluidic model.

4.1 Velocity distributions

In the rheology of thermal radiation and chemical reaction
with varying heat generation/absorption, the present work
analyzes the Joule heating impact of MHD Williamson
This

nanofluid flow through a porous layer. research

Frontiers in Energy Research

15

compares the effects of applied magnetic field, nonlinear
thermal radiation, and heat generation/absorption. The system
of partial differential equations (PDEs) is changed into a system
of ordinary differential equations (ODEs) using the appropriate
transformation to set an important nondimensional parameter
arising in the physical fluid model and solved numerically by
applying the “bvp4c” technique in MATLAB software to obtain
the dataset. The numerical computation is performed for various
non-Newtonian

nondimensional ~ parameters,

A,

namely,

Williamson parameter nonlinear thermal radiation
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FIGURE 7

Pictorial illustration for the LMLA-BPNN base on variants of R vs 6 (#) for MHD-WNF-HGA. (A) M-S-E demonstration, (B) transition state analysis,

(C) curve fitting, (D) error histogram, and (E) regression analysis.

parameter (R), Eckert number (Ec), ratio temperature (6,),
Darcy number (Da), magnetic field parameter (M), Brownian
motion parameter (Nb), heat generation/absorption parameter
(S), thermophoresis parameter (Nt), Lewis number (Le),
Prandtl number (Pr), and chemical reaction parameter (y).
For computation purpose, we have assumed default values for
the physical quantities in all cases (unless, otherwise specified) as
follows: R=M =Da=Nt=Nb=0.5, A=03, y=Le=1.0,
Pr=50, and S=-0.1. The computational values of the
diverse thermophysical properties are considered for fluid
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profiles, that is, momentum (f’(#)), temperature (6(#)), and

(¢(n) (MHD)
Williamson nanofluid flow over a stretching sheet, which is

concentration for magnetohydrodynamic
displayed in Figures 13-15. For numerical calculations, we
used specific numerical values for parameters as shown in
Table 2. The numerical finding of all the physical quantities
with respect to flow distribution, energy distribution, and
concentration distribution of nanoparticles along with their
reference solution has been displayed with the help of
graphical figures to obtain a good insight into the physical
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Pictorial illustration for the LMLA-BPNN base on variants of S vs 6 () for MHD-WNF-HGA. (A) M-S-E demonstration, (B) transition state analysis,

(C) curve fitting, (D) error histogram, and (E) regression analysis.

problem. The relative analysis of velocity distribution f (1) with
reference solution is displayed for magnetic field quantity (M),
non-Newtonian Williamson quantity (A), and Darcy number
(Da) in Figures 13A,C,E, respectively. A single surface’s flow rate
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is completely controlled by the velocity distribution. Velocity
distribution plays a significant representation to analyze the
occurrence of the flow rate of the fluid. Conversely, when
external forces are applied to a flowing fluid, the behavior of
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Pictorial illustration for the LMLA-BPNN base on variants of 8, vs6(y) for MHD-WNF-HGA. (A) M-S-E demonstration, (B) transition state
analysis, (C) curve fitting, (D) error histogram, and (E) regression analysis.

the fluid changes, and one of these external forces is the magnetic
force. Figure 13A displays the consequence of the influence of
magnetic field (M) on the flow profile f' (%) of the fluid. It is
observed that impact in this sense is lowered strongly due to an
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inverse relationship between velocity profile and magnetic field
parameter. So by enhancing the influence of magnetic quantity
means a decline in the flow speed of the fluid. When a magnetic
field is used to influence a moving fluid, the particles of fluid
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stimulated causes a countervailing force called a resistive force,

which slows and resists the motion of these fluids. Furthermore,

this force is upright to both the magnetic field vector and the
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velocity vector which give rise to the resistive force, known as the

Lorentz force generated in the direction of the fluid flow. As a

result of the applied magnetic field, the Lorentz force emerges,
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Pictorial illustration for the LMLA-BPNN base on variants of y vs ¢ (1) for MHD-WNF-HGA. (A) M-S-E demonstration, (B) transition state analysis,

(C) curve fitting, (D) error histogram, and (E) regression analysis.

opposing the flow and reducing fluid viscosity. The existence of a
magnetic field causes a drag force, which causes to lower down
the motion of the fluid. Figure 13C presents the impact of Darcy
number (Da) on velocity distribution. It is illustrated from the
figure that the influence of larger values of (Da) causes a
decrease in velocity distribution. Physically, the porous
media with a network of tiny voids known as pores that are
disrupted by the fluids as it travels through this medium.
Simultaneously, the porosity of a porous medium affects the
permeability of the fluid through it. In addition, the higher the
Darcy number (Da), the larger the conflict of the porosity in
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permeable media which leads to the movement of fluid on one
hand, and the fluid viscosity on the other hand, resulting a
decline in fluid velocity. The association between the non-
(A) and the velocity
distribution is shown in Figure 13E. A rise in a non-

Newtonian Williamson parameter

Newtonian Williamson parameter (1) allows retardation in
the velocity distribution f'(#) which reduces the movement
of fluid velocity. The absolute error (AE) analysis is shown in
Figures 13B,D,F for (M), (Da), and (1) to verify the correctness
criterion. The numeric output of AE for (¢) lies in the range
108 -107%,10%-10"%, and 10°® - 107! for (M), (Da), and
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Pictorial illustration for the LMLA-BPNN base on variants of Le vs ¢ () for MHD-WNF-HGA. (A) M-S-E demonstration, (B) transition state
analysis, (C) curve fitting, (D) error histogram, (E) and regression analysis.

(1) with respect to f’(#), respectively. The absolute error
result with the the
satisfactory accuracy criteria.

numeric reference outputs shows

4.2 Temperature distributions

Fluid temperature distribution 6(7) has a considerable
influence on the behavior of fluids and the impact on the
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the 14A,C,E  show the

comparison with a reference solution for various values of

particles  within fluid. Figures
nonlinear thermal radiation parameter (R), heat generation/
(S), and ratio temperature (6,).
the in temperature

distribution 6(#) with altered values of nonlinear thermal

absorption parameter

Figure 14A  exemplifies differences
radiation parameter (R). The temperature profile increased
with upsurging values of the nonlinear thermal radiation

parameter. The heat transfer rate inside the flow regime is
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Assessment of LMLA-BPNN with reference dataset of MHD-WNF-HGA. (A) Variation of M for f' (), (B) AE for MHD-WNF-HGA, (C) Variation of
Da for f'(n), (D) AE for MHD-WNF-HGA, (E) Variation of A for f'(#), (F) AE for MHD-WNF-HGA.

higher and it works to simulate the fluid flow. The nonlinear
thermal radiation parameter has three physical effects on the heat
transmission of the nanofluid. First, the temperature of the
boundary layer is raised on a regular basis. Second, the flow
regime’s nanoparticles acquire thermal energy, enhancing
thermal diffusion and heat transmission within the fluid
owing to the thermal conductivity of the nanoparticles.

Frontiers in Energy Research

Finally, it aims to improve the thermal transfer techniques
of nanofluids, specifically the thermal transfer method by load
and by conduction. Figure 14C shows fluid temperature
distribution 6(#) with different values of heat generation/
absorption parameter (S). Due to the rise in numerical
values of the generation/absorption parameter, a huge rise
in the fluid heat transfer is seen. There is a physical increase in
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the thermal dispersion and transfer of the fluids when heat is
generated, which raises the temperature of the fluids. Also,
with an increase in the heat source type (S>0) values, the
thickness of the boundary layer and the fluid temperature are
likewise upsurges, while an opposite behavior occurs in the
case of the heat absorption type (S<0). However, when
moving upward from the state of heat absorption to

Frontiers in Energy Research

23

generation, there is reformation in boundary layer thickness
and thermal diffusion. Figure 14E investigates the disparities
in temperature distribution 6(r) with improved values of the
ratio temperature parameter (6,). The temperature profile
increased with the enhancing ratio temperature parameter
(6y). This effect enhances the temperature of the boundary
layer and increases its thickness. The absolute error tool is
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TABLE 2 Variant of MHD-WNF-HGA.

Physical quantities of our interest-based scenarios

Case S-I S-II S-III S-IV SV S-VI S-VII S-VIII S-1X

Case 1 M =00 Da = 0.0 A=0.1 R=0.1 S=-03 6, =0.1 Nt =0.1 y =10 y =10
Case 11 M =05 Da = 0.5 A=03 R=0.5 S=-02 6, =04 Nt =03 y=25 y=25
Case III M =10 Da = 1.0 A=05 R =09 S=-0.1 6, =07 Nt =05 y =30 y =30
Case IV M =15 Da =15 A=07 R=13 S=00 6, =10 Nt =07 y =40 y =40

S stands for scenario.
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shown in Figures 14B,D,E for (R), (S), and (6,) to check the
accuracy criteria, respectively. The values of AE are in the
ranges 107 = 107*, 107 = 1073, and 1077 — 1073 for 0(r). The
absolute error numeric result with the reference outputs shows
the satisfactory accuracy criteria.

4.3 Concentration of nanoparticle
distribution

To examine the physical properties of the concentration of
nanoparticles within the fluids, it is important to study the
nomenclature and application of the fluids. The effectiveness
and intensity of thermal and electrical conductivity, for instance,
are correlated with the concentration of nanoparticles while
studying fluid behavior. The relative analysis of nanoparticles
concentration distribution ¢(y) with reference result is
illustrated in Figures 15B,D,E) for (Nt), (y), and (Le).
Figure 15A investigates the effect of the thermophoresis
parameter (Nt) with respect to the concentration of
nanoparticle distribution ¢(#) within the flow regime of the
fluid. As the
concentration of nanoparticle distribution enhances, the rate

the thermophoresis parameter increases,

of heat transfer in the boundary layer increases, provoking
particle deposition away from the fluid regime and therefore
enhancing the concentration of the nanofluid particles. The
effect of the chemical reaction parameter (y) and Lewis number
(Le) on the concentration of nanoparticles distribution ¢ () is
illustrated in Figures 15C,E, respectively. A significant decrease
is observed with the rise in the chemical reaction parameter (y)
and Lewis number (Le). The absolute error (AE) analysis of
(Nt), (y), and (Le) on nanoparticle concentration distribution
¢(n) are shown in Figures 11B,D,F to check the accuracy
criteria, respectively. The AE values lies between 1078 — 1073,
107 -107%, and 10®-107 for ¢(#). The absolute error
numeric result with the reference outputs shows the
satisfactory accuracy criteria.

5 Conclusion

This research used the Levenberg-Marquardt neural network
technique with backpropagation to solve the magnetohydrodynamic
Williamson nanofluid flow through a stretched surface under the
effects of nonlinear thermal radiation, Joule heating, heat
generation/absorption, and chemical reaction (MHD-WNE-
HGA). The solution of a mathematical model exhibiting (MHD-
WNF-HGA) was examined with the adjustment of certain
circumstances (scenarios). The bvp4c approach is used to build
the dataset for the MHD-WNF-HGA model, which contains
deviations from a variety of physical measurements such as the
Williamson parameter, thermal radiation parameter, magnetic
parameter, Eckert number, Darcy number, Brownian motion,
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and thermophoresis parameter. The MHD-WNEF-HGA reference
dataset is made up of various versions, with LMLA-BPNN training,
testing, and validation accounting for 80, 10, and 10% of the dataset,
respectively.

The important findings of the present investigations are as
follows.

o Fluid flow speed drops when magnetic force and Darcy law
are applied to the flow. Also, Williamson fluid velocity is
high for the lower values but as the values rise, the velocity
drop with speed.

o The temperature distribution elevates with the help of the
thermal radiation parameter, heat generation absorption

parameter, and temperature ration parameter.

The thermophoresis effect enhances the strength of nanofluid
concentration, while the chemical reaction quantity and
Lewis number weaken the concentration strength.

Furthermore

e The mean square error is anticipated to be in the average
range of 107 for LMLA-BPNN when comparing the
reference solution to the suggested data, which shows
the close agreement between both.
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This study addresses the consequences of thermal radiation with slip boundary
conditions and a uniform magnetic field on a steady 2D flow of trihybrid
nanofluids over a spinning disc. The trinybrid nanocomposites are
synthesized by the dispersion of aluminum oxide (Al,Os), zirconium dioxide
(ZrO,), and carbon nanotubes (CNTs) in water. The phenomena are
characterized as a nonlinear system of PDEs. Using resemblance
replacement, the modeled equations are simplified to a nondimensional set
of ODEs. The parametric continuation method has been used to simulate the
resulting sets of nonlinear differential equations. Figures and tables depict the
effects of physical constraints on energy and velocity profiles. According to this
study, the slip coefficient enormously decreases the velocity field. For larger
approximations of thermal radiation characteristics and heat source term
boosts the thermal profile. This proposed model will assist in the field of
meteorology, atmospheric studies, biological technology, power generation,
automotive manufacturing, renewable power conversions, and detecting
microchips. In regard to such kinds of practical applications, the proposed
study is being conducted. This study is unique due to slip conditions and ternary
fluid, and it could be used by other scholars to acquire further information about
nanofluid thermal exchanger performance and stability.

KEYWORDS

slip conditions, thermal radiation, heat generating source, computational approach,
ternary nanofluid, rotating disc
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Introduction

Rotating disks are used in a wide range of engineering and
industrial applications such as gas flywheels, spinning disk
electrodes, turbine engines, brakes, and gears (Li et al., 2021;
Zhou et al, 2021; Chu et al, 2022a). The modeling and
simulation of ferrofluid flow with heat transfer induced by an
irregular rotatable disc oscillating upward were investigated by
Zhang et al. (2021). The wavy rotating material increases energy
conversion by up to 15% as compared to a level surface. Waini
et al. (2022) used the bvp4c MATLAB programming to
investigate the chaotic flow over a gyrating disc in nanofluids
with deceleration and suction features. Alrabaiah et al. (2022)
investigated the flow of magnesium oxide, silver, and gyrotactic
microbe-based hybrid nano composites within the cylindrical
space connecting the disc and cone in the context of thermal
energy stabilization. It was discovered that by combining a
rotating disc with an immobile cone, the cone-disk system
may be cooled to its desired temperature, whereas the outer
edge system is in equilibrium. The flow of nanofluids across a
preheated revolving disc has been computationally evaluated as a
result of random motion, heat conduction, and thermal radiation
by Chu et al. (2021a). They described many features of
momentum and heat transformation using Arrhenius kinetic
energy. The radiation and Prandtl number effect are thought to
promote heat exchange while enhancing the magnetic
component which lowers velocity distribution. Naveen Kumar
et al. (2022) evaluated the nanofluid flow over a spinning,
stretchy disc with an unsteady heat source. The heat
transmission of both fluids accelerates as the ratios of
temperature- and space-related heat supplier factors increase.
Alhowaity et al. (2022) developed the energy transmission over a
moving sheet. It was hypothesized that adding carbon nanotubes
and nanoclusters to water improves its thermophysical and
energy transport capabilities drastically. Sharma et al. (2022)
with
geothermal viscosity and thermal conductivity, causing the

proposed a spinning disc temperature-dependent
hydrodynamic flow of magnetized ferrofluid. Kumar and
Mondal (2022) the

radiating unsteady viscous fluid flow due to a stretchy

analyzed quantitatively electrically
spinning disc with an externally supplied magnetic field,
looking at both descriptive and analytical aspects of heat
transmission. Recently, many investigators have documented
substantial involvement to the fluid flow across a rotating disc
(Bilal et al., 2022a; Alsallami et al., 2022; Murtaza et al., 2022;
Ramzan et al., 2022).

Hybrid and trihybrid nanofluids combine the metallic, non-
metallic, or polymeric nano-size powder with a conventional
fluid to maximize the thermal efficiency for a wide range of
purposes such as, solar energy, refrigeration and heating,
ventilation, heat transition, heat tubes, coolant in machines,
and engineering. Many experiments have noted that hybrid
nanofluids have a superior energy conduction rate than pure

Frontiers in Energy Research

29

10.3389/fenrg.2022.967307

fluids, both experimentally and statistically (Khan et al., 2020;
Alhowaity et al., 1002; Elattar et al., 2022). The working fluid in
this study contained Al,O3, ZrO,, and CNT. Sahu et al. (2021)
analyzed the free convection steady-state and loop’s transient
features utilizing a variety of water-based trihybrid (A1203 + Cu
+ CNT/water) nanofluids. Ramadhan et al. (2019) examined the
instability of trihybrid nanofluids. The tri-hybrid nanocomposite
was successfully synthesized and displayed excellent
compatibility. Muzaidi et al. (2021) addressed the physical
parameters (crystallite size, surface shape, and density) of
SiO,/CuO/TiO, trihybrid nanofluids. The trihybrid solution
exhibited the best thermal characteristics, based on thermal
production, at roughly 55°C. Al-Mubaddel et al. (2022)
documented the model for generalized energy and mass
transfer comprising magnetized cobalt ferrite. The influence of
permeability factor, inertial element, and buoyant ratio on the
fluid velocity has been reported, while the temperature
conversion curve improves dramatically with the increasing
values of Eckert number, Hartmann number, and heat
absorption/generation. Ullah et al. (2021); Ullah et al. (2022)
used an elongated substrate to describe the convective flow of
Prandtl-Eyring nanofluids, taking into account the important
factors including activation energy, chemical reaction, and Joule
heating. Safiei et al. (2021) used a newly created metal fabrication
fluid called ZrO,-Si0,-ALO; trihybrid ferrofluid in the cutting
zone to produce a good surface quality on manufactured items
while also reducing the cutting forces. Gul and Saeed (2022)
worked on improving thermal flow for trihybrid nanofluid flow
across a nonlinear extending plate. It was discovered that as the
volumetric fractions of NPs enhance the nonlinearity index of the
sheet and velocity profile decreases. Lv et al. (2021) examined the
Hall current and the heat radiation effect on hybrid nanofluid
flow over a whirling disc. Their endeavor was motivated by the
desire to improve the thermal energy transmission for
mechanical and manufacturing uses. The heat transfer rate
decreases with Hall current and increases with the radiative
component, according to the findings. Palanisamy et al.
(2021) investigated the characterization and thermophysical
characteristics of trihybrid oxide nanostructures, including
SiO,, TiO,, and Al,Os, produced at 0.1 per concentration in
three distinct ratios. Furthermore, many scholars have reported
on the uses and applications of ternary nanofluid (Sohail et al,,
2019; Ahmed et al., 2020a; Sohail et al., 2020a; Ahmed et al.,
2020b; Chu et al., 2021b).

When viscosity effects at the wall are insignificant and mesh
size is substantially larger than the boundary layer thickness, the
slip wall condition is used. Hussain (2022) statistically and
numerically assessed to capture the flow characteristics of
hybrid nanofluid flow across an enormously extensible sheet
with thermal and velocity slip conditions. The results show that a
little increase in the thermal slip factor generates a significant
change in the thermal transfer rate when compared to the
radiation impact. Swain et al. (2022) addressed the uniform
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chemical reaction and magnetic field effect on the water-based
hybrid nanofluid passing over a dwindling permeable sheet with
slip boundary conditions. The suction and injection component
enhances the skin friction ratio; however, the velocity slip factor
has the opposite trend. Ullah (2022) demonstrated the flow of a
hydromagnetic hybrid nanofluid in a 3D nonlinear convection
layer in the existence of microorganisms and different slip
circumstances across a slandering substrate. Many scholars
have recently hugely reported on thermal and velocity slip
conditions (Khan et al, 2017; Sohail et al., 2020b; Ahmed
et al., 2020c¢; Saeed et al.,, 2021; Algehyne et al., 2022).

The purpose of this research is to elaborate the consequences
of slip boundary conditions on ternary hybrid nanofluid flow in
the presence of heat source and thermal radiation over a rotating
disc. The thermophysical properties of ternary nanoparticles
(AlLO3, ZrO,, and CNT) and base fluid (H,O) are
investigated in this study. To numerically resolve the
dimensionless system of ODEs, the parametric continuation
method has been applied using MATLAB’s software. The
current study’s unique findings are useful and valuable in
academic studies and other fields.

Mathematical formulation

A steady two-dimensional trihybrid nanofluid flow with
nano composites (Al,Oz, ZrO,, and CNT) over a disc in the
presence of thermal radiation and slip boundary conditions is
studied. The (r, ¢, z) cylindrical coordinate system is
considered as elaborated in Figure 1. The disc rotates with
fixed angular velocity Q. The magnetic field B, is applied in
the axial direction of fixed intensity. Moreover, we can ignore the
induced magnetic field by considering low magnetic Reynolds
number. T, and T, are the wall and ambient temperature of
fluid, respectively. Based on abovementioned postulation, the
elementary phenomena are modeled as (Igbal et al., 2021):

au+u ow N
or R
ou ou v\ OP u u 10u ou
A ) R A e =
_O'tnfBéua (2)
ov oV uv\ v v 1lov 9w
LA i R ey w1
_UrnfBéV, (3)
w oP dw low dw
Ao 05 &“‘w wtrata) W
_T i —k aZ_T+az_T+laT —
“or "\ oz Ty or ) ¢
+ Qo (T - Teo)s (5)
where
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FIGURE 1
Ternary hybrid nanofluid flow over a rotating disc.

_ —40" 0T* -160", ,0T
T3 9z T 3k oz

The boundary conditions are

ou ov oT
L w=0v=L 4 Qr, T =L,——+T,atz = 0.
u 15 w % laz+ r zaZ+ atz (6)

u—0,T >Tywv—0,p— poasz — co.

Here, L, and L, are the wall slip and thermal jump constant,
respectively; Qp is the generation and absorption; Uy = Qr is the free
stream velocity; P is the pressure; 04,5 is the electrical conductivity of
ternary hybrid nanofluid; 4, ; is the dynamic viscosity; p,, is the
density; and (1, v, w) are the components of velocity.

The following variables are used to simplify Eqs 1-5 to the
dimensionless system of ODEs:

U,
{ =2z i , u=rQf (0), w=-2,Qvg (), v=rQg (),

p = POO - QMfP(()s T= Too + (Tw - Too)e({)

7
We get,
22l g gy g agpr Puiapp o
Vinf ptnf
2 Vinf ,,+2fg ng phnszg 0. (9)
ptnf
Vinf "y ppn _ Phny oP
- = (10)
thff ff Ping o¢
PC )it [ Kin
()f( L Ra)9 PO HO =0, ()
(Pcp)mf khf
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TABLE 1 Investigational values of Al,O3, ZrO,, CNT, and water Arif
et al. (2022).

3
k(W/Im.K) p(kglm?) C,(Jlkg.K)  B(1/K)

Water  0.613 997.1 4,179 0.00021

ALO; 40 3,970 765 0.00000508

Zr0, 1.7 5,680 502 —

CNT 3,007.4 2,100 790 ~0.000008

f(0)=0, g(0)=1+g'(0)a, f'(0)=f"" (O)a, O
f’_)() P—0,g—0, 60— 0 when { > 00.

(0)=1+6'(0)8.
(12)

Here, Pr is the Prandtl number, M is the magnetic constant, «
is the slip velocity factor, f is the thermal slip constraint, and Rd is
the thermal radiation term.

#e(C . B
f(kP)f, M= Utf \j7 ﬁ Lz\j7 Rd
f
40T? (13

T Tk

Pr =

)

The engineering interest quantities are

T +75 kg
Cy= Q)7 r = ]if % (14)
Pony (1Y) ¢ Tu-To

The dimensionless form of Eq. 14 is

10.3389/fenrg.2022.967307

au ow av ow
“Her\az " ar “Her\az " or
oT
quw _ktnf$ - (15)
RelCy =1 107 4 g/ 07 (16)
Autnf
4 K
Re? Nu, = —L Rd#' (0). 17)
ktnf
ZQr

Here, Re, =
the experimental Values of ternary nanoparticles and base fluid. Table

is the local Reynolds number. Table 1 illustrates

2 presented the mathematical model for trihybrid nanofluid.

Numerical solution

Many researchers have used different types of numerical and
computational techniques to deal highly nonlinear PDEs (Zhao
et al., 2018; Zhao et al., 2021a; Zhao et al., 2021b; Chu et al., 2022b;
Jin et al,, 2022; Nazeer et al., 2022; Rashid et al., 2022; Wang et al.,
2022). The main steps, while dealing with the PCM method, are as
follows (Shuaib et al., 2020a; Shuaib et al., 2020b; Bilal et al., 2022c):

Step 1: Simplify Eqs 8-11 to 1st order

} (18)

=f(), h=f"(n), A=f"(n), A=g(n)
As=g'(n), A=0(n), A =06"(n), As=p(n).

By substituting Eq. 18 in Eqs 8-12, we get

2 VMR R 4 R 4 4R - LM, = 0, (19)
hnf ptnf

2R R A — 2R0As = P AR, = 0 (20)
Vinf Plnf

TABLE 2 Thermochemical properties of ternary hybrid nanofluids Alharbi et al. (2022), Bilal et al. (2022b).

L Mt 1
Viscosity e 100y (a0, (Ibna )
. P Pz
Density P—/f =(1- ¢Alzos)[(1 - ¢A1103){(1 = enr) + ¢CNTP;J;T} + a0, ;i, 1+ ¢2.0, ;/o
i (pep)un cp)zr0, (peplont CP)al,05

Specific heat F:CP)// = ¢zr0, ppcp)/) + (1= 02,0, [(1 = 1,01 (1 = $onr) + fenr ppip 3+ ban0, p(pc;l 1}
Thermal conduction King _ ( kent +2King = 2¢cnr (kimg = kent) \ Funy _ kano, + 2kng = 294,06, (kng = kano,)

Ky kent + 2knng + benr (kinp = kenr) ) kg Kat,0, + 2kus + @ 1,0, (knf —kano,) )’

kg _ [ kzro, + 2kg = 2¢7,0, (ky = kzr0,)

k/ kzro, +2kf +¢ZrOz (k[*erOZ) ?
Electrical conductivity Y 3 (JCNT Déenr 3 (L‘l203 = D0,

tnf _ Ohnf Ohnf _ nf )
- OCNT OCNT > - 0 ALO. OALO. >
Ohnf (——+2)-( - 1) Onf (—=+2)- (—>-1)
Oy Ohny benr s ons bano,
020,
3(—= =Dz,
Unf _ o
; =1+ (lTZroZ ) - (C'Zro2 “1¢ )-
Tor Tor 20,
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0.8 . . . . .
CNT+ALO;+ZrO;/water
Al O3+ZrO,/water
------ ZrO;/water
a=0.2,04,0.38.
8 10
n
FIGURE 2
Velocity outlines f' (1) versus velocity slip factor a.
0.8~ . . : . .
------------ CNT+ALO;+ZrO,/water
e Aly O3+Z1r0;/water
M. =eeee- ZrO,/water

M =0.1,03,0.5.

8

FIGURE 3
Velocity outlines f' (1) versus magnetic term M.

Vol 5 ARy — PR 2 0,

10

@1

Vh"f ptnf
PCo )t { Kim ,
% <t—f + Rd>x7 + PrR A, + Hshg = 0. (22)
(pCP)tnf khnf

A1 (0)=0, A, (0) = ks (0), Ay (0)=1+ahs (0), As(0)=1+p5,A;(0),

A,—0, g—0, As—0, As >0 when { > 0.

Step 2: Familiarizing parameter p in Eqs 19-22:

2 VR R 4 R + 4R (Rs — 1)p — PMEAPR, = 0.
Vinf Ptnf
22K LR, (Rs = 1)p — 2Koks — D MPR, = 0.
Vinf ptnf
VK Ry (R = 1)p = PR = 0,
Vinf ptnf
pC k )
% ( k‘”f + Rd>7\7 +PrA, (A; — 1)p + Hshs = 0.
(pcp)tnf hnf
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0.8~ " " "

CNT+AL 0;+Zr0,/water
Al O;+ZrO,/water
______ ZrOy/water

FIGURE 4
Velocity outlines ' (1) versus ternary nanoparticles ¢.

0.8 - - - - -
CNT+AL O;+ZrO;/water
AlyO;+ZrO,/water
------ ZrOy/water

a=02,04,028.

8 10

FIGURE 5
Velocity outlines g () versus velocity slip factor a.

0.8 . ; . - -
CNT+AL O;+ZrO;/water
Al O3+ZrO,/water
A1t N ZrO,/water
S04}
Y]

FIGURE 6
Velocity outlines g () versus ternary nanoparticles ¢.
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0.8 . g T T i i
s meesessees CNT+AL O;+ZrO;/water
. Al,O;+ZrO,/water
06 S asaaaa= ZrO,/water
=04
5
0.2
£=02,04,08.
0.0 ]
0 8 10
n
FIGURE 7

Energy outlines 0(#) versus thermal slip factor .

0.8 - - - - .
------------ CNT+AL O3+ZrO)/water
Al O3+ZrO;/water

osl\x  meeee- ZrO,/water
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n

FIGURE 8

Energy outlines 0(#) versus heat source Hs.

0.8 " . -

CNT+AL O;+ZrO,/water
AL O3+Zr0,/water
------ ZrO,/water

FIGURE 9
Energy outlines 0(#) versus ternary nanoparticles ¢.

Step 3: Apply Cauchy principal and discretized Eqs 24-27.
After discretization, the obtained set of equations is
computed through the MATLAB code of PCM.
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|" ............ CNT+AL O;+ZrO;/water
. ———————— AL O;+ZrO;/water
= A S ZrO,/water

Rd =0.1,04,0.7.

FIGURE 10
Energy outlines 6(n) versus thermal radiation Rd.

Results and discussion

This section elaborates the physics and trend behind each
figure. The following statements are concluded from Figures 2-11.

Figures 2—4 revealed the axial velocity f'(#) outlines versus
velocity slip factor a, magnetic term M, and ternary nanoparticles ¢,
while Figures 5 and 6 display the radial velocity g (1) outlines versus
slip factor « and ternary nanoparticles ¢, respectively. Figures 2 and
3 reported that the velocity contour diminishes with the influence of
slip factor and magnetic term. The slip factor and magnetic force
both resist the fluid field because the magnetic impact causes Lorentz
strength, which opposes the fluid flow; hence, fluid velocity contour
declines due to the increasing tendency of magnetic field and slip
factor”. Figure 4 shows that the dispersion of more quantity of
ternary nanoparticles (¢ = ¢, = ¢, = ¢,) to water decelerates the
fluid velocity. Physically, the inclusion of trihybrid nano composites
to the base fluid enhances its average viscosity, which results in such
retardation. Figures 5 and 6 present that the radial velocity also
declines with the velocity slip factor and ternary nanoparticles. The
upshot of trihybrid nanoparticles enhances the fluid viscosity, which
resists the fluid velocity g (7).

Figures 7-10 show the energy outlines versus the thermal slip
factor B, heat source Hs, ternary nanoparticles ¢, and thermal
radiation Rd. Figure 7 expresses that the thermal slip factor
reduces to the energy contour because slip effect minimizes the
rate of frictional force, which results in reduction of energy field.
Physically, the frictional force generates heat, so its reduction also
decreases the temperature of fluid. Figure 8 illustrated that the heat
generation and absorption term boost the energy profile. An
additional energy is provided due to the rising effect of heat
source, which elevates the energy profile. Figure 9 expresses that
the addition of ternary nanoparticles enhances the temperature
profile. The specific heat capacity of water (4,179 C,, (J/kg.K)) is
much higher than that of AlLO; (765 C,(J/kgK)), ZrO,
(502 C,(J/kgK)), and CNT (790 C, (J/kg.K)) nanoparticles.
Therefore, the dispersion of these NPs to water lessens its average
heat capacity, which fallouts in the elevation of energy outlines.
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FIGURE 11

Percentage- and column-wise comparison of nanofluids.

Figure 10 displays that the upshot of radiation Rd term enhances the
temperature contour. The impact of radiation term augments the
energy of fluid, which causes in the inclination temperature contour.

Figure 11 demonstrates the comparative evaluation of nanofluid,
hybrid, and ternary nanofluid. From all the subfigures of Figure 11, it
can be noted that the ternary nanofluids have greater tendency to
boost the energy transmission rate than hybrid and solo nanofluids.

Conclusion

We have examined the consequences of thermal radiation
with slip boundary conditions and the uniform magnetic field on
a steady 2D flow of trihybrid nanofluid over a rotating disc. The
trihybrid nano composites are synthesized by the dispersion of
Al 05, ZrO,, and CNT in water. A nonlinear system of PDEs is
used to describe the phenomenon. The modeled equations are
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reduced to a nondimensional collection of ODEs using similarity
substitution. The PCM methodology is used to estimate the
nonlinear differential that resulted. The

equations key

findings are

o The axial velocity f'(#) outlines are reducing with the
influence of slip factor and magnetic term.

o The dispersion of ternary nanoparticles (¢ = ¢, = ¢, =
¢5) to water decelerates the fluid velocity.

o The radial velocity also declines with the velocity slip factor
and ternary nanoparticles.

o The energy field declines with the increasing effects of
thermal slip constraint.

o The influence of heat generation and absorption term
boosts the energy profile.

o The addition of ternary nanoparticles magnifies the
temperature profile.
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o The fluid temperature augments with the effect of thermal
radiation.

« The ternary nanofluid has higher thermal characteristics
than simple and hybrid nanofluid.
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Suction/injection is a mechanical effect and used to control the energy losses
in the boundary layer region by reducing the drag on the surface. In this
study, unsteady MHD flow of Brinkman-type fluid with suction/injection, heat
absorption, and chemical reaction is investigated and an analytical solution
is established. The corresponding results for temperature, concentration, and
velocity fields are obtained with the help of the Laplace transformation method
analytically. The physical effects of thermal and mass Grashoff number, Prandtl
number, Schmidt number, heat absorption parameter, first-order chemical
reaction parameter, suction/injection, Brinkman parameter, and magnetic
parameter have been discussed graphically. Finally, it is observed that in the
presence of suction effect, fluid's velocity decreases gradually by increasing
the value of suction parameter while show an increasing trend for the
increasing value of the injection parameter.
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Introduction

In nature, the convectional flow of fluids is not only induced by the temperature
gradient but it is also generated due to the non-homogeneous concentration field. In
several industrial and biological processes, the heat and mass transfer take place in
chorus as a result of pooled buoyancy forces. In the presence of magnetic fields, such
natural flows induced unevenness of thermal and species balances which are of great
importance and have several applications in polymer industries and biological sciences.
Matin et al. (2012) discussed the mixed convectional flow of nanofluid past an extended
surface under the influence of the fluctuating magnetic field. Khan et al. (2018) analyzed
the MHD flow of viscous fluid enclosed in an open channel. Unsteady free convective
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viscous fluid under a uniform magnetic field through porous
media has been examined by Patel etal. (2015). Paul (2017)
discussed the MHD free convection flow and presented the
physical significance of magnetic force on fluid motion.
Umavathi et al. (2018) also took into account the subjectivity
of Lorentz forces on the electrically conducting fluid flow
through a couple of parallel porous plates. Alietal. (2013)
investigated analytically the double convectional flow with
heat and mass transport in the presence of Lorentz forces.
Ahmedetal. (2017) extended his work for an L-shaped
porous medium and discussed the flow of fluid induced by
temperature and concentration gradients. Babu etal. (2017)
considered natural convected viscous fluid flow over an extended
permeable flat surface in the presence of magnetic field of
constant magnitude. Some studies regarding heat and mass
transfer are found in Ahmad et al. (2019); Ahmed et al. (2019);
Adnan et al. (2020); Ahmad et al. (2020); Khan et al. (2020);
Yu-Ming Chu et al. (2020).

The suction/injection effect is significant in the boundary
flow and is applied to minimize the energy losses due to
the surface drag. This effect is also applied to construct the
biological and mechanical suction devices. Bose et al. (2016)
analyzed the suction/injection for MHD convective flow
of fluid over a swinging role of the permeable plate.
Modather et al. (2009) discussed MHD flow over an oscillatory
surface of micropolar fluid. Jha et al. (2017) compared
the numerical and analytical solutions by considering the
effect of suction/injection. Ravindran (2013) examined slot
suction/injection for convectional flow and established
numerical results for the conic domain. Aman (2017) established
the results for the flow past an extended porous flat plate
by imposing suction/injection on the boundary. Jha et al
(2015), Jha et al. (2018) presented the analytical solutions of
natural convected flow with and without thermal radiation
effects in vertical microchannel accompanied with a magnetic
force by applying the suction/injection effect in the boundary
layer region. Zeeshan etal. (2018) discussed the fluid motion
generated by unbalanced temperature and mass distribution and
blustered the effective role of uniform suction on fluid flow in the
region of the boundary layer. Also, several other results regarding
suction/injection boundary flows for transport phenomenon are
found in Das (2010); Rajesh etal. (2010); Baoku et al. (2013);
Ghosh et al. (2014); Akinshilo et al. (2017); Faladea et al. (2017).

The research work cited earlier regarding suction/injection is
performed by numerical techniques. There is no exact result for
velocity subjected to suction/injection and our main aim of the
present research was to fill this gap. In this study, an unsteady
free convectional flow of chemically reacting Brinkman-type
fluid by imposing suction/injection on the boundary is shown.
The Laplace transformation technique is applied to obtain
the analytical expressions for temperature, concentration, and
velocity. The role of suction/injection in the flow domain is also
explained with other physical parameters graphically.
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Formulation of problem

Suppose Brinkman fluid is lying at rest over an infinite plate
placed in the xz— plane in such a way that the y-axis is taken
along the outward normal to the plane of plate. In the beginning,
time fluid with plate is in static equilibrium and physical state
is described by temperature T, and concentration C,, as shown
in Figure 1. After the time ¢> 0, plate is supposed to move
with velocity Uyf(t). Where f(t) satisfied f{0)=0. A constant
temperature T, is maintained with the concentration level near
the plate. The flow is directed in the z-direction and the velocity
gradient exists in the direction of the y-axis so velocity is as
V= \7(0,0, w) = w(y, t)k, where the unit vector k is pointed in the
direction of velocity. A suctional velocity orthogonal to the plane
of plate may be written as v = —v,. The momentum, energy, and
mass balance equations which govern the flow may be taken in
the following form (Modather et al., 2009; Bose et al., 2016):

Pw(yt

w1 S w0 +pw(y,t) = VT) +8hr(T(nt) - T..)
Y

ot O oy

ang(y, t)

+gB-(Cnt)-C..) - (1)

M), IOk FTGO Qo 0y
PSy o

ot oy pCp 3y
aC(y,t)  aC(y,H) FC(yt)
i =D > -K.(CHpn-Co), ()
z w

Velocity profile

Injection =——
Suction

Temperature profile

1T

FIGURE 1
Flow geometry.
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where p is the density, v, is the constant suction velocity, f3 is
the Brinkman parameter, w is the velocity of fluid, ¢ is time,
T is the fluid temperature, T,

» is thermal state at wall, T, is

temperature at infinity, k denotes thermal conduction, 3 and 3

denote the constant of volumetric expansion, Cp is specific heat at

perseverance, force (pressure), Q > 0 is heat absorption, K, is the

chemical reaction parameter, B, is the constant magnetic field,

and D is mass diffusion.

The adequate conditions at boundary for field variables are:

w(,0)=0, T(y0)=T.,C(),0)=C,,
w(0,6) = Ugf(, T(0.6) = T,.C(0,6) = C,,
w(eo,t) =0, T(eo,t) = T, C(e0,1) = C... (4)

By inserting the following relations in Eqs 1-4:

L W)y . Ut . w | T-T.,
= A= — =T = )
v Uy T,-T,
o CCo g1, -T)v
= ,Gr = >
C,-C. U
C,—-C_)v C
Gm = ‘M)pr: Q,Sc: Y,
u; k D
oByv Qv Ky Vo
= — = A= ,§= —
v e T,
vp
=—, (5)
/30 UO

0
we obtained the following equations:

ow (y, 1) _Saw(y, t) . vBw (y,1) _ azw(y, t)

T >
ot dy wy 9y* +GrTo.D

+GmC(y,t) - Mw(y,1), (6)

oT(y0)  dT(y0) 1 &*T
- = - T b))

a0 oy T brgy 2TOY @
dC(y:1)  dC(1) 1 9C

a0 oy segp (U ®

w(y,0) =0, T(y,0)=0, C(y,0)=0,
w(0,t) =h(t), T(0,t)=1, C(0,t)=1,

w(oo,t) =0, T(o0,t) =0, C(oo,t) = 0. 9)

Solution of problem

Calculation of temperature

Eq.7 with Laplace transform and condition (9),, is
transformed to ordinary differential equations in T
PT(g) o oT

—S+ Prsa—y —-Pr(q+Qy) T(y,q) =0.

10
% (10)
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Eq. 10 satisfies

T(0,q) = é and T(c0,g) = 0. (11)

The solution of Eq. 10 subjected to condition (11) is as
follows:

_ 2
T(y»q>=$exp<—y<%+ (%) Pr(q+Qo)>>- (12)

In a suitable form:

T(y.q) =€ lexp (—y\/ﬁ\lq + dl) .
q

(13)

_ ( Prs _ Prs’
where ¢, = (7) and d; = —— + Q.
Eq. 13 is re-transformed in the t-domain by inversion of
Laplace transform with composite formula as:

—ya P
T(y,t) :eT [exp(—yPr\/d_l) X erfc(y—\/rE - \/d—1t> +

2

P
exp(—yPr\/d_l) erfc(i—\/r_t + d1t>] .

(14)

Calculation of concentration

In a similar manner as adopted in the case of the temperature
field, Eq. 8 with respective boundary conditions from Eq. 9 can
be solved for the concentration field as follows:

_ 1 Scs Scs )2
C( ,q):aexp<—y<7+ (7) +Sc(q+)t))>. (15)

In a suitable form:

C(y,q):e’y‘zlexp(—y@\/q+d2>, (16)
q
where ¢, = (%), d, = SCTSZ +A.
Eq. 16 is re-transformed as:
e ¥Sc
C(y,t) = [ex (— Sc d)erfc(—— dt)
Jy 5 p{—r \/_2 i \ %2
S
+exp(—ySC\/d—2) erfc<% + \/d2t>] . (17)
2Vt

frontiersin.org


https://doi.org/10.3389/fenrg.2022.963583
https://www.frontiersin.org/journals/energy-research
https://www.frontiersin.org/journals/energy-research#articles

Yao et al.

10.3389/fenrg.2022.963583

A=15.M=15.6,=055=15.

FIGURE 2
Velocity due to Gr for small time (A) and for large time (B).

Gm =10.Pr=0.5.S¢=0.3.0, =1.2.

Gm=10.Pr=05.5¢=0.3.0, =1.2.
A=15M=15.5,=05.5=15.

Gr=10.Pr=0.5.8¢=03,0, =12.
A=15.M=15.5,=05.5=15.

uly,b)

0.3r

FIGURE 3
Velocity due to Gm for Small time (A) and for large time (B).

o

Gr=10,Pr=0.5.Sc=0.3,0, =1.2.
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uy,t)

Velocity

Imposing Laplace transform to Eq.6, we obtain the
following transformed ordinary differential equation:

2 - -
a:_)(z,q) sawg—)y”q) = (q+M+B,)w(y.q) = -GrT(y,q) - GmC(y,q).
(18)
Eq. 18 is in hold for following specification:
w(0,q)=f(q)  w(q)=0. (19)

Eq. 18 with condition (19) can be solved and after
performing lengthy calculation, its solution takes the following
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form:

W(y»q)=]‘(q)eXP( (a+ q+b)>
 oon(o{eri2)-en(ofer )|
[(c1+\/ﬁ\/m)2—s<cl+\/_\/q+_d) q+M+ﬁO]
Snlonofe ) - )|
[(czﬂ/_cm) -s<cz+ﬁ\/ﬁ) (q+M+[30]

. (20)

wherea= > and b=a’ + M+ .
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FIGURE 4
Velocity due to Pr for small time (A) and for large time (B).
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FIGURE 5
Velocity due to Sc for small time (A) and for large time (B).
In a suitable form: Consider the following equations:
#(.9) = (@ exp -y \a+b) F ) =exp(-fa+b). (22)
Gr
[<c1+\/_ q+d> —s<c1+\/ﬁ q+d1)—(q+M+ﬁ0)] F,(»,q) = —exp( -y q+b), (23)
q
X [e y“—exp -y\q+ b) —-e 7”1—exp(—y\/_\lq+ dl)]
‘1
1
F;(y,q) = aexp(—y\/ﬁ\lq+d1), (24)
[(c2 + \/_C\/q+d2) —s(c2 + \/_C\/q+d2) q+M+/30)]

X[e -yal exp q+b) e V2 exp< y\/_\/mﬂ (21) F4(y,q):éexp<—y\/§\/ﬁ), (25)
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and
A (g =
[(cl + \/_\/q+d1) —s(cl + \/_\ q+d, ) (q+M+py) ]
(26)
Ay(q) =
[(c2+ \/_\qurdz) 7s<cz+ \/_\qurdz) (g+M+py) ]
(27)
Eqs 26, 27 can be written in a suitable form as follows:
1 (ry +my) (r1+m2) 1y (dy +my)
M@= @D | Gom)  Gom)

Tt =m0 T g dy (q-my)
_nld+my) (d, +m,) (28)
q+d,(q-m,)

A, () = (r3+m3) (r3+my) T (dy +m3)
2 —

(s =my) (Sc—l (g=rms)  (q=m) Vq+d2(q—m3)
_r(dy+my) (dy +my) (29)
q+d,(q—my)

where
_ G +Prd+s¢,-M—, _ VPr(2¢;+s) _ G+Scdy+sc,-M—p,
1— Pr-1 > 27 pr1 37 Sc—1 >
_ VSc@eyts)
47 T
~(2r-R) £ (2 - BV -4 (R - )
(mpmz) = > >
and
—(2n-R) £ (2n - RV - 4(3-rdy)
(m3,my) = 5 .
Inverting the Laplace transform in Eqs 22-25 and Eqs 28,
29.
1 y- 2Vbt
F,(y,t) == | exp( - Vb)erfc
0= 4o 2
y+ 2Vbt
+exp (yVb ) erfc , (30)
()5
1 y
F,(y,t) = = [exp Vb erfc(—— \/b_t>
2 2 ( 4 ) W
y
+exp(— Vo erfc(——\/af)], (31)
( g ) 2Vt
T
F,(y,t) = = | ex ( Prd )erfc< —d t)
ERVA |: P 1 i \/—1
VPr

+exp (—y Prdl) erfc <y \/_r + \/d—lt)] , o (32)

2Vt
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VSc
Fy(y,t) = % [exp(—y Scdz)erfc<y2\/; —\dyt

Vsc
+exp(—y Scdz)erfc<y Ch
2Vt

and
Al (t) = m |:(71 + ml)emlt_ (Tl + mz)emzt
)
mt
ry (dy 4 my)r (dy +my) e—erf<\/(d1 N ml)t) ,
\d, +m,
(34)
_ 1 mst myt
A, () = —(Sc— D) [(r3+m3)e (ry+my)e

—ry(dy + my) 1y (dy + my) \/Lerf( \(d, +m;) t)

d, +mjy
(35)

After inverting Laplace transform in Eq.21 and using
Eqs 30-35, finally we obtained the velocity in the t-domain.

w(y,t) =exp( ya)J f(t—=1)F, (1) dr
+ GrJOA1 (t—1) [exp(—ya) F, (1) — exp (=yc,) F; (1) dt

t
+ ijoA2 (t—1)[exp (—ya) F, (1) — exp (—yc,) F, ()] dr.
(36)

Some specifications on arbitrary function
f(t)

The velocity w(y,t), given by Eq. 36, mainly contains two
terms: the first term is the mechanical contribution due to the
motion of plate with an arbitrary velocity while the other part of
the solution is the result of heat and mass transfer. Therefore, the
mechanical part is given as follows:

t
w,, (3, 1) = exp (—ya) ,[of(t_T)Fl (1)dr. (37)
Case-I [f(1) = t"].
By introducing the f(t) = t* in Eq. 37 when plate is moving
with a variable velocity.

w,, 1) = exp (—ya) J;(t -17)F, (1)dr (38)
Case-II [f{(t) = sin(w?)].
i 0s) = exp () [ sin(wie=m)F (Ddr. (39)
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FIGURE 7
Velocity due to A for small time (A) and for large time (B).
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FIGURE 6
Velocity due to Qg for small time (A) and for large time (B).
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Numerical discussion and results

In this section, the impact of suction/injection and the other
physical parameters in the flow domain are explained graphically.
The effect of Gr for small and large times is elaborated in
Figures 2A,B. Increasing values of Gr refer to stronger buoyancy
forces which generate more convectional effects, therefore;
velocity profiles exhibit an increasing trend due to an increasing
Gr in both figures drawn for small and large times and fluid
velocity is higher for large time than that for the small time.
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Figures 3A,B depicts the influence of mass Grashoff number Gm
on velocity profiles. Figures outlined revealed that fluid velocity
speeds up under the successive increment in the values of Gm.
The greater values of Gm mean that there are large bouncy forces
due to the concentration gradient which generate more fluid
motion.

The effect of Pris discussed in Figures 4A,B. From the
figures it is shown that there is a decreasing trend in velocity
profiles for Pr. For larger values of Pr, the viscous forces dominate
the inertial forces and create more internal friction in the fluid
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flow and consequently fluid slows down. Figures 5A,B present
the effect of Sc on fluid velocity. As shown in both figures, velocity
slows down for enhancing values of Sc but fluid velocity is higher
for large time than that for the small time. In Figures 6A,B,
the effect of heat absorption parameter Q, on fluid velocity is
depicted. The figure graphic shows that the increase in Q, slows
down the fluid motion. Whenever large numeric values are given
to Qy, the fluid temperature is lowered down and consequently
the fluid velocity decreases. However, for the large time; the fluid
velocity remains higher than that for the small time. The effects
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of chemical reaction parameter A are shown in Figures 7A,B. The
fluid velocity behaves against A in similar a manner as due to Q.

The subjectivity of fluid velocity under magnetic force is
outlined in Figures 8A,B and fluid is retarded with the magnetic
parameter. The physical significance of this effect is that the
stronger magnetic field opposes the force to fluid velocity,
therefore; the fluid motion slows down. The influence of the
Brinkman parameter is shown in Figures 9A,B. It is clear that
velocity profiles lower down with an enhancing f3, for small and
large times. f3, is the material constant and its higher value refers
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FIGURE 10
Velocity profile due to suction (s > 0) (A) and injection (s < 0) (B).
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FIGURE 11
Temperature profiles for Pr (A) and Q (B) variations.

to more thick fluid. Therefore, the higher value of 3, means that
there is more dragging force to fluid flow, so consequently fluid
velocity slows down.

The suction/injection effects on fluid velocity are presented in
Figures 10A,B. The s > 0 refers to suction while s < 0 indicates
the injection and s = 0 means no suction/injection in the flow
domain. Figure 10A shows the effect of parameter s and it is
observed that the fluid velocity decreases with the increasing
values of suction parameter (s>0). Figure 10B shows the
variation in velocity of fluid with respect to injection and from
this figure, it is clear that the fluid speeds up with injection
(s <0). In Figures 11A,B, the temperature profile is plotted for
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the variation of Prand Q, respectively. From the figures it is
observed that temperature profiles lower down for the increasing
value of Pr and Q.

Conclusion

The mathematical model of unsteady natural flow of MHD
Brinkman-type fluid with suction/injection, heat absorption, and
chemical reaction of first-order is considered. The corresponding
solutions of temperature, concentration, and velocity fields
are established. The physical effects of parameters are seen
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graphically. Moreover, it is clear that in the presence of suction
at the boundary the flow slows down while for the injection
effect flow speeds up. The key outcomes of the study are listed
as follows:

e The s > 0 refers to the suction and hence an increasing value
of s slowdowns the fluid flow.

e The s< 0 refers to the injection and by increasing the
numeric value of (-s), it speedups the fluid flow.

o The fluid velocity increases for Gr, Gm, time, t, and injection
parameter (-s).

o The fluid velocity decreases for M, f, t, Q, A, and suction
parameter (s).
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Background and Purpose: Studying the effects of suction and injection on heat
transportation in nanofluids for time-dependent boundary layer flow is a key
topic in fluid dynamics. Aerodynamics and the sciences of space both make
extensive use of these types of flow. In this research, nanodiamond and silver
nanoparticles in water-type base-fluid nanofluids flow are analyzed under the
effects of thermal radiation and non-Fourier theory.

Methodology: A mathematical system having certain physical variations of the
flow model is converted to a non-dimensional ordinary differential equation
system via suitable similarity transformation variables. Then the flow model is
numerically solved by RK4 and a shooting technique to describe the dynamics
of the nanofluids under varied flow conditions. RK4 with the shooting approach
gives a rapid result with high convergence accuracy. The relevant
characteristics of physical quantities evaluated by an inclusive numerical
scheme are observed for flow pattern, temperature distribution, and
nanofluids concentration variations in the presence of suction and injection
fluxes.

Finding: According to the findings, both ND-H,O and Ag-H,O have
outstanding thermal performance characteristics. The Ag-based nanofluid,
however, has a better heat transfer capability. To validate the analysis, a
graphical and tabular comparison is presented under specified assumptions.
The key finding is that, with the injection effect, the heat flow rate is larger than
with the suction effect. The unsteadiness parameter causes a drop in the
velocity profile, whereas energy distribution rises with this parameter.
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Introduction

The thermal performance of fluids is critical in the industrial
and technical sectors. Many industrial and technical operations
need a large quantity of heat transmission. Traditional liquids do
not provide the required quantity of heat to complete the
operation, which explains why there has been a need to
understand how to enhance the heat transmission of ordinary
liquids. Ultimately, in order to increase heat transfer in
conventional liquids, researchers and scientists have devised
the idea of utilizing metallic and non-metallic substances, in
the form of nanoparticles, in the host liquid. These fluids’
heat
industrialists’ and engineers’ impact on the contemporary

exceptional transfer  capabilities have improved
world. Nanofluids have been employed in aerodynamics,
computer chips, medical sciences, the cosmetics industry,
aviation parts manufacturing, and many other industries. As a
result of the aforementioned uses, heat transport research is
unavoidable. In many engineering areas, the modeling of
unsteady flow phenomena is becoming more relevant. In
turbomachinery, for instance, this encompasses the contact
between stationary and rotating components, pistons engine,
fluid-structure interactions, helicopter aerodynamics,
applications in the automotive industry, the DNS or LES of
turbulent flows, nuclear explosions, and so on. The heat
transportation rate has been investigated for time-dependent
nanofluid flow incorporating magnetic field and thermal
conduction effects (Lahmar et al, 2020), for unsteady
bioconvection hybrid nanofluid flow over a movable rotating
disk in upward and downward directions (Jayadevamurthy et al.,
2020), for time-dependent Carreau nanofluid flow under the
effect of variable conductivity (Irfan et al., 2020), for unsteady
nanofluid flow through a movable upper plate alongside suction
and magnetic effects (Shuaib et al., 2020), and so on (Sreedevi
et al., 2020; Khan et al.,, 2021; Alsallami et al., 2022; Raja et al.,
2022; Rehman et al., 2022).

Nanodiamond particle dispersion in the host fluid water has
been investigated theoretically and experimentally by many
researchers aiming to enhance the thermal performance.
Sundar et al. (2021) experimentally investigated the entropy
and exergy of heat in nanodiamond/water nanofluid flow.
With increasing nanofluid particle loadings, research has
found a significant rise in the heat transfer coefficient and
Nusselt number. Nanodiamond/water and cobalt oxide/water
nanofluids have been placed in a square cavity containing heaters
and treated to investigate the heat transfer rate (Kalidasan and
Kanna, 2017). Numerical analysis has been made for entropy
generation in laminar convective nanodiamond/water nanofluid

through a rectangular channel (Uysal et al., 2019). Entropy
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generation has been estimated for tangent hyperbolized hybrid
nanofluid that enhances the thermal transportation capacity of
regular fluid (Hussain and Jamshed, 2021). Similarly, tangent
hyperbolized hybrid nanofluid in a solar wing parabolic trough
solar collector, used in solar plants, has been studied by Jamshed
et al. (2021a). The nanopolishing behavior of suspended
nanodiamond in elasto-hydrodynamic lubrication has been
studied by Shirvani et al. (2016). Similarly the silver/water
nanofluid flow over a vertical Riga plate has been studied by
Rawat et al. (2019). Analysis of the turbulent convective force of
Ag/HEG type nanofluid flow that flows through a circular
channel, silver/water nanofluid flow in mini channels, Ag/
HEG water nanofluid in pipes, and Ag/water nanofluid inside
a semi-circular lid-driven cavity has been conducted by Ny et al.
(2016), Sinz et al. (2016), Raja Bose et al. (2017), and Hadavand
etal. (2019), respectively. Bhatti et al. (2022a) studied nanofluids
composed of nanoparticles such that nanodiamond and silica in
the host fluid water flow through the elastic surface located
(2022b) studied hybrid
cobalt-oxide/graphene

exponentially, and Bhatti et al
nanofluids ~ comprising oxide
nanoparticles in the base fluid water that flows across a
circular elastic surface in a porous medium. This research is
significant for improving the optical thermal performance in
solar energy conversion systems. Dogonchi et al. (2017) analyzed
the magnetohydrodynamic graphene oxide/water type nanofluid
through a permeable channel under the effect of thermal
radiation and found that when the Reynolds number and
extension ratio increase, so does the skin friction coefficient.
Alizadeh et al. (2018) studied the micropolar nanofluid flow that
passes through penetrable sheets. According to their findings, the
Nusselt number is a rising function of volume friction and
thermal radiation. Dib et al. (2015) studied the thermal
transportation phenomena in nanofluid through a squeezing
medium and found that nanofluids with different types have
positive effects on heat transfer. Sheikholeslami et al. (2012)
examined the heat transfer rate in copper/water nanofluid flow
between two rotating stretched surfaces. Their findings showed
that the surface heat transfer rate increases the volume fraction of
nanomaterials. Entropy generation has been measured by
Jamshed (2021) in the MHD flow of Maxwell nanofluid that
passes infinite horizontal sheets in terms of the imposed viscous
dissipation and thermal radiation effects. Many researchers have
been paying close attention to the study of nanofluid flow
through porous surfaces, and Henry Darcy’s 1856 Darcy
model is the most used model in this kind of study (Darcy,
1965). Khanafer and Vafai (2019) discussed in detail the usages of
nanofluid in a porous medium. Shahsavar et al. (2020)
investigated the effects of a permeable medium using a silver/
water nanofluid with a heat sink filled with metal foam, utilizing
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the first and second laws of thermodynamics. Bioconvection
phenomena have been used by Bhatti et al. (2022¢) in
magnetohydrodynamic Williamson nanofluid flow that passes
a circular permeable medium when a nanofluid flows through a
cylinder entirely saturated with a porous medium. Other useful
literature about nanofluids in a porous medium can be found in
Ahmed et al. (2019), Menni et al. (2019), Zuhra et al. (2020), and
Wang et al. (2022).

Considerable focus has been placed on the flow and heat
transmission of viscous fluids via surfaces that are constantly
stretching in a fluid medium. Innovative and pioneering studies
about stretching the surface for the fluid flow include those of
Sakiadis (1961) and Crane (1970). Many researchers have since
built on Crane’s and Sakiadis’s groundbreaking work to
investigate various elements of flow and heat transmission in
an infinite domain of fluid through a stretched sheet (Laha et al,,
1989; Afzal, 1993; Wang, 2006; Ahmed et al., 2022a; Ashraf et al.,
20225 Elattar et al, 2022). These investigations are based on
continuous flow. A quick stretching of the flat sheet or a steep
shift in the sheet’s temperature might cause the flow field and
heat transmission to be unstable in some instances. Hossain et al.
(1999) investigated the effect of radiation on free convection
from a porous vertical plate. Prasannakumara et al. (2017)
reported on the convective thermal performance of an
unstable nanofluid passing through a stretchy sheet. They
presented their findings for dusty nanofluid, concluding that a
higher radiative surface is preferable for dusty nanofluid thermal
increase. Bhattacharyya and Layek (2014) studied the heat
transport of nanofluids in the presence of applied Lorentz
forces. The time-dependent non-Newtonian Casson nanofluid
flow through a slippery surface was assessed by Jamshed et al.
(2021b) for entropy generation and thermal transportation
measurement. Dutta et al. (1985) investigated the temperature
behavior of a normal liquid across a stretchy sheet in the presence
of a continuous heat flow condition. Many researchers have
studied exponentially extending sheets (Magyari and Keller,
1999; Rehman et al.,, 2017; Mushtaq et al., 2019), which have
the most important technological and industrial applications.

The heat conduction law developed by Fourier (Fourier and
Darboux, 1822) has been used to forecast heat transfer behavior
in a variety of practical circumstances. Since this model generates
a parabolic energy equation, any initial perturbation would have
a significant impact on the system under study. Fourier’s law has
been adjusted multiple times to solve this contradiction (Dong
et al, 2011; Zhang et al, 2013; Reddy and Sreedevi, 2021).
Fourier’s law was updated by Cattaneo (1948) by including
the relaxation time for heat flux, which is defined as the time
it takes for heat conduction to stabilize once a temperature
gradient has been introduced. Christov (2009) proposed a
materially invariant version of Cattaneo’s model based on
Oldroyd’s upper-convected derivative. To date, significant
research has been undertaken on nanofluidic flow models
adding non-Fourier heat conduction theory (Alhowaity et al.,
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2022; Imtiaz et al., 2022; Salmi et al., 2022). In the present paper,
non-Fourier heat flux theory and thermal radiation effects are
imposed to investigate the heat transfer rate in two different types
of nanofluids composed of nanodiamond-water and silver-water
over an unsteady stretching sheet. Suction and injection fluxes
are also considered in the model. The thermal properties of both
nanoparticles are different; hence, this study shows the best heat
transfer performance rate. The non-dimensional system of
equations is achieved via the adjustment of suitable similarity
variables in the traditional form of the flow model with many
assumptions, which are further solved through the shooting
technique. The resulting data are compared to the physical
characteristics, and the findings are shown graphically in the
11.0,
comparison study is used to verify the colloidal analyses. The

form of graphs. Using Mathematica a graphical
hydrothermal efficiency of heat transfer systems improved with
smaller silver/water nanoparticle size and concentrations. Silver
nanoparticles, when used in small enough concentrations and with
a small enough size, may reduce the pressure drop and erosion
problems that arise during the suspension of nanoparticles in the
host fluid. Thus, such a type of nanoparticle is more stable in
nanofluid over a long time. Additionally, thermal fluids based on
nanodiamond may improve thermal conductivity by as much as
70%. Therefore, both of the nanofluids possess good thermal
conductivity. Nanodiamond nanofluid is mostly used in electron
microscopy, Raman spectroscopy, and X-ray diffraction analyses.

The flow model and its formulation

The the
nanofluids flow that passes over a stretchable surface located

model considers unsteady, incompressible
horizontally. The nanofluids are composed of two types of
nanoparticles, namely nanodiamond and silver nanoparticles,
suspended in base fluid water. The flow is assumed under the
effects of suction injection and non-Fourier theory for the
stability of heat transfer at the boundary layer flow. In
Cartesian coordinates, the flow scenario is configured as two-
dimensional and unidirectional. Let 7 and ¥ be the nanofluidic
velocities in the horizontal x_ and vertical y_ directions,
respectively. T is the temperature variation with ambient
temperature To,. Figure 1 displays the flow pattern of ND-
H,0 and Ag-H,O nanofluids flow across an unstable
stretching sheet.

Governing equation: In light of the aforementioned
restrictions, the following is the form of mass, momentum,
and energy conservations (Ahmed et al., 2022b):

ou v _ W
ox 0y

oii L 0i  Ou My (90

=22 2

at+ua£+va}7 Pnf<a)72 (2)
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The flow of ND + H,Oand Ag — H,O over an unsteady stretching surface

FIGURE 1
Flow geometry of nanodiamond-water and silver-water nanofluids

TABLE 1 Thermophysical values of nanodiamond and silver nanoparticles.

Characteristics Density (£4) Heat-capacity (ﬁIK) Thermal conductivity Electrical-conductivity
Silver 10.500 234 425 6210 x 10°
Nanodiamond 3,100 516 1,000 34.840 x 10°
H,0 997.1 4,179 0.613 0.005
or ot According to the above assumption, the acceptable flow
of + uﬁ conditions at the surface and far from it are defined as:
i ar 0 )
EvY (3) = 0(—)” V=17, (f),
“ox T oy (1 + at)
' (1) W
27 2 2
_sza T . 1&28 o Aﬁa_?’ =T+ at the surface
x> 9y 7 0y (1 +at)’
where p, . is dynamic viscosity, p, , is density, ks is thermal 4 —0, and T — T farfrom the surface (5)

conductivity, and (pC,), s is heat capacity defined as:

Py = (1= ¢)+ dp.(p)) py

(65, = (1= )+ 9(pC,) (6C1), (),

by =ty (1= )"

Jeug = k(I + 2k7) = 29 (ky = ko) ) (ks + 2k ) + ¢k — k)
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where y, T, tig, T are positive
n, and c. Moreover, if Re = l"°

function ¢ (%,

9(%7) = 1/(V—
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constants with reference length /,
and Pr = ,%, then the stream

¥) can be deﬁned as:

(1+9f) )f(’?) (6)
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TABLE 2 Assessment of present study with literature.

A 0.8 1.2 2.1
Ahmed et al. (2022b) 1.32342 1.42353 1.61214
Elbashbeshy and Bazid (2004) 1.3321 1.4691 1.7087
Present study 1.3332 1.4783 1.73424

From the stream function, velocity components may be
expressed as:

9y 0x
Suitable similarity variables for the above model are
defined as:

)

1 Re 12 . .
= (—— ) jpandT =T +To——L
1 << )> e "(1+ai)

I\ (1+at o)

As a result, the velocities components in horizontal and
vertical directions are defined as:

= mf’ (n) ®)
. ©)

(\/ﬁ y (1 +af))f(rl)

The required partial derivatives can be formulated as follows:

o 7 o fiyXVRe i tiyXRe v
%1 1" (1), yzzh ) = " ) 50
% 1(1+yf) Y P(1+ai) 07" P(1+ai) %
[ X e
OB S A L 3L(7> o) B—TT(7> e
5 Ql(l +af)z Ul r R +uf)% 3%z 1L+ al) 1), e (1 +ab)y™ n

TG)M_ . X TG)VR_(n)

or VEaN a
i *T06<7) ( ey 0(n) -

1+af)"

2(1+ad)™ % (14 ai

(10)

F(n)

FIGURE 2
Influence of (A) suction and (B) injection on the velocity profile.
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Substituting Eqs 8-10 into Eqs 1-5 yields the following non-
dimensional system of momentum and energy equation:

S )+ (F () f" () = 7 () + A(f' () + 050" (n)))
=0,
1m

PrA(0(n) + 0.576' (n)) + Pr(n 0 () f' (n) + ' (n) f (n)) ) o,

A ( wBr(F () ()0 (1) - £ ()6 ()

(12)

I . . v
where A = 3—0 is the unsteadiness parameter, and where Pr = é,

di=(1-¢)(1-¢+¢L), and

(1-9)+ 6 {2
(ke + 2ky ) = 20(ks - &))((k, + 2k5) + @(k; — &))"
The corresponding boundary conditions of Eq. 11 and Eq. 12 are:

fm)=fu f'(n)=1, 0(n)=1,at =0,  (13)
f'(n) =0, 8(n) =0, at - oo, (14)

dzz

Solution process of the nanofluidic system

Computational fluid dynamics (CFD) has been an
increasingly significant technology in chemical and
engineering since the 1990s. Transport processes including
heat, momentum, and mass transfer may be studied using
CFD (Thabet and Thabit, 2018). In CFD, the geometry of
the process being modeled is first split into tiny volumes
called computational meshes. It is then applied and solved
for each mesh point using the governing equations (such as heat
and mass transport, as well as boundary conditions). Graphical
representations of mesh findings are the most typical way to
analyze CFD results (Pandey et al., 2017). In order to solve
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FIGURE 3

Influence of the unsteadiness parameter in the presence of (A) suction, (B) injection, and (C) without suction/injection on the velocity profile.

highly nonlinear differential equations involving energy,
temperature, and air velocity, CFD uses numerical shooting
and RK4 methods.

Basic principles of the shooting technique

The transport equations are quite nonlinear and can be
affected by boundary circumstances. The RK4 scheme and
shooting approach may be used to compute this numerically.
This method has a small margin of error. Converting the
resultant differential equations into first-order equations is the
first step in solving the framed model of a nanofluid flow
problem. The essential replacements for the aforementioned
step are as follows:

T
. N -
! n ! I ! ol ! It I ol S
(f. ff".6,0") :<x1,x1:xz,x2:x3,x4,x4:x5)

(15)
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Some assumptions are made to solve the fluidic model:

« a relevant value for 7, representing the field distance, is
taken as 10 for the far field;

o conditions in the far field
are f’(q) - 1,@(;1) - O,G(n) - 0;

« the scale of convergence is 107 and

wrt. 71— 00

o for calculations, the step size is recorded as 7 = 0.025.

Eqs 11-14 can thus be written as:

*

f %3

f” o H . .

& —dy (%1% - %5 + A(%2 +0.57%,)) (16)
0 X

9” * _dz

m (PrA(cxs +0.51x5) + Pr(nxsx; + Xsx,) — Pry(£:%,%57))
1

The corresponding conditions according to the variables are
as follows:
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Influence of the unsteadiness parameter in the presence of (A) suction, (B) injection, and (C) without suction/injection on the temperature

distribution.

{fcl (0) = fur %,(0) =1, %(0) =1, 17

?ACz(OO)=0, 324(00)=0

which can be determined via the shooting method and the first-
order system in Eqs 11-14 is integrated via the RK4 scheme.

Results and discussion

The intended domain’s flow properties are greatly
modified by varying the amount of flow. As a result, this
section investigates the behavior of the non-dimensional flow
field f'(n) and energy distribution 6(z) of ND-H,O and Ag-
H,O nanofluids by adjusting the flow quantities. Using the
11-12 with the boundary
conditions in Eqs 13-14 provides the significant results of

shooting technique in Egs

the proposed model. Table 1 show the values of four main
thermophysical properties of nanodiamond, Silver and water
(Ahmed et al,, 2022b). Table 2 shows the close agreement of
the shooting-RK4 technique with the existing literature for the
proposed flow model.
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Flow distribution f' (1)

The velocity of a nanofluid in relation to f,, is given by f' ().
Figures 2A,B

depict the flow of ND-H,0 and Ag-H,0 nanofluids as a
function of suction and injection values. As shown in
Figure 2A, the velocity f'(n) for both nanofluids decreases
because of higher suction impacts at the plates. As a result of
the suction effects, more nanofluid particles adhere to the
surface, lowering the velocity profile. The motion of Ag-H,0O
quickly decreases as the nanofluid gets thicker for the higher
density compared to the ND nanoparticles. Because of the low
density of ND, the fluid velocity f' (1) (ND-H,O) decreases
slowly. The effects of injecting fluid from the surface on ND-
H,O0 and Ag-H,O velocity f’ () are shown in Figure 2B. As a
result of the fluid particles being physically separated from
the sheet surface because of injection, their momentum has
increased, causing an upturn in the flow. ND-H,O has a lower
density; therefore, intermolecular interactions are lessened,
allowing fluid particles to move freely across the required
area. In comparison to Ag-H,O nanofluid, the velocity of

frontiersin.org


https://www.frontiersin.org/journals/energy-research
https://www.frontiersin.org
https://doi.org/10.3389/fenrg.2022.967444

Zuhra et al.

10.3389/fenrg.2022.967444

B ——r— . ——r
y =050
10} y=100 |
y=150
05 y=050 |l
= y=100
T 0.0 y=150 H
Nano - Diamond + Watet
-0y Silver + Water ]
~10 ) . . . ) ) R
0 1 2 3 4 5 6

Nano - Diamond + Water
= Silver + Water

A : T . T :
- Pr=300
Pr=4.00
2L
L Pr=5.00
Pr=23.00
=~ 1t sl Pr=4.00
£
Y Pr=5.00
0 Nano-Diamond+Water.
Silver+Water
1l
0 1 2 3 4 5 6
n
C T
15¢
10+
. 05
-
T
0.0
’l
-05 B
=10+
0 1 2
FIGURE 5

Influence of (A) Prandtl number, (B) thermal relaxation parameter, and (C) suction/injection on the temperature distribution.

ND-H,O0 increases more suddenly as a response of this. The
velocity f'(#) of a nanofluid in relation to the unsteadiness
parameter A are presented in Figures 3A,B,C showing the
impacts of the time-dependent quantity on nanofluid
velocities at fixed suction and injection, respectively. Both
ND-H,O and Ag-H,0 nanofluids yielded similar results. The
velocity f'(r) decreases rapidly as the unsteadiness
parameter increases in the presence of suction/injection
and when there is no suction or injection over the surface.
The fluid motion decreases towards the surface and then
begins to rise. The decrease in the fluid’s velocity, f' (1) slows
down over time, eventually disappearing asymptotically
beyond values greater than 5.

The temperature distribution 6(#)

The significant thermal physical properties of nano-
materials are critical in determining the heat transport
procedure of nanofluids. These values have a substantial
impact on the fluid’s thermal properties. As a result, this
section presents the temperature profile 8 (7) of ND-H,0 and

Frontiers in Energy Research

55

Ag-H,0 as a function of several factors. These factors are
estimated in the presence of suction or injection fluxes to
control the boundary layer and reduce the losses of energy in
the medium. Figures 4A,B,C show the time-dependent
parameter in the presence of suction effect, injection, and
no suction/injection impacts on energy distribution,
respectively. Due to the unsteadiness parameter, the
temperature of the nanofluids rises significantly. Suction
causes the fluid velocity to rise quickly, resulting in an
increase in the kinetic energy of the fluid particles. The
collision of particles increases as the kinetic energy of the
particles increases. As a result, the temperature quickly rises.
Due to increased injection effects near the surface, the
temperature quickly rises. In these cases, the silver/water
nanofluid temperature increases more rapidly compared to
the ND/water nanofluid. Figures 5A,B,C display the influence
of the Prandtl number, thermal relaxation parameter, and
The

boundary layer thickness of energy distribution has an

suction/injection for temperature distributions.
inverse relationship with thermal diffusivity, which slows
down the temperature profile for both nanofluids. At the

initial boundary layer, the thickness rapidly decreases, but
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(A) Influence of volume fraction on the thermos-physical values for nanodiamond/water. (B) Influence of volume fraction on the thermos-

physical values for silver/water.

further away, the energy distribution shows a constant
decrease when the values of the Prandtl parameter increase
simultaneously. Thermal relaxation time occurs when time is
required for thermal conductivity in the region far from the
directly heated surface. Here, thermal relaxation does not
affect the energy distribution at the boundary layer surface
but decreases this temperature distribution far from the
boundary layer. The presence of suction and injection
fluxes boosts the heat distribution source, as shown in
5C. the
temperature increases more rapidly compared to the ND/

Figure Moreover, silver/water  nanofluid

water nanofluid.

The volume fraction (¢)
Nanomaterials effectively change the thermophysical

parameters in nanofluids, which plays an important role in
the heat transfer process. Figures 6A,B show the values for the
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effective density, thermal conductivity, and dynamic viscosity
for the nanofluids under study, respectively. The thermal
conductivity of Ag-H,O is greater than that of ND-H,O0, as
can be seen upon close examination. As a result, Ag-H,O
nanofluid is a better conductor and has excellent heat
the
volumetric proportion of nanomaterials improves their

transmission  properties.  Similarly, increasing

effective density and heat capacity.

Major findings

The current investigation focuses on the thermal transfer
enhancement over the unsteady surface of nanofluids
composed of nanodiamond-water and silver-water. The
flow model is taken under the effect of heat source sink,
thermal radiation, and non-Fourier heat theory. Such flows
may occur on the bonnet of a vehicle, on the surface of a solar
thermal aircraft, and on the surface of a bullet. An unstable
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surface has been used to study the effects of embedded factors
on heat transport in ND-H,O and Ag-H,O nanofluids.
According to the results of this study, nanofluids are better
heat conductors than normal liquids and might be employed
for industrial and technical applications.

The main findings are as follows:

o When suction increases, the flow speed drops rapidly but
the flow is boosted under the effect of the injection
parameter.

o The velocity profile decreases for the unsteadiness
parameter in the presence of suction/injection parameters.

o The energy distribution rises rapidly with the unsteadiness
parameter and is high on the far boundary.

The effect of the Prandtl number drops the temperature of
the flow but, due to the thermal relaxation parameter,
energy distribution rises and is stable on the boundary.
o Numerical shooting along with RK4 gives the best
assessment results in comparison with the existingliterature.
 The thermal conductivity of Ag-H,O is found to be higher
than that of ND- H,O. Since it is a better conductor and hasa
higher heat capacity, Ag-H,O nanofluid is a superior choice.

Data availability statement

The original contributions presented in the study are
included in the article/Supplementary Material, and further
inquiries can be directed to the corresponding author.
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Nomenclature

¢t and v Velocity components in X and y directions

f Time component

T, tig, T Positive constant with reference length [, n, and ¢
A= % Unsteadiness parameter

a Constant parameter [é]

C Nanoparticle concentration

Co Concentration of nanoparticles in the free stream

C,, Concentration of nanoparticles at the wall of the sheet
Pr= Z—; Prandtl number

f () Dimensionless stream function

fuw Suction injection quantity

Re!”? Reynolds number

T Temperature [K]

T, Temperature in free stream [K]

Greek Symbols

@ (%, 9) Stream functions [m?s™!]
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&y Thermal diffusivity [m?s™!]

n Similarity variable

(PCpln Y Specific heat capacity of the nanofluid [J/K],

A Constant with dimension reciprocal of time [1/5]

t,s Dynamic viscosity of nanofluid

Py Density of nanofluid [kg.m™],

v Coefficient of kinematic viscosity [(m*s)™]

kns Thermal conductivity of nanofluid

o* Boltzmann constant [W (m2K*)™]

o Specific heat capacity of nanoparticles/specific heat capacity of
fluid

7, Wall shear stress [kg (m?s)™'],

0(n) Dimensionless temperature

7 Specific heat capacity of nanoparticles/specific heat capacity of
fluid

¢ Dimensionless nanoparticle concentration

y Time relaxation parameter
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Hybrid nanofluids are new and most fascinating types of fluids that involve
superior thermal characteristics. These fluids exhibit better heat-transfer
performance as equated to conventional fluids. Our concern, in this paper,
is to numerically interpret the kerosene oil-based hybrid nanofluids comprising
dissimilar nanoparticles like silver (Ag) and manganese zinc ferrite (MnZnFe,O,).
A numerical algorithm, which is mainly based on finite difference discretization,
is developed to find the numerical solution of the problem. A numerical
comparison appraises the efficiency of this algorithm. The effects of physical
parameters are examined via the graphical representations in either case of
nanofluids (pure or hybrid). The results designate that the porosity of the
medium causes a resistance in the fluid flow. The enlarging values of
nanoparticle volume fraction of silver sufficiently increase the temperature
as well as velocity. It is examined here that mixture of hybrid nanoparticles (Ag-
MnZnFe,O,) together with kerosene oil can provide assistance in heating up the
thermal systems.

KEYWORDS

manganese zinc ferrite, silver, kerosene oil, Darcy Forchheimer medium, activation
energy

Introduction

Kerosene oil-based hybrid nanofluids can embellish the thermal characteristics; that is
why these fluids have several uses in modern engineering and technology (Upreti et al,
2021; Yahya et al, 2022). The host or base fluid such as kerosene oil also plays an
important role in augmentation of the heat-transfer performance rather than the
nanoparticles. A combustible hydrocarbon-type liquid often obtained from petroleum
can be referred to as kerosene oil, which is also known as paraffin or lamp oil. It is used as
jet fuel in jet engines, as lighting and cooking fuel, as aviation fuel, as an oil-based paint,
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and in corrosion experiments. Due to these characteristics, we
have chosen kerosene oil as the host fluid in the current analysis.
To prepare the hybrid composition (Ahmad et al, 2021a),
nanoparticles of manganese zinc ferrite and silver are mixed
in kerosene oil. Silver is a metal or chemical element having the
highest thermal and electrical conductivity as compared to other
metals. It is usually found in Earth’s crust as a free element. Many
substances are made of silver, such as ornaments, jewellery,
utensils, solar panels, high-value tableware, and lead, and it is
used in stained glass, catalysis of chemical reactions, window
coatings, specialized mirrors, zinc refining, gold, and so forth.
Manganese zinc ferrites belong to ferrite materials and exhibit
high magnetic permeability (Ahmad et al., 2022a). These are
widely used in noise filters, choke coils, transformers, and
memory devices. Some recent investigations on nanofluids
and hybrid nanofluids are discussed in reference articles
(Abdal et al.,, 2021; Ahmad et al.,, 2021b; Zahid et al., 2021;
Ayub et al.,, 2022; Nisar et al.,, 2022; Safdar et al., 2022).
Recently, many researchers have evaluated the thermal
performance of usual and hybrid nanofluids numerically,
(2022)
and water-based hybrid

and al.
the

nanofluid flow of copper and copper oxide nanoparticles. The

theoretically, experimentally. Dawar et

investigated kerosene oil
magnetohydrodynamic effect was also taken into account, and
the flow was taken over a bi-directional expanding surface.
results of both hybrid nanofluids

established. The hybrid mixture of copper and aluminum

Comparative were
oxide particles was prepared to form water-based hybrid
nanofluid flow of Cu-Al,Os/water (Zainal et al., 2022). The
outcomes of this study revealed that the Nusselt number got
reduced when the values of slip parameter increased. Akhter et al.
(2022) and Ali et al. (2022) numerically simulated the nanofluid
and hybrid nanofluid flows using the quasilinearization
technique, respectively. Ezhil et al. (2021) presented the
analysis of ferrous oxide Fe;O, and copper (Cu) taking
ethylene glycol as the base fluid. Flow was assumed to be fully
developed occurring over a stretching sheet. The same work was
carried out by Unyong et al. (2022) taking the effects of an
inclined magnetic field and partial slip.

Heat transmission and fluid flow in permeable media have
gained utmost attention of researchers due to their practical
employments. Flow of Williamson nanofluids over a horizontal
sheet embedded in a porous medium taking the combined
impact of Brownian motion and thermal radiation was
studied by Mishra and Mathur (2020). A boundary layer flow
involving gyrotactic microorganisms and nanofluids was
examined by Elbashbeshy and Asker (2022). The nonlinear
velocity caused the stretching of sheets, and the controlling
parameters were discussed quantitatively. The characteristics
of flow dynamics in porous media and in the presence of
nanoparticles have substantial effects on heat-transfer effects
2017). In this paper,
nanoparticles decreased the

and Azaiez, it was

that

(Dastvareh

determined viscosity
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FIGURE 1
Structure of the geometry.

X-axis

distribution monotonically. Flow and heat transfer of ferro-
nanofluids through Darcian porous media between channel
walls were numerically simulated by Das et al. (2019). The
heat-transfer rate at the upper channel wall was noticed to be
increasing as compared to the lower wall. Flow of nanoparticles
in the presence of peristaltic waves and porous media has been
investigated by Kareem and Abdulhadi (2020). They achieved
numerical results using the Mathematica 11 program. More
recent numerical investigations on nanofluids can be found in
Ahmed et al., 2017a; Ahmed et al., 2017b; Ahmed et al., 2018;
Ahmed et al., 2020; Adnan et al., 2022a; Adnan et al., 2022¢;
Adnan et al., 2022f; Adnan et al., 2022b; Adnan et al., 2022d; and
Adnan et al., 2022c.

In spite of so much efforts to explore and discover the new
energy sources, still, struggle is continued. New types of hybrid
nanocompositions are being introduced. The available literature
evidently discloses that kerosene oil-based nanofluids and hybrid
nanofluids consisting of silver (Ag) and manganese zinc ferrite
(MnZnFe,O4) nanoparticles have not been numerically
investigated yet. However, our analysis is a first effort to
examine the nanocomposition of Ag-MnZnFe,0,-KO. The
role of chemical reaction, suction, and porous media is also
discussed in both pure and hybrid cases of nanofluids. Numerical
solutions are found with the help of finite difference
discretization via MATLAB. Thermal systems can manage and
maintain their temperature and heat-transfer rate with the help
Ag-

of proposed hybrid for

MnZnFe,0,4-KO.

compositions, example,

Problem formulation

The nanoparticles of silver (Ag) and manganese zinc ferrite
(MnZnFe,O,) are mixed in kerosene oil to form the hybrid
nanocomposite of Ag-MnZnFe,O,/kerosene oil. The x- and
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TABLE 1 Thermal properties of silver, kerosene oil, and manganese
zinc ferrite.

Properties  Ag (s;)  Kerosene oil (f) MnZnFe,0y4 (s1)
k (W/mK) 429.0 0.145 39

C, (JIkgK) 235.00 2090.0 1050

p (kgim®) 10500.0 783.0 4700

y-axes are taken in such a way that the fluid flowing along the
x-axis and y-axis is vertical to the surface. Figure 1 demonstrates
the structure of the extending surface. It is assumed that the fluid
is flowing through a porous medium with the effect of chemical
reaction.

The model governing equations have the following form
(Ahmad et al., 2021c¢):

E)u ov

—=0 1
ox ' oy (W
ou ou o’u thf
4t y—= 2
“ox Vay Uh"fay phnfk* @)
aT aT Ky 0T
U o 3)
Ox ay (pC ) 0y?
oC oC _oC
i =D K, (C-Cy). 4
WG Vg = Diga—Ke(CCo) @
The analogous boundary conditions (BCs) are
y=0:u(x,0)=Uy(x) =cx,T(x,0) = Ty, v(x,0) = —v,,C(x,0) = C, ©)
y—=00:u(x,00)=0,T(x,00)=Te,C(x,00) =Cq

The suction velocity is denoted by v, > 0. The notations T,
and T, represent the temperatures at the surface boundary and
away from the boundary. Likewise, the concentrations away from
the boundary and at the boundary are respectively represented by
Co and Cy,. The surface is stretching with the velocity Uy, (x) =
u(x,0) =cx The hybrid nanofluid is expressed by the
notation hnf.

Formation of pure (Ag/KO) and hybrid
nanofluids (MnZnFe,O4-Ag/KO)

The hybrid nanocomposite MnZnFe,0,-Ag/KO can be
achieved by mixing the nanoparticles of manganese zinc
ferrite (MnZnFe,0,) and silver (Ag) in the kerosene oil (KO).
Initially, the volume fraction of MnZnFe,Oy4 (¢, ) is considered as
0.2 when resolved in the kerosene oil to form the pure nanofluid
MnZnFe,0,/KO. Afterward, the particles of Ag (¢,) are inserted
in this solution, which give rise to the hybrid nanofluids
(MnZnFe,0,4-Ag/KO). Thermal properties of manganese zinc
ferrite, silver, and kerosene oil are specified in Table 1. Further
characteristics like specific heat, thermal conductivity, and
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density (in both cases of nanofluids) are assumed to be the
same as those taken by Ahmad et al. (2021d). The notation s,
expresses the silver volume fraction, and s, is used for the volume
fraction of manganese zinc ferrite. The host fluid kerosene oil is
represented by f.

Dimensionless variables

The following dimensionless variables are introduced in
order to convert partial differential equations (PDEs) into a
dimensionless system of ordinary differential equations (ODEs):

T - T C-Cu
f:\/gy’w Veorxf(§,0(8) = 57— = ¢(f)‘m
(6)

The continuity equation (Eq. 1) is identically satisfied by

relation (6), and this relation renovates the system of Eqs. 2-4 in
the form
Fr=n(f ) e @)
%Aze” + A f0 = ®)
S+ Cagp=0 ©
where
A= (1-¢)701 —%)“[(1 —¢2){ (1-¢)) +¢1"“}
Ps
. 10
s Pf] 1o
_ Ky
Ay = K, (11)
pc pc
= |:(1_¢2) (l_¢1)+¢1( P)SI +¢2( P)$2:| (12)
(Pcp)f (PCp)f
The BCs (5) take the following form now:
E=0: f=X,f'=1,0=1,¢=1,
E>00: f'>0,06-0,¢—0. } (13)

Problem parameters

The problem parameters of dimensionless Eqs. 7-9 are
identified as follows:

S, = ;—fg is the Schmidt number
As = \/"0_ i

Pr = ”f(c" 7 is the Prandtl number
€= Ck* 15 the porosity parameter

K . . .
Cr = =~ is the chemical reaction parameter
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FIGURE 2
Flow chart of the numerical method.

The relations for shear stress as well as Sherwood and Nusselt
number are given by

/0
(1 - (/’1)2'5 (1 - ‘/’2)2'5

RelCy, = Sh,ReZ = —¢' (0),

Nu,Ret = Kins g1 o). (14)
ky

whereas the local Reynolds number is given as Rey = Uv—"jf

Numerical scheme based on finite
difference discretization

Finding the analytical solution of the coupled Eqs. 7-9 may be
so much time-consuming as these equations are not only higher-
order but also highly nonlinear. However, we require some
persuasive numerical technique which could be employed to
determine the solution of the problem. Therefore, we adopt a
finite difference methodology in order to find the numerical
solution of the problem under consideration. The different
numerical methods (to solve such types of dynamical problems)
that we adopted in our earlier work can be seen in reference articles
(Ahmad et al., 2021e; Ahmad et al., 2021f; Jamshed. et al., 2021;
Ahmad et al, 2022b). We describe the structure of this
methodology in the following flow chart diagram (Figure 2).

Results and discussion

This section depicts the analysis of mono (Ag/kerosene
oil) and hybrid (Ag-MnZnFe,O4/kerosene oil) cases of
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TABLE 2 Change in heat-transfer rate for different Prandtl numbers
when ¢, = ¢, = 0.

Pr Literature results (Khan and Pop, 2010) Present results
09113 0.91045
1.8954 1.89083

20 33539 3.35271

70 64621 6.47814

TABLE 3 Impact of porosity parameter on Re;sz and Re;jéNux.

X

Re’Cs Re, ”Nu,
e Ag/KO Ag- Ag/KO Ag-
MnZnFe,0,/KO MnZnFe,0,/KO
12 41328499  -6.8013631 9.8973507 137221408
22 -43509353  -7.1978370 9.8899404 137081393
33 -45731705  -7.5998153 9.8825911  13.6943887
42 47438059  -7.9072949 9.8770823  13.6841633

nanofluids. The nanocomposites of silver (Ag) into the
kerosene oil give rise to the mono nanofluid, whereas the
amalgamation of manganese zinc ferrite and silver produces
the hybrid mixture. The effects of physical parameters are
deliberated via the graphs and tables. Table 2 portrays a
comparison which is found to be in a good correlation
with the existing outcomes under limiting cases.
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Variation in temperature with pr. Variation in velocity with ¢,.
TABLE 4 Impact of nanoparticle volume fraction and Prandtl number on Re;;zNux.
Re;%Nux Re;lﬁNux
¢, Ag/KO Ag-MnZnFe,04,/KO Pr Ag/KO Ag-MnZnFe,0,/KO
0.0 9.6014532 13.5632834 1 1.8078974 2.5876586
0.1 10.1558546 13.8085327 3 4.9757331 6.8999489
0.3 11.3109163 14.3420655 5 8.1204811 11.2517676
0.5 12.6458643 15.1546670 7 11.2068343 15.5277464
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TABLE 5 Impact of activation energy and chemical reaction on Re;léth.

-5
Re  *Nu,
As Ag/KO Ag-MnZnFe,0,/KO
0.0 1.4868709 21831767
0.8 57505953 8.0283592
1.6 10.4093347 14.4429463
24 15.0452404 20.8890408
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We assign fixed values to the parameters such as Pr = 6.135.
The other specified values which have been used in finding the
numerical solution are

e=4,¢, = 02,5 = 2.5,¢, = 0.05,1, = 1.5,Cy = 4.

The change in surface drag Re}f Cy and Nusselt number
Re;léN u, against porosity parameter ¢ can be observed from
Table 3. An increase in the values of porosity parameter tends to
enhance the skin friction, but its effect is to deteriorate the rate of
heat transfer. The fluid flow is resisted by the porosity of the
medium due to which the velocity of the fluid reduces (see
Figure 3). The Prandtl number tends to deteriorate the
temperature as shown in Figure 4.

Thermal characteristics in either case of nanofluids are
affected by the volume fraction ¢, of silver nanoparticles. The
required outcomes can be attained by suitably taking the volume
fractions of nanoparticles. It is comparatively noticed from
Figure 5 that the temperature increases rapidly in the case of

-1
Re”Sh,
Cr Ag/KO Ag-MnZnFe,0,/KO
0 4.0539553 4.0604246
5 10.5963505 4.0604246
10 14.8876215 15.5156646
15 18.1589037 18.8270273
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the hybrid composition Ag-MnZnFe,O0,/KO rather than the
composition of Ag/KO when we increase the volume
concentration ¢,. In the same way, the velocity of the fluid
accelerates quickly in the hybrid case of the nanofluid as pictured
in Figure 6. The impact of both volume fraction ¢, and the
Prandtl number Pr is to escalate the Nusselt number Re;lﬁN Uy
for both pure and hybrid nanofluids (see Table 4).

The variation in temperature and velocity for diverse values
of the suction parameter can be examined from Figures 7, 8. Both
the temperature 6(£) and velocity F’ (¢) turn toward reduction
(in both cases of nanofluids) with the effect of suction. Figure 9
illustrates the influence of the chemical reaction parameter on
concentration in either case of the nanofluid. A decreasing trend
is noticed in the concentration profile, which shows that the
chemical reaction parameter Cy causes a substantial decrease in
the concentration.

The mass-transfer rate increases with an increase in the
values of Cyr as observed in Table 6. It has also been deduced
from Table 5 that the suction parameter As marginally enhances
the heat-transfer rate in the case of the hybrid nanofluid Ag-
MnZnFe,O,/KO rather than the usual case of the nanofluid
Ag/KO.

Conclusion

Specific rate of heat transfer plays an important role in many
engineering systems as it can affect the quality of the product. A
certain or specific heat-transfer rate is essentially required in
many energy systems, for example, metal expulsion, nuclear
system cooling, refrigeration, thermal storage, cooling
generator, and so on. The amalgamation of manganese zinc
ferrites (MnZnFe,O,) and silver (Ag) in kerosene oil can
provide assistance in increasing the heat-transfer rate. The

main results of this study are listed as follows:

a) The nanoparticle volume fraction of silver (¢,) tends to
elevate the velocity and temperature of Ag/KO as well as
Ag-MnZnFe,0,/KO, which are mono and hybrid cases of
nanofluids, respectively.

b) The fluid motion and temperature are reduced due to the
suction phenomenon. On the other hand, the surface
drag got increased with suction for both cases of
nanofluids.
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Nomenclature

Puny Density of the hybrid nanofluid

v Component of velocity along the y-axis

oy Electrical conductivity of the hybrid nanofluid
k* Darcy permeability

vo Suction velocity (where vy >0)

Cp,,, Specific heat of the hybrid nanofluid

u Component of velocity along the x-axis

K, Rate constant of chemical reaction

ks Thermal conductivity of the hybrid nanofluid
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¢ Stretching/shrinking constant

vpn s Kinematic viscosity of the hybrid nanofluid
T Temperature of the fluid

tpny Hybrid nanofluid viscosity

T« Temperature far away from the sheet

C Concentration of the fluid

T, Fixed temperature at the surface

Djg Diffusion coefficient

Co Concentration far away from the sheet
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The aim of the article is two-fold. We first analyze and investigate free
convective, unsteady, MHD blood flow with single- and multiwalled carbon
nanotubes (S&EMWCNTs) as nanoparticles. The blood flow has been taken
across an upright vertical plate, oscillating in its own plane, and engrafted in a
porous medium with slip, radiation, and porosity effects. Nanofluids consist of
human blood as the base fluid and SWCNTs and MWCNTs as nanoparticles.
The second aim is to discuss the three different definitions of fractional
derivatives, namely, Caputo (C), Caputo—Fabrizio (CF), and Atangana—Baleanu
(ABC), to obtain the solutions of such proposed models by the Adomian
decomposition method. The impact of fractional and physical parameters
on the concentration, velocity, and temperature of human blood in the
presence of the slip effect is studied and projected diagrammatically. The
article ends by providing numerical results such as the reliableness, efficiency,
and significant features that are simple in computation with eminent accuracy
of the process for non-Newtonian Casson nanofluid fractional order models. It
is observed that the velocity of the fluid decreases with SWCNTs'and MWCNTs'
volume fraction, and an increase in the CNTs" volume fraction increases
blood temperature, which ultimately enhances heat transfer rates. The results
acquired are in excellent correspondence with the reported results.

KEYWORDS

heat and mass transfer, radiative heat transfer, Atangana—Baleanu derivative, Caputo—Fabrizio
derivative, slip condition

Introduction

Recently, the contemplation of fractional calculus has been broadened with
eminent implication because of its diverse applications in physical sciences,
hydraulics, mathematical physics, electric electronic network, wave theory, nuclear
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and chemical industries, etc. (Podlubny, 1999; Tarasov, 2010;
Uchaikin, 2013;  Herrmann, 2014; Li and Zeng, 2015;
Povstenko, 2015; Li and Cai, 2019). It is notable that the
classical derivative (integer-order operator) is local while the
noninteger operators specified as Riemann-Liouville, Caputo,
Caputo-Fabrizio, and Atangana-Baleanu are nonlocal operators.
The nonlocality enables us to foresee the advanced stage of
the system and reckons the present and its continuing phases.
It is always a challenging task for researchers to accomplish
analytical or exact solutions of nonlinear models by fractional
operators due to their complexity. In the past couple of years,
several investigators have worked to inquire about the fractional
differential operators in varied aspects. Caputo and Fabrizio
(Caputo, 1967) modified the existing Caputo operator in a
new conformation, and Atangana and Baleanu evoked a new
fractional manipulator labeled Atangana-Baleanu derivative
by combining Riemann-Liouville and Caputo differential
operators.

In this article, we have concentrated on convective heat
conveyance, which plays a critical role in the working of non-
Newtonian fluid streams. The mechanics of non-Newtonian flux
exhibits an exceptional challenge for mathematicians, physicists,
and engineers. This is due to the fact that non-Newtonian fluids
(NNFs) because of their complex behavior cannot be described
mathematically using a single constitutive equation catering to
all parameters. For this, a dedicated constitutive model is needed
to describe such flows, for instance, in the case of Brinkman fluid
(Alietal., 20201094), viscoplastic fluids (Hassan etal., 2013),
second-grade  fluid (Alietal,2016; Imranetal, 2017b),
Walter’s-B fluid (Alietal, 2014; Imran etal., 2018), Bingham
plastic (Kleppe Marner, 1970), and Maxwell fluids
(Tahir et al., 2017). Among the non-Newtonian fluid models, the
Casson model is highly reccommended by numerous researchers.

and

Let us consider that such nonlinearity is expressed in numerous
domains such as food processing, oil suspensions of pigments to
predict flow behavior, mud drilling processors, blood flow in the
circulatory system, and other fields of bioengineering.

It should be pointed out that Casson initiated these models
for the nonlinear flow of pigment-oil suspensions. The Casson
fluid is a pseudoplastic, also termed shear thinning. It possesses
infinite viscosity and acts like solids at zero shear rate, termed
as yield stress, below which no flow occurs. If yield stress is more
than shear stress, i.e., viscosity (17 = 0), the fluid behaves as a solid.
In other situations, when shear stress is higher than yield stress,
the fluid starts to accelerate.

Many researchers have considered the Casson fluid
model and investigated its behavior in different situations;
Bhattacharyya investigated the boundary layer stagnation point
flow of a Casson-type fluid with heat transfer along a stretching
or shrinking sheet of infinite length (Bhattacharyya, 2013). In
another research article, he figured out the exact results for
boundary layer flux of a Casson liquid flowing across a porous
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stretching/shrinking sheet (Bhattacharyya etal, 2014). Hayat
etal. (Hayatetal,2012) studied the boundary layer flux of
MHD Casson liquid across an elongated sheet. Nadeem et al.
(Nadeem et al., 2012) investigated the influence of electricity on
the boundary layer flux of a Casson liquid flowing across an
exponentially contracting canvas.

Raju et al. (Raju et al,, 2016) reckoned the Casson liquid to
analyze the significance of magnetic flux by an elongated canvass
and comprehended the fact that an induced magnetized field
possesses the tendency to increase the heat transferal rate. Kumar
etal. investigated the combined effect of magnetic flux and
heat source and worked out the numerical results for a Casson
liquid flowing through two parallel plates (Kumar et al., 2018a).
In another study, Kumar et al. investigated the conjugate impact
of mass and heat transferal rate of MHD Casson fluid under
Brownian motion, and thermophoresis demonstrated that the
fluid’s temperature is manipulated by the Casson parameter
(Kumar et al., 2018b).

Kataria and Patel established the effluence, thermic, and
mass transmit characteristics of Casson MHD liquid and
ascertained that modified magnetic flux decays its speed and
boundary layer heaviness (Kataria and Patel, 2018). Casson
fluid’s stagnancy point has been illustrated by Shaw etal
(Shaw et al., 2019) to determine encroachment of radiation,
thermic dissemination, and diffusion thermal effectuates due
to chemical reactions. Hussanan et al. (Hussanan et al., 2016)
demonstrated unsteady invariant warmth transferal flux of
Casson-type fluid bearing the checks of Newtonian heating
and thermal radiation across an oscillating upright erect plate
of infinite dimensions. They concluded that the velocity of
Casson fluid decreases due to the Casson parameter and it
shows an oscillating turnover for dissimilar phase angles. More
research in this area has been conducted by various researchers
Animasaun et al., 2015; Ramesh
Imran et al., 2016;
Sheikh et al., 2020;

(Kameswaran et al., 2014;
and Devakar, 2015; Ahmed etal., 2016;
Ahmad et al., 2019; Rehman etal., 2019;
Aleem et al., 2021).

In this article, our major objective is to demonstrate free
convective, MHD unsteady blood flow with single (SWCNTs)
and multiwalled carbon nanotubes (MWCNTs) as nanospecks.
The blood flow is considered over an oscillating vertically
upright plate engrafted in a porous medium with slip, radiation,
and porosity effects. Nanofluids consist of human blood as
the base fluid and SWCNTs and MWCNTs as nanoparticles.
Three fractional approaches Caputo (C), Caputo-Fabrizio
(CF), and Atangana-Baleanu (ABC) are used to develop the
fractional blood flow model, which is solved using the Adomian
decomposition method (ADM). Equations of dimensionless
temperature, velocity, and concentration fields have been solved
analytically, and the results are compared. The graphical analysis
is performed to envision the effect of fractional and tangible
flow parameters on velocity u, concentration C, and temperature
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0 using MathCad and Mathematica software packages. This
article is structured as follows. In section 1, latest research
related to Casson fluid and its application in the industry
are presented, and in Section 2, problem formulation and
assumptions are illustrated. In section 3, we have developed
a fractional model for Casson nanofluid and its solution with the
Adomian decomposition method with Caputo, Caputo Fabrizio,
and Atangana-Baleanu fractional operators that are given in
Sections 4 and 5. The obtained results are analyzed and discussed
in Section 6. Solutions obtained via ADM are compared with
existing literature results and are presented in Section 6.

Problem formulation

We investigate an unsteady viscoelastic incompressible
Casson nanofluid containing human blood as the base liquid and
CNTs as nanoparticles. It flows across an infinite vertical upright
plate located in the xy-plane implanted in a porous medium and
is fixed in the x-direction, whereas y — axis is normal to the plate.
Consequently, the rate of flow is enclosed only in the half plane
where y > 0. At t = 0, the nanofluid and plate are at rest with the
set temperature T, and concentration C,,. The base fluid, which
is human blood, and nanoparticles (SWCNTs and MWCNTs)
are considered to be in thermal equilibrium. As time increases
t = 0", the plate starts its sinusoidal oscillation with slip effect at
the boundary, and its velocity at the boundary wall is V = u(0, ) —
il %Jy"t) ly—o = U, f(t), where 7 is the slip parameter, which is always
positive since negative values of 7 have no physical sense, U,
is the characteristic velocity, and f(t) is a piecewise continuous
general function satisfying f(0) = 0. When the plate moves in the
x-direction, its concentration and temperature change to C,, and
T,, respectively. The physical model of our problem is shown in
Figure 1. Furthermore, assumptions are as follows:

1) The plate is assumed to be electrically conducting and
bearing uniform magnetic flux B, which is applied in the
direction perpendicular to the plate.

2) The slip boundary condition at the wall is considered, and
the relative velocity between the wall and fluid is directly
proportional to the shear rate or the rate of deformation at
the wall.

3) Since the flow is unidirectional, all tangible variables are
functions of time f and space coordinate y.

4) The impression of enforced magnetic flux is negligible,
referring to a really small magnetized Reynolds’ number Re.

5) The Casson nanofluid consists of SWCNTs and MWCNTs
of invariant kinematic viscosity v, occupying a semifinite
space y > 0.

Under these assumptions and wusing Boussinesq’s
approximation, the governing equations for energy, diffusion,
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Model orientation.

and momentum are (Imran et al., 2017a; Khalid et al., 2018).
1
POt (y:1) = ,unf<1 + ;) 9,1t (3:1)

PU,
+ <Unf33 + K—lf> u (1) = g(pBr) (T - T..)

+8(pBc)f(C=C), (1)

(rC,), AT =50, T(20 - 0,4,
(2)

3,C(y.1) = D3, C(y.1). 3)

Under Rossenold approximation for radiative heat flux, by
assuming that the temperature difference between fluid T and
ambient T, is very small, Eq. 2 becomes (Imran et al., 2017a)

Ky 166" T2,
of (1+ P )any(y,t), (4)
(Pcp)nf nf

where u, C’ T’ qr o‘*, K*’ &) D’ lunf’ an’ Cpnf’ ﬁCnf’ ﬁTnf
are velocity, concentration, temperature, radiative heat flux,

atT(}/, t) =

Stefan-Boltzman constant, mean absorption coefficient, gravity,
Casson parameter, molecular diffusion constant, dynamic
viscosity of Casson nanofluid, thermal conductivity, heat
capacitance, and diffusion and thermal expansion coefficients
of nanoparticles, respectively.

The appropriate initial and boundary conditions are as
follows:

u(,0)=0, T(0=T,, C(0)=C,, vV y>0,

®)
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ou(y, t)
u(y,t)— ay ;V— of
T(y.t)=
CoH=C, ¥ y=0,t20, 6)
u(y,t) >0, T(yt) =T, CHt)—C,, as y— o,t>0.
(7)

A theoretical model for nanofluids was introduced by Xue
(Xue, 2005) based on Maxwell theory for elliptic-shaped
rotational CNTs with a large axial ratio, and compensating space
distribution impact is used and given as follows:

NT

a —¢>+z¢<KC’;CT_Kf)1n<“CNZZ "f>

an
NT

% Kenr+Ke\
f (1—¢)+z¢< e )ln< Nt f)
Kent = Ky 255

where .., &; and kcyp are the thermal conduction

coefficients of the nanofluid, base liquid, and carbon nanotubes
(S&MWCNTs), respectively. The theoretical density values are
described by Yu et al. (Yu et al., 2008) as follows:

Pup =1 =) pp+ bponrs

where p, is blood density, ¢ is the volume fraction of
nanoparticles, and poyr is the density of carbon nanotubes
(S&KMWCNTS).
cylindrical nanotubes can be defined in two ways as proposed

The effective dynamic viscosity u,, for
by Loganathan et al. (Loganathan et al., 2015) and Rajesh et al.
(Rajesh et al., 2016).

Ky
(1 _ ¢)2A5 ’

where yi¢ and ¢ are densities of blood as the base fluid and

‘unf =

the nanofluid with CNTs. Heat capacitance for nanofluid is as

follows:
(Pcp)nf = (1= 9) (pCp)+ ¢(pC)
The thermal and diffusion expansion are defined
by Bourantas and  Loukopoulos  (Bourantas  and

Loukopoulos, 2014) as follows:

(PﬁT)nf =(1-¢) (PﬁT)f'*’ ¢(PﬁT)CNT’

(Pﬁc)nf: (1-¢) (Pﬁc)f"' ﬁb(Pﬁc)CNp

where p is the density; ¢ is the nanoparticle volume fraction;

and (B,), (B, (

expansion coefficients of the base fluid and carbon nanotubes.
3(%XT-1)¢

Ouf = 0f<1 + MTW > ando = Z—; , where the subscripts

Br)enps and (B)yr are thermal and mass

f and CNT represent the base fluid and carbon nanotube
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nanoparticles. Thermophysical properties of carbon nanotubes
and the carried Casson fluid (human blood) are given in Table 1.

Introducing dimensionless variables

U U? T-T
u*:l’ y*z_”y) =2t O= =
UD Vf Vf T‘W—’TDo
c-C, Y
D= o=l 8)
CW—CDQ Vf

Using dimensionless parameters from Eq.8 in Egs.
(I)and(3)--(7), we get

b
0,1 (y,t) — b—1<1+
3

1 b, 1b1>
y>8yyu(y,t)+<b3M+ Kb, u(y,t)

—b,Gro(y,1) — b;Gm® (3,1 = 0, ©)
1 —

200n0) - Preﬁayye( .0 =0, (10)

9D (1.1) ~ —3,, 0 (y,0) =0, (11)

and dimensionless initial and boundary conditions are as follows:

u(,0=0, 0(»0=0 @(0)=0, VY y>0, t=0,
(12)
ou(y,t)
w0n) ==l =00,
9(}’) t) =1,
D=1, V >0, y=0,  (13)
u(eo,t) >0,  0(c0,t) >0, D(o0,t) =0, as t>0,

(14)
where Sc= g, k, is the permeability of porous medium,
gﬁf(T =T )vy _ gﬁf(cw’cm)vf _ Pr * _
G _T’ Gm—T, E)I'eﬁ-— m, Nr* =
Nr = _ 1601 _ gy kU _
1 A— Kj" Nr = 3KfK" M= Png) K= /jfz(p’ bl_

3(ZENT g
( o o

o "2=[1+W],b3=[(1—¢)+¢’%],
b4: [(1_¢ + ¢ Lo Pﬁr bS: [(1_¢ ¢(Pﬂ¢ ("\ll:| _

[(1—¢) ¢(( )°)“T],andf‘(t) f(vft )

where Sc is the dimensionless Schmidt number, Gr and
Gm are thermal and mass Grashof numbers, respectively,
Pry is the effective Prandtl number depend on radiation-
conduction parametric quantity Nr and Prandtl number
Pr, M is the magnetic field parameter, # is slip, and K
(9)-(11)
conditions (12)-(14) is generalized by adapting Caputo
(Caputo, 1967), Caputo-Fabrizio (Caputo and Fabrizio, 2015),
and Atangana-Baleanu (Atangana and Baleanu, 2016) fractional

is the porosity parameter. Solving Egs. under

operators. The obtained fractional model is solved using ADM
(Stehfest, 1970; Tzou, 1997; Sarwar, 2020).
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TABLE 1 Thermophysical traits of SWCNTs, MWCNTs, and human blood (Casson, 1959; Pramanik, 2014; Imran et al.,, 2017a).

p(Kgm™) Cp(JKg_,K™) x(Wm™'K™") a(Sm™) Bx10°(K™)
SWCNTSs 2,600 425 6,600 10%-107 27
MWCNTs 1,600 796 3,000 1.9x107* 44
Human blood 1,053 3,594 0.492 0.8 0.18

TABLE 2 Effect of fractional parameter on skin friction C; for K =3, M = 0.5, n = 0.1, Gr = 0.3, Gm = 0.01 y = 0.2, Pr = 25, Nr = 18, and Sc = 0.22.

t=05 t=1.0
p ADM ;5 ADM_y, ADM_. ADM 5 ADM_y, ADM_.

0.1 4.2029 3.8283 4.0174 4.2585 4.2002 4.5741
0.2 4.1305 3.4472 3.6539 4.3519 4.1450 4.7342
0.3 3.9699 3.075 3.2047 4.4531 4.0530 4.7187
0.4 3.7039 2.7125 2.7294 4.5138 3.9242 4.5582
0.5 3.3323 2.3589 2.2698 4.4894 3.7586 4.2878
0.6 2.8705 2.0147 1.8516 4.3452 3.5562 3.9428
0.7 2.3454 1.6795 1.4875 4.0604 3.3170 3.5554
0.8 1.7903 1.3536 1.1813 3.6294 3.0410 3.1524
0.9 1.2405 1.0369 0.9305 3.0615 2.7283 2.7551
1 0.7293 0.7293 0.7293 2.3787 2.3787 2.3787

TABLE 3 Effect of fractional parameter on Nusselt number Nu for Pr; = 0.71.

t=0.5 t=1.0
P ADM, ADM_; ADM,. ADM, ADM_; ADM,,

0.1 4.9335 4.1308 4.2673 4.9782 4.3876 4.6468
0.2 5.3846 3.8689 4.0346 5.5883 4.3578 4.7758
0.3 5.6183 3.6124 3.7437 6.1079 4.3081 4.7955
0.4 5.5370 3.3603 3.4299 6.4005 4.2386 4.7231
0.5 5.1355 3.1134 3.1188 6.3766 4.1491 4.5786
0.6 4.5050 2.8714 2.8263 6.0387 4.0398 4.3819
0.7 3.7793 2.6345 2.5615 5.4697 3.9106 4.1518
0.8 3.0742 2.4025 2.3281 4.7822 3.7615 3.9041
0.9 2.4576 2.1755 2.1261 4.0731 3.5926 3.6515
1 1.9534 1.9534 1.9534 3.4037 3.4037 3.4037

TABLE 4 Effect of fractional parameter on Sherwood number Sh for Sc = 0.22.

t=05 t=1.0
« ADM 45 ADM ADM_. ADM 4 ADM_y ADM_.

0.1 110.256 84.1198 88.274 111.73 92.3223 100.566
0.2 125.199 75.7107 80.2105 132.01 91.0826 104.047
0.3 132.893 67.5083 70.2508 149.366 89.0165 103.623
0.4 129.869 59.5124 59.7288 158.844 86.124 99.9792
0.5 116.018 51.7231 49.5758 157.155 82.405 93.9026
0.6 94.727 44.1405 40.3619 144.402 77.8595 86.1829
0.7 70.8693 36.7645 32.3699 123.672 72.4876 77.5375
0.8 48.5335 29.595 25.6758 99.1383 66.2893 68.5693
0.9 29.9881 22.6322 20.222 74.3272 59.2645 59.7485
1.0 15.876 15.876 15.876 51.4132 51.4132 51.4132
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FIGURE 2

Temperature comparison of SWCNTs and MWCNTs when
t=0.28, Pr=21, Nr=18,and =0.8.

Proposed fractional-order nanofluid
model

Equations 10 and 11 are homogenous and Eq.9 is
a nonhomogeneous second-order PDE. We construct the
fractional-order Casson nanofluid models by changing time
derivative with Caputo (C), Caputo-Fabrizio (CF), and

Frontiers in Energy Research

75

Temperature field

Temperature field

10.3389/fenrg.2022.962086

Temperature field
=
[
T

st Preff= 1.4 (ADM-C model)
4+ Preff= 1.5 (ADM-C model
000 Preff= 1.5 (ADM-C model
man Preff= 1.6 (ADM- C model

acda Preff= 1.5 (ADM-CF model)

+-++ Preff= 2 (ADM-CF model
eee Preff = 3 (ADM-CF model
wmm Preff = 4 (ADM- CF model

4 3

=
in

FIGURE 3
0(y,t) with Prs when ¢ =0.002, t =0.28, and f=0.8.

s+ Preff = 0.150 (ADM-ABC model)
+-++ Preff=0.155 (ADM-ABC model
lese Preff=0.160 (ADM-ABC model
man Preff=0.165 (ADM- ABC model

Atangana-Baleanu (ABC) fractional derivatives. We get

. b 1 b 1b
Dtu(y,t)—b—1<1+ —>6yyu(y,t)+<b—2M+——1>u(y,t)
4 3

3 K by

- b,Gro(y,t) — bsGm® (y,t) = 0, (15)

Al
Dfﬂ(y,t) - b—é@aﬁe(}’,t) =0,
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aack (p = 0.1 (ADM-ABC model)
+++ » =0.2 (ADM-ABC model
eee (h = 0.3 (ADM-ABC model
mua ) = 0.4 (ADM- ABC model

0(y,t) with ¢ when Pr=21,t=0.5, Nr =18, and $=0.9.

1
D@ (5,) = =0, (3,1) =0,

where 0<a,,6<1, qe{apB,6}, and D?(-) denotes the
fractional Caputo, Caputo-Fabrizio, or Atangana-Baleanu

operators which are defined as follows:.

o the fractional Caputo differential operator of order g € (0,1)
and a function f(f) € H'[a,b] is defined (Caputo, 1967) as

follows:
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aaa Sc =222 (ADM-ABC model)
+++ Sc =322 (ADM-ABC model
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05k

Concentration lield

-

FIGURE 5
C(y,t) with Sc when § = 0.8 and t =0.04

DL = = | - @de. >0 ()

a

o the Caputo-Fabrizio fractional derivative of order g € (0,1)

and a function f(t) € H'[a,b] is defined (Caputo and
Fabrizio, 2015) as follows:

e e L
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[ex% ¢ = 0.0 MWCNTs (ADM-ABC model)
+-++ ¢ =0.02 MWCNTs (ADM-ABC model)
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ees ¢ = 0.03 SWCNTs (ADM-ABC model)

e
i
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FIGURE 6
u(y,t) with ¢ when t=0.3, K=3, Gr = 0.55, Gm = 0.01 = 0.15,
a=B=8=0.8,y=0.95 Pr=25 Nr =18 M =14, and Sc =1.5.

e the new fractional derivative Atangana-Baleanu operator of
order g € (0,1) (Atangana and Baleanu, 2016) is as follows:

ABCDT £(p) = T((Z)J'tliq[_q(t_‘[)q]f(r)dr, t>a, (20)

k
_ oo X B . - .
where E,(x) = zkzl—(r(qk+1)) is the Mittag-Lefller function and
M(q) is the normalization function satisfying the conditions

M(0) =

1-q

M(1) =0.
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st Gm=0.1 (ADM-C model)

+++ Gm= 0.2 (ADM-C model)
see Gm = 0.3 (ADM-C model)
m=m Gm = 0.4 (ADM-C model)

3 4 3

T T |
aax Gm = 0.1 (ADM-CF model)

+++ Gm= 0.2 (ADM-CF model
eee Gm = 0.3 (ADM-CF model
mem Gm = 0.4 (ADM-CF model

u [

4 5

eas Gm=0.1 (ADM-ABC model)

+++ Gm=0.2 (ADM-ABC model
ose Gm=0.3 (ADM-ABC model
mam Gm = 0.4 (ADM-ABC model

o

u(y,t) with Gm when t=0.3, K=2.9, Gr = 0.05, ¢ =0.02, = 0.15,
a=p=8=0.8,y=0.95 Pr=25 Nr =20, M=14, and Sc =15.

Formulation of Adomian
decomposition method

As mentioned, ADM is used for approximation. The

algorithm of fractional ADM is as follows:

1) Consider the fractional PDE as follows:
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FIGURE 8
u(y,t) with Gr when t=0.3, K=2.9, Gm = 0.05, ¢ = 0.02, = 0.15,
a=f=86=0.8,y=0095 Pr=25 Nr=18 M=14, and Sc =15

DI (t,s)+L(¥(Ls)+N(¥Y(ts) =F(ts) n-l<q<n,
(21)

where DZJ(-) is the fractional derivative in C, CE or AB
sense; L and N are linear and nonlinear differential operators,
respectively; F is an analytical function; and s is the spatial
dimension. For the sake of simplicity, we use ¥ = ¥(t,s) in the
following steps.
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FIGURE 9

u(y,t) with Proe when t=0.3, K=2.9, Gm = 0.05, ¢ =0.02,
7n=0.15 a==0=0.8,y=0.95 Gr=0.25 M =14, and Sc =1.5.

We write Eq. 21 in the form

Di¥=F-L(¥)-N(¥). (22)

2) Using the fractional integral I7 on both sides of Eq. 22, we get

VY= 11(F-Z¥)-A(¥)). (23)
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FIGURE 10

u(y,t) with Sc when t=0.3, K=2.9, Gm = 0.15, = 0.15, ¢ = 0.02,
a=p=8=0.8,y=0.95 Pr=25 Nr =22, M=14, and Gr = 0.05.

This methods gives the solution ¥ in convergent series form as

v=>v,,
n=1

(24)
and the decomposition of N(¥) in Eq. 23 is
NY)=)A4,, (25)
n=1

In the work by Adomian (Adomian, 1988; Adomian, 1994),
he provided the algorithm to find any kind of nonlinearity. To
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FIGURE 11

u(y,t) with Kwhen t=0.3, Gm = 0.5, = 0.15, Sc =1.2, ¢ = 0.02,
a=p=8=0.8,y=0.95 Pr=25 Nr =18 M=15, and Gr = 0.05.

calculate the Adomian polynomials A,_; in Eq. 25, we consider
the following general formula:

el (5 )
=D n=1 " A=0

,n>1.

(26)

3) Substitute Eq. 24 and Eq. 25 into both sides of Eq. 23, we get
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FIGURE 12 FIGURE 13

u(y,t) with y when t= 0.3, Gm = 0.05, = 0.15, Sc = 1.5, ¢ = 0.02, uy0 v%nth nwhen t = O-i, GmP: 0-21, }h’l:gfi aci%&i

a=p=8=0.8, K=295 Pr=25 Nr=18 M =14, and Gr = 0.2. ‘é:OéJS'S“:ﬁ:‘S:O'& =3, Pr=25Nr=18 M=14, and

r=20.50.

Numerical study

4) Using ¥, as an initial condition with Eq. 27, we can obtain ¥, In order to solve the model (15)-(17) with Eqs 12-14,

b SYRTER the given initial estimates are recommended to begin the
5) Substituting these ¥, ¥, ¥,, --- in Eq. 24, ¥(¢,s) is obtained simulations u, = e, 0,=¢”, and Cy=e”. We assume that
in a convergent series solution. a=p=6.
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fractional concentration field:

2t"‘< Sc N 2% )
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FIGURE 14
u(y,t) with M when t=0.3, Gm = 0.05, y = 0.95, Sc = 0.55,

¢$=0.02, a=p=0=0.8 K=2.9, Pr=25 Nr =18, 4=0.15 and
Gr=0.55.

Application of ADM with the caputo
derivative

In problems (15)-(17), we consider Df(-) in the Caputo
sense. Following the formulation of Adomian decomposition
method, the following results are obtained.Result of the

Frontiers in Energy Research

Cinty=e”| 1+ (28)
7 Sc?
Result of the fractional temperature field:
Prb
m(r(f?z )" r(1r+6 ))
0 =e?| 1+ a ‘ (29)

Przbé

Result of the fractional velocity field:
u(y,t) = e ey (eyzn (1.642Gm

__r

K1l+a)2+a)y

% (1.998¢" £ (~1.006KMy + 1.005 (—y — 2K (1 + )

xn +4Ky* (1+9) 7)) + (3.5413747 10

x £ (1+ ) (2 + @) (1.002¢" 1K? (3.28072GmPr

I(l+a) (
+ 1.741Gr) +

+ 1.741GrSc) x (1 +a) (1 +2a) y* + 0.999999¢1

% (1.642Gm + 1.741Gr) KPrSc (1 + &) (1 + 2a) y

x (~1.006KMy + 1.005 (K + (-1 + K) )) + 0.999¢

x PrSct? (1.01204K*M?y* +2.02206KMy

% (y+2K(1+7y)n-4Ky* (1 +y)n*) +1.01003

X (yz +4Ky(1+y)n+4K(1+7y) (—2y2y+ 3K

x (1+9)n* - 48K*2 (1 +y)*nf

+ 16K2y4(1 + y)2q4))) x T (1

+ sz))/(KZPrScyzl"(% + oc) IrG+a)l(3+ 20()).
(30)

Application of ADM with the
Caputo—Fabrizio derivative

In problems (15)-(17), we consider Dj(-) in the
Caputo-Fabrizio sense. Following the formulation of the
Adomian decomposition method, the following results are
obtained.Fractional concentration field’s result is as follows:

e’y(4+ZSc+Sc2+2(4+Sc)(—1+t)oc+2(2+(74+t)t)a2)

Cht) =
J Sc2
(31)
Fractional temperature field’s result is as follows:
((2+4(- 2+ (-4 )22 +2Prb - A+ Prb
9(y>t):e ((2+4(-1+0a+@+(-4+0)Da?)A? +2Prbg (1 + (-1 + a) A+ r(,))' (32)

2Pr2b2
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Fractional velocity field’s result is as follows:

u(y,t)
= 1 4 1 (0.333¢709 (3.003¢ (1.642Gm
Ky

+ 1.741Gr) K1+ (-1+ @)y + &L 3+ (=3 + ) a)
% (—1.006KMy + 1.005(—=y — 2K (1 +y)n

0.0832502¢ Y
+ 4K (1 +y) ) + —
Y (1+9)1%)))) Py

x (6.01201ey<“y’1>1<2 (3.28072GmPr + 1.741GrSc¢)
x(2+4(-1+)a+ Q2+ (—4+1)t)a*)y?

+5.99999¢14 (1.642Gm + 1.741Gr) K
xPrSc(2+4(-1+Ha+ 2+ (-4+0)1)a?)

x y(~1.006KMy + 1.005 (K + (-1 + K) ))
+0.999¢”PrSct? (6 + (=6 + 1) a) (2 + (-2 + ) @)

x (1.01204K>M*y* +2.02206KMy (y + 2K (1 + y)

— 4Ky* (1 +y) %) +1.01003 (y* + 4Ky (1 + y) 1y
+4K(1+7y) (=2%y +3K(1 +9)) > — 48K2y*(1 + p)* 1

+ 16K254 (1 +9)°1Y))). (33)

Application of ADM with the
Atangana-—Baleanu derivative

In problems (15)-(17), we consider Dj(-) in the
Atangana-Baleanu sense. Following the formulation of the
Adomian decomposition method, the following results are
obtained.Fractional concentration field’s result is as follows:

cop=e 14 2(t°+ T (&) — al (a)) . AT (o)
Se(a+I'(a)-al (@) Sc(a+ T (a) - txr(a))zr(% +“>

% (4""\/732“0&(—1+a)(—2r"‘+(—1+¢x)l"(a))l"<% +or>)). (34)

Fractional temperature field’s result is as follows:

40T (@) (VA a+ 4% (-1 +a) (<265 + (-1 + ) T (@) T (1/2 + )
O(t)=e”| 1+
Pri(a+T () - al (a))*T(1/2+a) b}

A(t*+T(a) — aT (a))
+Pr(u+r(a)-ar(a))b6)‘ (35)
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Fractional velocity field’s result is as follows:

ey
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+16K2 (1 +y)*n*) b2 + 2KMy (y+ 2K (1 + )1
~4Ky* (L +9) %) by, + KAM*y*62) b + 1)

x KPrScayT (a) (t* + T () — ol (a)) T (3 + &)

X ((K+(=1+K)y) b, — KMyb,) bs (Grb,

+ Gmbs) b+ @K (1 4+ T () - al («)
xI'(1+a) L (3+a)b3(GrScAb, + 2GmPrb;b))))

/(BPRPPrScy’T ()T (1+a) T (3 + ) bbg) . (36)
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Nusselt number, Sherwood number, and
skin friction

Heat and mass transfer rates and skin friction for ADM,,
ADM_y, and ADM ,  are obtained using results from Section 5.1,
Section 5.2, and Section 5.3.

Nu = —aye(}G t) |}’:0’
Sh = —ayC(y, t) |y:0)

(Cp) ==0,u (1),

The numerical analyses for Nusselt number, Sherwood
number, and skin friction under the influence of fractional
parameters are given in Tables 2-4 for all three models.

Results and discussions

In the present study, a fractional model is articulated utilizing
three different differential approaches, i.e., Caputo (C), Caputo-
Fabrizio (CF), and Atangana-Baleanu (ABC). ADM is used
to obtain semianalytical solutions for compactness, velocity,
and temperature domains. The received upshots are projected
graphically to present the influence of fractional and flow
parameters.

General approximative numerical solutions for unfirm
incompressible, viscoelastic Casson nanofluid carrying human
blood as the base fluid and CNTs (SWCNTs/ MWCNTs) as
nanoparticles were obtained by ADM. It was reckoned that
the upright plate was translating in its plane having velocity
Uyf(t), where U, is the characteristic velocity and f(t) is a
piecewise continuous function specified on [0, «) satisfying the
condition f(0) = 0. In the present study, f(t) = £ was presumed,
which makes us speculate that the plate is rendered with
unvarying apparent motion and hence also the fluid. The physical
characteristics of blood and CNTs (SWCNTs/ MWCNTs) are
acquired from Table 1 for numeric calculation.

The temperature for SWCNT and MWCNT human blood-
based nanofluid is compared in Figure 2. It is evident that
the MWCNT Casson fluid depicts more heat conduction
as compared to SWCNT nanoparticles. This is due to the
differences between the thermal conductivities of both types
of nanoparticles. the thermal conductivity for MWCNTs is
3000Wm 'K~ while for SWCNTs it is 6600Wm 'K™', which
clearly shows that the temperature of MWCNTs has higher values
as compared to SWCNTs. A similar behavior can be seen for all
three models, which was described by Imran et al. (2020).

Figure 3 Plots revealing the impact of Pr,; on temperature
fields obtained by the three fractional approaches. It can be
clearly seen from the graph that temperature and boundarylayer

Frontiers in Energy Research

83

10.3389/fenrg.2022.962086

thickness are reduced by maximizing Pr.. The value of
Pr.; depends on the radiation-conduction parametric quantity
Nr and Prandtl number Pr. Graphically, as the Pry value
intensifies, the fluid temperature is minimized. When the
Preﬁ value is increased, it reduces thermal conductivity and
enhances liquid viscosity leading to an abbreviation of the
thickness of the thermic boundary layer. Nonetheless, the
ADM, model delineates this deportment better due to
the presence of Mittag-Leffler kernel when equated with
ADMy and ADM models. All models demonstrate a similar
pattern.

Figure 4 shows the effect of nanoparticle volume fraction
¢ on the temperature domain. Temperature enhances upon
increasing the value of nanoparticle volume fraction ¢;
physically, it occurs because of the addition of MWCNT
nanoparticles into the Casson fluid, leading to elevated thermic
conduction and, therefore, increasing temperature. The plots in
Figure 5 help us understand the upshot of Sc on concentration
by taking other parameters to be fixed. It is determined, that with
an increase of Sc the thickness of the liquid decreases, which is
due to a reduction of molecular diffusivity.

The plots in Figure 6 help us envision the impact of SWCN'Ts
and MWCNTs in Casson fluid, which in our case is human blood,
on velocity domains obtained by the three fractional approaches.
Graphically, it can be envisioned that MWCNTSs' nanoliquid
moves faster than SWCNTS’ nanofluid. Physically, this occurs due
to the density of carbon nanotube nanoparticles. The density of
MWCNTs is (1600Wm ' K™') whereas the density of SWCNTSs is
(2600Wm™'K™'), which makes SWCNT-based nanofluid thick,
resulting in slower motion of the fluid. Similar behavior can be
seen in the work by Imran et al. (2020). Dispersing MWCNT
nanoparticles into the Casson liquid decreases its velocity due
to increased thickness. Similar patterns can be seen for all three
fractional models.

Figures (7--14) show numerical traits of MWOCNTS
nanospecks and human blood presented in Table 1. Figures 7, 8
determine the outcome of mass and thermal Grashof numbers,
i.e, Gm and Gr, respectively. The fluid speed in both cases is
enhanced with Gr and Gm. The fluid flow is simply imputable
to buoyant pressures. When this force is zero, the fluid will not
be no displaced. For Gr > 0, the natural convection is imputable,
and heat is channelized to the fluid through the plate; afterward,
the plate is tranquilized. When the Grashof number is increased,
the buoyant force originates and becomes less glutinous, which
institutes liquid flow faster as seen in these graphs for both
frameworks. Moreover, Figure 9 is plotted for Pr,g versus y by
keeping other parameters fixed. It is pertinent to mention that
by invoking Pr.g the fluid speed decreases and the boundary
layer thickness is reduced. The reason for this is the increased
value of Pr,y leads to acquiring fluid viscosity, and the reduced
caloric boundary layer leads to slower apparent motion. This can
be further elaborated from the graphical analysis; the ADM -
model describes the behavior of the function in the best possible
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way because it holds Mittag-Leffler kernel, which stores the
memory factor, and is therefore better in describing the fluid’s
flow fields when compared with ADM; and ADM-. When the
fractional parameter approaches 1, ADM , 5~ gives velocity values
closer to the classical results.

The plots in Figure 10 probe the invasion of Schmidt number
Sc on liquid velocity by confining the parametric quantities
constantly. It is observed that an increase in Sc leads to a
decrease in the speed. Figure 11 is diagrammed to ascertain
the impression of porosity parameter K on velocity. For large
values of K, speed and boundary layer thickness are increased.
The reason behind this phenomenon is that by increasing the
permeability of the porous medium its resistance is decreased,
which contributes to increasing the momentum of the flux
regime. Figure 12 is diagrammed to project the impression of the
Casson parameter y, which unveils tangible traits of plasticity.
When y decreases, blood plasticity increases, which ultimately
deaccelerates the motion of the fluid.

Figure 13 is diagrammed to ascertain the effect of the slip
parameter on Casson MWCNTS nanofluid. By increasing the
value of #, velocity is deaccelerated as displayed in Figure 13
for increasing three fractional models. Figure 14 shows the plots
for magnetic field parameter M, which produces a magnetic
field during the fluid’s flow. An increase in the magnetic flux
parametric quantity decreases the velocity. An increase in the
magnetic field parameter engenders the drag force to the stream,
termed as Lorentz force. These retarding forces understate the
velocity profiles and reduce the thickness of MBL.

Table 2 presents fractional parameters impact on skin
friction for small and large durations by keeping other parametric
quantities fixed. By increasing the fractional parametric
value, skin friction decreases for all models for small and
large durations. However, for small duration, results are
ADM¢p < ADM < ADM - and for large durations, ADM.
and ADM 5 show reverse behavior. The effect of the fractional
variable on Nu, the Nusselt number, and Sherwood number Sh
is given in Tables 3 and 4. For large and small durations, Nu
and Sh for ADM 5 first increase by increasing « and then show
a decreasing behavior. For ADM and ADM ¢ Nusselt number
and Sherwood number decrease by increasing «. All three models
show a similar result for a = 1.

Conclusion

This study was performed to investigate free convective,
unsteady, MHD blood flow with single (SWCNTs) and
multiwalled carbon nanotubes (MWCNTSs) as nanoparticles.
The blood flow is considered over an oscillating vertically
upright plate engrafted in a porous medium with slip, radiation,
and porosity effects. Three fractional approaches Caputo (C),
Caputo-Fabrizio (CF), and Atangana-Baleanu (ABC) are used
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to develop a fractional blood flow model, which is solved by the
Adomian decomposition method (ADM). Some key findings are
as follows:

1) Fractional parameter controls the rates of heat and mass
transfer and maximum rates can be achieved for smaller
values of the fractional parameter for small and large
durations.

2) Fractional parameters can be used to control the thermal,
diffusion, and momentum boundary layers, respectively, and
are applicable in some experimental work where needed.

3) Fluid properties can be enhanced by increasing the
concentration of nanoparticles and decreasing the velocity.

4) SWCNTS nanoparticles are more reliable and efficient in the
heating process such as in electronics devices due to the
higher value of thermal conductivity.

5) ADM 5~ model described the behavior of the function
in a better way because it holds Mittag-Leffler kernel,
which stores memory factors, and therefore is better in
describing the fluid’s flow fields when compared with ADM
and ADM.. When the fractional parameter approaches 1,
ADM , . gives velocity values closer to the classical results.

6) Nusselt
functions of a. However, for small durations, results are
ADM¢p < ADM¢ < ADM . and for large durations, ADM
and ADM 5 show reverse behavior.

number and skin frictions are decreasing
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This article investigates the pulsatile flow of viscous incompressible MHD
nanofluid in a rectangular channel. At the upper and lower walls, the
channel has symmetrical constrictions. The goal is to analyze the heat
transfer features of the nanofluid flow under the effect of the magnetic field
and thermal radiation. Five different nanofluids, formed with nanoparticles of
copper (Cu), magnetite (FezOa), silver (Ag), titanium oxide (TiO,), and single
wall carbon nanotube (SWCNT) in the base fluid of water, are considered in the
study. The unsteady governing equations are transformed using the vorticity-
stream function approach. The solution is obtained using the finite difference
technique (FDM). The effect of various flow controlling parameters on velocity,
temperature, Nusselt, and skin-friction profiles is inspected by using graphs.
Across the channel, graphs of vorticity, streamlines, and temperature
distribution are also displayed. The thickness of the thermal boundary layer
upsurges with escalating values of the magnetic field, radiation parameters, and
solid volume fraction, whereas it declines with escalating values of the Strouhal
and Prandtl numbers. The profiles are usually found to have a more regular
pattern upstream of the constriction than that downstream of the constriction.
At the throat of the constriction, the carbon nanotube-based nanofluid attains
higher temperatures than the other nanofluids downstream of the constriction.
However, in the lee of the constriction, silver-based nanofluid attains higher
temperatures than the other nanofluids downstream of the constriction. The
behavior, in most cases, is opposite upstream of the constriction. The findings of
the study can be utilized to cure stenosis in blood vessels, design biomechanical
devices, and employ flow pulsation to control industrial operations.
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1 Introduction

Conventional heat transfer liquid sources are incapable of
satisfying current cooling requirements largely due to their poor
heat
demonstrated that nanoparticles (NPs) usually made of metals

convective transfer coefficients. Researchers have
or oxides enhance the coefficients of heat convection and
conduction in fluids, allowing for higher heat transfer rates
for the coolants. Thus, the heat transfer and thermal system
effectiveness can be improved significantly by mixing NPs in
pure fluid, forming nanofluid (NF). NFs have promising
applications in many areas of industry and biomedicine due
to their enhanced thermal conductivity. The characteristic of
improved thermal conductivity might serve as a major factor for
performance improvement. As NFs can enhance heat transfer,
heat exchangers can be designed to be both energy efficient and
small.

Wang and Mujumdar (2008) investigated the convective heat
transfer of NF flow (NFF). Saidur et al. (2011a), Saidur et al.
(2011b), Mahian et al. (2013), and Kasaeian et al. (2015) worked
to enhance the thermophysical properties as well as heat transfer
capacity of the fluids using NPs. The study of these flows through
stretching surfaces got motivation from the perspective of its
application, particularly in plastic film drawing. Hence, several
researchers paid a lot of attention to this issue and studied the
movement of boundary layers over different forms of stretching
surfaces. Akbar et al. (2014) used a homogeneous model to study
NFF at stagnation point above a stretching plate with slip
boundary conditions. Analysis of pulsatile flow in a
constricted channel under the impact of magnetic field was
(2011)

Nasir et al.

presented by Bandyopadhyay and and
Bandyopadhyay and Layek (2012). (2019)
explained the Darcy-Forchheimer 2D thin-film fluid of NF.
Mustafa et al. (2011) considered the NFF at the stagnation

point above a stretching sheet. Wong and Leon (2010)

Layek

reported that the thermophysical properties of fluids are
improved significantly, even at moderate NP concentrations.
Haq et al. (2016) investigated the fully developed flow of
water-functionalized magnetite NPs among two parallel disks
by taking water as the base fluid. The peristaltic flow of
incompressible viscous fluid having metallic NPs was
examined by Akbar (2014) via an irregular duct. Aly (2020)
explained a non-homogeneous two-phase model for
Al,Oz;-water NF-filled annulus used for the simulation of an
incompressible smoothed particle hydrodynamic system (ISPH)
between a wavelength rectangle and the square cavity. Two-
dimensional Fe;O4-water NF under the combined impact of
Lorentz and Kelvin forces was inspected by Sheikholeslami et al.
(2017a). Said et al. (2015) analyzed the influence of short
suspended SWCNT thermophysical properties in water and
enhanced the thermal productivity of a flat plate solar
collector. Sheikholeslami and Ganji (2013) explained the

Cu-H,O NFF between parallel plates. Yang et al. (2020)
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explained air purification with total heat recovery using NFs
for the first time, demonstrating the synergistic application of
NFs for heat, mass transfer, photocatalysis, and sterilization.
In the magnetohydrodynamic (MHD) flow, the magnetic
area induces an electric current in a moving conductive fluid. The
induced current causes force on conductive fluid ions. Natural
convection under the impact of the magnetic field remained a
topic of great interest because of its comprehensive applications
in the design of liquid-metal cooling systems, accelerators, and
pumps, as well as MHD generators and flow meters (Cha et al.,
2002). In a single constricted channel, Ali et al. (2020)
investigated the steady and pulsatile modes of non-Newtonian
MHD Casson fluid. Sheikholeslami (2017a) researched the
hydrothermal study of MHD nanofluid in an open porous
cavity by using the Lattice-Boltzmann method with the
Brownian motion impact on NF properties. Shah et al. (2019)
addressed the idea of the electrical MHD rotational flow of
SWCNTs and MWCNTs for engine oils. Sheikholeslami et al.
(2017b) researched the forced convection of MHD NFF. They
considered the power of Brownian motion for modeling NF. Haq
et al. (2017) supposed the heat transfer efficiency of engine oil
between two dispersed cylinders with MHD effects in the
presence of both SWCNTs and MWCNTs, to monitor the
spontaneous motion of the NPs. There are several studies, as
well, regarding MHD NF flow problems past a plate/sheet under
various physical conditions and objectives (Narayana and
Venkateswarlu, 2016; Babu et al, 2018; Tarakaramu et al.,
2019; 20205 20205
Venkateswarlu and Narayana, 2021; Alzahrani et al, 2022;
Mahmood et al., 2022; Puneeth et al., 2022; Qi et al., 2022;
Ramadan et al., 2022; Tlili and Alharbi, 2022; Tlili et al., 2022).
Kakarantzas et al. (2009) investigated the natural convection

Devaki et al, Tarakaramu et al,

of MHD at the sinusoidal upper wall temperature in a vertical
cylindrical cavity. Rashidi et al. (2016) examined the convective
heat transfer of MHD NFF in a vertical channel with sinusoidal
walls. Sheikholeslami (2017b) tested the Buongiorno model to
investigate the melting heat transfer of NFF due to the magnetic
field. The impacts of heat and mass transfer of NFF flow over a
vertical infinite flat plate were investigated by Turkyilmazoglu
and Pop (2013). They derived the exact analytical solutions for
various water-based NFs containing Cu, Ag, CuO, Al,Os, and
Ti0O,. Pakdaman et al. (2012) explored the thermophysical
properties and overall efficiency of MWCNT NFs flowing
within vertical helically coiled tubes. In the occurrence of a
non-uniform magnetic field, Sheikholeslami et al. (2015)
explored the transport of forced convection heat within a lid-
driven semi-annulus enclosure filled with Fe;O,-water NF.
Using a continuously stretching porous layer, Gopal et al.
(2021) the
characteristics of complex order chemical processing and

investigated thermo-physical ~ properties
viscous dissipation on NF. Two space coordinates are used to
model the porous medium, laminar, time-invariant, and MHD

incompressible Newtonian NF. The role of heat source and Soret
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FIGURE 1
The channel geometry with a constriction on each wall. The walls are defined by.
TABLE 1 Thermophysical properties of different NPs and the base fluid.
Physical properties Base Fluid Cu Ag Fe;0y TiO, SWCNT
H,O
¢, (J/kg K) 4076.4 385 235 670 686.2 600
P (Kg/m3) 997.8 8933 10,500 5180 4250 2100
K (W/m K) 0.60475 401 429 9.7 8.9538 3500
A 10 B 80
- - — Present Scheme (M = 5)
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= 0 = ©  Bandyopadhyay and Layek [7] (M = 5)
" . ~ 60 # Bandyopadhyay and Layek [7] (M = 10)
3 3 ’
.§, -10 g
20 3
230 o
@ %
S S
5 40 3
S 50 e .
= e Present Scheme (M=10) =
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FIGURE 2

WSS distribution for the pulsatile flow, for M =5, 10, at Re = 700, h1 = h2 =

impacts on MHD convective Ferro-NF (Fe;O4-water) flow
across an inclined channel with a porous media were
examined by Sabu et al. (2021). The heat transfer of NFF
from an inclined channel in the occurrence of a magnetic
field, heat flux, and mass diffusion was explored using the
FDM by Kumar et al. (2021).

Krishna et al. (2021a) and Krishna et al., 2021b) investigated
the radiative MHD flow of an incompressible viscous electrically
conducting non-Newtonian Casson hybrid NF over vertical
moving porous surface under the influence of slip velocity in
a rotating frame. Kavya et al. (2022) explore the varying fluid
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0.35, St=0.02, and t = 0.25.

momentum and thermal energy characteristics of the laminar,
steady, incompressible, 2D, non-Newtonian pseudo-plastic
Williamson hybrid NF over a stretching cylinder with MHD
effects.

Shah et al. (2022) determined the heat transfer properties of a
MHD Prandtl hybrid NF over a stretched surface in the presence
of bioconvection and chemical reaction effects. Zhang et al.
(2022) presented the solar source, although it can reduce
energy consumption (EC) for buildings on cold days; in the
summer, its presence on the envelopes intensifies EC. Gao et al.
(2022) examined the hydrodynamic and thermal performances
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FIGURE 3

The WSS distribution for distinct values of ¢ for the five NFs at t = 0.25.

of liquid water in the attendance of two carbon structures by
molecular dynamics simulation (MDS). Nayak et al. (2022)
conducted a numerical treatment on flow and heat transfer of
radiative hybrid NF past an isothermal stretched cylinder set in a
porous medium.

The goal of the present work is to numerically investigate the
heat transfer characteristics of pulsatile viscous MHD NFF in a
constricted channel. The study is conducted for five different
nano-impurities (Cu, Fe;04, Ag, TiO,, and SWCNT), which
have been chosen for the preparation of NFs. The mathematical
analysis is done using the transformation of the vorticity-stream
function, and numerical computations are made using FDM. The
impact of the flow controlling parameters (M, St, Pr, Rd) on
the flow profiles of the five NFs, as well as on the skin-friction and
Nusselt number profiles, are also observed. The objective is to
examine the cumulative impact of the applied magnetic field and
thermal radiation on the wall shear stress (WSS), velocity, and
temperature profiles in 2D. The Newtonian pulsatile NF flows
help in understanding the influence of various metallic NPs
homogeneously suspended in the blood, which is driven by
drug trafficking (pharmacology) applications.

The following is how the article’s next section is organized.
Section 2 defines the mathematical model and transformation.
The outcomes and relevant discussions are presented in Section
3. The final remarks are eventually presented in Section 4.

Frontiers in Energy Research

10.3389/fenrg.2022.1002672

B
~ 50
5] — Cu-HJO
f 40|~ 4et,0 445
2 evs Fe 0 H,0 "
% 30 f|—- 7i0-1,0
] — SWONT-H,0 5
= 2
S 4o 04 03 02 1 0
$ 10
< 0 - _—
S ——————
S
“10
-4 2 0 2 4 6
x
D
= 50 —
E 45H— Cu-HJO 45.5525
: 40t Ag‘HJO 44.7502
‘&‘ 35| Fe04,0
= = 7i0 -H ,0 437502
231 swewrao
"E 25 2 42,7502 7 .
S20f $=0.03 -
“
g 15
s10
85
g 0 \__J
2 s
-4 2 0 2 4 6

2 Mathematical model

We are working at an incompressible electrically conducting
NF flowing via a rectangular channel that should be laminar at
Reynolds number 700. The channel walls have a pair of
symmetrical constrictions. The resulting electric field J is
normal, and the direction of B is perpendicular to the plane
of flow. We take a Cartesian coordinate system (x,y) in which the
flow direction and the direction of B are, respectively, along the
x-axis and y-axis. Because the magnetic Reynolds number (Re,,)
for the flow is so small, the induced electric can be deemed
insignificant. In the transformed coordinate system (to be
discussed later on), as illustrated in Figure 1, the constrictions
span from x = —x; to x = xo, with the center at x =0

h X
) 1+cos| — ||, |x|<xo
y(x) = o

0, || > xo
h, X
1—? 1+cos| — )|, |x|<x
ya(x) = o (1)
1, || > xo

where y = y; (x) and y = y, (x) symbolize the lower and upper
walls, respectively, and h; and h, are the heights of the
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FIGURE 4
The velocity profile u versus y at x = 0 and t = 0.25 for the five NFs for distinct values of M.

constrictions at the lower and upper walls, respectively oT B’f BT ke 2T T 16072, O*T
. P [—_ Avele AT ; —~+~ = e —t — —®
(Bandyopadhyay and Layek, 2.012, Ali et al., 2020). o ” ay (PCP),,f %2 9y 3k*(pCp) ay2
The flow phenomenon is represented by the unsteady
incompressible viscous flow equations as follows. ©)

The continuity equation: where u (along x-axis) and v (along y-axis) show the velocity

aa 3% components and the subscript “nf” represents the nanofluid, p
%" 8y =0. (2 symbolizes the pressure, p symbolizes the density, U symbolizes
the characteristic flow velocity, v symbolizes the kinematic

The momentum equation: viscosity, and T symbolizes the temperature. k symbolizes the

o . aaa . 17% _ 1 B_p H”sz o1 1 yuB 3) thermal conductivity, C, symbolizes the specific heat,

of 0x 0y Pus ox " Pus Pus © J= UxJysJz) symbolizes current density, B = (0,By,0)
o v v 1 ap oy symbolizes the magnetic field, By symbolizes the strength of
=+l 7 -— L+ v (4)

the uniform magnetic field, o symbolizes electric conductivity,
and y,,, symbolizes the magnetic permeability of the medium. As
the electric current direction is normal to the channel plane,

of oz "oy Pnfay Puy

The energy equation:

oT . aT ~BT s o 1 3q ) therefore E = (0,0, E;). Ohm’s law gives
57 U=~ - S~
ot ox ay (pCP)nf (PCP)nf 9y Jx=0,],=0,], = Uf(Ez + 1230)- 7)
where g = —(34,; 4Tzog§) is the radiative heat flux. We get by Maxwell’s equation Vx E = 0 ==E, = C (constant) for the
expanding T about T« and omitting higher-order terms steady flow. For the present study, E, is assumed to be zero. Then,
. . Eq. 7 gives J, = ouiBy. Therefore, ] x B = —os1B2. Hence, Eq. 3
T = 413 T - 3T, o7 eives Jz = oufo 4By q
becomes
— _ (4o 473 Ty and % — _ (L6073 T _ _ -
Then, g = (3k*4Tooay) and 3 (3k*Tooay )- a_%_'_ ﬁa—bj+ f;a_lf 1 aP /"nfv2~ 1 UfﬁBg. (8)
Eq. 5 becomes ot 0x 0y pn f ox ' Pus Pus
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The velocity profile u versus y at x =2 and t = 0.25 for the five NFs for distinct values of M.

The dimensionless version of the governing model is created
by considering the following quantities:

[OOSR . VI A
=pYEp U v ity
T-T UL L
0= D N W ey VIR VIR W A ¥
T, -T, pU Uy ur il
#sCp s 160T?
= L Rd=—-2= 9
ks 3kk, ©)

Here, L symbolizes the maximum width of the channel, U
symbolizes the characteristic flow velocity, T" symbolizes the
period of the pulse, Re symbolizes the Reynolds number, St
symbolizes the Strouhal number, M symbolizes the Hartmann
number, Pr symbolizes the Prandtl number, and Rd symbolizes
the radiation parameter.

The effective dynamic viscosity ,,, effective density p, ,,
heat capacitance (pC,), s, and effective thermal conductivity k;,s
of a NF are given as:

7

- f
:unf - (1_¢)2A5

ko ko+ 2k —2¢(k; - k.)
ki ko+2kp +20(ky - ko)

(10

where¢ symbolizes the volume fraction of NF, and the
subscripts nf correspond to NF, f corresponds to the pure
fluid, and s corresponds to the solid state. For the present
work, the following five different NFs are considered:Cu-H,O,
Fe;04-H,0, Ag-H,0, TiO,-H,0, and SWCNT-H,O. The
thermophysical properties of the five different NPs and
water are shown in Table 1 (Sheikholeslami and Ganji,
2013; Sheikholeslami et al., 2017a). Using the quantities
from Eqs 9, 10 in Eqs 2-4, 6 gives

ou o _y (11)

ox dy

ou Ou OJu lLop 1 _, 1 M?
fo b Ut Vo = ——— L - Tu (12
S at+”ax+vay o] ax+Re®3vu [ Reu (12)
1 1
St@+ug+vﬁ=——a—p+ Vi (13)
o8 0x Oy & 0y Red,

St@+ %+ %——1 2s @+ 1+Rd @ (14)
ot ox Vay_PrRe Dy \ 0x2

Pur = (1=9)p; + ¢p,
(pCs),; = (1=)(pCy), +9(pCs),

where 95 =1—¢+%¢,
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(1 25 P _q1_ (pCp)s
@3=(1=-¢)"(1=¢+:9) Ga=1-¢+ ¢ @

@) 0y
— 1
G, = (1=¢)™>
_ ks,
5 ky
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The temperature profile 8 versus 5 at x = 0 and t = 0.25 for the five NFs for distinct values of M.

2.1 Boundary conditions

For the steady case of the flow problem under consideration,
the boundary conditions, obtained by solving the dimensionless
form of Eq. 8 and performing some manipulations using Eq. 10,
are given as follows:

cosh@)[cosh(%)—cosh(%(y—%n]]

8sinh? (%)cosh(z\]}”g_z

u(y) = [
v=0,M#0. (15)
When M = 0, the u-velocity at the inlet takes the form:

u(y)=y-y,v=0o. (16)

The flow is classified as sinusoidal for the pulsatile flow:
u(y,t) =u(y)[l +sin(2nt)], v="0. (17)

Furthermore, u =0 and v=0 (ie., no-slip conditions) are
assumed on the walls. For the outlet boundary, the fully
developed flow conditions are incorporated. In the
dimensionless form, the temperature condition at the lower
wall, 6 = 1, and at the upper wall, 6 = 0.

Frontiers in Energy Research

2.2 Vorticity-stream function formulation

v v (s
dy

“ T YT ox oy

We differentiate Eqs 12, 13 with respect to y and x, respectively.
Then, from their subtraction and using Eq. 18, we get
transformed equations from the variables (u, v) to vorticity-
stream functions (y, w) as follows:

G2 (2w, 0 (v au\ o (v ou
ot\ox oy Ox\ox Oy dy\ox OJy

L [9(v ou) @ (v aw\], 1M
" Re@; |0x*\0x 0dy/) 0y*\ox 9y &, Re 0y’

ot 0Jy O0x 0xdy @5 Re|dx> 0y2| & Re 0y?
(19)

And the stream function y equation (Poisson equation) is
given as

Iy oy
w + W = —-W. (20)
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FIGURE 8
The temperature distribution plots for distinct values of M
with Re = 700, St = 0.02, Pr = 1, and Rd = 0.2 for the NF Cu-H,O.
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2.3 Transformation of coordinates

For treating the channel walls as the straighten ones, the
coordinates are transformed as
Y=

£=x’”:yz(x)—yl(x)

@n
Thus, the lower wall symbolizes by # = 0 and the upper wall
symbolizes by 7 = 1. In the updated coordinate system (&, #),
Eqs 14, 19, 20 are

ow ow Jw ow
Yot (a?‘ o),

1 1 [dw O w - L\ O
®3Re[af (P - 2QR) Qa +(Q D)an
1 M? oy
iz ReDa_;f’ (22
821// V) 621//_
f_(P 2QR) a.sa +(Q+ )a—nz——a% (23)

% 1,20
S i b
‘o ( o¢ @ ’1> on
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vn) = Vg_zcosh(%)tanh(—z\]/wz_z) : . )
1, i +esin(2nt)], aty =0,
8Msinhz(z)
M
y(nt) = Meoh(G) [1—\/@;tanh< M >]
SWZSinhz(%) M VD,

_ L esfoe 00 o0 [,
AL "
+ +®—S o |
where
_ (&) + 1=y ()
P=PEn="="5500
_ _ @+ (L= oo
Q=Qlm =" w5y kRO
IBAGESIG) 1 (25)

D=D(®)=

BAGEAG) y2(8) =y (&)

The velocity components u and v in terms of (&, #) take the
forms
gy oy

0
u:D(g)ailf}V:Q(E)rl)i_i

on o (26)

Furthermore, the wall boundary conditions in (&, #) system for v
and w are given by
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[1+esin(2nt)], atyp =1,

where € symbolizes the pulsating amplitude. If € = 0, we get
steady flow
Oy

= —| (Q*+D? —] . 27
o [( el @7)

The temperature’s converted boundary conditions are 6 = 1,
atn=0;0=0,aty=1.

The other concerning non-dimensional physical quantities
comprise the skin-friction coefficient and Nusselt number,
defined by

Ty L 16<7TC3>o oT

N

y=0
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FIGURE 13
The temperature distribution plots for distinct values of Pr
with Re = 700, M = 5, St = 0.02, and Rd = 0.2 for the NF Cu-H,O.

The temperature profile 6 versus n at x =2 and t = 0.25 for the five NFs for distinct values of M.
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where 7, and g, are defined as

w = #”fajl }7:0’ quw = a}N/ o

By using dimensionless variables from Eq. 9 and the
coordinate transformation from Eq. 21, we get

1 1 ou 00
Cr=—| - D— ,Nu=|-3s(1+Rd)D—
! ufu[ Red; anL_o ! [ (1 R an],,_o
(28)
where Rd = ;i”:j"; and @5 = %’

3 Results and discussion

The problem Eqs 22-24 is computed using a numerical
scheme based on FDM, subject to the relevant boundary
conditions in Sections 2.1, 2.3. The numerical scheme adopts
a standard approach, as used by Bandyopadhyay and Layek
(2011), Bandyopadhyay and Layek (2012), and Ali et al.

(2020).  The computational domain is assumed as
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The temperature profile 6 versus n at x = 2 and t = 0.25 for the five NFs for distinct values of Rd.
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FIGURE 16
The temperature distribution plots for distinct values of Rd
with Re = 700, St = 0.02, and Pr =1 for the NF Cu-H,O.
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{(& ¢ € [-x1, x1]and 57 € [0, 1]}. The resulting linear systems
are solved using TDMA during each of the ADI process’s two half-
steps. A Cartesian grid (&;,7;) of 400 x 50 elements is formed for
-10<&<10 and 0 <7 <1, with A = 0.05 and Az = 0.02. For time
integration, a step size of At =0.00005 is considered. The
constriction length is assumed as 2x, = 4. The constrictions on
the lower and upper walls are assumed to have heights
hy = hy = 0.35; hence, at the constricted part of the channel, the
minimum width is still 30% of the maximum channel width L. The
computations for the current study are performed in a sequential
fashion. The results can be found by parallel computing for time-
efficient solutions (Ali and Syed, 2013).

The pulsatile motion is modeled by adding in the inflow
boundary condition the sinusoidal time-dependent function
sin(27t). For comparison of the five NFs, the effects of the
physical parameters such as M, St, Pr, and Rd on the existence
of the dimensionless streamwise velocity (u) and temperature
(0) are analyzed. We perform simulations for a long enough
time but display the results graphically only for t = 0.25, the
point at which the flow rate is at its maximum and taking the
location x = 0 (throat of the constriction) as well as x = 2 (in
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The temperature profile 8 versus # for distinct values of ¢ for
Cu-H>O.

the lee of the constriction) where the fluid has entered in the
low-pressure zone from the high-pressure zone. For a pulse
cycle, 0 <t <0.25is the acceleration phase,and 0.25 <¢ <0.75is
the deceleration phase.
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For validation, the present results for the pulsatile flow condition
are compared with those obtained by Bandyopadhyay and Layek
(2012) without the heat effect. Figure 2 shows a good agreement of the
present results, specifically for the wall shear stress (WSS), with
(Bandyopadhyay and Layek, 2012) for M = 5, and 10 at t = 0.25.

The effects of varying the volume fraction on the wall shear
stresses (WSS) at the upper wall are computed for ¢ =
0, 0.01, 0.02, 0.03 with M =5, St =0.02, Pr =1, and Rd =
0.2 of the five NFs. The results are shown in Figure 3 at x =0
and t = 0.25. The WSS is maximum at ¢ = 0.25 as the flow rate is
maximum. The WSS decreases for SWCNT-H,O, TiO,-H,O,
and Fe3;04-H,O on increasing ¢, whereas the WSS slightly
increases for Cu-H,O and Ag-H,O on increasing ¢.

The velocity and temperature profiles for each of the five NFs
for M =0, 5, 10, 15 are shown in Figures 4, 5 and Figures 6, 7,
respectively, by setting the other parameters as St = 0.02, Pr =1,
Rd = 0.2, and ¢ = 0.02. The slope/gradient of the velocity profile
rises with rising values of M, i.e., the viscous boundary layer
declines with rising values of M. In Figure 4, u profiles at x = 0
and t = 0.25 are shown. It has been noted that the peak value of u
rises with M and exhibits a parabolic profile at ¢ = 0.25. The
velocity reaches its maximum at the middle of the constriction.
SWCNT-based NF attains the peak value of the velocity higher
than that of the other NFs. In Figure 5, u profiles at x = 2 and
t =0.25 are shown. The profiles are not parabolic as some
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FIGURE 22

(A) Streamlines, (B) vorticity, and (C) temperature distribution plots at the four instants of a pulse cycle with Re = 700, M = 5, St = 0.02, Pr =1,

and Rd = 0.2 for Cu-H,O.

backflow in the vicinity of the walls is observed. The backflow
reduces with an increase in M. Ag-based NF attains the peak
value of velocity higher than that of the other NFs. In Figures 6, 7,
the temperature profiles 0 for ¢t = 0.25 are shown at x = 0 and
x = 2, respectively. It is seen that the thickness of the thermal
boundary layer increases, resulting in the rise of the temperature
as M is increased. The temperature distribution across the
channel at t = 0.25 for distinct values of M is shown in Figure 8.

The temperature profiles for each of the five NFs for St =
0.02, 0.04, 0.06, 0.08 are computed by setting the other
parameters as M =5, Pr =1, Rd=0.2, and ¢ =0.02. In
Figures 9, 10, the temperature profiles 0 for t =0.25 are
shown at x =0 and x =2, respectively. It is seen that the
thickness of the thermal boundary layer declines, resulting in
a decline of the temperature profile as the St rises.

The temperature profiles for each of the five NFs for Pr =
1, 3, 5, 7 are computed by setting the other parameters as M = 5,
St =0.02, Rd=0.2, and ¢ =0.02. In Figures 11, 12, the
temperature profiles 6 for ¢t =0.25 are shown at x =0 and
x = 2, respectively. It is seen that the thickness of the thermal
boundary layer declines, resulting in a decline of the temperature
profile as the Pr increases. The temperature distribution across
the channel at t = 0.25 for distinct values of Pr is shown in
Figure 13.

The temperature profiles for each of the five NFs for Rd =
0.2, 0.6, 1, 1.4 are computed by setting the other parameters as
M =5,5t=0.02, Pr =1=0.2,and ¢ = 0.02. In Figures 14, 15,
the temperature profiles 6 for t = 0.25 are shown at x = 0 and
x = 2, respectively. It is seen that the thickness of the thermal
boundary layer rises, resulting in the rise of the temperature as Rd
rises. The temperature distribution across the channel at t = 0.25
for distinct values of Rd is shown in Figure 16.

Nearly for all of the cases discussed above, for the variation of
any of M, St, Pr, and Rd, a common behavior can be noticed. At
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the throat of the constriction, SWCNT-based NF attains higher
temperatures than the other NFs downstream of the constriction.
In the lee of the constriction, Ag-based NF attains higher
than the other NFs
constriction. The behavior, in most cases, is opposite upstream

temperatures downstream of the
of the constriction.

The velocity and temperature profiles for each of the five NFs for
the four selected time levels: ¢t = 0, 0.25, 0.5, 0.75, are shown in
Figures 17, 18, respectively, by setting the parameters as M = 5,
St =0.02, Pr =1,Rd = 0.2, and ¢ = 0.02. The selected time levels
are related to the start of pulsatile motion, the maximum flow rate,
the minimum flow rate, and the instant zero net flow, respectively.
In Figure 17, it is observed that the streamwise velocity achieves its
peak value when the flow rate is maximum during the pulse cycle.
The profiles are parabolic at ¢ = 0. It is found that the u profile is
symmetric for all . Ag-based NF attains the peak value of the
velocity higher than that of the other NFs. In Figure 18, it is detected
that during the acceleration (0<¢<0.25) and deceleration
(0.25<t<0.75) phases of the pulsation cycle, Ag- and
Cu-based NFs attain higher temperature values than that of the
other NFs downstream of the constriction. Whereas, for the same
phases, SWCNT -based NF attains higher temperature values than
that of the other NFs upstream of the constriction.

The effects of the variation of the solid volume fraction for
¢ =0, 0.01, 0.02 and M =5, 10 on the temperature profiles are
presented in Figure 19 for Cu-based NF. It is evident that the heat
transfer rate is higher for the NF with a higher concentration of
NPs. Moreover, the temperature gradients are higher near the
lower wall of the channel.

The effects of Re, Pr, and Rd on the Nusselt number, as well
as skin-friction profiles, are shown in Figures 20, 21, respectively.
It is observed that the Nusselt number rises for higher values of
Re, Pr, and Rd. The Nusselt number grows as the flow becomes
more turbulent due to the rising number of collisions among the
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fluid particles. Also, the skin friction coefficient as the values of
Re upsurges. However, it remains unchanged for Pr and Rd.
The streamlines, vorticity, and temperature distribution plots
at distinct instants of a pulse cycle with Re =700, M =5,
St =0.02, Pr =1, and Rd = 0.2 are shown in Figure 22 for
Cu-based NF. In Figure 22, the formation of vertical eddies in
the vicinity of the walls can be observed. Over time, the eddies
grow for a specific value of M and slowly occupy a greater part of
the channel downstream. At t =0.75, the presence of the
backflow is observed, and even before the constriction bump,
the vertical eddies are formed. The formation of these vertical
eddies and flow separation is essential. However, these can be
handled by increasing the strength of the magnetic field.

4 Concluding remarks

In this research, the numerical analysis of the pulsatile flow of
five different NFs in a channel impacted by the magnetic field and
thermal radiation through a rectangular channel having
constricted walls is presented. The NPs include Cu, Fe;Oy,
Ag, TiO,, and SWCNT that are mixed in the base fluid,
water (H,0), to form the five NFs. The impacts of each of
M, St, Pr,and Rd on the flow profiles are studied. In this analysis,
the following major outcomes were observed:

o The streamwise velocity escalates as the values of M
upsurge. The slope/gradient of the velocity profile is
higher for higher values of M, i.e., the viscous boundary
layer declines with rising values of M. At the throat of the
constriction, SWCNT-H,O attains the velocity’s peak
value higher than that of the other NFs. However, in
the lee of the constriction, Ag-H,O attains the velocity’s
peak value higher than that of the other NFs.

o The thickness of the thermal boundary layer rises as any of M,
Rd, and ¢ is increased. This results in the rise of temperature.

o The thickness of the thermal boundary layer declines as
any of St, and Pr is increased. This results in a decline in
the temperature profile.

o At the throat of the constriction, SWCNT-H,O attains
higher temperatures than the other NFs downstream of the
constriction.

o In the lee of the constriction, Ag-H,O attains higher
temperatures than the other NFs downstream of the
constriction. The behavior, in most cases, is opposite
upstream of the constriction.

« The streamwise velocity attains its maximum at the middle
of the constriction at t =0.25 during the pulse cycle.
Ag-H,O attains the velocity’s peak value higher than
that of the other NFs.

o During the acceleration and deceleration phases of the
pulsation cycle, Ag- and Cu-based NFs attain higher
temperature values than that of the other NFs downstream
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of the constriction. Whereas, for the same phases,
SWCNT-based NF attains higher temperature values than
that of the other NFs upstream of the constriction.

o The heat transfer rate is higher for the NF with a higher
concentration of the NPs.

o The skin-friction coefficient escalates with escalating values of
Re. However, no difference is found in the case of variation in Pr
and Rd.
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A Casson fluid is the most suitable rheological model for blood and other non-
Newtonian fluids. Casson fluids hold yield-stress and have great significance in
biomechanics and polymer industries. In this analysis, a numerical simulation of
non-coaxial rotation of a Casson fluid over a circular disc was estimated. The
influence of thermal radiation, second-order chemical reactions, buoyancy,
and heat source on a Casson fluid above a rotating frame was studied. The time
evolution of secondary and primary velocities, solute particles, and energy
contours were also examined. A magnetic flux of varying intensity was applied
to the fluid flow. A nonlinear sequence of partial differential equations was used
to describe the phenomenon. The modeled equations were reduced to a non-
dimensional set of ordinary differential equations (ODEs) using similarity
replacement. The obtained sets of ODEs were further simulated using the
parametric continuation method (PCM). The impact of physical constraints on
energy, concentration, and velocity profiles are presented through figures and
tables. It should be noted that the effect of the Casson fluid coefficient, the
Grashof number, and the magnetic field reduces the fluid's primary velocity
contour. The mass transfer field decreases with the action of constructive
chemical reactions, but is augmented by the effects of destructive chemical
reactions. The accelerating trend in Schmidt number lowers the mass profile,
while it is enhanced by increasing values of activation energy and Soret number.

KEYWORDS

non-coaxial rotation, activation energy, pcm, heat source, chemical reaction, thermal
radiation

frontiersin.org

106


https://www.frontiersin.org/articles/10.3389/fenrg.2022.986284/full
https://www.frontiersin.org/articles/10.3389/fenrg.2022.986284/full
https://www.frontiersin.org/articles/10.3389/fenrg.2022.986284/full
https://www.frontiersin.org/articles/10.3389/fenrg.2022.986284/full
https://www.frontiersin.org/articles/10.3389/fenrg.2022.986284/full
https://crossmark.crossref.org/dialog/?doi=10.3389/fenrg.2022.986284&domain=pdf&date_stamp=2022-10-04
mailto:bilalchd345@gmail.com
https://doi.org/10.3389/fenrg.2022.986284
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.frontiersin.org/journals/energy-research
https://www.frontiersin.org
https://www.frontiersin.org/journals/energy-research
https://www.frontiersin.org/journals/energy-research#editorial-board
https://www.frontiersin.org/journals/energy-research#editorial-board
https://doi.org/10.3389/fenrg.2022.986284

Algarni et al.

Introduction

Many natural and commercial processes use non-coaxial
fluid motion. Non-coaxial and coaxial rotation of fluid and
solids such as by discs, cylinders, and spheres are used in
multiple industrial operations (Erdogan, 1977; Erdogan, 1997;
Asghar et al., 2007). As a result of variations in temperature and
chemical transmission, several types of non-coaxial and coaxial
spinning of fluids in industrial systems arise. Swirling flows and
spinning tubes while engaged in oil exploration and transit, and
food manufacturing layouts are well-known instances of rotating
mechanisms. In order to understand the underlying engineering
mechanism, scientists and engineers have modeled the non-
coaxial motion of fluids and calculated the results using a
variety of approaches (Hayat et al., 2001; Hayat et al, 2004;
Alharbi et al., 2022). Non-coaxial spinning of a disc has a wide
range of uses, including food manufacturing and industrial
production, jet turbines, squeeze bottles, hydrological flows,
and chilling rotor blades, among others (Ullah et al., 2022a;
Benhacine et al, 2022). Noranuar et al. (2021) used a
computational approach to investigate the fluid flow and
energy transport of MHD Casson ferrofluid affected by the
coaxial rotation of a movable disc traveling through a
permeable medium. Jabbar et al. (Jabbar et al., 2021) analyzed
the influence of non-coaxial movement on the distribution of
mass in a first-order biochemical reaction. It was discovered that
the effect of buoyant force on secondary velocity was the polar
opposite of its effect on primary velocity. Sharma et al. (Sharma
etal., 2022) measured the thermal control of the flow of a hybrid
nanoliquid over a stretchable rotating disc and discovered that a
revolving disc with a static cone could attain the optimum
condensation of disk-cone components while the exterior heat
remained fixed. Das et al. (Das et al., 2018) determined the Hall
impacts on MHD flow of an electrically charged particle induced
by non-coaxial repetitions of a highly permeable disc and a fluid.
The irregular flow of an oscillating disc in a Newtonian fluid
about its own plane was reported by Ersoy (2017); when
fluctuation occurred across the elliptical direction, the x- and
y-terms exerted by the fluid on the disc varied in nearly opposite
directions. The Darcy-Forchheimer hybrid nano-composite
fluid flow across a permeable rotating disc was studied by
Yaseen et al. (2022). Hassan et al. (2018) investigated the
effects of a strong oscillating magnetic flux and a large
concentration of nanoparticles on physical characteristics as
well as energy and mass transport. Many researchers have
recently reported on the study of non-coaxial motion of discs
and fluids (Ali et al., 2020; Ali et al., 2022; Fei et al., 2022).

Thermal radiation is an electromagnetic wave-based heat
transfer phenomenon. It is caused by a large temperature
between
activities take place at extremely high temperatures. With

difference two mediums. Many technological
regard to nuclear reactors, space technology, engineering and

physics, glass production, power plants, furnace design, and
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other related areas, the contribution of thermal radiation to
flow and thermal expansion may be observed. Satellites and
other spacecraft, missiles, aircraft propulsion systems, atomic
power plants, solar power plants, and combustion engines such
as IC engines and furnaces are all dependent on radiation effects.
Hassan et al. (2022) studied non-Newtonian fluid flows and
determined their thermo-physical characteristics. In the presence
of activation energy and a magnetic field, Rizwan and Hassan
(2022), Raja et al. (2022), and Lin et al. (2014) documented the
nanofluid flow of copper and cobalt nanocomposites under the
influence of thermal radiation in different configurations. Hang
et al. (2021) tested the ability of new smart materials to
dynamically regulate thermal radiation and found that these
materials could be employed in a variety of situations,
resulting in better options and a significant increase in
economic potential. Al and CuO nanoparticles were examined
by Wakif et al. (2021) in the context of thermal radiation, and
they concluded that the presence of convection cells was
stabilized more by improving the strength of Lorentz forces,
heat radiation, and surface roughness. The Jeffery hybrid
nanofluid flow with thermal characteristics and magnetic
effecst was studied by Ishtiaq et al. (2022), and their data
showed that a Cu — H,O nanoliquid was more stable than
one of TiO, - HO. Mabood et al. (2021) experimentally
determined how hybrid nanoparticles influenced a variety of
physical properties of hybrid nanoliquids across an overextended
surface. The findings of their research were crucial in
determining the influence of several key design elements on
heat transmission and in improving industrial processes. The
characteristics of fluid flow under the influence of thermal
radiation and energy transmission over different geometries
was reported by (Ahmed et al, 2018; Hassan et al, 2021a;
Azam, 2022a; Azam, 2022b; Dadheech et al., 2022).

The minimum energy required to initiate an operation (such
as a chemical reaction) is known as the activation energy, and the
rate of a chemical reaction is directly proportional to its
activation energy (Alsallami et al., 2022; Rehman et al., 2022).
Punith et al. (2021) examined the effects of activation energy on
the reactive species in a non-Newtonian nanofluid with energy
and mass-exchange properties. The results showed that as the
Marangoni number increased, the relative velocity improved,
and the energy transmission decreased. Chemical processes,
activation energy, and heat source/sink effects were used by
Ramesh et al. (2022) to model the momentum and energy
transport of a hybrid nanoliquid across two surfaces. The
mass outlines were minimized by greater chemical reactions,
whereas activation energy exhibited the reverse pattern. Hassan
etal. (2021b) addressed the boundary layer behavior of the well-
known non-Newtonian dilatant and pseudoplastic fluids over a
moving belt. Ullah (Ullah et al., 2022b; Ullah et al., 2022¢; Ullah,
2022) investigated the effects of activation energy and molten
heat flux on an unstable Prandtl-Eyring model caused by a
strained cylinder with varying thermal conductivity. It was
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FIGURE 1

Physical sketch of fluid flow across a vertical spinning disc

discovered that increasing the reaction rate improved fluid
temperature, while decreasing it had the opposite effect when
activation energy and unsteadiness characteristics were
considered. Many scholars have recently made significant
contributions in this area (Azam and Abbas, 2021; Azam
et al,, 2021; Al-Mubaddel et al., 2022; Azam et al., 2022).

In reviewing the existing literature, we found that no analysis
of combined transit of energy and mass in the flow caused by non-
coaxial motion of a disc and surrounding fluid with respect to
second-order chemical reactions, activation energy and buoyancy
force had been performed. Therefore, we numerically simulated
the non-coaxial rotation of a Casson fluid and disc under the
influence of thermal radiation, second-order chemical reactions,
buoyancy, and heat source in a rotating frame. A nonlinear
sequence of partial differential equations was used to describe
the phenomenon. The modeled equations were reduced to a non-
dimensional set of ODEs using similarity replacement. The
obtained sets of ODEs were further simulated using PCM
methodology. The effect of physical constraints on energy,
concentration and velocity profiles are presented in figures and
tables. In the next section, the model is formulated, and in
succeeding sections, we present the results and discussion.
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Mathematical formulation

We considered the solute particles and thermal energy
transmission in Casson fluid flow above a non-coaxial rotating
disc with uniform angular velocity as displayed in Figure 1. The
disk and ambient fluid both rotated on different axes under a
fixed magnetic field, B,. The disc temperature was higher than the
heat energy. Initially, the temperature and concentration of the
disc and the ambient fluid were assumed to be the same. After a
period of time, the temperature of the disc was changed. We
observed that the motion of the fluid was created by the surface
motion of the disc. The disc wall stretched and shrank with the
positive and negative values of Q. The gravitational and pressure
effects are signified by g and p. In the proposed model, the
opposing motions of the walls produced changes in vertical and
horizontal velocities. The above-specified conditions produced
results similar to (Erdogan, 1977; Benhacine et al., 2022)

u=—(y-1)Q, T=Ty v=0Qx,C=Cyat0=t
t>0, u=-Qy, T,=T,v=Qx, C,=C,z=0
=T

z—00, C=Cy, u=-Qy+1, v=0Qx, Te=
(1)
Based on the above conditions, the following field was
considered:
V=f-Qy, g+Qx+0, C=C(zt), T=T(zt). (2)

The basic equations were designed according to (Erdogan,
1977; Benhacine et al., 2022)

II)ZP 202x+v<ﬁ+1>a—f—%—{Jng_U_B(Z)(f_Ql)
+/3T(—TOO+T)g—pﬁkg+/;—(lzx,
of K 0T 1 160,T2, aT QO

ot - pC, 022 pC, 3K* oz "

oC _&C DKy oT " E,
E_Da_zz-'—T—ﬁ_k (C CO)( ) exp(_ﬁ)’ (6)

(T Too), ®)

Eliminating the pressure terms and employing the ambient
conditions gives

1 o’ f of |
V(B”) o ot

1 d’g dg
V<B+1> @——— f—

-t g=0, (®)

°(f Q- = fQl-f)=o,
™)

g+Qzl+[3T( T +T)g
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of K OT 1 160,13 O°'T
= S —Q" (T - Teo)s ©)
13 pC 072 pC 3K* 0Z

oc _dC . DKr IT " E,
g =D— 92 —T ﬁ - k (C Co)( ) eXp( ) (10)

Resulting in
z=0, ]» (11)

The similarity variables are as (Benhacine et al., 2022)

T=T, f=Ql, g=0, C=Cy t=0,
t>0, T=Ty, C,=C, g=0, f=0,
C=0, f=Q, T=0, g=0 z—-o00.

Q
T=0t = \j;z, O(T, -To)=T-Te,
kQ

9(Cy—Cr)=C-Cq, '=—. (12)
v

In Eqs 7-10, we get

(1 ﬁ)g

1 S
<1F + FF + pF) = —iGrb, e F(0,p),

(13)
0 =F (oo, p),
2
g_f_%@ +Q0=0, 6(0,7)=1, 6(co,7) =0, 6(1,0) = 0,
(14)
P 0 o 00 E
e Se=— ScSrW—SC)’(l +30)"9 exp( 89) =0
$(0,7) =1, $(00,7) =0, $(1,0) = 0.
(15)
The dimensionless parameters are
(f g) 4 KK
F(n,1)= =1+ T 40 T
(n.7) = A=1+ 3N Ne 40\T?,
Gr = ﬂTg(Tszl_ Too)’ Pr = VPkCP’
- (16)
OB v DK(Tu-T.)
pQ - D’ B VI, (Cw - Coo)’
y= o’ I= o

Numerical solution

Different researchers have used various numerical and
computational techniques to solve nonlinear PDEs (Tie-
Hong et al,, 2019; Chu et al., 2021; Zhao et al,, 2021; Chu
et al., 2022a; Chu et al., 2022b; Igbal et al., 2022; Jin et al,,
2022; Nazeer et al., 2022; Rashid et al., 2022; Wang et al.,,
2022). The main steps in employing the PCM method were
taken from (Shuaib et al., 2020a; Shuaib et al., 2020b; Elattar
et al., 2022):

Step 1: Simplifying Eqs 13-15 to first order:
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M) =f(n) R(n)=f"(n) A(n)=06(n), } 17)
Re(n)=0"(n), As(m)=¢(n), As(n)=9¢"(n).

By putting Eq. 17 in Eqs 13-15, we get
<1+1>7\' ('7\ Y +p7\) iGrhs, L = & (0, p)
L = == = ,P)
ﬁ 2 1 T 1 1 3 P 1

0:7\1(00 )8

(18)

7\4 7\3 +QA3 = 0

> A3 (0, T) =1, Ag, (OO, T) =0, A3 (71, 0) =0,

(19)

Rs— Schs + ScSrAy — Sco (1 + 0A;)"¢ exp( Tk ) =0, (20)
3

As(0,7) =1, As(00,7) =0, As(%,0) = 0.

Step 2: Familiarizing the embedding term p in Eqs 18-20:
<1+1)7\’ (i?\ + L% +p7\>+7\ (Rs = 1)p = ~iGrhs, —
ﬂ 2 1 T 1 1 2 2 3> p

=K (0,p), 0=A(c0,p),

@1

. P
M—%& +hi— (A= 1)p+Qhs =0,

A;(0,7) =1, A3(00,7) =0, As (7’]> 0) =0, (22)
Ao — Schs + ScSrRs+ Rg — (Rg — 1)p — Sca (1 + SAs)"o

"\ e 7" @
As(0,7) = 1, As (00, 7) = 0, A5 (#,0) = 0.

Step 3: Apply the Cauchy principal and discretized Eqs
21-23.

After discretization, the obtained set of equations was
computed through Matlab, using the code PCM.

Results and discussion

In this section, we present the trends and physical
mechanism behind each figure. Table 1 compares our
calculations to those in the published literature. It can be
concluded that the proposed technique and results are
reliable. The following explanations have been noticed from
velocity, energy and concentration profiles:

Velocity Profile (f' (1, 1), g(1, 1)):

Figures 2-5 display the trend of velocity outlines f' (1, 7)
versus the Casson fluid factor, 3, Grashof number, Gr, magnetic
term, M, and parameter,, respectively. The primary velocity of
the fluid significantly declines with the impact of Casson fluid
factor, Grashof number, magnetic term and parameter 7. It can
be seen that the effect of Casson fluid factor lessens the fluid
velocity f'(#, T)as presented in Figure 2. The gravitational
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TABLE 1 Comparison of the present outcomes with published work for skin friction, Nusselt and Sherwood numbers, where = Gr = 0.

Parameters £1(0) £1(0 o' (0) 0’ (0) ¢’ (0) ¢’ (0)
Nr M Sc Hayat et al. (2004) Present work Hayat et al. (2004) Present work Hayat et al. (2004) Present work
1.0 0.1 0.2 0.273064 0.273171 0.185187 0.185284 0.170700 0.170801
2.0 0.312694 0.312782 0.277738 0.277837 0.254406 0.254423
3.0 0.1 0.348706 0.348727 0.277698 0.277787 0.295049 0.295055
0.2 0.363114 0.363126 0.282798 0.282896 0.295116 0.295137
0.3 0.2 0.364484 0.364495 0.284353 0.284454 0.296016 0.296024
0.4 0.378266 0.378277 0.291206 0.291227 0.296911 0.296940
0.6 0.391649 0.391667 0.297673 0.297684 0.297412 0.297443

FIGURE 2
Velocity outlines ' (1, 1) versus Casson fluid factor f.

0.0}

FIGURE 3
Velocity outlines ' (#, 1) versus Grashof number Gr.

force enhances, while the angular rotation of the spinning disc
decreases the effect of Grashof number, which is why the
increasing effect of Gr reduces the velocity fieldf' (7, 7)as
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FIGURE 4
Velocity outlines ' (1, 1) versus magnetic term M.

FIGURE 5
Velocity outlines ' (#, 1) versus parametert.

shown in Figure 3. The improving tendency of the magnetic
field causes the generation of Lorentz forces, which resist the
flow field and decrease its velocity (Figure 4). Figure 5
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FIGURE 14 FIGURE 17
Mass outlines ¢ (7, 1) versus destructive chemical reactiony. Mass outlines ¢ (5, 7) versus Soret number Sr.
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illustrated that the influence of parameterrdeclines the primary
velocity contour.

Figures 6-8 illustrate the velocity outlines g(#, 7) versus
Casson fluid factor f, Grashof number Gr, magnetic term M
and parameter 7 , respectively. It can be seen in Figure 6, that
the Casson fluid factor lessens the fluid velocity g(#, 7). The
gravitational effect augments, while the angular revolution of
revolving disc moderates, the value of the Grashof number,
because the increasing effect of Gr boosts the secondary
velocity fieldg (1, T)as shown in Figure 7. Figures 8 and 9
illustrate that the secondary velocity frameworks decrease
with the influence of magnetic field, while they increase with
the increase in 7. Physically, the repellant force of the magnetic
the

flux resists fluid motion,

field, g(#, 7).

decreasing the velocity

Energy Profile (0(#, 1)):

Figures 10-12 illustrate the mechanism behind the energy
outlines (7, 7) versus the thermal radiation, N, the Prandtl
number, Pr, and the parameter, 7, respectively. Figures 10, 11
revealed that the energy contours decline with the rising values of
thermal radiation and Prandtl number. Physically, radiation
from the surface of the fluid transfers thermal energy to the
surrounding system, which lowers the fluid temperature and
results in the lessening of the energy outline 0(#, 7) as shown in
Figure 10. Fluids with higher Prandtl numbers always have lower
thermal diffusivity; therefore, an increase in Prandtl number
decreases the energy field. Figure 12 shows that the action of
parameter 7 diminishes the thermal distribution, 6 (#, 7).

Concentration Profile (¢ (7, 1)):

Figures 13-17 reveal the mass profile outlines ¢ (1, 7) versus
the constructive chemical reaction, +y, the destructive chemical
reaction, —y, the Schmidt number, Sc, the activation energy, E,
and the Soret number, Sr, respectively. Figures 13, 14 depict that
the mass transfer field is reduced by the action of positive
chemical reaction, +y, but augmented by negative chemical
reaction, —y. The chemical reaction is inversely related to the
angular rotation of the circular disk. The increase in chemical
reaction regulates the angular motion of disc, as shown in Figures
13, 14. The kinetic viscosity of the fluid is increased, while the
molecular diffusion of particles is reduced by the intensifying
influence of Sc¢, which is why an increase in Sc reduces the mass
field as presented in Figure 15. Figures 16, 17 show that the
concentration contour increases with increasing activation
energy and Soret number. The increased activation energy
boosts the kinetic energy of fluid particles, which results in
acceleration of mass transfer as depicted in Figure 16.
Molecular diffusion is enhanced, while the kinetic viscosity
increases at high Soret numbers, and, as a consequence, mass
transition is enhanced (Figure 17).
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Conclusion

We have examined the numerical simulation of non-coaxial
rotation of a Casson fluid and disc. The influence of thermal
radiation, second-order chemical reaction, buoyancy, and heat
source in a Casson fluid over a rotating frame is also studied. A
nonlinear sequence of partial differential equations was used to
describe the phenomenon. The modeled equations were reduced
to a non-dimensional set of ODEs using similarity replacement.
The obtained sets of ODEs were simulated using PCM. The key
findings are:

o The Casson fluid coefficient, Grashof number, and
magnetic field reduce the fluid’s primary velocity
contour f' (1, 7).

The secondary velocity g(#, T)outline decreases with the

increasing value of magnetic field and Casson fluid
but is effects of
parameter tand the Grashof number.

parameter, increased from the

The energy field 0(#, 7) decays with the rising values of

thermal radiation, parameter 7, and Prandtl number.

o The mass transfer field is decreased by the action of the
positive chemical reaction, +y, but increases f tomhe effects
of negative chemical reactions.

 An increase in the Schmidt number results in a decrease in
the mass profile, while the mass profile is enhanced by
increasing values of activation energy and Soret number.

o Our mathematical model may be modified for other types

of non-Newtonian fluid models and may be solved through

fractional and analytical techniques.
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Due to their accelerated rate of heat transfer, nanofluids are of immense
interest. This work analyzes an innovative concept of hybrid nanoemulsion
with an optimized design under the chemical radiative flow and its
thermophysical properties. We are able to achieve great aspects of the flow
with the assistance of the sheet’'s permeable texture and inclined surface.
Furthermore, the effects of thermal conductivity mix convection, chemical
reaction, and thermal radiations on velocity, temperature, and concentration
fields are also investigated. After converting the fundamental equations to
ordinary differential equations with the use of similarity transportation, the
problem is then solved analytically with the HAM technique. To investigate
key attributes and parameters, a hybrid nanofluid with Ag and AlLOs
nanoparticles as well as ALOsz for conventional nanofluids with the base
solvent water is taken. To illustrate the effects of chemical radiative and mix
convection on the thin-film flow, numerous graphs, charts, and tables are
shown. Calculations and reviews are performed for reduced friction coefficient,
heat, and mass transportation. According to this study, hybrid nanofluids have a
higher heat-transfer rate than nanofluids when exposed to thermal radiation
and at the appropriate surface angle of inclination. Due to ¢,,0., ¢Ag,5, Rd, the
temperature increases, but velocity has the opposite effect. This investigation’s
innovative findings will promote the study of condensed nanostructures and
nanomaterials.

KEYWORDS

Maxwell hybrid nanofluid, thin film, heat and mass transfer, inclined stretching sheet,
MgO and TiO,
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Introduction

Table 1 shows the thermophysical properties of the
materials. It is common practice to utilize the power-law
model when modeling the flow of fluids that have a viscosity
that varies with shear. On the other hand, it is not possible to
forecast the results of elasticity. Fluids of the second or third
grade have the potential to produce the desired outcomes in
terms of elasticity. However, in these models, the viscosity is not
shear-dependent. Furthermore, they are impotent to assess the
effects of reducing stress. A subcategory of fluids known as the
Maxwell model, which has become more popular, can identify
stress relaxation. A perfectly viscous obstruction and a strictly
elastic spring can be represented, much like in the Maxwell
model. Maxwell nanofluid flow simulations have drawn the
attention of numerous researchers. Abro et al. (2020), Sharama
et al. (2020), and Ramesh et al. (2020) have used various
mathematical models for the Maxwell fluid flow. The
influence of radiative heat flux on the flow of Maxwell
nanofluids across a chemically reacting spiraling disc was
analyzed by Ahmed et al. (2020). Hussain et al. (2020) took
into consideration the mathematical analysis of a Maxwell
nanofluid with hydromagnetic dissipative and radiation.
Jawad et al. (2021) have analyzed the entropy impact on the
flow of Maxwell fluids using stretched surfaces.

The most appealing and affordable method of thermal
the
advancement in science using the concept of nanoparticles.
the
characteristics of nanoparticles related to engineering and
the highest
proficiency of thermal transportation and stable forceful

transportation was  proposed by revolutionary

Researchers are constantly examining thermal

manufacturing usages because they have
features. The formation of nanofluids is caused by the
dispersion of nanoparticles in the base solvent. Plications for
nanofluids are anticipated in a variety of fields, including
nuclear engineering, mechanical and cooling devices,
extrusion systems, and many others. In recent years, the role
of nanofluids in energy production has moved into more
essential applications. When nanoparticles are adequately
dissolved in the base fluid, it is expected that mass and heat
transmission will improve. Nanofluids are widely used in
biotechnology, medicine delivery, renewable energy, and
several technical fields. Choi (1995) coordinated the basic
analysis and experimental investigation of the nanofluid
characteristics. The thermal measurements of a nanofluid
containing micropolar material were described by Khan
et al. (2020) using modified diffusion concepts. Khan et al.
(2019) have depicted the Oldroyd-B nanofluid flow using the
optimal Prandtl number technique. Turkyilmazoglu (2020)
used the single-phase model to declare the stability of
nanofluids. The impact of porous space over moving
surfaces susceptible to the Jeffrey nanofluid was determined

by Khan and Shehzad (2020). The dual solution prediction for
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the nanofluid flow subject to asymmetrical slip was observed by
Nadeem et al. (2020). Some other researchers have proposed
different forms of nanofluids to study the many uses of
nanofluids in various aspects (Sabir et al., 2019; Umar et al,
2020; Ayub et al., 2021a; Ayub et al., 2021b; Sabir et al., 2021).

As an alternative to conventional fluids, nanofluids are
renowned for their exceptional capacity to transport energy.
In order to make it significantly better, the hybrid nanoliquid
is being produced. When two or more types of metals are
combined in such a way as to produce different chemical
bonds, the resulting substances are referred to be hybrid
metals. A “hybrid nanofluid” can also be created by the
uniform dispersion of two very small particles into the liquid
that is acting as the mother liquid. Comparing this highly
developed type of solution to unitary nanofluids or any other
common functional fluids, it shows promising heat transmission.
The innovative uses for hybrid nanosolutions include the
fabrication of aviation devices, power systems, welding,
lubricants, spacecraft, and electronic cooling devices. The
influence of the magnetic field in the transverse direction to
the flow field is discussed by Devi and Devi (2016). Babar and Ali
(2019) discussed the specific thermophysical environment,
applications, setup, and inherent issues of hybrid composites.
Recently, more studies about hybrid nanofluid flow through
various configurations can be decoded in Acharya et al
(2020), Yaseen et al. (2022), and Joshi et al. (2022).

The transportation of liquids in thin layers is frequently
seen in daily life; one illustration of this is the way raindrops
move across rooftops, road surfaces, and window glass.
Understanding the process of thin films is crucial since they
frequently occur in nature and have numerous useful
applications. Whether there are inertial forces present or
absent, thin films of liquids are driven by surface or body
forces. Depending on the flow pattern under consideration,
the strength of these forces acting on the fluid may be increased
or decreased. In situations like dropping films or spray coating,
inertia is crucial, but it is sometimes disregarded when the flow
Reynolds number is low, as in the flow motion over an inclined
plane in a sluggish motion. Thin-film flows have drawn a great
deal of interest in recent years. Photovoltaic panels, lamination,
biofluid flows, hydrophilicity, and other commercial and
technical applications all involve film flowing over stirring
flat, vertical, and inclined planes (Liu et al., 2017). The first
person to look at the case of the dropping liquid films was
Nusselt (1916). Jeffrey (1925) also explored the film flow in the
scenario of an inclined plane. There are a lot of research studies
on film flow on diverse models, which may be found in the Refs.
Wang, 1990; Qasim et al., 2016; Zhang et al., 2021; Shah
et al.,, 2022.

The radiation impact plays an important role in almost all the
design approaches. Thermal radiation plays a significant role in a
variety of mechanical processes, such as missiles, nuclear power
plants, spacecraft and other communications satellites, steam
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turbines, and the many driving mechanisms for aviation. In
addition to radiation, Ghadikolaei et al. (2018) and Ali et al.
(2020) focused on the thermal radioactive effects in addition to
the transfer of nanofluids when studying peristaltic pressing.
CuO-Ag/water micropolar hybrid nanofluid flow across a
vertically positioned plate was studied by Gumber et al
(2022) with the help of heat radiation and the suction/
injection mechanism.

The possibilities for higher thermal transport illustrate the
knowledge of the existing literature. Recent investigations of
unsteady thin-film flow impacted by advanced ablation/
accretion (Wang, 1990; Qasim et al., 2016; Zhang et al,
2021; Shah 2022) heat
transmission modes. We focused on expanding such work

et al, address conventional

to include the chemical radiative effect and the mix
convectional characteristics of Maxwell hybrid nanofluid
flow. The cited works mentioned aforesaid highlight that
less attention is paid to the study of nanofluid flow
impressions over an inclined stretched plane keeping
insight of Maxwell fluid flow. Nevertheless, the flow of the
hybrid nanofluid in the same context is rare. We in this
exploration discussed the hybrid nanofluid flow comprising
silver with aluminum oxide, nanocomposites, and thin-film
flow over an inclined plane. The thermal effects of the
nanocomposites are also taken into account in the presence
of radiation. The composite factor of the particles plays a
significant role in thermal conduction. The film width along
with the applied magnetic field has been studied additionally
in the graphical form by using the HAM method. The
impression of varied parameters versus involved profiles is
studied logically.

The following are some of the innovative aspects of this work:

o Due to the intensive use of both laboratory and
computational studies, the novel heat-transfer fluid is
focused on the appropriate Maxwell fluid-based Al,O3-
Ag-hybrid nanofluid.

o To explore the heat-transfer phenomenon, a thin film of
Maxwell hybrid nanofluid flow on an inclined extended
surface using thermal conductivity models has been used.

o To find an analytical solution for heat-transfer effects in
hybrid nanofluid flow with thermal radiation, chemical
reaction, porosity, and mix convection present.

 The governing equations for heat, mass transport, and fluid
motion are transformed into self-similar differential
equations using the standard factors, and the HAM
method is then used to evaluate them analytically.

The results are represented in diagrams that correspond to

various numeric values of the relevant parameters.
Chemical radiative and convectional heat exchange between

the surface and the surrounding fluid is essential in many real-
world applications involving the cooling or heating of surfaces.
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Ag—CuO
Hybrid nanofluid

y=0

FIGURE 1
Physical sketch of the proposed model.

The problem is more realistic and produces better results because
of its cumulative proportion.

Problem development and the
governing model

Let us examine the improvement of energy and mass
transformation in time-dependent thin-film flow of Maxwell
fluids with hybrid and mononanoparticles. Over an extended
inclined plane making an angle 6 with the surface, a thin film
flows. The following considerations are made while modeling the
transportation of mass and heat:

1 The surface over which the thin film exists is moving with
velocity U = bx (1 — at)"*3; here, the operative elasticity of the

« »

velocity is b(1 — at)? toward the x-axis, where “a signifies
the increment of time (0<a<1I) and “b” represents the
elasticity.

2 The surface temperature of the extending sheet is signified
as “Ty”, and the temperatures of the slit are defined as
Ty and T, .The range of these constraints is referred to as
0<T,<T,.

S% = M is the local Reynolds number dependent
on Uy,.

4 h(t) represents the thickness of the film.

5 We consider pressure to be constant.

6 The nanoparticles Al,O5; and Ag are used.

7 The magnetic field in a perpendicular direction is defined as
By(x,t) = (1-at)? By

8.8 The flow configuration for the problem is shown in
Figure 1.
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The fundamental equations for boundary layers that govern
flow, heat, and mass transfer have the following forms (Jawad
et al,, 2021; Acharya et al,, 2020; Zhang et al., 2021; Shah et al,,
2022; Gumber et al., 2022):

Bu ov —0 )
ox ' dy
ou . ou du du (s du 6214 zaiu
a Hax TVay) T T\ M axay T o T oy
Upnf ou [T ou
| | Mv—+u |+ — B (x,1) )le—+u — EyB(x,t)
K oy Prng oy

+5{i (T - Th)(ﬁT)hnf +(C- Ch)(ﬁc)hnf} Sin,

)
or or or_  [oT l6o'Ty T
o " Max oy T | 5y2 | T 3k (oCp),, 37
oC oC oC o’C
= 4)

E+ us + va = DBhnfa—yz— Kr(C-Cy)

The components of velocity are represented by u,v and act
along x, y directions, respectively; A; is the Maxwell relaxation time
parameter (note that for A; = 0, the problems reduce to the case of
classical heat and mass transport of Newtonian fluids); k® is the
permeability of the porous medium; f3;, B are the coefficients of
linear thermal and concentration expansion, respectively; o* is the
Stefan—Boltzmann constant; k* is the coefficient of mean absorption;
Dgpyy is the diffusion coefficient of the hybrid nanofluid; and Kr is
the chemical reaction. Also, the oy, f (electrical conductivity), y,, f
(dynamic viscosity), Phnf (density), (pcp)hnf (capacity of specific
heat), and ky,s (thermal conductivity) are some of the hybrid
nanofluid quantities that can be described in this way (Acharya
et al,, 2020 and Joshi et al.,, 2022).

s _

1- ¢Ag)72.5 [’lnf _ (
‘uf (1 - ¢Al203)2'5 ‘uf

Pin P Mo
= (1 - ¢A1203)(1 - ¢Ag) + ¢A1203( ¢Ag) o ¢A9PAI °
Py Py Py

1-bu0) )

Puy Pano
o _ (1= ¢ + ¢ . 203
Py ( AlZO3) ALO; Py
(6)
(pep),
(pip; L= (1=04)(1=bu0,) + (1= ¢A9)¢A1203(pCP)Ag + (P cP)AI;Og
s
(PCP)nf (PCP)Al o,
= (1= du, 5 = ALO;
(per), (- 8u0)+ (per), "
(7)
Ky kano ka0, + kg
=(1- 2 e I /= Y
knf ( ¢A5) + (kAle3 _ knf kA!] Oge knf
knf kAg kAg + knf
—=(1- 2l ——— )k 1 _
kf ( (/)Ale;) + (kAg _ knf> AL O3 Oge< knf
®)

Frontiers in Energy Research

119

10.3389/fenrg.2022.970293

3¢0’f

- ¢AZZO3) 041,05 + (1 - ¢Ag) Oag

34,0, 0400, +3 ‘/’AgUAg -

+af (2+¢)+(1

Ohnf _
of

)

Therefore, we assumed the composition of Ag into Al,O5/
H,O; in the proposed investigation, a hybrid nanofluid was
developed. Al,O3 nanoparticles (¢,,,,) are first dispersed in
H,O to make a Al,O3/H,0O ordinary nanofluid, and then Ag
nanomaterials of diverse ratios (¢, g) are mixed to make a
consistent hybrid nanofluid of Al,05-Ag/H,0. We assume that
¢ = a0, + $a, throughout the study.

The physical conditions for the thin-film flow are defined as

Ul g = Uy, V|, =0, ou V_%
y=0 w> Vly=0 > hnfay ) > ot y:h(t), (10)
oT aoC
le:O = Tw) Cly:() = Cw,a— = a— =0.
Vly=hwy OV ly=nery

The non-dimensional variables and coordinates that we

present are as follows (Zhang et al., 2021; Shah et al., 2022):

Y= <1b >%xf(11) n= (ﬁ)%

2
T:TO—T,<bi> ®(’7) YV bx*
2v) (1-at)? 2v

) @ (1)
(1-at)?

1m

CCC(

where

i
v=-o (12)

_
-5

Eq. 1 is satisfied, while Eqs 2-4 are transformed as

b !
B= <—U(1 _“t)) a0 (13)
dh _ ap v 1
dar - <b(1 —at)) (14)

Hny Py L S(f + fr/) (f/)z +ff" +)l(2ff’f” 7fzfm) —/\r(f’ *Aff”)
Hp Pung

L MlE-(f-af )] £ l@ Gre) +
Hig ﬁ/

Beins
By

(Ge®) =0,

(15)

1 (PCP)f <khnf 4

— —Rd @"—— 30 + 1O 2f'@ + fO’
Pr (PCp)hnf ) ( ! ) / /

=0
(16)
S
" + 5c<5(3q> +1®') = 2f'D + f(D’) —ySc® =0  (17)
SO M v HCP WK
$= a’A_ (1-at) it Rd = 3k*kf(pCp)hnf Ta’
or = 9By [Twzf Th]xi _ 9Bc[Cu Ch]x
vy vy

(18)
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TABLE 1 Thermophysical features of the nanoparticles.

Parameter APS (average particle
size), nm

ALO, 25-45

Ag 18-23

80 wt% ALO3-20 wt% Ag 10-45

where S, /\P, Pr,A,y,Gr, Rd, Gc are the unsteadiness parameter,
porosity term, Prandtl number, Maxwell parameter, chemical
reaction, thermal Grashof number, radiation parameter, and
mass Grashof number, respectively.

The transform forms of the physical conditions are taken as

£(0)=0, f(0)=1,0(0) = 1,®(0) = 1,

; B, , (19)
116 =0.F (B) = 5.0/ (§) = 0.0/ (B) =0

The skin friction and the local Nusselt and Sherwood
numbers are defined as

LTIV
T pUY T k(T - T,)

oT
suw = _k B
y=0 4 (ay>

qmX
Dy (Co - co)} .

oC
sGm = _DB<a_) > }
y=0 y y=0

Cy S, =

where

ou
Tw:‘lzl @

(21)
The transformed terms are stated as
Re!Cf = L 7(0), Re?Nu-= —<k""f " Rd)@’(o),
Hpn g kg
Re?Sh = -0’ (0), Re= xlj’”.
(22)

Results and discussion

In this section, we display and discuss the results that were
computed using the aforementioned technique, HAM.
Additionally, as illustrated in Figures 2-17 and Tables
2,Tables 3, the performance of hybrid nanofluid and
nanofluid flow f’'(#), energy ©(#), and concentration
distribution @(#) under the impact of fluid parameters is
explored. For these purposes, numerical simulations are
carried out, with S= O.4,)LP =1,Pr =751=03,y. =
0.5,Gr =2,Rd = 0.6,Gc = 1.5. When the current findings
are compared with the previous study of Wang, 1990;
et al,

Qasim 2016 under limiting circumstances, the

validity of the current results is demonstrated. The two sets
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p Kgm™ kW m k! CpJ kg 'K
3,970 40 765

10,500 429 250

2.87 4768 0.842

of results are shown in Tables 2 and 3, and there is

considerable agreement between them. According to
Table 2, the progressive variation of S is added to the
surface and wall temperature gradients.

The characteristics of f' (1) (velocity field) and © (#) (thermal
distributions) in the presence of A, (permeability variable) are
delineated by Figures 2,3 for nanofluids and hybrid nanofluids.
Figure 2 shows that a depletion of f’(#) distribution results from
increasing A, values. This is realistic because a porous medium
presents a resistance in the way to fluid flow. Therefore, as
demonstrated in Figure 2, high values of the A, parameter
diminish the fluid velocity. The suspensions of hybrid nanofluids
are declined more quickly as compared to monofluids. Additionally,
as seen in Figure 3, there is an increase in temperature distributions
when the values of the A, parameter are improved. Figures 4,5
demonstrate the variations in f'(#) (velocity field) and © ()
(thermal distributions) with respect to the ¢, 1, ¢4, (volume
fractions of nanoparticles). Figure 4 shows that the velocity
profile appears to decrease when the values of ¢, 1, ¢4,
nanoparticles grow statistically. In terms of physics, the rise in
the values of ¢, ¢4, denotes an increase in the number of
nanoparticles scattered in the base fluid. The results imply that the
minor volume percentage helps the hybrid nanofluid. When
compared to ordinary nanofluids, the hybrid suspension achieves
a prominent position. According to Figure 5, the © (#) distribution
improved due to an increase in ¢, ., ¢, Physically, the
emergence of a greater number of small components into the
host liquid makes it easier for the nanoliquids to release a greater
quantity of their stored energy in the form of heat. As a result, there
was an increase in the effective distribution of heat. Therefore, the
hybrid nanofluid achieves a higher level than the typical one. The
incorporation of nanocomposites results in an intensification of the
process of heat transfer. It is perfectly reasonable because the
incorporation of a greater number of nanoparticles into the
nanosolution makes it easier to obtain a high rate of heat
transmission. Figure 6 illustrates the impact of M (magnetic
parameter) on the f'(#) field for all cases of nanofluids and
hybrid nanofluids. As M is estimated to be a larger value, the
velocity of nanofluids decreases. Because an increase in M signifies
an improvement in resistive force (the Lorentz force), this results in a
reduction in the velocity of the nanofluid and hybrid nanoliquid.
According to Figure 7, a higher E value results in an improved f' (#)
field. This is due to the fact that an increase in E contributes to the
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TABLE 2 Comparison between the published work and present work for the surface and wall temperature gradients considering common factors
using the regular fluid having Pr = 7.56. Note that they used small and variable values of the Prandtl number.

Wang (1990) Wang (1990) Qasim et al. Qasim et al. Present Present
(2016) (2016)
S o(1) -@'(0) op) -pO' (0) o(p) -e' (0)
0.3 0.45312 0.6413 0.45921 0.64374 0.4594251 0.64365
0.5 0.47683 0.7658 0.47941 0.76832 0.4794732 0.768320
0.7 0.49587 0.8513 0.49926 0.85383 0.4992763 0.853241
0.9 0.51325 0.9924 0.51732 0.51823 0.517276 0.5172751

TABLE 3 Comparison between the published work and present work for the Sherwood number considering the common factor using the regular fluid

having Pr =7.56,5 = 0.8.

Qasim et al. (2016) Qasim et al. (2016) Present Present
Sc D(B) -0’ (0) () -’ (0)
9 0.13743 0.4587 0.137563 0.458872
11 0.129341 0.44575 0.129432 0.445834
13 0.11832 0.42782 0.11843 0.427942
2 . , . . a Lol . ‘ . . .
ALos [ I T AL 05
"""" 2 U3 N
il Al 03+Ag | | i |
~ 0.6¢ 1 = 1
"™~ 04 1 ® 1
0.2 ] 1
0.0f —1 ool =l=) T e ]
0.0 0.2 0.4 0.6 0.8 1.0 0.5
n n
FIGURE 2 FIGURE 3
Ao vs £ (n). Influence of 1, on O (#).

generation of a stronger electric field, which in turn speeds up the
flow of nanofluids and hybrid nanofluids. The characteristics of the
flow field f' () for different values of Gr and Gc (thermal and mass
buoyancy parameters) are shown in Figures 8, 9. Figure 8 illustrates
the unique effects of Gr on the resulting velocity. The f' () of the
thin-film fluid increases as Gr rises. Actually, Gr is the ratio of
thermal buoyant forces to viscous forces. As a consequence, the
strengths of thermal forces rise as the magnitude of Gr increases.
Huge quantities of the Grashof number are used to provide the
buoyancy forces. Thus, as Gr rises, the resulting momentum
boundary layer’s thickness also rises. The special impact of Gc
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on the fluid velocity f' () is shown in Figure 9. As the Gc increases,
the f' (1) of the hybrid thin-film fluid also increases. The G is the
proportionality of concentration buoyant forces to viscous forces.
The intensities of solutal force increase as the magnitude of the Gc
increases. Also, when compared to ordinary nanofluids, the hybrid
suspension achieves a prominent position.

The changes in the ©(#) profile relative to the Rd (radiation
parameter) are shown in Figure 10 for nanofluids and hybrid
nanofluids. It is considered that an elevation in Rd factor leads the
temperature to rise. Physically, the Rd factor compares the input of
heat exchange through conduction to transfer using thermal
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radiation. It is obvious that an increase in the radiation parameter
causes the temperature to rise. Additionally, there is a positive
association between the Rd and the temperature gradient close to
the surface of the plate. Hence, the hybrid nanofluid shows the
leading nature as compared to the nanofluid. The effect of S
(unsteadiness factor) on the f' (1) profile is shown in Figure 11 for
nanofluids and hybrid nanofluids. The plot reveals that a gradual
increase in the magnitude of S causes the f' (1) profile to gradually
decline, improving the momentum boundary film viscosity. The
hybrid suspension also holds a prominent position when
12 predicts the
significance of the ©(#x) distribution on the S (unsteadiness

compared to regular nanofluids. Figure

factor) for both the types of nanofluids and hybrid nanofluids.
It is important to note that S has an increasing impact on the
temperature of the liquid film. A slight temperature improvement
is shown to increase the values of S in the boundary layer.
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Figure 13 illustrates how the presence of S changed the @ (#)
concentration profile for both types of nanofluids. The tendency
occurs for the liquid to be pushed into empty spaces as a result of
the enhancement of S. As a result, the @ () increases, as depicted
in Figure 13, for both the Al,O; and Al,O3-Ag nanosolutions. Plot
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Figure 14 illustrates the significance of Sc (Schmidt number) in
regard to the @ () profile for nanofluids and hybrid nanofluids. As
Sc increases, a noticeable lowering of the @ (#) distribution can be
seen. According to its definition, Sc is the ratio of the momentum
diffusivity to the mass diffusivity. Therefore, more species (higher
Sc) depreciate the solutal fields. The behavior of the dimensionless
@ (#) distribution for various values in y, (chemical reactions) is
depicted in Figure 15 for the cases of nanofluids and hybrid
nanofluids. In this study, y. >0, and the effects of destructive
chemical reactions are investigated. The plot shows a decrease in
the @(n) field as y, rises. Physically, high values of the y.
parameter indicate that there are many solute molecules taking
part in the reaction, which causes the @ () field to drop. As a
result, a destructive chemical reaction dramatically reduces the
thickness of the solutal border layer. Also, when compared to the
AL O; nanofluid, the AL,Os-Ag suspension achieves a prominent
position. Figures 16, 17 show the variation of the skin friction
coefficient for different values of Gc and Gr for nanofluids and
hybrid nanofluids. Also, the consequences of ¢, , ¢, against Nusselt

number enhancement in % age are presented in Figures 18.

Conclusion

We focused on describing the chemical radiative and
convectional effects on the hydrothermal characteristics of two
different types of Maxwell nanoliquids, the Ag hybrid nanofluid
and ALO; regular nanofluid, during the entire study. Over a
permeable stretched inclined surface, the desired thin-film flow
has been passed. Through tables and figures, exhaustive
properties of porosity, volume fraction, unsteadiness,
radiation, chemical reaction, and thermal and mass buoyancy
components are explained. Through a comprehensive
examination, some guiding points help focus our attention on

the following findings:
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Maxwell hybrid nanofluids’ thin-film flow is slowed down

by increased 1, (porosity).

* a0, P44 (nanoparticle volume fraction), § (unsteadiness),
Gr, and Gc (Thermal and mass buoyancy parameters)
parameters highly influence the thin-film flow of Maxwell
hybrid nanofluids compared to nanofluids.

« For the thermal profile, ¢, 1., ¢, 4 (nanoparticle volume
fraction), S (unsteadiness), and A, (porosity) have similar
effects. These factors have a greater impact on hybrid
nanofluids than on nanofluids.

o For the concentration profile, the thin film of the hybrid
fluid is more influenced than the nanofluid by S as
compared to the other various parameters like Sc and ..

o« The skin friction coefficient, Nusselt number, and

Sherwood number reduce when uplifting the parameter

S, while it increases for ¢ ALOS du & and )LP.

Future direction

These results of thin-film flows can also be used for other
models like discs and cylinders, different flow factors, and
trihybrid nanofluids with the execution of numerical and
analytical techniques.
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Nomenclature

A1 relaxation time

7 tensor for extra stress

« thermal conductivity

C, heat capacitance

n similarity variable

To, Trey temperature terms
S unstable parameter

T temperature

Upnfs kinematic viscosity
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u, v velocity components

p density

Wy dynamic viscosity of the hybrid nanofluid
Sc Schmitt number

k® permeability coefficient

A time relaxation

Pr Prandtl number

© dimensionless temperature

h(t) film thickness
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M. M. Algarni?, Mansour F. Yassen>® and Elsayed Tag Eldin”’

*College of Aeronautical Engineering, National University of Sciences and Technology (NUST),
Islamabad, Pakistan, 2Department of Mathematics, Faculty of Sciences, University of Jeddah, Jeddah,
Saudi Arabia, *Department of Information Technology, Faculty of Computing and Information
Technology, King Abdulaziz University, Jeddah, Saudi Arabia, “Department of Mathematics, College of
Sciences, King Khalid University, Abha, Saudi Arabia, “Department of Mathematics, College of Science
and Humanities in Al-Aflaj, Prince Sattam Bin Abdulaziz University, Al-Aflaj, Saudi Arabia, ®Department
of Mathematics, Faculty of Science, Damietta University, Damietta, Egypt, “Faculty of Engineering and
Technology, Future University in Egypt New Cairo, New Cairo, Egypt

Presently, scientists across the world are carrying out theoretical and
experimental examinations for describing the importance of nanofluids in
the heat transfer phenomena. Such fluids can be obtained by suspending
nanoparticles in the base fluid. Experimentally, it has proved that the thermal
characteristics of nanofluids are much better and more appealing than those of
traditional fluids. The current study investigates the heat transfer for the flow of
blood that comprises micropolar gold nanoparticles. The influence of
chemically reactive activation energy, thermophoresis, thermal radiations,
and Brownian motion exists between the walls of the channel. A
microorganism creation also affects the concentration of nanoparticles
inside the channel. Suitable transformation has been used to change the
mathematical model to its dimensionless form and then solve by using the
homotopy analysis method. In this investigation, it has been revealed that the
linear velocity behavior is two-folded over the range 0<y<1. The flow is
declining in the range 0<7<0.5, whereas it is augmenting upon the range
0.5 << 1. Thermal characteristics are supported by augmentation in volumetric
fraction, thermophoresis, radiation, and Brownian motion parameters while
opposed by the Prandtl number. The concentration of the fluid increases with
augmentation in activation energy parameters and decays with an increase in

Abbreviations: u, v, dimensional velocity components (m/s); p, dimensional pressure (Pa); P,
dimension-free pressure; H, channel height (m); N, microrotational velocity (m/sec); u, Up,
velocities of the top and bottom walls (m/sec); v¢, vy, normal velocities of the top and bottom
walls (m/sec); T, dimensional temperature (K); Cp, specific heat (Jkg™*K™); Nu, Nusselt number; Cy,
skin friction coefficient; Sh, Sherwood number; Np, Brownian parameter; 5, similarity variable; Re,
Reynolds number; Da, Darcy number; Pr, Prandtl number; K, material parameter; R4, radiation
parameter; Q, temperature parameter; E, activation energy parameter; Sc, Schmidt number; T,
chemical reaction parameter; L,, bioconvection Lewis number; Pe, Peclet number; §,
microorganism concentration number; N;, thermophoresis parameter.
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thermophoresis, Brownian motion, chemical reaction parameters, and the
Schmidt number. The density of microorganisms weakens by growth in
Peclet and bioconvection Lewis numbers.

KEYWORDS

heat transfer, micropolar nanoparticles, gyrotactic microorganisms, porous channel,
chemical reaction, thermal radiation, HAM

1 Introduction

The limitations on improving the transfer of heat in
engineering systems, for instance, cooling of electronic and
solar systems, are essentially due to the slower thermal
conductivity in traditional fluids like oil, ethylene glycol, and
water. Solids normally have better characteristics for heat
transmission than liquids, like copper which has 700 times
better thermal conductivity in comparison with water and
3,000 times better than engine oil. Choi and Eastman (1995)
were the first to introduce the concept of nanofluids by mixing
the nano-sized particles in a pure fluid. Afterward, various
researchers have conducted plenty of investigations for fluids
flowing through channels with the main focus on the
augmentation of heat transfer characteristics by suspending
different kinds of nanoparticles in different base fluids.
Sheikholeslami and Ganji (2013) have discussed the thermal
flow characteristics for the Cu — H,O nanofluid flow amid two
parallel plates. In this study, the Maxwell-Garnets and Brinkman
models have been employed by the authors to determine the
viscosity and thermal flow behavior of nanofluids. It has also
been established in this inspection that the rate of thermal flow
has amplified with greater values of the volumetric fraction and
Eckert number. Ayub et al. (2022a) have inspected the thermal
flow characteristics for cross-nanofluids by using various flow
conditions and revealed that augmentation in the cross-fluid
index has supported velocity profiles. Shah et al. (2022a) have
inspected the MHD nanofluid flow with multiple features past
wedge geometry. Shah et al. (2020) have extended the study of
Srinivas et al. (2017) by introducing the micropolar gold-blood
nanofluid to the flow system in a channel. They have used the
homotopy analysis method to model equations and have revealed
that the thermal flow has improved for higher values of the
volumetric fraction and radiation parameter which, on the other
hand, has declined the flow profiles in all directions. Further
investigation about heat transmission regarding nanofluids can
be studied in Ayub et al. (2021a), Ayub et al. (2021b), Ayub et al.
(2021c), Shah et al. (2021), Ayub et al. (2022b), Shah et al.
(2022b), and Ayub et al. (2022c¢).

The fundamental requirement to model the fluid that
comprises microrotational components has introduced the
theory of micropolar fluids. These fluids actually couple the
field of
macroscopic velocity. By structure, these fluids consist of hard

rotational motion of fluid particles with the

particles suspended in the viscous medium, for instance, bubbly
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liquid, paint, ferrofluids, and blood flows. Such fluids have
abundant applications in engineering and industries, like
lubricant fluids, biological structures, and polymer solutions.
The idea of micropolar fluids was introduced first by Eringen
(1966). Afterward, this term became an area of dynamic
exploration in the field of research. This class of fluid could
describe the fluid’s characteristics at a micro-scale. In these fluids,
the spinning motion is described by microrotational vectors.
Singkibud et al. (2022) have investigated the influence of cubical
catalyst-based activation energy and thermophoresis diffusions
for a time-free micropolar nanofluid flow on a semi-infinite
stretching surface. Fakour et al. (2015) inspected the thermal flow
of micropolar fluids flowing through a channel. It has been
concluded in this investigation that the rate of thermal flow
has augmented with growth in the strength of the Reynolds
number and has declined with augmentation in the Peclet
Abbas al. (2020)
characteristics for the micropolar nanofluid flow between two

number. et have revealed thermal
plates using slip conditions. Baharifard et al. (2020) studied the
mass and heat transfers for the MHD micropolar fluid flow past a
stirring surface with injection and suction behavior on the
surface.

Recently, the exploration of the laminar flow and
transmission of heat through porous channels has appealed to
many researchers due to its industrial and biological applications.
These applications include biological fluid transportation
through contracting or expanding vessels, underground
resources of water, and the synchronous pulsation of
permeable diaphragms. Many investigations have been
conducted for heat and mass transfer between porous plates
using various flow conditions. In this study, magnetic effects have
been practiced in the flow system both in parallel and
perpendicular directions, and it has been highlighted that by
removing the impact of the Hall current, the flow has
remained unchanged even by changing the direction of
the applied magnetic field. Hassan (2020) has analyzed the
production of irreversibility for the MHD fluid flowing in a
permeable channel. Islam et al. (2020) have examined the
micropolar fluid flow amid two plates by considering
different flow conditions in the flow system. The authors
have used the nanoparticles of graphene oxide and copper in
water as the base fluid and have established that the
expansion in volumetric fractions has reduced the flow
has the  thermal

Babu (2020) have

and increased

Delhi

characteristics

characteristics. and Ganesh
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discussed mathematically the model for the steady MHD
fluid flow amid two porous plates with revolving flow.
Nanoparticles are not self-driven and start motion only
when it is affected by thermophoresis and Brownian motion.
Even in the augmentation of mass and heat transformation,
the high concentration of nanoparticles can affect the stability
of this phenomenon. A combination of biotechnological
mechanisms with nanofluids that are established by motile
microorganisms can provide better results in such a physical
phenomenon. Gyrotactic microorganisms are actually self-
driven and can gather in the closed vicinity of the top layer of
the fluid flow which causes the upper surface of the fluid to be
denser. The dispersal of gyrotactic microorganisms in
nanofluids the  heat
characteristics of the fluid. Platt (1961) was the first
gentleman who floated the idea of the configurations in the

normally  enhances transfer

thicker culture of free spinning organisms. Afterward, many
studies have been carried out by different scientists with the
main focus on the impact of gyrotactic microorganisms on the
fluid flow systems. Bin-Mohsin et al. (2017) have examined
the squeezing liquid flow using gyrotactic microorganisms
amid two opposite and parallel plates. It has been highlighted
in this investigation that the augmentation in thermophoresis
effects and random motion has enhanced the thermal flow and
has declined the mass transmission. Zhang et al. (2020)
studied the influence of the magnetized Reynolds number
upon motile microorganisms between circular plates filled
with nanoparticles. The authors have noticed that the
distribution of nanoparticle concentration, thermal profiles,
and microorganisms have been highly suppressed by
augmenting values of the squeezed Reynolds number.
Ahmad et al,, 2020) inspected the nanofluid flow influenced
by microorganisms through a porous plate. It has been noticed
in this investigation that the heat and mass transfer rates have
been augmented by considering the impact of gyrotactic
microorganisms. More comprehensive investigations have
been conducted by Khan et al. (2021a) and Khan et al.
(2021b). The authors have highlighted the effect of
different parameters on flow systems. In these inspections,
it has been noticed that the flow and concentration profiles
have been reduced with augmentation in thermophoretic and
Brownian motion parameters, while the thermal profiles have
been augmented on the other hand. Moreover, in these
the of
microorganisms has declined with the augmenting values of

investigations, density ~ number motile
the Peclet number.

From the mentioned literature and similar related studies,
the authors have noticed that a large number of research studies
have been published to describe the flow of nanoparticles by
using different geometrical shapes. However, comparatively less
attention has been paid to micropolar fluids with gold-blood
nanoparticles flowing through the channel. Moreover, to the

best of the author’s knowledge, no investigation so far has been
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FIGURE 1
Graphical view of the flow problem.

performed for micropolar gold-blood nanoparticles flowing
through a porous channel with the effects of gyrotactic
microorganisms. The collective influence of chemically
reactive activation energy in the current study further
expands the newness of the study. For augmenting the heat
transfer characteristics in the current investigation, the
thermophoretic effects along with Brownian motion and
thermal radiations have also been applied to the flow system.
HAM (Liao, 1999; Liao, 2010) has been used to find the solution
to modeled equations.

The first section of the study introduces the related literature.
The second section comprises physical and mathematical
description of the problem along with quantities of interest.
The third section defines the solution method along with
steps for the solution. The fourth section defines the results
and discussion along with an explanation of tables. Conclusions
of the current study are given in the last section.

2 Physical and mathematical
descriptions

Next, the problem will be described physically by considering
some assumptions and by taking the physical view of the flow
problem. Afterward, these assumptions will be employed to
describe the problem in the mathematical form. This
mathematical description will then be transformed into the
dimensionless form with the help of similarity variables. In
this process, some physical parameters will be recovered that
will be discussed briefly along with mathematical expressions at
the end of the section.

2.1 Physical description
A steady two-dimensional incompressible laminar flow of

micropolar nanofluids amid two permeable plates is taken.
The base fluid is taken as blood with gold nanoparticles
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suspended in it. The influence of thermal radiation,
thermophoresis, and Brownian motion exists in the channel
with static or moving walls. Moreover, the fluid flow is also
influenced by the collective impact of chemically reactive
activation energy in the presence of gyrotactic
microorganisms. The geometrical view with conditions at
the boundaries is presented in Figure 1. The fluid is flowing
in the x-direction, while the y-axis is normal to the channel’s
walls. The walls of the channel are apart by a distance, L is the
axial length, while W is the width of the channel walls. The
suction and injection of flow at the walls of the channel are
fixed and unvarying. Moreover, the body forces such as
gravity, Coriolis, centrifugal force, and magnetic effects are
ignored. At the walls, the axial velocities are assumed to be

linear with the mathematical description as

Uy = u,(?c/H), Uy = ub(?c/H).

2.2 Mathematical description of the
problem

By the suppositions in Subsection 2.1, the problem can be
described mathematically as follows (Misra and Ghosh, 1997;
Papadopoulos and Tzirtzilakis, 2004; Tzirtzilakis, 2005; Hatami
et al., 2014; Srinivas et al., 2017):

6u ov —0 D
ax ay ’
Png au+17@ :—@+(‘u +k> a—u+az %a—N
e \ ox 0y ox \' x 0y oy
g
kl ’
(2
Puf [ ~OV OV - 8211 az AaN
= == 13+(an k) 2t k==
€ ox 0y 'y ay ax
k"
(3

: aaﬁ+§aﬂ —k %,@ + 627N+627N (4)
P\ "5z o5 )~ T )T\ T )

0T 0T kg (0T OT 1 0g
a—,+ P =tz FY
x Oy (PCP)nf ox’ 3y ) (eCp),, O

ocar acar <BT>2 ar\’
DB + + | —= ,
x ax ay ay ox Jdy

ﬁac _oC (azc o’C ) Dr (ZBZT a2T>
— +tV—= DB + — - + —
ax oy 9% ay Tv \ox" ay

-k (C- Ct)<T1> exp( -

Ea
o) (6)
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_on_on ( bW, > d ( ac) Fn
—tVv—+ — Dy— . (7)

ax a y \C,-C:) oy \ oy dy
In the aforementioned system of equations, the flow along x, y
axes is, respectively, denoted by the components u, v; p is pressure;
Hnp> Py are dynamic viscosity and the density of the nanofluid,
respectively; k; is permeability; ¢ is the porosity of walls; g, is the
heat flux due to radiation; (pC)),.s is the effective heat capacity; ks
is the thermal conductivity; Dy, Dg, D,, are diffusion coefficients
for thermophoresis, Brownian motion, and microorganism,
respectively; Cy, T4, 1, are the concentration, temperature, and
microorganism at the bottom plate of the channel, respectively,
while Cy, T, n; are the corresponding quantities at the top plate of
the channel; y,, is the spine gradient viscosity which is
mathematically expressed as y, . = (i, +k/2)j ] with j as the
~Fo ksT) is the
modified Arrhenius function, E, is the activation energy, kr is

density of micro-inertia. Moreover, (T/T; )"

the rate of the reaction, and W is the speed of microorganism cells.
The related conditions at boundaries are:

M(},}) =Uy i, V(J?, 5/) = Vp, T = Tb 5 C= Cb,

H
n=mn ——ka— aty=0 u(?cA)—u x
= Np, ay y=0, Y = U q
-~ ou
v(x,y):vt, T=T,,C=C;,, n=n, N=-k—
oy
aty=H.
(8)

In Eq. 8, the subscript notations b, t are used to represent the
bottom and top plates of the channel, respectively. The velocities
at the bottom and top walls are, respectively, denoted by v;, v;,. It
is to be noticed that these are different velocities so due to the
difference in their directions, various combinations can arise. For
instance, the combination v, >0, v, <0 leads to injection at the
bottom and top walls. Similarly the combination v, <0, v; >0
confirms the suction at these walls (Seyf and Rassoulinejad-
Mousavi, 2011). The thermophysical characteristics of gold
nanoparticles are described as follows (Bachok et al, 2012;
Srinivas et al., 2014; Srinivas et al., 2017):

i 25 (Pcp)nf

(1-9)

o ka_ks+2kf—2go(kf—ks)
=(1 fP)(PCp)f“P(PCP)s ki kot 2ks+g(ky—k)

Pus = (L=@)prtop., th,=

(©)

In Eq. 9, P kf, (pCP)f are the notations for density,
thermal conductivity, and heat capacity for the base fluid,
while pg, ks, (pCp); are the corresponding notations for the
nanofluid. Moreover, y, is the viscosity of the pure fluid,
while the volumetric fraction of gold nanoparticles is ¢. The
thermophysical characteristics of the base and nanofluids are
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described numerically in Table 1 (Hatami et al., 2014; Srinivas
et al.,, 2017):

For simplification of g, using the Rosseland
approximation as given in the following (Hatami et al,

2014; Zhang et al., 2015)

_ 4 o*oT* (10)
T ="3\"%ay )’

In Eq. 10, 0% «* are termed as the Stefan Boltzmann
constant and the coefficient of Rosseland mean absorption
such that ¢*=5.6697 x 10°8Wm™K™. If the thermal
gradient is sufficiently small within the flow of the fluid,
then T* can be simplified by using Taylor’s expansion as
(Zhang et al., 2015)

T =4TT} - T}, (11)

In light of Egs. 10, 11, we have from Eq. 5 as

0T 0T kuys (azT a2T> 1 (160*Tf 82T>
Uu—=+v — | t+ - -
ox 0y (PCP)n ; (rCo),, \ 3% 3y

ocor ocor\ Dy ((or) [or)
T|Dg| —= —=+ + +| —= .
Ox 0x ay ay ax oy

The following set of variables (Srinivas et al., 2017; Shah et al.,

+
x93y

(12)

2020; Khan et al., 2021a) will convert the leading equations into

the dimensionless form:

P

X v T-T,
I‘I7 B pfvf Vb7 Vb

;o 0(n) = ﬁ;

X =

C-C () = nomo _xvG(n) with 1 = y
=

¢(n) = oo = — I

(13)

The dimensionless velocity components are assumed as

u(on)=xf'(n); v(xn)=-f(n). (14)

By incorporating Fqs. 1
(1+(1-9)”
Ps 2.5 1 gn m Loy
1- = (1~ R - -—f"=0,
< ¢+<pr)( o) Re(f' f"=f ") =5 f
(15)

3, 14 into Eqgs. 1-4, 6, 7, 12, we have

K)f™ - (1-¢)*’KG"-

(1 +(1- @”%)G” +K(1-9)"( f"-2G)

+Re(1—<p+ )(1 9)*(fG-fG)=0
(16)

k"f " _ (PCP)s < / I
<kf 3 >9 + (1 (p+(pcp)f Pr(Red' f + N,0'¢
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+Nt(0’)2) -0, 17)

n ! N E
¢+ SeRef¢! + 16" ~ScT9(1 + Q0" exp( 09)

(18)
x" —ReL, fy' +Pe[)(¢ + (8+X)¢"] = (19)

In the aforementioned system of equations, Re = v,H/v; is
Reynolds number, Da = k/H 2 is the Darcy number, Pr =
(pCp)yvslky is the Prandtl number, K = k/u; is the material
parameter, Ry = 40"Tf/3x*k 7 s the radiation parameter, Nj =
D5 (Cy —C,)/vf is  the
D7 (Ty = T1)/Tvy is the thermophoresis parameter, Q =T}, —
T,/T; is the temperature parameter, E = E,/kgT; is the activation
energy parameter, Sc = vy/Dp is the Schmidt number, I' = kf H?*/v ’

Brownian  parameter, N; =

is the chemical reaction parameter, L, = vs/D,, is the bioconvection

Lewis number, Pe = bW ./D,,, is the Peclet number, and & = n;/n;, —

n; is the microorganism concentration difference parameter.
Related conditions at boundaries are

f1O)=1 fO)=-a f'(D)=y, f(1)=-P

0(0)=1, 6(1)=0,¢(0)=1, ¢(1)=0, x(0)=1, (20)
x()=0, G(O)=kf"(0), G(1)=kf"(1).

v |1, forinjection

whereﬂ— P A= Vb’ y= - {—1, for suction.

21

2.3 Engineering quantities of interest

Different quantities of engineering interest for the flow
system under consideration can be expressed mathematically

as follows:
2 ~\ou x 160°T, aT
AN [P
! pfu s |, ke (T, -To\"™ " 3K )yl

8

(22)

Nne—* 1 _p"
o)’ ) "oy

Substituting Eq. 9 in Eq. 19 we have the following

x aC
Sh=—— 4 —Dy—
Dy(Cy - C) { "oy

dimensionless quantities:

Cr=((1-9)*" +K)f"(0), Nu=

=-¢'(0), Nn=-x'(0).

k”f 4 ’
5 (1 + ng)e (0), Sh

(23)

3 Method for the solution

In the universe physical phenomenon, when a model give rise
normally to a nonlinear mathematical model, it is very difficult and
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sometimes impossible to determine the analytical solution for such a
higher nonlinear mathematical model. To determine solutions to
such  problems, researchers have introduced different
techniques. The homotopy analysis method (Liao, 1999; Liao,
2010) is one such technique that is used to solve nonlinear
problems. This technique requires some initial guesses which are

defined as follows:
foln) = (y+ A =20+ 2B)f + (3a=3p =21 = y)if + M - a,

Go () = K (18 + 101 + 8y — 18a)n + K (6& — 68 — 41 — 2y),

@) =1-n @o(n)=1-n X(n)=1-1.
(24)

With linear operators expressed as

Li(f)=f"-f" Ly(9) = 9"~ 9 Lo(®) = 6" =06, Lo(D)

=¢" - L) =x"-x-
(25)
In expanded form, relations in Eq. 25 can be expressed as
Lf (d] + dze” + d387}7) =0, Lg (d4e’7 + dseiv) =0,

Lo (dse" + dse™) =0,
LX (dloeﬂ + d“e_”) =0.

Lo (dge" + dgefﬂ) =0,
(26)

Above d; for i=1,2,3....... 11 are constants proceeding
further as follows:

Ny [f(n;x)) é(mx)é(mx),<7>(f7;x)>)?(f1;x)]

= (1 +(1- ‘P)Z'SK)}.WW +(1- ?)Z'SKéfm - (1 -9

o LR (R S
Nz [J‘ (1), G (m: )0 (1: x), i(n;x),)"c(mx)]

= (1 +(1- @“%)éw +K(1- <p)2‘5( fon— 26)

+Re<1—¢+£—;<p>(1—¢)2‘5(?@n—}n@): (28)

N, [f(n;x), é(ﬂ%X)é(mX)»‘;5(’1%)()%(’1;)()]

_ -~ (pC 5 N
(g Yo+ b o i,
7 (PCP)f

+N(6,)).
(29)
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N; [}(ﬂ;x)» G ()0 (). @(mx),?c(mx)]

~ — - —\" -E
:¢nn+ScRef¢q+&9”—ScF¢(l+QG) exp = />
Ny 1+0Q6

(30)

N; [?(n;x), é(n;x)??(n;x),@(W;x),)?(n;x)]
= %y ~ ReLyfX, + pe[;(ﬂaﬂ ‘ (a + ;();s,m] N

The zero-ord/er system in respect of Eqs. 8-11 can be
described as follows:

(1 —()L}[}(ﬂ;() —fo(n)] = (N

R R - _ (32)
[f(n;x),G(n;x)e(mx),¢(f1;x)>)?(f1;x)] ;
(1 —C)L}[é(m 0) —éo(ﬂ)] = {hgNg
o (33)
[f(mx%G(mx)e(mx),¢(mx)$c(mx)] >
(1= OL;[005:0) =80 ()] = 1y N
A (34)
[7 (150G 00850 (5 0 X (i) |
(1= 0L, [901:0) - 6, ()] = ¢y N
R R R R (35)
|/ (1200, G (r: 00 (1200, 9 (120X (0|
(1= OL X0 ) - X ()] = ¢hy N,
(36)

[f(mx)»@(ﬂ;x)a(mx),ff’(ﬂ;x)i(mx)] :

The BCs are
o 0|, O] G g
on - = o |ﬂ:1 =y fn 0{”:0 =-a  f(n ()LZ1

=B, @(m()lﬂ; L, @(W;C)Lfo’ EB(W()L:O:L $(1:0)

n=1

=0, ¥ (0l = 1 X (10, =0.G ()],

_ 0

(0
on? =k

n=1 o (37

.G (1;0)]

=0

n=1

It is to be noticed that € [0, 1], so for { =0 and { =1 we
have

Fm1) = F(n), G 1) = G (), 0(n;1) = 0(n) , ¢ (n: 1)

=¢(n) x(m:1) =X (n). (38)

The expansion of Taylor’s series for

F0, GO0, 6(n;0), ¢ (150, and ¥ (1; ¢) around { = 0
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FIGURE 2

Impact of Re on ' (1), G(n), 0(1), @ (1), x(n).
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FIGURE 3
Impact of K, a, g on f' (1), G(n).

10.3389/fenrg.2022.993247

With boundary conditions as follows

'O =M~ (D=9 f0)=-a f(1)=-B G(0)
=k~ £"(0), G(1)

=k~ £"(1),6(0)=1, 6(1) =0, )
$(0)=1, ¢(1)=0, ¥ (0)=1, x(1)=0.

Next, we have

R,/ (1) = (1+ (1= 9)°K) foy + (1- 9)°KGisy

w-1 m
N Ps 25 i - - _LH”
(1 <p+¢pf>(1 9) Re(fnfm-r;fw_l_,-f,) ool

(42)
-~ K . w-1 ~, .
9{nG (’7) = (1 + (1 - (P)Z‘SE)G” + K(l - (/’)2‘5 (fnfT 2Gw—l*j)
j=0
Ps 2550 A
+Re[ 1-9+—=¢ |(1-9) (fw-1-jGn—Tfn—1Gw—1—j> >
Ps j=0
(43)
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=0
3 ~n ~~ N, 5,
R.? (1) = dut ScRef (/)q—l + 0"
Ny

—Sc['(l + Q@)n exp( -k H) Z_lcpw,l,j ,

1+Q6 j=0

w-1 ~
R, (’1) = }?:—T Re Z Lbijw:hf}e

=0
w-1 . . w-1 _ ~
( z Xw—l—j‘pj + 2(5 +Xw—1—j)¢n1> .
=0 =0
Moreover, we have
£ = 0, if{<1
L, > 1

(44)

(45)

(46)

(47)
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Impact of ¢ on ' (), G(n), 6().
nanoparticles. The influence of chemically reactive
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FIGURE 5
Impact of Da on f' ().

4 Discussion of results

The current study examines the flow and heat transfer for

the flow of blood that comprises micropolar gold

Frontiers in Energy Research
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activation energy, thermophoresis, thermal radiations, and
Brownian motion also exists between the walls of the channel.
A microorganism creation also affects the concentration of
nanoparticles inside the channel. Suitable transformation has
been used to change the mathematical model to the
dimensionless form and then has been solved by employing
the homotopy analysis method. The impact upon different
profiles of flow systems in response to variations in
the physical parameter has been comprehended in the
following.

Figure 2 depicts the influence of the Reynolds number Re on
different profiles of the flow system. Since the Reynolds number
signifies the comparison of inertial force to viscous force, so
augmentation in Re causes domination of inertial to viscous
force. This physical phenomenon declines the rotational flow,
motility, of
micropolar nanoparticles. In the case of linear velocity, the

thermal characteristics, and concentration
flow behavior is two-folded over the range 0<#n<1. The flow
is declining in the range 0 <7 <0.5, whereas it is augmenting on
the range 0.5<#n<1.

Figure 3 describes the changing behavior of fluid’s motion for

variation in the values of the material parameter. From
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Impact of Pr and Rd on 6(y).
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FIGURE 9
Impact of I, E, Sc and Q on @ (y).

FIGURE 10
Impact of Pe, Lb on y(n).

Figure 3A, it can be perceived that fluid’s motion declines in the
closed locality of the porous plate with augmentation in K due to
domination of vertex viscosity to dynamic viscosity. In this
physical process, the rotational effects are enhanced in the
fluid particles that cause augmentation in the microrotation

Frontiers in Energy Research
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flow of nanofluids, as depicted in Figure 3B. It has also been
noticed that the flow profiles have declined with augmentation in
the suction parameter, as depicted in Figure 3C. Moreover,
augmenting values of the injection parameter have supported
the velocity, as depicted in Figure 3D.
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FIGURE 11
Validation of the current study with established results.

TABLE 1 Thermophysical properties of the base fluid and nanoparticles.

Specific heat (J/kgK)

Material Density (kg/m®)
Blood 1,050 3,617
Gold 19,300 129

TABLE 2 Skin friction C; variations for different values of Re andDa.

1) K Re Da f(1) f'(0)

0.02 0.3 1 05 6.1963 -0.15248
0.04 6.98229 -0.21329
0.06 7.87492 -0.27577
03 6.19630 ~0.15248
0.4 5.94500 ~0.13451
0.5 5.14270 ~0.08936
1 6.19630 ~0.15248

3 6.71085 ~0.210436

5 7.30327 ~0.295691

0.5 6.19630 ~0.152480

1 6.49150 ~0.249460

15 6.97020 ~0.305632

Figure 4 depicts the impact of volumetric fraction ¢ on the
flow, microrotational flow, and thermal profiles of the micropolar
nanofluid. Since the augmenting values of ¢ cause an
enhancement in the viscous forces amongst the fluid
nanoparticles, the fluid becomes more dense and viscous.
During this process, higher resistance is experienced by
micropolar nanoparticles that decline the fluid flow in all
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Thermal conductivity (W/mK)

0.52
318

TABLE 3 Nusselt number Nu for variations Nb and Rd.

Nt Nb Rd 0’ (1) 0’ (0)
0.2 0.5 0.5 5.29822 -0.73111
0.4 6.06530 —-0.80198
0.6 6.28720 —0.84279
0.5 5.29822 -0.73111
0.8 6.10851 —0.74766
1.1 6.33041 —0.78847
0.35 5.29822 -0.73111
1 6.07098 —-0.70144
1.5 6.29288 —0.74225

directions, as shown in Figures 4A,B, while augmenting the
thermal profiles of micropolar nanofluids, as depicted in
Figure 4C.

Figure 5 portrays that augmenting values in the Darcy
number Da decay the flow profiles. Actually, the void spaces
in the porous plates are augmented with growing values of Da
that offer more confrontation to the fluid’s flow and decline the
flow profile.

Figure 6 reveals that augmentation in Nb supports the
thermal profile and opposes the mass flow of the micropolar
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TABLE 4 Sherwood number Sh variation for different values of Nb and
Rd.

Nt Nb Re Sc ¢’ (1) ¢’ (0)
0.2 0.5 0.5 0.314193 —3.49654
0.4 0.3702185 -3.56741
0.6 0.4208461 —3.60822
0.5 0.314193 —3.49654
0.8 0.2764301 -3.07410
1.1 0.2064107 —2.49630
0.35 0.314193 —3.49654
1 0.4864106 -4.17539
1.5 0.5475302 —4.932865
0.3 0.314193 —3.49654
0.5 0.2953106 —3.18640
0.7 0.2507270 -2.70871

nanofluid. Physically an enhancement in Nb causes an
increment in the collision amongst the nanoparticles due
to their random motion between the porous plates. In this
process, kinetic energy amongst the particles is transformed
to thermal energy and causes less transfer of the mass of the
fluid. Hence, the thermal profiles enhance and the
concentration of fluid declines for augmenting values
of Nb.

Figure 7 depicts the influence of the thermophoresis parameter
Nt on (1), (7). Actually, augmentation in Nt corresponds to
more thermal and less mass diffusivity of the micropolar nanofluid.
Hence, the thermal characteristics increase, and the mass flow
declines with augmenting values of Nt.

Figure 8 depicts the impact of the Prandtl number Pr and
radiation parameter Rd upon thermal profiles. Figure 8A reveals
a significant decline in thermal profiles. Actually, Pr is inversely
proportional to heat diffusion due to which the thermal profiles
decline for augmenting values of Pr. Figure 8B shows that for
enhancing values of Rd, more heat transfer takes place that
augments the thermal profiles.

Figure 9 portrays the variations in concentration in response to
the chemical reaction parameter I', dimensionless activation
energy parameter E, Schmidt number Sc, and temperature ratio
parameter (. For augmentation in I', the molecules of the
micropolar fluid diffuse slowly due to which less mass diffusion
occurs and decays the concentration, as depicted in Figure 9A. For
greater values of E, the bulk of molecules that requires less energy
supports maximum transmission of mass. Hence, greater values of
E cause growth in the concentration of micropolar nanoparticles,
as depicted in Figure 9B. For augmenting values of Sc, less mass
transfer takes place which weakens the strength of the
concentration layer and decays the concentration profiles, as
portrayed in Figure 9C. The difference in temperature enhances
growth in Q and causes maximum transmission of heat at the free
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stream. In this physical process, less mass diffuses which causes a
decline in the concentration, as shown in Figure 9D.

Figure 10 depicts the effects of Peclet and bioconvection
Lewis numbers Pe, Lb on the density number of motile
microorganisms. It has been noticed from this figure that the
growth in Pe, Lb causes a decline in the spread of
microorganisms that weakens the strength of its boundary
layer. Hence, the growing values of Pe, Lb decline the density
number of microorganisms.

Figures 11A,B present the validation of the current
investigation. In this figure, the present results are validated with
published studies given in Shah et al. (2019) by considering the
common parameters. This figure shows a close agreement between
the present results and published studies.

4.1 Table discussion

The influence upon various physical quantities in response to
different emerging parameters has been presented numerically in
Table 1. The numerical results of the velocity gradient C ; against
different emerging parameters are given in Table 2. One can find
that the velocity gradient upsurges for the particle concentration,
Reynolds number Re, and Darcy number. Prominent
performances of various engineering parameters on the
Nusselt number Nu are examined in Table 3. As expected,
the Nusselt number is augmented for expansion in the
thermophoresis parameter, Brownian parameter Nb, and
radiation parameter Rd. The characteristics of Nb and Re on
the Sherwood number Sh are scrutinized in Table 4. One can
clearly notice that the concentration gradient is augmented for a
higher approximation of Re, while declines with Nb and Sc.

5 Conclusion

In this investigation, the flow and heat transfer for the flow of
blood comprises micropolar gold nanoparticles. The influence of
chemically reactive activation energy, thermophoresis, thermal
radiations, and Brownian motion exists between the walls of the
channel. A microorganism creation also affects the concentration
of nanoparticles inside the channel. The impact on different
profiles of flow systems in response to variations in the physical
parameter has been discussed graphically. After a detailed
inspection of the research, some main points have been noted
and appended in the following:

e Reynolds number reduces all the profiles of the flow system.

e The augmentation in the material parameter and Darcy
number declines the flow of the fluid and upsurges the
microrotation velocity of nanoparticles.

e The augmenting values of the volumetric fraction cause an
enhancement in viscous forces amongst the fluid
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nanoparticles and cause a reduction in the flow of the fluid
in all direction while supporting the thermal profiles.

e Thermal profiles are supported while concentration profiles
are opposed by the growing values of thermophoresis and
the Brownian motion parameter.

e Thermal profiles are also growing up with augmenting
values of the radiation parameter and decline with
enhancement in the Prandtl number.

e The concentration of fluid upsurges by higher values of the
activation energy parameter and reduces by growth in the
chemical reaction parameter, Schmidt number, and
temperature ratio parameter.

e An augmentation in the bioconvection Lewis number and
Peclet number opposes the growth in motile microorganisms.
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This analysis addresses the influence of activation energy on the MHD flow of
second-grade nanoliquid over a convectively heated curved stretched surface.
The impact of heat generation/absorption, thermophoresis, and Brownian
motion are also incorporated. This current study in addendum reveals the
solution narrating the nanofluid flow behaviour of the stretched curve to better
the performance of the system. Hence, the mathematical construction of
governing partial differential equations (PDEs) is transmitted into nonlinear
ODEs by employing appropriate transformations. The attained ODEs are
conducted numerically via ND-Solve. It is consequential to report that fluid
velocity and temperature fields significantly rise with concurrent enhancing
values of the fluid parameter and curvature parameter. Moreover, the
concentration field enhances considering the energy activation variable and
suppresses with the reaction rate constant while thermophoresis escalates the
temperature distribution as the Nusselt number lowers with a stronger internal
heat source parameter Q.

KEYWORDS

activation energy, heat generation, nanofluid, second-grade, MHD
Introduction

In recent advancements, nanofluids have obtained immense attention due to their
notable thermal transfer and fascinating applications in numerous fields such as computer
processes, hybrid power, fuel cell, and other high-energy devices. The fluids are prepared
by suspending nanoparticles in base fluids. The size of nanoparticles < 100 nm. The prime
idea of nanofluid was coined by Choi and Eastman (1995). Later, Buongiorono (2006)
suggested the two main characteristics, namely, Brownian movement and thermophoretic
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(r.v)

FIGURE 1
Geometry of the problem.

force, to enhance the ability of the ordinary fluid. He found that
enhancing the Nusselt number leads to a rise in the nanoparticle
volume fraction. Sheikholeslami et al. (2014) discussed the
impact of MHD copper nanofluid flow. The theoretical
investigation of Al,O; water nano liquid was examined by
Malvandi et al. (2015). They discovered that the enforced heat
irregularity alters the path of nanoparticle movement and
modifies the patterns of the fields. Mahanthesh et al. (2016)
reported the squeezing effect of nanofluids which escalates the
thermal layer and leads to a depreciation of the rate of heat
transport. Ibanez et al. (2016) explored the MHD nanoliquid flow
in a porous channel with a radiation effect. Eid et al. (2017)
considered gold nanoparticles in the flow of Sisko nanofluid and
revealed that radiation production boosts thermal transport. The
Burgers flow of nanofluid with the effect of Cattaneo—Christov
was examined by Hayat et al. (2017a). Also, Hayat et al. (2017b)
swotted numerically the flow of nanoliquid over a revolving disk
in the presence of the slip effect. Zuhra et al. (2018) considered
MHD
microorganisms. They concluded that microorganism density

second-grade  nanoliquid comprising  gyrotactic
leads to increases with momentum slip. The MHD Carreau
nanoliquid over a permeable stretching sheet was considered
by Khan and Shehzad (2020). Reddy et al. (2019) analyzed the
MHD nanoliquid via a stretching sheet. Shah et al. (2021)
considered numerical computation of entropy production of
nanoliquid due to a porous surface. Khan et al. (2020)
thrashed out the consequences of entropy minimization of
Casson nanofluid over a rotating cylinder.

The exploration of non-Newtonian fluid has inspired scholars
due to its several applications, such as the production of plastic,
food processing, and exclusion of tumors. In this current
investigation is a subcategory of non-Newtonian fluid termed
second-grade fluid. This model takes into consideration the
consequences of normal stress in flow conditions, as well as

Frontiers in Energy Research

144

10.3389/fenrg.2022.1007159

FIGURE 2
Disparity of M on f'.

M=0.0
M=0.5
M=1.0
M=1.5

FIGURE 3
Disparity of M on 6.

shear thinning and thickening. Tan and Masuoka (2005)
described  the thermal
conductivity for the second grade. Rashidi and Majid (2010)
analyzed the time-dependent squeezing flow for second-grade

flow of nanofluid with variable

fluid. The thermal and species transport analysis of second-
grade fluid over a surface with heat flux was deliberated by Das
etal. (2016). Jamil et al. (2011) reported the helical flow of second-
grade fluid over coaxial cylinders. Turkyilmazoglu (2012)
analytically examined the flow of second-grade non-Newtonian
fluid with mass transfer over a shrinking sheet. Khan and Pop
(2010), Makinde and Aziz (2011), and Hsiao (2010) evaluated the
magnetohydrodynamic flow of liquid of second grade with
electromagnetic dispersion and non-uniform heat source/sink.
Akinbobola and Okoya (2015) swotted second-grade fluid with
heat generation. The exact solution of a second-grade fluid via co-
axial cylinders was reported by Erdogan and Imrak (2008). Nadeem
etal. (2012) explored second-grade fluid over a horizontal cylinder.
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Magnetohydrodynamics (MHD) flow has gained the
interest of scholars due to its remarkable applications in the
industry and engineering. As contained in the structure of the
MHD generator, the cooling system is filled with fluids metal,
the deposit of energy, pumps, and flow meters. Theoretically,
the magnetic fields can persuade a drag identified as Lorentz
force in a moving liquid, which depreciates the fluid velocity.
Thus, boosting the fluid temperature and concentration.
Numerous researchers have analyzed the impact of
magnetic parameters, specifically in the boundary layer
problem. The impact of magnetic field flow on permeable
surfaces with slip conditions was elaborated by Hayat et al.
(2011). Makinde et al. (2013) delineated the influence of MHD
on nanoliquid with buoyancy effect. The flow of nanoliquid
through two-phase models was visualized by Sheikholeslami
et al. (2015). Hayat et al. (2016) addressed the influence of
second-grade nanofluid. MHD flows over radially shrinking/
stretching disks were reported by Soid et al. (2018). Hayat et al.
(2015) considered the 3D flow of MHD nanoliquid. Sharif
et al. (2019) elucidated MHD nanoliquid via an exponential
sheet. Shah et al. (2020) conducted water base nanoparticles
consisting of SWCNT and MWCNT over a vertical cone.
Shoaib et al. (2020) evaluated numerically MHD hybrid
nanoliquid with thermal radiation. They found that thermal
transport rate enhances with growing values of magnetic effect
and biot number. Recently, Alamri et al. (2019) discussed the
second-grade fluid in the presence of Fourier’s heat flux
theory.

Activation energy (AE) is the minimal amount of energy
needed for a reaction to occur. The activation energy
required to transfer energized particles or macromolecules
to a location where they would undergo physical transit can
be overestimated. The notion of activation energy is
commonly useful in thermal engineering. The Bestman
(Bestman, 1990) was initially coined with the activation
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FIGURE 11
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energy of a binary amalgam phenomenon in a porous space.
The unsteady natural convective flow was reported by
Makinde et al. (2011) with AE. The influences of
activation energy on a magnetic nanofluid were
investigated by Hamid et al. (2018). Mustafa et al. (2017)
and Dhlamini et al. (2022) elaborated on the behaviour of
magneto nanoliquid with activation energy. Dawar et al.
(2020) conducted a magnetic field flow of nanoliquid with
activation energy. Hayat et al. (2022) addressed the effect of
AE on the MHD flow of third-grade nanofluid over
convective condition. The 3D flow of Casson nanoliquid
for the thermal radiative flow with AE was examined by
Khan et al. (2019). Hayat et al. (2018) inspected the 3D flow
of Darcy-Forchheimer rotating AE. The 3D time-dependent
flow of Carreau nanofluid on chemical reaction and AE was
explored by Irfan et al. (2019). Other materials that have
added value to this work are in the studies by Asogwa et al.
(2013); Khan et al. (2017); Ali et al. (2020); Bilal et al. (2021);
Jayaprakash et al. (2021); Ali et al. (2022a); Adnan et al.
(2022); AdnanAshraf, (2022); AdnanAshraf et al. (2022);
AdnanMurtaza et al. (2022); Asogwa et al. (2022); Ali
et al. (2022b); Goud et al. (2022); and Weera et al. (2022).

Considering the overview of the abovementioned work,
the prime focus of the current analysis is to scrutinize the
impact of Arrhenius activation energy on the MHD flow of
second-grade nanofluid toward a curved stretched surface.
By employing the transformation procedure, PDEs have been
transmuted into ODEs, which are then established
numerically by ND-Solve using Mathematica. Our
obtained physical parameters are prescribed through tables
and graphs.
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Modeled equation

The second-grade fluid Cauchy stress tensor is given by
Mabood and Das (2016).

T= —PI + /lAl + (xlAz + (XzAf

Wherey,I,A;, Ayay,anda, are the identity tensor, dynamic
viscosity, first and second Rivilin Erickson tensor, and

material constant.
A = VV + (VW)

dAnfl
dt

A, = (V) A + A (VV) +

Mathematical formulation

We consider the 2D flow of MHD second-grade nanoliquid
flow due to the curved stretched surface. Featuring AE, chemical
reaction (binary), and heat generation. We consider (r,s) to be the
curvilinear coordinates (see Figure 1). The stretched sheet in s
path with U,,, = as and r is considered orthogonal to s. Then, By is
applied along the transverse path of flow from the magnetic field.
Assuming that the moderate magnetic field in the form of Re,
generated is ignored, a nanostructured materials framework is
utilized for erratic motion and thermophoresis. Under the
aforementioned assumptions, equations (Mabood and Das,
20165 Imtiaz et al., 2019) are written for the boundary layer as
follows:

ov ov
(T+R)§+V+Rg—0 (1)

w  10p
FvR - por @
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With associated BCs (Mabood and Das, 2016) — (Imtiaz et al.,
2019)

or oC Dr oT
u=U,=c¢cs, v=0, E:—hf(Tf—Tw), DB$+K$:Oth:0
ou
u—0, E—»O, T—->Ty C—Csx asy— oo

Transformation consideration
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TABLE 1 Contrasting outputs of —f” (0) for selected values of M when K = co and =0

M Reference (Mabood and Das, 2016)
1 1.4142135

5 2.4494897

10 3.31666

50 7.1414284

100 10.049875

TABLE 2 Friction co-efficient for various values M,K, and 3.

K M B 2CrRe”
1.0 1 0.2 1.81567
L 1.76525
. 1.75389
i 0o 1.28664
0.4 1.49317
0.8 1.67268
0 2.10848
0.1 1.91158
0.2 1.75485
y = \/%7’ u=CSfI('7)’ V:—%\/C_Vf(”)’ = E::z;;
(7)
p=psP(n), ¢(n)= ch _CC"; 0(n) = TT _TTZ

Eq. 3 is satisfied, and with the help of the abovemrntioned

transformation Eqs 1-5 are reduced

2
%f;zn{K ®)
T AT i
'(an>f'z+’3{n+Kff" (q+1<)2ffm e’
(’1+K)3ff" (+K)3f,z + )4ff’}_Mf,
_(n+K)f,2+ﬁ{q+Kff"_( K)sz"' o K)sz” ©)

0" +

! K ' I 2 _
+K6 +Pr<—}1+Kf6 +NbO'¢' + Nt0™ | + Q0 =0

(10)
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1.4142266 1414328374
2.4495271 2.449788955
3.3166679 3.316366745
7.1414769 7.143182469
10.049924 10.048234644

n
FIGURE 20
Disparity of Pr on 6.
B Sef 0 (0
n+K n+K
Scc(1 + 6,0)™ £ ¢
-Sc exp| ———
CU TP\ 150
=0 (11)
with transformed BCs
F10)=1, 0'(0)=-8(1-6(0), Nbg'(0)+Nt0'(0)=0 at =0
fl -0, 650, ¢—>0 as n >00.
(12)
h _
We have, B=25  S=F\~ Nb =PolCuCa)
K =Ry, Nt = 7’DT(Tﬁ*Tw)
oV >
_ _Q oK _v 8 = TuTe
SC_D_B’E_kTOO’Q_ﬁ’ —T)Pr—a)al_ Teo
Now, removing the P between Eqs 8 and 9, we get
i kR U S ()
(n+1<>3ff /3{'1+Kff ’<4+K)2ff ’(n+1<)21£f
e e e M (a3
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TABLE 3 Local Nusselt number for various values K, §, Nt, Nb, Sc, E,

and Q.
K s Nt Nb S Q E NuRe;"?
1.0 05 0.2 0.2 5 0.1 1 0.30889
L5 0.31461
2 031716
3 0.6 0.35622
0.7 0.38809
0.8 0.41584
03 031559
0.4 031162
0.5 0.30729
0.2 03 0.31926
0.4 0.31926
0.5 0.31926
02 3 0.32053
6 0.31881
9 031780
6 0 034414
0.1 0.31926
0.2 0.25176
0.5 031873
L5 0.31963
25 0.31996
Expressions for the local C; and Nu, gives
s
Cr= %/)LU%UT,S, Nu, = (qu—me) (14)
_ |ou u 20, ( R Ouou v ou
i —”[E‘HNT(H}@?EE
2Ru  Ou 2uv
(r+R?3s (r+ R)Z>LO (15)
Gu = —k<g—T> (16)
Y/ =0

Non-dimensional Nusselt number and friction co-

efficient

Res—l/ZCfs — |:f”(0) _ f, (0)

Re;"*Nu, = -0'(0)

2
where Re; = <~
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Results and discussion

The key emphasis of this article is highlighted via the
numerical approach integrated by utilizing the NDSolve
technique by using Mathematica. The main emphasis of
pertained physical variables onf’ (1), 6(n), and ¢ () fields, as
well as drag fraction and Nusselt number, are elaborated and
delineated through Figures 2-20 and Tables 1-3. Table 1 is
adorned to check the compatibility of the current analysis by
constructing a contrasting — " (0). An excellent achievement has
been found with a previously published result. 8. The reference
values in the current study have been taken as K = 5,5 = 0.8,
Nt =Nb=04,S=5Q=01,=03M=1,E=1,and{ =1
kept constant throughout the computation, and the variations
have been mentioned in the graphs and tables accordingly.

Table 2 is equipped to check the variance in ZC¢Re!’?. For
empowered fluid parameter  and curvature parameter K,
friction factor decreases, whereas the reverse trend is observed
withM. Table 3 is elaborated in variance in Nusselt number for
selected values of K, §,Nt, Nb, Sc, Q, and E. It is noticed that
NuRe;"? rises with uplifting values of K,§ and E. NuRe "2
declines with rising values of Nt,Sc and Q and there are no
significant changes with Nb.

The impact of M on f' (1), 0 (1), and ¢ () fields is illustrated in
Figures 2-4. It is revealed that velocity diminishes with an escalation
in M. This notifies that increase in magnetic field obtains the
resistive force (Lorentz force) leading to a reduction in the fluid
velocity. This also means a reduction in the thickness of the thermal
boundary layer. The heat generated causes resistance of the fluid for
a greater value of M, which escalates the fluid temperature, and
similar behaviour is also seen for the concentration field. Figures 5-7
presents the disparity of curvature parameter K on f' (1), 0 (1), and
¢(n) fields. Figure 5 displays the enhancing values of curvature
parameter K on velocity field. Here, velocity escalates with a larger
value of K. This is because enhancing values of K lessens the
kinematic viscosity of the fluid, which causes a reduction in viscosity
and, as a result, the velocity of the fluid gains momentum.
Temperature and concentration profiles for various values of K
are revealed in Figures 6 and 7. It is seen that temperature and
concentration decline for augmenting the value of K.

Figures 8-10 analyze the fluid parameter S on f' (1), 0 (#), and
¢(n) fields. It can be seen from Figure 8 that velocity profile
enhances for a larger value of f3. Physically, fluid parameter f3
has a reverse relation with viscosity. In contrast, temperature and
concentration profiles (Figures 9 and 10) offer a reducing behaviour
with a rising value of 8. Figures 11 and 12 presented the effect of Biot
number § on 6(7) and ¢ (#) fields. Physical involvement of a larger
heat transfer coefficient corresponds to enhancement on 6(#) and
¢ (1) fields. Therefore, 0 (#) and ¢ (1) layer thickness is escalated by
increasing Biot number d.

Figure 13 affirms the increasing activity of temperature profile
and thermal boundary layer with Nt. The Nt increase produces a
much strong thermophoretic force, causing nanoparticles to move
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away from the plate. This results in the growth of the 6 () Figure 14
symbolizes an upsurge in concentration profile for different values of
the thermophoresis variable Nt. Because microscopic particles move
from the hot region towards the cold region during the process of
thermophoresis. Figure 15 plotted the numerous values of heat
source input Q against the temperature profile. Physically, the
existence of Q in the boundary layer improves energy and causes
a boost in temperature. Figure 16 explicates the enhancing trend of
activation energy E on nanoparticle concentration. The activation
energy reduces the modified Arrhenius function and causes boosting
generative chemical reaction.

Figure 17 presents the dimensionless concentration on the
The of
nanoparticle is depreciated on the rise of . This behaviour

chemical reaction variable(. concentration
characterizes the decreasing effect of buoyancy force due to
concentration gradient, which causes the reduction of
concentration profile.

Figure 18 exhibits the variation of the concentration field to
diverse values of the Nb. The thickness of the boundary layer and
concentration profile decline on increasing Nb input. The reason
behind this is that this enriches the pace at which tiny particles drive
with various velocities in separate unexpected directions. Figure 19
affirms the declining trend in the concentration field on the
escalating values of Sc. This happens because of decaying mass
diffusion. Fluctuation for differing values of Prandtl number on
temperature is evident in Figure 20. 6 (1) minifies with upshot values
of Pr because larger Pr results in lesser thermal diffusivity, thereby

bringing about a decrease in temperature.

Conclusion

In this analysis of MHD second grade nanoliquid over a
curved stretched sheet with activation energy is explored. The
observations are concluded as follows:

o Increment exists in the momentum and thermal boundary
layer thickness when the fluid parameter enhances.

« Velocity distributions show decreasing phenomenon with
enhancement in M.

« Both velocity and temperature have increasing behaviour
for higher K.
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Glossary

a; fluid parameter

o thermal diffusivity
s&r

curvilinear co-ordinates
P pressure

Sc Schmidt number

o electrical conductivity
v kinematic viscosity

T fluid temperature

Dp Brownian diffusion coefficient

R radius

Q heat generation/absorption

T ambient temperature

C concentration of the fluid

B, magnetic field strength

Dy thermophoretic diffusion coefficient

u and v velocity components

T\, surface temperature

C ambient fluid concentration

Frontiers in Energy Research

154

10.3389/fenrg.2022.1007159

k? reaction rate

p fluid density

k Boltzmann constant

E, coefficient of activation energy

7 nanoparticle heat capacity against base fluid heat capacity
Pr Prandtl number

S fluid parameter

BCs boundary conditions

K curvature parameter

& Biot number

Nb Brownian motion

C,, surface concentration

T fluid temperaturefluid temperature
Re; local Reynolds number

Nt thermophoresis

E energy parameter

( reaction rate parameter

§; temperature difference parameter
t,; shear stress

q,, heat flux
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using a computational approach
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Al-Qunfudah University College, Umm Al-Qura University, Mecca, Saudi Arabia, “Department of
Mathematics, Abdul Wali Khan University Mardan, Mardan, Pakistan, *Mechanical Engineering
Department, College of Engineering, King Khalid University, Abha, Saudi Arabia, ®Shoubra Faculty of
Engineering, Benha University, Cairo, Egypt, "Department of Mathematics, Faculty of Science, Taibah
University, Al-Madinah Al-Munawarah, Saudi Arabia, ®Faculty of Engineering and Technology, Future
University in Egypt, New Cairo, Egypt, °Department of Mathematics, College of Science and
Humanities in Al-Aflaj, Prince Sattam Bin Abdulaziz University, Al-Kharj, Saudi Arabia, *°Department of
Mathematics, Faculty of Science, Damietta University, Damietta, Egypt

The objective of this research is to evaluate the heat and mass transfer in a
water-based Darcy—Forchheimer hybrid nanofluid (HNF) flow across an
expanding cylinder. The fluid flow has been studied under the influence of a
magnetic field, viscous dissipation, heat source, thermal radiation,
concentration stratification, and chemical reaction. Carbon nanotubes
(CNTs) and iron ferrite (FesO4) nanoparticles (NPs) are added to the water,
for the purpose of synthesizing the HNF. The fluid flow has been induced in the
presence of gyrotactic microorganisms and the non-Fick's model.
Microorganisms are used to stabilize scattered nanoparticles through the
hybrid nanofluid. The phenomena have been modeled in the form of a
nonlinear system of partial differential equations (PDEs). The modeled
equations are reduced to a dimensionless system of ODEs by using similarity
substitution. The numerical solution of the derived sets of nonlinear differential
equations is obtained by using the parametric continuation method. The impact
of physical constraints on temperature, velocity, concentration, and
microorganism profiles is presented through figures and tables. It has been
observed that the heat and mass transport rates increase with the rising effect of
the curvature parameter, while declining with the effect of the thermal
stratification parameter.

KEYWORDS

hybrid nanofluid, iron oxide, magnetic dipole, CNTs, PCM, gyrotactic microorganism,
extended cylinder
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Introduction

The study of boundary layer flow through a cylinder gained
the attention of researchers due to its broad array of applications
in numerous sectors, including manufacture and extraction of
glass fiber, bridges and funnel stacks in civil engineering, paper
production, melt-spinning rubber sheets, blood transportation in
heart-lung machine, risers and channels, polymer production,
carriage of noxious fluids at nuclear power plants, carriage of
destructive fluids when fluid contact with machinery and
equipment is restricted, and many others (Ma et al., 2020;
Dou, 2022; Hussain et al., 2022). For about the last 2 decades,
various investigators chose to conduct their research in the
of the

analysis

cylindrical ~ channel  because aforementioned

applicability. The
nanofluid flow across a circular surface is documented by

mathematical of power-law
Ullah et al. (2021a) who concluded that the natural frequency
has a momentous effect on the fluid’s properties. Zhang et al.
(2021) numerically assessed the HNF flow across a circular
that the
containing a splitting sheet, may be effective options for

cylinder. It was observed rotating cylinders
energy transfer. Numerical simulations and tests to lower the
drag of a cylinder for both smooth and round cylinders with
dimpled surfaces are investigated by Ullah et al. (2021b). The
results show that within a particular range of Reynolds numbers,
the dimpled structure can efficiently reduce cylinder drag, with a
maximum drag reduction rate of up to 19%. Using the modified
Fourier heat flux law, Varun Kumar et al. (2021) scrutinized the
upshot of hybrid NPs on the dusty flow behavior through an
enlarging cylinder. Their observations show that increasing
the

temperature gradient, whereas increasing the curvature factor

particle mass concentration reduces velocity and
increases the thermal gradient and velocity within the boundary.
Poply (2021) evaluated the influence of MHD flux over an
extending cylinder with a heat source. Their research aided in
controlling the frequency of energy transmission and flow stream
in a variety of industrial applications and manufacturing
processes to achieve the desired end production efficiency.
The influence of MHD Newtonian nanofluid flow across a
stretchable cylinder was inspected by Wagqas et al. (2021). The
fallouts reveal that the velocity is increased by increasing the
buoyancy constraint and declines by increasing the magnetic
parameter. Chu et al. (2022b) analyzed the Maxwell MHD NF
flow over a prolonged cylinder using nonlinear heat emission. An
incompressible and 2D flow of viscoelastic NF over an extended
cylinder was considered by Al-Mubaddel et al. (2022). Dey et al.
(2021) investigated boundary layer viscous fluid flow via a
stretchable cylinder with varying heat flux and molecular
diffusion. They observed that due to the stretching of the
cylinder, dual solutions are discovered, and an unusual
the

grown exponentially over the world,

increase in heat near cylinder’s surface. Energy

consumption has
demanding more efficient energy use because the demand
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exceeds the supply. Within a thermal system, a significant
quantity of temperature is generated, needing efficient and
rapid heat transfer employing high-performance thermal
management systems. Some new efforts have been
documented by many academics on fluid flow across different
configurations (Chu et al., 2021; Zhao et al,, 2021; Benhacine
et al., 2022; Kumar and Sahu, 2022; Lim et al., 2022).

Many modern technological applications that previously
required ordinary fluids (water, engine oil, ethylene glycol,
and propylene glycol) have been replaced with nanofluids,
which are the composition of the base fluid with nano-sized
particles (Alsallami et al., 2022; Bhatti et al., 2022a; Rafiei
et al,, 2022). Nanofluids have garnered a huge interest in
research and development in the last decade, especially in the
fields of heat assignment improvement techniques and
renewable and sustainable energy systems. Solar collectors,
hydrodynamics, hydropower rotors, thermodynamics, ocean
power plants, wind turbines, and geothermal heat exchangers
are just a few of the applications for nanofluids (Ma et al.,
2021). A new mechanism of thermal expansion within
nanofluids has recently been introduced. The process
involves mixing two or more different nanoparticles in the
primary fluid. These nanofluids are referred to as hybrid
nanofluids, and they have a higher heat transfer efficiency
their properties.

Propagation of the HNF flow and heat and mass transport

due to improved thermo-physical
play essential roles in biotechnology, crude oils, nuclear
sectors, paper manufacturing, suspended and colloidal
solutions, polyethylene solution, geophysics, unusual
lubricants, and chemical plants, which are only some of the
uses in the industry (Kumar et al., 2022). The fluid flow of a
blood-based HNF with variable viscosity and CNTs via a
stretching sheet was discovered by Chu et al. (2022a). The
inclusion of CNTs proved to be more successful, according to
their findings. Shruthy and Mahanthesh (2019) discussed the
thermal Bénard convection analytically in HNF and Casson
fluid. It has been discovered in their finding that using a
hybrid nanofluid to postpone convection can improve the rate
of heat allocation. A two-dimensional time-dependent
radiative Casson fluid flow across a porous stretched
superficial is examined by Zhou et al. (2021). They
discovered that as the Casson component and magnetic
field rise, the friction drags increase, whereas the Nusselt
number drops with increasing Eckert number. Syam Sundar
et al. (2015) measured the heat exchange ratio and friction
coefficient for CNT- Fe;O4/water HNF flow through a
cylinder under constant heat flux. Soran et al. Lung et al.
(2021) evaluated the efficacy of carboxylic-synthesized CNTs
modified with Fe and Mn metal to remove two pesticides from
an aqueous medium. Their findings demonstrate that the
CNT-COOH/MnO,/Fe;0,4 NPs are a viable adsorbent for
the removal of pesticides from wastewater. The NPs’ shape

characterization and the heat transfer characteristics of an
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Stretching Cvlinder s——

FIGURE 1
Fluid flow over a stretching cylinder.

Au-Fe;0,4-blood HNF flowing across a stretching surface
over a magnetohydrodynamic medium were presented by
Ullah et al. (2019). The thermal conductivity of blade-
shaped Au and Fe;O, nanoparticles is found to be superior
to platelet, needle, cylinder, brick, and sphere shapes. To
blood-based HNF, (2021)
quantitatively studied CoFe,O, and Fe;O, ferroparticles

create Mohamed et al
embedded in Casson fluid, which resembles human blood.
According to their findings, when magnetic effects were
present, the CNT-based Casson NF flow offered 46% more
heat than blood-based NF. Many scholars have recently
studied hybrid nanofluid flow comprised of CNTs and iron
oxide nanoparticles (Alharbi et al., 2022; Bhatti et al., 2022b;
Elattar et al., 2022; Khashi’ie et al., 2022; Nazeer et al., 2022;
Ullah et al., 2022).

Bioconvection has a huge involvement in manufacturing
and medicine (Areekara et al., 2021; Khan et al., 2021).
Elayarani et al. (2021) described the adaptive neuro-fuzzy
inferential simulations for the unsteady 2D bio-convective
flow of Carreau NF containing gyrotactic microbes over an
sheet
conditions. Hosseinzadeh et al. (2020) explored cross-fluid

elongating with magnetism and multiple slip
flow on a horizontal and 3D cylinder with gyrotactic
microbes and NPs while accounting for viscous dissipation
and magnetic field. Muhammad et al. (2021) evaluated the
flow of magnetized viscoelastic Carreau NF carrying
microbes through a sliding wedge with slip effects and
thermal radiation parameters. Waqas et al. Muhammad
(2022)

nanofluid flow over a sheet and the effects of activation

et al considered the features of the Jeffrey
energy and motile microorganisms. It was observed that
the bioconvection Rayleigh number and resistance ratio
parameter play an essential role in the Jeffery nanofluid’s
falling flow. Ahmad et al. (2022) investigated the novel
properties of hybrid nanofluids such as NiZnFe,O, and
MnZnFe,0,. Recently, gyrotactic microorganism fluid flow
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and the comprising nanoparticles have been reported by
Alhowaity et al. (2022b), Ashraf et al. (2022), and Habib
et al. (2022).

The current research focuses on the amazing evaluation of
CNTs and iron oxide-based HNF flow with magnetic dipole and
triple stratification over an extending cylinder. Viscous
dissipation, heat radiation, generalized FicKk’s law, and partial
slide are also taken into account. The proposed study is
significant because it examines the chemically reactive CNTs
+ Fe;04/water Casson hybrid nanofluid with magnetic dipole
and stratification effects created by an elongating cylinder. To the
best of our experience, no previous research has looked into these
impacts. The MATLAB function PCM and bvp4c have been used
to estimate the numerical simulation of the current analysis.
Graphs depict the effects of various parameters, while tables show
the statistical valuation of skin friction, Nusselt number, and
microorganisms .

Mathematical formulation

Over an extending cylinder, we addressed a 2D laminar
and radiative Casson HNF flow in the presence of slip and
microbe effects. The CNTs and iron oxide are described as
NPs in the Casson fluid. The magnetic effect B is executed in
the The
microorganism are

concentration, and
Ty, Cuw, and N,
respectively. Under the aforementioned description, the

r-direction. temperature,

symbolized as

leading equations are expressed as (Ahmad et al., 2021)

d(ru) d(rv)
ox or
va—u+ va—u _ Himg <1 + l)(az—u+
Ox  Or  py, B )\ or?
G

- —u’,

\/F

+

0, 1

1 0u Y, . OH u
.= M— — v —
rm)+mM ox ke
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u$+va——( ”"f<a2 ra) k(C-Cq) — )1( P §+v§$
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u— — -— .
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Here, (u,v) determine the velocity factors in the x and r
direction, respectively, while p,,, is the dynamic viscosity,
s is the thermal diffusivity, (DB)hnf is the mass diffusivity,
Phny is the density, (Dyn)py is the microorganism diffusivity, A, is
the concentration relaxation time, and w; is the slip factor.
Additionally, 41, TOM/0T denotes the ferromagnetic force.

The boundary conditions are expressed as (Ahmad et al., 2021)

1\ o b
uzUw+thf1U1<l+E> §>V=0>C=Co+7x,
bx bx
T=T)+— E ,No + — ] =Natr=Ru— 0,C - C,
:C0+?,T—>T —T0+TN0 “;x

(6)

=N - N,whenr - oo .

In the aforementioned equation, [ specifies the magnetic strength.
Vins shows the kinematic viscosity of the hybrid nanofluid, while
a,b,c,d, and a; are the constant number.

The magnetic dipole is specified as

I @
(2 + (r+c)?)
OH 0Q x2— (r+c)?
e i s (82)
ox  0x 2n(x2+ (r+c)’)
H  0Q 2
d 67 _ x(r+c¢) 2' (8b)
o ox 27 (x2 + (r +¢)?)
The absolute magnetic field is
oH\" (oHY
H= <a> + <g> , (93)
where,
o0H 2x
— 9b
ox 2n(r+c) (%b)
and
0H 1 -2 4x
= ). (10)
or 2m\(r+c) (r+c)

The magnetic field became more intense, and a linear link between
magnetic and temperature variation was formed as follows :
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M =K (T -Ty). (11)
Similarity transformation
The similarity variables are (Ahmad et al., 2021)
R U
u=Uuf' (v =\ f (1 )9(11)—
C-C, N-Ng »-R U,
= = — 12
9t =g =) = ooy & \vr 12

By applying the aforementioned similarity transformation, Eq. 1
is identically satisfied while Eqs 2-5 take the form as

((1+2an) " + 2af") + £ f" = Fr(f')

ALA,
2M0
(’7 + )’1) A,
=0, (13)
<k"“f +- Rd)( (1+2an)0" +20'a) + pr<f9' ~S.f' -2f'6
kg
+ Ec(l + l>f"2> JAMO=9 g
P (n +1)

=0, (14)

Sf' -y(fg"+ff'g)=0,
(15)

%((1 +2an)g” +20¢g’) +fg' -2Crgf' -

Ay((1+2am)hh" + 2ah") + Ly( fh' = Ss ' = 2f'h) = Po(g'h' + (h +6)

((1 +2an)g" + Zag’)) =0 1o

The reduced boundary conditions are

f(0)=0, f'(0) =1+<1+%) Ailf”(O) 0(0)=1-5,
g(0) = 1—8,,h(0)

=1-8;, f'(00) = 0,0(c0) = 0, (c0) — 0, g(00) — 0. (17)

Here, S; is the microorganism stratification, « is the curvature
term, & the bio-convection constant, 8 is the Casson fluid
S; is the M is the
ferromagnetic term, S, is the concentration stratification, Ec is

constraints, thermal stratification,
the Eckert number, s is the velocity slip, Rd is the radiation
constant, Pe is the Peclet number, € is the free stream parameter,
Lb is the Lewis number, Pr is the Prandtl number, Sc is the
Schmidt number, y, is the concentration relaxation constraints,
Cr is the chemical reaction term, and A is the viscous dissipation
parameter.

These physical terms are expressed as (Ahmad et al., 2021)
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The physical interest quantities derived from the present

study are
Xqn Xqm
Nn, = >th = s Ny
" Dm (nw _noo) DB(Cw_Coo) “
Xquw 27,
- C; = , 19
K (To=To) ' pyi 1

The non-dimensional forms of the physical quantities are

NnRe,? = —h'(0), Sh,Re, T = —g' (0), Nu,Re, 7

_ k’mf ’ 1 _L 1 i
= —?0 (0),CfRe, 2 = A <l +ﬂ>f (0). (20)

Numerical solution

Many researchers have wused different numerical,
computational, and numerical procedures to solve nonlinear
systems of PDEs (Jin et al., 2022; Rashid et al., 2022a; Rashid
et al, 2022b; Wang et al., 2022; Zhao et al., 2022). Here, the
problem is handled through the PCM methodology, which is
operated as follows (Berezowski, 2010; Shuaib et al., 2020; Jin
et al., 2022; Rashid et al., 2022a; Rashid et al., 2022b; Sun et al.,
2022; Wang et al,, 2022; Zhao et al., 2022):

Step 1: Reducing Eqs 13-16 to first order

Co= (), G=f1 (), G = " (1) Ca = 0(n), &5 = 6" (n), G

=g(n).¢ =g (1), ¢ =h(n) =h (n).}

@1
By putting Eqs 21 in Eqs 13-17, we get

(1+1) (o 00 .o,
(AlAz (1+2an)(5+ | 2« TAA, +01 |G = Fr((y) —m

=0,

(22)
kh—"f+éRd (1+2a )(’+ 2a kh—"f+éRd +Pr{, |C.
ki 3 1)5s kf 3 L)
72(2(4781(2
+Pr 1N, _M_zl@
+Ec<1 + B)(S (y,+1)
=0, (23)
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(5 e 2 Joo (2w s - ntie Jom

2Cr{s(, - $:(, = 0, (24)
A (1 + 20”1)(’9‘*' (A2a + Ly(; — P07 — Ly (20,05 — S505) — P
(1+2an) \\ _

(«ww(¢+mg -0, (25)

with the corresponding boundary conditions.

1
(1(0)=0,0,(0)=1+ (1 + B) Ai1(3(0))(4(0) =1-S,
‘:6 0)=1-5, (s (0)
=1

- SS) 62 (OO) -0, (4 (OO) -0, (6 (OO) -0, {8 (OO) — 0.

(26)
Step 2: Familiarizing parameter p in Eqs 22-26:

()

1+1
(1+2an)(5+ | 2 ( ﬁ) +& [((G-Dp

CAA, ALA,
2 2M{4
+1)-Fr({) - ——
A R RS
=0,
(27)
ki 4 . kpay 4
< khff + ng>(1 +2an){s+ (Zoc( khff + 5Rd> +Pr(1>
20,84 - 810,
((¢s-Dp+1)+Pr 1\.,
+Ec<1 +B>{3
_ 2AM ({, - j)(1 _ Zlci =0,
(r +1)
(28)

(% (1 +20”’]) - VC(§>(I7+ (%Za‘Ff_VC(lCz)((G -Dp+ 1)

c

- 2Cr(5(2 -8,

=0,
(29)
Ay (1+2an)o+ (A2a+ Ly, = P.i) (({o = Dp +1)
= Ly (20505 = $505) = Pe( ({5 + O)( (1 + 2am) {7+ 2a(;) )
= 0. (30)

Step 3: Applying the Cauchy Principal and discretizing Eqs
27-30.

After discretization, the obtained set of equations is
computed through Matlab code of PCM.
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Effects of curvature parameter a, ferromagnetic parameter M, fluid parameter g, volume fraction ¢,, and slip parameter S on velocity profile ' ().

Results and discussion

For hybrid NF consisting of CNTS and magnetic ferrite NPs,
the discussion section examines the comportment of velocity,
energy, and motile microbe profile against the change of
numerous physical restrictions. The comparative Figures 2-5
and Tables 2-4 exhibit their outcomes.

Figure 1 illustrates the physical mechanism of fluid flow over
a stretching cylinder. Figures 2A-E exemplify the variations in
the velocity profile for the curvature parameter a, ferromagnetic
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parameter M, fluid parameter f, volume fraction ¢,, and slip
parameter S, respectively. The results indicate that the velocity
field shows a reducing trend for the enhanced values of the
curvature constraint. It is observed in the result that as the
curvature factor is increased, the radius of the cylinder
shrinks which produces minimal resistance to fluid flow,
and therefore, the fluid velocity increases. The decreasing
behavior of the velocity profile for the variation of
ferromagnetic parameter M can be seen in Figure 2B. The
reason for this decline is that when the ferromagnetic
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Effects of curvature parameter a, fluid parameter f3, ferromagnetic M, volume fraction ¢, , thermal radiation Rd, and thermal stratification S; on

energy profile 8(n).

parameter increases, a stronger resistive force arises known
as Lorentz force which decreases the fluid velocity. The
velocity profile displays a declining behavior for the rising
values of the Casson fluid factor, as shown in Figure 2C. The
reason behind this decline is that as the Casson parameter
increases, the fluid acts like a Newtonian fluid which reduces
the velocity field. Figure 2D shows the upshot of ¢, on ' ().
Higher valuation of ¢, diminishes the velocity f'(#) field. By
expanding the volume percentage, the transit, adhesive force,
and excitation energy across CNTs and Fe;O, NF reduce,
resulting in a drop in the velocity field. Figure 2E shows the
upshot of the velocity slip constraint S on the fluid velocity.
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The graph indicates the decrease in the fluid velocity due to
growing values of S. It is due to velocity difference between
near the surface and away from the cylinder.

The influence of o, B, M, ¢, Rd, and S, on the energy profile
is shown in Figures 3A-F. The impact of the curvature on the
energy outlines 0(#) is seen in Figure 3A. The heat transfer
improves as the values of a improve, as seen in the figures.
Physically, as the curvature term upsurges, the radius of the
cylinder expands, due to which the maximum number of NPs are
attached to the surface of the cylinder, which transmits more
heat, so the temperature field improves. Figure 3B shows
influence of B (Casson fluid) on the energy contour 6(#). The
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FIGURE 4

Effects of volume fraction ¢,, curvature parameter a, Schmidt number S¢, the concentration relaxation parameter y., and concentration

stratification parameter S, on concentration profile g(#).

temperature distribution improves with improved f values, as
shown in the figure. It is shown that the Casson term is in an
inverse relation to the yield stress. The influence of the
magnetic coefficient M and ¢, on the energy dispersal is
seen 3C,D. the fluid
temperature corresponded to rises in the magnetic effect M

in Figures Improvement in
and solid volume fraction parameter ¢,, as seen in the figures.
A resistive pressure is created when the magnetic field is

improved, which raises the temperature of the fluid. In
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Figure 3E, the effect of the radiation term Rd on the fluid’s
temperature field is investigated. As the radiation number
upsurges, the fluid temperature rises. When the radiation term
is increased, the fluid absorbs more heat, causing the fluid
temperature to rise. The impact of thermal stratification
parameter S; is shown in Figure 3F. It is to be noted that
the energy profile decreases for larger values of S;.

The effects ¢, «, Sc, y., and S, on concentration profile g (#)
are shown in Figures 4A-E. Figure 4A shows the influence of the
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Effects of volume fraction ¢,, curvature parameter a, bio-convection Lewis number Lb, Peclet number Pe, and the microorganism stratification

parameter S3 on microorganism profile h ().

volume fraction indicator ¢, for both CNTs and iron ferrite NF
on the mass profile. Because the fluid average viscosity becomes
dense as the quantity of iron oxide NPs and CNTs increases, the
mass transfer rate slows. As a result, as credit ¢, grows, the
concentration profile decreases. Figure 4B shows that the
curvature parameter « is a decreasing function of mass
transfer g(#x). The mass transmission rate reduces with
increases in a. Figure 4C indicates the influence of the
concentration profile. By increasing the values of S, the

Frontiers in Energy Research

TABLE 1 Experimental values of water, CNTs, and FezO4 nanoparticles
(Gul et al., 2020).

p (kg/m?) Cy (j/kgK) k (W/mK)
Pure water 997.1 4,179 0.613
SWCNTs 2,600 425 6,600
MWCNTSs 1,600 796 300
Fe;04 5, 200 670 6
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TABLE 2 Thermo-physical relations of hybrid nanofluids (Gul et al., 2020).

Properties

Viscosity Ty =1(1-¢ ~$onr)’
PanglByg Fe;0, ~ PONT

Density Phmg

Pof
Thermal capacity

Kung _

Thermal conductivity L
by

10.3389/fenrg.2022.980042

Bre,0, (Pres0,/Pur) + bont Pent/Py) + (1= bpe0, = bonr)
PCong! (PCp)or = bres0, ((PCp)Ees0,/ (PColog) + benr ((PCplent! (PCplus) + (1= bpey0, = Ponr)

= [(bpe,0,kFe:0, + bentkeNTPFes0, T Pres0,) + 2Kof + 2(Ppes0,kFes0, + bonrhonT) = 2(Bpes0, + Ponr)hbr! ($rei0,kFes0) +

¢(:NTkCNT/¢Fe3m + @enr) +2kup = 2 (kpeyo, Pres0, T kentdenr) + (Pge,0, + bonr)2kns]

Thnf _

Electrical conductivity %
b

[(re,0,0Fe:04 + ONTPONT/Pre,0, + Pres0,) + 2065 + 2(Ppe,0,0Fe0, + PonrOeNT) = 2(pes0, + Pont)Obf ! (Ppe,0,0Fes0, +

GenrICNTIPpe,0, + Pont) +20bf = (Ppe,0,0Fe,0, + PonrOeNT) + (G0, + Pont)Obf]

TABLE 3 Numerical outcomes of C;Rel’?, ShyRe;'/?, Nu,Re;!'2, and Nn,Re;”> when g — co.

X

M o ¢, CsRe}"?
0 0.1 0.01 0.948817
02 0.1 1.019293
05 0.1 1114171
10 0.1 1251316
0.0 0951866

02 1017015

05 1108962

07 1.251286

0.01 0916480

0.02 0922977

0.03 0984888

0.04 1134798

TABLE 4 Statistical outcomes of microorganism transmission rate —h’ (0).

Lb Pe «
0.5 0.5 0.1
0.6
0.7
0.5 0.1
0.2
0.3
0.5 0.2
03
0.4

concentration profile decreases. Because increasing the value of
Sc lowers the mass permeability, the mass rate falls. Figure 4D
depicts the variance in the concentration profile sketch as a
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ShyRe ' Nu,Re;'” Nn,Re '
1.474229 1392515 2613915
1.472838 1374741 2.609771
1471116 1350623 2.604243
1.468902 1315447 2.596366
1345417 1360632 2.589183
1.500974 1.406222 2.634011
1579961 1474076 2.698487
1.701900 1583912 2.799354
1456307 1312150 2.604988
1.460090 1328514 2.606844
1.473504 1383434 2.611791
1487764 1453457 2.619460
é -h’ (0)
SWCNTs MWCNTSs
0.1 1.6591 1.6606
17422 1.7439
1.8210 17227
13693 13707
15329 15345
1.6987 1.7003
2.0662 2.0679
2.0962 2.0978
0.2 2.1262 2.1278
03 2.0996 2.1014
04 21631 2.1649
05 2.2267 2.2285

function of various estimations of the concentration relaxation. It
is stated that a higher mass relaxation factor approximation
the The effect of the

lowers concentration  profile.
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concentration stratification coefficient on the concentration
distribution is shown by Figure 4E. The augmentation of the
concentration stratification factor results in a diminution in the
sketch and the related boundary layer thickness.

Figures 5A,B show the consequences of ¢; and « on the
microbial density sketch. The microorganism frequency and
corresponding boundary layer thickness show an increasing
tendency for larger values of ¢, and «, as shown in Figures
5A,B. Figures 5C-E show that the effect of Lb, P,, and S; on h(n)
declines the motile microorganism profile. Physically, Lb is in an
inverse relation with the mass diffusion and an increase in Lb
results in the reduction of /(). Additionally, it is observed that
rising values of P, destabilize the gyrotactic microbes’ profile and
a higher P, enhances the progress of NF flow.

Tables 1, 2 revealed the experimental values of base fluid and
nanoparticles and the mathematical model used for the proposed
model. Table 3 shows the statistical assessments of skin friction
C fRe)lc/ 2 mass transfer thRe;l/z, heat transfer rate N uxRe;m,
and motile microorganism transmission rate Nn,Re /2. Table 4
shows the comparative analysis between SWCNTs and
MWCNTs for the microorganism transfer rate.

Conclusion

We have studied the energy and mass transfer across an
expanding cylinder in a water-based Darcy-Forchheimer hybrid
nanofluid flow. The influence of a magnetic field, viscous
heat thermal
stratification, and chemical reaction on fluid flow has been

dissipation, source, radiation, concentration
investigated. The phenomena are treated as a nonlinear system of
PDEs. Using similarity substitution, the modeled equations are further

solved through a computational approach PCM. The key findings are:

o The (CNTs)
nanocrystals to the base fluid boosts heat and mass

addition of carbon nanotubes and
conduction remarkably.

« The velocity outlines f'(#) significantly lower with the
variation of the curvature factor, ferromagnetic effect,
Casson fluid constraints, volume fraction, and slip parameter.

o The heat transport rate 6 (1) increases with the rising values of
curvature parameter, Casson fluid parameter, magnetic effect,
and solid nanoparticles volume fraction, while declining with
the effect of the thermal stratification parameter

o The mass transfer rate g (1) declines with growing credit of
nanoparticles, Schmidt number Sc¢, and concentration
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Nomenclature

u, v Velocity components

« Curvature parameter

€ Curie temperature

M Magnetization

k Thermal conductivity [Wm™'K™']
D,, Microorganism diffusivity

0 Magnetic scalar potential

Tyy Shear stress

B Casson fluid parameter

T, Temperature at the surface

A Viscous dissipation parameter

n Scaled boundary-layer coordinate
U,, Stretching velocity

K* Pyromagnetic co-efficient

W, Microbe floating speed

Dg Brownian motion

S, Concentration stratification

Cy Surface drag force

oy Modified thermal diffusivity
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P, Bioconvection Peclet number
x,r Coordinate

T, Temperature at wall

& Bioconvection constant

H Magnetic field

C, Specific heat

q,, Surface heat flux

#, Magnetic permeability

wy Slip factor

¢ Dynamic viscosity

T+ Ambient temperature [K]
¢, Volume fraction of nanoparticles
0 Dimensionless temperature

S; Thermal stratification

Pr Prandtl number

Re, Rayleigh number

S; Microorganism stratification
s Velocity slip parameter

A¢ Concentration relaxation time
(pCp) Specific heat capacity

Nu, Nusselt number
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and stagnation point flow

I. Rashid™, T. Zubair?, M. |. Asjad® and J. Awrejcewicz*

!Department of Engineering and Computer Science, National University of Modern Languages,
Islamabad, Pakistan, ?School of Mathematical Sciences, Peking University, Beijing, China,
*Department of Mathematics, University of Management and Technology, Lahore, Pakistan,
“Department of Automation, Bio-mechanics and Mechatronics, Lodz University of Technology,
todz, Poland

The current study presents an entropy generation investigation of
magnetohydrodynamic Ag- and Au-H,O nanofluid flows induced by an
exponential stretchable sheet implanted in porous media accompanying
suction/injection and heat radiation impact. Moreover, the stagnation point
flow and silver and gold nanoparticles are considered. The consequences
of ohmic heating and thermal radiation are also included as part of the
heat transport examination. A physical process is transformed into a set of
mathematical expressions using mathematical concepts, which can then be
further simplified by using the necessary variables. Considering numerous
physiological factors of interest, exact solutions for velocity and temperature
profiles are calculated. Graphs and numerical tables are utilized to examine
how different physical entities affect the distribution of velocity, temperature,
and entropy. It is noted that enhancing the values of Q reduces entropy
inception. It is observed that the entropy inception field gains due to an
increment in Ec,.

KEYWORDS

thermal radiation, entropy inception, ohmic heat, magnetic field, stagnation point flow

1 Introduction

Entropy is defined as a gauge of disorder inside a system and its surroundings
or a measure of progress toward thermodynamic equilibrium under the scope of
thermodynamics. Working with a thermodynamics process, an entropy generation
investigation is essential since entropy calculates the effectiveness of every engineered
thermofluid mechanism. The second law of thermodynamics determines the randomness
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of any system. According to current research, the second law of
thermodynamics is a significant tool for calculating the entropy
of any system. Entropy inception has considerable fascinating
application in the engineering and chemical industry such as
extrusion procedures, lubrication phenomena, and schemes of
geothermal energy, thermal mechanisms, heat management,
and power production (Abbasietal, 2021). Bejan (1979) was
the first to introduce the concept of entropy production inside
the flowing fluid and heat exchange mechanism. Later on,
many researchers discussed entropy generation inside fluid
and heat transport frameworks. Abbasi et al. (2021) studied the
significant entropy inception with ohmic heating and thermal
radiation effects of a viscoelastic nanofluid on a lubricated disk.
Entropy production inside the MHD flow between porous
media was discussed by Rashidi and Freidoonimehr (2014).
Hayat et al. (2021) described the
nanofluid flow provoked by a curved stretchable sheet.

entropy in Newtonian
Entropy inception within a Casson nanoliquid by a stretched
surface soaked in porous media considering many impacts
was investigated by Mahato et al. (2022). Wang et al. (2022)
studied the Darcy-Forchheimer nanofluid for irreversibility
inception. The entropy production in the Darcy-Forchheimer
fluid in the presence of ohmic heat was scrutinized by
Khan et al. (2022). Tayebi et al. (2021) examined the entropy
and thermo-economics inside a convective nanofluid with the
MHD effect. Afridietal. (2018) analyzed the consequences of
frictional and ohmic heating to find the entropy inception
inside the used problem. Sithole et al. (2018) investigated the
irreversibility of MHD nanofluid flow provoked by a stretchable
surface for viscous dissipation influence. The impact of entropy
inception inside the nanofluid with several effects is addressed in
Noghrehabadi et al. (2013); Bhatti et al. (2017); and Abd El-Aziz
and Afify (2019).

Despite the fact that a variety of approaches are used to
promote heat transport, low thermal quality is a significant
barrier in development of energy-efficient heat transfer
fluids, which are in high need for a variety of industrial
applications. The thermal capabilities of energy-carrying
liquids are accountable for boosting the exchange of heat in
a system. As a result, insufficient thermal conductivity is a
disadvantage of conventional fluids, such as glycol, oil, water,
and ethylene, in promoting the properties and efliciency of
various engineered electronic devices. Integrating a fraction
of nanometal particles within ordinary fluids is a novel way to
improve the thermal conductivity of traditional liquids, which
are known as nanofluids. The first time a nanofluid was used
by adding nano-sized metallic particles into a conventional
fluid was in 1995 by Choi (1995). Such kinds of nanofluids
significantly enhance heat transport properties. After that, many
scientists investigated the heat exchange rate of a nanofluid
with several impacts. Prasannakumara (2021) analyzed the
MHD Maxwell nanofluid provoked by a stretched surface
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by applying a numerical method. The influence of thermal
radiation on the Casson nanofluid by shrinking/stretching
walls was observed by Mahabaleshwaraetal. (2022). The
consequence of dissipation and radiation entities on an MHD
bioconvective nanoliquid due to a stretching sheet was discussed
by Neethuetal (2022). B Awatietal. (2021) used the Haar
wavelet method to study nanofluid flow with a nonlinear
stretchable surface along with mass and energy transport. The
impact of nanofluid flow provoked by a stretching sheet along
with hydromagnetics is scrutinized by Manzoor et al. (2022).
The impact of emerging entities on a nanofluid is presented
in Oztop and Abu-Nada (2008); Khan and Pop (2010);
Hamad (2011); Yacob et al. (2011); Noghrehabadi et al. (2012);
Rohni et al. (2012).

Motivated by the aforementioned studies and interesting
applications, entropy inception is calculated inside the
magnetohydrodynamic nanofluid flow by incorporating
Ag and Au nanoparticles on an exponentially stretchable
surface with stagnation point flow, porous wall, and ohmic
heating. Furthermore, the Bejan number and energy transport
investigation are carried out along with thermal heating. The
closed form solutions are acquired by utilizing hypergeometric
functions to visualize the impact of numerous emerging
parameters on the velocity field, temperature field, local skin
friction, Nusselt number, and the chaos due to different effects
in the used problem. Additionally, numerical tables and graphs
are displayed.

2 Problem statement

A two-dimensional, laminar, incompressible, steady flow of
an Ag/Au-water MHD nanofluid provoked by an exponentially
stretchable surface immersed in porous media with different
body forces has been carried out. The impact of ohmic heating
and thermal radiation is also considered part of the heat transfer
study. The extending sheet is placed along the x-axis in the flow
path, whereas the y-axis is assumed normal to the sheet. Figure 1
shows that the fluid is in the y > 0 space. Considering a velocity
of u = u,,e"/", the surface is pulled throughout the x dimension.
In addition, the magnetic field (B) is introduced toward the
flowing fluid in a normal direction. The basic equations that
regulate the used fluid flow are as shown as follows (Rashidi and
Freidoonimehr, 2014):

ou  dv
2o, 1
ox dy W
ou v _ Hydu dug,  TyB(x)’
S TVE S Sy - (u-uy)
x Y Py oy X Psf
Aqu
_;Tfk(u_uSP)’ (2)
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X
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Wall Suction/Injection 7 _ 1 47 eLic

w © re

A

Exponentially Stretching Sheet

-

FIGURE 1
Pictorial view of the model.

in which B(x) = magnetic entity; u, v denote the velocity portions
in the x and y directions, respectively, p = density; p is the
dynamic viscosity; the thermal diffusivity is expressed by a,; the
specific heat capacitance is = (pcp)S ; and vy is the kinematic
viscosity of the nanofluid. The thermal conductivity can be
expressed as follows (Rashid et al., 2017):

(Pcp)sf: +¢(pcp)sf+ ((pcp)hf.l B (pCP)hf¢) ’
ky _ Hnf
b)), A

Hy
py=¢ (Psf) + (1th_th¢)’ Vef = p_;

= +1,
Osf Osf )
-2 242
<¢ Uw¢>+<gw+
(ke 202) =2 (K9~ kg9

(ky+2kyy) + (ke — k)

“Sf: (

3)

ka =

In Eq. 5, ky_thermal conductivity; o, =electrical conductivity;
(pcp)h y and py are the effective heat capacity and density,
respectively; and ¢ is the nanoparticle volume ratio of
the nanofluid. k; =thermal conductivity and o, =electrical
conductivity of the host fluid. The appropriate boundary criteria
of the aforementioned model are as follows (Bilal et al., 2017):

L
u=u,,el,

U= ug, = u, el

V=Yymt

at y=0, } (4)

as  y— oo,

The accompanying similarity variables have been established
to non-dimensionalize the basic equations and boundary
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conditions (Bilal et al., 2017):

_ wyr \!V? /oL,
n= )’( ZVhch e >

U Ve \1/2
v:_< 37 f) e (fnf),

c
— /L
u=u,e’f.
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FIGURE 5
Outcome of Ec,, on 6(x).

Expression Eq. 5 reduces Eq. 2 into a dimensionless form
and is given as

P+ x0af + 200640 = 20006 = Mg +
(KprAvr - Kprf’) =0, (6)
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Outcome of M, on ' (0).

and the boundary conditions are

fm=s,  fm=1, at =0,

.)d (’7) - Z_sri =A, as @

11—)00.
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In Eqs. 6,7,
psf) ( 2L )1/2 —x/2L
=(1-¢p+¢p— |, =- L ey,
n=(1-vopt e .
ZU,f(TB(Z)
egn = T’
=(1-¢)*° _ ke [
X1 R G TP |
the stagnation — point flow velocity,

u,, the reference velocity,
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where K, is the permeability parameter and M,, = the
Hartmann number. The closed form solution of such a kind of
equation was introduced by Chakrabarti and Gupta, (1979):

fO) = A, + e, 9)
By solving Eqs. 7, 8,
1—e ¥
f(n):<%>+s. (10)
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To obtain ¥, A, and A,, substitute Eq. 9 in Eq. 6:

1 1
V= §X1X2s + 5 \/X%X%Sz - 8A%rX1X2 - 4AV1‘X1M€gﬂ+£’

A= ! +8S,

1 1
§X1XZS + 3 \/)ﬁ)éSZ - SA%r)ﬁXz - 4Ava1M6gn+€
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1
1 1 .2
EXIXZS + 5 \/Xf)és =8AL X, — 4Ava1Megn+£

>

(13)

§=—4A,AK,, + 8 X, + 4X Mg, + 4K, (14)
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Outcome of Q on Be.

where ¥, A, and A,areconstantswith¥ > 0. After substituting
Eqs. 11-13 in Eq. 9, the solution of the velocity filed is found as

1

1 1
EMXZS + 3 \/XTX;SZ - 8A5rX1X2 - 4Ava1Megn+£
<1 - e%xﬂzs*'% \/X;;XiSZ_SA%YXIXZ_LlAVVXlMﬁgVH»Er]) +S,

) =

(15)
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The skin friction at the sheet is calculated as follows:

T (0
=22 - L0
PUy  Rey "),

-1/2

, Re, Xle:f”(O). (16)

Here, the Reynolds number is shown by Re, = ’%, and the stress

over thewall=17,, = tunf(g_l;) ’
y=0

3 Heat transfer analysis

Heat transport analysis is carried out in this portion.
Additionally,
considered, which are presented by the following governing

ohmic heating and thermal radiation are

equation:

or ot PT B’ 1 0g.
Ma— + Va— = (Xsf— + u- — 3
* Y o (pCP)sf (Pcp)sf Y

where

, (17)

__o 3T
qmd 3k* ay N

Here, 0" is the Stefan-Boltzmann constant, k* expresses the mass

(18)

absorption coefficient, and the specific heat = (CP)s . Expression
Eq. 16 takes the following form after substituting Eq. 17 in it
(Rashid et al., 2017):

PT 1 160" T2, 2T UnfB(-x)z 5
=, + —— —+

y o 3G,y K92 (pC,)

nf
(19)

} (20)

where T,, is the temperature of the sheet, the characteristic

The suitable boundary conditions are

T=T,=T.,+T,e"
T—>T,

at y=0,

as  y— oo,
length = L, T,, is the reference temperature, and T, is the free
stream temperature. The temperature field similarity variable is
specified as follows (Rashid et al., 2017):
T-T.,

T,—T.

The energy equation takes the following dimensionless form

0(n) = (21)

by utilizing Eqs. 5, 20:

7 / PrMEg” 2 _
k0" —2Prf 0+ Prfo’ + Ec,f''* =0,

(22)
4
where
2 v

K= <)E><l+ 4 ), Ec,, = u—, r= ﬂ,

X 3NuXs (T,-T.)Cp Qs
K*th
e 40*T§o’

(kg + 2kyp) = (Ky2¢ — k26 )

3 (PCP)sf 1
M= ¢(PCP)hf )

3

(23)
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FIGURE 18
(A-C) Flow pattern of Ag— water for K, =1, M

egn

=1,A,=08and S=0.2.

FIGURE 19

(A-C) Flow pattern of Au- water for K, =1, M.y, =1, A, =0.8,and S=0.2.

Here, Pr is the Prandtl number, N,, is the radiation parameter,
and Ec,, is the Eckert number. The boundary conditions are

0 =1 at n=0, (24)
0(m) —0 as n—oo |’
Now, using Eq. 9 in Eq. 21,
_ Yy PrM,,,
K@”—ZPre"P”6+Pr<S+ l(1 ¢ ))6’+ &
¥ ¥ Xa
Ec,,(¢™)? = 0. (25)

introduces the following new variable to convert Eq. 24 into
Kummer’s ordinary differential equation:
3 Pre”t1

K¥?

Applying the new variable, Eq. 24 becomes as expressed below:

p= (26)

2 PrM,
0 +(Q-p) 90 g Ecﬂ(e’\y”)z,

op? Jp Xa
where Q= (1-H),and H= <2 (3 +8).

27)
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The boundary conditions are

0(B) =1, 0(0)=0. (28)

The closed form solution of Eq. 26 in the form of Kummer’s
function (Abramowitz and Stegun, 1972) is

0(p) =

GG D) (29
IR (29)
*(fi(“é) +<-ﬁ—3>f—;,(3+¢)+,32_2)

Pr 1
- — 2
%=1+ (S+ \y) MegnEcrt k¥

2 +d
x| —MeggyEcyt €V + s
g 2)4Pr ( Pr ( 1 )) >
2x4Pr| -2+ — (S+ &
< a2y Oty

where M is the confluent hypergeometric function (1stkind). The
following is the solution to the energy equation:
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TABLE 1 Thermophysical characteristics of water, Ag, and Au (Mahalakshmi and Vennila, 2020).

P(kgm™) C,Ukg'k™) K(Wm™.K™")
Host fluid ‘Water 1,000.52 4,181.8 0.597
Nanoparticle Silver (Ag) 10,500 235 429
Gold (Au) 19,320 128 318
TABLE 2 Variation of ¢, A,,, Mg, and Mg, on —f''(0).
¢ A, M, S K, =1 2 3 4
0 0.5 2 0.3 1.657481343 1.815082580 1.959005252 2.092292460
0.12 1.984443250 2.121805427 2.249833214 2.370204875
0.19 2.035210788 2.170034896 2.296000878 2.414654530
0.13 0.1 2.333480582 2.538101852 2.725959990 2.900603636
0.3 2.204829536 2.375274746 2.533104229 2.680763159
0.4 2.112178384 2.265835379 2.408649271 2.542635502
0.2 1 2.345951098 2.527749136 2.696145995 2.853729822
2 2.47583093 2.647856384 2.808400806 2.959495757
3 2.598579716 2.762258380 2.915956678 3.061304242
TABLE 3 Numerical values of -8’ (0) for Ec,, = 1, Pr = 6.2, and N,, = 1.5.
Silver (Ag)
¢ A,, M, S K, 1 2 3 4
0 0.3 1 1 2.821624541 2.815382505 2.808359278 2.800973518
0.12 2.396432529 2.386817656 2.377578170 2.368727743
0.19 2.165174717 2.155072352 2.145507700 2.136449386
Gold (Au)
¢ A M,, S K, 1 2 3 4
0 0.3 1 1 2.821624541 2.815382505 2.808359278 2.800973518
0.12 2.344189203 2.335774423 2.327801131 2.320228978
0.19 2.096289269 2.088535032 2.081209005 2.074267988
- 5 (s )Pn Pr 1 Pr
e KT \TY ( 2+7(s+7)1+7\l‘(s+@).-f2 ’/) where
o0n = 1 Pr -
ZM( 2+—(5+@)1+—W(5+E),—F) 1 P 1 P
r r r
. A3=M<—(S+—)—2,—(S —)+1,——2 )
(xwzm)(fu :—; (s+ %)) k¥ v k¥ v ¥
Py 2 Pr Pr - -
(Bl gV (-Zpen-a) B (se )+ (e “f") ~aln o) A= M(ﬁ (5+ l) P (5 1) 1, _P_2r>
2eo1s P (s L (34 b4 24 v g
X Mognler 42 — MegnEcy, %2 7"“' ¥
b2 Z (s ) " 24P Pr 1\ Pr 1 Pr
AN A=M|—=I(S+=),—=(S+=)+1,-—— |,
(30) KV V) k¥ v W2
1 1
_ 2 _ QA2 _
Y= EX]XZS + 2 \/X%X%S BAVX X 4Ava1Megn+f'
pﬂ(u 7) A3 (2upr ¥ (54 3 ) - g ¥ - Mg Pr) As a result, the non-dimensional wall temperature was
0,(0)= . .
! : ) X generated by the aforementioned equation. The local Nusselt
Pr(S+ = J(Aa—2A3)(2x4Pr ¥( S+ — ) —4x4'¥“k — Mgy Ecys Pr .
+ (5 g)0u-1 o Zf(tsx " )t e ) number is as follows:
4
7(2‘%1‘\!,)‘( (A5-2q) 71+Pr§+ 1’\;: )W+(A4 A3)))( 28+ P'§+ [\:’2 )‘P
*(2ngPr ¥ (S+ ) - 4ra¥2i- Meg,,PrEc,[) kfx< aT)
I\ o
—2Pr 1 " 2 v /- k k B
( 2y (S+ @)4- —)EcMegn‘l‘ 3 . eyt Megn‘yz Nu :—)’ _ Sf 631(/29, (O) fN R 1/2
)(4Pr( 2 B (s+ b )) X4 khf(AT) khf Sf
!
(31) =-0'(0). (32)
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4 Second law analysis

The interchange of momentum, temperature, and magnetic
effects inside the fluid and at the surfaces generates a continual
entropy accumulation, resulting in a non-equilibrium condition.
The following formula can be used to compute the volumetric
entropy inception factor (Sg,,):

k 2
255
T2, oy

The impact of three independent mechanisms generating

pg’ "B’
+
Tk T

16T30*
3k*

SGen = (33)

entropy production is reflected in Eq. 33. The first term of Eq. 33
shows the entropy inception provoked by heat transport along
with a thermal impact, which is expressed by (Ey), the second
term represents the entropy inception because of a magnetic
impact (E;gy), and the entropy inception due to porous (Epy,) is
described by the third term. Entropy is a measure of disordered in
a system and its surroundings. The amount of non-dimensional

entropy production E; = San g
en
1 ()2 1 (102 MEg”
Eg=x;Re(1+N,,) 0" (1) + By, Ky, f' (1) +Brkm,,T
JAOR (34)
where
S khf B :uxfurexz T, d
=————— Bl = , Q=—, an
- e )2 " ATkg AT
aBéZu
= ——> (35)

g

where Q) is the ratio of free stream temperature to the change in
temperature. Bejan (1979) proposed an additional parameter, the
Bejan number (Be), to find out the irreversibility field. The Bejan
number (Be) is the ratio of heat exchange irreversibility to the
total amount of irreversibility inside the process, expressed as

Eyr

Be= ——MMM .
Epr+ Eyen + Epy

(36)

5 Results and discussion

The influence of several emerging factors on the velocity,
temperature, and entropy inception fields has been demonstrated
in the current phase to examine the impact of these parameters.
Furthermore, under the effect of suction/injection parameter
(8), permeability parameter K, and magnetic parameter M,,,
Ec,;, ¢, Bty,,,» Q, and Rey, local skin friction, stream line, local
Nusselt number, and Bejan (Be) number are presented. In this
scenario, Figures 2-18 are plotted and Tables 1, 2, 3 are shown.
Figures 2, 3 show the trend of the velocity field as the magnitude
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of ¢ is varied. It is to be noted that the velocity field is accelerated
due to an increment in the magnitude of the nanoparticle volume
friction in the case of Ag— and Au— water with S > 0 depicted
in Figure 2. Physically, inter-molecular forces are increased in
the presence of nanoparticles, which leads to a reduction in
the velocity distribution. In the case of both Ag— and Au-
water nanofluids with S <0, the velocity distribution decreases
due to an increase in ¢ as shown in Figure 3. The variation
of nanoparticle friction on the temperature field is shown in
Figure 4. An increment is observed in temperature distribution
while gaining the magnitude of ¢. Physically, the friction factor
is enhanced with the existence of nanoparticles due to friction,
and the overall internal temperature is accelerated in both Ag—
and Au— water.

Figure 5 depicts the influence of Ec,, on the temperature
profile. As heat energy is produced in Ag— and Au— water
nanofluids caused by friction heat, the temperature field is being
augmented with an increasing value of Ec,,. The impression of
M,,
out that the temperature distribution increases with a gain in

on the temperature field is shown in Figure 6. It is pointed

Mg, In fact, the Lorentz effect has a considerable influence on
M,g,,. A greater Lorentz force is associated with elevated M,,,
whereas a smaller Lorentz strength is linked with lower M,
The larger Lorentz force creates more energy in both Ag— and
Au— water, resulting in an increase in temperature change. The
on —f''(0) are plotted in Figure7. It is

perceived that an augmentation in the magnetic entity escalates

consequences of M,
skin friction at the wall in both Ag— and Au— water. Moreover,
Ag— water has a higher rate of skin friction than the Au— water
nanofluid. Figure 8 shows the reaction of the wall mass transport
entity on —f'/(0). The magnitude of —f"/(0) is stated to be reduced
due to the decreasing amount of the wall mass transport entity (S)
for both Ag— and Au— water. Additionally, Ag— water has a higher
rate of skin friction than the Au— water nanofluid. The effects of
Ec,, and K,,, are shown in Figures 9, 10. The heat transport rate is
seen to decrease with the magnitude of Ec,, and K,,, for both Ag—
and Au— water nanofluids. It is also noted that the heat exchange
rate rapidly decreases in the occurrence of Au— water than in the
Ag— water in Figures 9, 10. Physically, the magnitude of —6'(0)
decreases as the value of the permeability parameter decelerates.
Physically, the existence of a porous structure restricts nanofluid
flow, slowing fluid velocity and decreasing the heat transport rate
at the wall.

Figures 11, 17 plot the influence of different parameters on
the entropy inception E; and Bejan Be number to visualize
the system’s chaos. Figure 11 portrays the result of the Bry,,,
number. It is expressed that entropy inception is decreased with
an increase in Bry,,,,,. Additionally, more chaos is reported in the
case of silver—water in the system than the gold-water nanofluid.
Similar trends are shown in Figures 12, 14 for Rey and M.,
respectively The opposite behavior is observed in Figure 13 for
Q.InFigures 15, 17, the variation of Ec,,, ¢, and Q) is investigated.
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It is perceived that Be is increased while increasing the value
of Ec,;, ¢, and Q. Physically, the Bejan Be number is, indeed, a
non-dimensional quantity that shows the proportion of overall
entropy creation that is generated by thermal dissipation. As a
result, the Bejan number is a description of the entropy created
by heat transmission and resistance to flow rather than a heat
transport parameter.

Table 1 lists the thermophysical characteristics of H,O, Ag,
and Au. Tables 2, 3 are constructed for numerical values of
—f"'(0) and —0'(0), respectively. Figures 18A-C, Figures 19A-C
are plotted to provide insight into the flow pattern in the case of
Ag— and Au— water (Figure 16).

6 Conclusion

The study presents an entropy inception investigation
of magnetohydrodynamic Ag- and Au-H,O nanofluid flows
induced by an exponential stretching surface embedded in a
porous medium with suction/injection and thermal conductivity.
The investigation’s principal conclusions have been summarized
as follows:

o In both Ag- and Au-H,O, the solid volume percentage
has an accelerating effect on the velocity profile with
suction/injection parameters.

o In both Ag- and Au-H,O, the Ec, and M., have an
increasing impact on the temperature profile.

o It is perceived that an augmentation in the magnetic entity
escalates skin friction at the wall in both Ag— and Au— water.
Moreover, Ag— water has a higher rate of skin friction than
the Au— water nanofluid.

« The heat transport rate is a decreasing function of Ec,, and
K,, for both Ag— and Au— water nanofluids.

« Itis also noted that the heat exchange rate rapidly decreases
in the occurrence of Au— water than in Ag— water.

« The entropy inception is an increasing function of Bry,,,,
Rey, and M,,, in both Ag— and Au— water.
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Because of its multivariate particle suspension approach, the developing class
of fluid has a better level of stability as well as increased heat transfer. In this
regard, hybrid nanofluid outperforms ordinary fluid and even well-known
nanofluid. In a slick environment, we investigate its fluidity and heat transfer
qualities. Nano-leveled particle morphologies, porousness materials, variable
thermal conductivity, slippage velocity, and thermal radiative effects are all
being studied. The Galerkin finite element method is a numerical methodology
for numerically solving the governing equations (G-FEM). For this analysis, a
Powell-Eyring hybrid nanofluid (PEHNF) flowing via a permeable stretchable
surface is used, which comprises two types of nanoparticles (NP), copper (Cu),
and titanium alloy (TigAl,V) dispersed in sodium alginate (CgHgNaO-). The heat
transfer ratio of PEHNF (TigAlyV-Cu/CgHgNaO7) remained much greater than
that of conventional nanofluids (Cu-CgHgNaO-), with a range of 43%-54%.
When lamina particles are present, the thermal conductivity of the boundary
layer increases dramatically, while spherical nanoparticles have the lowest
thermal conductivity. As nanoparticles are added under their fractional sizes,
radiative heat conductance, and flexible heat conductance, the system'’s
entropy increases. The flow system'’s ability to transport mass decreases
when molecule diffusivity decreases dramatically. This is theoretically related
to a rise in Schmidt number against molecular diffusivity.
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Introduction

Different simulations, including the regulator rule scheme,
Carreau’s scheme, Cross” scheme, and Ellis’s scheme, are offered
to shed light on the behavior of HNFs, however, few researchers
have investigated the Williamson liquid scheme (WLS).
Williamson (1929) thought about the flow of hybrid
nanofluids (HNFs) such as (pseudo-plastic liquids), proposed
an equation system to represent the flow of HNFs, and then
empirically verified the results. In an advanced gravitational
investigation, researchers proposed that an echoing level of a
WLS should movement concluded an inspired superficial. A real
fluid has both the lowest and highest operational viscosities that
relate to its molecular structure. The WLS measures together the
lowest and highest thicknesses. During the attendance of
revolution, Said et al. (Said et al., 2021) planned a 3D-class of
HNF to additional upsurge the heat transfer (HT) rate completed
by widening slip. Mandal et al. (Mandal et al., 2022) exploited an
artificial neural network to form investigational statistics. Saha
et al. (Saha et al, 2022) described an investigation of HT and
rheological possessions of HNFs for refrigeration presentations.
Survey studies by Al-Chlaihawi et al. (Al-Chlaihawi et al., 2022),
Kursus et al. (Kursus et al., 2022), Xiong et al. (Xiong et al., 2021),
2021)
respectively, can be located in this direction, while Dubey

and Muneeshwaran et al. (Muneeshwaran et al,
et al. (Dubey and Sharma, 2022) offered a short survey in
HNF on mechanics revisions. Syed and Jamshed (Hussain and
Jamshed, 2021) considered the movement of MHD tangent HNF
via a strained slip’s boundary layer. In accumulation, the
demonstration of the extended HT of tangent hyperbolic
fluids crossways a nonlinearly fluctuating slide containing
HNFs was tested by Qureshi (Qureshi, 2022), Jamshed et al.
(Jamshed et al., 2021a), and Parvin et al. (Parvin et al., 2021).
Puneeth et al. (Shankaralingappa et al., 2021) measured 3D-
assorted convection movement of HNFs of a non-linear widening
surface using a modified Buongiorno’s nanofluids model
(MBNM). Rana et al. (Rana et al, 2021) presented a study of
HNF movement past a perpendicular platter with nanoparticle
aggregation kinematics, the current slide, and important buoyancy
possessions utilizing MBNM. Mahanthesh
(Mahanthesh et al, 2021) estimated the HT optimization of
HNFs with the help of MBNM. Owhaib and Al-Kouz (Owhaib
and Al-Kouz, 2022) and Owhaib et al. (Owhaib et al., 2021)
employed the concept of MBNM in 3D systems of movement

force et al

and HT of bi-directional overextended HNF film showing an
exponential heat generation. Hussain et al. (Hussain et al.,, 2022a)
characterized a biochemical response and current of HNFs flow-
through solar gatherer as potential solar energy applying the idea
of MBNM. Rogsca et al. (Rosca et al., 2021) engaged the movement
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and HT of a stretching/shrinking slip by the virtue of MBNM.
Akram et al. (Akram et al, 2022) analyzed the electroosmotic
movement of silver-water HNF controlled by using two altered
methods for NF including the MBNM. Areekara et al. (Areckara
etal., 2022) suggested a study on NF movement with asymmetrical
heat foundation and representative boundary conditions with the
application by MBNM.

Nanofluids own the characteristics of the non-Newtonian
fluid, together with the viscoelastic properties. Extended
experimental work research is required to develop nanofluid
viscosity models for use in simulation studies (Wang and
Mujumdar, 2008; Bilgili et al., 2021). Therefore, the Powell-
Eyring fluid is considered in the current model, together with
the significance of non-Newtonian fluid properties. This type of
fluid is proposed by Powell and Eyring (Hayat and Nadeem,
2018) in 1944. Moreover, Powell-Eyring fluid is one type of visco-
elastic fluid. Eyring-Powell fluid model implements a higher-
level complicated mathematical framework, but it is found to be
the greater model over previous viscoelastic fluid models. This
model is founded on the kinetic theories of liquids, not on
empirical expressions. In addition, Eyring-Powell fluid model
has Newtonian properties at low and great shear stress. Examples
of Powell-Eyring fluids are polymer melts and solids suspended
in non-Newtonian liquids. The significant implementations of
Powell-Eyring fluid have been observed in engineering,
manufacturing, and industrial areas such as polymers, pulp,
plasma, and other biological technology. However, several
researchers have investigated the properties of non-Newtonian
Powell-Eyring nanofluid (Hayat et al., 2015; Malik et al., 2015;
Hayat et al., 2017). Aziz and Afy (El-Aziz and Afify, 2019) chose
the shooting technique, together with the Buongiorno nanofluid
model to obtain the Casson nanofluid’s numerical solution over a
stretching sheet. At the initial stages of flow (primary and
secondary flow), they concluded that the Hall parameter
upsurges in the convective rate of heat and mass transfer,
together with the drag coefficient. Moreover, the nanoparticle
volume concentration parameter increases for increasing velocity
slip values. Consequently, the Sherwood number is reduced.
Subsequently, the influences on the magnet field and Soret-
Dufour have been reportedly on non-rotational Newton’s
Oldroyd-B nanofluid stream bounded by the stretched sheet
(Ali et al., 2021). This model is also being restricted under the
modification of Fourier’s law. For the step of numerical findings,
the Galerkin-Finite element system was developed.

Porous media models (PMMs), frequently referred to as
porous materials, have pores (vacuums). The thin part of the
material is referred to as the “matrix” or “frame.” Typically, a
fluid is injected into the pores (fluid or fume). Though the
material that makes up the frame is regularly hard, structures
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like foams might profit from the idea of PMM. To apply solar
heat, Jamshed et al. (Jamshed et al, 2021b) employed PMM in
solar aircraft combining tangent HNFs. Using the PMM in HNFs,
Shahzad et al. (Shahzad et al, 2021) developed a comparative
mathematical study of HT. Numerical conduct of a 2D-Magneto
double-diffusive convection flow of HNF over PMM was provided
by Parvin et al. (Parvin et al., 2021). Faisal et al. (Shahzad et al,
2022a) reported that using HNFs rather than PMM increased the
thermal efficacy of solar water pumps. Banerjee and Paul (Banerjee
and Paul, 2021) examined the most recent research and
advancements concerning PMM combustion applications. For
pebble-bed devices, Zou et al. (Zou et al, 2022) designed an
explicit system of stone heat in the PMM. PMM substantiation
using stress drip dimensions was suggested by Lee et al. (Lee et al.,
2022). On a constructed soaking soil pile model, Cui et al. (Cui
et al, 2021) investigated a numerical analysis of the solution for
longitudinal quivering of a fluctuating pile based on PMM. A
machine learning approach was taken by Alizadeh et al. (Alizadeh
et al, 2021) to calculate transference and thermodynamic
processes in metaphysical systems HT in HNFs movement in
PMM. A non-homogenous HNF was proposed by Rashed et al.
(Rashed et al., 2021) for 3D convective movement in enclosures
with assorted PMM (AdnanKhan et al., 2021; Adnan and Ashraf,
2022a; Khan et al., 2022a; Alharbi et al., 2022; Ashraf et al., 2022a;
Ashraf et al., 2022b; Adnan and Ashraf, 2022b; Khan et al., 2022b;
Khan et al, 2022¢; Murtaza et al., 2022). presented the latest
updating that involves the traditional nanofluids with the features
of heat and mass transmission in a different physical situation.
The rate of HT through a component thickness of a material
per unit area per temperature variation is known as the variable
thermal conductivity (VTC) of that material. Alternatively said,
the VTC is inversely proportional to the temperature capacity.
Gbadeyan et al. (Olabode et al., 2021) studied the effect of VTC
and thickness on Casson NF movement with convective warming
and velocity slide. Mabood et al. (Mabood et al., 2021) impacted
the Stefan blowing and mass convention on the movement of
HNF of VTC in a revolving disk. Abouelregal et al. (Abouelregal
et al., 2021) checked the thermo-viscoelastic fractional model of
revolving HNFs with VTC owing to mechanical and current loads.
Swain et al. (Swain et al., 2021) utilized the HT and stagnation-
point movement of influenced HNFs with VTC. Also, Ahmed et al.
(Ahmed et al,, 2021) considered the HT of MHD movement of
HNFs via an exponential penetrable widening arched surface with
VTC. Mahdy et al. (Mahdy et al,, 2021) employed the VTC and
hyperbolic two-temperature philosophy throughout the magneto-
photothermal model of semiconductors induced by laser pulses.
Hobiny and Ibrahim (Hobiny and Abbas, 2022) analyzed the
impacts of VIC in a semiconducting medium utilizing the finite
element technique. Ahmad et al. (Ahmad et al., 2022a) studied the
unsteady 3D-bio convective movement of HNFs by an
exponentially widening sheet with VTC and chemical reaction.
Din et al. (Din et al,, 2022) assumed the entropy generation from
convective released moving exponential porous fins with VIC and
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interior temperature compeers. For more details see Refs (Akgiil
etal., 2022; Attia et al., 2022; Ahmad et al., 2022b; Bilal et al., 2022;
Qureshi et al., 2022; Safdar et al., 2022).

A statistical technique called quadratic regression estimation
(QRE) is considered to identify the parabola equation that finest fits
a given collection of data. Finding the equation of the conventional
line that most closely fits a collection of information is the goal of this
sort of regression, which is an extension of modest linear regression.
Jamei et al. (Jamei et al,, 2022) estimated the thickness of HNFs for
current energy using the QRE. Nandi et al. (Nandi et al,, 2022a;
Nandi et al, 2022b) suggested different investigations on HNFs
based on QRE. Bhattacharyya et al. (Bhattacharyya et al,, 2022)
introduced a numerical and statistical method to capture the
movement characteristics of HNFs containing copper and
grapheme HNs utilizing QRE. Kumbhakar and Nandi
(Kumbhakar and Nandi, 2022) presented an unsteady MHD
radiative-dissipative movement of HNFs of a widening sheet with
slide and convective conditions employing QRE. Said et al. (Said
et al,, 2022) considered the application of the original outline by
collaborative boosted QRE of HNFs. Chen et al. (Chen et al., 2022a;
Chen et al, 2022b) gave a long approximation of the physical
properties of HNFs.

By focusing on the flowing rapidity of a Powell-Eyring HNFs
as well as thermal transmission with changing heat and current
conductance flowing through a stretched permeable material, this
work intends to bridge a gap in the previous survey and fill a
knowledge gap. The flow of nanoliquid was geometrically modeled
using a single-phase nanoliquid. The foundation liquid in the
investigation of copper (Cu) and titanium alloy (TicALV) hybrid
nanoparticles is sodium alginate (CsHgNaO;). The regulatory
equations of the Powell-Eyring hybridization nanoliquid are
transformed into ordinary differential equations (ODEs). The
influences of porous parameters, thermal radiative fluxing, and
variable thermal conductance are considered in the examination.
Then, the effects of the slippage velocity and nanoparticle shape
factors are probed in flowing and entropy aspects. The obtained
ODE:s are solved numerically using the Galerkin finite element
technique and the necessary prevailing parametric parameters.
Numerical results are shown graphically, and comments are built
upon. In-depth research has been done on the possessions of
particle morphologies, the convective slide boundary condition,
the thermal energy movement, and the slippery velocity.

Flow examination

Analysis of movement shows how a superficial moves
horizontally at an accelerating rate.

U(et) = 1o

or 1)

where e is the preliminary increasing amount. Solitary slip heat is
Oy (x,1) = O +

£ and based on the suitability, pretend to be
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FIGURE 1
Flow model illustration.

stable at x = 0, e*, ©, and O, let the current difference ratio,
surface heat, and free-streaming heat, consistently.

Under the following hypotheses and constraints, the
theoretical framework is selected:

1) Unsteady two-dimensional laminar flowing.

2) Boundary-layer guesstimate.

3) Modified Buongiorno’s structure.

4) Non-Newtonian PEHNFs.

5) Different effects i.e., porous medium, variable thermal
conductivity, radiative flowing, and nanomolecules shaped
influence.

6) Penetrable expanding surface.

7) Slip and convective boundary constraints.

The exact formulary of the stress tensor of fluid follows the
Powell-Eyring relationship is provided as (Aziz et al., 2021):

T = 9t + lsinh’1 1%
ij= #hnf an E Q* an .

Here, y,,, is the mechanical viscosity of PEHNF, and { and

2

o* are matter constants. The movement geometric is illuminated
in Figure 1.

Framed model

Classic formulas (Aziz et al., 2021) of a viscidness P-EHNF
beside with entropy assembly befittingly adapted underneath
normal boundary-layer approximations via a penetrable
substantial, porous medium, variable thermal conductivity,

and radiative flowing are
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TABLE 1 Thermo-physical properties of PENF.

Aspect Nanoliquid
Viscid (u) g =ty (1 @
Density (p) Pup = (1= )ps = dp,

Heat capacity (pC,) (PCp)nf =(1-¢) (pCP)f +¢(pCp)s
uf _ [(Kﬁ(m*l)w)*(mfl)‘P(K/*Ks)]

Thermal conductivity (k)
*f (et (m- D)+ (ry )

aV1 aVZ _
a + 5 = 0, (3)
ot 155 TV 3y = Vs Pons ZQ* 0y?
2
1 n
() G e, @
20" Pyny 9y ) 0y*  Puysk
00 00 00 1 J0/( . 00
— At V—tV—=— =% —
ot lax 23), (pcp)xhnj [ay< h}(J@) a)’)]
1 aq,
]
(P P)hnf Y
ac*  oc* °C* Dr 9O L
v1$+v2 ay= B ay2+T_a_yz_kl (C _Coo) (6)
the suitable boundary conditions are (Aziz et al., 2021):
0 00
Vi (X, O) = Uw + Na<i>; V2 (x) 0) = Vnc: _kot(_>
oy oy
=h(0,-0)C*=C,, (7)
v1—>0,®—>@m,C*—>C;0asy—>oo. (8)
Where a  flow  speed is of the  structure
v = [vi(x, 1), v2(x, ¥,1),0]. Time is denoted by ¢, ©

signifies a fluid temperature. The penetrability of an
expanding plate is symbolized by V,. N, is the slip length.
The porousness of NF is characterized by k. The additional
parameters like thermal conductivity of nanosolid and heat
transmission factor are represented by ko and hy, respectively.

The mongrelized nanoliquid is combined principally with Cu
nano molecules in machine grease standard liquid at a constant
fractional size (¢,) and it is put at 0.09 all about the study.
TicAlLV NP were put together into HNFs consuming
attentiveness scope (¢ ,).

The combination of nanomolecules in the basefluid runs to a
difference in the characteristics thermophysically. Table 1
summarises the relevant parameters for PENF (Reddy et al,
2014; Din et al., 2022).

¢ is the nanomolecules fractional volume factor. p, py,
(Cp)s» a7 and ky are dynamical viscidness, density, efficient
heat capacitance, and the electrical and thermal conductance of
the base fluid, correspondingly. The further attributes p_, (Cp),
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TABLE 2 Thermophysical properties of PEHNF.

Aspect

Viscid (u)
consistency (p)
Heat capacity (pC,)

+¢. (pCp)p,
Thermal conductivity (k)

10.3389/fenrg.2022.996556

Hybrid nanoliquid

Mgy =y (1= $e) (=)™
Prng = (1= b AL =G )ps + beupp 3 + brapy,
(PCpluns = [(1 = ¢ (1= ¢c,) (pCp) 1 + bc, (PCp)pi}]

LA Sl .7 G VL PO Vi)
Konf (kpy + (m=1)knf )+ @pp (Knp—rpy)

Bap oy O D)= m- i, ()
K (Kpy +(m=Dxe )+, (kf=Kp,)
Nanoparticles Type Sphere Hexahedron Tetrahedron Column Lamina
Shape . |
A
m 3 3.7221 4.0613 6.3698 16.1576
FIGURE 2

Standards of the practical shaped element for diverse particle shaped. The material possessions of the crucial sodium alginate (CgHgNaO;) and
the various NP exploited in this research are indicated in Figure 3 (Xu and Chen, 2017; Makinde et al., 2018; Jamshed et al.,, 2021d).

oy and k, are the density, active heat capacitance, and the

electrical and thermal conductance of nanomolecules,
correspondingly. The physical properties of PEHNF are
defined in Table 2 (Devi and Devi, 2016).

Herein, Binp> Phnpo p(Cp)hnf and Khnf indicates the
dynamic viscous, density, specific temperature capacitor,
and current conductivity of HNF. ¢ is a fractional size
factor and ¢, = ¢c, + ¢r, is the size parameter of solid-
nanoparticle combination. yi(, py, (Cp)r and «y are dynamic
viscosity, density, specific heat capacity, and the thermal
conducting of the ordinary fluid. P> Py (Cp)pv (CP)pz’ Kp,
Kp, the

heat competence, and current conducting of the solid-

and are density ~ constancy,  precise
nanoparticle.

Heat conditional of heat conducting for hybrid nanoliquid
blend is followed as (Jamshed et al., 2021¢):

K;mf(e) :khnf[l"'y(@_@oo)(@w_@oo)_l] (9)

The significance of several nanomolecules shaped is
identified as the nanomolecules shaped influence. Figure 2
gives the values of the practical shaped component for
different element shapes are obtained as (Akgil et al.,, 2022):
Figure 3 demonstrates the themophysical values of the used
materials of HNF.
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Thermophysical Properties p (kg/m*3) C,J/kgK) kW/m)
Sodium Alginate (CsHsNaO~)
m

989 4175 0.6376
=¥
Copper (Cu)
‘ 8933 385 401
Titanium Alloy (TisAlsV)

4420 526.3 6.7

-

FIGURE 3
Substance effects of CgHgNaO; and NPs at 293 K.

PEHNF radiative flow only travels a little space resulting in the
thickener of NF. Because this is happening, Rosseland’s guesstimate
for radiative fluxing (Shahzad et al,, 2022b), is used in Eq. 5 and it is
given

qr = A 8_84 (10)
T 3k* 9y’
Where ¢* is Stefan-Boltzmann amount and k* is the absorbing
factor.
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Model solution

Boundary-value problem (BVP) formulas (3-6)

converted in the definition of the similarity procedure that

are

converts the regulating PDEs to ODEs. Advancing streaming
function y as the next

_ oy

vV = =

.,

3y v, = I (10a)

and similarity transformations are

_ e _ 'er

= (0~ 0w) (0 ~ ) 15 (0 = O,) (O, ~ Ocy).
(am

into Eqs. 3-6. We get

1 /31 m nm_ g2 _ i § " _% nz em
<¢xl¢xz+¢—xl)f STV Y, +2f> gy
—Tf'
:0,
(12)
9“(1 +y0+¢%4PrN,> +y0” +Prz—:[f9’—f’6—£<9+;—$9’>] =0.
(13)
" ! Nt _ _
h" +P,Scfh +m6 Scxh = 0. (14)

with

F0) =S, f'(0) =1+ef"(0),6'(0)
=-B.(1-6(0) f'(8) = 0, f"(8) = 0,6(8) = 0,h (§) >0 as§— 0.}
(15)

where ¢.s; 1 <i<4 in Eqs. 12, 13 establishes the thermophysical
characteristics of the Powell-Eyring nanofluid.

¢x1 = (1 - ‘I)Cu)l5 (1 - ¢TA)2A5’ ¢x2

= (=g ){(1=9c) + 6, p,1 [ps} + Pz (16)

(Pcp ) » (PCP ) o

¢, =(1- ¢TA){ (1-¢¢,) + ¢Cu@ + TA(PTp)f)
(17)

o, = [(sz + (m-— I)K,,f) - (m- 1)¢Ti02(1c,1f - xpz):|
X" (sz + (m-— l)K,lf) + ngiOz(K,lf - sz)
[ (Kp, + (m = 1)Kf) + dcu(kr = %p.) :| (18)
(KP1 + (m— l)xf) - (m- l)gbCu(Kf - Kpl) '

Meticulous authentication is done on Eq. 3. Notation  is used
for the demonstration of derivatives concerning §. The
parametric values were defined in Table 3.

It is noticed a variety of factors depend on the similarity
variable "Q" and unsteadiness. Consequently, to acquire non-

Frontiers in Energy Research

186

10.3389/fenrg.2022.996556

similar solutions for the suggested problematic computational
results are processed for local similar considerations.

Drag force and nusselt quantity

The drag force Cy together with a Nusselt amount Nu, are
the physical amounts of importance that dominate the light and
can be confirmed as (Aziz et al., 2021)

T XQGuw

Ci=—> Nuy,=—"2 _
iy kf(@w - 600)

19)

where 7, and g,, correspond to the heating flux revealed by

e L L a_;@_) .
w Auhnf ZQ* ay 65@»3 ay y=0> w

o 1,16 o*T?, (6@)
= “Rimf 3 () I\ 5y :
3 K vf(pCP)f ay y=0

Employing the dimensionless makeovers (11), one acquires

(&
¢ 9s

_ _King (1+N,)8'(0).
kg

(20

_Bb

chex% = +[31>f”(0) 3

(f"(0)° ] , Nu,Re;?

@1

Where Nu, signifies Nusselt quantity and Cy specify the skin
%
amount based on u,, (x).

UpX

resistance. Re, = ’;

signifies Re, = = signifies local Reynolds

Numerical implementation: Galerkin
finite element method

The relevant constraints of the present system were studied
numerically using the finite element technique. The finite
element approach is based on the partitioning of the desired
domain into elements (finite). The FES (finite element scheme) is
covered in this section. Figure 4 depicts the flow chart of the finite
element method. This method has been employed in numerous
computational fluid dynamics (CFD) problems; the assistances of
employing this methodology are discussed further below. II- A
Galerkin finite element manner (G-FEM) is utilized to determine
the solutions of highly elliptic equations (Brewster, 1992) (non-
linear). Using a finite element technique, the domain of the
current exemplary is broken into small parts. G-FEM is used in a
variety of applications, including electrical systems, solid
mechanics, chemical processes, and fluid-related challenges.
The phases of the G-FEM strategy are as next:

Phase-I. Weak form is derived from strong form (mentioned
ODEs), and residuals are computed.
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TABLE 3 Explanation of the entrenched control constraints.

Symbol Name

B Non-Newtonian Powell-Eyring-I
B, Non-Newtonian Powell-Eyring-II
r Porous media

P, Prandtl number

¢ Volume fraction

m Shape factor

N Suction/injection parameter

N, Thermal radiation parameter

B, Biot number

Sc Schmidt number

Nb Brownian motion

Nt Thermophoresis parameter

€ Velocity slip

10.3389/fenrg.2022.996556

Formula Default value
. 0.1
B wylet
__u 0.1
B = 207 v;x
_ v (1-01 0.1
I= ek
p, =2 6.5
af
0.18
3
-y, [T 4
§=Vayf;, 0
_ 05, 0.3
N, =533570
by [ (=08 0.2
By = e "
Sc = DLB 0.3
Nb = 5(C=C) 0.1
>
Nt = 2 (BEu-Eo) 0.3
VEco
0.3

€= \saanNe

Phase -II. Shape functions are linearly taken, and G-FEM is
used to generate a weak form.

Phase -III. The assembly method is used to build stiffness
elements, and a global stiffness matrix is created.

Phase -IV. Using the Picard linearizing technique, an
algebraic structure (non-linear equalities) is produced.

Phase -V. Employing the next halting conditions, algebraic
equations are simulated using 10-5 (computational tolerance).
8in1 — 6i|

5 |< 107

(23)

Additionally, the Galerkin restricted constituent technique’s
watercourse summary is represented in Figure 4.

Code authentication

On the one hand, the validity of the computational technique
was tested by comparing the current method’s performance to
the available data on heat transfer rate in Refs. (Hussain et al.,
2022b; Bouslimi et al., 2022). Table 3 demonstrates the consistent
comparison found across the investigations. The current study’s
provided results, on the other hand, are quite accurate.

Irreversibility analysis (second law of
thermodynamics)

A crucial aspect that interests scientists and researchers is the
reduction of energy resource waste. Therefore, these necessary
outcomes for researchers are gained by enhancing the functionality
of earlier systems. Systems’ entropy creation is examined in order
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to achieve energy irreversibility and reduce waste. Design is
prearranged about entropy generation in NFs (Hussain, 2022)

5. ks <a®)2+16 70, (a@)2 , Hing <8v1>2
o= 99) 10 009 (9P m
e’, oy 3 K*vf(pCP)f oy O \ 0y
P‘hnf"%
21
+k@m (21)

The irreversibility of thermal transport is represented by the
leading term in the preceding equation, while the frictional and
porous media effects are represented by the following terms. The
nondimensional entropy establishment is prearranged by Ng
[(Jamshed and Nisar, 2021; Jamshed et al., 2022a)].

@ZOOEZEG

Ng=——90" "¢
¢k (O - 0o

(22)

Eq. 11 is utilized to obtain a dimensionless equation
regarding entropy formation as follows,
(23)

NG =R.|¢,(1+N,)0"” + (P erf?y |,

S|

1
¢
Here, R.and B,indicate Reynolds and Brinkmann quantities.
A signs nondimensional current gradient.

Quadratic regression assessment of
frictional force and thermal gradients
of the surface

Quadratic regression analysis (QRA) is the statistical procedure
that was used to test the elements that influence the flow in the
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’Q
=

system one at a time. Technically, this process works with the single
key aspect and tends to explore its significance over the flow by
keeping the other constraints as constants. In this section, the
features of frictional force and Nusselt quantity are examined
under Quadratic regression analysis (QRA).

Regarding the frictional factor f, , after testing with
100 combinations of suction (S) and speed slippage constrain
(¢) between 0.2 and 1.1, it was noted that those constraints tend to
resist frictional factors.

QRA for the predicted C f . owed to pressure influence S and
speed slippage ¢ variation is delivered by

10.3389/fenrg.2022.996556

Cfx(est) = Cfx + h]s + hle + h3SZ + h482 + hsse, (24)

Likewise, towards the Quadratic regression assessment of
Nusselt quantity Nu,, time-dependent variant & and radiative
variable N, were tested under 100 consistent values were
presented as

Nux(est) = Nux + Plf + PlNr + P3fz + P4 (Nr)2 + PS&Nm (25)

with hy, hy, hs, hy, hs and are the factors of QRA to guide for the
reduced Cf, and Nu,, congruently.

Tables 4, 5 illustrate correspondences between the frictional
factor (Cf) and the Nusselt quantity (Nu,) under significant
constraints for 8, =0.1,8,,=0.3,,§ =0.2,I'=0.1,$ = 0.18, ¢, =
0.09,¢=0.3,y=0.2,N,=0.3,B,=03,5=0.1,m = 3, P, =6.5,
R, = 5 and B, = 5. The ideal relative error limits o; was deduced
by the relation 01 =|Cfy(est) — Cfxl/Cfyx, similarly, o, =
[Nty (esty — Nuxl/Nuy is employed for the relative error limits
0,. It can be evident that for the factors S or N,, both the
frictional factor (Cf,) and the Nusselt quantity (Nu,) tends to
reduce the higher values of influencing factors. Variations in the
velocity slip clarify the dominance of speed slippage € over the
suction factor S in the shear stress manipulations.

Because of the thermal outcome, the thermal slippage
constrain plays a vital role in the heat transference rate.
The reduced frictionless force mechanisms hold an upper
hand over the QRA technique with fast and better
convergence when the optimal regression estimate was
introduced to the process and the percentage difference
tends to be nearly zero.

Outcomes and review

Results of the numerical procedure adapted for the
parametrical studies were showcased and discussed in this
section. Influence constraints like 8, 3,, &, I', ¢, &, N+, Bs, S, 9,
R, and B, were worked over the crucial aspects of flow,
thermal, entropy, and concentration dispersion in the
system. Plots from 6(a)-11(b) for CgHoNaO, traditional
PENF and TigAl,;V-Cu/CsHgNaO; PEHNF tend to visually
illustrate the outcomes and significant impact of such
parameters.

TABLE 4 Comparing of -6’ (0) with Pr when (=0, ¢ =0, ¢,,,,=0,y=0,e=0, N, =0, S =0 and B, — co.

P, Bouslimi et al. (Hussain Hussain (Bouslimi et al., Present Results
et al., 2022b) 2022)

72 x 102 0.80876181 0.80876181 0.80878120

1x10° 1.00000000 1.00000000 1.00000000

3x10° 1.92357420 1.92357420 192357114

7x10° 3.07314651 3.07314651 3.07335681

10x10° 3.72055429 3.72055429 3.72055845
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TABLE 5 Frictional factor (Cfy) and ideal relative error bound (o) for
various values of suction (S) and speed slippage constraint (e).

S Cfx hl h2 h3 ]’l4 h5 (8]

0.5 -1.3257 -0.8022 1.6029 0.0250 -1.3232 0.9033 0.0196
1.5 -1.4202 -0.7394 1.7238 0.0421 -1.4197 0.7956 0.0185
2.5 -1.7149 -0.6527 1.9069 0.0829 -1.5819 0.6210 0.0173
35 -1.9015 -0.4951 2.2036 0.1901 -1.7452 0.3502 0.0104

Impact of powell-eyring parameter (f3,)

The illustration of the non-Newtonian Powell-Eyring fluid
term (f,) on the model profiles (flow velocity, temperature,
and entropy) against a rising stream term (f3,) were depicted in
Figures 5A,B,C. The velocity profile (Figure 5A) is decreased as
the material term increases due to the material term shear

Cu-CﬁHgNaO7

Ti Al V-Cu/C H NaO, |

10.3389/fenrg.2022.996556

being induced by infinite fluid viscosity. As a result, yield stress
restricts the flow, resulting in a velocity decrement towards the
infinite fluid stream. The heat propagation in the Powell-
Eyring fluid heat propagation was boosted, as shown in
Figure 5B. This effect is caused by the support of the
stretching surface in overcoming the material yield stress
dominance. In addition, temperature-dependent control
fluid viscosity causes the temperature distribution to rise at
various levels. As the Powell-Eyring effect is augmented, the
molecular bond is disrupted, and the particles are allowed to
move freely. As a result, Powell-Eyring ‘s term has a minimal
rising effect Figure 5B. In Figure 5C, the entropy variation is
plotted versus the Powell-Eyring term. Under the increment of
B,, the curves show different patterns. It illustrates an
augmentation near the stretching wall, while a modest
reduction is detected at a distance from it. The reason for
this illustration is that when a large temperature gradient
occurs at the surface, more entropy is produced, causing
higher oscillations in nanoparticle mobility.

0.08 T T T T T

Cu-CEHQNaO./.

====== Ti Al V-Cu/C,HNaO,

004 ivieraie

$,=01,0203

— Cu—CGH9N807

====== TiAl V-Cu/C,H,NaO,

FIGURE 5
(A) '(8), (B) 6(3), and (C) Ng with diverse 3, values.
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FIGURE 6
(A) ' (8), (B) (), and (C) Ng with diverse T values.
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(A) 6(8) and (B) Ng with diverse m values.
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(A) f'(8), (B) 6(9), and (C) N with diverse & values.
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FIGURE 10
Ng with diverse (A) Re and (B) B, values.

Impact of penetrable material factor (I')

The graphical results of permeability parameter (I)
against the flow, thermal, and entropy distribution of PENF
(Cu-C¢HoNaO;) and PEHNF (TigAl,V-Cu/C¢HoNaO,) are
presented in Figure 6A-C. Figure 6A shows the descending
behavior of Powell-Eyring ‘s non-liquid flow curve through the
porous medium, resulting in a plate surface while velocity is
dragged. In fact, as the porosity effect enhances, the flow pores
increase significantly, resulting in fewer nanoparticle
collisions and lower heat generation. Viscous force controls
buoyancy, thereby slowing the flow rate. The opposite effect is
portrayed in Figure 6B. As shown in Figure 6B, increasing the
porosity effect enhances the flow temperature. Figure 6C
portrayed the entropy generated Ng against (I'). This
shows an increment near the surface, whereas a slight
reduction is observed away from the surface. This result is
caused by the large temperature difference near the surface,
which causes more entropy to be produced. In industrial
applications, the contribution of the porous medium
permeability is to control the spin coating flow properties.
Greater permeability, which can be depicted as bigger pore
spaces provide better nanoparticle percolation. Besides, this
effect (higher mobility) relates to reduced friction at the

sheet surface.

Diverse nanoparticles shaped parameter
m trace

Finally, the achieved outcome of the impact of the changes

in various parameters and 5 shape nanoparticles by the names
of a sphere, hexahedron, tetrahedron, column, and lamina on
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the profile of temperature and entropy have been analyzed and
investigated in Figure 7A,B. In Figure 7A, the influence of the
increment in nanoparticle shape parameter (m) on the profile
of temperature has been depicted, observations show that the
temperature increment because of the ascent in shape factors.
Physically the increment in thermal conductivity and thermal
boundary-layer thickener are the main causes of such an
outcome. Additionally compared to a sphere, hexahedron,
tetrahedron, and column shape nanoparticles, lamina has
engendered more enhancement in the temperature (Pasha
et al, 2022). Besides, the function of temperature for
lamina shape nanoparticles has been continuously more
than that of a sphere, hexahedron, tetrahedron, column
shape nanoparticles, the temperature range in PEHNF
(TigAl,V-Cu/C4HoNaO;) case is higher than that of PENF
(Cu-C¢HogNaO5) The of the
nanoparticle shape parameter (m) on the profile of entropy

case. impact increasing
has been presented in Figure 7B, and measurements
demonstrate that entropy increases as shape factors
increase. It is worth noting that the PEHNF (TisAl,V-Cu/
C¢HyNaO;) nanofluid phase had a higher initial entropy than
the PENF (Cu-C4HgNaO;) nanofluid phase. Later, when the
shape factor is separated from the stream by a sufficient
distance, it fiercely behaves in the other direction and
influences the entropy rate in the stretching porous device,
as observed.

Impact of the biot number (B,)
The visualization of the temperature profile against Biot

numbers (B,) for PEHNF (TigAl,V-Cu/C¢HoNaO,) and PENF
(Cu-C4HgNaO;) nanoparticles is displayed in Figure 8A. Overall,
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FIGURE 11
(A). Concentration h(8) via Sc (B). Concentration h () via x.

the enhancing (B,) rises a temperature. The thermal thin state is
regarding the low Biot number: The condition of uniform
temperature region within the body (nano-polymer surface).
Higher values of B, indicate the thermal thick state in which
non-uniform of temperature domains occur. The plot of Ng
against (By)as displayed in Figure 8B discovers that the entropy
profile is insensitive (only slight changes) with the increasing (B,) at
the stretching surface, compared to the position away from it. It is
found that less enhancement in entropy profile is observed near the
stretching walls. However, a decline in entropy generation is
observed with the growth of (By).
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TABLE 6 Nusselt quantity (Nuy) and ideal relative error bound (o) for
various values of time-dependent variant ({) and radiative
variable (N,).

Y Nuy P p2 ps3 P4 ps 03

0.04 -1.8017 2.1244 -0.7419 -2.0179 0.1720 -0.3247 0.0043
0.10 -1.6956  2.0156 -0.6276 -1.9856 0.1254 -0.2729 0.0054
0.16 -1.4209 1.8057 -0.4025 -1.7514 0.0982 -0.2088 0.0079
0.22 -1.2023 1.6412 -0.3253 -1.6049 0.0717 -0.1054 0.0090

Impact of velocity slip variable (g)

The impacts of velocity slip parameters (¢) on the velocity
field, temperature field, and entropy generation are plotted in
Figure 9A-C, by choosing CsHgNaOy as the base fluid. The effect
of the strain parameter is reported from the PENF (Cu-
CsHgNaO;) and PEHNF (TigAlV-Cu/CsHgNaOy7)
momentum distribution (Figure 9A). This parameter is
obtained from the boundary conditions of the current model.
The gradual increment of the velocity slip enhances the fluid
viscosity, thus decreasing the fluid velocity. The higher
concentration of slip velocity (e¢) values lowers the thermal
boundary layer thickness (Figure 9B), which the diminution of
the profile is associated with the Williamson nanofluids. At the
same time, the slip velocity parameter slows the collisions with
molecular diffusion. When the concentration of nanoparticles is
higher in a system, the system is associated with the
instantaneous possessions of thermal convection, transmission,
and kinematic viscosity. Figure 9C shows the plot of entropy
generated (Ng) versus (g). The plot of N shows an effective
reduction in this profile because the location is far from the plate.
Due to the act of the velocity slip, entropy gradually decreases.

Entropy changes regarding Reynolds (Re)
and brinkman numbers (B,)

The effect of the Reynolds number (R.) on the entropy profile
is shown in Figure 10A when both types of nanofluids are
bounded by the stretching sheet. It is noted that the higher R,
boosts the level of entropy that can be generated in the fluid
system. Figure 10B shows the relationship between the entropy
generation N and the values of the Brinkman number (B,),
showing that increasing Brinkman number (B,) enhances
entropy generation. Brinkman number (B,) defines the
viscous influence of fluid behavior. As a consequence, high
Brinkman numbers (B,) denotes that fluid friction is the
utmost factor of entropy generation. In both the Reynolds
number and Brinkman number relationship, Cu-CsHoNaO;
nanoparticles are found to have higher entropy level,
compared to TigAl,V-Cu/CsHgNaO, nanoparticles.
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TABLE 7 CsRe,  and N,Re, ? values at P, = 6.5, f, = 0.01 and m = 3.

B, & T

01 02 0.1
0.2
0.3
0.2
0.6
0.8
0.1
0.3
0.4

¢ ¢ra € y Ny By S

0.18  0.09 03 02 03 03 0.1

0.09
0.15
0.18
0.0
0.06
0.09
0.1
0.2
0.3
0.1
0.2
0.3
0.1
0.3
0.5
0.1
0.3
0.4
0.1
0.3
0.2

C rRex H
Cu-
CcHoNaO,,

1.8921
1.8562
1.8134
1.8921
1.9309
1.9647
1.8921
1.9163
1.9357
1.8089
1.8454
1.8921

1.9728
1.9359
1.8921
1.8921
1.8921
1.8921
1.8921
1.8921
1.8921
1.8921
1.8921
1.8921
1.8921
1.9127
1.9432

10.3389/fenrg.2022.996556

CyRey? NyRey?  N,Re,?
TigALV -Cu/CsHyNaO;, TigALV -Cu/CsHgNaO;,

Cu-

CeHsNaO,
2.1301 0.5563 1.1216
2.0953 0.5269 1.1033
2.0264 0.4903 1.0761
2.1301 0.5563 1.1216
2.1745 0.5732 1.1905
2.2068 0.5907 1.2351
2.1301 0.5563 1.2516
2.1564 0.5374 1.2167
2.1849 0.5012 1.1856

0.4718

0.5025 -

0.5563 -
1.8089 0.4718
2.0963 1.1091
2.1301 - 1.1216
2.2060 0.6175 1.8116
2.1642 0.5845 1.1520
2.1301 0.5563 1.1216
2.1301 0.6437 1.2372
2.1301 0.6044 1.1530
2.1301 0.5563 1.1216
2.1301 0.5119 1.0906
2.1301 0.5563 1.1216
2.1301 0.5729 1.5238
2.1301 0.5218 1.1016
2.1301 0.5563 1.1216
2.1301 0.5980 1.1464
2.1301 0.5563 1.1216
2.1527 0.5864 1.1504
2.1965 0.6238 1.1714

Concentration changes regarding schmidt
number (Sc) and chemical reaction
parameter (x)

Figure 11A exhibits dispersal of concentration 4 (J) towards
the significant Schmidt number (Sc) which has a vital impact on
it. Technically for the higher Schmidt number (Sc), the progress
in the molecular diffusion tends to get reduced which restricts the
mass transference in the system which can be visualized from
Figure 11A. On other hand, Figure 11B discloses the influence of
chemical reaction constraints on mass diffusion. The effective
chemical reaction process exerts more mass in the system which
makes the mass transference process harder and this may lead to
the deceleration noted in Figure 11B for the higher values of
chemical reaction constraint.
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Parametrical study on drag force (C¢) and
nusselt number (N,)

The coefficients in the components of the flow and
(Cy) and
Nusselt numbers (Nu,), respectively. These parameters

heat transmission are namely dragged force

are tabulated in Tables 5, 6 showing their numerical
values. Table 7 shows that a frictional force factor has
non-uniform changes for both of the nanoparticles with
an increasing ¢ and &. Also, it is observed that the drag
force coefficient upsurges with an increment of I' and ¢.
Besides, the reduction is remarked with rising ¢ for both the
case of nanoparticles. Furthermore, the increasing values of
B, and N, have no impact on drag force coefficient for both
PEHNF  (TicAl,V-Cu/C¢HoNaO,) and PENE (Cu-
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CsHyNaO-) nanoparticles. The Nusselt number enhances with an
augmentation &, whereas an opposite function is remarked with
the addition of f3,,y and N, for both PEHNF (TisAlL,V-Cu/
CsHoNaO;) and PENF (Cu-CsHoNaO-) nanoparticles (Figure 7).

Concluding consequences and
forthcoming course

In this mathematical investigation, the heat transmission in a
Powell-Eyring hybrid nanofluid (PEHNF) model bounded by an
expanding surface is investigated. This model is implemented in a
thermal system, which is inspired by the modified Buongiorno’s
NF prototype. The presence of nanoparticles such as Cu-
CeHoNaO, and  TigALV-Cu/CoHoNaO,
implemented in this model. The influences of porous media,

nanoparticles are
thermal radiative flow, and variable thermal conductivity are
taken into account in the mathematical model. Furthermore,
the effect of the nanoparticles’ shape factors is determined, and
their impacts can be observed in thermal and entropy aspects. The
numerical solutions for the current mathematical model can be
achieved by following these steps: 1) Apply similarity solution to
convert PDEs to ODEs, and 2) solve the ODEs with Galerkin finite
element plan. The primary outcomes from this investigation are
listed for the profiles such as velocity, temperature, and
concentration, together with the coefficients of drag force and
Nusselt number. These outcomes are listed below:

1) Along the far stream, the velocity field is reduced for the
upsurging Powell-Eyring fluid (f,), porosity (I), volume
fraction (¢), and velocity slip (e).

2) The temperature profile of Powell-Eyring fluid for both cases

of Cu-C¢HoNaO; (conventional nanofluid) and TigAl,V-Cu/

CsHgNaO; (hybrid nanofluid) the

increment of y,I', ¢and B,.

intensifies under

3) The temperature distribution is affected by most of the

physical quantities, which denotes that nanofluids have a

high heat exchange rate. This property helps control the

temperature during spin coating processes.

4) The entropy profile against Powell-Eyring fluid (,), Porosity

term (I), volume fraction (¢, ¢, f) and Biot number (B,)

and shape factor (m) explore dual behavior.

5) The shape of nanoparticles is namely sphere, hexahedron,
tetrahedron, lamina, and column. Among them, lamina has
the greatest impact on the function of temperature and entropy.

6) The ability of the flow system toward the mass transference gets

reduced as the molecular diffusivity drops significantly. This can

be technically connected with the increase in Schmidt number
versus the molecular diffusivity.

7) The remarkable change in frictional force factor for

TigAl,V-Cu/C¢HgNaO; and Cu-C4gHoNaO, nanofluids can

be seen, compared to the Nusselt number coefficient for the

porosity and volume fraction.
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Future track

These outcomes can be a guideline for the industry and
technology, to choose the appropriate working fluid for improved
productivity in the associated device or prototype Subsequently, this
research work can be extended by applying the model of rotating disk
flow considering ferromagnetic nanoparticles (Jamshed et al,, 2021¢;
Pasha et al,, 2022). The FEM could be applied to a variety of physical
and technical challenges in the future (Jamshed et al., 2022b; Hussain
et al.,, 2022b; Hussain et al., 2022a).
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Background: The main aim of this article heat transfer in thermal engineering
deals with the production, use, transformation, and transfer of thermal energy.
Engineering and industrial fields including food packaging, the production of
food additives, electronic cooling, microturbines, etc. Heavily rely on heat
transmission. Due to its intriguing potential in industries like the production
of polymers, paper, crystal glass, etc., scientists from all over the world have
endeavored to investigate the effect of heat transmission on fluid flows past an
expandable surface.

Purpose: The use of a single-phase technique to assess Newtonian nanofluid
flow along stretched surfaces with heat transfer convective models is
emphasized in this research. A mathematical formulation is used to do the
numerical computations for copper oxide (CuO), aluminum oxide (Al,O3), and
titanium dioxide (TiO,) nanoparticles using water (H,O) as the base fluid.

Formulation: The fifth-order Runge-Kutta shooting method procedure with
shelling performance are used to solve non-linear ordinary differential
equations with boundary conditions numerically. Researched and analyzed
for changes in several parameters, plots illustrating the effects of motivated
and non-motivated MHD are given to explain the physical values.

Finding: Dispersion of solid items in the working fluid is reported to significantly
improve thermal performance. The Biot number determines how convective
the border is. With an increase in the Biot number, the fluid's temperature drops
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significantly. It has been demonstrated that Copper oxide (CuO), nanoparticles
are more efficient than Titanium Dioxide (TiO,) and Aluminum Oxide for
thermal enhancement (Al,O3).

Novelty: As far as the authors are aware, no studies have been done on the
steady MHD flow and convective heat transfer of nanofluids over a nonuniform
stretched surface under the influence of a heat source and viscous dissipation.

KEYWORDS

thermal performance, magnetohydrodynamic flow, porous medium, nanoparticles,
thermal jump conditions

Introduction

Many scientists who study the design of thermal systems
are continuously thinking of new ways to build thermal
systems that are more effective. The recent technique
dispersion of metallic nano-structures in base fluid is the
most popular and several aspects of this technique have
been discussed so far. Using both theory and experiment, it
has been demonstrated that a base fluid’s thermal properties
can be improved by the addition of nanostructures, improving
the base fluid’s efficiency as a working fluid. Nanofluids are
just such fluids. The development of nanofluids has inspired
researchers, and as a result, several papers have been published
up to this point. As an illustration, Sheikholeslami et al.
(2019a) and Sheikholeslami et al. (2019b). The effects of
alumina nanoparticle dispersion on momentum and heat
energy transfer, as well as an increase in wall heat flux
in a
of
investigations. Li et al. (2019) investigated a rising behavior

caused by increased thermal conductivity

magnetohydrodynamic fluid, were all the subjects

of thermal energy transfer in the fluid which conducts
electricity when subjected to a magnetic field and computed
the governing issues using the Lattice Boltz Mann method to
better comprehend the underlying physics (LBM). The effect
of metallic nano-structure addition on the working fluid’s
capacity for thermal conduction was theoretically examined
by Sadiq et al. (2019). Saleem et al. (2019a) mathematical
models for improving mixed convective heat and mass
transmission were based on Water’'s B rheology. They
researched a range of topics using numerical simulations.
The working fluid’s thermal performance significantly
improved as a result of Ramzan et al. (2019) examination
of the transport process in a 3D flow of MHD fluid including
(2019b) best
analytical technique in regard to the thermal performance

nanoparticles. Saleem et al. discussed the
of nanomaterials. The influence of heat dissipation on the
temperature profile in nanoparticle was also examined, and it
was discovered that the presence of metallic nanostructures
improved the performance of the working fluid. Dogonchi
et al. (2019a) looked at natural convection in addition to the
impact of nano-solid formations on the working fluid’s

Frontiers in Energy Research

200

thermal effectiveness of an elliptic heater in a cavity. The
effects of heat radiation and porous media on momentum and
energy transmission in fluids containing solid nanoparticles
were examined by Dogonchi et al. (2019b). Hosseinzadeh et al.
(2019) investigated instantaneous effects of nonlinear thermal
radiation and porous media on thermal characteristics of fluid
subjected to dispersion of nano-structures in the presence of
mass transport under the influence of chemical reaction.
Gholinia et al. (2019) during mass transportation MHD,
created  mathematical models for  homogeneous-
heterogeneous chemical interactions over a revolving disk,
(2019)
the

hybridity of metallic nano-particles on the heat transfer

Erying-Powell fluid is poured. Chamkha et al.

formulated a mathematical model to investigate
properties of the working fluid when provided an external
magnetic field. Afridi et al. (2018) used mathematical models
to examine how the hybridity of nanoparticles affects the
efficiency of fluid thermal conductivity over moving
surfaces when there is significant heat dissipation. To
investigate an improvement in fluid thermal performance,
they solved the developed challenges. Zangooee et al. (2019)
performance hydrothermal analysis for
magnetohydrodynamic flow over rotating disk subjected to
thermal radiations and external magnetic field.

Electrically conducting fluid performs entirely different from
electrically nano-conducting fluid, when provided magnetic field,
because of the Lorentz effect, which changes the flow and
distribution of heat energy. Such magnetic-field-exposed fluid
flows are known as MHD flows, and they have been extensively
studied. For instance, Ghadikolaei et al. (2018a) and Ghadikolaei
et al. (2018b) examined at how the magnetic field affected how
heat and velocity were transferred in a convective fluid including
nanostructures. Hatami et al. (2014) Inumerical.’s simulation of
two-phase MHD flow between nanoparticle-containing plates
was completed. Hall and ion slip effects in three-dimensional
flow with a magnetic field and nanoparticles were investigated by
Nawaz et al. (2018a). Nawaz et al. (2018b) investigated using
computers how to increase heat transmission in MHD flow over
a moving surface. Alharbi et al. (2019) investigated heat transfer
in an MHD flow of fluid over a cylinder exposed to a magnetic

field. In a chamber containing liquid and exposed to an external
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magnetic field, Saleem et al. (2019¢) looked at heat transport in
the liquid.

The flows of fluids in porous medium are encountered in several
daily life applications, such as seepages of fluid through sands and
rocks, movement of oil in soil etc. Thereby, various studies on the
effects of heat transfer and fluid flow have been conducted. For
example, Hayat et al. (2017) addressed governing issues for the
impact of magnetic and thermal radiation on heat transfer in a
Maxwellian fluid under a permeable channel field. Sheikholeslami
and Zeeshan (2018) performed numerical simulations to enhance the
thermal conduction properties of nanofluids containing iron oxide
nanoparticles with a porous medium. Darcy’s law is followed by the
flow resistance caused by porous media. Maghsoudi and Siavashi
(2019) investigated the optimization of pore diameters in a
heterogeneous porous media with different convection in a lid-
driven cavity with two sides. Vo et al. (2019) investigated the
effect of nano-particles on the transmission of heat energy in
magnetohydrodynamic flow during convective heat transfer under
the influence of sinusoidal resistive force due to porous media. In a
cadmium telluride nanofluid, Hanif et al. (2019) examined the effects
of a cone inserted into a porous media on MHD natural convection.
Khan and Aziz (2011) investigated the impact of nanoparticles and
porous media on mas and heat transmission during heterogeneous-
homogeneous chemical processes.

The Shooting method RK-5 method is utilized to solve
initial value problems Along with the Newton-Raphson
approach in the application of nanofluids. The higher order
nonlinear ordinary differential equations are resolved by the
shooting method (Rohni et al., 2012; Olatundun and Makinde,
2017; Nawaz and Shoaib Arif, 2019). The purpose of this study,
which is motivated by the aforementioned sources of
inspiration, is to investigate The effects of MHD, porous
media, viscosity dissipation, Joule heating, and boundary
layer restrictions on the heat flux and flow of Newtonian
nanofluid. It was possible to complete the mathematical
flow modeling of the nanofluid using a phase flow

nanofluid model. It has been suggested that the
nanoparticles in water (H,O) base fluid are comprised of
copper oxide (CuQO), aluminum oxide (Al,O3), and

Titanium Dioxide (TiO,) nanoparticles. A quantitative
model is created, which is then transformed into an ODE
system by making the necessary similar modifications. The
shooting method was used to resolve the nondimensional
system of equations. The aftereffects of velocity and
temperature distributions are shown and displayed using
the MATLAB program for a lengthy period of time. Visual
and numerical analyses of drag force and heat transfer rates
are performed. The numerical results of the current study are
also contrasted with those of earlier studies for comparison’s
sake. As far as we can tell, there are no other publications in the
literature that compare this model to it; it is novel and unique.

The results of this study will be useful for many power
production and industries. So, (Hassan, 2018; Goud, 2020;
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FIGURE 1
Flow model discription.

Goud et al., 2020; Pramod Kumar et al., 2020; Hassan et al.,
2021a; Kumar et al.,, 2021a; Bejawada et al., 2021; Hassan et al,,
2021b; Kumar et al., 2021b; Goud and Nandeppanavar, 2021;
Srinivasulu and Goud, 2021; Zhang et al., 2021; Hassan et al,,
2022; Rizwan and Hassan, 2022; Shankar Goud et al., 2022) are a
chosen number of the important determinants.

This paper is divided into five parts. The second segment has
extensive modeling. Section 3 of the article covers the solution
approach. Section 5 presents and discusses the results. The results
of this investigation are described near the end.

Description of the physical setup

To investigate the rise in heat conductivity, let’s explore how
three various nanometallic structures, namely CuO, Al,O; and
TiO, disperse in water. Nano-water is exposed to a magnetic
field. When heated, vertical surfaces are coated with a nano-water
mixture, convection happens. Additionally, it is anticipated that
this nano-water mixture generates heat. A Boussinesq calculation
shows that the buoyancy force is significant.

Research hypothesis for the current
model

The ensuing standards, together with the requirements, be
relevant to the stream framework:
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TABLE 1 Nanofluid thermophysical properties are (Goud, 2020).

Features Nanofluid

Dynamical viscidness (u) =ty (1= ¢

Density (p) Puf = (1- ¢)Pf - ¢p;
Bup = (1=9)B;+ 9P,

(PCplus = (1 =) (pCp) s = ¢ (pCp)s

Thermal expansion (f3)

Heat capacity (pCj)

Thermal conductivity (k) Eap [t Ze) 20 )y
Ky (k26 )+ (k=)
Electrical ductivit Inf 3(r-1)¢ — O
ectrical conductivity (o) = 1+ (r+2)—(r—1)¢]> r=2

2 — D laminar steady flow,
MHD,
joule heating,
vertical wall

phase flow model,
permeable medium,
viscous dissipation
convective boundary conditions.

In Figure 1, the geometry of the flow model is shown as:
Since fluid is moving through a porous media, it is subject to
a resistive force. Simplified PDEs are

%+Q—0 (1)
ox dy
ou ou My o*u oT oJu
Sy =2 (T =T+ Tf — T
”ax+"ay Pus 8y2+ﬁ”fg "ax 8x( s 00)+ s ©
_a,,fBgu_ u
Por lunfkl>
(2
Ty Ty kg OT o (Ou)
Wttt = T S (a‘)
x y (pcp)nf y (pcp)nf y
- BZ 2
+&(Tf—Too)+0f N
(pcp)nf (Pcp)nf
The given BCs are
oT
u(x,0) = ax, v(x,0) =0, —kfa (x,0) = hy(Tf =T (x,0)),
u(x,00) =0,Tf(x,00) = Teo.
4)

Where,

flow velocity< V = [u,v,0] ), temperature (T),

gravitational acceleration (g), magnetic field strength (B),

porosity (k;), thermal conductivity of the surf: ace(k f).
kinematic viscosity (¢), specific heat constant(cp )

heat transfer coeff icient(h f) density (p),

thermal conductivity (k) electrical conductivity (o),

nanofluid (nf), thermal expansion of nanofluid(ﬁn f)

Table 1 below lists nanoparticle correlations.
Equations 1-4 become dimensionless by adding new
variables.
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TABLE 2 Overview of the ingrained control restrictions.

Symboles Name Formule
* i % Q
B heat generation parameter B = T
M magnetic parameter M= uB
Pya
¢ Volume fraction
G Grashof number Gr = B9 T Tw)
Uga
K porous medium parameter K= :T/
;
Ec Eckert number Ec=_U
CpsTo
Pr Prandtl-number pr =24

af

w=axf! (1)v = —a@v5,y = (avy) bxf () = (%)%y,ew)

T-T,
T T, -Ty
(5)

and as a result, one can

"¢, [ff" - £2] - [Me,(1-¢)*° +K]|f +Grg, (1 -9

+¢§—;>6

=0,

(6)
0" + ﬁpr¢3 |:f9! _f!9+l3*9+ Efﬂz] T ¢2kachr’ (7)
ks é, knf

Dimensioless BCs (boundary conditions) are

f() =0, f'(0)=1,6'(0) = Bi[1 - 6(0)1,} )
0(c0) =0, f'(0c0) =0.

The derivatives mentioned above relate to the variable #. The
following Table 2 defines the parameter initial values.Where

¢1:¢,, ¢5 and ¢, are

S 1- g )g, = (142D
¢, = (1 ¢) (1 ¢+¢pf>’¢2 = <1+ r+2)- (r—l)¢>’
&)
pe 2 pc
¢; = (1—¢+¢( pl))%: (1-9) .5<l_¢+¢( p))
(pCP)f (PCP)f
(10)
Divergent velocity is (Hafeez et al., 2021)
_ Foly=o _ 1 )
Cr= psU3 - Rel2(1-¢)>° 1" (0). (11)

Nusselt number is
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TABLE 3 Thermo physical properties water and nanoparticles (Jamshed and Aziz, 2018; Jamshed, 2021; Khashi'ie et al., 2020).

Materials p (kgim?) cp (JIkgK)
Water (H20) 987.4 4200

(Cu0) 6209 525

(AL203) 3899 780

(Ti02) 4146 687

TABLE 4 Comparing -6’ (0) with alteration in Prandtl number, and
taking f*=Ec=M =0 and B; = 0.

p, Qureshi (2021) Jamshed et al. (2021a)  This study
072 0.8087618 0.8087618 0.8087612
1.0 1.0000000 1.0000000 1.0000000
3.0 1.9235742 1.9235742 1.9235720
70 3.0731465 3.0731465 3.0731427
10 37205542 3.7205542 3.7205511

-

I S
V= =

FIGURE 2
Flow sheet of shooting method.

X _ Rel’k

" g (0),

Nu =

(12)

Local Reynolds number is Re, = “y—’;z
Thermo physical properties water and nanoparticles are

presented in Table 3.
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k (W/mK) B x 107 (K1) o (S/m)
0.7 22.0 0.4 x107°
33.0 0.90 5.10 x10°
39.0 0.85 53.5 x10°
9.0 1.0 238 x10°

Numerical appraoch
Shooting method

Shooting method is used to solve the higher order
nonlinear ordinary differential equations (ODEs). It is
that transforms the
boundary value problems (BVPs) initial
problems (IVPs). The differential equations of IVPs are
integrated numerically through RK-5 method Table 4. The

an iterative technique original

into value

formulated problem needs the IVP with arbitrarily chosen
initial conditions to approximate the boundary conditions.
If the boundary conditions are not fulfilled to the
required accuracy, with the new set of initial conditions,
which are modified by Newton’s method. The process of
Newton method is repeated until the require accuracy is
achieved. The flow chart of the shooting method is as
follows in Figure 2.

Algorithm for shooting method
For a structure of two coupled first ODEs.

e Y, (X) = Y (X)andY, (X) = Y' (X).

o Y(X,)andY (X,) are known but Y'(X,)andY'(X,)are
unknown.

o Set Y (X;) and guessY’ (Xj).

« Solve the ODE using IVP technique (RK-5), and compared
the result at X = X, to the targetY (X).

o Make another guess.

o If solution at X = X, bracket the known value, start
zooming in.

Runge-Kutta 5 method

Different techniques are wused by researchers for
solving ordinary differential equations and this always

remain area of interest. Linear differential equation is easy
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to solve by analytical method but solving non-linear ODEs by
systematic method is difficult to solve. So researchers used
other to find
these equations. The two most popular

techniques approximate solutions for
Runge-Kutta
techniques are Ruge-Kutta 4 and Ruge-Kutta 5. Runge-
Kutta method is also iterative technique and includes
well known routine called Euler method. In this thesis we
used RK-5 method and algorithm for RK-5 method is given

below.

Algorithm for RK-5 method

Suppose the following problem with given initial conditions

x = f(t,x) x(ty) = xo. (13)

Then, RK-5 Method for the above initial valued problem is
given by

(14)

7K, + 32K5 + 12K, + 32K + 7K6)

ntl = Xp +
Yl = X ( 90

In above expression, x,.; is the RK-5 calculation of
x (tys1)and each K;, i =1,2,3,4,5

Ky = f(tw xa), (15)

K, = hf<tn+§,x,,+%>, (16)

K; =hf<tn+§,xn+¥>, (17)

K, =hf<tn+g,xn+%>, (18)

Ks =hf<tn+%,xn+%§3+9m), (19)

K, =hf(t,,+h,xn+K1 +4K2+6K23—12K4+8K5). (20)

Where, h is the size of time interval.

Code-validation

The correctness of the computational strategy was
established by comparing the heat transfer magnitude from
the current approach with the verified results of prior
investigations (Jamshed et al, 2021a; Qureshi, 2021). The
results of the current investigation were quite accurate and

comparable.
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Results and discussion

Initial value problems are built using normalized
governing boundary-value problems with correlations for
thermally factors. Utilizing starting circumstances, the
shooting method with Runge-Kutta 5th order is used to
solve problems with changed beginning value. Using
parametric simulations, the dynamics of the flow low
Table 1. To choose the best
nanoparticles from CuO, Al,O; and TiO, for the system,
When Gr = 0 and 2.5, the

compression of the velocities of copper, aluminum, and

variables are examined in

simulations are done.

titanium nanofluids is shown in Figure 3. The Grashof
Gr it the
relationship between the buoyant force brought on by

number is significant because measures

changes in fluid density over space
the
brought on by fluid viscosity. This fig explains that for both

(resulting from

temperature  differences) and restraining  force

scenarios nanofluid has a higher velocity as compared to
purefluid. This
magnitude of Gr causes, nanofluids to move more quickly.

figure also explains how raising the
Figure 4 shows that the effects of porosity parameter on
velocity for the case of CuO nanofluid. The velocity of the
copper nanofluid decreases by increasing the parameter. The
effects of Biot number Bi on velocity are depicted in Figure 5.
A lower Biot number means that an objects conductive
resistance is relatively lower than external resistance. The
velocity will decrease as the Biot number is increased. The
boundary layer viscosity decreases as the magnetic field
parameter on velocity increases in Figure 6, which shows
the application of a magnetic field to electrically conducting
fluid particles, a Lorentz force in the boundary layer, and
boundary layer application. The effect of the heat generating
parameter ¥ on temperature is seen in Figure 7. It has been
observed that when Ec increases, so does the thickness of the
boundary layer. Figure 8 shows the effects of parameter
Eckert number Econ the temperature of nanofluids. It has
been found that as the Eckert number Ec grows, the
temperature rises. Because Eckert number has storage of
energy in the fluid region and due to the deformation of
viscosity and elastic. When compared to the enthalpy
the
kinetic energy is measured by the Eckert number. Figure 9

difference from across boundary layer, flow’s
shows that the temperature is increasing by rises the value
of magnetic field. When we increased the value of Gr, we
saw that the temperature increased (see Figure 10, which
depicts the effects of Gr on temperature). We observe

that when the amount of nanofluids increases, the viscosity
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Velocity profile against change in porous medium.
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TABLE 5 For nanofluid with copper oxide nanoparticles with several
nanoparticle factors, Nusselt number and local skin friction
coefficient are equal to 0.2.

kng Re;'*Nu Rel?Cf
0.628 0.084138154 0.993989767
0.72141 0.085608603 1.18560452
0.82458 0.086968704 1.381935016
0.9391 0.091634371 1.58355532
1.06696 0.095644211 1.79198143
0.628 0.084138154 0.993989767

of the boundary layer decreases. The temperature impacts
of the thermal slip parameter ywith copper-water, aluminum-

water, and titanium-water naofluids are shown in

Figure 11. When the value of y is increased, a decrease in
temperature is seen. In comparison to titanium nanofluid

and aluminum nanofluid, the copper nanofluid is
more heat-efficient. It has been discovered that as the
velocity slip parameter rises, the velocity profile

decreases, the skin friction and heat transfer go down,
and the mass transfer rises. Mass transport and heat
transfer rates decrease when the thermal slip parameter is
increased.
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Table 5 displays the local friction coefficient and Nusselt
number for a nanofluid containing Cu for different nanoparticle
factors.

Conclusion

1) Convection heat transfer in Newtonian fluid exposed to
magnetic field and having nano-solid metallic structures is
being explored to look into the improvement in thermal
conductivity. Then, for an efficient thermal system like car
engines, dispersion of nano-particles among nanofluids CuO,
Al O3 and TiO, may be suggested. Key studies are listed below,
along with the numerical solutions to the governing problems.

2) The favorable Buoyancy force assists the flow and

boundary thickness has

shown are rising trend when Grashof number is increased.

magnetohydrodynamic layer

This study is noted for all types of nanoparticles;
3) The variation of Biot number has shown decreasing trend on
the flow of fluid. Hence flow is decelerated when Biot number

is increased;
A significant restriction to fluid flow results from increasing

the magnetic field’s intensity. As a result, as the magnetic field
increases, the boundary layer’s thickness decreases.
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Future applications of the fifth-order Runge-Kutta shooting
technique could include a range of physical and technological
difficulties (Adnan et al., 2021; Adnan, 2022; Adnan and Ashraf,
2022; Khan et al., 2022a; Khan et al., 2022b). According to (Jamshed
et al., 2021b; Jamshed, 2021; Jamshed and Nisar, 2021), there have
been several recent advancements that explore the importance of the
research domain under consideration.
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Radiative couple stress Casson
hybrid nanofluid flow over an
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nonlinear convection and slip
boundaries
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University College, Umm Al-Qura University, Mecca, Saudi Arabia, “Faculty of Engineering and
Technology, Future University in Egypt New Cairo, New Cairo, Egypt

The study of fluid dynamics due to the stretching surface is one of the most
eminent topics due to its potential industrial applications viz. drawing wire and
plastic films, metal and polymer extrusion, fiber and glass production. In the
present article, the author is going to study the effects of hybrid nanofluids flow
on an inclined plate including CuO (Copper Oxide), and Cu (Copper). The
Casson fluid with a couple-stress term has been used in the flow analysis. The
surface of the plate is considered slippery. The convection has been taken
nonlinear with thermal radiation. The governing equation of the flow of hybrid
nanofluids with energy equation has been transformed into highly nonlinear
ODEs through similarity transformation. The proposed model has been solved
through a numerical RK-4 method. Significant variables of the physical process
such as solar radiation, nonlinear convection parameters, heat transfer rates,
and their effect on the solar power plant have been noticed.

KEYWORDS

(Cu, CuO,) nanoparticles, thermal radiations, inclined plate, nonlinear convection,
numerical RK-4 method

Introduction

Rising energy needs around the world, including irreversible means of energy such as
natural fuels, energy storage, heat exchangers, and thermal resources. The production of
these real resources, the result in huge detrimental effects on the environment, such as air
pollution and global warming. To mitigate these losses, scientists have focused on
techniques that improve renewable energy skills, like the production of solar energy.
The spotless and cheapest renewable source of energy is solar energy, which may be
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converted into environmentally sociable thermal energy. These
kinds of energies can be found in the shape of (solar collectors)
and heat-changing liquids.

The collectors acquire solar rays by an absorbent plate and convey
heat further to the absorbent solution such as water, water mixture).
Nevertheless, their significant loss is the lower thermal capability of
these conventional fluids, as they reveal low thermal efficiency in the
alteration development. Converting conventional working liquids
into nanofluids is one of the initiatives that has received much
attention over the past few years to enhance the thermal efficiency
of this technology. Nanofluids refer to a stable dispersion of solid
particles of sizes between 1 and 100 nm (Choi, 1995). Nanofluids are
widely used in various physical processes such as energy storage (Gul
et al.,, 2019). Mebarek-Oudina (Mebarek-Oudina, 2019) studied the
flow of nanofluids using different base liquids Sheikholeslami et al.
(2014) presented a complete numerical simulation of nanofluid flow
with magnetic and viscous dissipation effects. Because of the excellent
use of nano liquid, Li et al. (2019) studied the flow of nano liquid
within a porous duct by using external power in the form of the
Buongiorno model. The impacts of magnetic hydrodynamics (MHD)
on the heat trade-off dynamics of chemically reactive water base
nano-liquids containing Cu/Ag in a rotating disk inside the permeable
channel have been investigated by Reddy et al. (2017). Many recent
studies have been conducted in the area of energy and thermal
environments using analytical and numerical methods for handling
heat exchange and nano-fluids. For instance, Zaim et al. (2020) and
Khan et al. (2019), Hybrid nanofluid is obtained by combining two
types of nanomaterials, which are added to conventional liquids, and
are used in many heat exchange areas. KKhan et al. (2017a) and Khan
et al. (2020a) formulated and analyzed the transient flow
of (Cu — Al,O3/H,0), and concluded that the Nusselt number
performance improved considerably through the addition of 5%
nanomaterials. Hayat and Nadeem (Hayat and Nadeem, 2017)
investigated the inspiration of energy exchange through the
increasing surface of hybrid nanofluids (Cu - Ag/H,O). Ali
Lunda et al. (2020) studied the impacts of viscous dissipation on
the flow of hybrid nano liquid (Cu — Al,O3/H,0) by analyzing the
stability of the shrinking plate. Aziz et al. (2020) and Khan et al.
(2017b) considered the flow of hybrid nano-fluids on an extended
plate. Sundar et al. (2020) has been examined the resistive aspect and
energy transport phenomenon of(MWCNT — Fe;04/H,0) hybrid
nano liquid. Sohail et al. (2020) examined the three-dimensional
movement of nanofluid in a flexible medium along with thermal
radiation. Besides the aforementioned research papers, the following
current articles can also be cited for getting more knowledge on the
hybrid nano liquid process in various geometries. For example, Khan
et al. (2021), Tahir et al. (2017), Khan et al. (2020b).

Recently, particles of different shapes on a closed porous surface
and liquid moving in the permeable medium have attracted the
attention of scientists. Their use can be measured in various fields
such as nuclear engineering, and environmental sciences. Various
physical processes that require the liquid movement on a porous
medium include the use of blood flow in the veins or lungs,

Frontiers in Energy Research

213

10.3389/fenrg.2022.965309

chemically catalysts connectors, geothermal energy, porous heat
pipes, and porous heat pipes. As a Forchheimer term, it was
introduced in Forchheimer (1901). Many researchers have used
Darcy-Forchheimer concepts in various geometries for the study of
fluid flow in a porous space. We are going to mention a few of them.
Saif et al. (2019) discussed the movement of nano-fluids through a
porous space. The variation in the motion of a liquid was created an
expandable curved surface. Rasool et al. (2019) reported the flow of
Darcy-Forchheimer nano-fluids produced by the stretching medium.
The Darcy-Forchheimer liquid that flows through a spinning disc was
discovered by Sadiq et al. (2020). Sheikholeslami et al. (2020) (Rasool
et al, 2022) observed the behavior of non-Darcy liquid within a clear
cavity. Hayat et al. (2020b), Sheikholeslami et al. (2020) examined the
influence of Darcy-Forchheimer and EMHD on the flow of viscous
liquids with joule heating and thermal flux over an extending surface.
The numerical outcomes of CNTs nano-liquid flow across the
divergent and convergent channels with thermal radiation have
been calculated by Kumar et al. (2020) (Hayat et al,, 2020a). There
are various technical methods available for estimating temperature. The
significance of radiation for heat and flow transmission is understood,
especially in the fields of glass manufacturing, rocket engineering,
furnace construction, nuclear plant, solar farms, physical science,
and manufacturing, etc. Of such importance, the imposition of
thermal radiation for heat transport is shown in Kumar et al.
(2020). The different properties of such fluids were further studied
by many researchers. Nanofluid flow reduces (Bilal, 2020; Khan et al,,
2020¢; Algehyne et al,, 2022) the resistance to heat transfer for different
flow systems. With the passage of time researchers came to know that
the spread of two different types of nanoparticles in a pure fluid further
augment the thermal flow characteristics. They termed such fluid as
hybrid nanofluid. Rasool et al. (2022) and Wakif et al. (2022) have
inspected the dynamics of hybrid nanofluid flow with the influence of
thermal radiations and viscous dissipation past a stretching surface and
have determined the influence of various parameters. It has been
observed by the authors that the upper branch of the solution has been
highlighted to be more applicable due to its stable nature (Alghamdi
et al, 2021; Xia et al, 2021; Shah et al, 2022). have deliberated an
incredible work to discuss the thermal flow improvement for hybrid
nanofluid flow by means of different flow geometries and flow
conditions. Recently, it has been noticed by researchers that the
suspension of three different types of nanoparticles in a pure fluid
can enhance the thermal conductivity of such fluid to the best possible
limit. Such fluids are termed tri-hybrid nanofluids.

The main aim of the ongoing study is to observe the impact of
(Cu, CuO) nano-components on the flow and heat transmission
of water as a base fluid. Such formulation of fluid is used further
on the inclined plate to improve the efficiency of solar collectors.
Thermal radiation, nonlinear convection, and slip conditions are
considered while formulating basic equations. The flow-related
issues were formulated via differential equations which were
solved numerically using the BVP-4 technique. Different
significant quantities are discussed in terms of temperature
and velocity.
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Model analysis

CuO)
nanoparticles is considered over an inclined plate that makes

The flow of the hybrid nanofluids containing (Cu —

an angle y with the upright axis as shown in the. Figure 1. The
surface of the plate is considered slippery to reduce the
The thermal
convection is expanded and taking nonlinear. The basic

stability of the external dust particles.

equations in the presence of thermal radiation and Couple
stress are displayed as.

au ov
ox "oy y
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The velocity components u and vin the x and y-direction,

Cu+CuO

Microscopic view

FIGURE 1
The solar collector absorbing model.
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Mathematical formulation of thermos-
physical properties HNF
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By (1 - ¢1)2'5 (1 - ¢2)2'5,

Phnf _ N _ Pcu Pcuo
e[ (1)

Ky g B kcuo + (n— l)knf -(n- 1)(/>2(k,,f - kCuO)
kg kewo + (1= Dk + ¢y (Knp = kcuo )

(©)

>

()
kup _ keu+ (n=Dky = (1= 1), (ks — kcu)
kf kCu+ (n—l)kf+¢l(kf—kcu) ’
(PCP)hnf { (PCp). }
M (1- 1-{1- u
Gep), | (), )
(PCP)cuo 8
e (PCP)f ' ®

In the above mathematical expression, ¢, denotes the
nanomaterials (Cu) volume fraction whereas ¢, denotes the
volume fraction of (CuO) nanocomponents.

Introduction to useful similarity transformation variables as
follows:

w=f(n)bx, v=—lboy f(n), (Tu=Te) (1) =T = Tecy 1

b
=y Uf

&)
In the light of Eq.11, the Eqs 1-5 become
1 Py My [ " ’ 2] Hr
L+ | "+ — - + Gro
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SO0 sl
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In terms of mutual boundary conditions:
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frontiersin.org


https://www.frontiersin.org/journals/energy-research
https://www.frontiersin.org
https://doi.org/10.3389/fenrg.2022.965309

Gul et al.

The above-mentioned physical numbers are Grashof
numbers, Couple stress term, Radiation factor, Slip velocity,
parameter, and Prandtl number, Velocity slip, and Biot number.

In addition, some of the most useful physical numbers are, as,
(Sherwood number), Skin friction coefficient (Cyy), and Nusselt
number (Nu,).

Tw Xqw
= ,Nu, = .
%phnf (uw)z khnf (Ty —Tw)

Crx (14)

Where g, represents heat flux close to the surface, and 7,
denotes shear stress, employing Eqs. 9 and Eq. 14 gives,

2
(1 - (/51)2‘5 (1 - ¢2)

Nu,Re*® = _<kl’;—f + Rd)@)’ (0).
1

Cfoeg'S =

=" (0),
(15)

Numerical method

The RK-4 numerical method has been used. The modeled
Eqs 10, 11 are transformed to the first order by considering.

xi=mx= foxs= floxg = f' x5 = f" %6 = 7, (16)

X7 = 9, Xg = 9,.

The first order ODEs system (Zaydan et al., 2022) has been
solved with the efforts of the projected variables as shown in Eq.

16. The first order system using the RK4 method has been
obtained as:

00s T T

10.3389/fenrg.2022.965309

D,x, =1,D,x; = x3, Dyx3 = x4, Dyxs = X6, Dyx7 = x5

1 1 n "
Dyxs =~ [(1 + —)xs + Py By (24 — (x3)7) £ by (Grx; + Gr'x;x;) Cos u/:|,

k B P Pung Phnf
King )71 (PCP)W
D,xg =— +Rd | Pr X)Xg.
i (kf (pCp)f e

17)

The first order system solution obtained and the results are
analyzed for various embedded parameters.

Results and discussion

The hybrid nanofluid flow over a slippery surface of an
inclined plane is considered for the applications of heat
transfer. The impact of f'(n) (velocity profile) and ©(#)
(temperature profile) quantitatively via differents tables and
graphs for various active variables such as A (slip parameter),
Gr,Gr* (Gravitational parameters), B; (Biot number), ¢,, ¢,
(Volume fractions), and Rd (Radiation factor) while
considering (Cu + Water), (CuO + Water) nano liquid and
hybrid nanofluid. The schematic diagram of the flow field is
shown in Figure 1. Figure 2 The flow of fluid is increases over the
slippery surface and this increase is more effective due to the
larger values of the slip parameter A. As the fluid moves over the
surface, it traps more heat from the sheet, causing significant
thermal dispersion. Intriguingly, even under favorable thermal
transmission conditions, the entropy rate decreases to improve
the quality of the slow-moving barrier. This can improve the slip
to influence the suspended components and consequently the

005

o A=0,2,0.25,003

f(n)

003
omp

001

—Cu 7

Cu+CuO

FIGURE 2

A versus f' (). When, ¢,,¢, = 0.02,k =0.2,Gr = Gr* =Rd = 0.3,B; = 0.1,Pr =6.2.
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fluid motion is increases. Figure 3 The influence of the couple
stress parameter versus velocity profile is shown in Figure 3. It is
perceived that the development in couple stress terms results,
decreases in the fluid motion at all locations. The rise in the
couple stress parameter values improves the resistance force, to
decline the velocity of the fluid. Figure 4 Incremented fractional
volume through particle strength in porosity, hybrid nano-fluids
also affects the flow rate. As a result, it increases the production of
thermal transport and entropy in both types of flowing fluids and
reduces the velocity profile by incrementing the volume fraction.
Figure 5 Incremented Casson fluid parameter, increasing the
resistive force and declining the fluid motion. The decline effect is
compared for both Cu and CuO hybrid nano-fluids (Figures 6,
7).The increment in the positive value of the gravity parameters
Gr, Gr*will raise the velocity profile and the velocity of the liquid
is improved by the positive value of the gravity parameter. The
opposite impact declines the fluid motion. The comparative
analysis for both Cu and Cu-CuO shown has been displayed
in Figures 6, 7 which signifies that the velocity profile decrement
due to the negative value of the gravity parameter.

Figure 8 Biot number B; denotes an incremental
convectively thermal rates that can affect the area of
the
limitation to heat production, the Biot number B; tends to

interest related to temperature. According to

increase the current thermal rates in the flow region but
makes the lower portion of the sheet. According to previous

entropy and thermal plots, the Biot number B, is also a factor
the of the which

diffusion,

in elevation thermal

10.3389/fenrg.2022.965309

simultaneously increases the rate of entropy. Figure 9 As
which the
temperature profile. will decrease. This is because when

the volume friction value rises reduces
nanoparticles are put in the conventional fluid, the
nanoparticles increase in temperature, which will increase
the temperature profile.

10

sequentially, for the growing values of the thermal radiation

Figure illustrates the state of thermal radiation

barrier. Radiation heat raises the thermal state of the
environment of interest, which places a greater thermal
transfer load on the passing fluid, which increases the thermal
conductivity to the radiation barriers. The thermal properties of
the solid materials and base fluid are displayed in Table. 1. The
skin friction improved with the increasing values of the
parameters¢,, ¢,, k, Gr, Gr*as displayed in Table. 2. Physically,
the greater values of these factors enrich the resistance force and
subsequently skin friction enhancing. The heat transfer rate
growths with the cumulative values of the nanoparticle
volume fraction and Radiation factors as displayed in Table 3.
The heat transfer rate enhancing for the nanofluids Cu up to
8.1501% using ¢, = 0.01 and 8.473% increases for Cu + CuO
hybrid nanofluids using ¢,, ¢, = 0.01. Similarly, the rate of heat
transfer escalats gradually with the growing amount of
nanoparticle volume fraction. From Table 4 it has been
detected that hybrid nanofluids are more proficient for heat
transfer enhancement. The comparison of the current results
is compared with the existing literature considering base fluid
only and shown in Table 4.

08
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FIGURE 3

k versus f' (). When, ¢, ¢, =0.02,A=0.4,Gr =Gr*=Rd =0.3,8=0.1,Pr =6.2.
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FIGURE 4
¢, ¢, versus (f'(n)). When, k=0.2,A =0.4,Gr = Gr* =Rd = 0.3,B; = 0.1,Pr =6.2.
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FIGURE 5
B versus (f'(n)). When, k= 0.2,A =0.4,¢,,¢, = 0.02,Rd = 0.3,B; = 0.1,Pr =6.2.
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FIGURE 6
Gr* versus (f'(n)). When, k = 0.2,A = 0.4, ¢,,¢, = 0.02,Rd = 0.3,B; = 0.1,Pr = 6.2.
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FIGURE 7
Gr versus f' (7). When, k= 0.2,A = 0.4,¢,,¢, = 0.02,Rd = 0.3,B; = 0.1, Pr = 6.2.
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FIGURE 8
Bi versus 6(n). When, k=0.2,A = 0.4,¢,,¢, =0.02,Rd = 0.3,Gr = 0.1,Pr =6.2.
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FIGURE 9
1, ¢, versus 0(n). When, k=0.2,A =0.4,B;=0.2,Rd = 0.3,Gr = 0.1,Pr =6.2.
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FIGURE 10
Rd versus 0(n). When, k=0.2,A=0.4,B; =0.2,¢;,¢, = 0.02,Gr = 0.1,Pr = 6.2.

TABLE 3 NuyRe;%® numerical outcomes versus different values of

TABLE 1 Cu &CuOthermo-physical properties. emerging parameters and % enhancement in heat transfer rate.
Property Cu CuO ¢, 0, Rd Nu, - Cu Nu, — Cu&CuO
p(Kgm™) 6320 3580 0.0 0.1 0.132421 0.132421
p (Kg'K™) 531.8 960 0.01 0.143214 0.1436422
k(W KD 76,5 484 8.1501% 8.473%
0.02 0.14491 0.146474
9.431% 10.612
0.03 0.1458321 0.147623
10.127% 11.48%
0.2 0.523416 0.5243215
0.3 0.621571 0.6223532
0.5 0.62314 0.6243212

TABLE 2 Cy,Re25 numerical outcomes versus different values of
emerging parameters.

Gr ¢, ¢, k Gr*  Cfy—-Cu  Cf,—-Cu&CuO

0.2 0.0 0.2 0.2 0.472836 0.473952
03 1.473962 1.4745742 TABLE 4 Quantitative analogy with [39], [40] using NuyRe;%>.
0.4 1.4749321 1.47575322
Pr Wang Wang (1989) Golra and sidawi Recent
0.01 1.4735318 1.474421331 . X
Gorla and Sidawi
0.02 1.4744321 1.47538012 (1994)
0.4 1.483120 1.4846352
0.6 1.49431275 1.49532125 6.3 0.24532 0.24545 0.24548
0.4 1.47343546 1.47446874 6.5 0.194522 0.194642 0.194653
0.6 1.47412023 1.4753214091 6.7 0.135281 0.135393 0.135412
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Conclusion

The impact of the Cu and CuO hybrid nanofluid flow for the
enhancement of heat transfer rate has been examined through a
slippery surface of the inclined plate. The convection is taken
quadratic and due to the stretching of the plate, the gravity force
is assumed negative and positive. The significant physical
characteristics of Nusselt number versus radiation and other
physical constraints have been noticed. In this article, some
significant points present our conclusion in the following
remarks. For Gr, Gr* impact have been analyzed and
the comparative results for the Cu& CuO hybrid nanofluid are
observed. The higher value of the nanoparticle volume fractions
¢, ¢, incremented the temperature distribution ©(#). The heat
transfer rate enhancing for Cu up to 10.127% using ¢, =
0.01,0.02,0.03 and 11.48% increases for Cu + CuO hybrid
nanofluids using ¢1> ¢, =0.01,0.02,0.03. The Biot number
increases the temperature distribution for its larger amount.
The larger value of the parameter Rd enhances the rate of
heat transfer and, as a result, the Nusselt number rises.
Nanoliquids are more viscous than ordinary liquids,
which reflects that the boiling point of nanoliquids is
more than that of conventional base liquids. This would

improve the heat transfer power of the solar collectors.

Data availability statement

The raw data supporting the conclusion of this article
will be made available by the authors, without undue

reservation.

References

Algehyne, E. A., Wakif, A, Rasool, G., Saeed, A., and Ghouli, Z. (2022). Significance
of Darcy-forchheimer and lorentz forces on radiative alumina-water nanofluid flows
over a slippery curved geometry under multiple convective constraints: A renovated
buongiorno’s model with validated thermophysical correlations. Waves Random
Complex Media 2022, 1-30. doi:10.1080/17455030.2022.2074570

Alghamdi, M., Wakif, A., Thumma, T., Khan, U., Baleanu, D., and Rasool, G.
(2021). Significance of variability in magnetic field strength and heat source on the
radiative-convective motion of sodium alginate-based nanofluid within a Darcy-
Brinkman porous structure bounded vertically by an irregular slender surface. Case
Stud. Therm. Eng. 28, 101428. doi:10.1016/j.csite.2021.101428

Ali Lunda, L., Omara, Z., Khan, L, Seikh, A., El-Sayed, H., Sherif, M., et al. (2020).
Stability analysis and multiple solution of Cu-Al,03/H,O nanofluid contains
hybrid nanomaterials over a shrinking surface in the presence of viscous
dissipation. J. Mat. Res. Technol. 9 (1), 421-432. doi:10.1016/j.jmrt.2019.10.071

Aziz, A., Jamshed, W., Ali, Y., and Shams, M. (2020). Heat transfer and entropy
analysis of Maxwell hybrid nanofluid including effects of inclined magnetic field,
Joule heating and thermal radiation. Discrete Contin. Dyn. Syst. Ser. S 13 (10),
101428. doi:10.3934/dcdss.20201.42

Bilal, M. (2020). Micropolar flow of EMHD nanofluid with nonlinear thermal
radiation and slip effects. Alexandria Eng. ]. 59 (2), 965-976. doi:10.1016/j.a¢j.2020.
03.023

Choi, U. S. (1995). Enhancing thermal conductivity of fluids with nanoparticles.
AS-MEFED 231, 99-103.

Forchheimer, P. (1901). Wasserbewegung durch boden. Z. Des. Vereins Dtsch.
Ingenieure 45, 1782-1788.

Frontiers in Energy Research

221

10.3389/fenrg.2022.965309

Author contributions

TG, modeling and solution; SM, writing draft WA, editing.
ZR, Validated, SEA and ETE, participated in revision and provide
funding source.

Acknowledgments

This work was supported by the King Khalid University through
a grant KKU/RCAMS/22 under the Research Center for Advance
Materials (RCAMS) at King Khalid University, Saudi Arabia. The
author Sharifah E. Alhazmi sehazmi@uqu.edu.sa would like to thank
the Deanship of Scientific Research at Umm Al-Qura University for
supporting this work by Grant Code: (22UQU4282396DSR24).

Conflict of interest

The authors declare that the research was conducted in the
absence of any commercial or financial relationships that could
be construed as a potential conflict of interest.

Publisher’'s note

All claims expressed in this article are solely those of the authors
and do not necessarily represent those of their affiliated organizations,
or those of the publisher, the editors and the reviewers. Any product
that may be evaluated in this article, or claim that may be made by its
manufacturer, is not guaranteed or endorsed by the publisher.

Gorla, R. S. R, and Sidawi, L. (1994). Free convection on a vertical stretching
surface with suction and blowing. Appl. Sci. Res. 52 (3), 247-257. doi:10.1007/
bf00853952

Gul, T,, Noman, W., Sohail, M., and Khan, M. A. (2019). Impact of the Marangoni
and thermal radiation convection on the graphene-oxide-water-based and
ethylene-glycol-based nanofluids. Adv. Mech. Eng. 11 (6), 1687814019856773.
doi:10.1177/1687814019856

Hayat, T., Haider, F., and Alsaedi, A. (2020a). Darcy-Forchheimer flow with
nonlinear mixed convection. Appl. Math. Mech. 41 (11), 1685-1696. doi:10.1007/
510483-020-2680-8

Hayat, T., Khan, S. A, Alsaedi, A, and Fardoun, H. M. (2020b). Heat
transportation in electro-magnetohydrodynamic flow of Darcy-Forchheimer
viscous fluid with irreversibility analysis. Phys. Scr. 95 (10), 105214. doi:10.1088/
1402-4896/abb7aa

Hayat, T., and Nadeem, S. (2017). Heat transfer enhancement with Ag-CuO/
water hybrid nanofluid. Results Phys. 7, 2317-2324. d0i:10.1016/j.rinp.2017.
06.034

Khan, A, Saeed, A., Tassaddiq, A., Gul, T., Mukhtar, S., Kumam, P., et al. (2021).
Bio-convective micropolar nanofluid flow over thin moving needle subject to
Arrhenius activation energy, viscous dissipation and binary chemical reaction.
Case Stud. Therm. Eng. 25, 100989. doi:10.1016/j.csite.2021.100989

Khan, S. U, Tlili, I, Waqas, H., and Imran, M. (2020). Effects of nonlinear
thermal radiation and activation energy on modified second-grade nanofluid with
Cattaneo-Christov expressions. J. Therm. Anal. Calorim. 143 (2), 1175-1186.
doi:10.1007/s10973-020-09392-6

frontiersin.org


http://sehazmi@uqu.edu.sa
https://doi.org/10.1080/17455030.2022.2074570
https://doi.org/10.1016/j.csite.2021.101428
https://doi.org/10.1016/j.jmrt.2019.10.071
https://doi.org/10.3934/dcdss.20201.42
https://doi.org/10.1016/j.aej.2020.03.023
https://doi.org/10.1016/j.aej.2020.03.023
https://doi.org/10.1007/bf00853952
https://doi.org/10.1007/bf00853952
https://doi.org/10.1177/1687814019856
https://doi.org/10.1007/s10483-020-2680-8
https://doi.org/10.1007/s10483-020-2680-8
https://doi.org/10.1088/1402-4896/abb7aa
https://doi.org/10.1088/1402-4896/abb7aa
https://doi.org/10.1016/j.rinp.2017.06.034
https://doi.org/10.1016/j.rinp.2017.06.034
https://doi.org/10.1016/j.csite.2021.100989
https://doi.org/10.1007/s10973-020-09392-6
https://www.frontiersin.org/journals/energy-research
https://www.frontiersin.org
https://doi.org/10.3389/fenrg.2022.965309

Gul et al.

Khan, U., Zaib, A., and Mebarek-Oudina, F. (2020). Mixed convective magneto
flow of SiO,-MoS,/C,HO, hybrid nanoliquids through a vertical stretching/
shrinking wedge: Stability analysis. Arab. J. Sci. Eng. 45 (11), 9061-9073. doi:10.
1007/s13369-020-04680-7

Khan, U., Ahmed, N., and Mohyud-Din, S. T. (2017). Influence of the shape factor
on the flow and heat transfer of a water-based nanofluid in a rotating system. Eur.
Phys. J. Plus 132 (4), 166-211. doi:10.1140/epjp/i2017-11410-4

Khan, U, Ahmed, N., and Mohyud-Din, S. T. (2020). Surface thermal
investigation in water functionalized Al203 and yAl203 nanomaterials-based
nanofluid over a sensor surface. Appl. Nanosci., 1-11. doi:10.1007/s13204-020-
01527-3

Khan, U,, Alkanhal, T. A., Ahmed, N, Khan, I, and Mohyud-Din, S. T. (2019).
Stimulations of thermophysical characteristics of nano-diamond and silver
nanoparticles for nonlinear radiative curved surface flow. IEEE Access 7,
55509-55517. doi:10.1109/access.2019.2907304

Khan, U., Asadullah, M., Ahmed, N., and Mohyud-Din, S. T. (2017). Influence of
Joule heating and viscous dissipation on MHD flow and heat transfer of viscous
fluid in converging/diverging stretchable channels. J. nanofluids 6 (2), 254-263.
doi:10.1166/jon.2017.1327

Kumar, K. G., Rahimi-Gorji, M., Reddy, M. G., Chamkha, A. J., and Alarifi, I. M.
(2020). Enhancement of heat transfer in a convergent/divergent channel by using
carbon nanotubes in the presence of a Darcy-Forchheimer medium. Microsyst.
Technol. 26 (2), 323-332. doi:10.1007/s00542-019-04489-x

Li, Z., Saleem, S., Shafee, A., Chamkha, A. J., and Du, S. (2019). Analytical
investigation of nanoparticle migration in a duct considering thermal radiation.
J. Therm. Anal. Calorim. 135 (3), 1629-1641. doi:10.1007/s10973-018-7517-z

Mebarek-Oudina, F. (2019). Convective heat transfer of Titania nanofluids of
different base fluids in cylindrical annulus with discrete heat source. Heat. Trans.
Res. 48 (1), 135-147. doi:10.1002/htj.21375

Rasool, G. Shafig, A, Khalique, C. M, and Zhang, T. (2019).
Magnetohydrodynamic Darcy-Forchheimer nanofluid flow over a nonlinear
stretching sheet. Phys. Scr. 94, 105221. doi:10.1088/1402-4896/ab18c8

Rasool, G., Shah, N. A., El-Zahar, E. R, and Wakif, A. (2022). Numerical
investigation of EMHD nanofluid flows over a convectively heated riga pattern
positioned horizontally in a Darcy-forchheimer porous medium: Application of
passive control strategy and generalized transfer laws. Waves Random Complex
Media 2022, 1-20. doi:10.1080/17455030.2022.2074571

Reddy, P. S., Sreedevi, P., and Chamkha, A.J. (2017). MHD boundary layer flow,
heat and mass transfer analysis over a rotating disk through porous medium
saturated by Cu-water and Ag-water nanofluid with chemical reaction. Powder
Technol. 307, 46-55. doi:10.1016/j.powtec.2016.11.017

Sadiq, M. A., Haider, F., Hayat, T., and Alsaedi, A. (2020). Partial slip in Darcy-
Forchheimer carbon nanotubes flow by rotating disk. Int. Commun. Heat Mass
Transf. 116, 104641. doi:10.1016/j.icheatmasstransfer.2020.104641

Frontiers in Energy Research

222

10.3389/fenrg.2022.965309

Saif, R. S., Hayat, T., Ellahi, R, Muhammad, T., and Alsaedi, A. (2019). Darcy-
Forchheimer flow of nanofluid due to a curved stretching surface. Int. J. Numer.
Methods Heat. Fluid Flow. 29, 2-20. doi:10.1108/hff-08-2017-0301

Shah, N. A., Wakif, A., El-Zahar, E. R,, Ahmad, S., and Yook, S. J. (2022).
Numerical simulation of a thermally enhanced EMHD flow of a heterogeneous
micropolar mixture comprising (60%)-ethylene glycol (EG),(40%)-water (W), and
copper oxide nanomaterials (CuO). Case Stud. Therm. Eng. 35, 102046. doi:10.
1016/j.csite.2022.102046

Sheikholeslami, M., Abelman, S., and Ganji, D. D. (2014). Numerical simulation
of MHD nanofluid flow and heat transfer considering viscous dissipation. Int.
J. Heat. Mass Transf. 79, 212-222. doi:10.1016/j.ijheatmasstransfer.2014.08.004

Sheikholeslami, M., Arabkoohsar, A., and Ismail, K. A. R. (2020). Entropy
analysis for a nanofluid within a porous media with magnetic force impact
using non-Darcy model. Int. Commun. Heat Mass Transf. 112, 104488. doi:10.
1016/j.icheatmasstransfer.2020.104488

Sohail, M., Naz, R, and Abdelsalam, S. I. (2020). On the onset of entropy
generation for a nanofluid with thermal radiation and gyrotactic microorganisms
through 3D flows. Phys. Scr. 95, 045206. doi:10.1088/1402-4896/ab3c3f

Sundar, L. S., Singh, M. K,, and Sousa, A. C. M. (2020). Enhanced heat transfer
and friction factor of MWCNT-Fe;O,4/water hybrid nanofluids. Int. Commun. Heat
Mass Transf. 52, 73-83. doi:10.1016/j.icheatmasstransfer.2014.01.012

Tabhir, F., Gul, T., Islam, S., Shah, Z., Khan, A., Khan, W, et al. (2017). Flow of a
nano-liquid film of Maxwell fluid with thermal radiation and magneto
hydrodynamic properties on an unstable stretching sheet. J. nanofluids 6 (6),
1021-1030. doi:10.1166/jon.2017.1400

Wakif, A., Zaydan, M., Alshomrani, A. S., Muhammad, T., and Sehaqui, R.
(2022). New insights into the dynamics of alumina-(60% ethylene glycol+ 40%
water) over an isothermal stretching sheet using a renovated buongiorno’s
approach: A numerical gdqllm analysis. Int. Commun. Heat Mass Transf. 133,
105937. doi:10.1016/j.icheatmasstransfer.2022.105937

Wang, C. Y. (1989). Free convection on a vertical stretching surface. Z. Angew.
Math. Mech. 69 (11), 418-420. doi:10.1002/zamm.19890691115

Xia, W. F,, Animasaun, I. L, Wakif, A., Shah, N. A, and Yook, S. J. (2021). Gear-
generalized differential quadrature analysis of oscillatory convective Taylor-Couette flows of
second-grade fluids subject to Lorentz and Darcy-Forchheimer quadratic drag forces. Int.
Commun. Heat Mass Transf. 126, 105395. doi:10.1016/j.icheatmasstransfer.2021.105395

Zaim, A., Aissa, A., Mebarek-Oudina, F., Mahanthesh, B., Lorenzini, G., Sahnoun,
M, et al. (2020). Galerkin finite element analysis of magneto-hydrodynamic natural
convection of Cu-water nanoliquid in a baffled U-shaped enclosure. Propuls. Power
Res. 9 (4), 383-393. doi:10.1016/j.jppr.2020.10.002

Zaydan, M., Hamad, N. H., Wakif, A., Dawar, A., and Sehaqui, R. (2022). Generalized
differential quadrature analysis of electro-magneto-hydrodynamic dissipative flows over
a heated riga plate in the presence of a space-dependent heat source: The case for strong
suction effect. Heat. Trans. 51 (2), 2063-2078. doi:10.1002/htj.22388

frontiersin.org


https://doi.org/10.1007/s13369-020-04680-7
https://doi.org/10.1007/s13369-020-04680-7
https://doi.org/10.1140/epjp/i2017-11410-4
https://doi.org/10.1007/s13204-020-01527-3
https://doi.org/10.1007/s13204-020-01527-3
https://doi.org/10.1109/access.2019.2907304
https://doi.org/10.1166/jon.2017.1327
https://doi.org/10.1007/s00542-019-04489-x
https://doi.org/10.1007/s10973-018-7517-z
https://doi.org/10.1002/htj.21375
https://doi.org/10.1088/1402-4896/ab18c8
https://doi.org/10.1080/17455030.2022.2074571
https://doi.org/10.1016/j.powtec.2016.11.017
https://doi.org/10.1016/j.icheatmasstransfer.2020.104641
https://doi.org/10.1108/hff-08-2017-0301
https://doi.org/10.1016/j.csite.2022.102046
https://doi.org/10.1016/j.csite.2022.102046
https://doi.org/10.1016/j.ijheatmasstransfer.2014.08.004
https://doi.org/10.1016/j.icheatmasstransfer.2020.104488
https://doi.org/10.1016/j.icheatmasstransfer.2020.104488
https://doi.org/10.1088/1402-4896/ab3c3f
https://doi.org/10.1016/j.icheatmasstransfer.2014.01.012
https://doi.org/10.1166/jon.2017.1400
https://doi.org/10.1016/j.icheatmasstransfer.2022.105937
https://doi.org/10.1002/zamm.19890691115
https://doi.org/10.1016/j.icheatmasstransfer.2021.105395
https://doi.org/10.1016/j.jppr.2020.10.002
https://doi.org/10.1002/htj.22388
https://www.frontiersin.org/journals/energy-research
https://www.frontiersin.org
https://doi.org/10.3389/fenrg.2022.965309

Gul et al.

Nomenclature
Greek symbols

u, v Velocities components (ms™!)

t,s Dynamic viscosity of nanofluid (mPa)
f Dimensional velocity profiles

t; Dynamic viscosity of base fluid (mPa)

T Fluid temperature (K)

Puy Nanofluid density (K gm™)

T,, Wall surface temperature (K)

p Base fluid density (K gm™)

T Free surface temperature (K)

& Similarity variable

f Dimensional velocity profilesDimensional
¢ volume fraction of CuO, TiO,and Al,O; nanoparticles
B; Biot number

0 Dimensional heat profiles

P Pressure
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0ns electrical conductivity of nanofluid Sm™!

Pr Prandtl number

n Couple stress parameter

Re Local Reynolds number

0% Stefan Boltzmann constant

¥ Stream function

ax Coefficient of mean absorption

Nu Nusselt number

Cy Skin friction coefficient

(Cyp) f Specific heat of base fluid (J/kgK)
kqr Thermal conductivity Wm™'K™)

Subscripts

Thnf Tri-hybrid Nanofluid
nf Nanofluid
f Base fluid
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By considering the Cattaneo—Christov approach and Buongiorno’'s model,
the thermal transport model is formulated for the flow of Oldroyd-B
nanofluid over a bidirectional stretching surface. The flow profile of Oldroyd-
B nanofluid is examined for various physical parameters, and the effects of
heat source/sink are also utilized to explore the thermal transport properties
subject to thermal relaxation time. Governing mathematical models are
developed on the basis of basic laws and presented in the form of Partial
differential equations (PDEs). The governing partial differential equations
are transformed into ordinary differential equations considering suitable
dimensionless transformations. The homotopic method is applied to study
the feature of heat and velocity components in fluid flow. The influence
of each physical parameter over the thermal and concentration profile is
displayed graphemically. It is noticed that thermal transport is decreasing with
increment in thermal relaxation time. The mass transfer becomes weak with
magnifying values of the stretching strength parameter. Moreover, the larger
thermophoretic parameter regulates the heat transfer during fluid flow.

KEYWORDS

energy transport, Oldroyd-B nanofluid, heat source/sink, bidirectional stretching,
Cattaneo—Christov theory, Buongiorno’s model for nanofluids
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1 Introduction

The heating and cooling fluids play a significant role
in the advancement and development of engineering and
industries. In general, usual fluids such as water,glycol, and
ethylene have the incompetent ability of thermal conduction.
However, metals possess a three-time greater ability of thermal
transport compared to usual fluids. Therefore, it was required
to make the mixture of a usual fluid and metal particle to
enhance the thermal conductivity of the fluid. This mixture
is called nanofluid. This concept of nanoparticle addition in a
based fluid was introduced by Choi (1995). Choietal. (2001)
experimentally proved that the thermal transport of nanofluid
is high, followed by a base fluid. Due to their high thermal
conductivity, nanofluids have numerous applications in, for
example, the advancement of thermal machines and the
microelectromechanical system. The influence of the Brownian
motion parameter on the heat transfer of nanofluid is studied by
Evans et al. (2006). Sheikholeslami and Ganji (2013) investigated
the flow of Cu-H,O nanofluid between flat surfaces and
concluded that the concentration of nanoparticles was enhanced
by magnifying the Nusselt number. Sheikholeslami et al. (2014)
examined the effect of magnetic force over the convective
energy transport during nanofluid flow and noticed that, by
increasing the Hartmann number, the heat diffusion in the
system rises. The flow of Burgers nanofluid under the influence
of stretching surface is examined by Khan etal. (2016a). For
a greater radiation parameter, the heat profile of the Burgers
nanofluid is ascending. Earlier research (Hayatetal, 2016;
Hayat et al., 2017a; Hayat et al., 2018; Hayat et al., 2019) studied
the convective transport of nanofluid by considering slip
mechanism over a surface. Moreover, it analyzed the
ferromagnetic and cross nanofluid flows considering various
physical influences. The thermal transport rate magnifies for
a greater ratio of velocity. Hayat et al. (2017b) discussed the
two-dimensional flow of the Burgers nanofluid with a modified
heat and mass flux approach. They concluded that an increment
in thermal relaxation time sufficiently decreases the thermal
transport. Some studies (Khan etal,, 2019; Khan et al., 2020a;
Khan and Alzahrani, 2020) analyzed the transport of nanofluid
considering porous media; the magnifying influence of the
Eckert number gives strength to the heat conduction of the
nanofluid. Bhattacharyya etal. (2019) considered the flow of
nanofluid over the rotating and stretchable surface. Based on this
study, the higher Reynolds number minimizes the magnitude
of radial velocity. Sheretal. (2019) explored the features of
the Burgers nanofluid model formulation for nanofluid with
a stretching surface with an improved thermal flux theory, which
was investigated by Ahmad etal. (2019). Khan etal. (2020b)
proposed a new flow model for the Burgers nanofluid and
investigated the thermal transport. They summarized that, for
increasing magnitudes of stagnation, the parameter flow velocity
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of nanofluid is improved. Amjid etal. (2020) approximated
the transport of Casson nanofluid over a curve surface. They
examined that flow is decreasing because of magnifying
the Casson constant. Muhammad et al. (2020) computed the
bidirectional flow of nanofluid applying thermal radiation
and concluded that the increment in thermophoresis force
increases the heat conduction in the nanofluid flow. Khan
and Alzahrani (2021), Khan et al. (2021),
Puneeth (2021) presented some current significant studies about

and Khan and
nanofluids.

Thermal transport is a significant natural phenomenon
with multiple applications in industries. The theory of
heat transport was firstly introduced by Fourier (Grattan-
Guinness, 2005) and introduced Fourier’s law of thermal
transport. Laterally, based on Fourier’s law, numerous researchers
studied the features of thermal transformation in different
fluid flow phenomena (Rashidi et al., 2014; Ahmed et al., 2019;
Nadeem and Khan, 2019; Khan et al., 2020; Khan et al., 2022;
Raza et al, 2022). Cattaneo (1948) made amendments to
Fourier’s law and stated that thermal transport depends on
the time called the thermal relaxation time. Christov (2009)
introduced further modifications to the Cattaneo model. The
Cattaneo-Christov approach is proposed to investigate heat
transformation using familiarizing thermal relaxation time.
After that, researchers applied this Cattaneo—-Christov approach
to study the thermal transformation phenomena in different
kinds of fluid flows. Straughan (2010) presented a study based
on the Cattaneo—Christov theory. Haddad (2014) applied the
Cattaneo-Christov thermal transport theory to examine the
instability. Shehzad etal. (2016) applied Cattaneo—Christov
to study the Darcy flow of viscoelastic fluid and concluded
that the flow profile of such fluid changes by varying the
values of the Forchheimer parameter. Saleem etal. (2017)
employed Cattaneo-Christov approach to investigate the
Maxwell fluid flow and found that thermal conduction decreased
with ascending thermal relaxation time. Waqas et al. (2018)
applied the Cattaneo-Christov approach to inquiry the thermal
conduction in Burgers fluid and reported that a greater thermal
relaxation time constant reduced the thermal flow of the fluid.
Rasool and Zhang (2019) examined the Darcy flow of nanofluid
over the surface by applying the Cattaneo—Christov approach.
Shehzad et al. (2019) studied the fluid flow by applying the
Cattaneo-Christov approach of thermal and mass transfer
and investigated that the ascending values of the Prandtl
parameter enhanced the thermal curve. Hafeez etal. (2020)
investigated chemical reactions, applied the Cattaneo—Christov
approach to study the fluid flow using rotating surfaces, and
used the Midrich technique to examine the influence of different
parameters. Ahmed et al. (2020) applied the Cattaneo-Christov
approach to analyze fluid transport over a stretching sheet.
Recently, Igbal et al. (2020) analyzed the heat transfer while
the Burgers nanofluid flow based on the Cattaneo—Christov
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FIGURE 1
The flow configuration.

approach. They found that the magnifying values of the
thermal relaxation constant results minimized the thermal
flow rate. Rehman etal. (2016) constructed the solution of
the set of equations to study the heat transfer phenomena.
Currently, Ali et al. (2021) applied a finite differencing approach
to analyze the heat transfer. Some other studies are carried
out to solve such problems for examining thermal transport
(Kamran et al., 2015; Kamran et al., 2016a; Kamran et al., 2016b;
Rehman and Kamran, 2019).

The heat transport during the nanofluid flow using
stretched surfaces has been examined by numerous researchers
(Khan et al., 2016a; Hayat et al., 2019; Khan et al., 2020b). The
Cattaneo-Christov approach has been applied by researchers
to study heat transfer in the Burgers fluid (Khan et al., 2016b;
Khan and Khan, 2016). Still, no mathematical formulation has
been developed to analyze the thermal transport by applying
the Cattaneo—Christov theory for the flow of the Oldroyd-B
nanofluid and Buongiorno’s model. In this article, we proposed
a new model of heat transport applying the Cattaneo—Christov
approach and Buongiornos model to investigate the thermal
transport in the Burgers nanofluid under the influence of a
stretching sheet. The homotopic algorithm is applied to solve
governing problems.

2 Mathematical formulation

This section presents a mathematical formulation for
three-dimensional convective transport of Oldroyd-B nanofluid
employed by a bidirectional stretching sheet. In-compressible
and steady flow phenomena are studied in this article. A model
combining the Cattaneo—Christov approach with Buongiorno’s
model is employed to present a mathematical formulation for
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solutal and thermal conduction in the flow of the Oldroyd-
B nanofluid. A cartesian coordinate system was applied to
formulate the proposed model. Axial velocities in the x and
y direction are u=ax and v=>by, where a and b denote
constants. The flow region is taken as z > 0. The velocity vector
is V=[u,v,w], T, denotes temperature, and C,, represents
concentration, respectively. The flow pattern is presented in
Figure 1.

The rheology of Oldroyd-B fluid is represented by the
following equation:

(1+/\1§t)s=,u<1+)tzgt)Al,

where § is tensor representing the extra stress, y is dynamic
viscosity, A; = (VV) + (VV)T  denotes the Rivlin-Ericksen
tensor, and g is upper convective derivative.

1)

The continuity and momentum governing model by
neglecting pressure are given as follows (khan etal., 2020;
Igbal et al., 2020):

2

av. .
Py i divs. (3)

For the current problem, the law of energy conservation is
(Igbal et al., 2020)

dr

(Pcp)

where q denotes the thermal flux and satisfies the equation

DT 2
[DBVC-VT+ D—(VT) ] =- V-, 4

dt oo

d
q+[a—?+(V'V)q+V'Vq—q~VV])Lt:—kVT. (5)

The mass transfer model is as follows (Igbal et al., 2020;
Igbal et al., 2021)

¢ _Dr

V2T=-V-.J,
dt D J

(6)

oo

where J indicates mass flux and satisfies the following relation:

dJ
5tV V-]V

J+A, (V-V)J|=-DgvC.  (7)

Here, A, A, and A, denote the thermal and the mass and fluid
relaxation time, respectively. A, is the Oldroyd-B fluid parameter,
v denotes kinematics viscosity, T denotes temperature, and C)
represents the concentration, respectively. D denotes diffusion
coefficient, whereas q is thermal flux and J represents mass flux,
respectively.

Eliminating S from (1) and (3), q from Egs. (4) and (5)m
and J between Egs. (6) and (7), we arrive at following governing
PDEs:
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with the boundary conditions

u=u,=ax,v=v,=by, w=0, T=T,,C=C,atz=0,
(13)

u—0,v—-0, T—>T,,C—C_asz— oo, (14)

Here, o) = ( picp ) indicates thermal diffusivity, p and p denote
pressure and density, respectively, ¢, is the specific heat capacity,
k is thermal conductivity, amd C,, and T, denote the ambient
concentration and temperature, respectively.

See the following transformations (Ahmad etal, 2019;
Igbal et al., 2021):

u=axf' (n), v=ayf' (), w:—\/ﬁ(f+g),17:z\/%
c-C, T-T,
C,-C. T,-T.

(15)

() = 0(n) =

By invoking these transformations, Eq. 8 is satisfied and Eqgs.
(9) — (12) take the following forms:

[ MR (" = () + By [2(F+ ' f"

—(+ "+ B (" + 8 - (f+f ] - M =0,
(16)
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$,=0.1,0.3, 0.5, 0.7

05F

o(m)

B,=0.0,04,0.7,1.0 ]

&1 +(1+MB)(f+9) 8" - (&) + B [2(f+9) 88"
_(f+g)2g/”]+ﬁ2[(f”+g”)g”_(f+g)giv]:O) (17)

0" +Pr(f+g)0 +Pr(Nyg'0' + N,0) —Pr B, [(f' +g)
(f+9) 0" +(f+9%0")] - BN,Pr[(f+2) 60" ¢+ (f+g)¢"0']

—2NBPr(f+20"0 +Pré[0+p,(f+g)0'] =0, (18)
Nt
¢ +LePr(f+g) ¢ + ﬁLePrG” —LePrf, [(f+9) (f' +¢)
b
2 N,
¢ +(f+g) gb”]—LePrF(f+g)0’”:0, (19)
b
with transformed boundary conditions are follows:
f(o) =0, g(O) = O)fl (0) =1, g/ (0) =R 6(0) =1,
$0)=1, (20)
fl(e)=0,g'(0) =0, B(=) =0, $(2)=0.  (21)

Here, f, is the relaxation time, 5, the Oldroyd-B fluid
material parameter, Pr the Prandtl number, Le the Lewis number,
B, the thermal relaxation time constraint, and f. the mass
relaxation time. Thermophoresis, Brownian motion, and ratio of
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FIGURE 5
(A,B) Effect of N, on 6 and ¢.
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stretching rates are (N,), (N, ), and (R), respectively, are define as

follows:
U, U, U, U, b
b= P o= h gt =0, B2 R R
_ % _ v _ TDT(TW_TDO) _ TDB(CW_CDO)
Le_D_B’ Pr_‘x_l’Nt_ VT )Nb_ m »

(22)
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3 Homotopic solution approach

In this manuscript,the homotopic analysis approach (Hayat
et al, 2017b; Khan et al, 2020b; Khan et al., 2020) is
applied to solve the Eqs 16-19 with boundary conditions
defined in Eqs 20, 21. Initial guess and linear operators are
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TABLE 1 An evaluation table for —-f/(0) and —g’’(0) for several
magnitudes of R in reduced case when , =, =M =0.

R Khan et al. (2016¢) Present study
-f'(0) -£"(0) -f'(0) -£"(0)
0.0 1.0 0.0 0.0 0.0
0.1 1.02026 0.06685 1.02019 0.06669
02 1.03949 0.14874 1.03937 0.14863
03 1.05795 0.24336 1.05789 0.24312
0.4 1.07578 0.34921 1.07567 0.34901
05 1.09309 0.46521 1.09302 0.46509
0.6 1.10994 0.59053 1.10913 0.59048
0.7 1.12639 0.72453 1.12618 0.72438
0.8 1.14249 0.86668 1.14229 0.86654
0.9 1.15826 1.016538 1.15811 1.016539
1.0 117372 117372 117121 1.17361

needed to proceed with this approach. Hence, for analytic
solutions’ linear operators (£f,£9,£¢) and the initial guesses
(f9 69> ¢y) used, the models of energy and the concentration
diffusion are

fom=1-e, g (m=a(l-e),0,(n) =", ¢,(n) =e™",
(23)

L] = 1"~ £410()] = 0" =0, £,[p ()] = ¢ — §. (29)

4 Physical analysis of results

The three-dimensional steady-state thermal transfer
phenomena of nanofluid by a bidirectional stretching surface
is analyzed. For the Oldroyd-B nanofluid flow features, the
Cattaneo-Christov approach and Buongiornos model are
employed together. The homotopic approach is used to analyze
the impact of various physical parameters involved in Egs.
(16-(19) with boundary conditions (20) and (21).

The axial velocity components f' (1), g (r), thermal
distribution 0(#), and solutal distribution ¢ (#) are examined
under the impact of physical parameters such as relaxation
timer (B,), Oldroyd B fluid (B,), thermophoresis (N,),
thermal relaxation (B,), and Brownian motion (N,), mass
relaxation (fB.) and explained through Figs. 2-8. Moreover,
for leading constraints, magnitudes are fixed as R=0.2,
By =05, B, =0.15, Pr=50, M=15,B,=03, f, =0.5, Le = 4.5,
N, =0.5, and N, =0.7. The influence of physical parameters

is graphemically presented and also theoretically discussed.

10.3389/fenrg.2022.985146

f () and g’ () represent the x-axis and y-axis, respectively.
0(n) is the thermal profile and ¢ (#) denotes solutal curve of
nanofluid.

Figures 2A-D represent the effect of stretching strength
(R) over f' (1), g (1), thermal profile 6(#), and solutal profile
¢ (1) of the Oldroyd-B nanofluid. It is clear that the f'(n) is
falling for magnifying magnitudes of R but the magnitude of
the normal velocity component g’ () is increasing for larger R.
As R denotes stretching ratio defined as R= l—;, where a and
b represent stretching rate along x-direction and y-direction,
respectively. This implies that, for higher R, the stretching
strength along the y-axis is greater than stretching in the
x-direction. Therefore, the flow velocity f' (1) is decreasing,
whereas the curves for g’ (1) are escalating for greater values
of R. The impact of the Deborah parameter f3; (relaxation
time) over the axial-velocity components f' (), g’ (17), thermal
profile 6(#), and solutal profile ¢ (1) of the Oldroyd-B nanofluid
is represented in Figures 3A-D. The graphs in Figures 3A-D
indicate that the flow profiles of the Oldroyd-B nanofluid
are showing a falling behavior for increasing values of S,
whereas the heat and solutal energy profile during flow are
growing for magnifying values of f;. The increment in the
relaxation time constraint physically increases resistance to flow,
so the velocity profiles decrease. However, because the resistance
collision of particles increases, it directly increases the thermal
energy of the system. Hence, resistance results in additional heat
generation, which increases the thermal transport and solutal
profile. The influence of thermal source/sink constraint (§) over
the thermal and solutal profiles is presented in Figures 3A,B.
The increment in the source parameter (8> 0) increases the
thermal profile, but it falls for heat sink constraint (§ < 0). The
magnification of the source parameter (§ >0) generates extra
heat, which magnifies the heat transport, whereas the increment
in sink parameter (6 < 0) absorbs heat which obviously refers
to minimizing the heat transfer. Figures4A-D shows the
influence of the Oldroyd-B fluid parameter (f3,) over velocity
components f’ (1), ¢’ (17), thermal transport 6(y), and solutal
transport ¢ (7). These graphs indicate that f’ (1) and g’ () fall for
greater values of f3,, whereas the thermal and solutal profiles of
nanofluid are growing. The impact of the thermophoretic force
parameter (N,) heat and concentration profile of the nanofluid
is presented in Figures 5A,B. Graphical results indicate that
heat and concentration profiles of the nanofluid are showing
a growth trend for magnifying values of N, and the thermal
thickness of the boundary also magnifies for greater N,. In

TABLE 2 An assessment table for — 6’(0) for pertinent ranges of R in reducing case when f; =, =8=3,=N,=N,=0and Pr=1.

R Liu and Andersson (2008) Hayat et al. (2014) Present study
0.25 -0.665933 -0.66593 -0.665929
0.50 ~0.735334 -0.73533 -0.735326
0.75 ~0.796472 ~0.79472 ~0.796469
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the thermophoresis process, fluid particles move from a warm
to a cool region. This particle motion produces extra heat, due
to which the solutal profile of the Oldroyd-B nanofluid escalates.
Figures 6A,B represents the effect of (N},) over the thermal and
solutal distributions of the Oldroyd-B nanofluid. These graphs
show that the thermal transport magnifies, whereas the solutal
transport de-escalates for magnifying values of N,. Basically,
the Brownian motion parameter controls the motion of fluid
particles. For high values of parameter N, the random motion
of fluid particles is high and increases the kinetic energy, and
particles collide with each other, due to which the thermal energy
also increases. Due to this collision, fluid particles’ mass transport
profile decays. The influence of parameters (f3,) and (f3,) over the
heat and mass transport profile is presented in Figures 7A,B. The
thermal and concentration distributions represent the decaying
trend for magnifying values of f3, and f,, respectively. The
thermal relaxation time parameter represents the time duration
required by a particle to transfer heat from one part to another.
As known physically, with the passage of time, thermal transport
becomes slow due to the decrease in the thermal gradient.
Therefore, magnifying thermal relaxation time implies that the
thermal transport slows down, and the heat transport profile is
falling. Similarly, the mass profile also decreases for ascending
solutal relaxation time parameter.

5 Validation of homotopic outcomes

In this section, approximated —f'(0), —¢''(0), and —-6'(0) for
different « are displayed in Tables 1, 2, and the obtained values
are compared with other studies. This comparison indicates that
our approximations are accurate and the adopted homotopic
technique is a valid approach.

Concluding remarks

The Cattaneo-Christov approach and Buongiornos model
were employed together to investigate the momentum and
energy transport features of the three-dimensional flow of
the Oldroyd-B nanofluid over a bidirectional stretched sheet.
After utilizing the homotopy analysis method on the governing
equation to solve them, we found some important results, which
are noted here.

We found that, for magnifying stretching strength R, the
vertical velocity in the y-direction magnifies, but it decreases
in the x-direction. The flow curves of the Oldroyd-B nanofluid
for the relaxation time parameter show an opposite behavior
compared to the Oldroyd-B material parameter.

For varying values of the Brownian motion parameter, the
solutal transport decays, whereas the thermal conduction shows
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enhancing trend for it. Moreover, the thermal and concentration
transport = escalates for larger magnitudes of the thermophoretic
force parameter. In addition, a larger thermal relaxation time
parameter deteriorates the thermal transport. The mass transfer
profile decreases for a greater solutal relaxation time parameter.
The larger stretching strength decreases the thermal energy
transport of the nanoliquid. Figures 8A,B clearly elucidate that
the thermal profile is augmented for larger heat source parameter
while it declines for heat sink parameter.
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In the present study, the natural transform iterative method (NTIM) has been
implemented for the solution of a fractional Zakharavo—-Kuznetsov (FZK)
equation. NTIM is a relatively new technique for handling non-linear
fractional differential equations. The method is tested upon the two non-
linear FZK equalities. The solution of the proposed technique has been
compared with the existing perturbation—iteration algorithm (PIA) method
and residual power series method (RPSM). From the numerical results, it
is clear that the method handles non-linear differential equations very
suitably and provides the results in very closed accord with the accurate
solution. As a result, the NTIM approach is regarded as one of the finest
analytical techniques for solving fractional-order linear and non-linear
problems.

KEYWORDS

natural transform method, fractional order differential equations (FDEs), approximate
solution, acoustic waves, perturbation-iteration algorithm

1 Introduction

Entropy and fractional calculus are appealing concepts that are increasingly being
used to investigate the dynamics of complicated systems. Fractional calculus (FC) has
been increasingly used in numerous sectors of research in recent years. Fractional
differential equalities (FDEs) efficiently depict the natural evolution associated with
viscoelasticity, models of porous electrodes, thermal stresses, electromagnetism, energy
transmission in viscous dissipation systems, relaxing oscillations, and thermoelasticity.
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Most of the mathematical models are obtained through real-
world problems which can be modeled via differential equations
of the integer order or of the fractional order. The differential
equations may arise in diverse areas of technological sciences and
biological sciences. In engineering sciences, they may be in the
field of fluid dynamics, aerodynamics, the nuclear decay, climate
changes, electronic circuits, etc. In biosciences, these models may
be of the blood flow, population growth, and decay problems of
some kind of species of organisms like bacteria or virus and may
be the study of some rate of flow of some gas models or may be
the concentration control of some liquids in some other liquids.
Similarly, differential equations may also model some problems
related to social sciences as in the fields of banking and finance.
The customer may be satisfied by preparing a fractional model of
interest or premium according to the required efforts of a person.
Fractional calculus plays an essential role in these kinds of
problems.

Fractional calculation is the generalization of the classical
calculus which is an ancient branch of mathematics. The
of
researchers during the last few decades. Fractional calculus

fractional calculus received much more attention
has great achievements in the fields of physics, engineering,
biology, medicine, hydrology, economics, and finance [1-5].
The models of differential equations may be linear or
nonlinear; linear models can be solved easily by different
methods and do not require too much difficulty for obtaining
the exact solution. But most of the problems of the real world
occur non-linearly and cannot be solved easily. They are very
hard to solve by simple methods. Most of the non-linear
problems do not have exact solutions. Therefore, researchers
use different approaches to solve them.

Researchers use numerical methods to solve non-linear
problems, but they have discretization issue, are costly, and
time-consuming. The famous numerical methods are the
following: the collocation method, finite difference technique,
finite element procedure, and radial basis function technique [6-
8].
parameter assumptions which are very difficult [9, 10]. Non-
perturbation methods the Adomian decomposition
(ADM) and differential
methodolgy (DTM). These methods work on repetition and

Similarly, perturbation methods need small or large

are
methodology transformation
that is why these types of problems can be solved with the
help of computer software easily. Some well-known iterative
methods are the variational iterating methodology (VIM), new
iterating methodology, modified variational iteration method
(MVIM), [11, 12]. The (ZK)
equation is an enticing modeling formula for studying vortices

etc. Zakharov-Kuznetsov
in geophysics flows. The ZK difficulties appear in many areas of
material sciences, implemented arithmetic, and design. It occurs
particularly in the realm of physical sciences. The ZK issues
govern the behavior of weak non-linear particle acoustic plasma
waves, such as cold nanoparticles and hot adiabatic electrons, in
the presence of smooth magnetism. The non-direct higher order
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of the expanded KdV criteria for geometrical removal was used to
generate solitary wave configurations. The accurate expository
structures of various non-linear advancement equations in
numerical materials engineering, namely, space time-fractional
altered
formulas, were found using a fractional technique. Many

the
complex,

Zakharov-Kuznetsov  and Zakharov-Kuznetsov

approaches,  including new iterating ~ Sumudu

understanding of the homotopy perturbation
transform method, expanded direct algebra methodology,
natural decomposition technique, and q-homotopy analysis
transform methodology, have been used to examine it during
the last few decades. In this research work, we will find the
the of the

Zakharova-Kuznetsova FZK equation (13). The general form

approximate solution to fractional order

of the FZK equation is

Digp+a(9f), +b(9M) +(9),,, =0, 0<t, 0<f<l, (1)

where ¢ = ¢ (x, y,t), 0<f<1 signifies an order of the fractional
derivative, and a, b and ¢ are optional fixed factors. The integers
p>g,r control the behavior of weak non-linear ion acoustical
waves in hemoglobin-containing coolant ions and hotness
isotherm electrons in the existence of a consistent magneto
force. Numerous researchers have tried to solve the FZK
equation by using different approaches such as VIM, OHAM,
PIA method, and RPSM [14]. We have obtained the solution of
the FZK equation by NTIM which is an extension of the natural
iterating methodology NIM presented by Gejji and Jafari [15, 16]
to obtain the estimated solution of linear and non-linear
differential equalities. NTIM was recently applied by Nawaz
et al. [17] for solving the fractional order differential equation.
In the proposed methodology, NIM is combined with the natural
transform for the solution of the FZK equation. We observed that
the proposed method was easy to implement and provide an
encouraging approximate solution for the linear and non-linear
differential equalities of fractional- and integer-order derivatives.

2 Basic definitions

Definition 2.1 [14]: The fractional integral operator I* of order
a>0 in the Riemann-Liouville idea of a function is described as

X
e K RO AC S S CURC

0
where I f (x) = f () and T is the well-known function.
Definition 2.2 [14]: Riemann-Liouville fractional derivative can
be defined if g(r) € Cla,b] then

Ia_;r 9()

T T(a) s (r —X)Ht 9. ®)

Some properties of the fractional derivative and integral are
given as f € Cy,u>1,a,8>0 and A > — 1 then
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LT = I £ (y),
oIFI* = IF £ (y),

wa_ LA+
.I)(‘_F(/\+1+¢x)

Ao

Definition 2.3: Natural transubstantiate is specified as [18]

1(%
N [¢(D)] =R (s, u) = ;J' ev (p®)dt, s,u >0 (4)
0

u and s are the transformation variables.
Definition 2.4 [18]: The inverse of the natural transubstantiate
R (s,u) is defined as

1 cHico
N IRl =¢0= [ ER s ©)

s = a + bi is the complex plan for executing the integral along
s:c,whereceR
Definition 2.5 [18]: If ¢(t) is a function and ¢"(t) is its nth
derivative, then the natural transubstantiate of ¢ (t) is

n—(k+1)

e (97(0),

n-158"

N*(¢" () =R, (s, u) = —ER(S, u) —

n>1.

(6)

Theorem 2.6: Ifk (t) and h(t) are defined on a set A and have the
natural transforms K (s,u) and H (s, u), respectively, then

N[k*h] = uK (s,u)H (s, u),

where [h*k] is the convolution of & and k.

2.1 Natural Transform lterative Method
(NTIM)

Consider the fractional order PDE in the manner

Di[p(yt)] =g (th+Lé¢(3, )]+ Nlo(y 1)),

where Df is the Caputo’s fractional derivative operator of order
BikeN,andy=y, +y,+
linear function. g(y,t) is the resource bound. The initialization

+ yk. Land N represent the non-

constraint is
9(.0)=f(») (8)

Taking the natural transform of (7), we have

N*[Di(p(x: 1)] = N*[g (3 )] + N*[L9(y, 1))

+N(o(y )] ©)
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By employing the differentiate characteristic of the natural
conversion to Eq. (9), we have

-1

EN Lo -5 0(:0) = N9 ()] + N [Lp (1)

+No(y,t)].
(10)

Using the initial condition and rearranging Eq. (10), we

obtain

No(0) = L9 % (v (g ) 4

+N(p(y:1)]).

(N* [L(p(x:1))

(11)

As the linear term L¢(y,t) can be created in the structure of
infinite series as

LY u (1)) =) L

and N (¢ (y,t)), the non-linear term is proposed as
N(E 00 (18) = Nlgy (1 0) + Yo {N(Y 0, 00))
m-1
- N(zj:() P; (s t))]’

(9., (71)) (12)

(13)

Applying Eq. (13) in Eq. (11), we obtain

09N [T =L+ (vl 1>+”—§[N+[ZS:OL<%>

M)
|

+N((Po

()]

The recursive relation of Eq. (14) by the use of natural

(14)

transform is

g9(y) (y)

NIy (0] = 29 N g 3,0

N[, (5, 1)] = 5 N"[S(¢,) + N(9)];

0919 N*[g,(3,1)] = =N [L(g,) + N(9y +¢,) = N(¢)]

B L(g,)+N(p, +¢, + -+ ¢,
N*[o.,, (J’:t)]=u—ﬁN+ (¢:) (9o + 9, ;) iso.
S “N(po+ ¢+ +9,,)

(15)

Utilizing the inverted natural transmute to Eq. (15), the solution
component can be obtained as
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B
w0 =N [ 22 5]

n00) =N [N )+ N @)

0511 0, (n) = N[5 (100 + N (g 0 =N (0] |

|
P (t) =N |iS/3N+ L(py + @, + +9,)

(16)
N (g, + ¢, + +¢il)]:| »i20.

The n bounds approximated the solution of Eqs. 7 and 8 by
the proposed method, which is obtained by adding the
components as

e(rt) =9, () +o,(1t) + ot o, (1t). (A7)

2.2 Convergence of the NTIM

Theorem 2.7 [18]: If N is analytic in a neighborhood of ¢, and

IN" (9o)]| = sup{N" (¢,) (b1, by, ....b) [Ibell < 1,1 <k <m} <1

for any m and for certain real I>0& [ ll<M < %, k=1,2,..,
then the series )~ G, is absolutely convergent and more
over

|Gl <IM™e™ (e = 1),m = 1,2, -+

To appear in the boundaries of | ¢.[l, for every k, the
conditions on N/ (¢,) are provided which are appropriate to
assure convergence of the sequence. The satisfactory
constraint for the convergent is provided in the subsequent
theory.

Theorem 2.8: If N is C*® and |N" (9l <M < e 'Ym, then the
sequence Y v Gy, is absolutely convergent. These are the required
conditions for the convergence of the series Y. ¢;.

3 Implementation of the NTIM to the
FZK equation

Example 3.1. Consider the FZK equation in the following
form [13]:

B k Lk Lo & _
Dip+ (), +5(9") 0+ 5(99),,. =0 0=t 0<ps<L.
(18)
Together, the initial condition is
(x5 0) = f(x y). (19)
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Approx. Solution

NTIM solution

Exact Solution

Exact solution

FIGURE 1
3D plots obtained by the first order (A) NTIM and (B) exact
solution for =10,y = 0.1, = 0.001 for Example 3.2.

Eq. (18) is written in the implicit form as

(9°),,

Using natural conversion to Eq. (20), we get

Dlo=~(¢"), ~5 (¢ )5 @

N[ ()] = N[ - (), ~ 5(0). - 5(0),. ] @D

Utilize the differentiation characteristic of the natural convert as

frontiersin.org


https://www.frontiersin.org/journals/energy-research
https://www.frontiersin.org
https://doi.org/10.3389/fenrg.2022.979773

Zada et al.

Approx. Solution

NTIM solution

Exact Solution

Exact solution

FIGURE 2
3D plots obtained by the first order (A) NTIM and (B) exact
solution for f=1.0,t=0.1,1 = 0.001 for Example 3.2.

o sP1 . % 1
il [(p]—Fq)(x,y,O):N [_(‘/’ )x‘g
1
8

(¢),,.]

Using the initial condition in Eq. (20) and rearranging, we have

1
- g(‘Pk)yyx]'
(23)

(9") 10

(22)

Nlo) = L e (9), - X
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Problem 1 Absolute Error

5,%1070
4.x1078
2.x1072
2.x1079
1.%1078
0
— .
— 8=087
0.04H o
e §=0.75 // \
...ﬁ=1 V4 \
1 /
0.02 Exact // \ //
® =z s
_:l' f/’ f/f
PO —_-______—
00— e |
|
=002+ !
1
0.0 0.5 1.0 1.5 20
t
Behaviour of
FIGURE 3

(A) shows the absolute error and (B) shows the behavior of
on the solution of the NTIM for diverse amounts of  when x =
y=0.1,1=0.001 for Example 3.2.

As ¢ (x, y,t) is the infinite series given as
2o (o2, 1);

applying natural transform to Eq. (25) and using the idea

(24)

explained in the method

foy)

N*[g, (x, y.1)] =
o
N[, (x, 3 1)] = gN*[ -(g5), - %(%)m - %(‘/”S)W]’

’( (py + ‘P1)k)x - %( (90 +9, )k)xxx - %( (90 + 9, )k)yyx

N'[p, (6 .0)] = N 1 1
(= (), = 5~ 590),..)

(25)
Now, by taking the inverted natural transmute of Eq. 25, we
obtain the solution elements as
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A Approx. Solution A Approx. Solution

NTIM solution NTIM solution

B Exact Solution B Exact Solution

Exact solution
Exact solution

FIGURE 4
3D plots obtained by the first order (A) NTIM and (B) exact

FIGURE 5
solution for f=1.0,y = 0.1,4 = 0.001 for Example 3.3. 3D plots obtained by the first order (A) NTIM and (B) exact
solution for f=1.0,t=0.1,1 = 0.001 for Example 3.3.

fxy)
J ] ey, ) =9+, +..t 9, . (27)

%(x,y’t)=N‘[

i 1 1
o= [ (0, (o) 100,
o1 . 1 . Example 3.2. Regarding the FZK (2, 2, 2) equality of the
’((‘Po +9,) )x’ g((% +9,) )Xxx’ g((% +9,) )),y)c structure [13]

¢, (x,y,t) =N~ ﬁN*
, (%, 9, 7 .

(= (08), - 508~ 595),..)

. 1 1
Dig+ (97), + 5(07)es +5(97),, =0, 0<<1 (28)

(26) With preliminary conditions
The n — terms approximate solution of Egs. 18 and 19 by NTIM 4
is presented as ¢(x,,0) = glsinh2 (x+ p). (29)
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Here, A is an optional fixed value. The accurate solution for f§ =
1.0 is given by

o(x,y,t) = g)tsinh2 (x+y—Ap). (30)

Utilizing the procedure of NTIM, we obtain the solution
components for Eq. (28) as

0o (3 21) = Shsinh? (3 + ), 61

_ 81%F(4sinh (2(x + y)) - 5sinh (4(x + »)))
B ar(B+1) ’
(32)
3T(B+1)°T(38+1)(13cosh (2(x + y))
—70 cosh (4(x + y)) + 75 cosh (6 (x + ¥)))
—20AT (28 + 1)*t (4sinh (2 (x + y))
+8sinh (4 (x + y)) — 60sinh (6 (x + y))
+85sinh (8(x + ¥)))

¢, (x, ,t)

641°12F

NESTHE 8IT(B+1)’T(2p+ DT (36 + 1)

(33)

Adding the elements, the second-order approximated
solution can be written as

P(x,p.t) =9+ 9, + ¢,

Example 3.3. Consider the FZK (3, 3, 3) equation of the
structure [13]

Dip+ (97), +2(9°) 0 +2(9),, = 0. (34)

Together with initial conditions

¢(x,9,0) = %/\ sinh()C ; y). (35)

Here, A is an optional fixed amount. The exact solution for beta =
1.0 is given by

o(x,y,t) = %A sinh(é (x+y- At)). (36)

Using the procedure of the NTIM, the solution elements can
be acquired as

@y (%, ) = %A sinh(é (x+ y)), (37)
30°tF cosh(*2)(7 - 9 cosh(*32
o (0 t) = (1§r)((ﬁ " 1;05 o)y
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Problem 2 Absolute Error

-2.5%1077
20%107
1.5%1077
1.0x1077
50%10~%
0
T
H 7 J
0.02H-- Exact ’/ \ //
3 I Z L
? ’/’ /’f
N = s ——__—"
B !
|
|
-0.02+
|
1 1 1 1 1
0.0 0.5 1.0 1.5 2.0
t
Behaviour of 8
FIGURE 6

(A) shows the absolute error and (B) shows the behavior of 8
on the solution of the NTIM for diverse amounts of f when x =
y =0.1,1=0.001 for Example 3.3.

TABLE 1 Few important expressions and their natural
transubstantiates.

Function Natural Function Natural

transformation transformation
1 ki 1
1 s et ku
t N sin(t) B
k-1 k-1 S
m WL cos(t) s
B B (k-1 kBt
T(kB+1) BT T (kp) e

frontiersin.org


https://www.frontiersin.org/journals/energy-research
https://www.frontiersin.org
https://doi.org/10.3389/fenrg.2022.979773

Zada et al.

10.3389/fenrg.2022.979773

TABLE 2 Comparison of the second-order NTIM with the third-order RPSM and PIA method for diverse amounts of 3.

B =0.67
X y t PIA [13] R (E)PSM
[13]

0.1 0.1 0.2 5.31854-5 5.31244-5
0.3 5.28631-5 5.28410-5
0.4 5.25777-5 5.25897-5

0.6 0.6 0.2 2.95493-3 2.95185-3
0.3 2.92662-3 2.92709-3
0.4 2.90307-3 2.90522-3

0.9 0.9 0.2 1.068220-2 1.055060-2
0.3 1.044870-2 1.011990-2
0.4 1.027770-2 9.606060-3

3V

1310720 (B+ 1’T (2B + DTGB+ DI(B+ 1)
%Oosinh(S(x + )+ 91—;5sinh(7(x +9)

9
TR+ DFGR+ mw( 02 (i -+ ) - 152

(sinh (3(x + ))) >

+i650 sinh (x + y)

75 1827
7505]1 (x+y)+ Tcosh

9
+HI6VT(B+ DI GH+ DT (P + W’( 76 3 -8 (cosh (5 + 7)) )

9, (%, 1) =

1
+% cosh(x + y)

?sinh(x +y)+ gsinh(S(x +))
—256T (B +1)°T (3B + 1)L (4B + 1) ( )

—% (sinh(x + y))

(39)
Adding the components, the second-order series solution can be
written as

¢ (%, 3,1) = ¢ (6, 3:1) + 9, (%, 3:1) + 9, (3, y,8). (40)

4 Results and discussion

In this work, two problems of the FZK equation have been
tested by the new developed methodology NTIM. The
obtained results are assessed by diverse plots and tabulated
data for testing the reliability of the proposed method. Figure 1
shows the 3D surfaces obtained by the NTIM and the accurate
result correspondingly for Example 3.2 in the 3D graph by
keeping the y parameter constant. By keeping the time
parameter constant, the approximate and accurate results are
shown in Figure 2 respectively, for problem 3.2. In Figure 3, the
absolute error is shown by a 3D plot by the variation of x and y
parameters while time is kept constant. A comparison for the
variation of the fractional value f is shown by 2D plots for
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B =075

N (E)TIM PIA [13] R (E)PSM N (E)TIM
(E) [13] (E)

5.3124653-5 5.32747-5 5.32479-5 5.32479992-5
5.28415918-5 5.29757-5 5.29675-5 5.29678730-5
5.25907412-5 5.27039-5 5.27119-5 5.27125824-5
7.56548023-4 2.96356-3 2.96251-3 7.57930078-4
7.53381879-4 2.93717-3 2.93780-3 7.54759291-4
7.50623656-4 2.91448-3 2.91561-3 7.51914369-4
1.80363649-3 1.077160-2 1.071430-2 1.80827769-3
1.79302639-3 1.054880-2 1.036950-2 1.79746844-3
1.78401363-3 1.037360-2 9.96743-3 1.78798550-3

243

Example 3.2 which shows the consistency of the method by
agreeing to the amount of f3 tactics to the standard amount 1 of
a differential equation; the approximated result converges to the
accurate solution of the problem. Similarly, Figure 4 shows the
approximates and exacted solution by variation of the x and ¢
components, while Figure 5 shows the 3D graphs of the
approximated solution and exacted solution by keeping the time
parameter constant for problem 3.3. Figure 6 shows the absolute
error of the NTIM result and the exacted solution for problem 2.
Table 1 shows the comparison of data on the computational
amounts of the approximated solution of the PIA and RPS
methods for diverse amounts of , while in Table 2, the absolute
errors of our suggested methodology have been matched with the
absolute errors of the PIA and RPS methods. Similarly, in Table 3,
the fractional value of NTIM has been compared with the third-
order RPSM and PIA methods. In Table 4, the absolute errors of
NTIM, RPSM, and PIA methods have been compared. The
approximate solution in this article is executed up to second
order for both problems. The accuracy may be increased by
obtaining a higher order of the approximate solution. From
the tables and graphs, it is so far clear that the NTIM reveals
encouraging approximated results as evaluated with other
existing methodologies in the previously published works
Table 5.

5. Conclusion

In the current investigation, the NTIM has been applied
successfully to the FZK equations. Two problems have been
tested. The proposed results reveal that the method handles
the non-linear equations in a good way and provides an
efficient approximate solution to non-linear PDEs. The
numerical values of approximate and exact solutions
through tables show the efficiency and reliability of the
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TABLE 3 Comparison of the second-order NTIM with the third-order RPSM and PIA method.

B=10

0.1

0.6

0.9

TABLE 4 Comparison of the second-order NTIM with the third-order RPSM and PIA method.

B=10

0.1

0.6

0.9

TABLE 5 Comparison of the second-order NTIM with the third-order RPSM and PIA method.

B=10

0.1

0.6

0.9
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0.1

0.6

0.9

0.1

0.6

0.9

0.1

0.6

0.9

0.2
0.3
0.4
0.2
0.3
0.4
0.2
0.3
0.4

0.2
0.3
0.4
0.2
0.3
0.4
0.2
0.3
0.4

0.2
0.3
0.4
0.2
0.3
0.4
0.2
0.3
0.4

PIA sol
[13]

5.35536-5
5.33082-5
5.30641-5
2.98987-3
2.96717-3
2.94523-3
1.10248-2
1.07964-2
1.05742-2

PIA sol
[13]

5.00091-5
5.00090-5
5.00090-5
3.02003-4
3.02003-4
3.02003-4
4.56780-4
4.56780-4
4.56780-4

PIA sol
[13]

5.00091-5
5.00091-5
5.00091-5
3.02003-4
3.02003-4
3.02003-4
4.56780-4
4.56780-4
4.56780-4

R (E)PSM
sol [13]

5.355360-5
5.330820-5
5.306410-5
2.989870-3
2.96715-3
2.94515-3
1.10227-2
1.07861-2
1.05429-2

R (E)PSM
sol [13]

5.00091-5
5.00091-5
5.0009-5
3.02004-4
3.02004-4
3.02004-4
4.5678-4
4.5678-4
4.5678-4

R (E)PSM
sol [13]

5.00092-5
5.00091-5
5.00091-5
3.02004-4
3.02004-4
3.02004-4
4.5678-4
4.5678-4
4.5678-4

N (E)TIM
sol.

(E)

5.3553572-5
5.3308223-5
5.3064197-5
2.9900091-3
2.9676221-3
2.9462709-3
1.1041339-2
1.0848876-2
1.0691791-2

N (E)TIM
sol.

(E)

5.00091-5
5.00091-5
5.00091-5
1.75397-4
1.75397-4
1.75397-4
2.51159-4
2.51159-4
2.51159-4

N (E)TIM
sol.

(E)

5.00092-5
5.00091-5
5.00091-5
3.02004-4
3.02004-4
3.02004-4
4.5678-4
4.5678-4
4.5678-4
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B=10

PIA error
[13]

3.85217-7
5.75911-7
7.65350-7
4.66337-5
6.86056-5
8.98243-5
5.12131-4
7.38186-4
9.57942-4

B=10

PIA error
[13]

5.00091-5
5.00090-5
5.00090-5
3.02003-4
3.02003-4
3.02003-4
4.5678-4

4.56780-4
4.56780-4

B=10

PIA error
[13]

4.99592-5
4.99342-5
4.99092-5
3.01953-4
3.01927-4
3.01902-4
4.56728-4
4.56702-4
4.56676-4

10.3389/fenrg.2022.979773

R (E)PSM
e€rror
[13]

3.852170-7
5.759120-7
7.653520-7
4.66389-5
6.86314-5
8.99046-5
5.14241-4
7.48450-4
9.89139-4

R (E)PSM
error
[13]

5.00091-5
5.00091-5
5.00091-5
3.02004-4
3.02004-4
3.02004-4
4.56780-4
4.56780-4
4.56780-4

R (E)PSM
error
[13]

4.99519-8
7.49278-8
9.99037-8
5.08987-8
7.63479-8
1.01797-7
5.21227-8
7.81839-8
1.04245-7

N (E)TIM
error

(E)

3.8520-7

5.75853-7
7.65214-7
4.64983-5
6.81568-5
8.87798-5
4.95639-4
6.85665-4
8.40313-4

N (E)TIM
error

(E)

5.00091-5
5.00090-5
5.00090-5
3.02003-4
3.02003-4
3.02003-4
4.56780-4
4.56780-4
4.56780-4

N (E)TIM
error

(E)

5.00091-5
5.00091-5
5.00091-5
3.02003-4
3.02003-4
3.02003-4
4.56780-4
4.56780-4
4.56780-4
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method. Also, the graphs verify the efficiency of the proposed
method through 3D and 2D plots. The
approximation through 2D graphs also

fractional
the
consistency of the method by approaching the fractional

shows

value f3 of the equation to the conventional amount 1, so
an approximate result converges to the exacted result of the
problems. This strategy is also effective when the answer to the
integer order model is unknown. As a result, we decided that
the current technique is trustworthy and effective in obtaining
estimated solutions for various classes of linear and non-linear
fractional formulations of ordinary and partial differential
equations.
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